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A series of Nash resolutions of a singular foliation

Ruben Louis

Abstract. We construct a series of blowups . QMi ; �i /i2N0
of a singular foliation by applying to

the universal Lie 1-algebroid of a singular foliation the so-called Nash modification. For i D 0,
we recover a blowup introduced by Sinan Sertöz, and for i D 1, we recover a notion due to Omar
Mohsen. One of the important features is that any singular foliation becomes a Debord foliation
(D projective singular foliation) after one blowup. Examples are also given.

Introduction

Singular foliations generalize the notion of regular foliations by allowing leaves of dif-
ferent dimensions. They arise frequently in differential or algebraic geometry. Here, as
in [24], we unify [1,2,5,7,19,21] in smooth differential geometry and [3,41] in holomor-
phic differential geometry by defining a singular foliation on a smooth, complex, algebraic
or real analytic manifold M , with sheaf of functions O, to be a subsheaf FWU ! F.U /

of the sheaf of vector fields X, which is closed under the Lie bracket and locally finitely
generated as an O-module. By Hermann’s theorem [19], this is enough to induce a par-
tition of the manifold M into immersed submanifolds of possibly different dimensions,
called leaves of the singular foliation. Singular foliations appear for instance as orbits of
Lie group actions, with possibly different dimensions. In the realm of Poisson geometry,
we encounter a particularly intricate class of singular foliations known as “the symplectic
leaves of a Poisson structure” (see [6, 25]). When all the leaves have the same dimension,
we recover the usual “regular foliations” [18,24]. We refer to [24, Section 4] for a detailed
list of examples.

In this paper, we address blowups of a singular foliation F onM , that is, pairs . zM;�/

such that

(1) � W zM !M is onto and proper,

(2) the restriction �jMreg;F W�
�1.Mreg;F/! Mreg;F to the regular points Mreg;F of F

is one-to-one,

(3) the pullback � ŠF of F on zM exists and satisfies � ŠFj��1.Mreg;F/
' FjMreg;F .
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This notion has been studied in various forms by many authors [8, 33, 37]. We consider
singular foliations, which admit (locally) geometric resolutions, that is, those for which
there exists an anchored complex of vector bundles

.E; d; �/W // E�i�1
d.iC1/ //

��

E�i
d.i/ //

��

E�iC1 //

��

d.2/ // E�1
�
//

��

TM

��

M M M M M

such that the following complex of sheaves

�! �.E�i�1/
d.iC1/
���! �.E�i /

d.i/
��! �.E�iC1/ �! � � � �! �.E�1/

�
�! F (1)

is exact. Those singular foliations were introduced and studied by Laurent-Gengoux,
Lavau and Strobl [21]. It is quite natural to work with this class of singular foliation, as it
contains the class of (locally) real analytic singular foliations. It is also a natural object in
the holomorphic setting, since F is then a coherent sheaf and such geometric resolutions
always exist locally.

We will use geometric resolutions to construct a sequence of blowups . zMi ; �i /i2N0 .
There is a very long story behind our construction. Let us be precise on the relations
with other works: we were first inspired by O. Mohsen [33], who introduced a notion of
blowup of a smooth manifold along the singular leaves of a singular foliation which does
not consist of blowing up along a singular leaf as in [39] or [8] or gluing Lie groupoids
as in [37]. The construction of Mohsen extends an older idea that consists in replacing
every singular point of a singular foliation by the limiting positions of the tangent spaces
of the nearly regular leaves. This method goes back to the mathematician J. Nash [38] and
is mainly used in algebraic geometry for desingularization of affine varieties or schemes.
To the best of my knowledge, Sinan Sertöz [41] was the first to apply this method in his
PhD dissertation to compute the Baum–Bott residues of singular holomorphic foliations.
A more general construction for generic coherent sheaves was done earlier by [40]. For
further details, see also [4]. In fact, Sinan Sertöz went further by applying the Nash con-
struction to coherent subsheaves of locally free sheaves, thereby generalizing the work of
Nobile [38].

In the complex setting, therefore, our blowups . zMi ; �i / coincide for i D 0; 1 with
blowup of F, seen as a holomorphic coherent sheaf as in [4, 40, 41]. Also, in the smooth
setting, we will see that zM1 is the blowup space of the singular foliation .M;F/ defined by
of O. Mohsen [33]. In general, the blowup spaces . zMi /i�0 are Nash blowups (also called
Nash modification) of coherent sheaves. This coincidence has practical consequences:
for instance, the smoothness of the zMi ’s can be studied using classical results on Nash
modifications, as in [41].

Now, when dealing with a singular foliation, rather than just a coherent sheaf or a
sheaf that admits a geometric resolution, additional structures emerge. Specifically, this
context gives rise to Lie algebroids or Lie n-algebroid structures. For instance, we will see
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that � Š1F is always a Debord singular foliation on zM1, meaning it is the image of a Lie
algebroid whose anchor map is injective on an open dense subset. It is shown in [21, 22]
that “behind” any singular foliation admitting a geometric resolution, there is a Lie 1-
algebroid constructed over a geometric resolution .E; d; �/ of F, which is unique up to
homotopy. The latter is referred to as a universal Lie1-algebroid of F. For instance, it
was employed by S. Lavau in [27] to define the modular class of a singular foliation or
in [30] to study symmetries of singular foliations (see also [26,42] for other applications).

The existence of a structure of a universal Lie1-algebroid on geometric resolutions
has consequences for Nash modifications. In fact, this structure is necessary to check that
the blowups . zMi ; �i / satisfy the third condition in the definition of a blowup, namely that
the pullback of F exists and is a singular foliation. More precisely, we do not apply the
Nash modification idea directly on the tangent space of our singular foliation F � X.M/

but on the images of the differential maps d.iC1/WE�i�1 ! E�i ; i � 1 and of the anchor
map �WE�1 ! TM of a geometric resolution .E; d; �/. The choice of considering the
images of all the d.iC1/’s allows generalizing the Nash construction to the whole univer-
sal Lie1-algebroid of the singular foliation built over a geometric resolution. As we said,
we then recover several notions of resolution of singularities for i D 0; 1. But for i � 2,
these resolutions have never been introduced before to our knowledge. A consequence of
our construction for i D 1 is that a resolution of any singular foliation can be constructed,
which is given by an action of a Lie algebroid whose anchor map is injective on a dense
open subset (a result implicit in [33] but not stated as such there). For generic i , one
obtains a singular foliation which is the image of the anchor map of a Lie i -algebroid.

In general, we must admit that very often the blowup spaces zMi are not smooth man-
ifolds. However, our singular foliation on zMi makes sense and admits leaves that are
smooth submanifolds. Also, the blowup spaces zMi are analytic varieties if the initial sin-
gular foliation admits real analytic generators. Last, we are able to decide when zMi is
smooth: it suffices to study the properties of some ideal of functions that we describe in
the text.

The paper is structured as follows. In Section 1, we revisit the concept of singu-
lar foliations and their universal Lie 1-algebroids. Section 2 presents the Nash blowup
construction for vector bundle morphisms and discusses smoothness. In Section 2.2, we
introduce a series of Nash blowups of a singular foliation, indexed by i 2 N0, followed
by the main theorems. In Section 3, we prove the results of Section 2.2. In Section 4,
we provide examples of our constructions and demonstrate how the usual notions of
blowups for affine varieties can be recovered. Finally, in order to fix notations, we review
in Appendix A the definition and properties of Grassmann bundles.

1. Preliminaries: Singular foliations and Lie 1-algebroids

Convention 1.1. Throughout the article, O stands for the sheaf of (smooth, polynomial,
real analytic or holomorphic) functions on (a manifold, affine variety—depending on the
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context)M and, for a vector bundleE!M of constant rank, �.E/ stands for the sheaf of
sections of E. Also, K 2 ¹R;Cº. The results of this paper apply to the smooth, algebraic,
real analytic and holomorphic contexts, with some adaptations. However, for simplicity,
we will primarily work in the smooth setting.

We refer the reader to [1,2,5,7,21,24] for the topic of singular foliations, in particular
to [21, 22] for the notion of universal Lie1-algebroids. For Lie algebroids, see [32].

1.1. Singular foliations

We recall some basic definitions and properties on singular foliations.

(1) A singular foliation on a manifold M is a subsheaf F � X.M/ that fulfills the
following conditions:

(a) Stability under Lie bracket: ŒF;F� � F.

(b) F is a module over its respective relevant sheaf of functions.

(c) Locally finitely generateness1: everym 2M admits an open neighborhood U

together with a finite number of vector fields X1; : : : ; Xk 2 X.U/ such that
for every open subset V � U, the vector fields X1jV ; : : : ; XkjV generate F

on V as a module over functions on V .

We are particularly interested in three specific classes of singular foliations, which
we now define:

• A locally polynomial/analytic singular foliation is a singular foliation over a
smooth or complex manifold which admits, around each point, generators with
polynomial/analytic coefficients in some local chart.

• A globally finitely generated singular foliation F � X.M/ is a singular folia-
tion which is generated as an O-submodule of X.M/ by finitely many vector
fields on M .

• A singular foliation F is Debord if it is projective as a module over functions
on M , equivalently if and only if there exists a Lie algebroid .A; Œ� ; ��A; �/
such that �.�.A// D F whose anchor is injective on an open dense subset. In
particular, Debord foliations are globally finitely generated.

(2) Here are some important features of the above definition in the smooth/real
analytic/complex cases (see [24, Section 7]):

• Singular foliation admits leaves: there exists a partition of M into immersed
submanifolds called leaves such that for allm2M , the image of the evaluation
map F! TmM is the tangent space of the leaf through m.

1In the holomorphic case, this condition can be equivalently replaced by the notion of coherent
sheaf [3, 41].
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• Singular foliations are self-preserving: the flow �Xt of vector fields X 2 F,
whenever defined, preserves F [1, 13, 19], that is,

8m 2M; 9 " > 0 such that 8t 2 ��"; "Œ; .�Xt /�.F/ D F:

1.1.1. Nagano–Sussmann theorem. We introduce the following definitions, which are
particular cases of a more general notion applied to singular spaces studied in [43]. Let S
be a closed subset of a manifold N .

(1) A vector field on S � N is the restriction to S of a vector field Z 2 X.N / whose
flow preserves S , that is, �Zt .S/ � S whenever it makes sense. In that case, we
shall say that such a Z is tangent to S . The set of vector fields on S forms a Lie
algebra that we denote as in the usual case by X.S/.

(2) The tangent space TsS of S at s 2 S is the evaluation at s of the vector fields
on S .

(3) We also make sense of the notion of Lie algebroid on a closed subset S �M as fol-
lows: a Lie algebroid over S is a locally finitely generated projective Lie–Rinehart
algebra over O=	S . Here, 	S is the ideal of vanishing functions on S .

Remark 1.2. Notice that when S is a submanifold or an analytic subvariety of a complex
or real analytic manifold, this notion of vector field or Lie algebroid on S agrees to the
usual case.

Now, we recall a crucial theorem that allows us to define singular foliations correctly
on a closed subset S of a manifold M .

Definition 1.3 ([21, 24]). Let S be a closed subset of N .

(1) A singular foliation on S is an involutive2 locally finitely generated OS -
submodule F � X.S/.

(2) For s 2 S , the leaf of a singular foliation F on S through s is the set

Ls WD
®
�
Z1
t1
ı �

Z2
t2
ı � � � ı �

Zk
tk
.s/; t1; : : : ; tk 2 R

¯
: (1.1)

Above, Z1; : : : ; Zk are vector fields on N whose restrictions are in F. We
implicitly assume that the flows are defined.

Remark 1.4. From Definition 1.3, it is easily checked that being in the same leaf is an
equivalence relation on S , hence the leaves induce a partition of S .

The notion of leaves of singular foliation on S � N is justified by the following theo-
rem that generalizes the Stefan–Sussmann theorem [44,45] that says the leaves are smooth
manifolds.

2Notice that F is generated by the restrictions to S of vector fields on N ; they are required to be
involutive only after restrictions to S .
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Theorem 1.5. Let F be a singular foliation on a closed subset S �N . The leaves F form
a partition of S into connected manifolds, immersed as submanifolds of N .

The explanation of this result is based on a very strong theorem known as the Nagano–
Sussmann theorem [36]. This theorem, widely used in control theory, provides a very
strong result regarding the smoothness of the orbits of a finite number of vector fields on
a manifold without any assumptions.

Theorem 1.6 (Nagano–Sussmann). Let V � X.N / be a locally finitely generated ON -
submodule of vector fields on a manifold N . For every ` 2 N , the set®

�
Z1
t1
ı �

Z2
t2
ı � � � ı �

Zn
tn
.`/; t1; : : : ; tn 2 R; Z1; : : : ; Zn 2 V ; n 2 N

¯
is a connected immersed submanifold of N .

Proof (of Theorem 1.5). For simplicity, let us assume that F � X.S/ is globally finitely
generated (the general case is left to the reader). Let �1; : : : ; �k be generators for F. By
definition, the �i ’s are the restrictions to S of vector fields Zi ’s on N whose flows �Zit
preserve S , that is, �Zit .S/ � S where the flows are defined. By the Nagano–Sussmann
theorem, the orbits generated by the vector fields Z1; : : : ; Zk 2 X.N / are immersed sub-
manifolds of N . By assumption, the orbits through a point of S of the �i ’s coincide with
the orbits of the Zi ’s and are included in S . This completes the proof.

1.2. Universal Lie 1-algebroid of a singular foliation

Let us recall the notion of universal Lie 1-algebroid of a singular foliation. Let F �

X.M/ be a submodule.

(1) A complex of vector bundles .E; d; �/

// E�i�1
d.iC1/ //

��

E�i
d.i/ //

��

E�iC1 //

��

d.2/ // E�1
�
//

��

TM

��

M M M M M

is said to be a geometric resolution of F if the following complex is an exact
sequence of sheaves:

�! �.E�i�1/
d.iC1/
���! �.E�i /

d.i/
��! �.E�iC1/ �! � � � �! �.E�1/

�
�! F: (1.2)

A geometric resolution is said to be of finite length n 2 N0 if E�i D 0 for all
i � nC 1. Also, .E;d; �/ is said to be minimal at a point x 2M if the linear maps
d.i/jx WE�i jx ! E�iC1jx vanish for all i � 2.
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(2) A graded almost Lie algebroid overM is the datum of a complex .E;dD `1; �/ of
vector bundles over M equipped with a graded symmetric degree C1 K-bilinear
bracket

`2W�.E/ˇ �.E/! �.E/

such that

(a) `2 satisfies the Leibniz identity with respect to �W�.E�1/! X.M/, that is,

`2.x; fy/ D f `2.x; y/C �.x/Œf �y

for all x 2 �.E�1/; y 2 �.E/ and f 2 O,

(b) `1 is degreeC1-derivation of `2, that is, for all x 2 �.E�i /; y 2 �.E/,

`1.`2.x; y//C `2.`1.x/; y/C .�1/
i`2.x; `1.y// D 0;

(c) � is a morphism, that is, for all x; y 2 �.E�1/,

�.`2.x; y// D Œ�.x/; �.y/�:

The O-linear map � is called the anchor map and `1 the differential.

(3) A Lie1-algebroid over M is the datum of a sequence E D .E�i /; 1 � i <1
of vector bundles over M together with a structure of Lie1-algebra .`k/k�1 on
the sheaf of sections of E and a vector bundle morphism, �WE�1 ! TM, called
anchor map such that the k-ary brackets `k ; k ¤ 2 are O-multilinear and such
that

`2.e1; fe2/ D �.e1/Œf �e2 C f `2.e1; e2/ (1.3)

for all e1 2 �.E�1/; e2 2 �.E�/ and f 2 O. The sequence

� � �
`1 // E�2

`1 // E�1
�
// TM (1.4)

is a complex called the linear part of the Lie1-algebroid.
Notice that given a Lie 1-algebroid .E; .`k/k�1; �/, the quadruple .E; d D
`1; `2; �/ is a graded almost Lie algebroid over M .
The following theorem is important (see [21, Section 2] or [22] for more details).

Theorem 1.7. Let F be a singular foliation over M . Any geometric resolution
of F

� � �
d
�! E�3

d
�! E�2

d
�! E�1

�
�! TM (1.5)

comes equipped with a Lie1-algebroid structure whose unary bracket is d and
whose anchor map is � (in particular, �.�.E�1// D F). Such a Lie1-algebroid
structure is unique up to homotopy and is called a universal Lie1-algebroid of F.

In particular, this Lie1-algebroid structure can be truncated to a graded almost
Lie algebroid for F.
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(4) Let .E�; `�; �/ be a universal Lie1-algebroid of a singular foliation F. For every
point x 2M ,

(a) We let H �.F; x/ D
L
i�1 H

�i .F; x/ be the cohomology of the com-
plex (1.5). The cohomology groups H �.F; x/ do not depend on the choice of
a geometric resolution of F. Notice that when the complex (1.5) is minimal
at x, H�i .F; x/ ' E�i jx for every i � 1.

(b) The 1-ary and the 2-ary brackets restrict to the graded vector space�M
i�2

E�i jx

�
˚ ker.�x/

and equip the latter with a graded almost Lie1-algebra structure as follows:
for every k 2 ¹1; 2º,

¹x1; : : : ; xkºk WD `k.s1; : : : ; sk/jx

for all x1; : : : ; xk 2 ev.E; x/ and s1; : : : ; sk 2 �.E/ sections of E such that
si .x/ D xi with i D 1; : : : ; k.

The bracket ¹� ; � º2 induces a graded Lie algebra onH �.F; x/. In particular, the 2-
ary bracket ¹� ; �º2 satisfies the Jacobi identity onH�1.F; x/D ker.�x/

im.d.2/x /
and equips

the latter with a Lie algebra structure.

(5) Let .M;F/ be a singular foliation, and let 	x WD ¹f 2 C
1.M/ j f .x/ D 0º and

F.x/ WD ¹X 2 F j X.x/ D 0º. The quotient gx D
F.x/
	xF

is a Lie algebra and is
called the isotropy Lie algebra of F at x. A point x 2 M is said to be a regular
point of F if gx D ¹0º; otherwise, we say that x is a singular point. The set of
regular points of F is denoted by Mreg;F.

Lemma 1.8 ([21]). Let .E; `�; �/ be a universal Lie1-algebroid of F. Consider
its underlying geometric resolution

.E; d; �/ W � � �
`1Dd.4/
�����! E�3

`1Dd.3/
�����! E�2

`1Dd.2/
�����! E�1

�Dd.1/
����! TM:

Then

(a) for all x 2M , we have H�1.F; x/ ' gx as Lie algebras;

(b) the subset of regular points of F in M satisfies

Mreg;F D ¹x 2M j rk.d.2/x / D dim.ker �x/º

D ¹x 2M j H�i .F; x/ D 0;8i � 1º;

Mreg;F is open and dense in M ;

(c) the restriction of the foliation F toMreg;F is the set of sections of a subbundle
of TM, that is, is a regular foliation;
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(d) for every i � 0, the dimension of im.d.iC1// is locally constant on Mreg;F.
Moreover, if r is the dimension of a regular leaf, then im.d.iC1// is of
codimension

ri D

i�1X
jD1

.�1/jC1rk.E�j /C .�1/iC1r for i � 1

in E�i or r0 D dimM � r , with E0 WD TM;

(e) if .E; d; �/ is of finite length, then all the regular leaves have the same
dimension.

In the sequel, we assume that a geometric resolution of finite length exists. Under these
assumptions, all the regular leaves have the same dimension. We denote by r the common
dimension of the regular leaves.

2. Blowup procedures

2.1. Blowup of vector bundle morphisms

Firstly, let us explain a general construction on morphisms of vector bundles that we
refer as Nash blowup. For an open subset V � M , we shall denote by VN the V -
valued sequences of points .xn/ indexed by N. We direct the reader to Appendix A for
conventions and notations regarding Grassmannians.

2.1.1. The Nash blowup of a vector bundle morphism. Let E; F be vector bundles
over M and

F
d //

  

E

~~

M

a morphism of vector bundles over the identity. In the smooth case, we assume that d is of
constant rank on an open dense subset Mreg;d � M , that is, the dimensions of im.dx/ or
ker.dx/ are constant for x 2 Mreg;d, called the regular part. Let q be the codimension of
im.dx/ � Ex for a point x 2Mreg;d. Notice that for every x 2Mreg;d, im.dx/ is a point of
the Grassmannian Gr�q.Ex/ of vector subspaces ofEx of codimension q. Also, ker.dx/ is
a point of the Grassmannian Gr�.rk.F /�q/.Fx/ of vector subspaces of Fx of codimension
rk.F / � q. We consider the natural section of the Grassmann bundle …WGr�q.E/! M

which is defined on Mreg;d by

� WMreg;d �! Gr�q.E/; x 7�! im.dx/: (2.1)

Then we define the Nash blowup space ofM along d to be the closure zM WD �.Mreg;d/ of
the image of the section � in Gr�q.E/. It comes together with the projection � W zM !M ,
where � denotes the restriction of …WGr�q.E/!M to zM .
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Remark 2.1. A detailed line-by-line comparison provides the construction of Nash as
presented in [4, 41], for a coherent sheaf of modules K over O, that is, a sheaf of O-
modules K such that for every m 2 M , there is an open neighborhood U of m and an
exact sequence

On
U ! Ok

U !KU ! 0

for some integers n and k. In Section 2.2, we apply the construction (2.1) to the case
where ker d � �.F / is locally finitely generated, that is to say when the sheafification of
the image im.d/ � �.E/ is a coherent sheaf.

Remark 2.2. Intuitively, for x 2 M , ��1.x/ D zM \…�1.x/ is the set of all possible
limits Gr�q.E/ of the images im.dy/ when y 2Mreg;d converges to x.

Remark 2.3. One can make a similar construction with the kernel of d.

Here is an immediate property of that construction.

Proposition 2.4. Let F
d
! E be a vector bundle morphism over M . The projection

� W zM !M has the following properties:

(1) � is proper and surjective. In particular, for each point x 2 M , the fiber ��1.x/
is non-empty.

(2) For every x 2M and V 2 ��1.x/, one has im.dx/ � V .

(3) For every x 2 Mreg;d, ��1.x/ D im.dx/ is reduced to a point in Gr�q.E/.
Also, ��1.Mreg;d/ is a manifold3, and the restriction � W ��1.Mreg;d/ ! Mreg;d

is invertible4 in the smooth and holomorphic contexts.

Proof. Properness derives from the fact that the projection … admits compact fibers. For
any x 2M , choose U �M an open neighborhood of x that trivializes E !M over U.
Then Gr�q.E/ ' U � Gr�r .Krk.E//. Notice that

��1.x/ D
°
V � Ex

ˇ̌̌
9 .xn/ 2M

N
reg;d; such that im.dxn/ �����!

n!C1
V as xn �����!

n!C1
x
±
:

For any sequence .xn/ in .Mreg;d \U/N that converges to x, we can extract a sequence
.x'.n// such that n 7! im.dx'.n// 2 Gr�r .Krk.E// has a limit V , since the Grassmann-
ian manifold Gr�r .Krk.E// is compact. Hence, ��1.x/ ¤ ;, and � is onto. This proves
item (1).

Let us show item (2). Let V 2 ��1.x/ and .xn/ 2 .Mreg;d/
N such that xn �����!

n!C1
x

and im.dxn/ �����!
n!C1

V . Let v 2 im.dx/. We have v D dxu for some u 2 Fx . Choose a

3Manifold is to be understood as quasi-projective when M is quasi-projective.
4Invertible here means diffeomorphism in the smooth case, bi-holomorphism in the complex case.
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(local) section zu of F through u. By continuity, dxn zu.xn/ �����!
n!C1

dxu, hence dxu 2 V .
Thus, im.dx/ � V .

In particular, if x 2 Mreg;d and V 2 ��1.x/, one has im.dx/ D V since dim V D

dim.im.dx//. Therefore, ��1.Mreg;d/ is the image of the map � on Mreg;d, and it is
isomorphic/bi-holomorphic to Mreg;d. This proves item (3).

Remark 2.5. Let A;B;C;E;F be vector bundles overM . The Nash blowup ofM along
a vector bundle morphism d W F ! E coincides with the Nash blowup of M along the
vector bundle morphism

A˚ B ˚ F ! B ˚E ˚ C

.a; b; f / 7! .b; d.f /; 0/
:

The result is left to the reader.

In Section 2.2, we apply the constructions above to a sequence of vector bundle
morphisms which are all of constant rank on an open dense subset.

2.1.2. On the smoothness of the Nash blowup and monoidal transformations. We
warn the reader not to confuse two uses of the word “smooth”. An analytic subset of CN

or RN is said to be smooth when it admits no singular point. The word “smooth” is also
used to say that we work within the context of smooth differential geometry, using smooth
manifolds on which functions are of class C1. Notice that a smooth analytic variety is also
a smooth manifold. The context should, however, prevent all confusions.

The “blowup” Nash construction in the previous section is of a type that algebraic
geometers call monoidal transformations, also known as Hironaka blowups [20]. Several
authors [38,41] or [15] have used this point of view to study the smoothness of the blowup
of a singular foliation and to compute explicitly the blowup space zM .

Let us recall what monoidal transformations are. Denote by O the sheaf of holomor-
phic or real analytic functions on a holomorphic or real analytic manifold M . Let 	 � O

be a locally finitely generated subsheaf of O. Denote by Z.	/ �M its zero locus (D the
subset of all points where all functions in 	 vanish). The subset Z.	/ is a closed subset
for the usual topology, and M nZ.	/ is an open dense subset of M .

We call monoidal transformation of M with respect to 	 (in the sense of [20]) the
pair .Bl	.M/; �/ constructed as follows. Let U � M be an open subset such that 	U is
generated by a finite family '1; : : : ; 'n.

(1) Define a map

H WU nZ.	/ �! Pn�1; x ! Œ'1.x/W � � � W'n.x/�:

(2) Then we consider the ideal J of (projective) functions on U� Pn�1 generated by

..x; Œ�1W � � � W �n�/ 7! �i'j .x/ � �j'i .x//i¤jD1;:::;n;

where Œ�1W � � � W �n� are the homogeneous coordinates on Pn�1.
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The closure Bl	.U/�U�Pn�1 of the graph ofH in U�Pn�1 is an irreducible compo-
nent of the zero locus of the ideal J and is in particular an irreducible analytic subvariety.
The natural projection �U W Bl	.U/! U is a real analytic or holomorphic proper map
and restricts to an invertible map in the relevant category ��1.U n Z.	//! U n Z.	/.
Last, one can check that the pair .Bl	.U/; �U/ does not depend on the choice of local
generators '1; : : : ; 'n (see, e.g., [14, Lemma 9.16]). This explains the notation.

Let us explain how the monoidal transformation depends on the ideal. Assume that
we are given two ideals 	 and J over M . It is natural to ask what are the conditions that
guarantee the existence of the dotted arrow below:

Bl	.M/ //

�

��

BlJ.M/

�

��

M
D // M

(2.2)

If it exists, then it has to be unique. The theorem proved by Moody in [34] gives a definitive
answer by stating that the following two conditions are equivalent:

(i) The dotted arrow in (2.2) exists.

(ii) There exist an integer n and a finitely generated sub-O-module K in the sheaf of
the fraction field yO of O such that K � J D 	n.

We will call this equivalence the Moody criteria.

Remark 2.6. In particular, given an open cover .Ui /i2I of M and a family 	i � O.Ui /

of finitely generated ideals such that, for every i; j 2 I , there exists an �ij 2 yO.Ui \

Uj / for which 	i jUi\Uj
D �ij	j jUi\Uj

, the locally defined monoidal transformations
.Bl	iUi ; �/ coincide on Ui \Uj and define, globally, a pair . zM; �/. Moreover, any
other family .U0j ;	

0
j / such that 	i jUi\U0j

D �ij	0j jUi\U0j
for some �ij 2 yO.Ui \U0j /

will define the same pair . zM;�/.

Let us apply these general facts to the situation of a vector bundle morphism dWF !E

which can be either holomorphic or real analytic.
There is an open subsetMreg;d on which d has constant rank. We denote by k this rank.

The integer k also admits the following characterization. Any pointm admits a connected
neighborhood U on which the yO.U/-module yO.U/im.d/ generated by the image of d is
a vector space whose dimension over yO.U/ is k. This characterization has the following
consequence: we say that a family e� D e1; : : : ; ek of local sections of E over such an
open subset U is admissible if d.e1/; : : : ; d.ek/ are independent on an open subset of U.
Equivalently, it means that d.e1/; : : : ; d.ek/ is a basis of yO.U/im.d/. For any two admis-
sible families e� D e1; : : : ; ek and e0� D e

0
1; : : : ; e

0
k

, therefore, there exists a matrix valued
in yO.U/ such that 0B@e1:::

ek

1CA D
0B@m1;1 : : : mk;1

:::
:::

m1;k : : : mk;k

1CA
0B@e
0
1
:::

e0
k

1CA : (2.3)
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Now, given a coordinate open set U � M and an admissible family e� WD e1; : : : ; ek 2
�.F /, one can consider the ideal 	im.d.e�// generated by h˛; d.e1/ ^ � � � ^ d.ek/i for
˛ 2 �.^kE�/. Equivalently, Iim.d.e�// can also be seen as the ideal generated by all k � k
minors of the k � rk.F /-matrix representing the vectors d.e1/; : : : ; d.ek/ on a given triv-
ialization of F on U. For any two admissible families e� and e0� defined on two such
coordinate open sets U and U0, respectively, we have on U \U0

Iim.d.e�// D �e�=e0�Iim.d.e0�//; (2.4)

where �e�=e0� 2 yO.U \U0/ is the determinant of the k � k-matrix as in equation (2.3).
One can then coverM by open coordinate neighborhoods .Ui /i2I , then choose an admis-
sible family on each one of them. The construction in Remark 2.6 applies and yields a pair
. zM;�/.

Lemma 2.7. The pair . zM;�/ satisfies the following properties:

(1) In a neighborhood U of every point ofM , it is given by the monoidal transforma-
tion with respect to the ideal generated by the k � k minors of d.e1/; : : : ; d.ek/
with e1; : : : ; ek being any admissible family.

(2) In particular, each point has a neighborhood near which it is an analytic variety,
and � is a holomorphic or real analytic proper map.

(3) Last, ��1.Mreg;d/ admits a natural manifold structure to which the restriction of �
is invertible.

Proof. The first and second items hold by construction. The last item follows from the
fact that for any m 2Mreg;d, there exists at least one admissible family e� D .e1; : : : ; ek/
such that the vectors d.e1/; : : : ;d.ek/ are independent at the pointm. In particular,m does
not belong to the zero locus of the ideal Iim.d.e�//.

Here is the main result of this discussion, whose proof is delayed to the end of the
section. It shares some similarity with [15, Theorem 1] that deals with Nash blowup of
affine varieties.

Proposition 2.8. The pair . zM;�/ coincides with the Nash blowup.

A practical consequence of Proposition 2.8 consists in allowing the application of the
existing literature about monoidal transformations with respect to ideals, for example, cri-
teria for smoothness for monomial ideals [28] or for tame monomial ideals [11]. Also,
notice that Proposition 2.8 still applies in the context of smooth differential geometry,
provided that each point of M admits local coordinates on which d is given by a matrix
whose coefficients are real analytic. These coordinates even do not need to glue in a real
analytic manner. Here is an application about the smoothness of zM .
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Corollary 2.9. Let M be a complex manifold and d W E ! F a vector bundle morphism.
If Msing is a smooth submanifold of M , and if every point of m admits local admissible
sections e� D e1; : : : ; ek such that there exists � 2 yO and n 2 N that satisfy

Iim.d.e�// D �	nsing;

where 	sing is the ideal of functions vanishing on the singular locus, then zM is a smooth
manifold.

Proof. This follows from the criteria of Moody recalled above and the fact that the
monoidal transformation with respect to an ideal and its powers are the same, together with
the fact that the monoidal transformation with respect to the ideal of functions vanishing
on a smooth submanifold is a smooth manifold.

Proof of Proposition 2.8. We only give a sketch of the proof, since it is equivalent to
the one given in [38, 41]. Let U be an open subset of M that trivializes both F

and E. Let .u1; : : : ; ud / and .e1; : : : ; ed 0/ be local frames of F and E, respectively,
on U. The sections d.u1/; : : : ; d.ud / are local real analytic/holomorphic generators of
im.d/jU � �.E/jU. We have d � k, where k is the rank of d on regular points. Let
Msing WD M nMreg;d. If U \ Msing is empty, then there is nothing to prove. Assume
that U \ Msing ¤ ;. There exist real analytic/holomorphic functions f ji 2 OU with
i D 1; : : : ; d 0 and j D 1; : : : ; d such that

d.uj / D
d 0X
iD1

f
j
i ei :

Now, consider the d 0 � d -matrix M D .f
j
i /. The rank of M is equal to k on Mreg;d and

is less than r on Msing. Let q D rk.E/ � k. For x 2 Mreg;d, denote by ŒM.x/� the point
im.dx/ 2 Gr�q.E/ generated by the columns of M.x/. In order to pick d 0 � k-matrix that
represents im.dx/, consider the following indexing set

In D ¹.n1; : : : ; nk/ 2 Nd 0
j 1 � n1 < � � � < nk � nº:

We use Id 0 to pick k-rows and Id to pick k-columns. Pick a 2 Id 0 and b 2 Id and consider
the d 0 � k-matrix Mb D .f

j
i /iD1;:::;d 0;j2b and 	b the ideal generated by all the k � k-

minors of Mb, that is, the ideal generated by the determinants �ab WD det.f ji /i2a;j2b

with a 2 Id 0 .
Notice that the zero locus Z.	/ of the ideal 	 is exactly U \Msing. There exists

b 2 Id such that 	b ¤ 0; let us pick such a b 2 Id and consider the analytic variety which
is given by the zero locus Z.	b/ of the ideal 	b. We define the following maps:

N WU nZ.	b/ �! U � Gr�q.Kd 0/; x 7�! .x; ŒMb.x/�/ (2.5)

and
H WU nZ.	b/ �! U � P � ; x 7�! .x; Œ�a0bW � � � W�a�b�/: (2.6)

Here, � D
�
d 0

k

�
� 1 and a1; : : : ; a� 2 Id 0 .
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(a) We have N.U nZ.	b// ' H.U nZ.	b//: to see this, consider the Plücker
embedding [49, Chapter 1, Section 5]

PlWGr�q.Kd 0/ ,! P �

and define the map id � PlWU � Gr�q.Kd 0/! U � P � . We have that .id; Pl/ ı
N D H . Therefore, the closure of the image of N and H is isomorphic.

(b) The maps � WMreg;d ! Gr�q.E/; x 7! im.dx/ of equation (2.1) and N coincide
on U n Z.	b/. This implies that �.U nU \Msing/ D N.U nZ.	b//. Also, the
closure N.U nZ.	b// is a monoidal transformation of U with center Z.	b/ and
is an analytic variety.

Different open neighborhoods glue together to give an analytic variety by the universal
property of monoidal transformations. This proves the statement.

Remark 2.10. There is another natural sheaf 	im.d/ � O of ideals that lead to another
monoidal transformation. Consider the sheaf of ideals of O of all local functions which,
near every point, are of the form hd.e1/ ^ � � � ^ d.ek/; ˛i for some local sections
e1; : : : ; ek 2 �.F / and ˛ 2 �.^kE�/. Equivalently, it can also be seen as the sheaf
of ideals of O generated by all k � k minors of the rk.E/ � rk.F /-matrix that repre-
sents d on given local trivializations of F and E. This second monoidal transformation
.Bl	im.d/.M/; �/ and . zM;�/ enters into a commutative diagram as follows:

Bl	im.d/.M/ //

�

��

zM

�

��

M
D // M

(2.7)

This can be seen as follows. Let U be a coordinate neighborhood on which E and F are
trivial bundles. Let e1; : : : ; erk.E/ be a trivialization of E over U. We say that a subset w
of k-elements i1; : : : ; ik in ¹1; : : : ; rk.E/º is admissible if the family e�.w/ WD ei1 ; : : : ; eik
is admissible. Then the sheaf of ideals 	d is generated by

	im.d/ D
X
w2Adm

	im.d.e�.w///;

where Adm is the collection of all admissible subsets in ¹1; : : : ; rk.E/º. Since Adm is not
empty, we can select one, say w0, and we then have in view of equation (2.4)

	im.d/ DK	im.d.e�.w0///;

where K � yO.U/ is the sub-O.U/-module generated by the functions �e�.w/=e�.w0/
defined as in (2.4). The existence of the dotted arrow is then a consequence of the criteria
of Moody.
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Remark 2.11. Notice that, using the notations of the proof of Proposition 2.8, we have
U \Msing � Z.	im.d.e�///. In general, there is no equality. That is, the zero locus of the
ideal with respect to which one considers the monoidal transformation does not need to
coincide with the singular locus Msing of d. To have equality, S. Sertöz [41] introduced
a notion of good generators for im.d/ � �.E/ as follows: im.d/ � �.E/ admits a good
system of generators if for any x 2 Msing there exists an open neighborhood U of x and
sections s1; : : : ; sk of im.d/ such that

(1) s1; : : : ; sk span im.d/jU\Mreg;d ,

(2) s1; : : : ; sk are linearly dependent on U \Msing,

where k is the rank of dWF ! E on Msing. This family is in particular admissible. Also,
such a family exists when im.d/ is a projective submodule of �.E/. With such generators,
one has

Z.	b/ D U \Msing

for every neighborhood U of a singular point. Nevertheless, the ideal 	Msing of vanish-
ing functions on Msing does not have to be equal to 	b on U but to its radical by the
Nullstellensatz theorem [9].

In the sequel, we will not require the Nash blowup space zM to be smooth. The
established properties of zM are sufficient to state the results we need.

2.2. Nash blowups of singular foliations: Main constructions and results

Let F be a locally finitely generated O-submodule of X.M/, that is, F is a subsheaf X.M/

such that every point of M admits an open neighborhood U and a finite number of vec-
tor fields X1; : : : ; Xn 2 X.U/ such that for all V � U, FjV D

Pn
kD1 fkXkjV for some

fk 2 OV . We assume that there exists a geometric resolution, that is, a complex of vector
bundles .E; d; �/ of finite length

0 � � � // E�i�1
d.iC1/ //

��

E�i
d.i/ //

��

E�iC1 //

��

d.2/ // E�1
�Dd.1/

//

��

TM

��

M � � � M M M M M
(2.8)

such that �.�.E�1// D F and which is exact as in equation (1.2). In the smooth case,
geometric resolutions exist on every relatively compact open subset of M such that every
point admits local coordinates on which the local generators F are real analytic (see [21]
or [23, Section 6]). In the holomorphic case, the existence of a geometric resolution in a
neighborhood of each point is a property of coherent sheaves (see [23, Section 6]).

For every i � 0, let Mregi ;F be the open dense subset of M made of all points m 2M
such that the image im.d.iC1// of the vector bundle morphism d.iC1/ W E�i�1 ! E�i is
of constant rank on some neighborhood ofm. For i D 0, we define it to be the open dense
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subset ofM made of all pointsm2M such that the vector bundle morphism �WE�1! TM
is of constant rank on some open neighborhood of m. To avoid having to distinguish this
case, from now on, we set E0 WD TM and d.1/ D � by convention.

It deserves to be noticed that m 2 Mregi ;F if and only if m admits a neighborhood
on which im.d.iC1// D ker.d.i//. By Lemma 1.8 (b), we have Mreg1;F D Mreg0;F. Since
any two geometric resolutions of some F homotopy equivalent, and since this prop-
erty is invariant under homotopy equivalence, the open dense subset Mregi ;F does not
depend on the choice of a geometric resolution of F � X.M/. Also, we will denote
Mreg1;F D Mreg0;F simply by Mreg;F which coincides with the open dense subset of reg-
ular points of the singular foliation F. We have a sequence of inclusions of open dense
subsets:

Mreg;F �Mreg2;F �Mreg3;F � � � � �M:

These points have the following characterizations:

i D 0; 1: m 2Mreg;F if and only if there is a neighborhood on which the distribution

m0 7! Tm0F D ¹Xjm0 j X 2 Fº � TM

has constant rank, that is, is a regular foliation.

i D 2: m 2Mreg2;F if and only if there is a neighborhood on which F � X.M/ is a free
module over functions.

i D 3: m2Mreg3;F if and only if there is a neighborhood on which F admits a geometric
resolution of length 2.

:::

i D nC 1: m 2 MregnC1;F if and only if there is a neighborhood on which F admits a
geometric resolution of length n.

2.2.1. The blowup spaces associated to a singular foliation. The blowup spaces are
constructed as follows. Let .M;F/ be a singular foliation and .E; d; �/ be a geometric
resolution of F as in equation (2.8). For every i � 0, we apply the Nash construc-
tion to d.iC1/WE�i�1 ! E�i . By convention, for i D 0, this means that we apply it to
�WE�1 ! TM, because we set E0 D TM and d.1/ D �. Let us recall this construction.

(a) Let …i W Gr�ri .E�i / ! M be the Grassmann bundle of E�i with ri as in
Lemma 1.8 (d). Consider the natural section of …i on Mregi ;F defined by

�i WMregi ;F �! Gr�ri .E�i /; x 7�! im.d.iC1/x /: (2.9)

(b) Let zMi WD �i .Mregi ;F/ be the closure of the image of �i in Gr�ri .E�i /. Let
�i W zMi !M denote the restriction of …i to zMi .

If .E; d; �/ is of finite length, we also apply the Nash construction to the vector bundle
morphism d D

L
i�2 d.i/W

L
i�2E�i !

L
i�1E�i by considering the section

�1WMreg;F �!
a
x2M

Y
i�1

Gr�ri .E�i jx/; x 7! .�1.x/; �2.x/; : : : ; �i .x/; : : :/
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and define zM1 WD �1.Mreg;F/ which comes with a natural map �1W zM1 !M .

Remark 2.12. The space zM1 should be understood as the tuples made of elements V1 2
Gr�r1.E�1jx/; : : : ; Vi 2 Gr�ri .E�i jx/; : : : such that there exists a sequence .xn/ 2MN

reg;F
such that im.d.iC1/xn / �����!

n!C1
Vi as xn �����!

n!C1
x for all i 2 N. It is important to notice

that all the Vi ’s are given by the same sequence .xn/ 2 MN
reg;F. In particular, for every

i � 1, there is a natural map
zM1 //

�1

��

zMi

�i

��

M
D // M

By Proposition 2.4, for each i � 0, the projection �i W zMi ! M is invertible on the
open dense subset Mregi ;F; it is proper and surjective. Moreover, for each point x 2 M
and for every i � 0, the fiber ��1i .x/ is non-empty. Also, ��11 .x/ is non-empty.

Definition 2.13. For each i � 1, the space zMi together with the map �i W zMi!M is called
the i -th blowup space of .M;F/. Likewise, �1W zM1!M is called the last blowup space
of .M;F/.

Remark 2.14. The map �0W zM0 ! M is the Nash blowup of the singular foliation F in
the sense of [4]. Also, �1W zM1!M is the blowup in the sense of [33,40]. While for i � 2,
the �i W zMi ! M ’s do not exist in literature as blowups of the singular foliation F to our
knowledge, but they still can be seen as a class of Nash blowups in the sense of [41].

As sets, zMi , zM1 do not need to be manifolds. They can be singular (see Section 2.1.2).

Proposition 2.15. Let F be a holomorphic singular foliation or a real analytic singular
foliation. Then, for every i � 0 or i D1, zMi is an analytic variety. ForM DKn and F a
singular foliation with polynomial generators, it is even a quasi-projective variety. More-
over, it is obtained in a neighborhood of every point through a monoidal transformation
with respect to an ideal of the sheaf of functions.

The same results hold for zM1.

Proof. In all the cases above, there exists a geometric resolution .E; d; �/ of F of
finite length by trivial vector bundles [21]. Moreover, d and � are given by holomor-
phic, real analytic or polynomials depending on the context. Proposition 2.8 applied to
d.i/WE�i ! E�iC1 or �WE�1 ! TM implies that zMi is an analytic subvariety of the
Grassmann bundle, given by a monoidal transformation.

The following assertion follows from the existence of homotopy equivalence between
any two geometric resolutions.
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Theorem 2.16. Let i 2 N0 or i D 1. Let F be a singular foliation on M that admits a
geometric resolution. For any two geometric resolutions of F, the corresponding zMi are
canonically isomorphic.

Theorem 2.16 may be seen as a consequence of Remark 2.5 since for any two resolu-
tions, the differential map d.i/ differs by transformations as in that remark. However, we
prefer to establish it through the following results.

Proposition 2.17. Assume that the sequence (2.8) is a geometric resolution for F. For
every x 2M , for every i � 1 and V 2 ��1i .x/, one has

im.d.iC1/x / � V � ker.d.i/x /: (2.10)

In particular, for all x 2Mregi ;F and i � 1, ker.d.i/x / D im.d.iC1/x / D ��1i .x/.

Let us now equip the geometric resolution with a universal Lie 1-structure whose
bracket, that we denote by .`k/k�2, restricts to k-linear maps on

L
i�2E�i C ker.�/ that

we denote by .¹� � � ºk/k�1.

Proposition 2.18. Fix a geometric resolution .E; d; �/ of F and a universal Lie
1-algebroid .E; .`k/k�1; �/ of F. The following are satisfied:

(1) For every x 2 M and V 2 ��11 .x/, the 2-ary bracket ¹� ; � º2 on ker �x restricts
to V .

(2) For all x 2 M , and .V1 � E�1jx ; : : : ; Vk � E�kjx ; : : :/ 2 ��11 .x/, we have
¹Vi ; Vj º2 � ViCj�1 for every i; j 2 N0.

In particular, these two items have obvious consequences. Recall that for every x 2M ,
H�1.F; x/ ' gx is the isotropy Lie algebra and that

L
i�1H

.�i/.F; x/ comes with a
canonical natural graded Lie algebra structure (see discussion of Section 1.2 (4)).

Corollary 2.19. Under the assumption of Proposition 2.18, for every x 2M ,

(1) The image of V 2 ��11 .x/ inH�1.F; x/' gx is a Lie subalgebra of codimension
r � dim.Lx/, where dim.Lx/ is the dimension of the leaf through x.

(2) The image of .V1; : : : ; Vk ; : : :/ 2 ��11 .x/ in
L
i�1H

.�i/.F; x/ is a graded Lie
subalgebra.

Remark 2.20. The 3-ary bracket ¹� ; � ; �º3 does not restrict to elements of ��11 .x/ for
x 2M .

The corollary below is a direct consequence of Proposition 2.17 and is another manner
to state that Mi does not depend on the geometric resolution.
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Corollary 2.21. There are inclusions

zMi ,!
a
x2M

Gr
�.ri�rk.d.i/x //

.H�i .F; x// (2.11a)

and
zM1 ,!

a
x2M

Y
i�1

Gr
�.ri�rk.d.i/x //

.H�i .F; x//: (2.11b)

Proof. Let x 2 M and i � 1. By Proposition 2.17, elements V 2 ��1i .x/ satisfy the
inclusions, im.d.iC1/x / � V � ker.d.i/x /, and they correspond injectively to a (unique) sub-
vector space of codimension ri � rk.d.i// in H�i .F; x/. In particular, this implies the
existence of an inclusion ��1i .x/ ,! Gr�.ri�rk.d.i///.H

�i .F; x//.

We denote by GrLie�.r�dim.Lx//.gx/ the sub-Grassmannian of Lie subalgebras of gx
of codimension r � dim.Lx/.

Corollary 2.22. The image of the inclusion zM1 ,!
F
x2M GrLie�.r�dim.Lx//.gx/ is the

blowup space of O. Mohsen [33].

Proof. Let F be a singular foliation that admits a geometrical resolution .E; d; �/.
For every x 2 M , the fiber blup.F/x of [33] is constructed out of minimal generators
X1; : : : ;Xd of F in a neighborhood of x as follows: for y 2Mreg;F, let �y be the surjective
linear map defined by

�y W
F

	xF
�! TyF; �y.ŒXi �x/ D Xi .y/ for all i 2 ¹1; : : : ; dº; (2.12)

where TyF is the image of the evaluation map ey WF! TyM at y. By definition, blup.F/x
is made of subspaces V � F

	xF
such that there exists a sequence xn 2Mreg;F such that

xn �! x; ��1xn .0/ �! V 2 Gr�r

�
F

	xF

�
: (2.13)

We claim that for every x 2M , blup.F/x ' ��11 .x/. Indeed, we can assume that .E;d; �/
is a minimal geometric resolution at x such that �.ei / D Xi for i D 1; : : : ; d , where
.ei /iD1;:::;d is a local frame of E�1. Since �.E�1/

	x0�.E�1/
' E�1jx0 for all x0 2M , the anchor

map defines an isomorphism

�x WE�1jx !
F

	xF

such that the diagram

E�1jx '

�x //

'�y

��

F
	xF

�y

��

E�1jy �y
// TyF

(2.14)

commutes. The claim follows.
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2.2.2. Lift of the singular foliation F to the blowup spaces . zMi /0�i�1. Assume now
that F is a singular foliation and that equation (2.8) is a geometric resolution of F of
finite length. Notice that the fiber product �i�1M Gr�ri .E�i / is finite since .E; d; �/ is a
geometric resolution of finite length. Hence,�i�1M Gr�ri .E�i / is a smooth manifold.

Definition 2.23. Let i � 0. We say that X 2 F lifts to zMi � Gr�ri .E�i /, or zM1, if there
exists a vector field zX 2 X.Gr�ri .E�i // or X.�i�1M Gr�ri .E�i //, projectable to X and
tangent to zMi in the sense of Section 1.1.1 (1). We denote by zXi or zX1 the restriction of
zX to zMi or zM1, respectively.

We say that an F lifts to zMi if every vector field X 2 F lifts to zMi .

Remark 2.24. The restriction of zXi to ��1i .Mregi ;F/ is tangent in the usual sense to the
submanifold and projects to X through �i . In particular, if a lift exists, its restriction
to ��1i .Mregi ;F/ is unique because �i W ��1i .Mregi ;F/

�
�! Mregi ;F. Since the other points

of zMi are limits of elements of ��1i .Mregi ;F/, its restriction to zMi is unique.

Theorem 2.25. Let F be a singular foliation on M that admits a geometric resolution.
For every i � 0, the following items hold:

(1) Every vector field X 2 F lifts to a unique vector field zXi on zMi .

(2) The map X 2 F! zXi 2 X. zMi / does not depend on any choices. In particular, it
is a Lie algebra morphism.

(3) The module zFi over functions on zMi generated by the zXi ’s forX 2F is a singular
foliation.

The same holds for zM1.

The following definition then makes sense.

Definition 2.26. For each i � 1, the singular foliation zFi � X. zMi / of Theorem 2.25 is
called the i -th blowup of F on zMi . Likewise, zF1 is called the last blowup of F on zM1.

Remark 2.27. Although the closed subset zMi may have singularities, the singular
foliation zFi � X. zMi / possesses smooth leaves by Theorem 1.5.

2.2.3. The blowup foliations and their Lie k-algebroids. For 1� k <1, let �k W zMk!

M denote the k-th blowup of the singular foliation .M;F/, and let zFk be the k-th blowup
of F on zMk . In the following, ��

k
E�i stands for the restriction to zMk of the pullback vec-

tor bundle…�E�i ! Gr�rk .E�k/. The pullback of a vector bundle map dWE�i !E�iC1
on zMk shall be denoted by ��

k
d.

Here are the main results of this section.

Theorem 2.28. Let F � X.M/ be a singular foliation on M that admits universal Lie
1-algebroid .E; .`k/k�1; �/ built on a geometric resolution .E; d; � D d.1//. For every
k � 1, there exists a subvector bundle of K � ��

k
E�k
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(1) with �.K/ � ker d.k/ and Kj��1
k
.Mregk ;F/

D ker d.k/jMregk ;F
, and

(2) a vector bundle morphism z�W��
k
E�1 ! T zMk such that z�.�.��

k
E�1// D zFk

so that the complex of vector bundles

0 //

��

��
k
E�k
K

��
k

d.k/
//

��

E�kC1
��
k

d.k�1/
//

��

E�iC1 //

��

��
k

d.2/
// ��
k
E�1

z�
//

��

T zMk

��

zMk
zMk

zMk
zMk

zMk
zMk

is exact in degree k and comes equipped with a “natural” Lie k-algebroid structure5. Also,
��
k
E�k
K
! zMk depends only on the image of d.k/ in �.E�kC1/, not onE�k . In the diagram

above, the bar ��
k

d.k/ stands for the quotient of the map ��
k

d.k/ W ��
k
E�k ! E�kC1.

Here is a remarkable fact for k D 1.

Corollary 2.29. Let F be a singular foliation on M that admits a geometric resolution
.E; d; �/.

(1) The singular foliation zF1 � X. zM1/ is Debord, that is, it is the image of a Lie
algebroid6 over zM1 whose anchor map is injective on an open dense subset.

(2) This Lie algebroid is the Lie algebroid7 of the groupoid of O. Mohsen [33].

Proof. Item (1) follows from Theorem 2.28. For item (2), we also need Corollary 2.22
and a line-by-line comparison with [33].

In Corollary 2.29, we do not need the existence of geometric resolutions of F. Its proof
only needs an almost Lie algebroid over F. In the smooth case, the latter always exists as
long as F is finitely generated (see [21, Proposition 3.8]).

Corollary 2.30. If zM1 is smooth, then the Lie algebroid of zF1 is integrable to a (Debord)
Lie groupoid and the groupoid of O. Mohsen is a quotient of the latter.

Proof. By [7], a Lie algebroid A ! zM1 whose anchor is injective on an open dense
subset is integrable to a Lie groupoid referred to as the Debord groupoid. The Debord
groupoid is universal among the integrations of A. Therefore, the groupoid of O. Mohsen
is a quotient.

5We also make sense of the notion of Lie k-algebroid on a closed subset S � M , similarly as in
Section 1.1.1 (3).

6Lie algebroids in the sense of Definition 1.1.1 (3) are Lie algebroids in the usual sense when zM1 is
smooth.

7If zM1 is smooth, it is the Lie algebroid in the usual sense. Otherwise, it means that it is the
differentiation of Mohsen’s groupoid along the fibers of the source map.
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3. Proof of the main results

In this section, we prove the results of Section 2.2 whose proofs were delayed.

3.1. Proof of Propositions 2.17 and 2.18

Proof (of Proposition 2.17). We know by Proposition 2.4 (2) that, for every x 2 M and
V 2 ��1i .x/, one has im.d.iC1/x /� V . Now, for any element v 2 V , there exists a sequence
vn 2 ker.d.i/xn / D im.d.iC1/xn /; n 2 N that converges to v. In particular, d.i/xn .vn/ D 0 for
all n. Hence, by continuity, one has v 2 ker.d.i/x /. Hence, V � ker d.i/x . This completes the
proof.

Proof (of Proposition 2.18). For all i � 1, choose a local frame e.i/1 ; : : : ; e
.i/
qi ; : : : ; e

.i/
qiCri

of
E�i on a neighborhood U of x such that e.i/1 .x/; : : : ; e

.i/
qi .x/ is an orthogonal basis for Vi

for an arbitrary Hermitian structure on E�i . For i; j � 1, let .cij;s
kl
/ 2 OU be a family of

functions over U such that for all k � qi and l � qj ,

`2.e
.i/

k
; e
.j /

l
/ D

X
s�1

c
ij;s

kl
e.iCj�1/s 2 �U.E�i�jC1/:

In particular,
¹e
.i/

k
.x/; e

.j /

l
.x/º2 D

X
s�1

c
ij;s

kl
.x/e.iCj�1/s .x/: (3.1)

The bracket in equation (3.1) is well defined even for i D 1 or j D 1, although only the
2-ary bracket of local sections is defined in such cases, because even if i or j D 1, we are
taking the brackets of elements in ker �x . Let u 2 Vi ; v 2 Vj , with u D

Pqi
sD1 ˛

se
.i/
s .x/,

and v D
Pqj
sD1 ˇ

se
.j /
s .x/.

Let .xn/ 2 MN
regi ;F be a sequence of regular points that converges to x such that

im.d.iC1/xn / �����!
n!C1

Vi and im.d.jC1/xn / �����!
n!C1

Vj . There exist sequences

un D

qiCriX
kD1

˛kne
.i/

k
.xn/ �����!

n!C1
uI vn D

qjCrjX
lD1

ˇlne
.j /

l
.xn/ �����!

n!C1
v

with un 2 im.d.iC1/xn / D ker d.i/xn and vn 2 im.d.jC1/xn / D ker d.j /xn for all n 2 N. In par-
ticular, the sequences .˛kn/; .ˇ

l
n/ 2 KN satisfy ˛kn �����!

n!C1
˛k and ˇln �����!

n!C1
ˇl with

˛k D ˇl D 0 for k � qi C 1; l � qj C 1. Therefore, for every n 2 N, we haveX
˛knˇ

l
nc
ij;s

kl
.xn/e

.iCj�1/
s .xn/ D ¹un; vnº2 2 im.d.iCj /xn

/ D ker.d.iCj�1/xn
/: (3.2)

We have used in (3.2) the fact that ¹du1; du2º2 2 im.d/ for all u1; u2 2 E��2. SinceX
˛knˇ

s
nc
ij;s

kl
.xn/e

.iCjC1/
s .xn/ �����!

n!C1

X
˛kˇlc

ij;s

kl
.x/e.iCj�1/s .x/ 2 E�i�jC1jx

D ¹u; vº2: (3.3)
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As a result, ¹u; vº2 2 ViCj�1 2 ��1iCj�1.x/. So for every point .V1; : : : ; Vi ; : : : ; Vj ; : : :/ 2
��11 .x/, one has ¹Vi ; Vj º2 � ViCj�1. This proves item (2). By taking i D j D 1 and
Vi D Vj D V 2 �

�1
1 .x/, equation (3.3) means that ¹u; vº2 2 V . This proves item (1).

3.2. Proof of Theorem 2.16

In this section, we give a second proof of Theorem 2.16, which is interesting by itself,
because it uses a method that we will use in the subsequent proofs. By Corollary 2.21
(whose proof is independent of Theorem 2.16), for every i � 1, we have an inclusion
zMi ,!

`
x2M Gr

�.ri�rk.d.i/x //
.H�i .F; x//, where ri is defined as in Lemma 1.8 (d). We

now need to show this inclusion is canonical, that is, independent of the choice of a
geometric resolution .E; d; �/.

Convention 3.1. Let .E; d; �/ be a geometric resolution of F. We denote by �Ei W zM
E
i !

M the Nash blowup space constructed out of a geometric resolution .E; d; �/ and
�E

0

i W
zME 0

i ! M the Nash blowup space constructed out of a geometric resolution
.E 0; d0; �0/ for i � 1. Also, for x 2M and V 2 ��1i .x/, we denote by V the image of V
in Gr�.ri�rk.d.i/x //.H

�i .F; x//.

Remark 3.2. Let x 2M . Consider a minimal geometric resolution .E 0; d0; �0/ of F at x
(see definition (1)). For V 2 .�E1 /

�1.x/ and V 0 2 .�E
0

1 /
�1.x/, one has that dim V 0 �

dimV , because rk.E 0�1/� rk.E�1/ by minimality. Hence, V;V 0 do not necessarily belong
to the same Grassmannian. However, dim V D dim V 0. We prove the latter in the next
lemma.

Lemma 3.3. Let .E; d; �/ and .E 0; d0; �0/ be geometric resolutions of F. For all i � 1,
and for all V 2 .�Ei /

�1.x/ and V 0 2 .�E
0

i /
�1.x/, one has dimV D dimV 0.

Proof. If x 2 M is a regular point, then V D V 0 D ¹0º. Thus, the equality holds. Let
x 2 M be a singular point. We prove it only for i D 1; 2, since i D 1 is a special case
and for i � 3, the proof uses a similar argument as for the one of i D 2. The key point
in the latter is, for every x 2M , the restriction of the complexes .E; d; �/ and .E 0; d0; �0/
at x is quasi-isomorphic. This implies that the codimension of im.d.iC1/x / inside ker d.i/x ,
respectively, im.d0x

.iC1/
/ inside ker d0x

.i/, is invariant.
Let V 2 .�E1 /

�1.x/ and V 0 2 .�E
0

1 /
�1.x/. We have

dimV D dimV � dim.im.d.2/x //

D dimV � .dim ker �x � dim ker �0x C dim.im.d0x
.2/
///

D dimV � rk.E�1/C rk.E 0�1/ � dim.im.d0x
.2/
//

D dimV 0 � dim.im.d0x
.2/
//

D dimV 0:
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We have used the fact that the cohomology groups at degree �1 of both complexes are
isomorphic and the rank-nullity theorem.

For i D 2, let V 2 .�E2 /
�1.x/ and V 0 2 .�E

0

2 /
�1.x/. Notice that dimV D rk.E�2/�

rk.E�1/C r . We have a similar formula for dimV 0. By direct computation, we find that

dimV D dimV � dim.im.d.3/x //

D dimV � rk.E�2/C rk.E 0�2/C dim.im.d.2/x //

� dim.im.d0x
.2/
// � dim.im.d0x

.3/
//: (3.4)

We have used the fact that the cohomology groups at degree �2 of both complexes are
isomorphic and the rank-nullity theorem. But

dim.im.d.2/x // D rk.E�1/ � dim.im.�x// � dimW;

where W is such that dim.im.d.2/x // ˚ W D ker �x . A similar formula holds for
dim.im.d0x

.2/
// by adding 0 everywhere. Substituting them into equation (3.4), we obtain

dimV D dimV 0 C dimW 0 � dimW D dimV 0;

since dimW 0 D dimW .

Proof of (Theorem 2.16). For simplicity, we prove it for i D 1. For i � 1, the same
arguments hold.

Let .E; d; �/ and .E 0; d0; �0/ be geometric resolutions of F. There exist chain mor-
phisms 'WE ! E 0 and  WE 0 ! E whose compositions are homotopic to identity. In
particular, ';  induce well-defined isomorphisms ' and  at the level of cohomology
which are inverse to each other. The latter is canonical (see [21, Lemma 4.1]). All we
need to show is ' sends zME

1 to zME 0

1 .
Let x 2M . Let e1; : : : ; ek be local sections around x of E�2 such that

span.d.2/e1jx ; : : : ; d.2/ekjx/ D im.d.2/x /:

There is a neighborhood Ux of x such that Fy WD span.d.2/e1jy ; : : : ; d.2/ekjy/ � im.d.2/y /

with y 2 Ux is of constant rank. These sections define a vector bundle F on Ux and
Fx D im.d.2/x /. Likewise, by shrinking Ux if necessary, one considers the vector bundle
F 0 � im.d0.2// on a neighborhood Ux of x such that 'y.Fy/ � F 0y . Therefore, for every
y 2 Ux , 'y induces a map y'y

ker.�y/
Fy

�!
ker.�y/
F 0y

which coincides with the isomorphism 'x W
ker.�x/

im.d.2/x /

'
�!

ker.�0x/

im.d0.2/x /
at x. The map y' induces a

well-defined map

Gr�r

�
E�1

F

�
! Gr�r

�
E 0�1
F 0

�
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on a smaller open neighborhood Ux of x. Let V 2 .�E1 /
�1.x/ and V 0 2 .�E

0

1 /
�1.x/, and

let .xn/n2N be a sequence of regular points in Ux converging to x such that im.d.2/xn / D
ker �xn and im.d0.2/xn

/ D ker �0xn converge to V and V 0, respectively.
This implies that the sequence ker�xn

Fxn
converges to

ŒV � D
V

Fx
D

V

im.d.2/x /

in Gr�r
�
E�1
F

�
. Since y'xn

� ker�xn
Fxn

�
�

ker�0xn
F 0xn

, it follows that y'x.ŒVx �/� ŒV 0x �, where V 0x is the
limit of (a subsequence of) ker�0xn . By Lemma 3.3, ŒV � and ŒV 0� have the same dimension;
thus, 'x.ŒV �/ D ŒV

0�. Also,  x.V 0/ D V since  x and 'x are the inverse of each other.
This defines the required map and completes the proof.

3.3. Proof of Theorems 2.25 and 2.28

Theorem 2.25 follows from Lemma 3.5 which itself requires Lemma 3.4. We prove
those in the smooth context. Their proofs are similar in the holomorphic context. We
recall that for pWE ! M a vector bundle over M , a linear vector field on E is a pair
.Z;X/ 2 X.E/ � X.M/ such that

E
Z //

p

��

TE

dp

��

M
X // TM

is a morphism of vector bundles (see, e.g., [32, p. 110]). Equivalently,

(1) ZŒC1lin .E/� � C
1
lin .E/ and ZŒp�C1.M/� � p�C1.M/ or

(2) the flows ofZ onE are (local) vector bundle isomorphismsE!E over the flows
of X on M ,

where C1lin .E/ is the subalgebra of smooth functions on E which are fiberwise linear. The
latter is canonically isomorphic to �.E�/ as C1.M/-modules. Notice in particular that a
linear vector field is p-projectable to X .

Lemma 3.4. A linear vector field onE!M induces a vector field on…WGr�q.E/!M

that is …-projectable on M .

Proof. Let .Z; X/ be a linear vector field on E ! M . Its flow �Zt WE ! E is a vector
bundle isomorphism over the flow �Xt WM ! M of X whenever it is defined. Thus, �Zt
induces a map Gr�q.E/! Gr�q.E/; V 7! �Zt .V / that we still denote by �Zt . Define
zZ 2 X.Gr�q.E// for all V 2 …�1.x/ by

zZ.V / WD
d

dt jtD0
c.t/ 2 TVGr�q.E/ (3.5)
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so that the flow �
zZ
t W Gr�q.E/ ! Gr�q.E/ of zZ at V 2 …�1.x/ is �Zt jx.V /, where

c.t/ D �Zt jx.V / 2 …
�1.�Xt .x// for t in some interval I . Also, zZ is …-projectable to X ,

by construction.

Lemma 3.5. For every X 2 F, there exists for all i � 1 a linear vector field .Zi ; X/ on
the vector bundle pi WE�i !M and a linear vector field .Z0;X/ on p0WE0 WD TM!M ,
pi -projectable to X . Their flows are compatible with the complex of vector bundles

� � �
`1Dd.4/
�����! E�3

`1Dd.3/
�����! E�2

`1Dd.2/
�����! E�1

�Dd.1/
����! TM: (3.6)

That is, the diagram below commutes for all i � 1:

M
�Xt //

;; M;;

E�i
�Z

i

t //

d.i/

��

E�i

d.i/

��

M
�Xt //

;; M;;

E�iC1
�Z

i�1

t

// E�iC1

(3.7)

where �Z
i

t or �Xt denotes the flow of Zi or X , whenever defined. They induce vector
fields zZi on Gr�ri .E�i / such that

(1) zZi is tangent to zMi ,

(2) zZi projects onto X .

Proof. Consider .E; d D `1; `2; �/ the graded almost Lie algebroid of F induced by a
universal Lie1-algebroid .E; .`k/k�1; �/ (see Section 1.2 (2)). LetX 2F and i � 0. For
i ¤ 0, there exists a section � of the vector bundle pi WE�i ! M such that �.�/ D X .
Consider the linear vector field Zi 2 X.E�i / defined as follows:

Zi Œp�i f � WD p
�
i .XŒf �/ 8f 2 C1.M/; (3.8)

ZieŒ˛� WD XŒh˛; ei� � h˛; `2.�; e/i 8˛ 2 �.E
�
�i /; e 2 �.E�i /: (3.9)

For i D 0, one replaces `2.�; e/ in (3.9) by ŒX; Y � with Y 2 �.E0/ D X.M/. Notice
that Zi depends on the choice of the graded almost Lie algebroid bracket `2 and X .
The fact that diagram (3.7) commutes follows the exact same lines of the proof given
for Proposition 2.2.11 in a preprint version of [24, p. 99]. Let us write it for the sake of
completeness8. By construction, the vector fields .Zi /i�0 on E�i

pi
�! M are pi -related

8Those arguments could be applied almost word for word to the holomorphic context.
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to X . This implies the vector field .Zi ; Zi�1/ 2 X.E�i � E�iC1/ is tangent to the
fiber product E�i �pi ;M;pi�1 E�iC1. Thus, .Zi ; Zi�1/ restricts to a linear vector field
on E�i ˚E�iC1

p
�!M denoted by Zi;i�1. The latter is given by the formula

Zi;i�1Œp
�f � WD p�.XŒf �/ 8 f 2 C1.M/;

Zi;i�1Œ��.e ˚ e
0/ WD

8̂̂<̂
:̂
XŒh�; e ˚ e0i� � h�; `2.�; e/˚ `2.�; e

0/i for i ¤ 1;

XŒh�; e ˚ Y i� � h�; `2.�; e/˚ ŒX; Y �i for i D 1;

and e0 D Y 2 X.M/

for all � 2 �..E�i ˚E�iC1/��i /; e 2 �.E�i /; e
0 2 �.E�iC1/ and is again p-related toX .

We now consider for i � 1 the graph

Graph.d.i// D ¹.e; d.i/.e// j e 2 E�iº � E�i ˚E�iC1

of d.i/WE�i !E�iC1 which is submanifold ofE�i ˚E�iC1 with �D d.1/WE�1!E0 D

TM. Let us check that Zi;i�1 is tangent to the submanifold Graph.d.i//. This comes from
the following items:

• The submanifold Graph.d.i// � E�i ˚E�iC1 is the zero locus of the ideal generated
by the functions

�˛W E�i ˚E�iC1 ! R
.e; e0/ 7! h˛; d.i/.e/ � e0i

with ˛ 2 �.E�
�iC1/.

• For all .e; e0/ 2 Graph.d.i//,

Zi;i�1 Œ�˛� .e; e
0/ D XŒh�˛; e ˚ e

0
i� � h�˛; `2.�; e/˚ `2.�; e

0/i

D XŒh˛; d.i/.e/ � e0i�„ ƒ‚ …
D0

�h˛; d.i/`2.�; e/ � `2.�; e0/i

D �h˛; `2.�; d.i/.e// � `2.�; e0/i

D �h˛; `2.�; d.i/.e/ � e0/i D 0;

where we have used the compatibility condition of the dD `1; `2 brackets of the graded
almost Lie algebroid.

Now, let U; V � M be the open subsets of M and I D .�"; "/ � R an inter-
val of R where the flow �Xt WU ! V of X at time t is defined. Recall that the flow
�
Zi
t WE�i jU ! E�iC1jV of Zi and the flow �

Zi�1
t WE�iC1jU ! E�iC1jV of Zi�1 are

vector bundle isomorphisms over �Xt WU! V . The flow of Zi;i�1 is also a vector bundle
isomorphism given by the formula

.E�i ˚E�iC1/jU ! .E�i ˚E�iC1/jV

.e; e0/ 7! .�Z
i

t .e/; �
Zi�1

t .e0//:
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Now, since Zi;i�1 is tangent to Graph.d.i//, its flow preserves Graph.d.i//, that is, for all
e 2 �.E�i /,

.�Z
i

t .e/; �
Zi�1

t .d.i/.e/// 2 Graph.d.i//:

This implies that diagram (3.7) commutes. Therefore, the family .ˆZ
i

t /i�0 is an isomor-
phism of complex of vector bundles. This proves the first part of Lemma 3.5.

Now, by Lemma 3.4, the linear vector field .Zi ; X/ induces a vector field zZi on the
Grassmann bundle Gr�ri .E�i /. Let us show item (1), �Z

i

t preserves zMi : to see this, take
V 2 ��1i .x/, let xn �����!

n!C1
x be such that im d.iC1/xn �����!

n!C1
V with .xn/ �Mregi ;F. By

using the identity
d.iC1/ ı �Z

iC1

t D �Z
i

t ı d.iC1/

for i � 0, one has

�Z
i

t jxn.im d.iC1/xn
/ D im d.iC1/

�Xt .xn/
for every n 2 N0:

Thus,

�Z
i

t jx.V / D lim
n!C1

�Z
i

t jxn.im d.iC1/xn
/

D lim
n!C1

�
im d.iC1/

�Xt .xn/

�
2 ��1i .�Xt .x//:

Hence, the flow of zZi preserves zMi , that is, zZi is tangent to zMi .

Proof (of Theorem 2.25). By Lemma 3.5, every vector field X 2 F extends to a linear
field X i 2 X.Gr�ri .E�i // which is tangent to zMi in the sense of Definition 1.1.1 (1).
This proves item (1). Furthermore, the restriction zXi of X i to zMi is unique, since
�i j��1i .Mregi ;F/

W ��1i .Mregi ;F/ ! Mregi ;F is invertible. In particular, the map X 2 F !
zX j zMi

does not depend on any choices and is a Lie algebra morphism. The module which
is generated by the zXi is closed under Lie bracket by item (2) of Theorem 2.25. This ends
the proof.

Proof (of Theorem 2.28). Let .E; d; �/ be a geometric resolution of F. Fix a universal
Lie 1-algebroid of F on .E; d; �/ and k � 1. Let �E�k and AE�k be the tautological
subbundle and tautological quotient bundle on Gr�r .E�k/ that fit into the exact sequence

�E�k
� � //

��

…�
k
E�k // //

��

AE�k

��

Gr�rk .E�k/ Gr�rk .E�k/ Gr�rk .E�k/

(3.10)

with AE�k ' …�E�k=�
E�k . In particular, for k D 1, rk.AE�1/ is the dimension of the

regular leaves. One has
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(1) zFk the image of an almost Lie algebroid on …�
k
E�1j zM1

through the anchor map

z�W�.…�kE�1/j zMk
�! X. zMk/

defined by ��
k
e 7! e�.e/ 2 zFk .

(2) The tautological subbundle �E�k lies in the kernel of the differential map
d.k/WE�k ! E�kC1: indeed, the fiber of �E�k over a point V 2 ��1

k
.x/ is equal

to V by definition. By Proposition 2.17, the latter is included in ker d.k/x with
equality if x 2Mregk ;F. Also, for k D 1, �E�1 lies in the kernel of the anchor map
� D d.1/.

Therefore, the pullback ��
k

d.k/W ��
k
E�k ! ��

k
E�kC1 goes to quotient to a well-defined

vector bundle morphism

��k d.k/W
��
k
E�k

�E�k
! ��kE�kC1

which is injective on the open dense subset ��1
k
.Mregk ;F/ of zMk . Denote by K ! zM k

the restriction of �E�k to zMk . The k-th truncation of the pullback of the universal Lie
1-algebroid of F to zMk induces naturally a Lie k-algebroid on

��
k
E�k

K
�! ��kE�kC1 �! � � � �! ��kE�1 �! T zMk :

For k D 1, the anchor map z� goes to quotient

0 // K // ��1E�1
//

z�

��

AE�1 j zMk

//

zz

0

T zM1

(3.11)

and makes zF1 the image of an almost Lie algebroid on AE�1 j zM1 whose anchor is injec-
tive on the open dense subset Mreg;F. Thus, AE�1 j zM1 is a Lie algebroid whose anchor is
injective on ��11 .Mreg;F/, whose image is zF1. This proves the result.

Remark 3.6. Notice that in the proof of Corollary 2.29 we do not need the existence of
a geometric resolution, we only make use of the anchor map and the bracket of an almost
Lie algebroid of F, that is, we only need E�1 and �WE�1 ! TM.

4. Examples

Let us start with some examples where our constructions give nothing new, that is,
zMi 'M or zM1 'M .
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Example 4.1. If F is a Debord singular foliation (i.e., F is a projective submodule of
X.M/), then zMi ' M for all i � 1 and i D C1. This comes from the fact that there
exists a vector bundle E�1!M such that �.E�1/' F by Serre–Swan theorem [35,46].
This isomorphism is given by a vector bundle morphism, E�1

�
�! TM which is injective

on the open dense subset Mreg;F. As a consequence, � � � ! 0 ! 0 ! E�1
�
�! TM is a

geometric resolution of F. Therefore, zMi�2 ' M since E�i D 0 for i � 2. Also, if r is
the dimension of the regular leaves of F, then r D rk.E�1/. Hence, Gr�r .E�1/ 'M . In
particular, zM1 'M .

Example 4.2. If the regular leaves of F are open, then zM0 'M , since Gr�0.TM/ 'M .
For instance, this happens for F, the singular foliation on RN of vector fields vanishing at
zero.

Example 4.3. If there exists a geometrical resolution .E;d; �/ of length k, then zMi 'M

for all i � k C 1. Notice that one also has zMk ' M since the last differential map
d.k/WE�k!E�kC1 is injective on an open dense subset so that the considered Grassmann
bundle is Gr�rk.E�k/.E�k/ ' M .

In contrast with Examples 4.1–4.3, we have other examples where our construction is
not trivial.

Example 4.4. Let .M;F/ be a singular foliation admitting a geometric resolution of
length 2

� � � �! 0 �! 0 �! E�2
d.2/
��! E�1

�
�! TM:

Here, im.d.2//jMreg;F is a vector bundle of rank rk.E�2/. On the open dense subset of reg-
ular pointsMreg;F, the map d.2/WE�2!E�1 is injective, and onMsing DM nMreg;F, it is
not. For simplicity, assume thatM DRN or CN and that the vector bundlesE�2;E�1 are
trivial so that d.2/ becomes an rk.E�1/� rk.E�2/-matrix with coefficient in the algebra of
functions on M . The zero locus of the ideal 	b generated by the minors of this matrix in
a basis is exactly Msing. By construction, the Nash blowup zM1 is the blowup of M along
the ideal 	b.

For instance, let M D gld .K/ be the vector space of d � d -matrix with coefficient in
K D R;C. Let .M;F/ be the singular foliations given by the adjoint action of gld .K/ on
gld .K/, that is,

ad.x/y D Œx; y�; x; y 2 gld .K/:

The singular foliation F admits a geometric resolution of length 2 (see [21, Exam-
ple 3.32]) with

M �Kd d.2/
��!M � gld .K/; .x; .�0; : : : ; �d�1// 7!

�
x;

d�1X
iD0

�ix
i

�
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and
M � gld .K/

�
�! TM 'M � gld .K/; .x; v/ 7! .x; Œx; v�/:

The open dense subset of regular points of .M;F/ is the set of matrices x 2 M whose
centralizer C.x/ WD ker �x is of minimal dimension equal to N . Equivalently, Mreg;F is
made of the matrices x 2M whose characteristic polynomial is equal to the minimal poly-
nomial, also known as non-derogatory matrices [48]. For d D 2, zM1 ' Bl	b

.K4/ is the
usual blowup of K4 along the ideal 	b generated by ¹x1 � x4; x2; x3º, which is smooth.

For d � 3, computations become complicated, and the singular locus is a cone.

Example 4.5. The Nash blowup can be smooth, even if the singular locus is not. In the
case of the adjoint action of su.n/, the singular locus is not smooth, but the blowup is
smooth (see [31, Example 3.11]).

Example 4.6. Consider the projective singular foliation F on M D CN generated by
the Euler vector field

�!
E D

PN
iD1 xi

@
@xi

. Here, Mreg;F D CN n ¹0º. It is easily checked
that zM0 is the closure of the graph ¹.x; Œx1 W � � � W xN �/ 2 CN � PN�1.C/ j x ¤ 0º. The
latter is the blowup of CN at 0. This is an example where F is Debord and zM0 ¤ M . In
particular, by Example 4.1, zM0 ¤ zM1 DM .

Example 4.7. Let F be the singular foliation of all vector fields vanishing at the origin
0 2 M D CN . Here, Mreg;F D CN n ¹0º. Let us compute zM1. A geometric resolution
.E;d; �/ of F is given in [21, Example 3.34]. Here, E�1 ' CN � glN .C/ and the anchor
map � isEij 7! xi

@
@xj

, where glN .C/ is the vector space ofN �N matrix with coefficient
in C and .Eij /i;jD1;:::;N its canonical basis.

A direct computation for every x ¤ 0 tells that ker �x is the subspace of matrices
M 2 glN .C/ such that Mx D 0, where x D .x1; : : : ; xN / is seen as a column vector.
Equivalently, this kernel can be described as N copies of Œx1 W � � � W xN �?. Hence, zM1 is
the blowup of CN at the origin. This is an example of a singular foliation whose regular
leaves are open, but such that zM1 ¤M . In particular, by Example 4.2, zM0 ¤ zM1.

Here is an example related to Poisson manifolds.

Example 4.8. Let .M; P / be a smooth or holomorphic Poisson manifold with P 2

�.^2TM/. Consider the singular foliation generated by the Hamiltonian vector fields asso-
ciated to P , that is, F D P ].�.T �M//, where P ]W T �M ! TM; ˛ 7! P.˛; �/. Assume
that a geometric resolution exists. By Lemma 3.5, every Hamiltonian vector field lifts to a
vector field tangent to zMi , i � 1. It is natural to ask whether the Poisson bivector field P
lifts to zMi . Assume that zMi is smooth. Since for every i � 1, ��1i .Mregi ;F/!Mregi ;F is
invertible, the restriction P jU lifts to a Poisson bivector field on ��1i .Mregi ;F/. However,
it does not lift to zMi in general, even when zMi is smooth. Indeed, consider the Poisson
manifold M D so�.3/ ' R3 with

P D x
@

@y
^
@

@z
C y

@

@z
^
@

@x
C z

@

@x
^
@

@y
: (4.1)
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Here, F is generated by the vector fields P ].dx/ D z @
@y
� y @

@z
, P ].dy/ D x @

@z
� z @

@x
,

P ].dz/ D y @
@x
� x @

@y
. Let us compute zM1. Given a point m 2 Mreg;F D R3 n ¹0º, we

find that

kerP ]jm D ¹.a; b; c/ 2 R3 j .a; b; c/ 2 Œx.m/ W y.m/ W z.m/� 2 P2.R/º

D Œx.m/ W y.m/ W z.m/�:

Hence, zM1 is the usual blowup Bl0.R3/ of R3 at the origin.
The bivector field P does not lift to zM1. Recall that the blowup of R3 at the origin

Bl0.R3/ � R3 � P2 is covered by three charts given by x ¤ 0, y ¤ 0 and z ¤ 0. Let
us look at the x-chart where the projection �1 becomes .x; y; z/ 7! .x; xy; xz/. In this
chart, P pulls back to

y
@

@z
^
@

@x
C z

@

@x
^
@

@y
C
1

x
.1C y2 C z2/

@

@y
^
@

@x
: (4.2)

For x D 0, equation (4.2) is not defined. In conclusion, the Hamiltonian vector fields of
the Poisson structure P in (4.1) lift to zM1, but the bivector field P does not lift to zM1,
although zM1 is smooth.

Example 4.9. Let .E�1; Œ� ; ��; �/ be a Lie algebroid over a manifold M and denote by
F D �.�.E�1// the induced singular foliation. Assume there exist geometric resolutions
for F. The Lie algebroid E�1 acts on the spaces zMi for all i 2 N0, and also on zM1, and

X. zMi /
OO

�.E�1/

�
::

�
// X.M/

(4.3)

is a commutative diagram of Lie algebra morphisms, where x� is defined on a local frame
.ek/k of E�1 by ek 7! A�.ek/i . Here, Q� is as in Theorem 2.25. In addition, for each
i 2 N0, zFi is the image of a Lie algebroid on zMi , namely the natural pullback of the
Lie algebroid E�1 to zMi . In particular, if F is given by a Lie algebra action of a Lie
algebra g on M , then zFi is given by an action of g on zMi .

Let us now study some examples related to the notion of an affine variety in Cd .
Let Ad be an affine space over K D R or C with a set of coordinates x1; : : : ; xd .

Recall that an affine variety W is a subset of the affine space Ad given by the zero locus
Z.	W / of a radical ideal 	W � KŒx1; : : : ; xd � and equipped with the induced Zariski
topology of Ad . The coordinate ring ofW is the quotient ring OW DKŒx1; : : : ; xd �=	W .
The Lie algebra X.W / of vector fields on W are derivations of OW . We denote by Wreg

the set of regular points of W . For every x 2 Ad , we denote by mx the maximal ideal of
vanishing polynomials at x. See, for instance, [16] for more details on these notions.
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Example 4.10. Let M D Cd and ' 2 CŒx1; : : : ; xd �. Consider the singular folia-
tion F' D ¹X 2 X.Cd / j XŒ'� D 0º. In this case, Mreg;F'

D ¹x 2 Cd ; j; dx' ¤ 0º.
For every y 2 Cd , .TyF'/

? D hry'i. For a convergent sequence of regular points,
yn �����!

n!C1
y, that is, with yn 2 Mreg;F'

, the sequence im.�yn/ D TynF' converges if
and only if ryn' converges in Gr�.d�1/.Cd /, that is,

�
@'
@x1
.yn/W � � � W

@'
@xd
.yn/

�
converges

in the projective space Pd�1.C/. Therefore, zM0 is the closure of the image of the map,
y 7!

�
y;
�
@'
@x1
.y/W � � � W @'

@xd
.y/
��

which is the blowup of Cd along the singular locus of ',
that is, along the ideal generated by the components of d'. For instance,

(1) For '.x1; : : : ; xd / D
Pd
iD1 x

2
i , zM0 is the blowup of Cd along the ideal

.x1; : : : ; xd /, that is, the blowup of Cd at zero, which is smooth.

(2) For '.x1; : : : ; xd / D
Pd
iD1 x

3
i , zM0 is the blowup of Cd along the ideal

.x21 ; : : : ; x
2
d
/. This is not the blowup of Cd at zero, and it is easily seen in the

charts that are not smooth with a singularity at the origin.

However, since the ideals hx1; : : : ; xd i and hx21 ; : : : ; x
2
d
i are related by

hx1; : : : ; xd i
d�1
hx21 ; : : : ; x

2
d i D hx1; : : : ; xd i

dC1

and since the blowup of Cd along the ideals hx1; : : : ; xd i and hx1; : : : ; xd idC1 is the
same, there is a map

Blhx1;:::;xd i.C
d / //

�

��

zM0 D Blhx21 ;:::;x2d i.C
d /

�

��

Cd D // Cd

by Moody’s criteria (see Section 2.1.2).

Example 4.11 (Nash modification). Let M D W be an affine irreducible affine variety
of dimension r embedded in Cd . Let † be its singular locus. Let F D Der.OW / be the
singular foliation of vector fields on W tangent to †, where 	† stands for the polynomial
functions that vanish on †. Here, Wreg;F D Wreg D W n†. Consider a geometric resolu-
tion .E�; d; �/ of F by trivial vector bundles (which exists because OW is Noetherian, see
[21, Section 3.3]).

Let us show that for every x 2 W n †, im.�x/ D TxF D TxW . It is clear that
im.�x/ � TxW . Conversely, it is a classical property that x 2 W is a regular point if
and only if there exist “local coordinates” y1; : : : ; yd 2 Ox such that W is of the form

y1 D � � � D yk D 0;

that is, the localization of 	W is generated by these variables, where Ox denotes the local
ring at x. Hence, the tangent space ofW at x is the vector space, span

®
@
@yi jm

; i � k C 1
¯
.

Therefore, for v 2 TxW , the local vector field

X D

dimWX
iD1

vi
@

@ykCi
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maps Ox to Ox ; in particular, it maps O to Ox , and we haveXŒ	W �� .	W /mx . Therefore,
for every i 2 ¹1; : : : ; dº, there exists a polynomial function gi that does not vanish at x
such that giY Œxi � 2 CŒx1; : : : ; xd �. By construction, the vector field yX D g1���gr

g1.x/���gr .x/
X is

tangent to W , that is, yXŒ	W � � 	W , and satisfies yX.x/ D v.
The map �0WW n † ! Gr�.d�r/.Cd / x 7! im.�x/ D TxW is the so-called Gauss

map [47]. The Zariski closure zW0 of the image of such a map is by definition the classical
Nash blowup of W along its singular locus †.

Example 4.12 (Monoidal transformation). LetW DRd or Cd . Let 	 � OW be an ideal,
and let C DZ.	/�Cd be the zero locus of the ideal 	. Let FD 	X.W / be the singular
foliation of vector fields vanishing along C . By Hilbert’s syzygy theorem [10], there exists
a free resolution of finite length for the ideal 	 of polynomial functions vanishing on C
of the form

� � � �! K�2
@
�! K�1

@
�! 	 �! 0: (4.4)

Since X.W / is a flat OW DCŒx1; : : : ;xd �-module (in fact, X.W /'Od
W is a free module),

the sequence

� � �
dD@˝id

// K�2 ˝OW X.W /
dD@˝id

// K�1 ˝OW X.W /
�

// F (4.5)

is a free resolution KŒW � by finitely generated KŒW �-modules of the singular foliation
FD 	X.W /, where for .�1; : : : ; �k/ a set of generators ofK�1, the anchor map is given
by �.�i ˝ @

@yj
/ D @.�i /

@
@yj

for i D 1; : : : ; k and j D 1; : : : ; d . By [22, Theorem 2.1], F

admits a universal Lie1-algebroid structure over the complex (4.5) whose unary bracket
is `1 D @˝ id and whose anchor is �.

Here, Wreg;F D W n C . For i D 1; : : : ; k, let fi WD @.�i / 2 	. A direct computation
shows that for every x 2 W n C , ker�x is equal to d copies of Œf1.x/ W � � � W fk.x/�?, that
is,

ker �x D .Œf1.x/ W � � � W fk.x/�?/d ;

where Œf1.x/ W � � � W fk.x/� is a well-defined straight line of Kk generated by the
vector .f1.x/; : : : ; fk.x// 2 Kk seen as a point of the projective space Pk�1.C/ D
Gr�.k�1/.Ck/.

One has

��11 .x/ D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

.Œf1.x/ W � � � W fk.x/�
?/d for x 2 W n C;

V d 2 .Gr�1.Ck//d such that 9 .xn/ 2 W N
reg;F;

Œf1.xn/ W � � � W fk.xn/�
? �����!

n!C1
V;

with V 2 Gr�1.Ck/ as xn �����!
n!C1

x;

for x 2 C:

The d components converge if and only if one of them converges. Since Œf1.xn/ W � � � W
fk.xn/�

? converges in Gr�1.Kk/ if and only if the straight line Œf1.xn/ W � � � W fk.xn/�
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converges in Pk�1.K/, zW1 corresponds to the usual monoidal transformation of W with
respect to 	 (see, for instance, [17] or Section 2.1.2). In particular, zW1 does not depend,
up to isomorphism over W , on the choice of the generators f1; : : : ; fk .

When f1; : : : ; fk form a regular sequence, let us prove that for each i � 1, zWi is again
the blowup of Cd along 	. The complex in equation (4.4) can then be chosen to be the
Koszul complex. Its dual complex is given by the differential map

X�.Ck/
@�

�! X�C1.Ck/;
@

@x1
^ � � � ^

@

@xp
7�!

@

@x1
^ � � � ^

@

@xp
^ U;

where U D
Pk
�D1 f�

@
@x�

. For a sequence of regular points .xn/ that converges to x 2 C ,
it is easily checked that im.d�xn/ converges if and only if Œf1.xn/ W � � � W fk.xn/� does in
the projective space. This proves the result. As a consequence, zW1 is also the blowup of
W D Cd along 	.

A. Grassmann bundles

For E a finite-dimensional vector space over a field K 2 ¹R;Cº, we denote by Gr�r .E/
the set of all vector subspaces of E of codimension r 2 N. Let us recall a few facts on
Gr�r .E/.

A.1. Topological structure

The set Gr�r .E/ is metric space, the corresponding metric is defined by

ı.V; V 0/ D kPV � PV 0k; (A.1)

where PV stands for the orthogonal projection of E onto V � E. It is important to notice
that for all V; V 2 Gr�r .E/,

ı.V; V 0/ D ı.V ?; V 0
?
/;

here V ? stands for the orthogonal space of V . It is proven (see, e.g., [12]) that Gr�r .E/
equipped with the topology induced by the so-called “gap” metric (A.1) is equivalent to the
Grassmann topology, that is, the topology on Gr�r .E/ whose open subsets W � Gr�r .E/
are such that ��1.W/ is open in Str .d;K/ WD ¹A 2 Md�r .K/ j rk.A/ D rº, with

� W Str .d;K/ �! Gr�r .E/; A 7�! ¹vector space spanned by the columns of Aº:

Also, Gr�r .E/ is a compact space.

A.2. Manifold structure

Moreover, Gr�r .E/ is a compact manifold of dimension r.d � r/ and also a projective
variety.
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(1) Coordinates charts: One manner to define the standard affine coordinates on the
Grassmannian Gr�r .E/ is as follows. Fix a basis e1; : : : ; edDdimE for E. Let us
describe the first chart. Consider

 WMr;d�r .K/ �!Md;d�r .K/

A0 7�!

�
Id�r
A0

�
:

The vector space V D �
��
Id�r
A0

��
admits a basis of the form

vj WD ej C
X̀
kD1

akj ek ; j D 1; : : : ; d � r: (A.2)

The vector space V is completely determined by the matrix A0. Hence, � ı  is
the first chart.
For a permutation � 2 Sd , let P.�/ be the permutation matrix of lines associated
to � . We claim that the family � ı P.�/ ı  .Mr;d�r .K//, indexed by � 2 Sd , is
an atlas of Gr�r .E/. Its image consists of (A.2) up to permutation.

(2) Grassmann bundle: LetE!M be a vector bundle of rank d over a manifoldM
(or a quasi-projective variety9). Let r � d . The disjoint union

Gr�r .E/ WD
a
x2M

Gr�r .Ejx/

comes equipped with a natural manifold structure in the smooth or complex case
and a quasi-projective variety structure whenM is a quasi-projective variety. Also,

…WGr�r .E/ �!M (A.3)

is a fibration. It is called .d � r/-th Grassmann bundle.
For every open subset U �M on which E is trivial,…�1.U/ 'U �Gr�r .Kd /.
An adapted chart for Gr�r .E/!M around a point x 2M is a set of local coor-
dinates of the form .…�x1; : : : ; …

�xn; z1; : : : ; zr.d�r//, where .x1; : : : ; xn/ are
local coordinates on M and .z1; : : : ; zr.d�r// are functions which are standard
affine coordinates on an open subset of each fiber of … as in item (1).

Convention A.1. Let x 2M . Let e1; : : : ; ed be local frame for E in a neighbor-
hood U of x. For y 2 U, let �y be the linear isomorphism defined by

�y WEx �! Ey ; �y.ei .x// D ei .y/ for all i 2 ¹1; : : : ; dº:

9The intersection inside some projective space of a Zariski-open and a Zariski-closed subset.
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Let .xn/ be a sequence of M that converges to x. We will say that a sequence
of vector space Vxn 2 Gr�r .E/ with Vxn � Exn converges to V � Ex and write
Vxn �����!

n!C1
V if

��1xn .Vxn/ �����!n!C1
V in Gr�r .Ex/:

In the sequel, we will not mention �xn , since this notion of convergence does not
depend on the chosen local frames of E.

(3) Tautological subbundle: The Grassmann bundle Gr�r .E/ comes equipped with
two vector bundles �E and AE , called tautological subbundle and tautological
quotient bundle, that fit into the exact sequence

0 �! �E �! …�E �! AE �! 0: (A.4)

Precisely, the fiber of �E over the point V 2…�1.x/ is the codimension r subvec-
tor space V of Ejx D Ej….V / D .…�E/jV . By construction, �E is a subbundle of
the pullback bundle …�E. Furthermore, AE ' …�E=�E .
This tautological quotient bundle is important for us to express some results of
this paper.
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