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1. Introduction

The regularity theory of stationary varifolds was pioneered by Bill Allard in his two
classical papers [1,2], which are concerned, respectively, with the interior and boundary
regularity. In this note, we will focus our interest on integer rectifiable varifolds of
dimension m in an open subset U of the Euclidean space RmCn. These objects can be
identified with Radon measures kV k D‚Hm E onU , whereE is anm-dimensional
rectifiable set, Hm denotes the Hausdorff m-dimensional measure, and ‚ is a Borel
function taking positive integer values (Hm-a.e.). This means that

(1.1)
Z
' dkV k D

Z
E

‚.x/'.x/ dHm.x/ for every ' 2 Cc.U /:

Hence, we will always understand the varifold as a pair .E;‚/, up to Hm-null sets, or
as a measure kV k of the form above. We will assume that V is stationary in U : this
means that, for every given X 2 C1c .U;RmCn/, if we let ˆt be the one-parameter
family of diffeomorphisms of U generated by X , then

(1.2) ıV .X/ WD
d

dt

ˇ̌̌
tD0



.ˆt /]V 

.U / D 0:
Here,  ]V denotes the varifold . .E/;‚ ı  �1/ when  is a C 1 diffeomorphism. It
follows from Allard’s monotonicity formula that, since V is integral and stationary,
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we can assume that, without loss of generality, E is spt.kV k/ \ U and ‚ is given
pointwise by the upper semicontinuous function

(1.3) ‚.V; x/ D lim
r&0

kV k
�
Br.x/

�
!mrm

:

This gives a “canonical pair” and rids us of any tedious discussion of Hm-null sets.
Finally, we will be interested in the interior regularity theory of such objects. More
precisely, using the notation spt.V / for spt.kV k/ (a convention which will be adopted
in the rest of this note), a point x 2 spt.V / \ U will be called regular if there is a
neighborhood U 0 of x with the property that spt.V / \ U 0 is a C 1 submanifold of U 0

(without boundary inU 0). In this case, Allard’s constancy theorem implies that‚.V; � /
is locally constant on the latter submanifold. The interior singular set is the complement
of the regular points in spt.V / \ U .

Under the above assumptions, a corollary of Allard’s classical interior regularity
theory developed in [1] is that the regular points of V form a (relatively open) dense
set in spt.V / \ U . While it is well known that stationary varifolds can form (even
very complicated) singularities, there are no examples in which the singular set has
dimension bigger than m � 1 and strong indications that in fact singularities cannot
be larger; see for instance the recent result [15]. We recall therefore the following
well-known conjecture.

Conjecture 1.1. The interior singular set of a stationary integer rectifiable m-
dimensional varifold has codimension not smaller than 1.

On the other hand, though 52 years have passed since [1], even the following more
modest very plausible conjecture is still open.

Conjecture 1.2. The interior singular set of a stationary integer rectifiable m-
dimensional varifold is Hm-null.

The above statement is correct (and in fact the singular set turns out to be much
smaller) under some stronger variational assumption, though it is still open even for
stable general varifolds in codimension one; but rather than surveying the many results
in the literature, we refer the reader to [8]. On the other hand, the statement is false
for slight generalizations of the conjecture: for instance, if the varifold is assumed to
have bounded mean curvature. In this case, the theory of Allard still applies, and hence
the singular set has to be meager in the topological sense, but at the same time, both
Allard in [1] and Brakke a few years later in [4] show examples for which the singular
set has positive Hausdorff measure.

Given how hard the above problem has proved to be, we propose in this paper a
number of more modest goals, each of which retains at least a portion of the most
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challenging aspects of proving Conjecture 1.2. These statements, if taken all together,
provide a path to Conjecture 1.2, but we are not claiming that ours is a “new program”:
in fact our statements emerge quite naturally from the various results available in the
literature and any expert in the subject could easily come up with them. We however
think that it is worth to point them out and also that there are appropriate tools to prove
at least some of them. In particular, another purpose of this note is to prepare some
technical ground for the forthcoming work [5]. In passing we will give some alternative
shorter (and in our opinion more transparent) proofs of known results and will discuss
some “folklore knowledge” about their optimality.

1.1. Conjectures

From now on we assume that the reader has some familiarity with the regularity theory
for minimal surfaces; our notation and terminology is very similar to that of [7, 19].
First of all, we recall the following two consequences of [1]:

(a) ‚.V;x/ � 1 at every x 2 spt.V /, and there is " > 0 such that if‚.V;x/ < 1C "0,
then x is a regular point;

(b) if‚.V;x/ <Q.1C "0/ and there is a neighborhoodU 0 of x in which‚.V; � /�Q
Hm-a.e., then x is a regular point.

On the other hand, from basic measure theoretic facts (and elementary properties of
rectifiable sets), at Hm-a.e. x0, there is a unique tangent cone to V which is “flat”,
namely supported in the m-dimensional plane Tx0V which is the approximate tangent
to the rectifiable set spt.V / at x0. This means that if we denote by �x;r the dilation
maps

�x;r.y/ D
y � x

r
;

then k.�x0;r/]V k converges (locally in the weak? topology) to the Radon measure
‚.V; x0/H

m Tx0V . It follows from Allard’s compactness for stationary integer
rectifiable varifolds that ‚.V; x0/ is an integer.

Conjecture 1.2 would then be implied by the following.

Conjecture 1.3. If V has a unique flat tangent cone at x0 and

lim
r&0

kV k
�®
‚.V; � / ¤ ‚.V; x0/

¯
\ Br.x0/

�
rm

D 0;

then x0 is a regular point.

A key point of Allard’s theory is that the latter conjecture is indeed correct under the
additional assumption that‚.V; � / � ‚.V; x0/ a.e. in a neighborhood of x0. Note that,
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by the upper semicontinuity of ‚.V; � / and the fact that it is integer-valued Hm-a.e.,
the above is equivalent to say that ‚.V; � / equals ‚.V; x0/ a.e. in some neighborhood
of x0. We could then locally factor this constant value and reduce to assuming that
‚.V; � / D 1 a.e.

The great challenge in Conjecture 1.3 lies therefore in the possibility that x0 is the
accumulation of small regions of spt.V / with positive Hausdorff measure where the
density of the varifold is at mostQ � 1 (a.e.). This is in fact precisely what happens in
the examples of Allard and Brakke under the more general assumption that the mean
curvature of V is bounded rather than 0. In these examples, however, such bad “singular
points” have a rather high order of contact with a smooth surface. If we imagine that
this is a general fact, for stationary varifold at a “bad” point, we could hope that there
is a classical minimal surface with a high order of contact with the varifold. We could
therefore advance the following conjecture.

Conjecture 1.4. Assume V and x0 satisfy the assumptions of Conjecture 1.3. Then,
there is a smooth classical minimal m-dimensional graph M in some neighborhood of
x0 with the property that

(1.4)
Z

Br .x0/
dist.x;M/2 dkV k.x/ D o.rN / for every N 2 N:

If this were correct, then Conjecture 1.3 would essentially turn into a suitable
unique-continuation problem for stationary varifolds. This would be no surprise to the
experts. Indeed before Almgren’s celebrated Big regularity paper [3], the regularity
theory of area-minimizing currents in codimension higher than 1 was stuck essentially
at the same point as are stationary varifolds now. When Almgren was famously able
to solve the problem, part of his approach translated into a new way to prove unique
continuation for elliptic PDEs; see e.g. the survey [6]. Following this path, the second
big step to Conjecture 1.3 would then be the following.

Conjecture 1.5. Assume V , x0, and M are, respectively, a stationary varifold, a
point x0 2 spt.V / \ U , and a classical smooth minimal m-dimensional surface such
that (1.4) holds. Then, spt.V / �M in some neighborhood of x0.

The latter conjecture is open (and interesting) even in the very special case that
M is just an m-dimensional plane �0. This particular case, as pointed out to us by
Federico Franceschini, can be recasted as another unique continuation problem. As it
is well known, coordinate functions are harmonic on classical minimal surfaces. This
fact can be generalized to varifolds.

Definition 1.6. Given a C 1 function ' W U ! R and an m-dimensional varifold V
stationary inU �RmCn, we define, for Hm-a.e. x 2 spt.V /\U , the vectorrTV '.x/
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as the projection of r' on the approximate tangent space to spt.V / at x. A function
h 2 C 1.U / is then called harmonic on V ifZ

rTV h � rTV ' dkV k D 0 for every ' 2 C 1c .U /:

In particular, if h is a coordinate function on RmCn, e the unit vector rh, and
' 2 C 1c .U /, a straightforward computation using the first variation formula shows

0 D ıV .'e/ D

Z
rTV h.x/ � rTV '.x/ dkV k.x/;

so that the harmonicity of h follows from the stationarity of V . Assume therefore that
V , x0, and M are as in Conjecture 1.5, with the additional information that M is a
plane �0. Then, for all coordinates functions h which vanish on �0, we know thatR
Br .x0/

h2dkV k D o.rN / for every N 2 N, while the inclusion spt.V / �M D �0 is
equivalent to know that any such coordinate function h vanishes identically on spt.V /.
This motivates the following.

Conjecture 1.7. Assume V is a stationary m-dimensional varifold in U � RmCn,
h a harmonic function on V , and x0 2 spt.V / \ U a point such thatZ

Br .x0/

h2 dkV k D o.rN / 8N 2 N:

Then, h vanishes identically on spt.V / \ Br.x0/ for some r 2 .0; dist.x0; @U //.

In this and the subsequent note [5], we will be concerned with partial results towards
Conjecture 1.4.

1.2. Rectifiability

Take anm-dimensional integer rectifiable varifold V , and assume that V is stationary in
an open subset U � RmCn. By its very definition, the varifold is C 1-rectifiable, in the
sense that spt.V / is aC 1-rectifiable subset: spt.V / can be covered with countably many
C 1 submanifolds with the exception of an Hm-null set. As pointed out by Brakke in [4],
in combination with Almgren’s theory of multivalued function, Allard’s approach
already implies C 1;˛ rectifiability for every ˛ < 1: the submanifolds of the covering
can actually be chosen to be C 1;˛ . In the rest of this note, we present a more transparent
derivation of Brakke’s theorem. A much more interesting development, due to Menne
in [17], is the C 2-rectifiability. In fact, Menne’s theorem applies to varifolds with
bounded mean curvature and it is thus an optimal statement in his context. In [5],
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the first and second author together with Federico Franceschini prove that stationary
varifolds are indeedC1 rectifiable. As a byproduct of the proof of [5], we can conclude
the following.

Theorem 1.8. Assume V and x0 satisfy the assumptions of Conjecture 1.3. Then,
there is a smooth classical (not necessarily minimal) m-dimensional graph M in some
neighborhood of x0 with the property thatZ

Br .x0/
dist.x;M/2 dkV k.x/ D o.rN / for every N 2 N:

This can be seen as an answer to a weaker (as we are not able to prove that M is
minimal!) version of Conjecture 1.4.

1.3. Main statements

We will fix a reference plane �0 WD Rm � ¹0º in RmCn. We denote by Br.x/ D ¹y W
jy � xj<rº the balls in Rm�n and byBr.x/ the disks Br.x/\�0 and we omit the center
xwhen it is the origin. With an abuse of notation, we are going to useBr.x/ also for disks
in Rn; however, this will not cause confusion as the nature of each disk will be clear from
the context. We write NBr.x/ to denote the closed balls, i.e., ¹y W jy � xj � rº, and we
use a similar notation for the disks. In addition, Cr.x; �/D ¹y 2Rn W jp�.y � x/j< rº
will denote the cylinder of radius r with (n-dimensional) axis going through center
x and perpendicular to � (if x D 0 and � D �0, we simply write Cr ). Here (and in
the rest of the notes), p� denotes the orthogonal projection on � , while the distance
between two (unoriented) planes � and � 0 will be measured through jp� � p� 0 j, the
Hilbert-Schmidt norm of the difference between the respective orthogonal projections.

Unless specified, the m-dimensional integral varifold V under consideration is
assumed to be stationary in any open set appearing in our arguments (typically some
cylinder). As above, kV k will denote the corresponding Radon measure, while the
density ‚ will be defined at every point by (1.3), but the dependence on V will be
dropped when clear from the context.

We define the cylindrical and spherical excesses of V in cylinders and balls as

E.V;Cr.x; � 0/; �/ WD
1

!mrm

Z
Cr .x;� 0/

jpTV � p� j2 dkV k;

E.V;Br.x// WD inf
�

1

!mrm

Z
Br .x/

jpTV � p� j2 dkV k;

and we will use the shorthand notation Er WD E.V;Cr ; �0/.
The letter Q is used for an important (positive) integer parameter, which can be

understood as the number of times that the varifold (approximately) covers the base of the



stationary varifolds 415

cylinder. We stress that this holds only in the approximate sense. For instance, in the case
of a classical 2-dimensional catenoid which in a given 3-dimensional cylinder Cr.x;�/
is very close to its planar cross-section Br.x; �/ and is invariant under rotation around
the axis of the cylinder, the parameterQwill be 2, even though there will always be some
(possibly small) region B�.x; �/ with the property that p�1� .B�.x; �// \ spt.V / D ;.
The parameters m; n;Q will be called “geometric parameters”.

Our first theorem is an L1 height bound: the support of the stationary varifold in a
cylinder is contained in at most Q strips of width comparable to a suitable function of
the excess in a bigger cylinder. Moreover, if the varifold has a point of density Q, then
we can choose a single strip, with width comparable to the square root of the excess in
the bigger cylinder. For what concerns the first estimate, (1.5), the dependence in terms
of the excess is optimal at least in dimension 2, and this can be shown using catenoids
(we refer to the next section). Instead, the second estimate, (1.6), cannot be improved
even for classical minimal graphs, irrespectively of the dimension and codimension.

Theorem 1.9 (Height bound). Let V be stationary in C1 and r 2 .0;1/. Assume that E1
is small enough (depending upon r and the geometric parameters) and that kV k.C1/

!m
�

QC 1
2
. Then, there exist a constant C D C.r;m; n;Q/ and points y1; : : : ; yQ 2 �?0

(not necessarily distinct) such that

(1.5) spt.V / \ Cr �
[

hD1;:::;Q

�0 � NBC.r/j log E1j1�1=mE1=m
1

.yh; �
?
0 /:

If in addition ‚.0/ D Q, then

(1.6) spt.V / \ Cr � �0 � NBC0E1=2
1

.0; �?0 /:

From now on, in order to keep our notation lighter, we will identify �0 with the
factor Rm and�?0 with the factor Rn in the product space RmCn. The second theorem is
a Lipschitz approximation result: given a stationary varifold, there exists a LipschitzQ-
valued function whose graph coincides with the varifold up to a set of size comparable
to the excess. In order to state it, we introduce the following useful object, while for
the notation on multivalued functions, we follow [11].

Definition 1.10. We define the “non-centered” maximal function for E as

me.x/ WD sup
x2Cs.y/�C4

E
�
V;Cs.y/

�
:

Theorem 1.11 (Lipschitz approximation). Let V be stationary in C4. Assume that E4
is small enough (depending upon the geometric parameters), that kV k.C4/

!m4m
� QC 1,

and that
kV k.C3/
!m3m

2
�
Q � 1

2
;QC 1

2

�
:
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Set, for � 2 .0; 1/ small enough (depending upon the geometric parameters),

K� WD
®
x 2 B1 W me.x/ � �

¯
:

Then, there exists a Q-valued Lipschitz function f W B1 ! AQ.Rn/ such that

(1.7) f is C0j log�j1�1=m�1=m-Lipschitz:

In addition, the following hold:

(i) For every x 2 K� and x 3 Bs.y/ � B3,

(1.8)
kV k

�
Cs.y/

�
!msm

2
�
Q � 1

2
;QC 1

2

�
:

(ii) For every x and s as in (i), if f .x/ D
P
i QiJpiK, then spt.V / \ .¹xº �Rn/ DS

i .x; pi / (the pi can be clearly assumed to be distinct, although this plays no
difference) and

(1.9) spt.V / \ Cs.y/ � Bs.y/ �
[
i

BC0�1=.2m/s.pi /:

(iii) The following estimate holds:

(1.10) jB1 nK�j C kV k
�
C1 n .K� �Rn/

�
� C0

1

�
E4:

(iv) For every .x;y/ 2 .K� �Rn/\ spt.V /, if we write as above f .x/D
P
iQiJpiK,

then

(1.11) ‚.x; y/ D
X
i WpiDy

Qi :

(v) Finally, if A > 0 is such that spt.V / \ C1 � Rm � BA.0/, then

(1.12) sup
x2B1

G
�
f .x/;QJ0K

�
� C0A:

We then use the above Lipschitz approximation result in the classical strategy of
Allard to prove excess decay. More precisely, if at some point x0
• the density is Q,
• the portion of the points of density smaller than Q is small at every scale around
x0,

• and the spherical excess at some initial scale is sufficiently small,

then the spherical excess decays almost quadratically at x0.
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Theorem 1.12 (Excess decay). For every ı2.0;1/, there is a threshold "D".ı;Q;m;n/
> 0 and a constant C D C.ı;Q;m; n/ with the following property. If V is stationary
in B1 and the following conditions hold:

E.V;B1/ < ";(1.13)

Hm
�
¹‚ < Qº \ spt.V / \ Br

�
!mrm

< " for every r 2 .0; 1/;(1.14)

‚.0/ D Q and
kV k.B1/
!m

< QC ";(1.15)

then
E.V;Br/ � C.ı/r2�2ıE.V;B1/ for every r 2 .0; 1/:

From the above theorem, we immediately conclude the C 1;1�ı rectifiability of
spt.V /.

Corollary 1.13. Let V be stationary in B1. Then, for any ı 2 .0; 1/,

lim
r&0

r2�2ıE
�
V;Br.x/

�
D 0 for kV k-a.e. x 2 B1:

As a consequence, V is C 1;1�ı -countably Hm-rectifiable for any ı 2 .0; 1/.

Proof. The first part of the statement follows from Theorem 1.12, leveraging on
standard density arguments. Notice indeed that for kV k-a.e. x, E.V;Br.x//! 0 as
r & 0 and that, for any chosen Q 2 N, kV k-a.e. on ¹‚ D Qº, (1.14) and (1.15) are
satisfied for r small enough (possibly depending on the point), and then it is enough to
use a partitioning argument and to rescale the varifold.

Now, recalling (1.6) of Theorem 1.9 (in scale-invariant form), we see that the
second part of the statement follows by C 1;˛-rectifiability theorems, e.g., [13, Corol-
lary 1.6].

We remark that it is also possible to prove the C 1;1�ı -rectifiability in a more direct
way, relying on the Lipschitz approximation of Theorem 3.3, standard arguments (with
(1.6) of Theorem 1.9 in scale-invariant form), and the Whitney C 1;˛-extension theorem
of [21, p. 177], cf. the proof of [7, Theorem 3.2].

1.4. Catenoids

In this section, we briefly discuss the optimality of the height bound when m D 2 and
n D 1. It is folklore in the literature that, under these dimensional assumptions, the
catenoids are the “worst possible examples”: in this section, we include the simple
explicit computations for the reader’s convenience.
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Let V be the 2-dimensional stationary varifold .E; 1/ where E is a catenoid in R3.
More precisely, E is the surface of revolution given by the superposition of the graphs
of the functions � 7! ˙f .�/, for f .�/ WD cosh�1.�/ and � � 1. We easily compute,
in polar coordinates,

(1.16) ER WD E.V;CR/ WD 2
1

�2R2
2�

Z R

1

�

�
2 � 2

p
�2 � 1

�

�
�p
�2 � 1

d�;

where the three factors in the integral are due to the integration in polar coordinates,
the tilt of T V with respect to �0, and the area factor, respectively. Hence,

(1.17)
ER

log.R/=R2
! d1 as R!1;

for a positive geometric constant d1. Moreover, we can bound the scale-invariant height
of V in CR, for R big enough (depending upon the geometric parameters),

2
cosh�1.R/

R
D 2

log
�
RC
p
R2 � 1

�
R

D 2

�
log.R/
R2

�1=2 log
�
RC
p
R2 � 1

�p
log.R/

;

so that
2 cosh�1.R/=Rp
�ER log.ER/

! d2 as R!1;

for a positive geometric constant d2. Hence, we see that in our case, the height behaves
like

p
Ej log.E/j. When m � 3, the height of the higher-dimensional catenoids can be

easily shown to be comparable to E 1
m (the computations are straightforward and we

omit them) and thus we do not know whether the logarithmic correction is really needed.
Concerning the Lipschitz approximation, it is well known to the experts that for

stationary varifolds, there is no Eˇ -Lipschitz approximation for which the error term
in (1.10) is superlinear with respect to E, as it happens for area-minimizing currents,
cf. [9]. Indeed, assume m D 2, n D 1, and let V be the 2-dimensional catenoid of the
example above. We wish to approximate V with the graph of an EˇR-Lipschitz 2-valued
function, for some ˇ 2 .0; 1=2/. We can just set it equal to Jf KC J�f K outside the
disk BRˇ and then extend it to be constant inside the disk. Set

1q
R2
ˇ
� 1
D EˇR;

and notice that, for R big enough, Rˇ < R. Clearly, the graph of f misses the entire
spt.V / \ CRˇ ; namely, the graph fails to include a region of spt.V / with surface area

kV k.CRˇ / D 2.2�/
Z Rˇ

1

�
�p
�2 � 1

d�;
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where again we used integration in polar coordinates. Therefore, we can compute that
the scale invariant surface of that portion of the varifold behaves like

kV k.CRˇ /=R2

�E1�2ˇR =log.ER/
! d3;

for a positive geometric constant d3. Thus, f fails to cover a region with surface area
comparable to E1�2ˇ

j log.E/j . Analogous computations can be made in m � 3 for higher-
dimensional catenoids.

Finally, for what concerns the issue of “higher integrability”, we remark what
follows. Concerning the EˇR-Lipschitz 2-valued approximation, we compute, for p > 2,
with analogous computations as for (1.16),�

1

R2

Z
BRnBRˇ

jDf jp
�1=p

D

�
2

1

�2R2
2�

Z R

Rˇ

�.�2 � 1/�p=2
�p
�2 � 1

d�
�1=p

:

Then, using (1.17), we see that�
1

R2

Z
BRnBRˇ

jDf jp
�1=p

1

R�2
1Cˇ.p�2/

p log.R/
ˇ.p�2/
p

! d4;

for some positive geometric constant d4. Hence, we see that
�
1
R2

R
BRnBRˇ

jDf jp
�1=p

grows faster than E1=2R , as ˇ < 1=2.

1.5. Comparison with the existing literature

The results of this paper have already been obtained in the literature: the novelty lies
rather in some of the arguments, which we believe are transparent and easily readable.

The height bound of Theorem 1.9 has already been proved by Menne in [16]. In fact,
Menne proved more general estimates, valid for varifolds with mean curvature bounded
in Lp . Of course, an L1 bound like the one of our theorem requires a sufficiently high
p (more precisely a p high enough to ensure that W 2;p embeds in L1). Moreover,
Menne’s statement bounds the width with C.r; q/E1=q1 in (1.5), for a suitable constant
C.r; q/. Our sharper statement is simply obtained by tracking the dependence of the
constant C on q and then optimizing in q.

The very first Lipschitz approximation theorem with multifunctions was proved by
Almgren in [3]. Almgren’s approximation was revisited by Brakke [4], where a weaker
statement has been proved also for varifolds with mean curvature given by a measure.

Finally, Brakke [4] proved the almost quadratic decay for the excess at almost every
point for varifolds with square integrable mean curvature. Later, Menne in [17] (inspired
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by [18]) obtained the sharp bound lim supr&0 r�2E.Br.x// <1 for a.e. x, leading
him to prove C 2-rectifiability.

2. Preliminaries

In these preliminaries, we fix a varifoldV and an integerQ satisfying the assumptions of
our statements. We begin by recalling Allard’s monotonicity formula and isoperimetric
inequality (see [1, Theorem 7.1]).

Theorem 2.1 (Monotonicity formula). For every 0 < s < r < 4,

(2.1)
kV k.Br/
!mrm

�
kV k.Bs/
!msm

D

Z
BrnBs

jx?j2

jxjmC2
dkV k � 0:

Theorem 2.2 (Isoperimetric inequality). If ' 2 C 1c .C4/ is non-negative,

(2.2)
Z
¹'�1º

' dkV k � C0
�Z

' dkV k
�1=m Z

jrTV 'j dkV k:

Next we state and prove an elementary lemma, which shows that if the excess is
suitably small, then the varifold (approximately) covers the reference plane with a
constant multiplicity, at definite scales.

Lemma 2.3. Let 0 < r1 < r2 < 1 and let � 2 .0; 1=2/. Assume that E1 is small enough
(depending upon r1; r2; �, and the geometric parameters), and that kV k.C1/

!m
� QC 3

4
.

Then, there exists Q0 2 ¹0; : : : ;Qº such that the following holds for every x 2 C1 and
r > r1 with Cr.x/ � Cr2:

kV k
�
Cr.x/

�
!mrm

2 .Q0 � �;Q0 C �/:

Proof. Using the monotonicity formula, we can reduce to the case in which spt.V / �
Rm � BC0.0/: if we set r3 D 1Cr2

2
, we can see that there is a finite number N and

a constant C0 (depending on Q and the geometric parameters) such that, for some
suitably chosen points y1; : : : ; yN 2 Rn, not necessarily distinct, spt.V / \ Cr3 �S
i Rm � BC0.yi /.
Assume therefore by contradiction that spt.V / � Rm � BC0.0/ but that our claim

is false. Then, there exists a sequence of integral varifolds Vi as in the assumption of
the lemma, with E1.Vi ;C1/! 0, but not satisfying the conclusion of the lemma. By
the compactness theorem of integral varifolds (e.g. [19]), we have that Vi converges to
the integral varifold V1 (in the sense of varifolds), up to a non-relabeled subsequence.
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Now, we see that E.V1;C1/ D 0. We argue that this implies that V1 is supported in
the union of finitely many affine planes parallel to �0. In fact, we fix a constant vector
e which is parallel to �0, a function ' 2 C1c .C1/, and test the stationarity of V1 with
the vector field X D 'e. From the formula for the first variation, we conclude thatZ

@e' dkV1k D 0:

This means that the distributional derivative of the measure kV1k in any direction
parallel to�0 is in fact constant, namely, that the varifold is translation invariant along all
directions parallel to�0. Therefore, spt.V1/ is also translation invariant. Since the latter
must be a rectifiablem-dimensional set with locally finite measure, we conclude that it
is locally the union of finitely many planes parallel to �0. On the other hand, Allard’s
constancy theorem implies that‚.V1; � / is a constant (and a positive integer) on each
of these planes. Thus, for some non-negative integer Q1 � Q, kV1k.Cr .x//

!mrm
D Q1,

for every Cr.x/ � C1. This easily implies a contradiction.

3. Proof of the main results

3.1. First height bound

This is our first height bound, which is weaker than Theorem 1.9. We are going to use
it to obtain a first Lipschitz approximation, which is as well weaker than Theorem 1.11.
However, this first Lipschitz approximation will allow us to improve the height bound
to the optimal one of Theorem 1.9 and hence to the improved Lipschitz approximation
of Theorem 1.11.

Theorem 3.1 (First height bound). LetV be stationary in C1. Let r 2 .0;1/. Assume that
E1 is small enough (depending upon r and the geometric parameters) and that kV k.C1/

!m
�

QC 1
2
. Then, there are a constant C D C.r;Q;m; n/ and points y1; : : : ; yQ 2 Rn

(not necessarily distinct) such that

(3.1) spt.V / \ Cr �
[

hD1;:::;Q

Rm � NB
CE1=.2m/

1

.yh/:

Moreover, if in addition ‚.0/ D Q, then

spt.V / \ Cr � Rm � NB
CE1=.2m/

1

.0/:

The height bound of Theorem 3.1 follows easily from the following lemma: a slice of
C2 of height comparable to E1=.2m/2 carries a definite amount of mass of the stationary
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varifold. Notice that a naive application of the monotonicity formula gives a lower
bound for the mass comparable to E1=22 : the point is that the lower bound is as if the
varifold were actually contained in a slice of height comparable to E1=.2m/2 .

Lemma 3.2. Assume that kV k.C2/ � S , that E2 is small enough, depending upon S
and the geometric parameters, and that spt.V / \ B1.0; �0/ ¤ ;. Then, there exists a
constant C D C.S;Q;m; n/ such that

kV k
�®
.x; y/ 2 RnCm W jxj < 2; jyj j � CE1=.2m/2

¯�
�

1

C0
for every j D 1; : : : ; n:

Proof. First of all, without loss of generality, we can prove the claim for E2 > 0. In
fact, if E2 D 0, we can argue as in Lemma 2.3 to conclude that V is supported in a finite
union of disks parallel to the basis of the cylinder and over each of them the density
‚ is a constant positive integer. But because spt.V / \ B1.0; �0/ ¤ ;, one such disk
must be B2.0; �0/. We assume j D nCm for definiteness and we take coordinates
.�; �/ 2 RnCm�1 �R. Define

g.t/ WD

Z
C2\¹�<tº

jpTV � p�0 j dkV k;

f .r; s; t/ WD kV k
�®
j�j < r; � 2 .s; t/

¯�
:

Take M 2 .0; 1/ to be fixed later; in particular, we will set it as C.S/E1=.2m/2 in
order to have that (3.3) necessarily fails. Notice that, with g being monotonic, we haveZ �M
�2M

g0 C

Z 2M

M

g0 �

Z
C2
jpTV � p�0 j dkV k � kV k.C2/

1=2E1=22 �
p
SE1=22 ;

where we also used Holder’s inequality. Therefore, we can fix s0 2 .�2M;�M/,
t0 2 .M; 2M/ points of differentiability of g such that

g0.s0/C g
0.t0/ �

p
SE1=22
M

;

and we assume that also kV k.¹j�j < 2; � 2 ¹s0; t0ºº/ D 0.
Now consider, for s < t (which will be set as s0 < t0), r > 0, and " 2 .0; r/,

'"r;s;t .�; �/ WD �
"
r .j�j/�

"
s;t .�/, where �"r and �"s;t .�/ are smooth and 2="-Lipschitz,

�"r
�
j�j
�
D 1 for j�j < r;

�"r
�
j�j
�
D 0 for j�j > r C ";

�"s;t .�/ D 1 for � 2 .s C "; t � "/;
�"s;t .�/ D 0 for � � t or � � s:
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Plugging this choice into the isoperimetric inequality (2.2), we obtain

f .r; s C "; t � "/ � C0f .r C "; s; t/
1=m

�
2

"
kV k

�®
j�j 2 .r; r C "/; � 2 .s; t/

¯�
C
2

"

Z
C2\¹�2.s;sC"/º

jpTV � p�0 j dkV k

C
2

"

Z
C2\¹�2.t�";t/º

jpTV � p�0 j dkV k
�

asrTV �"s;t .�/D .@��"s;t /pTV .enCm/ and p�0.enCm/D 0. For a.e. r , we can let "& 0

and obtain that

f .r; s0; t0/
.m�1/=m

� C0
�
@rf .r; s0; t0/C g

0.t/C g0.s/
�

� C0
�
@rf .r; s0; t0/C

p
SE1=22 =M

�
:

(3.2)

Assume that there exists r0 2 .3=2; 2/ such that (3.2) holds and @rf .r0; s0; t0/ �p
SE1=22 =M . In this case,

f .r0; s0; t0/
.m�1/=m

� C0
p
S

E1=22
M

:

As s0 < �M < M < t0 and M 2 .0; 1/, by the monotonicity formula centered at
p 2 spt.V / \ B1.0/, we can bound

f .r0; s0; t0/ �
1

C0
Mm
I

hence,

(3.3) M � C0
p
SE1=.2m/2 DW

1

2
C.S/E1=.2m/2 :

Now we fix M as C.S/E1=.2m/2 , so that the above cannot happen. We assume that
M 2 .0; 1/, which we can do, requiring that E2 is smaller than a quantity that depends
upon S and the geometric parameters.

Hence, for a.e. r 2 .3=2; 2/,
p
SE1=22 =M < @rf .r0; s0; t0/, so that, for a.e. r 2

.3=2; 2/, f .r; s0; t0/.m�1/=m < C0@rf .r; s0; t0/, by (3.2). In particular, f .r; s0; t0/ > 0
for every r 2 .3=2; 2/; thus,

1

C0
�
1

m

@rf .r; s0; t0/

f .r; s0; t0/.m�1/=m
D @r

�
f .r; s0; t0/

1=m
�

for a.e. r 2 .3=2; 2/;

which implies

(3.4) kV k
�
j�j < 2; � 2 .�2M; 2M/

�
� f .2; s0; t0/ �

1

C0
:
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Proof of Theorem 3.1. Clearly, there is no loss of generality in assuming that r 2
.0; 1/ is bigger than a geometric constant, which has still to be determined. Also, if
E1 D 0, then, arguing as in the proof of Lemma 2.3, we see that V in C1 is given by
the union of finitely many planes parallel to �0, so that the conclusion trivially follows.
Hence, we assume E1 > 0.

Let x� WD .1C r/=2 and set Ns WD .1� x�/=2D .1� r/=4. Cover Cx� with C1; : : : ;CM ,
where M � C.r/, such that for every i , Ci D CNs.xi / with xi 2 Bx�. Notice that for
every i , C2Ns.xi / � C1, E.V;C2Ns.xi // � C.r/E1, and kV k.C2Ns.xi //

!m.2Ns/m
� C.r/.

Fix i D 1; : : : ;M . For fixed j D 1; : : : ; n, take p D . Nx; Ny/ 2 spt.V /\Ci provided
that this set is not empty. By (the scale-invariant version of) Lemma 3.2, if E1 is small
enough,

kV k
�®
.x; y/ 2 RnCm W jx � xi j < 2Ns; jyj � Nyj j < C.r/E1=.2m/1

¯�
�

1

C.r/
:

With kV k.C2Ns.xi //�C0, this means that there exist finitely many Ny1j ; : : : ; Ny
N
j (depend-

ing on i ), where N � C.r/, such that

spt.V /\Ci �
�®
.x; y/2RnCm W jyj � Ny

h
j j<C.r/E

1=.2m/
1 for some hD 1; : : : ;N

¯�
:

Repeating the same argument for every j -th coordinate, with j D 1; : : : ; n, we see
that there are Ny1; : : : ; NyN 0 (depending on i ), where N 0 � C.r/, such that
(3.5)
spt.V /\Ci �

�®
.x;y/ 2RnCm W jy � Nyhj<C.r/E1=.2m/1 for some hD 1; : : : ;N 0

¯�
:

Hence, applying this argument to every Ci , we see that there exist Oy1; : : : ; OyN 00 , where
N 00 � C.r/, such that

spt.V /\Cx� �
�®
.x;y/2RnCm W jy � Oyhj<C.r/E1=.2m/1 for some hD 1; : : : ;N 00

¯�
:

Hence, there exist S1; : : : ; SK � Rn open and pairwise disjoint, where K � C.r/,
with diam.Sh/ � C.r/E1=.2m/1 and

spt.V / \ Cx� �
[
h

Rm � Sh:

Set then, for every hD 1; : : : ;K,Vh WD V .Rm � Sh/ and notice thatVh is stationary in
Cx�. Now take any hD 1; : : : ;K. Assume that 9p 2 spt.Vh/\Cr . We apply Lemma 2.3
(in scale-invariant form) with

0 < r1 D .x� � r/=4D .1� r/=8 < r2 D .3x�C r/=4D .5r C 3/=8 < x� D .1C r/=2

and
� D 1 � x� D .1 � r/=2;
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provided that E1 is small enough, to see that

kVhk.Cr2/ � .Q
0
� �/!mr

m
2 and kVhk.Cr1/ � .Q

0
C �/!mr

m
1 ;

for someQ0 2N that depends on h. By the monotonicity formula centered at p, we see
that kVhk.Cr1.p// � kVhk.Br1.p// � !mrm1 , so that 1 � .Q0 C .1 � r/=2/, hence,
as r > 0, Q0 � 1. Therefore,

(3.6) kVhk.Cr2/ � ..1C r/=2/!m
�
.5r C 3/=8

�m
:

Summing (3.6) over all h such that spt.Vh/ \ Cr ¤ ;, we obtain thatˇ̌®
h W spt.Vh/ \ Cr ¤ ;

¯ˇ̌�
.1C r/=2

�
!m
�
.5r C 3/=8

�m
� kV k.Cr2/ � kV k.C1/ � !m.QC 1=2/:

Hence, if r 2 .0; 1/ is bigger than a geometric quantity, we have that j¹h W spt.Vh/ \
Cr ¤ ;ºj � Q, thus concluding the proof of (3.1), as spt.Vh/ � Rm � Sh, where
diam.Sh/ � C.r/E1=.2m/1 .

Now, assume that‚.0/DQ. As 02 spt.V /, 02 spt.Vh/ for someh, up to reordering,
assume that 0 2 spt.V1/. By the monotonicity formula,

(3.7) kV1k.Cr2/ � kV1k.Br2/ � Q!m
�
.5r C 3/=8

�m
:

We conclude the proof by showing that spt.Vh/ \ Cr D ; for every h D 2; : : : ;K. By
contradiction, take h D 2; : : : ; K not satisfying the above. Summing (3.7) and (3.6),
we obtain

Q!m
�
.5r C 3/=8

�m
C
�
.1C r/=2

�
!m
�
.5r C 3/=8

�m
� kV k.Cr2/ � kV k.C1/ � !m.QC 1=2/;

which is a contradiction, if r 2 .0; 1/ is bigger than a geometric quantity.

3.2. First Lipschitz approximation

Now we state and prove a slightly weaker form of Theorem 1.11, which is an easy
consequence of the height bound of Theorem 3.1 and a classical “maximal function
truncation” argument.

Theorem 3.3 (First Lipschitz approximation). Let V be stationary in C4. Assume that
E4 is small enough (depending upon the geometric parameters), that kV k.C4/

!m4m
�QC 1,

and that

(3.8)
kV k.C3/
!m3m

2
�
Q � 1

2
;QC 1

2

�
:
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Set, for � 2 .0; 1/ small enough (depending upon the geometric parameters),

(3.9) K� WD
®
x 2 B1 W me.x/ � �

¯
:

Then, there exists a Q-valued Lipschitz function f W B1 ! AQ.Rn/ such that

(3.10) f is C0�1=.2m/-Lipschitz:

In addition (i), (ii), (iv), and (v) in Theorem 1.11 hold, while in place (iii) we claim the
estimate

(3.11) jB1 nK�j C kV k
�
C1 n .K� �Rn/

�
� C

q
0

1

�q=2

Z
C4
jpTV � p� jq dkV k for every 2 � q <1:

Proof. First of all, we can assume that E4>0; otherwise, we can argue as in Lemma 2.3
to conclude that spt.V /\C3 consists of a finite number of disks parallel to the basis of
C3 and over each of them the density of V is a constant positive integer. In particular,
the varifold is itself the graph of a constant multivalued function.

We start the proof with a preliminary observation, which we state for any stationary
varifold, as we are going to apply it to V and to some parts of it.

Step 1. Let W be a stationary varifold in C4, with kW k.C7=2/
!m.7=2/m

� QC 1
2
. Assume that

C�.x/ intersects C1 and that

(3.12) E
�
W;Cs.y/

�
� � for every C�.x/ � Cs.y/ � C4;

for some � 2 .0; 1/. Then, if � is small enough (depending upon the geometric param-
eters), which we will now on assume, there exists Q0 2 ¹0; : : : ;Qº such that

(3.13)
kW k

�
Cs.y/

�
!msm

2
�
Q0 � 1=.2Q/;Q0 C 1=.2Q/

�
for every C�.x/ � Cs.y/ � C7=2:

Notice that, in particular, if x 2 B1 is such that (3.12) holds for every x 2 Cs.y/ � C4,
then (3.13) holds for every x 2 Cs.y/ � C7=2.

Indeed, take � small enough (depending upon the geometric parameters) so that
Lemma 2.3 applies with parameters r1 D 1=64, r2 D 15=16, and �D 1=.2Q/, yielding
Q0 2 ¹0; : : : ;Qº. Take any C�.x/ � Cs.y/ � C7=2 as above. If s � 1=16, then (3.13)
follows by the choice of r1; indeed, we apply the scale-invariant version of Lemma 2.3,
for the radii 1=16 < 15=4 < 4. In the case s < 1=16, we argue as follows. For l � 0,
consider the cylinders Cl.y/ WD C1=2lC3.y/ � C15=4. We claim that (3.13) holds for
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s D 1=2lC3, for every l � 1with C�.x/� Cl.y/. The base case is observed above. For
the inductive step at l C 1, we use (the scale-invariant form of) Lemma 2.3 on Cl�1.y/,
with the inductive assumption. For general s, there exists a unique l 0 2 N, l 0 � 1, with
s 2 Œ1=2l

0C4; 1=2l
0C3/; then we use again Lemma 2.3 on Cl 0�1.y/ together with the

claim for s D 1=2l 0C3.

Step 2. Now we ask that E4 is small enough (depending upon the geometric parameters)
so that kV k.C7=2/

!m.7=2/m
2 .Q � 1=2;QC 1=2/ (using Lemma 2.3 with the assumption (3.8)).

Moreover, we ask that � � �. Now, Step 1 applies; notice that Q0 as in (3.13) for V is
exactly Q, by (3.8). In particular, we have proved (1.8). Actually, we have proved the
claim for a slightly larger family of cylinders.

Step 3. Now take x 2 K� and Bs.y/ � B3 with x 2 Bs.y/ and consider C7s=6.y/ �
C7=2. We can assume that � is small enough (depending upon the geometric parame-
ters) to apply Theorem 3.1 with Nr D 6=7. Hence, by (the scale-invariant version of)
Theorem 3.1 applied to C7s=6.y/ (recalling Step 1 for the bound on the measure), there
exist Sy;s1 ; : : : ; S

y;s
Ny;s open and pairwise disjoint, with diam.Sy;s

h
/ � D�1=.2m/s (with

D � C0, but independent of y and s) and N y;s � Q, such that

(3.14) spt.V / \ Cs.y/ �
[

hD1;:::;Ny;s

Rm � Sy;s
h
:

We also assume that for every h, spt.V /\Cs.y/\ .Rm � Sy;sh /¤ ;. Set then V y;s
h
WD

V .Bs.y/ � S
y;s

h
/; notice that V y;s

h
is a stationary varifold in Cs.y/. Moreover, again

by (the scale-invariant version of) Step 1 (for both Vh and V ), we obtain that there
exists Qy;s

h
2 ¹0; : : : ;Qº with

P
hQ

y;s

h
D Q and

(3.15)
kV

y;s

h
k
�
C�.y0/

�
!m�m

2
�
Q
y;s

h
� 1=.2Q/;Q

y;s

h
C 1=.2Q/

�
for every C�.y0/ � C7s=8.y/ intersecting K�:

Now fix x 2 K� and let s 2 .0; 1/. Denote by Sx;s1 ; : : : ; S
x;s
Nx;s the sets as for (3.14)

for Bs.x/, and choose points px;s1 ; : : : ; p
x;s
Nx;s 2 Rn with px;s

h
2 S

x;s
h

and such that
spt.V / \ .Bs.x/ � ¹px;sh º/ ¤ ;. Now notice that thanks to (3.15),

distH
�
¹p
x;s
1 ; : : : ;p

x;s
Nx;sº;¹p

x;�
1 ; : : : ;p

x;�
Nx;�º

�
� 2D�1=.2m/s for every � 2 .0;7s=8�;

so that we have a limit set ¹px1 ; : : : ; p
x
Nx º, where N x � Q, and .x; px

h
/ 2 spt.V / for

every h.
Now take Ns 2 .0; 1/ small enough so that B4D�1=.2m/ Ns.pxh / are pairwise disjoint.

Take s 2 .0; Ns/, and consider Sx;s1 ; : : : ; S
x;s
Nx;s . Take h and consider V x;s

h
; notice that

there exists a set T x;s
h

with spt.Vh/ � Bs.x/ � T x;sh
and T x;s

h
� S

x;s
h

. By (3.15), and
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exploiting T x;s
h

, we find a point .x; Np/ � .¹xº � T x;s
h
/ \ spt.V x;s

h
/ � spt.V / \ Sx;s

h
,

and this forces Np D px
h0

for some h0. We have thus seen that for every h, there exists a
uniqueh0 (as jpx

h0
�px

h00
j � 8D�1=.2m/ Ns > diam.Sx;s

h
/ forh00¤ h0) such thatpx

h0
2S

x;s
h

.
Conversely, for every k, there exists a unique k0 such that px

k
2 S

x;s
k0

, as px
k
2 spt.V /.

Hence, we have a one-to-one correspondence between the points ¹px1 ; : : : ; p
x
Nx º and

the sets Sx;s1 ; : : : ; S
x;s
Nx;s . Hence, to px

h
, we associate Qx;s

h0
(for px

h
2 S

x;s
h0

) as the
relevant integer as in (3.15). Notice that (3.15) implies that this choice is well posed,
i.e., independent of s, and recall that

P
hQ

x;s
h
D Q. Therefore, we can define

f .x/ WD
X
h

Q
x;s
h

JpxhK 2 AQ.R
n/:

Notice also that the above argument implies spt.V / \ .¹xº � Rn/ D
S
h.x; p

x
h
/. In

particular, (1.9) follows from (3.14).

Step 4. We prove that for everyx1;x22K�, then G .f .x1/;f .x2//�C0�
1=.2m/jx1�x2j.

This will prove (3.10) for f W K� ! AQ.Rn/ and hence, thanks to [11, Theorem 1.7],
will provide us with the sought f satisfying (3.10). Set Nr WD jx1 � x2j and Nx WD
.x1 C x2/=2. Clearly, x1; x2 2 B7 Nr=8. Nx/ � B Nr. Nx/ � B3. We use now Step 3, with the
same notation. Consider px1

h
� S

Nx; Nr
h0

for a unique h0. Therefore, if s is small enough,
S
x1;s

h
� S

Nx; Nr
h0

. We assume that s is small enough so that this holds for every h, and
also that B4D�1=.2m/s.p

x1
h
/ are pairwise disjoint. Therefore, combining (3.15) both for

V
x1;s

h
and V Nx; Nr

h0
, we see that X

hWS
x1;s

h
�S
Nx;Nr

h0

Q
x;s
h
D Q

Nx; Nr
h0
;

or, alternatively, that X
hWp

x1
h
2S
Nx;Nr

h0

Q
x1
h
D Q

Nx; Nr
h0
:

The same consideration holds for x2. Recalling that diam.S Nx; Nr
h0
/ � D�1=.2m/ Nr , we

immediately obtain the sought bound.

Step 5. We prove (3.11). Take y 2 B1 nK�. Take y 2 Cr 0.y0/ � C4 such that

E
�
V;Cr 0.y0/

�
> �

and
r 0 > 1=2 sup

®
r 00 W y 2 Cr 00.y00/ � C4 W E

�
V;Cr 00.y00/

�
> �

¯
:

If C5r 0.y0/ 6� C7=2, then r 0 � 5=12. Hence, by

� < E
�
V;Cr 0.y0/

�
�
!m4

mE4
!m.r 0/m

;
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we infer that �=E4 � C0; hence, (3.11) is trivial. Therefore, we assume that for every
y 2B1 nK�, y 2C5r 0.y0/�C4, where we used the notation as above. This means that
for every Ct .z/ (and there exists at least one such cylinder) with C5r 0.y0/�Ct .z/�C4,
then E.V;Ct .z// � �. By Step 1, we have that

kV k
�
C5r 0.y0/

�
!m.5r 0/m

� QC 1=2:

In particular, for every y 2 B1 nK�, we can find y 2 Cr 0.y0/ with E.V;Cr 0.y0// > �
and kV k.C5r 0.y0// � C0.r 0/m, so that, by Holder’s inequality,

� <
1

!m.r 0/m

Z
Cr0 .y0/

jpTV � p�0 j
2 dkV k

�
1

!m.r 0/m

�Z
Cr0 .y0/

jpTV � p�0 j
q dkV k

�2=q�
C0.r

0/m
�1�2=q

;

(3.16)

which implies

(3.17) .r 0/m � C
q=2
0

1

�q=2

Z
Cr0 .y0/

jpTV � p�0 j
q dkV k:

Hence, (3.11) follows from a standard covering argument.

Step 6. We prove (1.11). Up to removing from K� a negligible subset, we can assume
that for every z 2 .K� �Rn/ \ spt.V /, ‚.z/ 2 N. Fix z D .x; y/ as in the statement.
We are going to use the same notation as in Step 3. Take s so small thatB4D�1=.2m/s.pxh /
are pairwise disjoint, and fix h such that px

h
D y. If s0 2 .0; 7s=8/, we have trivially

kV
x;s
h
k
�
Bs0.z/

�
!m.s0/

m �
kV

x;s
h
k
�
Cs0.x/

�
!m.s0/

m :

On the other hand, let s0 2 .0; 7s=8/ be so small so that
p
1CD2�1=ms0 < 7s=8. We

have by Step 3 that spt.V x;s
h
/\Cs0.x/�Rm � Sx;s

0

h0
, with diam.Sx;s

0

h0
/�D�1=.2m/s0;

hence,

kV
x;s
h
k.Cs0.x//

!m.s0/
m �

kV
x;s
h
k
�
Bp

1CD2�1=ms0
.z/
�

!m.s0/
m

D
kV

x;s
h
k
�
Bp

1CD2�1=ms0
.z/
�

!m.
p
1CD2�1=ms0/

m .1CD2�1=m/m=2:

We can let now s0 & 0, recalling (3.15), to infer that

‚.z/ � Qx
h C 1=.2Q/ and Qx

h � 1=.2Q/ � ‚.z/.1CD
2�1=m/m=2:
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Recalling that‚.z/ is an integer, we see that‚.z/DQx
h
, if � is small enough, depend-

ing upon the geometric parameters.
Finally, equation (1.12) follows from the construction of f in Step 3 and [11,

Equation (1.8)].

For future reference, we record a couple of useful properties of the Lipschitz
approximation.

Proposition 3.4. Let V be stationary in C4. Assume that E4 is small enough (depend-
ing upon the geometric parameters), that kV k.C4/

!m4m
� QC 1, and that

kV k.C3/
!m3m

2 .Q � 1=2;QC 1=2/:

Consider, for � 2 .0; 1/ small enough, depending upon the geometric parameters, the
Q-valued Lipschitz function f W B1 ! AQ.Rn/ given by Theorem 3.3. Then, there is
a geometric constant C0 such that the following estimates hold:Z

B1

jDf jq � C
q
0

1

�q=2

Z
C4
jp�0 � pTzV jq dkV k for every 2 � q <1;(3.18) ˇ̌̌̌ Z

B1

QX
iD1

r' �Dfi

ˇ̌̌̌
� C0kr'kL1

E4
��1

for every ' 2 C 1c .B1/;(3.19)

ˇ̌
kV k.B�Rn/�QjBj

ˇ̌
�C0

Z
B�Rn

jpTV �p� j2 dkV k for any B�K� Borel(3.20)

(K� is the set defined in (3.9)).

Proof. We set �f to be the integral varifold given by the graph of f ; with a slight
abuse we will denote with �f both the graph of f and the induced varifold. In order to
define such object, one can either use the theory of [11], namely, [11, Definition 1.10]
to obtain the current Gf and then look at the varifold naturally induced by such current,
or use [11, Lemma 1.1] and build the varifold �f directly. We follow here the second
approach. As we are going to use the claim of [11, Lemma 1.1] repeatedly, we recall
its statement, in our context. Namely, we have a sequence of pairwise disjoint Borel
subsets of B1, .Ch/h, with Lm.B1 n

S
h Ch/ D 0, such that

(1) for every h, fjCh D
PQ
iD1Jf

h
i K, with f hi C0�

1=.2m/-Lipschitz on Ch for every
i D 1; : : : ;Q,

(2) for every h and i; i 0 2 ¹1; : : : ;Qº, either f hi D f
h
i 0 on Ch, or f hi ¤ f

h
i 0 for every

x 2 Ch,

(3) for every h, Df.x/ D
PQ
iD1JDf

h
i K for a.e. x 2 Ch.
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Now notice that for Hm-a.e. .x; y/ 2 spt.�f /, if we write f .x/ D
P
iJpiK, then

(3.21) ‚
�
�f ; .x; y/

�
D

X
i WpiDy

Qi :

This follows from [10, Proposition 1.4] together with what was remarked just after
[10, Definition 1.10]. In particular, recalling (1.11),

(3.22) ‚.�f ; z/ D ‚.z/ for Hm-a.e. z 2 .K� �Rn/ \ spt.V /;

and we recall also that, by differentiation of measures,

(3.23) Tz�f D TzV for Hm-a.e. z 2 .K� �Rn/ \ spt.V /:

To fix the notation, we take the standard basis of ¹0º � Rn � Rm � Rn to be
.e1; : : : ; en/. Take now j D 1; : : : ; n and ' 2 C 1c .B1/. With a harmless abuse, we
test the variation of V with the vector field X.x; y/ D '.x/ej , so ıV .X/ D 0, with V
stationary. Therefore,ˇ̌̌̌ Z

rTz�f '.z/ � ej dk�f k.z/
ˇ̌̌̌

�

ˇ̌̌̌Z
�f

rTz�f '.z/ � ej‚.�f ; z/ dHm.z/�

Z
spt.V /
rTzV '.z/ � ej‚.z/ dHm.z/

ˇ̌̌̌
�kr'kL1

�
kV k

�
C1 n .K� �Rn/

�
CQHm �f

�
C1 n .K� �Rn/

��
�C0kr'kL1�

�1E4;

(3.24)

where we used (3.22) and (3.23) to deal with the portion on K� �Rn, and the next-to-
last inequality is by (3.11).

Now, we concentrate on a set Ch, and fix Of D f hi for some i 2 ¹1; : : : ;Qº; Ofj D
Of � ej will denote the j -th component of Of . We will implicitly extend Of to be defined

on B1, and still C0�1=.2m/-Lipschitz. By the area formula,Z
Ch�Rn

rTz� Of
'.z/ � ej dHm � Of .z/ D

Z
Ch

rT Of .x/� Of
'.x/ � ejJ Of .x/ dLm.x/;

and we can follow the proof of [7, Theorem 3.4] to obtain the following relations:

ˇ̌
rTz� Of

' � ej � r' � r Ofj
ˇ̌
� C0

ˇ̌
r'.x/

ˇ̌ˇ̌
r Of .x/

ˇ̌2 for Hm-a.e. z D .x; y/ 2 � Of ;
(3.25)

jJ Of .x/ � 1j � C0jr Of .x/j
2 for a.e. x 2 B1;(3.26)

and

(3.27) 2jp�0 � pTz� Of j
2
�
ˇ̌
r Of .x/

ˇ̌2 for Hm-a.e. z D .x; y/ 2 � Of ;
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and these hold provided that � is smaller than a constant depending upon the geometric
parameters (thanks to (3.10)); we will fix � accordingly. We thus deduce thatˇ̌̌̌ Z

Ch

r' � r Ofj �

Z
Ch�Rn

rTz� Of
' � ej dHm.z/

ˇ̌̌̌
� C0kr'kL1

Z
Ch

jr Of j2:

Now we recall that Of D f hi . We sum the previous inequality for i D 1; : : : ;Q and then
on h, to obtain that (the scalar product with ej is understood in the following sense:
.
P
iJPiK/ � ej D

P
iJPi � ej K)

(3.28)
ˇ̌̌̌ Z
B1

QX
iD1

r' �D.fi � ej / �

Z
rTz�f ' � ej dk�f k.z/

ˇ̌̌̌
� C0kr'kL1

X
h

QX
iD1

Z
Ch

jrf hi j
2;

where we took into account (3.21). We compute further, by (3.27),

1

2q=2

X
h

QX
iD1

Z
Ch

jrf hi j
q

�

X
h

QX
iD1

Z
Ch�Rn

jp�0 � pTz�
f h
i

j
q dHm �f h

i
.z/

D

Z
C1\�f

jp�0 � pTz�f j
q‚.�f ; z/ dHm.z/

D

Z
�f \.K��Rn/

jp�0 � pTz�f j
q‚.�f ; z/ dHm.z/

C

Z
�f \..B1nK�/�Rn/

jp�0 � pTz�f j
q‚.�f ; z/ dHm.z/

�

Z
C1
jp�0 � pTzV jq dkV k C C q0

1

�q=2

Z
C4
jp�0 � pTzV jq dkV k

� C
q
0

1

�q=2

Z
C4
jp�0 � pTzV jq dkV k

(3.29)

where we used (3.21), (3.22), (3.23), and (3.11) for the next-to-last inequality. This
proves (3.18).

Finally, collecting the outcomes of (3.28), (3.29) (for qD2), and (3.24), we arrive at

(3.30)
ˇ̌̌̌ Z
B1

QX
iD1

r' �D.fi � ej /

ˇ̌̌̌
� C0kr'kL1�

�1E4 for every ' 2 C 1c .B1/;

which is (3.19).
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Now we notice that (3.20) follows from the area formula, (3.26) with (3.27), and
(3.22) with (3.23), by the argument we have used above. Alternatively, it immediately
follows by the interpretation of �f as a current.

3.3. Improved height bound

With the Lipschitz approximation Theorem 3.3, we can improve the height bound of
Theorem 3.1.

Proof of (1.5) of Theorem 1.9. We begin the proof as for Theorem 3.1; in particular,
we assume E1 > 0. Let x� WD .1C r/=2 and set Ns WD .1� x�/=8D .1� r/=8. Cover Cx�
with C1; : : : ;CM , whereM � C.r/, such that for every i , Ci D CNs.xi / with xi 2 Bx�.
Notice that for every i , C4Ns.xi / � C1, E.V;C4Ns.xi // � C.r/E1. Assume that E1 is
small enough, so that we can apply Lemma 2.3 with

0 < r1 D Ns < r2 D 1 � Ns D .7C r/=8 < 1 and � D 1=4;

for some Q0 2 N, Q0 2 ¹0; : : : ;Qº.
We are going to show that for every i ,

spt.V / \ Ci

�
�®
.x; y/2RnCm W jy � Nyhj<C.r/j log E1j1�1=mE1=m1 for some hD1; : : : ;Q

¯�
;

(3.31)

provided that E1 is small enough, depending upon r and the geometric parameters,
where Ny1; : : : ; NyQ 2Rn may depend on i . If we prove (3.31), the proof can be concluded
exactly as for the proof of Theorem 3.1; see after (3.5).

Now we prove (3.31). Let q 2 .m;mC 1/ be chosen later depending upon E1. Fix
for the moment i D 1; : : : ; M . We suppress the subscript from xi . By Lemma 2.3,
we apply Theorem 3.3 in scale-invariant form with a fixed constant � 2 .0; 1/ small
enough, depending upon the geometric parameters, so that we obtain the Q-valued
Lipschitz function f W BNs.x/! AQ.Rn/ with associated set K� � BNs.x/. We recall
that by (3.18), as � is fixed depending upon the geometric parameters,Z

BNs.x/

jDf jq � C0

Z
C4Ns.x/

jp�0 � pTzV jq dkV k � C0E1:

Notice that

sup
x2BNs.x/

G
�
f .x/; f .0/

�
� C.r/.q �m/�1C1=q

�Z
BNs.x/

jDf jq
�1=q

� C.r/.q �m/�1C1=qE1=q1 :
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Indeed, set g WD G .f .x/; f .0// 2 LIP.BNs.x// with jrgj2 D
Pm
jD1 j@jgj

2 � jDf j2

a.e., which implies that jrgjq � jDf jq . Hence, the inequality follows by the proof of
Morrey’s inequality in [14, Theorem 4.10 (i)], keeping track of the dependence on q of
the constants. Therefore,

spt.V / \ .K� �Rn/

�
�®
.x; y/2RnCm W jy � Nyhj<C.r/.q �m/�1C1=qE1=q1 for some hD1; : : : ;Q

¯�
;

(3.32)

for Ny1; : : : ; NyQ 2 Rn depending on i . Now we optimize the choice of q. We choose
q D m C ı 2 .m; m C 1/, where ı WD � 1

log E1
, provided that E1 is smaller than a

geometric constant; notice that 1=q � 1=m � ı=m2. We therefore bound

.q �m/�1C1=qE1=q1 � ı�1C1=m�ı=m
2E1=m�ı=m

2

1 � C0j log E1j1�1=mE1=m1
� C0j log E1j1�1=mE1=m1 :

This proves (3.31) with the left-hand side replaced by spt.V / \ .K� �Rn/.
Now we deal with spt.V / \ ..BNs.x/ nK�/ �Rn/. Recall (3.11), which states thatˇ̌

BNs.x/ nK�
ˇ̌
� C.r/E1 DW NE1:

Set � WD .2!�1m NE1/1=m and consider any B� .z/ � BNs.x/. If E1 is small enough
(depending upon r and the geometric parameters), balls of this type coverBNs.x/. Hence,
for y 2 BNs.x/ nK�, take one such ball B� .z/ 3 y. By the measure estimate, there
exists y0 2 B� .z/ \K�. Hence, by (1.9), if we set f .y0/ D

P
i QiJpiK,

spt.V / \ C� .z/ � B� .z/ �
[
i

BC0� .pi /

� B� .z/ �
[
i

B
C0�CC.r/j log E1j1�1=mE1=m

1

. Nyh/:

(3.33)

Then, (3.31) follows, as C0� � C.r/E1=m1 � C.r/j log E1j1�1=mE1=m1 .

Proof of (1.6) of Theorem 1.9. Of course, we can assume r>1=2. Let x� WD.rC1/=2
and Ns WD .1� x�/=8D .1� r/=16, we set r1 WD Ns, r2D 1� Ns, and assume that E1 is small
enough to have the conclusion of Lemma 2.3 with � D 1=4, for someQ0 2 ¹0; : : : ;Qº.
Notice that kV k.C1=2/ � kV k.B1=2/ �Q!m.1=2/m by the monotonicity formula, so
that Q0 D Q.

We cover now Cx� with C1; : : : ; CM , where M � C.r/, such that for every i ,
Ci D CNs.xi /, with xi 2 Bx�. Notice that E.C4Ns.xi // � 1

Nsm
E1. By Lemma 2.3, we can

apply Proposition 3.4 in scale-invariant form to every C4Ns.xi /, provided that E1 is small
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enough, depending upon the geometric parameters and on Ns, i.e., upon the geometric
parameters and on r . Here, � 2 .0; 1/ is assumed to be small, depending upon the
geometric parameters, and fixed.

Hence, for every i , we have sets K�;i � BNs.xi /, satisfying (3.20). Taking into
account (3.11), we obtain thatˇ̌̌

Bx� n
[
i

K�;i

ˇ̌̌
�

X
i

ˇ̌
Bsi .xi / nK�;i

ˇ̌
� C.r/E1;

so that

kV k.Cx�/ � Q!mx�m C C0
Z

Cx�
jpTV � p� j2 dkV k C C.r/E1

� Q!mx�
m
C C.r/E1:

Hence, by (2.1), Z
Bx�

jx?j2

jxjmC2
dkV k D

kV k.Bx�/
!mx�m

�‚.0/ � C.r/E1:

Now the conclusion can be obtained following e.g. [20, Section 1]; see in particular
[20, Lemmas 1.7 and 1.8]. In particular, by (the proof of) [20, Lemma 1.8], choosing
coordinates .x; y/ 2 RmCn,

(3.34)
Z

Bx�
jyj2 dkV k � C.r/E1:

Also, by Theorem 3.1, we have that

spt.V / \ Cx� � Rm � NB
C.r/E1=.2m/

1

.0/;

provided that E1 is small enough, depending upon r and the geometric parameters.
Hence, if E1 is small enough, depending upon r and the geometric parameters, we
have by (3.34) that Z

C.rCx�/=2
jyj2 dkV k � C.r/E1:

Now, the conclusion follows from the subharmonicity of jyji , as in [20, Lemma 1.7];
see e.g. [1, Theorem 7.5 (6)] or [12, Proposition 2.3].

3.4. Improved Lipschitz approximation

The improved height bound of Theorem 1.9 yields an improved version of the Lipschitz
approximation of Theorem 3.3.
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Proof of Theorem 1.11. Theorem 1.11 is proved exactly as Theorem 3.3, but relying
on Theorem 1.9 in place of Theorem 3.1. The only thing to notice is that if � is smaller
than a geometric constant, then, for every ˛ 2 .0; �/, we have j log ˛j1�1=m˛1=m �
j log�j1�1=m�1=m.

3.5. Excess decay

From Theorem 3.5, Theorem 1.12 follows almost immediately. We are going to prove
Theorem 3.5 following the blueprint in [7].

Theorem 3.5. Let V be stationary in B5. Then, given any ı 2 .0; 1/, there exists a
threshold " D ".ı;Q;m; n/ > 0 and an � D �.ı;Q;m; n/ 2 .0; 1/ such that if

E.V;B5/ < ";(3.35)
Hm

�®
x 2 spt.V / \ B5 W ‚.x/ < Q

¯�
< ";(3.36)

Q � " �
kV k.B1/
!m

�
kV k.B5/
!m5m

< QC ";(3.37)

then

(3.38) E.V;B5�/ � �2�2ıE.V;B5/:

To prove Theorem 3.5, we need a technical lemma which states that if a Q-valued
function f is almost harmonic, in a weak sense, and over a large set its support consists
of a single sheet, then f is close, in L2, to a single-valued harmonic function counted
with multiplicity Q.

Lemma 3.6 (Harmonic approximation). Consider B1 � Rm. For any � > 0, there
exists a threshold "A D "A.�;Q;m; n/ > 0 with the following property. If a function
f 2 W 1;2.B1;AQ.R// with Dir.f; B1/ � 1 satisfies

(3.39)
ˇ̌̌̌ Z
B1

QX
iD1

r' �Dfi

ˇ̌̌̌
� "Akr'kL1 for every ' 2 C 1c .B1/

and

(3.40) Lm
�®
x 2 B1 W f .x/ ¤ QJ� ı f K.x/

¯�
� "A;

there exists a harmonic function u 2 W 1;2.B1/ with
R
B1
jruj2 � 1=Q such that

(3.41)
Z
B1

G
�
f;QJuK

�2
� �:
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Proof. We argue by contradiction, so we take�>0 and a sequence of functions .fj /j �
W 1;2.B1;AQ.R// with Dir.fj ; B1/ � 1, satisfying (3.39) and (3.40) with 2�j�1 in
place of "A, but such that (3.41) fails for every harmonic function u 2 W 1;2.B1/ withR
B1
jruj2 � 1=Q. We setEj WD

S
h�j ¹x 2 B1 W fh.x/¤QJ� ı fhK.x/º; notice that

Lm.Ej / � 1=2
j .

Set Nfj WD � ı fj 2 W
1;2.B1/ with

R
B1
jr Nfj j

2 � 1=Q. Indeed, if f D
P
iJfiK,

then a.e. we haveˇ̌
D.� ı f /

ˇ̌2
D

1

Q2

ˇ̌̌X
i

Dfi

ˇ̌̌2
�

1

Q2
Q
X
i

jDfi j
2;

where we used Holder’s inequality. By the Poincaré inequality, there exists a sequence
.cj /j � R such that . Nfj � cj /j is bounded in L2.B1/. Now, using the notation�X

i

JPiK
�
	 c WD

X
i

JPi � cK;

we compute

G
�
fj 	 cj ;QJ0K

�
� G

�
fj 	 cj ;QJ Nfj � cj K

�
C G

�
QJ Nfj � cj K;QJ0K

�
D G

�
fj 	 Nfj ;QJ0K

�
C
p
Qj Nfj � cj j:

(3.42)

Set gj WD G .fj 	 Nfj ; QJ0K/. Recall that gj D 0 a.e. on B1 n E1, and moreoverR
B1
jrgj j

2 � C0 for every j . Hence, by the Poincaré inequality, we see that the first
term at the right-hand side of (3.42) is bounded in L2.B1/ uniformly in j . Also, the
second term at the right-hand side of (3.42) is bounded in L2.B1/ uniformly in j , by
the choice of cj . Hence, we see that .fj 	 cj /j is bounded in L2.B1/.

Therefore, by [11, Proposition 2.11] and the Sobolev embedding, up to passing
to a non-relabeled subsequence, we have f 2 W 1;2.B1;AQ.R// and Nf 2 W 1;2.B1/

with
R
B1
jr Nf j2 � 1=Q such that fj 	 cj ! f strongly in L2.B1/, and Nfj � cj ! Nf

strongly in L2.B1/ and weakly in W 1;2.B1/. Up to passing to a further, non-relabeled
subsequence, we can assume that the convergence is also pointwise. It then follows
that f D QJ� ı f K D QJ Nf K a.e., as still Lm.Ej /! 0.

Now we notice that if ' 2 C 1c .B1/, we have for every j that

Q

ˇ̌̌̌ Z
B1

r' � r Nfj

ˇ̌̌̌
� Q

ˇ̌̌̌ Z
B1\Ej

r' � r Nfj

ˇ̌̌̌
C

ˇ̌̌̌ Z
B1nEj

QX
iD1

r' �D
�
.fj /i

�ˇ̌̌̌

� Q

ˇ̌̌̌ Z
B1\Ej

r' � r Nfj

ˇ̌̌̌
C

ˇ̌̌̌ Z
B1

QX
iD1

r' �D
�
.fj /i

�ˇ̌̌̌

C

ˇ̌̌̌ Z
B1\Ej

QX
iD1

r' �D
�
.fj /i

�ˇ̌̌̌
:

(3.43)
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To deal with the first term at the right-hand side of (3.43), we notice that by Holder’s
inequality,ˇ̌̌̌ Z

B1\Ej

r' � r Nfj

ˇ̌̌̌
� kr'kL1

�
Lm.Ej /

�1=2�Z
B1

jr Nfj j
2

�1=2
� C0kr'kL1

�
Lm.Ej /

�1=2
;

and the third term at the right-hand side of (3.43) is estimated similarly. Now, the
remaining term converges to 0 thanks to our assumption in the contradiction argument.
Hence, using also the weak convergence Nfj ! f in W 1;2.B1/, we see thatZ

B1

r' � r Nf D 0 for every ' 2 C 1c .B1/:

Therefore, Nf is a classical harmonic function with
R
B1
jr Nf j2 � 1=Q, and this is a

contradiction as fj 	 cj ! f D QJ Nf K in L2.B1/.

Proof of Theorem 3.5. In the course of the proof, several quantities will appear. We
briefly describe the relations among these quantities. First, ı is as in the statement, and
we recall thatm;n;Q are the geometric parameters. Then, we will have ";�;�;� 2 .0;1/.
The parameter � will be fixed depending only upon the geometric parameters. Then, at
the end of the proof, we fix � depending upon the geometric parameters and ı. Then,
we fix � depending upon the geometric parameters, � and ı. Finally, we will fix ",
depending upon the geometric parameters, �, �, and ı, hence, ultimately depending
upon the geometric parameters and ı.

Up to a rotation, we assume that E.V;B5/ D E.V;B5; �0/. First, we claim that
if " is smaller than a constant depending upon the geometric parameter, then V \
¹.x; y/ 2 RmCn W jxj < 4; jyj < 1º is stationary in C4, kV k.C4/!m4m

< Q C 1=2, and
spt.V \ ¹.x; y/ 2 RmCn W jxj < 4; jyj < 1º/ � ¹.x; y/ 2 RmCn W jyj < �º, where
� 2 .0; 1/ will be specified at the end of the proof. We prove this by contradiction, so
take a sequence of varifolds .Vi /i as in the assumptions of the statement for "& 0, but
not satisfying the claim above. By the compactness theorem of integral varifolds (e.g.
[19]), we have that Vi converges to the integral varifold V1 (in the sense of varifolds),
up to a non-relabeled subsequence. Hence,

Q �
kV1k.B2/
!m2m

�
kV1k.B5/
!m5m

� Q

and E.V1;B5; �0/ D 0. This implies that V1 \ B5 DQJ�0K\ B5, so that we obtain
a contradiction as spt.Vi /! spt.V / in the Kuratowski sense in B5 and Vi ! V1 in
the sense of varifolds in B5.
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From now on, we are going to work with the varifold V \¹.x; y/2RmCn W jxj<4;

jyj < 1º in place of V . As this coincides with the original varifold in B1, replacing
the varifold is harmless to the aims of our theorem. We recall the properties that V
satisfies kV k.C4/

!m4m
< QC 1=2,

spt.V / �
®
.x; y/ 2 RnCm W jyj � �

¯
;(3.44)

E4 D E.V;C4; �0/� .5=4/m" and Hm
�®
x 2 spt.V /\C4 W ‚.V; x/ <Q

¯�
< ":

We are going to denote E.V;B5; �0/ simply by E, so that E4 � .5=4/mE. Notice that
if E D 0, then there is nothing to show, so that we will assume that E > 0.
Step 1. Fix � 2 .0; 1/ small enough, depending upon the geometric parameters, so that
we apply Theorem 3.3 and obtain a Q-valued Lipschitz function f W B1 ! AQ.Rn/.
Hence, we can, and will, absorb the factor ��1 in the constant that depends upon the
geometric parameters.

We record the following two conclusions, given by (3.18) and (3.19), respectively:

M WD

R
B1
jDf j2

E
_ 1 �

C0�
�1E4
E

_ 1 � C0;

andˇ̌̌̌ Z
B1

QX
iD1

r' �Dfi

ˇ̌̌̌
� C0kr'kL1

E4
��1
� C0kr'kL1E for every ' 2 C 1c .B1/:

Also, by (1.11), (3.11), and (3.36), we deduce that

(3.45) Lm
�®
x 2 B1 W f .x/ ¤ QJ� ı f K.x/

¯�
� C0�

�1EC " � C0":

Step 2. Thanks to the estimates of Step 1, we can apply Lemma 3.6 to f
p
ME

, provided
that " is smaller than a quantity depending upon the geometric parameters and � (which
will be specified at the end of the proof), and obtain that there exists a harmonic function
u W B1 ! Rn with

(3.46)
Z
B1

G
�
f;QJuK

�2
� C0�E and

Z
B1

jruj2 �ME � C0E:

We set z0 WD .0;u.0// and N� to be the affine plane parallel to the image of the differential
of the map x 7! .x; u.x// at 0 and passing through z0.

Step 3. We notice that, using (3.46),

kukL1.B1/ � C0

�Z
B1

G
�
QJuK; f

�2�1=2
C C0

�Z
B1

G
�
f;QJ0K

�2�1=2
� C0.�E/1=2 C C0�;
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where the last equality is due to (3.44) with (1.12). Hence, by the mean-value property
for harmonic functions,

(3.47) dist.z0; �0/ D
ˇ̌
u.0/

ˇ̌
� C0kukL1.B1/ � C0.E

1=2
C �/ � E1=4 C �1=4;

provided that �; " are smaller than a geometric constant, which we will from now on
assume, and

jp�?
0
� p N�? j � C

nX
jD1

ˇ̌
ruj .0/

ˇ̌
� C0kukL1.B1/ � C0.E

1=2
C �/:

Also, for � 2 .0; 1=2/,

(3.48) sup
x2B�

ˇ̌
u.x/ � u.0/ � ru.0/x

ˇ̌2
� C0�

4

Z
B1

jruj2 � C0�
4E;

and this follows from standard facts concerning harmonic functions, e.g., [7, Lemma 6.2],
and (3.46).

Now, for z 2 spt.V / \ B1=2, we estimate, by the previous inequalities and (3.44),

dist.z � z0; N�/ D
ˇ̌
p N�?.z � z0/

ˇ̌
� C0.E1=2 C �/;

so that, by the previous inequality and (3.11),

(3.49)
Z

B1=2n.K��Rn/
dist.z � z0; N�/2 dkV k.z/ � C0E.EC �2/:

For � 2 .0; 1=10/, using (3.22) of the proof of Proposition 3.4 and the area formula as
we did in the proof of Proposition 3.4 (i.e., partitioning B1 in .Ch/h),Z

B5�\.K��Rn/
dist.z � z0; N�/2 dkV k.z/

�

Z
B5�\.K��Rn/

ˇ̌
z � u.0/ � ru.0/p�0.z/

ˇ̌2
‚.�f ; z/ dHm.z/

� C0

Z
B5�\.K��Rn/\�f

G
�
f
�
p�0.z/

�
;QJu.0/Cru.0/p�0.z/K

�2 dHm.z/

� C0

Z
B5�

G
�
f .x/;QJu.0/Cru.0/xK

�2 dLm.x/

� C0

Z
B5�

G
�
f;QJuK

�2 dLm
CC0

Z
B5�

G
�
u.x/; u.0/Cru.0/x

�2 dLm.x/

� C0�EC C0�mC4E;

(3.50)

where for the last inequality we used (3.46) and (3.48).



stationary varifolds 441

All in all, combining (3.49) and (3.50), noticing that if "; � < �4=16, we have that
jz0j D ju.0/j < � (see (3.47)), so that B4�.z0/ � B5� ,

(3.51)
1

�mC2

Z
B4�.z0/

dist.z � z0; N�/2 dkV k

�
�
C0�

�m�2�C C0�
2
C C0�

�m�2.EC �2/
�
E:

Step 4. As B�.0/ � B2�.z0/, using [7, Proposition 4.1], we deduce from (3.51) that

E.V;B�; N�/ � C0E
�
V;B2�.z0/; N�

�
�
�
C0�

�m�2�C C0�
2
C C0�

�m�2.EC �2/
�
E

D .C 0��m�4C2ı�C C 0�2ı C C 0��m�4C2ıE/�2�2ıE;

for some C 0 geometric constant, independent of "; �; �; �.
Now we choose � 2 .0; 10/ small enough (depending upon the geometric parameters

and on ı) so that C 0�2ı < 1=100, � 2 .0; �4=16/ small enough (depending upon the
geometric parameters and on � and ı) so that C 0��m�4C2ı� < 1=100, and finally
" 2 .0; �4=16/ small enough (depending upon the geometric parameters, on �, on �,
and on ı) so that our use of Theorem 3.3 and Lemma 3.6 (now � is fixed) is justified,
(3.44) holds, and finally C 0��m�4C2ıE < 1=100. Hence,

E.V;B5�=5; N�/ � 3=100�2�2ıE � .�=5/2�2ıE:

This is exactly (3.38), up to changing �=5 with �.

Proof of Theorem 1.12. We let E WD E.V;B1/. First, we iterate the scale-invariant
form of Theorem 3.5 to obtain that

E.V;B�k / � .�2�2ı/kE D .�k/2�2ıE for every k 2 N:

Notice that we can continue iterating Theorem 3.5 as E.V; B�k / � E.V; B�k�1/ �
� � � � E.V; B1/ < ", as

kV k.Br/
!mrm

< QC " for every r 2 .0; 1/

by (1.15) and the monotonicity formula, and as (3.36) is satisfied for every r 2 .0; 1/
by assumption. Now take any r 2 .0; 1/ and let k 2 N be the unique integer with
r 2 .�kC1; �k�. Then,

E.V;Br/ �
�
�k

r

�m
E.V;B�k / �

1

�m
.�k/2�2ıE � ��m�2C2ı.�kC1/2C2ıE

� ��m�2C2ır2�2ıE;

which gives the claim, recalling that � depends upon the geometric parameters and ı.



c. brena, s. decio and c. de lellis 442

Acknowledgments. – Most of this work was carried out while C. Brena was a
PhD student at Scuola Normale Superiore. The authors thank the referee for useful
comments.

Funding. – This material is based upon work supported by the National Science
Foundation under Grant No. DMS-1926686.

References

[1] W. K. Allard, On the first variation of a varifold. Ann. of Math. (2) 95 (1972), 417–491.
Zbl 0252.49028 MR 0307015

[2] W. K. Allard, On the first variation of a varifold: boundary behavior. Ann. of Math. (2)
101 (1975), 418–446. Zbl 0319.49026 MR 0397520

[3] F. J. Almgren Jr., Almgren’s big regularity paper:Q-valued functions minimizing Dirich-
let’s integral and the regularity of area-minimizing rectifiable currents up to codimension 2.
World Sci. Monogr. Ser. Math. 1, World Scientific Publishing, River Edge, NJ, 2000.
Zbl 0985.49001 MR 1777737

[4] K. A. Brakke, The motion of a surface by its mean curvature. Math. Notes 20, Princeton
University Press, Princeton, NJ, 1978. Zbl 0386.53047 MR 0485012

[5] C. Brena – C. De Lellis – F. Franceschini, C1 rectifiability of stationary varifolds.
2025, arXiv:2503.00649v1.

[6] C. De Lellis, The size of the singular set of area-minimizing currents. In Surveys in differ-
ential geometry 2016. Advances in geometry and mathematical physics, pp. 1–83, Surv.
Differ. Geom. 21, Int. Press, Somerville, MA, 2016. Zbl 1354.49097 MR 3525093

[7] C. De Lellis, Allard’s interior regularity theorem: an invitation to stationary varifolds. In
Nonlinear analysis in geometry and applied mathematics. Part 2, pp. 23–49, Harv. Univ.
Cent. Math. Sci. Appl. Ser. Math. 2, Int. Press, Somerville, MA, 2018. Zbl 1517.49027
MR 3823880

[8] C. De Lellis, The regularity theory for the area functional (in geometric measure theory).
In ICM—International Congress of Mathematicians. Vol. 2. Plenary lectures, pp. 872–913,
EMS Press, Berlin, 2023. Zbl 1561.28024 MR 4680272

[9] C. De Lellis – E. Spadaro, Regularity of area minimizing currents I: gradientLp estimates.
Geom. Funct. Anal. 24 (2014), no. 6, 1831–1884. Zbl 1307.49043 MR 3283929

[10] C. De Lellis – E. Spadaro, Multiple valued functions and integral currents. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5) 14 (2015), 1239–1269. Zbl 1343.49073 MR 3467655

[11] C. De Lellis – E. N. Spadaro, Q-valued functions revisited. Mem. Amer. Math. Soc. 211
(2011), no. 991, vi+79. Zbl 1246.49001 MR 2663735

[12] G. De Philippis – C. Gasparetto – F. Schulze, A short proof of Allard’s and Brakke’s
regularity theorems. Int. Math. Res. Not. IMRN 2024 (2024), no. 9, 7594–7613.
Zbl 1551.35094 MR 4742836

https://doi.org/10.2307/1970868
https://zbmath.org/?q=an:0252.49028
https://mathscinet.ams.org/mathscinet-getitem?mr=0307015
https://doi.org/10.2307/1970934
https://zbmath.org/?q=an:0319.49026
https://mathscinet.ams.org/mathscinet-getitem?mr=0397520
https://zbmath.org/?q=an:0985.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1777737
https://doi.org/10.1515/9781400867431
https://zbmath.org/?q=an:0386.53047
https://mathscinet.ams.org/mathscinet-getitem?mr=0485012
https://arxiv.org/abs/2503.00649v1
https://zbmath.org/?q=an:1354.49097
https://mathscinet.ams.org/mathscinet-getitem?mr=3525093
https://zbmath.org/?q=an:1517.49027
https://mathscinet.ams.org/mathscinet-getitem?mr=3823880
https://doi.org/10.4171/ICM2022/122
https://zbmath.org/?q=an:1561.28024
https://mathscinet.ams.org/mathscinet-getitem?mr=4680272
https://doi.org/10.1007/s00039-014-0306-3
https://zbmath.org/?q=an:1307.49043
https://mathscinet.ams.org/mathscinet-getitem?mr=3283929
https://doi.org/10.2422/2036-2145.201306_002
https://zbmath.org/?q=an:1343.49073
https://mathscinet.ams.org/mathscinet-getitem?mr=3467655
https://doi.org/10.1090/S0065-9266-10-00607-1
https://zbmath.org/?q=an:1246.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=2663735
https://doi.org/10.1093/imrn/rnad281
https://doi.org/10.1093/imrn/rnad281
https://zbmath.org/?q=an:1551.35094
https://mathscinet.ams.org/mathscinet-getitem?mr=4742836


stationary varifolds 443

[13] G. Del Nin – K. O. Idu, Geometric criteria for C 1;˛-rectifiability. J. Lond. Math. Soc. (2)
105 (2022), no. 1, 445–468. Zbl 1538.28009 MR 4411328

[14] L. C. Evans – R. F. Gariepy, Measure theory and fine properties of functions. Revised
edn., Textb. Math., CRC Press, Boca Raton, FL, 2015. Zbl 1310.28001 MR 3409135

[15] J. Hirsch – L. Spolaor, Dimension of the singular set for 2-valued stationary Lipschitz
graphs. 2023, arXiv:2401.00279v1.

[16] U. Menne, A Sobolev Poincaré type inequality for integral varifolds. Calc. Var. Partial
Differential Equations 38 (2010), no. 3-4, 369–408. Zbl 1194.49066 MR 2647125

[17] U. Menne, Second order rectifiability of integral varifolds of locally bounded first variation.
J. Geom. Anal. 23 (2013), no. 2, 709–763. Zbl 1263.49054 MR 3023856

[18] R. Schätzle, Lower semicontinuity of the Willmore functional for currents. J. Differential
Geom. 81 (2009), no. 2, 437–456. Zbl 1214.53011 MR 2472179

[19] L. Simon, Lectures on geometric measure theory. Proc. Centre Math. Anal. Austral. Nat.
Univ. 3, Australian National University, Centre for Mathematical Analysis, Canberra, 1983.
Zbl 0546.49019 MR 0756417

[20] L. Spolaor, Almgren’s type regularity for semicalibrated currents. Adv. Math. 350 (2019),
747–815. Zbl 1440.49048 MR 3948685

[21] E. M. Stein, Singular integrals and differentiability properties of functions. Princeton
Math. Ser. 30, Princeton University Press, Princeton, NJ, 1970. Zbl 0207.13501
MR 0290095

Received 18 June 2024

Camillo Brena
School of Mathematics, Institute for Advanced Study
1 Einstein Dr., Princeton, NJ 08540, USA
cbrena@ias.edu

Stefano Decio
Department of Mathematics, ETH Zürich
Rämistrasse 101, 8092 Zürich, Switzerland
stefano.decio@math.ethz.ch

Camillo De Lellis
School of Mathematics, Institute for Advanced Study
1 Einstein Dr., Princeton, NJ 08540, USA
Gran Sasso Science Institute
Viale Francesco Crispi, 7, 67100 L’Aquila, Italy
camillo.delellis@ias.edu

https://doi.org/10.1112/jlms.12520
https://zbmath.org/?q=an:1538.28009
https://mathscinet.ams.org/mathscinet-getitem?mr=4411328
https://doi.org/10.1201/b18333
https://zbmath.org/?q=an:1310.28001
https://mathscinet.ams.org/mathscinet-getitem?mr=3409135
https://arxiv.org/abs/2401.00279v1
https://doi.org/10.1007/s00526-009-0291-9
https://zbmath.org/?q=an:1194.49066
https://mathscinet.ams.org/mathscinet-getitem?mr=2647125
https://doi.org/10.1007/s12220-011-9261-5
https://zbmath.org/?q=an:1263.49054
https://mathscinet.ams.org/mathscinet-getitem?mr=3023856
https://doi.org/10.4310/jdg/1231856266
https://zbmath.org/?q=an:1214.53011
https://mathscinet.ams.org/mathscinet-getitem?mr=2472179
https://zbmath.org/?q=an:0546.49019
https://mathscinet.ams.org/mathscinet-getitem?mr=0756417
https://doi.org/10.1016/j.aim.2019.04.057
https://zbmath.org/?q=an:1440.49048
https://mathscinet.ams.org/mathscinet-getitem?mr=3948685
https://zbmath.org/?q=an:0207.13501
https://mathscinet.ams.org/mathscinet-getitem?mr=0290095
mailto:cbrena@ias.edu
mailto:stefano.decio@math.ethz.ch
mailto:camillo.delellis@ias.edu

	1. Introduction
	1.1. Conjectures
	1.2. Rectifiability
	1.3. Main statements
	1.4. Catenoids
	1.5. Comparison with the existing literature

	2. Preliminaries
	3. Proof of the main results
	3.1. First height bound
	3.2. First Lipschitz approximation
	3.3. Improved height bound
	3.4. Improved Lipschitz approximation
	3.5. Excess decay

	References

