Rend. Lincei Mat. Appl. 36 (2025), 671-696
DOI 10.4171/RLM/1087
©2026 Accademia Nazionale dei Lincei

Published by EMS Press
This work licensed under a CC BY 4.0 license

Number Theory and Functional Equations. — Automorphism groups of commuting
polynomial maps of the affine plane, by JosepH H. SILvERMAN, accepted on 1 July
2025.

Dedicated to Enrico Bombieri on the occasion of his 85th birthday.

ABsTRACT. — Let £ be a finite-dimensional semisimple Lie algebra of rank N over an alge-
braically closed field of characteristic 0. Associated with & is a family of polynomial folding
maps

Fr AN S AN forn > 1

N

having the property that F,, has topological degree n*¥ and

FmoF, =F,0F,, forallm,n>1.

We derive formulas for the leading terms of the folding maps on A? associated with the Lie
algebras A>, B>, and 5, and we use these formulas to compute the affine automorphism group
of each folding map.

Keyworbps. — algebraic dynamics, commuting maps, folding polynomial, Lie algebra.

MaTtHEMATICS SUBJECT CLASSIFICATION 2020. — 37P05 (primary); 32H50, 37F10, 37J37,
37J70 (secondary).

1. INTRODUCTION

The subject of commuting maps has been much studied in dynamics; see for example [ 1,
3,7,8,10,15-19]. We start with a general definition although this paper will concentrate
on the case of maps of the affine plane.

DeriniTION 1.1. Let K be an algebraically closed field of characteristic 0, let X/ K be
an algebraic variety, and let
f:X—X
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be a finite morphism. We say that f is permutable! if there exists a finite morphism g :
X — X such that

f and g are not invertible, i.e., not automorphisms of X.
fog=gof.

f and g do not have a common iterate.

One problem that we will study in this paper is the computation of the group of
automorphisms, also sometimes called the group of self-similarities, of permutable
maps.

DerintTION 1.2. Let K be an algebraically closed field of characteristic 0, let X/ K be
a variety, and let
f:X—X

be a finite morphism. The group of automorphisms of f is the group
Aut(f) = {a e Aut(X):a ' o foa = f}.

ExampLE 1.3. A classical theorem of Julia [8] and Ritt [12, 13] (see also Eremenko [6])
classifies permutable maps on A !, and more generally on P!, In particular, a permutable
map f : Al — Al is conjugate to either a power map x” or a Chebyshev polynomial 7},
whose automorphism groups are given by

{ p, ifniseven,
Aut(x") = p,_; and Au(T,) =
M, if nis odd.

We note that one construction of the Chebyshev polynomial 7}, is to start with
the n-power map on G, and take the quotient by the automorphism z — z~!. There
is an analogous construction in higher dimensions, where Gy, is replaced by a higher-
dimensional torus associated with a Lie algebra and the quotient is via an action of an
affine Weyl group. The details of the construction will not concern us, so we give only
a brief sketch (at the end of this introduction) and provide some references.

THEOREM 1.4 ([14,15]). Let £ be a finite-dimensional semisimple Lie algebra over
an algebraically closed field of characteristic 0, and let N be the rank of £, i.e.,
the dimension of a Cartan subalgebra. Then for each n > 0, there is an associated
polynomial map

Fal£] : AV — AN,

(1) These maps have various names in the literature; for example they are called integrable
in [14-16].
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called the nth folding map? associated with the Lie algebra £, having the following
properties:

(1) F,[&£] has topological degree n™ .

(2) Forallm,n > 0, we have
(1) FmlL] o Fu[L] = Finl[E] = Fu[L] 0 F[L]

DerintTION 1.5. The folding map F,[£] described in Theorem 1.4 is so named because
it may be constructed geometrically in terms of folding the chambers of &£ associated
with a system of roots using the reflection maps that generate the affine Weyl group
of £. See [18] for a nice description of this construction in dimension 2.

REMARK 1.6. We observe that F,,[£] for n > 2 is a permutable map on A since
the consideration of topological degrees shows that F,,[£] and F,[£] cannot have
a common iterate if gcd(m, n) = 1. More precisely, it follows from (1) that F,,[£]
and F,,[£] have a common iterate if and only if m’ = n/ for some i, j > 1. Further, it
is known that if two simple Lie algebras &£; and &£, have non-isomorphic Weyl groups,
then their folding maps are inequivalent; see [15, Corollary to Proposition 3].

It is possible to construct higher-dimensional permutable maps from lower-dimen-
sional maps. The following definition characterizes one way that this can be done.

DeriniTionN 1.7. Let £ : AV — A¥ be a polynomial map. We say that f is triangular
if there is an affine automorphism#*

£: AN — AN

so that
o fol(x) = [p1(x1). p2(x1.X2), @3(x1.X2,X3),...].
—— N —— N — e

just x1 just xp, xo just xy,x2,x3

A bold conjecture of Veselov® suggested that every non-triangular permutable map
on affine space comes from the Lie algebra construction described in Theorem 1.4. This
conjecture is not entirely correct since for example there are non-triangular permutable

() For B2, 9>, and ¥4, there are additional folding maps F, ﬁ[ﬂz], F, ﬁ[ﬁz], and
F, v3[Fa4] that satisfy the commutativity property Fo o Fg = Fog = Fg o Fq.

(®) These maps are called reducible in [15].

() An affine automorphism of AN is an element £ € GLy xG/¥, where £ = (M, b) acts

on AV via matrix multiplication and translation, (M, b) -v = Mv + b.
(®) Quoting from [15]: “The following construction [14] gives a series of integrable mappings

for arbitrary n which, the author supposes, exhausts all integrable polynomial mappings.”
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maps of A2 in Dinh’s classification [4] that do not come from the Lie algebra construc-
tion. But Lie algebra folding maps do form very interesting families of permutable
maps.

In particular, the classification of simple Lie algebras implies that the folding maps
of A? are associated with one of the Lie algebras +,, 8,, or §,.¢ Withers [18] gives
recursion formulas for these 2-dimensional folding maps. In this paper, we use Withers’
recursions to find the leading terms of the folding map coordinate functions, which in
turn we use to compute the automorphism groups of the 2-dimensional folding maps.
We state the latter result here. For the former, see Proposition 2.5 for #,,, Proposition 3.1
for 8,,, and Proposition 4.1 for §,,.

THEOREM 1.8. The affine automorphism groups of the 2-dimensional folding maps are
as follows:

ifn =1 (mod 3),
ifn # 1 (mod 3),

{ﬂz ifn =1 (mod 2),
1.

Aut(F,[A2]) = { 53

Allt 0732]

IIZ

ifn =0 (mod 2),

lle

Aut(F,[$2])
Proor. See Theorem 2.6 for #,,, Theorem 3.2 for B,,, and Theorem 4.2 for g,. =

As a further application of our leading-term formulas, in Theorem 5.1, we describe
the maps on P2 induced by homogenizing the folding maps on A2. In particular, we
prove that F,, [,] and F,,[8B;] extend to endomorphisms on P2, while F,[,] extends
to a rational map of P2 having either one or two points of indeterminacy, depending
on the parity of n.

REmARk 1.9. There has been a considerable amount of work aimed at classifying
permutable maps of PY . We mention in particular the paper of Dinh [4] that classifies
permutable maps of A? that extend to morphisms of P2, the paper of Dinh and Sibony [5]
that extends this work to endomorphisms of P whose degrees are multiplicatively
independent, and the paper of Kaufmann [9] that covers the case that the degrees are
multiplicatively dependent.

() The classification of finite-dimensional simple Lie algebras consists of four infinite
families and a handful of exceptional cases. However, in dimension 2, there are isomorphisms
Do = Ay x A1 and By = €5, so there are only three distinct cases.
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In terms of the classification in [4], the folding map F,[8>], which extends to an
endomorphism of P2, corresponds to a Case (4) map with associated map on the line at
infinity being the homogenized Chebyshev polynomial 7;,. Explicitly, the map F,[85]
is characterized by the functional equation

Fu[B2](u + v, uv) = (Tn(”) + Tn(v), Ta(u) - Tn(v))§

cf. [7], remembering that B, = €,. On the other hand, the folding map F,[+#5], which
also extends to an endomorphism of P2, does not fit into any of the four cases described
in [4] although presumably it is covered by the more general treatment in [5]. Finally,
the folding map F,[§,] does not extend to an endomorphism of P2, and thus it is not
included in any of the current classifications.

PROOF SKETCH OF THEOREM 1.4 (aPRES [15]). We take K = C. Let £9 =~ CV be a
Cartan subalgebra of &£, let £ be its dual, let wy, ..., wy be a system of fundamental
weights in £, and let A be the lattice in £ that is dual to Spangz (w1, ..., wy) C £5.
Further, let W be the Weyl group with its action on £§. Foreach 1 < k < N, define an
exponential map

o Lo/A — C,  gr(x) = Z 2o ().

ogeW

and fit these maps together to give a map
by : £o/A — CN, Dy = (¢1.....0n).

A theorem of Chevalley says that the algebra of exponential invariants for the action
of W is the polynomial ring generated by ¢4, ..., ¢x. Hence, for every n > 2, there is
a unique polynomial map F,, characterized by

g (nx) = Fy(Pg(x)).

For further details, see [14, 15], as well as [3,7,16, 17]. [

2. FOLDING MAPS FOR THE LIE ALGEBRA o>

We consider the folding maps F,[+2]. To ease notation in this section, we let
z=x+1iy and Au(z) = An(x,y) = Fu[A2](x, y).
Then [18] says that the folding maps A, are characterized by the formulas

) Ao(z) =3, A1(2) =z, Ax(z) =z>-2%,
3) An(z) = 2Ap-1(2) — ZAp—2(2) + An-3(2).
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ReEmMaRrk 2.1. Although we will use the description of the A, in terms of z and z, we
note that (2) and (3) may be rewritten in terms of x y-coordinates by letting

(Xn, Yn) = An(x, y).
Then
Ao(x,y) = (3,0), Ai(x,y) = (x.y), Aa(x,y) = (x*>—y>—2x, 2xy +2y),
and

Xn =x(Xn1— Xn2) — y(Yn—l + Yyu—2) + Xp-3,
Yo =x(Yn—1 —Yp2) + y(Xn-1 + Xp—2) + Yp3.

REMARK 2.2. It is clear from the recursion for A, that A, € Z|z, Z], so in particular,
the effect of complex conjugation is

An(z) = An(2).
Or, if one wants to be more formal and write A,(z, Z), then
An(z,2) = Ay(z, 2).

DeriniTION 2.3. We write O(d) for a polynomial in K|z, Z] or in K[x, y] whose total
degree is at most d; i.e., writing f = g 4+ O(d) means that f — g has the form

Z aijzizf, or equivalently, Z aijxiyj-
i+j<d i+j=d

LEmMmaA 2.4. (a) Let ¢ € C satisfy £3 = 1. Then
4) An(§z) = " Ap(2).
(b) The polynomial Ay, has the form

An(z) = i Z aijzi zk—t,

k=0 i+j=k
i—j=n (mod 3)

Proor. (a) The assumption that ¢ is a cube root of unity implies in particular that || = 1,
so { = {~!. We prove Lemma 2.4 by induction on n. The equality (4) is clearly true
for Ag(z) = 3 and A;(z) = z. For A,(z) = z% — 2Z, we compute

Ax(Lz2) = §22% =20z = $%2% = 20712 = (P As(2).
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Now assume that (4) is true up to A,—;. Then

An(82) = §2An1(02) = E2An—2(82) + An-3((2)
= {"2A4n-1(2) = {8 P2 An2(2) + §" P Ana(2)
by the induction hypothesis,
= " (24n-1(2) = ZAp—2(2) + An—3(2))
sincel =¢ ' =¢2fort e s,

= (" A,(2).

(b) We initially write A, (z) as

n

Ap(2) = Z Z a,-jziij

k=0i+j=k

and use (a) to show that certain coefficients vanish. Let ¢ be a primitive cube root of
unity. Then (a) implies that

O3 =YY 4@ @Y =Yy Y tayE

k=0i+j=k k=0i+j=k k=0i+j=k

Hence,
aj #0 = " =" = i—j =n (mod 3). ]

ProposITION 2.5. For all n > 2, the polynomial A,, € 7|z, Z] satisfies

n? —3n

5 2422 4 0(n - 3).

5) An(z) = 2" —nz"%z +

Proor. Using (2) and (3), we compute

Asz(z) = z° =327 + 3,
As(z) = z* — 4222 + 42 4+ 272,
As(z) = z° — 5232 + 522 4 5222 — 52,

Hence, (5) is true for n = 3,4, 5.7 Assume that (5) is true up ton — 1 for some n > 5,
so our induction assumption says that

. . i2_ 37 .
6) Aj(x) =z —jzi 2 4 %21—422 +O(j—3) forall j <n.

(") For n = 3, the formula (5) appears to have a term of the form z7122 but the coeffi-

n2—3n
2

cient vanishes, so that term does not appear in the formula.
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Then

Ay =zAp—1 —zZAn—2 + Ap—3 from (3)

2_5n+4
= z(z”_l —(n—-1z"3z 4+ %z”_siz + O — 4))
2—7n+10
- z(zH —(n—2)2""%5 %z”‘%z +0(n— 5))
29 18
+ (Z”_3 —(n—=3)""z + %2”452 +O0n— 6))

using the induction hypothesis (6),

2_ 5144
= (z” —(n—1z"2z + %Z"“‘ZZ + 0 — 3))
— ("2 - (n—2)2"*22+ O(n—3)) + O(n —3)
2
-3
=z"—nz"2z + %Z”_“Zz + O(n —3). [

We use Proposition 2.5 to compute the affine automorphism group of 4.
THEOREM 2.6. Letn > 2. Then
S$3 ifn=1 (mod 3),
Iy ifn # 1 (mod 3).

Explicitly, if we let { € 5 be a primitive cube root of unity, then the maps in Aut(A,)
are

Aut(4,) = {

{z,¢z,8%2,2, L2, %2} ifn =1 (mod 3),
{z, z} ifn # 1 (mod 3).

Proor. Writing everything in terms of z = x 4+ iy and Z = x — iy, the elements
of Aut(A?) are identified with maps of the form

Aut(A4,) = {

Yo py(z)=az+Bz+y fora,B,yecC.

(We note that ¢y g, () is invertible if and only if |a|> # |B].)
Suppose that ¢ g, € Aut(4y) for some n > 2. Then
Yo,y © An(z) = An 0 o p,y(z) by definition of Aut(4,),
Ay (z) + BAn(z) + y = Au(az + BZ +y) by definition of PaB,y»
a(z" +0n—1)+B(E"+0n—-1)) +y
=(xz+BzZ+y)"+ O(n—1) from Proposition 2.5,
az" + BzZ" = (az + B2)" + O(n —1).
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Looking at the coefficients of z” and z" gives
" =a and B" =8,

and then the lack of any other monomials on the left-hand side forces the equality
aff = 0. (This is where we use n > 2 and char(K) = 0.)
We consider first the case that @ = o # 0 and 8 = 0, so in particular we see that

@) " T'=1= |a|=1 = a=a .

Using ¢q,0,y(z) = az + y, we compute

©a,0,y © An(z) = Ay 0 @g,0,,(z) by definition of Aut(4,),
aA,(z) +y=An(az + ) by definition of ¢q,0,y.
a(z"—nz" 224+ 0n—-2))+y = (az+y)" —n(az+y)" 2(@Z+y)+0(n—2)
from Proposition 2.5,

az" —anz" 22 + O(n —2)=a"z"+na" lyz" ' —naa" 22" 22+ 0(n —2).

This gives

) na" lyz" 1 =0 and —oanz"%z = —nao" 22" 2z,

The first equality tells us that y = 0, and the second equality yields

a==a-o¢"2 from(8),
o

'.a™! from (7) and using " = «.

Hence, &3 = 1. This concludes the proof that
Yoy €AU(A,) and o #0 = @4, (2) = @u,0,0(z) =az and o =1.

We leave to the reader the similar calculation for « = 0 and 8" = 8 # 0, which
leads to the similar conclusion

Pupy €AU(A,) and B #0 = @up,(2) = @opo(z) =pZ and B> =1.

Let ¢ € pu5 be a cube root of unity. It remains to check under what circumstances
the maps

®e,0,0(z) = ¢z and/or @oro(z) =CZ

are in Aut(A4,). Lemma 2.4 (a) tells us that

©) An © 90,0(2) = An(§2) = {"An(2) = £ - 9g0,0 © An(2).
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Hence, for { € 5, we have
¢e,0,0 € Aut(4,) <= ¢ =1lorn =1 (mod 3).
We next observe that
Ay o ¢0,§,0(Z)
= A,($z) by definition of ¢ ¢ 0(z) = { Z,
= ("A,(Z) since the formula in Lemma 2.4 is a formal identity in the
variable z = x 4+ iy, so it remains true if we replace z
withz = x — iy,
="' 0 Ap(2)  since Ap(2) € R[z. 2], 50 Ay (2) = An (D),
="' @o.00 An(z) by definition of go ¢0(z) = ¢ Z.

So for ¢ € w4, we have
®o.e.0 € Aut(4,) <= ¢ =1lorn =1 (mod 3).
This completes the proof that

{9e00: 8 € p3yUlgogo:f€psy ifn=1(mod3),

Aut(A4,) = .
! {{901,0,0, ®0,1,0} ifn # 1 (mod 3).

In the case that n = 1 (mod 3), we may identify Aut(A,) with §3 by noting that the
listed set of maps is the group of R-linear transformations of C preserving the equilateral
triangle with vertices {1, ¢, {2}. We also note that the map ¢o,1,0(z) = Z is simply
the map (x, y) — (x,—y), so in the case that n # 1 (mod 3), the group Aut(4,) is
naturally identified with g ,. u

3. FOLDING MAPS FOR THE LIE ALGEBRA B,
We consider the folding maps F,[8>]. To ease notation in this section, we let
(10) (Xn,Yn) = Bu(x.y) = Fu[B2](x,y). 50Xy, Yy € Z[x, y].
According to [18], the first few B, are

Bo(x,y) = (4.4),

Bi(x.y) = (x.y),

Bo(x,y) = (x2 =2y —4,y% —2x> + 4y + 4),
Bs(x,y) = (x> —=3xy —3x,y3 = 3x%y + 6% + 9y),
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and then writing B, (x, y) = (X4, Y»), the subsequent B,, are given by the recursion

(11) Xnta = X(Xpy3 + Xnt1) — 2+ y) Xnt2 — X,
(12) Yota = Y(Ynts + Yoy1) — (x> =2y = 2)¥pi2 — Vo

ProrositioN 3.1. With notation (X, Yy) = Bn(x,y) as in (10) and with big-O

notation as described in (2.3), we have

nn —3)
2

Y, =y"—nx?y" 24+ x3-0(n—3)+ 0(n—1).

2

X, =x"—nx"2y —nx""% 4 X"y 4 0(n - 3),

Proor. The stated formulas are true for n > 3 from the explicit formulas for B, in
these cases. So we assume that they are true up to n 4 3 and prove that they are true
for n + 4 by induction.

We use the recursion (11) for X,, and the induction hypothesis to compute

Xnta = xXnt3 + xXnt1 — 2+ y) Xny2 — X

= x(x”+3 —(m+3)x"Ty —(n 43" 4+ n(n2+ 3) x"1y? 4 O(n))
+x(x"t1 + 0m)) — 2+ y)(x"T? — (n + 2)x""y + O(n)) + O(n)

_ (xn+4 43"y — (4 3" 4 % "2 4 0@ + 1))
+ x"T2 2y 2 _ x"2y L (n 4 2)x"y2 + O(n + 1)

_ (4 A2y () n+Hhn+D V240 +1).

2
We next use the recursion (12) for Y}, and the induction hypothesis to compute
Yots = YYns3 + yYns1 — (X2 =2y —=2)Yni2 — Yy
=y(y"" = +3)x*y"t +x* - 0(n) + O(n +2))

+y(y " (n 4+ 1)x2y"! x3-0(n—2)+0(”))

—( x* 2y =2)(Y"* = +2)x*y" +x>- 0 —1)+ O(n + 1))
—_—— —_——

— (y” —nx?y" 24 x3.0n-3)+ O(n — 1))
=y" _(m+Hx2"T2 4 X3 0+ 1)+ O(n + 3),

where we have marked with the quantities that form the terms that are not absorbed
into the big-O error terms. u



J. H. SILVERMAN 682

TueoreM 3.2. Forall n > 2, we have

iy odd.
Aut(B,,):{ILZ fmiso

1 if n is even.

More precisely, when n is odd, the non-trivial element of Aut(By,) is ¢(x,y) = (—x, y).

Proor. We write
(Xn.Yn) = Bu(x.y) with X,,. Yy, € Z[x, y],
and we suppose that
@(x,y) = (ax + by + c.dx + ey + f) € Aut(A?)

commutes with B,,.
For any monomial M € Z[x, y] and any polynomial P € Z[x, y], we let

Coef(M, P) = coeflicient of the monomial M(x, y) in P(x, y),
and if V = (vq,...,vy) is any list, we write
V[i] = v; = ithentry of the list.
We use the formulas for X}, and Y, in Proposition 3.1 to compute
(13)  Coef(xy" ", (¢ o By)(x, y)[1]) = Coef(xy" "', aX, + bY, +c)
=0,
(14)  Coef(xy" ™", (By 0 9)(x, Y)[1]) = Bu(ax + by +c,dx + ey + f)[1]

= Coef(xy" !, (ax + by +¢)")
= nax(by)" L.

Equating (13) and (14) yields ab = 0.

We next look at the coefficient of x2y"2:

(15)  Coef(x*y"2, (¢ o By)(x, y)[1]) = Coef(x*y" 2, aX, + bY, + )
= —bn,

(16)  Coef(x>y" 2, (B, o @)(x, y)[1]) = Bu(ax + by + c,dx + ey + f)[1]
= Coef(x?y" 2, (ax + by + ¢)")

~ (4 Jaxromr,
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Equating (15) and (16) gives

nn-—1 -1
—bn = %azb”_z, which gives b =0 or 5 a?bh" 3 = —1.
Since we know from earlier that ab = 0, and since the invertibility of ¢ implies that a
and b cannot both vanish, this proves that b = 0.
Using the fact that b = 0, we look at the first few terms in the expansion of the x-

coordinates of ¢ o B, and B;, o ¢. Thus,

(¢ o By)(x, y)[1] = aX, + ¢

=ax" —anx"2y —anx""% +a

nn —3)
2
(Bnow)(x,y)[1] = Bplax +c,dx +ey + f)[l]
= (ax 4+ c)" —n(ax +¢c)" *(dx +ey + f)—n(ax +c)"?
+ @(ax + )" dx + ey + f)> 4+ O —3)
— (anxn + nan—lcxn—l + (g)an—zczxn—Z)

- (na”_zalx"_1 +na"2ex" 2y 4+ na""? fx"?

x"*y2 4 0(n - 3),

+nn—2)a"3cdx"? +n(n — 2)a”_3cex”_3y)
—na" 22 4 (@an%dzxn—z i n(n2 3) 42 yn—4 2) +O0m—-3)
=a"x" + (na”_lc — na"_zaf)x”_1 —na"2ex"?y

+ ((g)a”_zc2 —na" % f —n(n —2)a" 3cd —na"_z—i-@a”_“dz)x"_z

—n(n—Z)a"_3cex” Y+ n(n 3) a4 2+0(n—3)
Equating the x” coefficients gives

a=d" so a"l'=1.
Then equating the x*~! coefficients gives
na"*(ac—d)=0, sod =ac.

Then equating the x" 2y coefficients and using a”~! = 1 gives

na"%@a*—e)=0, soe=a>.

In particular, we have e # 0. Then equating the x* 3y coefficients and using a”~! = 1
and e # 0 gives
nn—2)a"3ce =0, soc=0.
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We note that this also implies that d = ac = 0. To recapitulate, we have shown that
n—1 __ _ _ —_ — 42
a =1, b=0, ¢=0, d=0, e=a".
Equating the x~2 coefficients and using these values gives
f=a*>-1.
Hence,

a7n  elx,y) =(ax,ey + f)
= (ax,a’y +a*>—1) for some a satisfying a" ! = 1.

We next look at the x2y”~2 terms of the y-coordinate Y, of B,(x, ). Thus,

Coef(x?y" 2, (¢ o By)(x,y)[2]) = Coef(x*y" 2, a*Y, + f) from (17),
= —na® from Proposition 3.1,
Coef(x*y" ™2, (By 0 ¢)(x,y)[2]) = Bu(ax,a*y + f)[2] from (17),
= Coef(x?y" 2, —n(ax)*@@*y + f)"?)
2yn=2

= —na*(a from Proposition 3.1,

=—n sincea" ! =1.
Hence,
a®* =1, whichimpliesthat e =a®* =1 and f =a*—1=0.
We have thus shown that
o(x,y) = (ax,y) witha = £1.

It remains to check when ¢(x, y) = (—x, y) commutes with B,. More generally, we
will prove by induction that for all n > 0, we have

(18) Xn(=x,y) = (=1)"Xn(x,y) and Y,(=x,y) = Yu(x,y).

The explicit formulas for By, ..., B3 show that (18) is true for 0 < n < 3. Assume
now that (18) is true up to n + 3. Then

Xnta(=x,y) = x(Xpt3(=x,y) + Xns1(=x,y))
— Q2+ ) Xns2(=x,y) = Xu(=x, ),
= (=) ((1)"Xpg3(x. y) + (1) Xpp1(x. )
— (=D)"?Q2+ y) Xnp2(x.y) = (=1)" Xu(x, y)
= (=1)""* Xy ya(x. ),
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Yora(=x.y) = y(Yat3(=x.y) + Yoi1(—x.y))
— ((=%)* =2y = 2)Ypq2(—x,y) — Yu(—x.y)
= y(Yas3(x.y) + Yar1(x,))
— (x® =2y = 2)Ypsa(x,y) = Yau(x,y)
= Ypta(x, y).

It follows from (18) that

o(x,y) =(—=x,y) € Aut(B,) < n =1 (mod 2). [

4. FOLDING MAPS FOR THE LIE ALGEBRA 5,
We consider the folding maps F,[9,]. To ease notation in this section, we let
(19) (Xn.Yn) = Gn(x,y) = Fu[82](x.y), soX,. Y, € Z[x, y].

The paper [18] gives explicit formulas for Gy, . .., G5, which for the convenience of
the reader we have reproduced in Figure 1. The subsequent values of G, (x, y) are then
determined by the following recursions:

(20)  Xnt6 = x(Xn+4s5 + Xnt1) — (X + ¥ + 3)(Xnt4 + Xn42)
+ (% =2y =4 Xnp3 — Xa,
Q2D Yaye = y(Ynys + Yar1) — (> =3xy — 9x — 5y — 9)(Ynta + Yuy2)
+ (y?2 —2x3 4+ 6xy + 18x + 12y + 8)Y,3 — V.
ProposiTION 4.1. We write (X, Yy,) = Gy (x,y) as in (19) and we use big- O notation
as described in (2.3).

(a) The values of Xy, ..., X5 are given in Figure 1. For n > 5, the top-order terms
of X, satisfy

2_3
22) X,= x" —nx""2y4" . "
—_—— N——

(b) We have Yy = 6, and for n > 1, the top-order term of Y, is given by

X"4y2 —nx" 3y —3nx"" 2+ 0 (n—3).

(—1)"/22x3n/2 4 0(32_—2) ifn is even,
(23) Yo =
(—1)(1=D/2p xGn=3)/2y, | 0(3”2—_3) ifn is odd.
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x-coordinate of G, y-coordinate of G,
6 6
X y

x2—2x—2y—6

—2x3 4+ 6xy + y? + 18x + 10y + 18

W= O] S

x3—3xy—9x —6y —12

—3x3y —6x3 4+ 9xy? + y3 + 45xy
+18y2 + 54x + 63y + 60

4 x*—4x%y —10x2 —4xy
+2y% —8x +8y +6

2x% — 12x*y —4x3y2 —36x* — 28x3y
+18x2y2 4+ 12xy3 4+ y* — 40x3
+108x2y + 120xy? 4 24y3 + 162x2
+372xy + 134y2 4 360x + 280y + 198

5  x°—5x3y—15x3 —5x3y
+5xy2 — 10x2 + 35xy
+10y2 + 55x + 50y + 60

5x0y 4+ 10x% — 30x*y2 — 5x3y3
—150x%y — 65x3y2 + 45x2y3 4+ 15xy*
+y° —180x* —205x3y + 360x2y2
+240xy3 + 30y* — 190x3 4 945x2y
+1200xy2 4 255y3 + 810x2 + 2415xy
+920y2 4 1710x + 1495y + 900

FiGure 1. The first few G,, polynomials.

686

Prookr. (a) The formula (22) for X, is true for n = 5 by inspection from Figure 1.
Assume now that (22) is true up to n + 5 for some n > 0. The recursion (20) says that

(24)

Xn+6 = X(Xn+4s5 + Xnt+1) — (x + ¥ + 3)(Xn+ta + Xn42)

+ (x2 =2y —H)Xpp3 — Xy

We use the induction hypothesis to compute the various pieces of X, 46 up to O(n + 3):

n+5m+2
MUAL AL WK

—(m+5x"3y —3(m +5x"T* + 0(n +3) from (22),

(25) X(Xnts5 + Xng1)
— Xn+6 _ (n 4 5)xn+4y
(26) (x +y +3)(Xn+a + Xn12)

=(x+y+3)Xnta + O +3)
=X+ y+3)x"M—(x+ )+ Hx"2y + 0 + 3)

— XS Ay L3 (4 4)x 3y (0 4 4)x"T2)2

+ O + 3),
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Q@ =2y =D Xni3— Xy
= (x> =2y)Xp43+ O(n + 3)
= (x> =2y) (X" —(n +3)x" Ty + O(n + 1))
— X5 03y (4 3"y 4 O(n + 3)
=x" —(n+5x"3y + O(n + 3).

Substituting (25), (26), and (27) into (24) yields

n+5m+2
+( )2( )xn+2y2

Xn+6 — (xn+6 _ (n + 5)xn+4y

_ (xn+5 + x"+4y +3x" T4 n + 4)x"+3y — o+ 4)x”+2y2)
+ (x" —(n +5)x"3y) + O(n + 3)

n+6)??—-3(n+6
+ ( ) 5 ( )xn+2y2
—(n+6)x"3y —3(n 4+ 6)x" T + O(n + 3).

— Xn+6 _ (l’l + 6)xn+4y

This completes the induction proof that (22) holds for all n > 0.
(b) To ease notation, we let

28) _ (=1)"/22 if n is even,
"l (=)@ D2 if s odd.

An easy computation shows that the sequence A, described by (28) satisfies the recursion

—An if n is even,
(29) Ant2 = o
Ang1 —An  ifmisodd.

The formula (23) for Y, is true for 0 < n < 5 by inspection from Figure 1. Assume
now that (23) is true up ton + 5.

We consider first the case that n = 2k is even. Then the induction hypothesis and
the recursion (21) give

Yute = y(Yakts + Yor41) — (x> —3xy — 9x — 5y — 9)(Yog+4 + Yak+2)

[(x3+0(2))-(/12k+4x3k+6+0(3k+5))}

+ (p? —2x3 4+ 6xy + 18x + 12y + 8)Yori3 — Yor
~——

0(3)-0(3k+3)
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= —A2k+4x3k+9 + 0(3k + 8)

= —Appax>1FO/2 4 O(—3(’12+ 6 _ 1)

3 6
= Appex3@+0)/2 L O((nT—i_) _ 1) from (29).

Similarly, if n = 2k + 1 is even, then

Yure = y(Yorys + Yorga) —(x% —3xy —9x — 5y — 9)(Yarts + Yokt3)

[y~(xzk+6x3k+9+0(3k+s))] [(x3+O(2))~(/12k+5x3k+6y+0(3k+6))]

+ (> —2x7 + 6xy + 18x + 12y + 8)Yopa— Yarqi
—_—

= (Aak+6 — Aok15)x* T2y + O3k +9)
3n + 15
)
3(n—6)—3
2

= (Anss — Anga)xC1H19/2y 4 0(

= AppexCEtTO=3/2y 4 0( ) from (29).

This completes the induction proof that (23) holds for all n > 1. ]
We use Proposition 4.1 to compute the automorphism group of G,,.
Tueorem 4.2. Foralln > 2, we have
Aut(G,) = 1.
Proor. We write
(Xn, Yn) = Gp(x,y) with X, Yy € Z[x, y],
and we suppose that
@(x,y) = (ax + by + c,dx + ey + f) € Aut(A?)

commutes with G,,.
Our assumption that n > 2 implies that

3n—3 3n—2

nodd — >pn and neven —

> n.
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It follows from Proposition 4.1 (a) that X,, = O(n), so the formulas for X, and Y, in
Proposition 4.1 give
(9o Gn)(x. Y] = aXy 4+ bY, +c
bx3n/2 0(3"2—_2) if n is even,
pxGr=2y 4 O(52) ifnis odd,
(Gn o @)(x. y)[1] = Gplax + by +c.dx + ey + )]
=(ax+by+o)"+0n-1)
= 0(n).
We observe that if b 0, then the highest degree term of the composition (¢ 0 Gy) (x, y)[1]

is strictly larger than the highest degree term of (G, o ¢)(x, y)[1], so it would not be
possible for them to be equal. Therefore,

b=0 and ¢(x,y)=(ax+c,dx+ey+ f).

We now use Proposition 4.1 (a) to compare the next few terms in the expansions of
the first coordinates of G, o ¢ and ¢ o G, keeping in mind that » = 0. Thus,

(30) (Gno@)(x. 1] = Gulax +c.dx + ey + f)[1]
= (ax +¢)" —n(ax 4+ ¢)" 2(dx + ey + f)

n?—3n

(ax + )" *(dx + ey + f)?

—n(ax +¢)"3(dx + ey + f)
—3n(ax +¢)"2 4+ 0(n —3),

(€2 (¢ o Gn)(x, Y] = aX, + ¢

—nax"3y —3nax""? 4+ 0(n - 3).
We equate the degree n terms of (30) and (31). This yields
(ax)" = Deg, ((Gn 0 @)(x, y)[1]) = Deg,((¢ o Gx)(x, y)[1]) = ax",

and hence
n—1 — 1

(We cannot have a = 0 since we already know that » = 0, and if a = b = 0, then ¢
would not be invertible.)
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We next pull out the degree n — 1 terms of (30) and (31), dividing by #n to simplify
the expressions. Thus,

(32 Deg, 1 ((Gao@)x M) = @)'e — @' 2(dx +ey),

(3) 1 Deg,i (90 Ga)x. 1)) = —ax"2y.

Setting (32) equal to (33), multiplying by a, and using a”~! = 1, we find that
(ac —d)x" 1+ (a® —e)x" 2y = 0.

Hence,

(34) d =ac and e =d>.

We next pull out the degree n — 2 terms of (30) and (31), using a” = a and dividing
by n to simplify the expressions. We find, after some algebra, that

L Deg,-»((Gn o 9)(x. M)

-1 -3
= (n 3 ale?—a ' f —(n—2)a %cd + nTa_3d2 —a%d - 3a_1)x”_2

+ (2n > a3de — (n—2)a %ce — a_ze)x”—3y + (” 5 a_3ez)x”_4y2,

Similarly, the degree n — 2 terms of (¢ o G,)(x, y)[1] are

1 _ _ _
;Degn_z(@poGn)(x,y)[]]) = 3ax"? —ax"3y + 5 ax""*y?,

Setting
Deg,—»((Gn 0 ) (x, y)[1]) = Deg,_»((¢ 0 Gn)(x, y)[1]).

we see that the coefficients of x"~#y?2 are equal since we already know from (34)

that e = a2.

Next equating the coefficients of X3y, we find that
(n—3)a3de — (n —2)a %ce —a2e = —a.
Usingd = acande = a? from (34), after some algebra, this becomes
c=1—a.
So we now know that

(35) a"v'=1, b=0, ¢c=1—-a, d=ac=a—d* e=ad>.
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Finally, equating the coefficients of x"~2, we find that

n—1
2

Substituting (35) into (36) yields

(36)

-3
ale?—a ' f—(n—2)a %cd + nTa_3d2—a_2d —3a ' +3a=0.

f=(@—-1)3a+4).
Hence,
37 ex.y)=(ax+ (1 —a), (@a—a*)x +a’y + (a—1)(3a + 4)).

In particular, we see that a = 1 implies that ¢(x, y) = (x, y) is the identity map.
We now look at the y-coordinates, where it is simpler to consider n even and odd
separately. We start with the case that n is even, say

n = 2k.
Then
(Gno@)(x,y)[2] = Gplax + c,acx +a*y + f)[2] from (35)
= (—1)*2(ax 4+ ¢)** + O3k — 1) from Proposition 4.1 (b)
= (=D*2a%*x3* + 03k — 1),
(¢ 0 Gp)(x,)[2] = acX, +a*Y, + f from (35)
= (=1)*24%x3* + O3k — 1) from Proposition 4.1 (b).
Using G, o ¢ = ¢ o Gy, we find that
(—1)k2a3kx3k = (—1)k2a2x3k and hence that 32 = 1.

2k—1

But we also know from (35) that a" l=q = 1, and hence

agcd(3k—2,2k—1) =1.
We have
23k —2)—32k—1)=—-1, so gcd(B3k—2,2k—1)=1.

Hence, if n is even, thena = 1.
We next consider the case that x is odd, say

n =2k +1.
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Then

(Gno@)(x,y)[2] = Gu(ax + c,acx +a*y + f)[2] from (35)
= (=D*n(ax + ¢)*(acx + a®y + f) + 0(3k)
from Proposition 4.1 (b)
= (=D)*na**x*(acx + a%y) + 0(3k),
(¢ o Gp)(x,y)[2] =acX, +a*Y, + f from (35)
= (—l)kna2x3ky + O(3k) from Proposition 4.1 (b).
Using G, o ¢ = ¢ o Gy, we find that
(_l)kna3k+lcx3k+l + (_l)kna3k+2x3ky — (_l)kna2x3ky.

The coefficient of x3¥*+! must vanish, which shows that ¢ = 0, and then (35) forcesa = 1.

So we have proven that if # is odd, thena = 1.
To recapitulate, we have shown thata = 1 forall n > 2. Then (37) tells us that ¢ (x, y)
= (x, y) is the identity map, which completes the proof that

Aut(G,) =1 foralln > 2. ]

5. GEOMETRIC PROPERTIES OF 2-DIMENSIONAL FOLDING MAPS

In this section, we study the maps on P2 induced by 2-dimensional folding maps.

TueoreM 5.1. (a) Let A, (X, Y, Z) be the homogenization of A, = F,[#42]. Then
A : P2 — P2 is a morphism of degree n.
(b) Let B,(X,Y, Z) be the homogenization of B, = F,[B>]. Then

B, : P?2 — P2 is a morphism of degree n.

(c) Let Go(X,Y, Z) be the homogenization of Gy = F,[§]. Then

3
G, : P2 -—> P2 is a rational map of degree L;J

Ifn > 2, then G, is not a morphism, and its indeterminacy locus is given by

{[O, 1, O]} if n is even,

38 1(G,) =
- o {{[0’1,0],[1,0,0]} ifn is odd.

The dynamical degree of G, is DynDeg(G,) = n.
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Proor. (a) Proposition 2.5 tells us that
An(x,y) = (Re(x +iy)" + O(n — 1), Im(x + iy)" + O(n — 1)),
so when we homogenize, we get

Ap(X.Y.Z)=[Re(X +iY)" + Zu(X.Y. Z), m(X +iY)" + Zv(X.Y, Z), Z"].
e

N— —’
Then
A, (X,Y,Z)=10,0,0] & Re(X +iY)'=Im(X +iY)"=Z=0
— X+iY)V'=Z=0
— X=Y=7Z=0.

Hence, A, is a morphism of degree n.
(b) Proposition 3.1 tells us that

By(x,y) = (x"+0m—1), y" +x*>-0(n—2) + O(n — 1)),
so when we homogenize, we get

Bu(X,Y,Z) = [X" + Zu(X,Y,Z), Y" + X>v(X,Y, Z) +Zw(X,Y, Z), Z"].
——

[homog. degn — 2] [homog. degn — 1}

Setting B, (X,Y,Z) =[0,0,0], the third coordinate gives Z = 0, then the first coor-
dinate gives X = 0, and then the second coordinate gives ¥ = 0. Hence, B, is a

morphism of degree n.
(c) Suppose first that # is even, say n = 2k. Then Proposition 4.1 tells us that

Gn(x,y) = (x2k + ... 7(_1)/62)6316 + )
= (ka + 02k — 1), (=D)F2x3* + 03k — ).
Hence,

Gu(X.Y,Z) = [X*ZF + Zu(X, Y, Z), ~D)F2x3* + Zv(X,7, 2), Z%].
N’ N—— —

homog. deg 3k — 1 homog. deg 3k — 1

From this we can read off

_ 3 _
deg G = 3k = 7” and 1(Gn) = {X = Z = 0},
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Next suppose that n = 2k + 1 is odd for some k > 1. Again using Proposition 4.1,
we find that

Gn(x,y) = (x4 02k), (—1)F 2k + Dx*y + 03k — 1)).

Hence, homog. deg 3k

_ f—-/\‘
G (X.Y.Z) = [X2k+lzk +Zu(X,Y,Z),

(—1)*@2k + DX3*Y + Z v(X, Y, Z), z3k+1].
————

homog. deg 3k

From this and the assumption that k > 1, we can read off

3n—1 3
n2 = L;J since n = 2k + 1 is odd,

I(G,)={X=Z=0U{Y =Z=0).

degG =3k +1=

This completes the proof of (c) except for the computation of the dynamical degree.
Using deg G, = |3n/2], the limit formula definition of the dynamical degree yields

DynDeg(G,) = lim (deg Gmlm — lim (deg Gum)'/™

3pm |Vm
= lim L—J =n. [

m—00 2

REMARK 5.2. As noted in the footnote to Theorem 1.4, the Lie group B, admits some
additional folding maps arising from the fact that a right isosceles triangle can be folded
in half to form two right isosceles triangles. More precisely, there is a B, folding map

Bﬁ(x,y) = (y,x2 —2y —4) satisfying B?ﬁ = B,,

leading to additional folding maps via B, ,; = By o B ;. The associated homogenized
map on P2 is
B 5(X.Y.Z)=[YZ.X?-2YZ —4Z> 77,

which is not a morphism, since it is not defined at [0, 1, 0]. So B /3 is an example of a
non-morphism whose second iterate B; is a morphism.

REMARK 5.3. As noted in the footnote to Theorem 1.4, the Lie group &, admits some
additional folding maps arising from the fact that a 30-60-90 triangle can be folded
onto itself 3-to-1. More precisely, there is a §, folding map

G z(x.y) = (v, x> —3xy —9x — 6y — 12) satisfying Gf/g = Gs,
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leading to additional folding maps via G, ;3 = G, © G 3. The associated homogenized
map on P2 is

G (XY, 2)=[YZ> X>-3XYZ-9XZ>—6YZ> - 122>, 2°].

It is a rational map with indeterminacy locus [0, 1, 0].
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