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A multiscale cavity method for sublinear-rank symmetric
matrix factorization

Jean Barbier, Justin Ko, and Anas A. Rahman

Abstract. We consider a statistical model for symmetric matrix factorization with additive
Gaussian noise in the high-dimensional regime, where the rank of the signal matrix to infer M
scales with its size N as M D o.

p
lnN/. Allowing for an N -dependent rank offers new chal-

lenges and requires new methods. Working in the Bayes-optimal setting, we show that whenever
the signal has i.i.d. entries, the limiting mutual information between signal and data is given by
a variational formula involving a rank-one replica symmetric potential. In other words, from
the information-theoretic perspective, the case of a (slowly) growing rank is the same as when
M D 1 (namely, the standard spiked Wigner model). The proof is primarily based on a novel
multiscale cavity method allowing for growing rank along with some information-theoretic
identities on worst noise for the vector Gaussian channel. We believe that the cavity method
developed here will play a role in the analysis of a broader class of inference and spin models
where the degrees of freedom are large arrays instead of vectors.

1. Introduction

Reconstructing a low-rank signal matrix observed through a noisy channel with high-
est possible accuracy is of fundamental importance across a range of disciplines
including statistical inference, machine learning, signal processing, and information
theory. This task encompasses a variety of models that have attracted considerable
attention over the last decade, such as sparse principal component analysis and Z2
synchronization [23, 45], the stochastic block model for community detection [1, 22],
and submatrix localization [20,35], just to cite a few. A common theme unifying these
models is that they are either examples of, or are otherwise closely related to, the gen-
eral notion of spiked matrix models [5, 38, 59] of the form “signal plus noise” that
were introduced at the turn of this century.
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In this work, we consider the archetypal spiked Wigner model, where one observes
a symmetric deformation of a standard Wigner matrix. The data is generated as

Y D

r
�

N
X0X

|

0 CZ ; (1.1)

where X0 2 RN�M is the signal matrix distributed according to some prior distribu-
tion PX;N;M ,Z 2RN�N is a standard Wigner matrix withZ i i �N .0;2/ (1� i �N/
andZ ij D Zj i �N .0; 1/ (1 � i < j � N ) independently and identically distributed
(i.i.d.), � � 0 is the signal-to-noise ratio (SNR), and the scaling by

p
N is such that

the signal and noise are of comparable magnitudes. From another perspective, we
may say that we observe the spikeX0 corrupted by additive Gaussian noise; note that
results concerning this model extend to a wide range of noisy observation channels
due to recently proven universality principles [31, 32, 42, 44].

We study the free entropy (equivalently, up to a simple additive term, the mutual
information I.X0IY /; see, e.g., [43])

FN .�/ WD FN;M .�/ D
1

NM
EZ ;X0 lnZN;M (1.2)

of the model (1.1) in the thermodynamic limit N;M !1 with the rank M D MN

growing sufficiently slowly with N . Here,

ZN;M WD

Z
RN�M

eHN .X/ dPX;N;M .X/ (1.3)

denotes the partition function associated with the Hamiltonian

HN .X/ WD
1

2
Tr
�r

�

N
ZXX|

C
�

N
X0X

|

0XX
|
�

�

2N
XX|XX|

�
I (1.4)

in the language of Bayesian inference rather than statistical physics, the partition func-
tion is simply the normalization of the posterior distribution PXjY;N;M .X j Y .X0;Z //

and the Hamiltonian is the log-likelihood. In order to take advantage of replica sym-
metry (i.e., concentration of measure) [6, 10, 43], we moreover work in the Bayes-
optimal setting, which means that in addition to the observed data Y , the statistician
charged with reconstructing X0 from Y also has knowledge of the form (1.1) of Y ,
the prior distribution PX;N;M of the signalX0, the SNR �, and the rankM ofX0X

|

0.
Focusing on the Bayesian viewpoint, various applications of (the adaptive) inter-

polation methods, the cavity method, and the Approximate Message Passing (AMP)
algorithm have been used to study (various generalizations of) the spiked Wigner
model. Studies commenced in the rank M D 1 case [8, 22, 41, 42, 46] before pro-
gressing to the low-rank (i.e., finite-rank) case [43, 47], with recent studies venturing
into the regime of growing rank [13, 37, 48, 61]. In particular, an M -dimensional
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variational formula for the limiting free entropy limN!1 FN .�/ can be surmised
from [61] when M D o.N 1=20/. Our present goal is to continue this line of research
by proving a scalar equivalent of the aforementioned formula (thereby circumvent-
ing the intractability of the M -dependence seen therein) with regime of veracity
M D o.

p
lnN/. This is a significant milestone towards understanding the recent con-

jecture based on the replica method of [60] that the rank-M spiked Wigner model
should behave as its rank-one counterpart, so long as the rank is sublinear, i.e., when
M D o.N /.

It has long been known and utilized that there is a close interplay between sta-
tistical inference and the theory of spin glasses. In particular, the free entropy of
the finite-rank spiked Wigner model is closely related to the free energies of vec-
tor spin glass models, with the main technical challenge in studies of the latter being
the absence of replica symmetry. Variational formulae for free energies of various
vector spin glass models have been proven using synchronization of overlap matri-
ces [12, 26, 39, 40, 57, 58] and Hamilton–Jacobi equations [17–19, 54]; the relevant
order parameters are increasing matrix paths, which are more challenging to deal
with than the matrix-valued order parameters typical of Bayes-optimal inference prob-
lems. Said variational formulae have moreover been recently analyzed and simplified
in [4, 11, 16] through exploitation of inherent symmetries within the studied models
in order to reduce dimensionality of the order parameters. Our main technical contri-
bution in this line of work is a generalization of the Aizenman–Sims–Starr scheme [3]
to multiscale mean field models, which in this context are vector spin glass models
with dimension-dependent vector spin coordinates. Using the cavity method instead
of, say, the adaptive interpolation method [47, 61] means that we require only pos-
terior (thermal) concentration of our order parameter, the overlap matrix, rather than
full (quenched) concentration. This in turn enables us to employ a scalar perturbation
parameter (as opposed to a matrix one) in the proof of concentration, leading to more
tractable computations and better rates of convergence. Our secondary contribution is
a proof of the fact that our variational formula for the limiting free entropy reduces
to that of the rank-one spiked Wigner model, owing to a set of simple information-
theoretic inequalities. Said identities are, to the best of our knowledge, not in the
literature and we expect Corollary 2.4, say, to be a valuable addition to the literature
on worst noises [24, 25, 63].

The reduction to rank one mentioned above follows from the fact that the entries
of the signal X0 are i.i.d., which induces exchangeability in the entries of the over-
lap matrix. This is similar to recent simplifications of vector spin Parisi formulae
obtained in [11, 16] through the utilization of underlying symmetries in the Potts
spin glass. Combining these simplifications with our multiscale cavity method has
the potential to extend the corresponding finite-rank vector spin models to sublinear-
rank multiscale models, which is a natural step towards understanding the challenging
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extensive-rank regime M D ‚.N/; see [9,13–15,48,60,65]. In this vein, we foresee
that the relative tractability of our computations will also enable the theory of asym-
metric matrix and tensor factorization [27, 28, 46, 47, 50, 52, 53] to be pushed into the
growing rank regime. Indeed, we find some potential extensions of our methods to
particular related settings are readily observable: In the case of asymmetric matrix
factorization [27, 28, 50, 51, 53], we expect the finite-rank cavity method of [50] to
extend to the growing rank regime via our multiscale formalism. Likewise for the cav-
ity method employed in the study of symmetric tensor factorization [46]. The missing
ingredient in both of these cases is our result reducing the rank-M model to its rank-
one counterpart. In the present setting, this is done by showing equivalence between
the suprema of a rank-M potential and its rank-one counterpart, introduced below.
In [50], one is instead interested in the supremum of the sum of two such poten-
tials coupled through a quadratic term, while in [46], the relevant potential involves
Hadamard powers of the matrix argumentQ, so that the eigenvalue-based arguments
of Section 3 cannot be used. Further investigation is needed to ascertain if the ideas
of Section 3 can be adapted to overcome these challenges.

2. Setting and main results

2.1. The sublinear-rank spiked Wigner model and the replica symmetric
potential

We study the N;M !1 limit of the free entropy FN .�/ (see (1.2)) of the spiked
Wigner model (1.1) with rank M D o.

p
lnN/ and signal of i.i.d. entries, i.e., the

prior distribution PX;N;M on X0 D .x0;i 2 RM /i�N D .x0;ij 2 R/i�N;j�M fully
factorizes:

PX;N;M .X0/ D

NY
iD1

PX;M .x0;i / D
NY
iD1

MY
jD1

PX .x0;ij /: (2.1)

In addition, we take PX to be a centered distribution with D-bounded support: There
exists 0 � D <1 such that supp PX � Œ�D;D�.

An application of the (non-rigorous) replica method [49, 64] suggests that the
large N limit of FN .�/ is given by a variational formula written in terms of the
rank-M replica symmetric potential F RS

M W �M � RC 7! R defined by (with �M the
set of symmetric positive semidefinite M �M matrices)

F RS
M .Q; �/ WD

1

M
Ez;x0 lnZRS

M �
�

4M
TrQ2;

ZRS
M WD

Z
RM

e
p
�x|pQzC�x

|
0
Qx��2 x

|Qx dPX;M .x/;
(2.2)
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where z 2 RM is a standard Gaussian vector and x0 � PX;M (see [46,47]). However,
we find that it is instead given by a formula in terms of the simpler rank-one analog

F RS
1 .q; �/ WD Ez;x0 lnZRS

1 �
�

4
q2;

ZRS
1 WD

Z 1
�1

e
p
�qzxC�qx0x�

1
2�qx

2

dPX .x/;
(2.3)

with z � N .0; 1/ and x0 � PX . Thus, we have as our main result that, under our
hypotheses above in addition to two further technical hypotheses concerning vector
and scalar analogs of our channel (1.1), theN !1 limit of the free entropy FN .�/ is
given by the rank-one replica symmetric potential F RS

1 .q; �/ at its supremum over q.

Theorem 2.1 (Rank-one replica formula for the growing-rank spiked Wigner model).
Assume the following hypotheses:

(H1) The rankM DMN 2N is such thatM D o.
p

lnN/ andMNC1 �MN � 1

for all N 2 N.

(H2) The prior distribution PX;N;M on X0 fully factorizes as in equation (2.1).

(H3) The distribution PX is centered with D-bounded support.

(H4) The distribution PX is such that for PX;M D P˝MX and all constantm�M ,

�m.�/ WD sup
Q2�m

F RS
m .Q; �/ (2.4)

is real analytic in � on Œ0;1/ except for possibly one critical point (phase
transition) 0 < �c <1, independent of m.

(H5) Letting x0 � PX and z �N .0;1/, the minimum mean-square error (MMSE)
of the scalar Gaussian channel y D

p
�x0 C z,

mmse.�/ WD Ez;x0
��
x0 � EŒx0 j y�

�2�
; (2.5)

is such that �2mmse.�/ is monotone on Œ�00L;1/ for some �00L > 0.

Setting � WD EPXX
2, the limiting free entropy (1.2) of the spiked Wigner model (1.1)

is then given in terms of the replica symmetric potential (2.3) by

lim
N!1

FN .�/ D lim
N!1

FN;MN .�/ D sup
q2Œ0;��

F RS
1 .q; �/: (2.6)

As a consequence, we have the following formula for the limiting minimum mean-
square error of the spiked Wigner model:

lim
N!1

MMSEN;MN .�/ D �
2
� q�.�/2; 0 � � ¤ �c ;

MMSEN;M .�/ WD
1

N 2M
EZ ;X0



X0X
|

0 � E
�
X0X

|

0 j Y
�

2

F; (2.7)
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where q�.�/ WD arg maxq2Œ0;�� F
RS
1 .q; �/ is the (unique [43, Proposition 17]) maxi-

mizer of F RS
1 .q; �/ and k�kF denotes the Frobenius norm.

The statement on the minimum mean-square error follows from the I-MMSE for-
mula [33] and the arguments of [43].

We comment on our hypotheses:

(1) We require M D o.N 1=4/ to achieve thermal concentration of the overlap
matrix

R10 WD
1

N
X|X0 D

1

N

NX
iD1

xix
|

0;i (2.8)

with respect to the Gibbs average corresponding to a particular perturbation of the
Hamiltonian HN .X/ (1.4) and M D o.

p
lnN/ for the error terms arising from the

cavity computation to vanish in the large N limit. We believe that this growth rate for
the rank is not fundamental and is rather a limitation of the proof methods. Indeed, we
conjecture that Theorem 2.1 holds for M D o.N /, in line with [37]. The requirement
that MNC1 �MN � 1 is in keeping with the natural notion that the sequence of
matrices X0 has its dimensions M;N growing by increments of 1, with N growing
steadily.

(2) Symmetry properties of PX;N;M owing to its factorized nature encourage the
thermal concentration of R10 onto a scalar multiple of the identity, which in turn
induces an equivalence

sup
q2Œ0;��

F RS
M .qIM ; �/ � sup

q2Œ0;��

F RS
1 .q; �/:

The factorization of the prior is thus key to reducing the dimensionality of the varia-
tional formula (2.6).

(3) Requiring PX to have D-bounded support is not very restrictive and is only a
technical constraint; prior distributions PX with unbounded support can be treated by
truncating them to haveD-bounded support, working in the finiteD regime as in this
paper, and then taking D !1; see, e.g., [43, 47].

(4) It is believed that for sufficiently slowly growing rank, limN!1 FN .�/ ex-
hibits a single rank-independent phase transition for many natural choices of prior PX
(uniform, Rademacher, Gaussian, simple mixtures, etc.); see [51] and the references
therein; for rank proportional to N , one still observes a unique phase transition, but
it has a rank-dependent location [7]. We assume there is at most one rank-indepen-
dent phase transition and translate this assumption on the model into one for �m.�/
(m �M ). It is difficult to prove this hypothesis in general and it may not hold for
certain (exotic) priors. Nonetheless, a convincing check for its validity is to numeri-
cally evaluate �2.�/, which is easy, and look for a unique first or second order phase
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transition (a discontinuity in its first or second order derivative, which are the standard
transitions in high-dimensional inference problems [69]). The same behavior is then
expected for any fixedm – additional phase transitions can only appear in a large sys-
tem limit. This is sufficient for our argument (in particular, Theorem 2.6). To improve
clarity, we will often refer to hypothesis (H4) when it suffices to take a weaker hypoth-
esis, such as when we require real analyticity of �m.�/ only at low or high SNR, or
at exactly m DM .

(5) As scalar channels are far more tractable than higher-dimensional ones, it
is relatively easy to check monotonicity of �2mmse.�/ in the high SNR regime. In
particular, hypothesis (H5) holds when mmse.�/ is real analytic on Œ�00L;1/ since
mmse.�/ D o.1=�/ as �!1 (see [67]). This includes exponential, finite-alphabet,
and Gaussian distributed signals [34].

Theorem 2.1 manifests equivalence with its rank-one analog, rigorously analyzed
in [8, 43, 47], due to the M -independence of the right-hand side of equation (2.6).
Similar results concerning sublinear-rank models behaving as their finite-rank coun-
terparts exist for mesoscopic spiked perturbations of random matrices [36] and for
spherical integrals [37]. Our results complement these in the context of Bayesian
inference. If hypothesis (H4) is weakened, then Theorem 2.1 holds for all SNR �

greater (smaller) than the largest (smallest) non-analytic value of �. This follows from
straightforward changes to the proof of Theorem 2.6 given at the end of Section 3.

The proof of Theorem 2.1 comprises a lower bound on FN .�/ (which is valid for
M;N 2 N), hence

lim inf
N!1

FN .�/;

obtained by a standard application of Guerra’s interpolation method [30], and a match-
ing upper bound on

lim sup
N!1

FN .�/;

obtained through a multiscale application of the cavity method prescribed by the
Aizenman–Sims–Starr scheme [3]. The novelty of the argument lies in two key in-
gredients: Firstly, we show in Section 3, and summarize in Section 2.2, how the
supremum of the rank-M replica symmetric potential �M .�/ (2.4) reduces to its rank-
one analog �1.�/ – this is used to obtain agreement between the aforementioned upper
and lower bounds and moreover improves the tractability of the right-hand side of
equation (2.6). Secondly, we develop in Section 5 a cavity method that is able to treat
sequences FN;M .�/ indexed by two growing dimensions instead of one, as is usually
the case. In addition to the rank-one reduction of Section 3, said cavity computations
also use the lower bound on FN .�/ that we obtain via Guerra’s interpolation method
and thermal concentration of the overlap matrix R10. We present these two prerequi-
site results, which are proven through relatively standard methods, in Section 4; the
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contents of Sections 4 and 5 are summarized in Section 2.3. We emphasize that all
results but one in this paper hold for M growing at certain polynomial rates in N .

For convenience of later analysis, it is helpful to re-express the replica symmetric
potential in terms of the mutual information of the M -dimensional vector Gaussian
channel (see Appendix A):

F RS
M .Q; �/ D �

1

M
I
�
x0I

p
�Qx0 C z

�
�

�

4M
kQ � �IMk

2
F C

��2

4
; (2.9)

where z � N .0; IM / is standard Gaussian noise and x0 � PX;M .

Remark 2.2 (Properties of the replica symmetric potential). The squared Frobenius
norm kQ � �IMk2F is a convex paraboloid with minimum at Q D �IM , while the
mutual information I.x0I

p
�Qx0C z/ is a concave, non-decreasing monotone func-

tion of Q (see [33, 62]): for Q1;Q2 2 �M , 0 � t � 1, and z; z0; z00 � N .0; IM /

independent, we have

tI
�
x0I

p
�Q1x0 C z

�
C .1 � t /I

�
x0I

p
�Q2x0 C z

0
�

� I
�
x0I

p
�.tQ1 C .1 � t /Q2/x0 C z

00
�
:

The problem of maximizing F RS
M .Q; �/ overQ therefore translates to one of compar-

ing these two competing terms. For each m 2 N andQ 2 �m, F RS
m .Q; �/� ��2=4 is

a non-increasing, monotone, continuous, convex function of �. Thus, the same holds
true for �m.�/ � ��2=4 D supQ2�m

F RS
m .Q; �/ � ��2=4.

2.2. Equivalence of the suprema of the rank-M and rank-one replica
symmetric potentials

We link the supremum of the rank-M replica symmetric potential F RS
M .Q; �/ to its

rank-one equivalent through a series of intermediary results. The first two are of par-
ticular interest due to their being a statement on the worst possible additive Gaussian
noise in a vector channel with i.i.d. inputs.

Lemma 2.3 (Off-diagonal entries of the noise covariance bolster information). Ass-
ume hypothesis (H2) and let x0 � PX;M , x0 � PX , z � N .0; IM /, and z � N .0; 1/.
Then, for † 2 �M , the mutual information between x0 and the output of the vector
channel with additive Gaussian noise †1=2z of covariance † satisfies

I
�
x0Ix0 C†

1=2z
�
�

MX
iD1

I
�
x0I x0 C

p
†i iz

�
: (2.10)

This inequality is an equality if † is diagonal.
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We prove this lemma in Section 3.1 and use it in Section 3.3, with†D .�Q/�1, to
give a partial proof of Theorem 2.6 below. Indeed, due to convexity properties of the
squared Frobenius norm in equation (2.9), Lemma 2.3 only supplies a proof of The-
orem 2.6 when the eigenvalues of Q are restricted to be sufficiently large. However,
we are able to utilize a convexity result of [66] on signals drawn from distributions
withD-bounded supports in order to formulate a parallel proof for whenQ has small
eigenvalues and obtain the following corollary of Lemma 2.3.

Corollary 2.4 (Worst Gaussian noise with covariance of fixed trace). Let † 2 �M

be such that †i i � D2 for each 1 � i �M and let � WD Tr†=M be its normalized
trace. Then, in the setting of Lemma 2.3 with PX havingD-bounded support, we have
that

I
�
x0Ix0 C†

1=2z
�
�MI

�
x0I x0 C

p
�z
�
: (2.11)

This inequality is an equality if † D �IM .

The partial proofs of Theorem 2.6 emerging from Lemma 2.3 and Corollary 2.4
are interestingly dual to each other in the sense that the first proof focuses on the diag-
onal entries of †, while the second focuses instead on its eigenvalues; note that these
parameters coincide when † is diagonal. This shift in focus means that the roles of
the mutual information and the squared Frobenius norm in the expression (2.9) are
reversed in the two partial proofs. Importantly, said partial proofs correspond respec-
tively to regimes of high and low SNR due to the following properties, proven in
Section 3.2, of maximizers Q�.�/ of F RS

M .Q; �/ linking the regime of Q having
large (small) eigenvalues to that of high (low) SNR.

Proposition 2.5 (Properties of Q�.�/). Assume hypotheses (H2) and (H4). Let PX
be centered with bounded second moment � D EPXX

2 and let Q�.�/ 2 �M be such
that

F RS
M

�
Q�.�/; �

�
D �M .�/:

Then, we have thatQ�.�/ and its eigenvalues q�1 ; : : : ; q
�
M have the following proper-

ties:

(1) 0 � q�1 ; : : : ; q
�
M � � for all � � 0.

(2) kQ�.�/kF is continuous for all � � 0 except possibly at � D �c .

(3) Given �0S 2 .0; �/, there exists 0 < �0S < �c such that 0 � q�1 ; : : : ; q
�
M < �0S

for all 0 � � < �0S .

(4) Given �0L 2 .0; �/, there exists �0L > �c such that �0L < q
�
1 ; : : : ; q

�
M � � for

all � > �0L.

Thus, in Section 3.3, we first prove the following theorem in the high and low SNR
regimes before finally using analytic continuation in � of �m.�/ (m � M ), assumed
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to be real analytic for all � ¤ �c by hypothesis, to extend the regime of veracity to
the entirety of the positive real line.

Theorem 2.6 (Rank-one reduction). Assume hypotheses (H2)–(H5). We then have for
all SNR � � 0 that

sup
Q2�M

F RS
M .Q; �/ D sup

q2Œ0;��

F RS
1 .q; �/:

2.3. Bounding the limiting free entropy via the interpolation and multiscale
cavity methods

The proof of Theorem 2.1 is a combination of the following two results (see Sec-
tion 5.4).

Proposition 2.7 (Free entropy lower bound). Under hypotheses (H2)–(H5), we have
for any M;N � 1 that

FN .�/ � sup
q2Œ0;��

F RS
1 .q; �/:

Proposition 2.8 (Free entropy upper bound). Under the assumptions of Theorem 2.1,
we have that

lim sup
N!1

FN .�/ � sup
q2Œ0;��

F RS
1 .q; �/: (2.12)

Proposition 2.7 is proven in Section 4.1 using a standard application (apart from
the use of Theorem 2.6) of Guerra’s interpolation method [30, 42, 43], while Proposi-
tion 2.8 requires a non-trivial adaptation of the cavity method. In the standard cavity
computation for finite rank-models [43], one begins by Cesàro summing a telescoping
series to obtain the upper bound

lim sup
N!1

zFN .�/ D lim sup
N!1

1

NM

N�1X
nD0

�
EZ ;X0;" ln zZnC1;M � EZ ;X0;" ln zZn;M

�
� lim sup

N!1

1

M

�
EZ ;X0;" ln zZNC1;M � EZ ;X0;" ln zZN;M

�
; (2.13)

where zFN .�/ and zZN;M are perturbations of the free entropy and partition function
defined by equations (1.2) and (1.3), but withHN .X/ replaced by a perturbed Hamil-
tonian

zHN;".X/ WD HN .X/CHN;".X/ (2.14)

and the expectation now containing an average over the perturbation parameter " and
any additional randomness due to the perturbation Hamiltonian HN;".X/. This latter
Hamiltonian is carefully chosen to induce concentration of the overlap matrix R10
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(see (2.8)) in the small " regime; we show in Section 4.3 that for HN;".X/ defined
by equation (2.22) forthcoming, lim supN!1 zFN .�/ serves as an upper bound for
the left-hand side of inequality (2.12), so bounding it by the right-hand side of said
inequality completes the proof of Proposition 2.8. In the present setting, the rank
M DMN grows as a function of N , so inequality (2.13) becomes

lim sup
N!1

zFN .�/ � lim sup
N!1

1

MN

�
EZ ;X0;" ln zZNC1;MNC1 � EZ ;X0;" ln zZN;MN

�
;

which is no longer amenable to the standard Aizenman–Sims–Starr approach [3, 43]:
there are two growing, interacting scales that need to be considered jointly. This
challenge can be overcome by putting the N and M parameters on equal footing
and splitting the n- and mn-dependencies within our telescoping sum (now letting
0 � mn � MN be a rank parameter scaling with 0 � n � N as MN does with N )
across two separate sums. Thus, we proceed by defining

z�N .n/ WD EZ ;X0;" ln zZnC1;mnC1 � EZ ;X0;" ln zZn;mnC1 ;

z�M .n/ WD EZ ;X0;" ln zZn;mnC1 � EZ ;X0;" ln zZn;mn ;

and observing that

zFN .�/ D
1

NMN

�N�1X
nD0

z�N .n/C

N�1X
nD0

z�M .n/

�
I (2.15)

the upshot here is that each of the summands in the above is a finite difference of two
terms that differ only in one index. Simplifying the right-hand side of equation (2.15),
as detailed in Section 5.1, then leads to the following identity bounding the limit
supremum of the right-hand side of equation (2.15) by a tractable convex combination.

Theorem 2.9 (Multiscale Aizenman–Sims–Starr scheme). LettingM DMN 2N be
an increasing sequence, there exist some 0 � ˛; ˇ � 1 such that

lim sup
N!1

zFN .�/ � ˛ lim sup
N!1

�N

M
C .1 � ˛/ lim sup

N!1

�M

N
; (2.16)

lim inf
N!1

zFN .�/ � ˇ lim inf
N!1

�N

M
C .1 � ˇ/ lim inf

N!1

�M

N
; (2.17)

where

�N WD EZ ;X0;" ln zZNC1;MNC1 � EZ ;X0;" ln zZN;MNC1 ; (2.18)

�M WD EZ ;X0;" ln zZN;MNC1 � EZ ;X0;" ln zZN;MN : (2.19)

Furthermore, if M D bf .N /c for some differentiable, strictly increasing function
(e.g., a monotonic cubic interpolation of the strictly increasing subsequence of MN
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such that MN DMN�1 C 1) f WRC ! RC, then we have

lim inf
N!1

f .N � 1/

f .N /CNf 0.N /
� ˇ � ˛ � lim sup

N!1

f .N /

f .N /CNf 0.N /
: (2.20)

Remark 2.10. (1) For 
 2 .0; 1�, the bounds of Theorem 2.9 hold with ˛ D ˇ D

.1C 
/�1 for sublinear polynomial growth f .N / D N 
 , while if f .N / D .lnN/
 ,
we instead have ˛ D ˇ D 1. Taking 
 ! 0 recovers the usual Aizenman–Sims–Starr
scheme.

(2) Our interest is primarily in the bound (2.16), but inequality (2.17) shows that
these results are sharp in the sense that if the limits on the right-hand sides exist and
˛ D ˇ, then we have the equality

lim
N!1

zFN .�/ D ˛ lim
N!1

�N

M
C .1 � ˛/ lim

N!1

�M

N
:

(3) In contrast to the Bayes-optimal setting, in the usual mixed p-spin models (see,
for example, [56]) or mismatched inference problems [31], the upper bound is typi-
cally proved by interpolation and the lower bound is proved using the cavity method.
In particular, inequality (2.17) will be the relevant bound for the cavity computations
when studying growing rank versions of these models.

We have stated here the multiscale Aizenman–Sims–Starr scheme in terms of
the (perturbed) free entropy for convenience, but it actually holds for any generic
sequence with two growing indices. Indeed, it is a general fact about multiscale
sequences and uses no properties of the log partition function, as can be seen from
the proof presented in Section 5.1. The multiscale cavity method is a powerful tool
because the limit of a two-indices sequence with non-linear asymptotic growth rate
can be computed by finding the limits of differences where one of the coordinates is
fixed, instead of having to deal with increments in both coordinates simultaneously.
In other words, the �N and �M can be computed independently of one another to
isolate the effects of adding one spin or one rank coordinate. In statistical physics par-
lance, this reduces the problem to those of computing a cavity in the spins for fixed
rank dimension and a cavity in the rank for fixed spin dimension in the thermody-
namic limit. The�N is the standard cavity studied in classical models, while the�M
term only appears when examining multiscale models.

With Theorem 2.9 in hand, it remains to bound the limit suprema in the right-hand
side of inequality (2.16) and compute their convex combination. In Section 5.2, we
confirm via the standard fixed-rank cavity computations therein that

lim sup
N!1

�N

M
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is bounded above by the right-hand side of inequality (2.12). Remarkably, thanks to
the rank-one reduction described in Theorem 2.6, it turns out that the novel�M cavity
term also obeys the same bound, hence so too does the right-hand side of inequal-
ity (2.16), as desired – we expect this observation to extend to the full sublinear-rank
regime M D o.N /. This drastic simplification is however not expected to hold in the
regime of extensive rank M D ‚.N/. In that setting, Theorem 2.6 can no longer be
used, so the right-hand sides of Propositions 2.7 and 2.8 become more complicated
and cease to match. Thus, more refined tools are needed to derive extensive-rank
counterparts of said propositions.

In the present sublinear-rank setting, the rank-one equivalence of Theorem 2.6 and
a bootstrapping argument suggests to write the heuristic

�M

N
D

1

N
EZ ;X0;" ln zZN;MNC1 �

1

N
EZ ;X0;" ln zZN;MN

� .MN C 1/ sup
q2Œ0;��

F RS
1 .q; �/ �MN sup

q2Œ0;��

F RS
1 .q; �/

D sup
q2Œ0;��

F RS
1 .q; �/ (2.21)

for N such that MNC1 D MN C 1. In Section 5.3, we present some manipulations
involving Proposition 2.7 and the fixed-rank �N cavity bound to prove that the intu-
ition behind approximation (2.21) is the correct one. As mentioned above, said �N
cavity bound is obtained in Section 5.2 using standard fixed-rank arguments ([3],
[43, Sections 4.3 and 6.2.5]. The idea, then, is to compare the rank M , perturbed,
spiked Wigner model of size N C 1 to that of size N , where we now fix our choice
of perturbation to be

HN;".X/ WD Tr
�p

" zZX|
C "X0X

|
�
"

2
XX|

�
; " 2 ŒsN ; 2sN �; (2.22)

with zZ 2 RN�M a standard Ginibre matrix consisting of i.i.d. standard Gaussian
entries independent of everything else and .sN /N�1 a sequence of numbers in .0; 1/
that decrease slowly to zero as N ! 1. For the size N C 1 model, denoting the
.N C 1/th row of the signal by �0 � PX;M D P˝MX and that of the noise by .�; �/with
� �N .0; IN / and � �N .0; 1/ (the firstN rows beingX0 and .Z ;�|/, respectively)
shows that

zHNC1;"NC1.X ;�/ D H
0
N .X/CHN;"NC1.X/

C �z.X/C �s.X/�|
Cm.�/C r"NC1.�/; (2.23)

H 0N .X/ WD
1

2
Tr
�s

�

N C 1
ZXX|

C
�

N C 1
X0X

|

0XX
|

�
�

2.N C 1/
XX|XX|

�
;
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z.X/ WD

s
�

N C 1
X|�|

C
�

N C 1
X|X0�

|

0;

s.X/ WD �
�

2.N C 1/
X|X ;

m.�/ WD
1

2

�s
�

N C 1
� C

�

N C 1
�0�

|

0 �
�

2.N C 1/
��|

�
��|;

r"NC1.�/ WD
p
"NC1 z��

|
C "NC1�0�

|
�
"NC1

2
��|;

where we have made explicit theN -dependence of "D "N and denoted the .N C 1/th
row of the perturbation noise in HNC1;"NC1.X ; �/ by z�. The point of decomposing
zHNC1;"NC1.X ; �/ into the form (2.23) is that one may similarly observe for

yy.X/ WD
1

2
Tr

 p
�

N
yZXX|

C
�

N 2
X0X

|

0XX
|
�

�

2N 2
XX|XX|

!
;

with yZ an independent copy of Z , that zHN;"N .X/ is statistically equivalent (up to
some lower order terms) to

H 0N .X/CHN;"N .X/C yy.X/

in the sense that the associated partition functions are equal in distribution. Thus, the
difference �N (see (2.18)) can be expressed in terms of averages of exponentials of
the cavity fields z.X/, s.X/,m.�/, r"NC1.�/, yy.X/, andHN;"NC1.X/�HN;"N .X/
with respect to the Gibbs (posterior) average (writing "N as ")

h � i
0
N;" WD

1

Z0N;"

Z
RN�M

� eH
0
N
.X/CHN;".X/ dPX;N;M .X/; (2.24)

Z0N;" WD

Z
RN�M

eH
0
N
.X/CHN;".X/ dPX;N;M .X/: (2.25)

In Section 5.2, we exploit the relative tractability of our cavity fields and the fact that
the noise within them is independent of the noise in H 0N .X/CHN;"N .X/ to control
certain rates of convergence and ultimately deduce that

lim sup
N!1

�N

MN

� sup
q2Œ0;��

F RS
1 .q; �/;

as desired. We emphasize here that although the techniques used in Section 5.2 are
already in the literature, our contribution lies in our tracking the M -dependence of
rates of convergence that arise throughout the computations. These become conse-
quential in the thermodynamic limit when working in the sublinear-rank regime.
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The final key ingredient for carrying out the cavity computation is the thermal con-
centration of the overlap matrix R10 (see (2.8)). This result allows us to replace R10
by the better behaved quantity hR10i0N;" throughout the computations of Section 5.2.
While it is sufficient for our purposes to prove thermal concentration of the overlap
matrix with respect to the perturbed Hamiltonian H 0N .X/ CHN;".X/, we are able
to do so for a larger class of Hamiltonians and so believe our result to be a valuable
tool for future studies of Bayes-optimal inference problems with factorized priors and
growing rank.

Theorem 2.11 (Thermal concentration of the overlap matrix). Let PX be a centered
distribution with bounded fourth moment, assume hypothesis (H2), letH 00N .X/ denote
the log-likelihood of a fully factorized channel

Y 00 � Pout
�
� j X0X

|

0

�
;

Pout
�
Y 00 j X0X

|

0

�
D

NY
iD1

P .iDj /out
�
Y 00i i j x

|

0;ix0;i
�

�

Y
1�i<j�N

P .i<j /out
�
Y 00ij j x

|

0;ix0;j
�
; (2.26)

with general conditional probability distributions P .iDj /out , P .i<j /out sufficiently inte-
grable, and define h � i00N;" to be the Gibbs average corresponding to the perturbed
Hamiltonian

zH 00N;".X/ WD H
00
N .X/CHN;".X/; (2.27)

à la equation (2.24). Then, there exists a finite positive constant C independent ofM ,
N and depending only on properties of PX such that

1

sN

Z 2sN

sN

EhkR10 � hR10i
00
N;"k

2
Fi
00
N;" d" � �.N;M/ WD

CM 2

p
NsN

;

where the expectation EŒ � � is taken over zZ ;X0 and the randomness in Pout. � jX0X
|

0/.

The proof of this theorem, given in Section 4.2, relies on the presence of the per-
turbation Hamiltonian HN;".X/ (see (2.22)) in the definition of h � i00N;". This per-
turbation corresponds to side information coming from the matrix Gaussian channel
p
"X0 C

zZ , which serves to temper singularities of EhkR10 � hR10i00N;"k
2
Fi
00
N;" that

otherwise prevent concentration. The necessity of this side information and the nov-
elty of the proof of Theorem 2.11 is discussed in further detail in Section 4.2. A tool
used throughout said proof and indeed this entire paper is the Nishimori identity or
the tower rule for conditional expectation (see, e.g., [43]), which in our setting states
that for continuous, bounded functions g,

EZ ;X0hg.Y ;X1; : : : ;Xk/i D EZ ;X0hg.Y ;X0;X2; : : : ;Xk/i; k 2 N;
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where X1; : : : ;Xk are i.i.d. samples from the posterior PX jY;N;M .X j Y .X0;Z //

and h � i denotes the Gibbs average with respect to the product conditional distribution

kY
iD1

PX jY;N;M
�
X i j Y .X0;Z /

�
:

Henceforth, when dealing with multiple conditionally independent samples from a
Bayes-posterior distribution, we will writeX DX1 for the first sample and the Gibbs
average will refer to an average over all samples.

3. Relating the rank-M variational formula to its rank-one analog

This section concerns only the replica symmetric potential F RS
M .Q; �/ (see (2.2)), so

there is no N parameter nor large N limit to consider. Hence, M is a fixed, finite
parameter throughout this section and, consequently, we have access to the literature
on finite-M analysis. In particular, we are able to benefit from characterizations of
maximizers Q�.�/ of F RS

M .Q; �/ given in [43]. It turns out that the growing rank
considered in this paper only comes into play when we link the free entropy FN .�/
(see (1.2)) of the sublinear-rank spiked Wigner model (1.1) to the replica symmetric
potential. The upshot here is that since the supremum of the rank-M replica symmet-
ric potential is equivalent to its rank-one analog, many complications arising from the
growing rank can eventually be circumvented.

3.1. Information-theoretic inequalities on worst Gaussian noise

We now present the proofs of Lemma 2.3 and Corollary 2.4 given in Section 2.2.
The first follows from the definitions and standard properties of mutual informa-
tion and conditional (differential) entropy (see, e.g., [21]), the chain rule for mutual
information, the fact that the signal x0 and noise z have i.i.d. entries, and from the
rotational invariance of standard Gaussian vectors. The corollary follows from a con-
vexity property [66] of the mutual information whose use is enabled by our prior
having D-bounded support.

Proof of Lemma 2.3. We recall that we take PX;M to have factorized form P˝MX ,
x0 � PX;M , x0 � PX , z � N .0; IM /, z � N .0; 1/, and† 2 �M . Applying the chain
rule for mutual information twice shows that

I
�
x0Ix0 C†

1=2z
�
D

MX
iD1

I
�
x0;i Ix0 C†

1=2z j ¹x0;kºk<i
�

D

MX
i;jD1

I
�
x0;i Ix0;j C .†

1=2z/j j ¹x0;kºk<i ; ¹x0;k0 C .†
1=2z/k0ºk0<j

�
:
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Thus, by the non-negativity of mutual information, we can discard all terms for which
i ¤ j to see that

I
�
x0Ix0 C†

1=2z
�
�

MX
iD1

I
�
x0;i Ix0;i C .†

1=2z/i j ¹x0;kx0;k C .†
1=2z/kºk<i

�
D

MX
iD1

I
�
x0;i Ix0;i C .†

1=2z/i j ¹.†
1=2z/kºk<i

�
: (3.1)

The second line follows from the fact that knowledge of x0;k and x0;k C .†1=2z/k is
equivalent to that of x0;k and .†1=2z/k , but also that the mutual information between
x0;i and x0;i C .†1=2z/i is independent of ¹x0;kºk<i due to x0 having i.i.d. entries.

Now, notice that for a generic random variableX independent ofZ1;Z2, but with
Z1 and Z2 possibly depending on each other in an arbitrary way,

I.X IX CZ1 j Z2/ D H.X j Z2/ �H.X j X CZ1; Z2/

� H.X/ �H.X j X CZ1/

D I.X IX CZ1/:

Here, H.X/ denotes the (differential) entropy of X and we have used the facts that
H.X j Z2/ D H.X/ and H.X j X C Z1; Z2/ � H.X j X C Z1/. Applying this
inequality with X D x0;i ,Z1 D .†1=2z/i , andZ2 D ¹.†1=2z/kºk<i to the summand
in the right-hand side of inequality (3.1) then shows that

I
�
x0Ix0 C†

1=2z
�
�

MX
iD1

I
�
x0;i Ix0;i C .†

1=2z/i
�
: (3.2)

Since† 2 �M , we may diagonalize it as† DO�O| with � D diag.�1; : : : ; �M /
being the diagonal matrix of eigenvalues of † and O being the corresponding real
orthogonal matrix of eigenvectors. Then, due to properties of standard Gaussian vec-
tors, we have in law that

.†1=2z/i D .O�
1=2O|z/i

d
D .O� 1=2z/i

d
D

� MX
jD1

O2
ij�j

�1=2
z D

p
†i iz:

Observing also that x0;i
d
D x0, inequality (3.2) reduces to the sought form (2.10).

As z, x0 have i.i.d. entries, it is immediate from properties of mutual information
that inequality (2.10) turns into an equality upon setting

† D diag.†11; : : : ;†MM /:
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Proof of Corollary 2.4. We remain in the setting of the above proof, but further recall
that PX has D-bounded support and that † 2 �M is such that †i i � D2 for each
1� i �M . Then, setting t D†i i in [66, Theorem 2] shows that I.x0Ix0C

p
†i iz/ is

a convex function of†i i in the†i i �D2 regime. Thus, applying Jensen’s inequality
to the right-hand side of inequality (2.10) yields

I
�
x0Ix0 C†

1=2z
�
�

MX
iD1

I
�
x0I x0 C

p
†i iz

�
�MI

�
x0I x0 C

�
1

M

MX
iD1

†i i

�1=2
z

�
;

which is seen to be equivalent to inequality (2.11) upon recalling that � denotes the
normalized trace Tr†=M .

It is again immediate that inequality (2.11) is an equality when † D �IM .

3.2. Properties of maximizers of the replica symmetric potential

We now give a series of lemmas that amount to Proposition 2.5. We recall that this
proposition lists properties of maximizers Q�.�/ of F RS

M .Q; �/ (see (2.2)) that will
be useful in the following subsection. To begin, it is essential to observe that we are
allowed to restrict our search for maximizers to solutions of a certain criticality con-
dition; note that although it is necessary forQ�.�/ to satisfy the following condition,
said condition is not sufficient for completely characterizingQ�.�/.

Lemma 3.1 (A criticality condition). Diagonalize Q 2 �M as Q D OqO| with
q D diag.q1; : : : ; qM / being the diagonal matrix of eigenvalues of Q and O being
the corresponding real orthogonal matrix of eigenvectors. Then, any maximizer Q
of F RS

M .Q; �/ must be such that the following system of equations, solved in particu-
lar by all critical points of F RS

M .Q; �/, is satisfied:

p
qi
�
O

|

i Ez;x0hxx
|

0iRSOi � qi
�
D 0; 1 � i �M; (3.3)

whereOi is the i th column ofO and we define the Gibbs average associated with the
replica symmetric potential (2.2) by

h � iRS WD
1

ZRS
M

Z
� e
p
�x|pQzC�x

|
0
Qx��2 x

|Qx dPX;M .x/: (3.4)

In particular, if q1; : : : ; qM > 0, this system simplifies to the fixed-point equation

Q D Ez;x0hxx
|

0iRS:
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Proof. Let 
 D .
1; : : : ; 
M / and interpret F RS
M .Q; �/ as a function of

p
q at fixed

eigenvectors. Then, defining Q
 such that
p
Q
 D O.

p
q C diag 
/O|, we have

that the 
-directional
p
q-derivative of the replica symmetric potential is given by

r
F
RS
M .Q; �/ D

MX
iD1


i lim

!0

@

@
i
F RS
M .Q
 ; �/

D
1

M

MX
iD1


iEz;x0h2�
p
qix

|

0OiO
|

i x � �
p
qix

|OiO
|

i xiRS

C
1

M

MX
iD1


i
�
Ez;x0h

p
�x|OiO

|

i ziRS � �q
3=2
i

�
: (3.5)

Gaussian integration by parts shows that

Ez;x0h
p
�x|OiO

|

i ziRS D

MX
jD1

Ez;x0
@

@zj
h
p
�.OiO

|

i x/j iRS

D Ez;x0
�
h�x|OiO

|

i

p
QxiRS � h�x

|OiO
|

i

p
QiRShxiRS

�
D Ez;x0h�x

|OiO
|

i

p
Qx � �x|OiO

|

i

p
Qx2iRS

D Ez;x0h�x
|OiO

|

i

p
Qx � �x|OiO

|

i

p
Qx0iRS

D Ez;x0h�
p
qix

|OiO
|

i x � �
p
qix

|OiO
|

i x0iRS;

where in the third line we have written x2 for a sample, conditionally independent
of x, from the posterior distribution of the Gibbs average (3.4) and redefined said
Gibbs average to be over both samples, while in the fourth line we have used the
Nishimori identity to replace x2 with x0; the fifth line follows from recalling thatOi

is an eigenvector of
p
Q with eigenvalue

p
qi . Substituting this into the right-hand

side of equation (3.5) then shows that

r
F
RS
M .Q; �/ D

1

M

MX
iD1


i
�
Ez;x0h�

p
qix

|

0OiO
|

i xiRS � �q
3=2
i

�
D

�

M

MX
iD1


i
p
qi
�
O

|

i Ez;x0hxx
|

0iRSOi � qi
�
; (3.6)

where we have used the fact that x|

0OiO
|

i x D Tr x|

0OiO
|

i x along with the cyclic
property of the trace. Equation (3.3) follows from noting that all critical points Q
of F RS

M .Q; �/ must be such that r
F RS
M .Q; �/ D 0 for all choices of 
 , including

those for which all but one 
i are zero.
To discard the possibility of maximizers on the boundary of �M that do not satisfy

the system of equations (3.3), note that being a boundary point means that at least one
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of the qi , say q1, must vanish or tend to infinity. In the latter case, one may check from
the form (2.9) of the replica symmetric potential that limq1!1 F

RS
M .Q; �/ D �1. In

the former case, we assume for the sake of contradiction that there is at least one
qi ¤ 0 with i > 1, say q2, that does not satisfy equation (3.3). Then, we note from
equation (3.6) that r.1;1;0;:::;0/F RS

M .Q; �/ and r.1;�1;0:::;0/F RS
M .Q; �/ are non-zero

and disagree in sign and, therefore, such a Q is at best a saddle point and cannot be
a maximizer. Thus, for Q to be a maximizer of F RS

M .Q; �/ with some eigenvalues
vanishing, the other eigenvalues must satisfy equation (3.3).

With this criticality condition in hand, we may now readily address the properties
of the maximizersQ�.�/ listed in Proposition 2.5.

Lemma 3.2 (Eigenvalues of Q�.�/ are bounded). Assume hypothesis (H2), let PX
have bounded second moment � D EPXX

2, and let q�1 ; : : : ; q
�
M be the eigenvalues of

a maximizerQ�.�/ of F RS
M .Q; �/. Then, for all � � 0,

0 � q�1 ; : : : ; q
�
M � �:

Proof. As a result of Lemma 3.1, each eigenvalue qi (1 � i �M ) of a maximizerQ
of F RS

M .Q; �/ must either be zero or equal O|

i Ez;x0hxx
|

0iRSOi , where Oi is the
eigenvector ofQ corresponding to qi . In the latter case, we see that

qi D O
|

i Ez;x0hxx
|

0iRSOi

D Ez;x0hO
|

i x.O
|

i x0/iRS

D Ez;x0hO
|

i xi
2
RS

� Ez;x0h.O
|

i x/
2
iRS

D Ez;x0.O
|

i x0/
2

D O
|

i Ez;x0 Œx0x
|

0�Oi

D �:

Here, the second and sixth lines follow from the fact that x|

0Oi D O
|

i x0, the third
and fifth lines are due to the Nishimori identity, the fourth line follows from applying
Jensen’s inequality, and the final line follows by noting that since x0 has i.i.d. entries
of second moment �, we must have that Ez;x0 Œx0x

|

0� D �IM . Since Q is positive
semidefinite, its eigenvalues are bounded below by zero, so we are done.

Lemma 3.3 (Continuity of kQ�.�/kF). Assume hypothesis (H4). Then, any maxi-
mizerQ�.�/ of F RS

M .Q; �/ is such that kQ�.�/kF is continuous on Œ0;1/ n ¹�cº.

Proof. It is immediate that the proof of the rank-one result [43, Proposition 17] ex-
tends to the rank-M case to yield

kQ�.�/k2F D 4�
0
M .�/;
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where we recall that �M .�/ D supQ2�M
F RS
M .Q; �/. By hypothesis, �M .�/ is real

analytic on Œ0;1/ n ¹�cº, so �0M .�/ and kQ�.�/kF D
p
4�0M .�/ are likewise.

Lemma 3.4 (Eigenvalues ofQ�.�/ at low SNR). Assume hypotheses (H2) and (H4),
fix �0S 2 .0; �/, let PX be centered, and let q�1 ; : : : ; q

�
M be the eigenvalues of a max-

imizer Q�.�/ of F RS
M .Q; �/. Then, there exists 0 < �0S < �c such that whenever

0 � � < �0S , we have
0 � q�1 ; : : : ; q

�
M < �0S :

Proof. At �D 0, there is no coupling between x and x0 in the definition (3.4) of h � iRS,
so one sees that

Ez;x0hxx
|

0iRS D hxiRS
ˇ̌
�D0

Ex0x
|

0 D 0;

where we have used the fact that PX is centered. Thus, by the criticality condition of
Lemma 3.1, we have thatQ�.0/, hence kQ�.0/kF, must be zero. Then, the continuity
of kQ�.�/kF due to Lemma 3.3 may be used to establish existence of 0 < �0S < �c
such that 0 � kQ�.�/kF < �

0
S for all 0 � � < �0S . In terms of eigenvalues, this shows

that
0 � .q�1 /

2
C � � � C .q�M /

2 < .�0S /
2;

so the largest value an eigenvalue can attain occurs when the remaining eigenvalues
are zero and this value is bounded above by �0S .

Lemma 3.5 (Eigenvalues ofQ�.�/ at high SNR). Let PX;M be as in Proposition 2.5,
fix �0L 2 .0;�/, let q�1 ; : : : ; q

�
M be the eigenvalues of a maximizerQ�.�/ of F RS

M .Q;�/.
Then, there exists �0L > �c such that whenever � > �0L,

�0L < q
�
1 ; : : : ; q

�
M � �:

Proof. We read from [43, Proposition 43] that for all � ¤ �c , the limiting minimum
mean-square error (2.7) of the spiked Wigner model of fixed rank M is given by

lim
N!1

MMSEN;M .�/ DM�2 � kQ�.�/k2F:

It is well known that the left-hand side of this equation vanishes in the �!1 limit,
so we have that lim�!1kQ

�.�/k2F DM�
2. Then, the continuity of kQ�.�/kF due to

Lemma 3.3 says that there must exist �0L > �c such that

kQ�.�/k2F > .M � 1/�
2
C .�0L/

2

whenever � > �0L. In terms of eigenvalues, this translates to

.q�1 /
2
C � � � C .q�M /

2 > .M � 1/�2 C .�0L/
2:
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From Lemma 3.2, we see that the largest value an eigenvalue can take is �. When
M � 1 of the eigenvalues take this value, the above inequality shows that the remain-
ing eigenvalue must still be bounded below by �0L.

Combining Lemmas 3.2–3.5 produces Proposition 2.5, which enables us to con-
strain the eigenvalues q�1 ; : : : ; q

�
M of suitable maximizers Q�.�/ of F RS

M .Q; �/ de-
pending on whether we are working in the high or low SNR regime. Thus, we may
now proceed to the proof of Theorem 2.6.

3.3. Rank-one reduction for high, low, and all SNR

SinceQ 2 �M , so too is .�Q/�1, which we denote as† from here on out. Rewriting
equation (2.9) in terms of † shows that

F RS
M .Q; �/ D �

1

M
I
�
x0Ix0 C†

1=2z
�
�

�

4M
k†�1=� � �IMk

2
F C

��2

4
: (3.7)

Maximizing this expression overQ 2 �M is equivalent to the problem of minimizing

zF RS
M .†; �/ WD I

�
x0Ix0 C†

1=2z
�
C
�

4
k†�1=� � �IMk

2
F (3.8)

over † 2 �M . It is immediate that Lemma 2.3 and Corollary 2.4 induce decoupling
in this expression when † is diagonal or, more specifically, has the form �IM . Our
goal now is to show that this is indeed the form of † for which F RS

M .Q; �/ is max-
imized. We first do so in the low and high SNR regimes separately. The separation
of our task into these two regimes corresponds, via Proposition 2.5, to the tasks of
maximizing over Q with eigenvalues in, respectively, Œ0; �0� or Œ�0; ��, where we now
set �0 WD 2�=3. This choice of �0 is of crucial interest because the squared Frobenius
norm in expression (3.8) has first and second order partial derivatives with respect to
the eigenvalues �i (1 � i �M ) of † given by

@

@�i




†�1
�
� �IM




2
F
D
2.���i � 1/

�2�3i
; (3.9)

@2

@�2i




†�1
�
� �IM




2
F
D
2.3 � 2���i /

�2�4i
; (3.10)

so one can see that the second order partial derivatives vanish exactly when the eigen-
values qi D .��i /�1 of Q equal �0 D 2�=3. Thus, the gradient rk†�1=� � �IMk2F
is a bijective function of �1; : : : ; �M on the domain ¹�1; : : : ; �M > .��0/�1º, while
on ¹.��/�1 � �1; : : : ; �M < .��0/�1º, it is convex – the significance of these proper-
ties will soon become apparent.

Let us now give the partial statement of Theorem 2.6 valid for the low SNR
regime.
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Lemma 3.6 (Low SNR rank-one reduction). Assume hypotheses (H2)–(H4) and fix
�0 D 2�=3. Then, there exists 0 < �S < �c such that whenever 0 � � < �S , we have

sup
Q2�M

F RS
M .Q; �/ D sup

q2Œ0;��

F RS
1 .q; �/ D sup

q2Œ0;�0�

F RS
1 .q; �/: (3.11)

Proof. LetQ�.�/ 2 �M be a maximizer of F RS
M .Q; �/ with eigenvalues q�1 ; : : : ; q

�
M .

Then, by Proposition 2.5, there exists 0 < �0S < �c such that for all 0 � � < �0S ,

0 � q�1 ; : : : ; q
�
M < �0:

Thus, the eigenvalues �i D .�q�i /
�1 (1 � i �M ) of the minimizer† D .�Q�.�//�1

of zF RS
M .†; �/ (see (3.8)) are such that

�1; : : : ; �M >
1

��0
(3.12)

whenever 0 � � < �0S . Letting Oi be the eigenvector of † corresponding to �i and
setting �S WDmin¹�0S ;D

�2=�º, we then see that taking 0��<�S �D�2=� enforces
the following lower bound on the diagonal entries of †:

†i i D

MX
jD1

O2
ij�j >

1

��0

MX
jD1

O2
ij D

1

��0
>
D2�

�0
> D2; 1 � i �M:

Hence, by Corollary 2.4, the mutual information term in equation (3.8) satisfies

I
�
x0Ix0 C†

1=2z
�
�MI

�
x0I x0 C

p
�z
�
;

where we recall that x0 � PX , z � N .0; 1/, and � D Tr†=M . Therefore, we have
that

inf
†2�M

zF RS
M .†; �/ � inf

�1;:::;�M�0

zF RS
M;low.� ; �/;

zF RS
M;low.� ; �/ WDMI

�
x0I x0 C

p
�z
�
C
�

4

MX
iD1

� 1

��i
� �

�2
;

(3.13)

where � D .�1; : : : ; �M /. Further writing 
 D .
1; : : : ; 
M / and using equation (3.9)
with the chain rule shows that the 
-directional � -derivative of zF RS

M;low.� ; �/ is

r
 zF
RS
M;low.� ; �/ D

MX
iD1


i
�
�.�/C �.�i /

�
;

where we define

�.�/ WD
d

d�
I
�
x0I x0 C

p
�z
�
; (3.14)

�.�i / WD
���i � 1

2��3i
: (3.15)
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Hence, the critical points of zF RS
M;low.� ; �/ occur at

�i D �
�1
ı �.�/; 1 � i �M; (3.16)

where we note that �.�i / is a monotone, bijective function when 0 � � < �S , since
then we are constrained to the regime (3.12) on which �0.�i / is strictly negative due to
equation (3.10). The system of equations (3.16) is thus satisfied only if �1D � � � D �M ,
i.e., when † has the form † D �IM .

Now, a minimizer � of zF RS
M;low.� ; �/ must either be a critical point or lie on the

boundary of Œ0;1/M . For � to be a boundary point, it must be such that at least one
of the �i , say �1, vanishes or tends to infinity. If �1 D 0, � cannot be a minimizer of
zF RS
M;low.� ; �/ in the 0 � � < �S regime due to the bound (3.12). On the other hand,

if �1 !1, we have by the I-MMSE relation for scalar Gaussian channels [33] that

�.�/ D �
1

2�2
mmse

� 1
�

�
(3.17)

(recall the definition (2.5) of the MMSE) and thus the bounds 0�mmse.t/� �2 valid
for all t � 0 (see, e.g., [43]) imply that

lim
�1!1

r
 zF
RS
M;low.� ; �/ D

MX
iD2


i
���i � 1

2��3i
:

Thus, for � to be a minimizer of zF RS
M;low.� ; �/ when �1 ! 1, we require that all

of the remaining �i also tend to infinity or equal .��/�1 so that the above gradient
vanishes and we avoid saddle points of the type described in the proof of Lemma 3.1.
Since �i D .��/�1 < .��0/�1 is in contradiction with the bound (3.12), we must have
that �2; : : : ; �M !1 and we again see that this corresponds to the form † D �IM .

We have established that a minimimizer � of zF RS
M;low.� ; �/, regardless of whether

it is a critical or boundary point, must have equal components when we are constrained
to the 0� � < �S regime. Our infimum of interest then decouples over the �1; : : : ; �M
according to

inf
�1;:::;�M�0

zF RS
M;low.� ; �/ DM inf

��0

²
I
�
x0I x0 C

p
�z
�
C
�

4

� 1
��
� �

�2³
:

Since zF RS
M .†; �/ decouples in a similar fashion upon setting † D �IM , we see that

inequality (3.13) is an equality with the right-hand side given by the above expres-
sion. Comparing equations (3.7) and (3.8) then shows that F RS

M .Q; �/ is maximized
when Q has the form Q D qIM . Substituting this into the left-hand side of equa-
tion (3.11) finally yields

sup
q�0

F RS
M .qIM ; �/ D sup

q�0

F RS
1 .q; �/;



A multiscale cavity method for sublinear-rank symmetric matrix factorization 25

which reduces to the middle and right-hand side of equation (3.11) upon realizing that
the eigenvalues ofQ are bounded due to Lemma 3.1 and our choice of �0S .

We comment on a few features of the above proof. First, we used the fact that the
mutual information I.x0I x0 C

p
†i iz/ is a convex function of †i i in the low SNR

regime, which allowed us to use Jensen’s inequality to replace

MX
iD1

I
�
x0I x0 C

p
†i iz

�
by MI

�
x0I x0 C

p
�z
�
;

through Corollary 2.4. Thus, the problem of minimizing zF RS
M .†; �/ over † became

a problem of minimizing zF RS
M;low.†; �/ over the eigenvalues of †. We then showed

that the critical points and indeed all minimizers of zF RS
M;low.†; �/ are of the form

† D �IM , which relied crucially on the monotonicity of the gradient of the squared
Frobenius norm k†�1=� � �IMk2F.

In contrast, the upcoming proof of the high SNR counterpart of Lemma 3.6 is in
some sense dual to the above, where we first use the convexity of k†�1=� � �IMk2F
in terms of the eigenvalues of † to replace it by a function of � D Tr†=M via
Jensen’s inequality. This will then supplant the problem of minimizing zF RS

M .†; �/

over † by a minimization problem in terms of the diagonal entries of †. We will
again show that said minimization problem is solved when † is proportional to the
identity – recall that the eigenvalues and diagonal entries of † coincide when †
is diagonal, thus explaining how the low and high SNR regimes will eventually be
reconciled. Showing that our minimizers have the form † D �IM will require us to
use monotonicity of the derivative of the mutual information I.x0Ix0C

p
†i iz/ with

respect to†i i , which is guaranteed by hypothesis (H5) for small†i i (i.e., high SNR,
due to Proposition 2.5).

Lemma 3.7 (High SNR rank-one reduction). Assume hypotheses (H2), (H4), (H5).
Let PX be centered with bounded second moment � D EPXX

2 and fix �0 D 2�=3.
Then, there exists �L > �c such that whenever � > �L,

sup
Q2�M

F RS
M .Q; �/ D sup

q2Œ0;��

F RS
1 .q; �/ D sup

q2Œ�0;��

F RS
1 .q; �/:

Proof. We are once again tasked with minimizing zF RS
M .†;�/ (see (3.8)) over† 2 �M .

In the high SNR setting, we lose the bound (3.12) on the eigenvalues �1; : : : ; �M
of minimizers † and hence Corollary 2.4 no longer applies. Instead, we begin by
observing that due to Proposition 2.5 and the relation † D .�Q�.�//�1, there exists
�0L > �c such that

1

��
< �1; : : : ; �M <

1

��0
(3.18)
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whenever � > �0L. Then, since the Frobenius norm term in equation (3.8) is convex
on the domain (3.18), we may use Jensen’s inequality to see that


†�1

�
� �IM




2
F
�M

� 1
��
� �

�2
;

where we recall that � D Tr†=M denotes the normalized trace of †. Inserting this
into equation (3.8) and using Lemma 2.3 then shows that

inf
†2�M

zF RS
M .†; �/ � inf

†11;:::;†MM�0

zF RS
M;high.diag†; �/;

zF RS
M;high.diag†; �/ WD

MX
iD1

I
�
x0I x0 C

p
†i iz

�
C
�M

4

� 1
��
� �

�2
;

(3.19)

where we further recall that x0 � PX ; z � N .0; 1/ and write diag† for the diagonal
of†. Writing 
 D .
1; : : : ; 
M /, the 
-directional derivative of zF RS

M;high.diag†; �/ is

r
 zF
RS
M;high.diag†; �/ D

MX
iD1


i
�
�.†i i /C �.�/

�
;

where �.†i i / and �.�/ are specified by equations (3.14) and (3.15), respectively. Now,
by hypothesis (H5), there exists �00L>0 such that �2mmse.�/ is monotone on Œ�00L;1/.
Then, by equation (3.17), �.†i i / is monotone for †i i < .�00L/

�1. This condition is
satisfied when � > �0L; �

00
L=�

0, since then

†i i D

MX
jD1

O2
ij�j <

1

��0

MX
jD1

O2
ij D

1

��0
<

1

�00L
; 1 � i �M;

whereOi is the eigenvector of† corresponding to �i , the first inequality follows from
the bound (3.18) valid for � > �0L, and the second inequality is due to the constraint
� > �00L=�

0. Hence, setting �L WDmax¹�0L; �
00
L=�

0º, �.†i i / is a monotone, bijective
function for � > �L and the critical points of zF RS

M;high.diag†; �/ occur at

†i i D �
�1
ı �.�/; 1 � i �M;

which is satisfied only if †11 D � � � D †MM .
For zF RS

M;high.diag†;�/ to be minimized on the boundary of Œ0;1/M , the proposed
minimizer diag† must be such that at least one of the†i i vanishes or tends to infinity.
This is not possible for finite � > �L since the bound (3.18) and the relation † DPM
jD1 O

2
ij�j implies the constraint .��/�1 < †i i < .��0/�1. When � ! 1, this

constraint suggests that †11 D � � � D †MM ! 0. As in the proof of Lemma 3.6, we
thus conclude that the right-hand side of inequality (3.19) reduces to

inf
†11;:::;†MM�0

zF RS
M;high.diag†; �/ DM inf

��0

²
I
�
x0I x0 C

p
�z
�
C
�

4

� 1
��
� �

�2³
:
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Since substituting † D �IM into the left-hand side of inequality (3.19) yields the
above, the remainder of this proof follows in the same manner as in the proof of
Lemma 3.6.

In order to complete the proof of Theorem 2.6, it remains only to use analytic
continuation to combine Lemmas 3.6 and 3.7.

Proof of Theorem 2.6. Using the notation of equation (2.4), we have by Lemmas 3.6
and 3.7 that there exist 0 < �S < �c and �L > �c such that

�1.�/ D sup
q2Œ0;��

F RS
1 .q; �/ and �M .�/ D sup

Q2�M

F RS
M .Q; �/

agree on Œ0; �S / [ .�L;1/. By hypothesis (H4), �1.�/ and �M .�/ are real analytic
on Œ0;1/ n ¹�cº, so by the identity theorem for real analytic functions, the aforemen-
tioned agreement between said functions extends to the domain Œ0;1/ n ¹�cº. Since
�1.�/ and �M .�/ are also continuous functions of � (recall Remark 2.2), they must
then agree at � D �c , as well.

4. Standard prerequisites: Interpolation and overlap concentration

With Theorem 2.6 established, we would now like to move on to the next stage of
the proof of Theorem 2.1. We recall that said proof amounts to combining the lower
and upper bounds on the limiting free entropy given by Propositions 2.7 and 2.8. The
brunt of the argument henceforth lies within the proof of Proposition 2.8.

We present the key idea of the proof, which is a multiscale application of the
cavity method, in Section 5 and use this section to lay out some standard prerequi-
site results that will be needed therein. In Section 4.1, we use Guerra’s interpolation
method [30] to prove Proposition 2.7, which is both a counterpart to Proposition 2.8
and an ingredient of its proof. In Section 4.2, we prove thermal concentration of the
overlap matrix R10 (see (2.8)) with respect to the perturbed Hamiltonian zHN;".X/
(see (2.14)), as described in Theorem 2.11, along with some straightforward corol-
laries. Finally, in Section 4.3, we prove negligibility of the difference between the
limiting free entropies

lim
N!1

FN .�/ and lim
N!1

zFN .�/

corresponding respectively to the original and perturbed Hamiltonians HN .X/ given
in (1.4) and zHN;".X/.
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4.1. Free entropy lower bound: Guerra interpolation

Proposition 2.7 follows from the standard (finite-rank) interpolation argument seen in,
e.g., [43] in combination with the rank-one reduction of Theorem 2.6. The main idea is
to introduce a Hamiltonian that interpolates between HN .X/ and one corresponding
to N copies of the Hamiltonian associated with the Gibbs average h � iRS (see (3.4)).
Then, it is simply a matter of bounding the derivative of the associated interpolating
free entropy. We present the details for the sake of completeness.

Proof of Proposition 2.7. Introduce the interpolating Hamiltonian

Ht .X/ WD
1

2
Tr
�r

�t

N
ZXX|

C
�t

N
X0X

|

0XX
|
�
�t

2N
XX|XX|

�
C

NX
iD1

�p
�.1 � t /x

|

i

p
Qzzi C .1 � t /�x

|

0;iQxi �
.1 � t /�

2
x

|

iQxi

�
;

with Z ;X0 as in equation (1.1), each xi 2 RM the i th row of X , each x0;i 2 RM

the i th row of X0, and zz1; : : : ;zzN � N .0; IM / i.i.d. standard Gaussian vectors inde-
pendent of Z . Define the associated interpolating free entropy as

'.t/ WD
1

NM
E ln

Z
RN�M

eHt .X/ dPX;N;M .X/;

with the expectation taken over Z ;X0;zz1; : : : ;zzN here and throughout the remainder
of this proof. It follows that

'0.t/ D
1

NM
E
D d
dt
Ht .X/

E
t

D
1

2NM
Tr E

D1
2

r
�

tN
ZXX|

C
�

N
X0X

|

0XX
|
�

�

2N
XX|XX|

E
t

�
1

NM
E

� NX
iD1

1

2

r
�

1 � t
x

|

i

p
Qzzi C �x

|

0;iQxi �
�

2
x

|

iQxi

�
t

; (4.1)

where we write

h � it WD
1

yZN;t

Z
RN�M

� eHt .X/ dPX;N;M ; yZN;t WD

Z
RN�M

eHt .X/ dPX;N;M

for the Gibbs average with respect to the interpolating Hamiltonian Ht .X/ and the
corresponding partition function. By Gaussian integration by parts with respect to the
(symmetric) Wigner matrix Z , we have that

Tr EhZXX|
it D 2

X
1�i�j�N

E
h @

@Z ij

˝
.XX|/j i

˛
t

i
D 2

X
1�i�j�N

E

�D
.XX|/j i

@Ht .X/

@Z ij

E
t
�

1

yZN;t

˝
.XX|/j i

˛
t

@ yZN;t

@Z ij

�
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D 2
X

1�i�j�N

E

�D
.XX|/j i

@Ht .X/

@Z ij

E
t
�
˝
.XX|/j i

˛
t

D@Ht .X/

@Z ij

E
t

�
D

r
�t

N
Tr E

˝
X1X

|

1X1X
|

1 �X1X
|

1X2X
|

2

˛
t
;

where we have written X1 for X , defined X2 to be a sample, conditionally indepen-
dent ofX1, from the interpolating posterior distribution, and have redefined h � it to be
the Gibbs average over both samples X1 and X2, as per the convention described at
the end of Section 2.3. In a similar fashion, Gaussian integration by parts with respect
to zzi (1 � i � N ) shows that

E
˝
x

|

i

p
Qzzi

˛
t
D
p
�.1 � t /E

˝
x

|

1;iQx1;i � x
|

1;iQx2;i
˛
t
:

Thus, using the cyclic property of the trace and defining

R12 WD
1

N
X

|

1X2 D
1

N

NX
iD1

x1;ix
|

2;i (4.2)

in analogy with equation (2.8), we may rewrite equation (4.1) as

'0.t/ D
�

2M
Tr E

D
R

|

10R10 �
1

2
R

|

12R12

E
t

�
�

NM

NX
iD1

Tr E
D
Qx1;ix

|

0;i �
1

2
Qx1;ix

|

2;i

E
t

D
�

2M
Tr E

D
R

|

10R10 �
1

2
R

|

12R12

E
t
�
�

M
Tr E

D
QR10 �

1

2
QR12

E
t
:

Using the Nishimori identity to replace X2 by X0, this further simplifies to

'0.t/ D
�

4M
Tr E

˝
R

|

10R10 � 2QR10
˛
t
� �

�

4M
TrQ2;

with the inequality following from completing the square. Combining this with the
definitions (1.2) and (2.2) of the free entropy and replica symmetric potential shows
that

FN .�/ � F
RS
M .Q; �/ D '.1/ � '.0/C

�

4M
TrQ2

D

Z 1

0

'0.t/ dt C
�

4M
TrQ2

� 0:

As this holds for allQ 2 �M , we then have that

FN .�/ � sup
Q2�M

F RS
M .Q; �/:

We use Theorem 2.6 to replace the right-hand side of this identity, completing the
proof.
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4.2. Thermal concentration of the overlap matrix

The cavity computations of Section 5.2 rely on a form of thermal concentration of the
overlap matrix R10 (see (2.8)). Taken at face value, one might expect this to mean
that

E
Z ; zZ ;X0

˝
kR10 � hR10i

0
N;0k

2
F

˛0
N;0

N!1
����! 0;

with h � i0N;0 specified by equation (2.24), so that one may replace R10 by the more
amenable quantity hR10i0N;0 within the calculations of Section 5.2. However, it is
known that the concentration result proposed above does not hold in generality, with
“non-physical” singularities arising at particular model-dependent values of SNR �

(see [10] and references therein). Nonetheless, due to the symmetries of our model,
we are able to add infinitesimal side information (without affecting the limiting free
entropy, as discussed in Section 4.3) to induce thermal concentration of the overlap
matrix up to an average over a perturbation parameter. This is achieved by replac-
ing h � i0N;0 in the above with the Gibbs average h � i0N;" (see (2.24)), and then integrating
the left-hand side over " as described in Theorem 2.11, with the integration step
serving to smooth out the aforementioned singularities. Similar perturbations have
been commonly used in other spin glass models, where regularizing perturbations are
introduced in order to enforce stability properties of the high-dimensional probability
measures [2,29] that in turn induce asymptotically nice structural phenomena such as
ultrametricity [55] and synchronization [57, 58].

It turns out that the driving mechanisms behind our proof of thermal concentra-
tion of the overlap matrix are the presence of the perturbation Hamiltonian HN;".X/
(see (2.22)) and the Nishimori identity, which applies due to our working in the
Bayes-optimal setting. Indeed, our proof holds in more general settings, so long as
the model under consideration exhibits the same symmetry properties as the spiked
Wigner model (1.1). Thus, we now consider the fully factorized channel (2.26)

Pout
�
Y 00 j X0X

|

0

�
D

NY
iD1

P .iDj /out
�
Y 00i i j x

|

0;ix0;i
� Y
1�i<j�N

P .i<j /out
�
Y 00ij j x

|

0;ix0;j
�

and study the inference problem´
Y 00 � Pout. � j X0X

|

0/;

Y ."/ D
p
"X0 C

zZ ;

with zZ 2 RN�M a standard Ginibre matrix of i.i.d. standard Gaussian entries inde-
pendent of everything else, " 2 ŒsN ; 2sN � a perturbation parameter, and .sN /N�1 a
sequence of numbers in .0; 1/ that decrease slowly to zero as N !1. Denoting the
log-likelihood of the first channel byH 00N .X/ and recalling that the analogous term for
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the second channel is HN;".X/ (see (2.22)), we see that the Hamiltonian correspond-
ing to the full inference problem is zH 00N;".X/ D H

00
N .X/CHN;".X/ (see (2.27)). As

stated above, we observe that this Hamiltonian corresponds to the log-likelihood of
an inference problem in the Bayes-optimal setting and the Nishimori identity holds,
which induces concentration-of-measure [6, 10].

We now prove thermal concentration ofR10 (see (2.8)), with respect to the general
perturbed Hamiltonian zH 00N;".X/.

Proof of Theorem 2.11. To simplify notation throughout this proof, we write x forX ,
X� for X0, R for R10, C a generic positive constant independent of M; N and
depending only on the properties of PX , EŒ � � for expectation over zZ ; X� and the
randomness in Pout. � j X

�X�|/, hN for zH 00N;".x/, and h � i for the Gibbs average

h � i
00
N;" WD

1

Z00N;"

Z
RN�M

� ehN dPX;N;M .x/;

Z00N;" WD

Z
RN�M

ehN dPX;N;M .x/:

Following [6, 47], introduce the auxiliary function

L WD �
1

N

@hN

@"
D �

1

N
Tr
�

1

2
p
"
zZx|
CX�x|

�
1

2
xx|

�
:

Then, one sees from Gaussian integration by parts with respect to zZ and the Nishimori
identity that

1

N
EhLi D �

1

2N
Tr EhRi: (4.3)

Differentiating both sides of this equation with respect to " and simplifying the left-
hand side shows that

1

N
E
D@L
@"

E
� E

˝�
L � hLi

�2˛
D �

1

2N

@

@"
Tr EhRi: (4.4)

Another application of Gaussian integration by parts with respect to zZ , along with
the Nishimori identity, shows that the first term in the above simplifies as

1

N
E
D@L
@"

E
D

1

N
E
D 1

4N"3=2
Tr zZx|

E
D

1

4"N
Tr E

� 1
N
X�X�|

� hRi
�
: (4.5)

By the positive semidefiniteness of hxi|hxi, the Nishimori identity, Jensen’s inequal-
ity, hypothesis (H2), and the boundedness of the second moment of PX , we have that

0 � Tr EhRi D
1

N
Tr Ehxi|hxi �

1

N
Tr Ehx|xi D

1

N
Tr EX�|X� � CM: (4.6)
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Hence, the quantity (4.5) is such that

0 �
1

N
E
D@L
@"

E
�
CM

4"N
; (4.7)

and we read from equation (4.4) that

1

2N

@

@"
Tr EhRi � E

˝�
L � hLi

�2˛
: (4.8)

It remains now to show how the left-hand side of this inequality relates to the differ-
ence Eh.R``0 � hR``0i/

2i, which sums over 1 � `; `0 �M to give EhkR � hRik2Fi,
and to prove concentration of the right-hand side.

Carrying out the differentiation on the left-hand side of inequality (4.8) shows that

1

2N

@

@"
Tr EhRi D

1

2
Tr E

�
hRihLi � hRLi

�
D

1

2N 2

NX
i;jD1

MX
`;`0D1

E

�
1

2
X�i`hxi`ihx

2
j`0i �X

�
i`X
�
j`0hxi`ihxj`0i

�
1

2
p
"
X�i`hxilihxj`0i

zZj`0 �
1

2
X�i`hxi`x

2
j`0i

CX�i`X
�
j`0hxi`xj`0i C

1

2
p
"
X�i`hxilxj`0i

zZj`0

�
: (4.9)

Gaussian integration by parts with respect to zZj`0 yields

1

2
p
"

E
�
X�i`hxilxj`0i

zZj`0 �X
�
i`hxilihxj`0i

zZj`0
�

D E
h
X�i`hxi`ihxj`0i

2
�X�i`hxi`xj`0ihxj`0i

C
1

2
X�i`hxi`x

2
j`0i �

1

2
X�i`hxi`ihx

2
j`0i

i
;

so that, after an application of the Nishimori identity, equation (4.9) reduces to

1

2N

@

@"
Tr EhRi D

1

2N 2

NX
i;jD1

MX
`;`0D1

E
��
hxi`xj`0i � hxi`ihxj`0i

�2�
:

Substituting this into inequality (4.8) then gives

1

2N 2

NX
i;jD1

MX
`;`0D1

E
��
hxi`xj`0i � hxi`ihxj`0i

�2�
� E

˝�
L � hLi

�2˛
: (4.10)
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Our hypothesis on Pout. � j X0X
|

0/ being fully factorized implies that the term below
is unchanged upon exchanging indices k $ k0, so we see for any 1 � k �M that

1

2N 2

NX
i;jD1

E
��
hxikxjki � hxikihxjki

�2�
D

1

2MN 2

NX
i;jD1

MX
`D1

E
��
hxi`xj`i � hxi`ihxj`i

�2�
�

1

2MN 2

NX
i;jD1

MX
`;`0D1

E
��
hxi`xj`0i � hxi`ihxj`0i

�2�
�

1

M
E
˝�

L � hLi
�2˛
I

the first inequality is due to the trivial fact that we are adding expectations of squares,
while the second inequality is an application of inequality (4.10). Combining this with
the Cauchy–Schwarz inequality shows that

1

sN

Z 2sN

sN

E
˝�
R``0 � hR``0i

�2˛ d"
�

p
1

N 2

NX
i;jD1

E
�
.X�i`0X

�
j`0/

2
�

�

p
1

N 2sN

NX
i;jD1

Z 2sN

sN

E
��
hxi`xj`i � hxi`ihxj`i

�2� d"

� C

s
2

MsN

Z 2sN

sN

E
˝�

L � hLi
�2˛ d": (4.11)

Moving on to the thermal concentration of L, first note that

E
˝�

L � hLi
�2˛
D
M

N

@2fN

@"2
C
1

N
E
D@L
@"

E
�
M

N

@2fN

@"2
C
CM

4"N
;

where we have written
fN WD

1

NM
E lnZ00N;"

and used the bound (4.7). Integrating this quantity over " then shows that

1

sN

Z 2sN

sN

E
˝�

L � hLi
�2
i d"

�
M

NsN

�@fN
@"

ˇ̌̌
"D2sN

�
@fN

@"

ˇ̌̌
"DsN

�
C
CM ln 2
4NsN
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D
1

NsN

�
EhLij"DsN � EhLij"D2sN

�
C
CM ln 2
4NsN

D
1

2NsN

�
Tr EhRij"D2sN � Tr EhRij"DsN

�
C
CM ln 2
4NsN

�
CM

NsN
:

Here, the first line follows from the fundamental theorem of calculus, the second from
comparing the definitions of L and fN , the third from equation (4.3), and the fourth
from the fact that the bounds (4.6) hold uniformly over ".

Substituting the above bound into inequality (4.11) shows that

1

sN

Z 2sN

sN

E
˝�
R``0 � hR``0i

�2˛ d" � C
p
NsN

:

Summing this expression over 1 � `; `0 �M completes the proof.

Note the particularly simple form of side information used here compared to,
e.g., [6, 43, 47, 61], wherein the side channel is Bernoulli distributed or is a matrix
Gaussian channel like ours, but with perturbation parameter " of matrix form rather
than scalar. Our choice of perturbation is effective due to the fact that the cavity
method only requires concentration with respect to the Gibbs average h � i00N;" instead of
the stronger statements proved in the aforementioned references that include concen-
tration with respect to the quenched Gibbs average Eh � i00N;" – the latter corresponds to
analogs of Theorem 2.11 involving the quantity EhkR10 �EhR10i00N;"k

2
Fi
00
N;". Another

key point of our simple perturbation is that it maintains the exchangeability of the
variables .xij / under the quenched Gibbs average: no statistical symmetries present
in the original model are broken by the perturbation apart from the trivial sign ambi-
guityX !�X . These two points allow us to obtain concentration for higher regimes
of rank than would be possible using more complicated perturbations. As a concrete
consequence, Theorem 2.11 gives thermal concentration of the overlap matrix for
M D o.N 1=4/. Yet, there is room for improvement in order to reach M D o.N /, the
regime for which we believe Theorem 2.1 to hold.

For later convenience, we present a corollary of Theorem 2.11 regarding concen-
tration of the overlap matrix R12 (see (4.2)).

Corollary 4.1 (Thermal concentration of R12). Working in the setting of Theo-
rem 2.11 and recalling that R12 D 1

N
X

|

1X2, there exists a finite positive constant C
independent of M;N and depending only on properties of PX such that

1

sN

Z 2sN

sN

E
˝
kR12 � hR12i

00
N;"k

2
F

˛00
N;"

d" � �.N;M/; (4.12)

1

sN

Z 2sN

sN

E
˝
kR10 � hR12i

00
N;"k

2
F

˛00
N;"

d" � �.N;M/: (4.13)
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Proof. We reuse the notation introduced in the proof of Theorem 2.11, with the Gibbs
average h � i now being taken over X1, X2, and further write zR for R12. In anal-
ogy with the bound (4.11), we first compute through the Cauchy–Schwarz inequality,
Jensen’s inequality, and the Nishimori identity that

1

sN

Z 2sN

sN

E
�
hR``0i

2
� h zR``0i

2
�

d"

�

p
1

N 2sN

NX
i;jD1

Z 2sN

sN

E
�
hxi`0i

2
hxj`0i

2
�

d"

�

p
1

N 2sN

NX
i;jD1

Z 2sN

sN

E
��
hxi`xj`i � hxi`ihxj`i

�2� d"

�

p
1

N 2

NX
i;jD1

q
E.X�

i`0
/4 E.X�

j`0
/4

�

p
1

N 2sN

NX
i;jD1

Z 2sN

sN

E
��
hxi`xj`i � hxi`ihxj`i

�2� d"

� C

s
2

MsN

Z 2sN

sN

E
˝�

L � hLi
�2˛ d":

Thus, we may conclude, as in the proof of Theorem 2.11, that

1

sN

Z 2sN

sN

E
�
khRik2F � kh

zRik2F
�

d" � �.N;M/: (4.14)

Next, we see that

E
˝
k zR � h zRik2F

˛
D Eh zR

|
zRi � Eh zR

|
ih zRi

D EhR|Ri � Eh zR
|
ih zRi

D E
˝
kR � hRik2F

˛
C E

�
khRik2F � kh

zRik2F
�
;

where the second line follows from using the Nishimori identity on the first term and
the final line follows from adding and subtracting EkhRik2F. Integrating this over "
and using Theorem 2.11 together with inequality (4.14) yields inequality (4.12). To
obtain inequality (4.13) from (4.12), we need only observe that due to the Nishimori
identity,

E
˝
kR � h zRik2F

˛
D E

˝
k zR � h zRik2F

˛
:
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4.3. Negligibility of the side information

In the previous subsection, we showed that upon introduction of the perturbation
Hamiltonian HN;".X/ (see (2.22)), the overlap matrix R10 (see (2.8)) can be shown
to concentrate with respect to the general Gibbs average h � i00N;" for M D o.N 1=4/.
Our interest lies in the particular Gibbs average h � i0N;" specified by equation (2.24),
which relates via the cavity method described in Section 5 to the perturbed Hamilto-
nian zHN;".X/ (see (2.14)) and perturbed free entropy

zFN .�/ WD
1

NM
E
Z ; zZ ;X0;"

ln
Z

RN�M
e
zHN;".X/ dPX;N;M .X/;

where the average over " is with respect to the uniform measure on ŒsN ; 2sN �. We have
thus far claimed that upper bounding lim supN!1 zFN .�/ by supq2Œ0;�� F

RS
1 .q; �/ is

sufficient for proving Proposition 2.8 since said quantity is itself an upper bound on
the limit supremum of the free entropy FN .�/ of the spiked Wigner model (1.1). We
now present a more precise finite N result that implies this claim.

Lemma 4.2 (Negligibility of perturbation). Let .sN /N�1 be a sequence of numbers
in .0; 1/ that decrease slowly to zero as N !1 and let " D "N 2 ŒsN ; 2sN �. Recall
the definition (1.3) of the partition function ZN;M and that the perturbed partition
function is given by

zZN;M D

Z
RN�M

e
zHN;".X/ dPX;N;M .X/

with perturbed Hamiltonian zHN;" specified by equations (2.14) and (2.22). Then, for
each N � 1, we have that

1

NM
EZ ;X0 lnZN;M �

1

NM
E
Z ; zZ ;X0

ln zZN;M : (4.15)

Proof. We employ an interpolation argument akin to that of Section 4.1. Hence, define
an interpolating Hamiltonian

Ht .X/ WD
1

2
Tr
�r �

N
ZXX|

C
�

N
X0X

|

0XX
|
�

�

2N
XX|XX|

�
C Tr

�p
"t zZX|

C "tX0X
|
�
"t

2
XX|

�
;

with Z ;X0 as in equation (1.1) and zZ as in equation (2.22). The associated interpo-
lating free entropy is

'.t/ WD
1

NM
E
Z ; zZ ;X0

ln
Z

RN�M
eHt .X/ dPX;N;M .X/:
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Writing

h � it WD
1

yZN;t

Z
RN�M

� eHt .X/ dPX;N;M ; yZN;t WD

Z
RN�M

eHt .X/ dPX;N;M ;

we see that

'0.t/ D
1

NM
E
Z ; zZ ;X0

D d
dt
Ht .X/

E
t

D
1

NM
Tr E

Z ; zZ ;X0

D1
2

r
"

t
zZX|

C "X0X
|
�
"

2
XX|

E
t

D
"

2M
Tr E

Z ; zZ ;X0
hR10it

� 0;

with the last two lines following from Gaussian integration by parts with respect to zZ ,
the Nishimori identity, and the positive semidefiniteness of

E
Z ; zZ ;X0

hR10it D
1

N
E
Z ; zZ ;X0

hX|
it hXit :

By the definition of '.t/, we then have that

1

NM
E
Z ; zZ ;X0

ln zZN;M �
1

NM
EZ ;X0 lnZN;M D '.1/ � '.0/ D

Z 1

0

'0.t/ dt � 0;

as desired.

Since the left-hand side of equation (4.15) is independent of ", it is immediate
from integrating both sides over " 2 ŒsN ; 2sN � and then taking the limit supremum
that

lim sup
N!1

FN .�/ � lim sup
N!1

zFN .�/: (4.16)

5. Treatment of growing rank: The multiscale cavity method

The main methodological novelty begins now. In this section, we prove that the limit
supremum of the free entropy zFN .�/ of the perturbed model corresponding to the
Hamiltonian zHN;".X/ (see (2.14)) is bounded above by the supremum of the rank-
one replica symmetric potential F RS

1 .q; �/ (see (2.3)). By Lemma 4.2 above, this is
sufficient for proving Proposition 2.8, which combines with Proposition 2.7 to pro-
duce Theorem 2.1, as described in Section 2.3 and detailed in Section 5.4.

For convenience, we repeat definitions of the involved Hamiltonians and cavity
fields here, taking care to highlight now-relevant dependencies on SNR and various
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sources of noise. First, we recall that we take .sN /N�1 to be a sequence of numbers
in .0; 1/ that decrease slowly to zero as N !1 and that for each N � 1, we have
"N 2 ŒsN ; 2sN �. Then, the Hamiltonian of the size N perturbed model corresponding
to the inference problem 8<:Y D

q
�
N
X0X

|

0 CZ ;

Y ."N / D
p
"NX0 C

zZ ;

with X0 � PX;N;M , Z 2 RN�N Wigner, and zZ 2 RN�M Ginibre is

zHN;"N .X IZ ;
zZ ; �/ D HN .X IZ ; �/CHN;"N .X I

zZ /; (5.1)

where the Hamiltonians corresponding to each channel are respectively

HN .X IZ ; �/ D
1

2
Tr
�r �

N
ZXX|

C
�

N
X0X

|

0XX
|
�

�

2N
XX|XX|

�
;

HN;"N .X I
zZ / D Tr

�
p
"N zZX

|
C "NX0X

|
�
"N

2
XX|

�
: (5.2)

The related perturbed free entropy and partition function are then

zFN .�/ D
1

NM
E ln zZN;M ; (5.3)

zZN;M D

Z
RN�M

e
zHN;"N .X IZ ;

zZ ;�/ dPX;N;M .X/; (5.4)

with the expectation here and henceforth being taken over Z ; zZ ;X0, and uniformly
over "N 2 ŒsN ; 2sN �. Letting � 2 RM , �0 � PX;M , � � N .0; IN /, z� � N .0; IM /,
and � � N .0; 1/ account for the .N C 1/th coordinate, we have that the size N C 1
equivalent of the Hamiltonian zHN;"N .X IZ ; zZ ; �/ is given by

zHNC1;"NC1.X ;�IZ ;
zZ ; �; z�; �; �/ D H 0N .X IZ ; �/CHN;"NC1.X I

zZ /

C �z.X I �; �/C �s.X I�/�|
Cm.�I �; �/C r"NC1.�I

z�/; (5.5)

with cavity fields

H 0N .X IZ ; �/ D
1

2
Tr
�s

�

N C 1
ZXX|

C
�

N C 1
X0X

|

0XX
|

�
�

2.N C 1/
XX|XX|

�
; (5.6)

z.X I �; �/ D

s
�

N C 1
X|�|

C
�

N C 1
X|X0�

|

0; (5.7)
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s.X I�/ D �
�

2.N C 1/
X|X ; (5.8)

m.�I �; �/ D
1

2

�s
�

N C 1
� C

�

N C 1
�0�

|

0 �
�

2.N C 1/
��|

�
��|; (5.9)

r"NC1.�I
z�/ D

p
"NC1 z��

|
C "NC1�0�

|
�
"NC1

2
��|: (5.10)

The perturbed free entropy zFNC1.�/ and partition function zZNC1;M are defined as
their size N analogs according to equations (5.3) and (5.4), but with the expecta-
tion EŒ � � now being taken over "NC1 2 ŒsNC1; 2sNC1� instead of "N and over the
additional variables �, z�, � , �0.

In Section 5.1, we prove Theorem 2.9, which shows that lim supN!1 zFN .�/ is
bounded above by a convex combination of the limit suprema of�N =M and�M=N ,
where

�N D E ln zZNC1;MNC1 � E ln zZN;MNC1 ; (5.11)

�M D E ln zZN;MNC1 � E ln zZN;MN : (5.12)

As �N corresponds to a cavity in N of fixed rank MNC1 and vice versa for �M , this
enables us to decompose the problem of dealing with two growing indices M;N into
two separate single-index cavity computations. It turns out that said convex combi-
nation has the desired upper bound supq2Œ0;�� F

RS
1 .q; �/ due to both of the involved

limit suprema being bounded above by this quantity. This is shown in Section 5.2 and
Section 5.3. In the former, we give a detailed presentation of the standard fixed-rank
Aizenman–Sims–Starr scheme ([3], [43, Sections 4.3 and 6.2.5]), while in the latter,
we prove the heuristic (valid for N such that MNC1 DMN C 1)

�M

N
D

1

N
E ln zZN;MNC1 �

1

N
E ln zZN;MN

� .MN C 1/ sup
q2Œ0;��

F RS
1 .q; �/ �MN sup

q2Œ0;��

F RS
1 .q; �/ D sup

q2Œ0;��

F RS
1 .q; �/:

5.1. Free entropy upper bound: Multiscale Aizenman–Sims–Starr scheme

In this subsection, we allow the matrix size N and rank M to grow generically with
each other. Our primary goal is to show how the standard Cesàro sum extends to the
multiscale setting to give

lim sup
N!1

zFN .�/ � ˛ lim sup
N!1

�N

M
C .1 � ˛/ lim sup

N!1

�M

N

for some 0 � ˛ � 1.
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Proof of Theorem 2.9. We focus on proving the upper bound (2.16), since the anal-
ogous lower bound (2.17) will follow from obvious modifications. Let � > 0, and
for 1 � n � N , define mn DMn and its generalized inverse

nm D inf¹n j mn � mº

in order to denote the m index as a function of n and vice versa; these dependencies
are the same as between MN and N . By the definition of the limit supremum, there
exists T D T .�/ independent of N such that for all n � T ,

z�N .n/

mn
� lim sup

N!1

�N

M
C � (5.13)

and (considering only n � T for which mnC1 ¤ mn)

z�M .n/

n
� lim sup

N!1

�M

N
C �: (5.14)

With T in hand, we may now proceed as in the standard proof of the Aizenman–
Sims–Starr scheme. Thus, express the log partition function as the telescoping sum

zFN .�/ D
1

NM

N�1X
nDT

�
E ln zZnC1;mnC1 � E ln zZn;mn

�
C oN .T /

D
1

NM

�N�1X
nDT

z�N .n/C

N�1X
nDT

z�M .n/

�
C oN .T /; (5.15)

where zZ0;0 � 1 by convention, we write

z�N .n/ WD E ln zZnC1;mnC1 � E ln zZn;mnC1 ;

z�M .n/ WD E ln zZn;mnC1 � E ln zZn;mn ;

and the error term is the truncated sum

oN .T / D
1

NM

T�1X
nD0

�
z�N .n/C z�M .n/

�
;

which vanishes as N ! 1: T is independent of N and for each 0 � n � T � 1,
z�N .n/ and z�M .n/ are finite .nmn/-dimensional integrals that are also independent
of N .

Notice that z�M .n/D 0 ifmnC1Dmn, so keeping only the terms for which themn
coordinate increases, we read from the bound (5.14) that

N�1X
nDT

z�M .n/ �

MN�1X
mDMT

nm

�
lim sup
N!1

�M

N
C �

�
:
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Substituting this and the analogous statement deriving from the bound (5.13) into
equation (5.15) gives the upper bound

zFN .�/ �

�
1

NM

N�1X
nDT

mn

��
lim sup
N!1

�N

M
C �

�
C

�
1

NM

MN�1X
mDMT

nm

��
lim sup
N!1

�M

N
C �

�
C oN .T /: (5.16)

To obtain agreement with the bound (2.16), we let

˛ D lim sup
N!1

1

NM

N�1X
nDT

mn;

so that the proof of inequality (2.16) is completed upon showing that 0 � ˛ � 1
and that

lim sup
N!1

1

NM

MN�1X
mDMT

nm D 1 � ˛: (5.17)

As 1 � mn �M for each 1 � n � N , it is immediate that 1 �
PN�1
nDT mn � NM , so

0� ˛ � 1. To prove the second claim, we first recall Young’s inequality for increasing
functions [68]:

ab �

Z a

0

f .x/ dx C
Z b

0

f �1.x/ dx; a; b > 0;

where f is differentiable, strictly increasing, and such that f .0/D 0. When b D f .a/,
this inequality is an equality that we may discretize and adopt to our setting to see that

N�1X
nDT

mn C

MN�1X
mDmT

nm D NMN�1 � T .MT � 1/:

Normalizing by NM and taking the limit supremum then shows that

˛ C lim sup
N!1

1

NM

MN�1X
mDmT

nm D lim sup
N!1

1

NM

�N�1X
nDT

mn C

MN�1X
mDmT

nm

�
D lim sup

N!1

NMN�1 � T .MT � 1/

NM
;

which equals one, hence equation (5.17) is verified. Taking the limit supremum of
both sides of inequality (5.16) and then taking � ! 0 completes the proof of the



J. Barbier, J. Ko, and A. A. Rahman 42

upper bound. The lower bound follows from a similar argument to that just presented
with

ˇ D lim inf
N!1

1

NM

N�1X
nDT

mn

in place of ˛.
We now show that ˛;ˇ satisfies the relation (2.20) in the case whenM D bf .N /c.

Without loss of generality, we modify f so that f .N / 2 N to simplify notation.
Noting thatmn D bf .n/c, using L’Hôpital’s rule to simplify the integral upper bound
of the normalized sum shows that

˛ D lim sup
N!1

1

NM

N�1X
nDT

mn � lim sup
N!1

Z N

T

f .x/

Nf .N /
dx � lim sup

x!1

f .x/

f .x/C xf 0.x/
:

Similarly, consideration of the integral lower bound of the same sum gives

ˇ D lim inf
N!1

1

NM

N�1X
nDT

mn � lim inf
N!1

Z N�1

T�1

f .x/

Nf .N /
dx � lim inf

x!1

f .x � 1/

f .x/C xf 0.x/
;

concluding the proof.

As mentioned before, it can be observed that the above proof applies to generic
sequences with two growing indices and that no properties of the log partition function
are used. If zFN .�/ remains finite in the thermodynamic limit, then�N is an orderM
quantity and�M is an orderN quantity, so the normalized differences in the spin and
rank coordinates are both of constant order and both have non-negligible contribution
to the limiting value when ˛ ¤ 0; 1. In other words, even if MN � N so that adding
a column occurs much less frequently than rows when the system size grows, the
free entropy difference due to column addition is much larger than the one due to
row addition because columns are of length N , while rows are of length M . These
two effects perfectly compensate each other so that both row and column addition
contributes the same order in the multiscale Aizenman–Sims–Starr scheme.

As Theorem 2.9 shows that the effects of incrementing N or M can be iso-
lated to the �N and �M cavities, we now move on to the task of showing that the
limit suprema of both of these are bounded above by the right-hand side of inequal-
ity (2.12).

5.2. The standard row cavity bound

As �N (see (5.11)) is a difference of two terms that correspond to the same rank
MNC1, it suffices to bound lim supN!1�N =M using the standard fixed-rank argu-
ments of [3, 43] while tracking any M -dependencies that could become problematic
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in the sublinear-rank regime. Thus, we begin by showing that �N =M is bounded
above by a simpler analog that is obtained by showing that in the large N limit:

• the cavity fieldsm.�/ (see (5.9)), r"NC1.�/ (see (5.10)),HN;"NC1.X/�HN;"N .X/
(see (5.2)) become negligible;

• the cavity fields z.X/ (see (5.7)) and s.X/ (see (5.8)) can be replaced by

yz.X I �; �/ WD

r
�

N
X|�|

C �R10�
|

0;

ys.X I�/ WD �
�

2
R11;

where we recall that R10 D 1
N
X|X0 (see (2.8)) and write R11 D 1

N
X

|

1X1 D

1
N
X|X in accordance with equation (4.2);

• and the Hamiltonian zHN;"N .X/ is statistically equivalent to

HN .X/CHN;"N .X/C yy.X/;

where for yZ , an independent copy of Z ,

yy
�
X IX0; yZ ; �

�
D
1

2
Tr
�p�
N
yZXX|

C �R
|

10R10 �
�

2
R

|

11R11

�
: (5.18)

Then, we use the thermal concentration results of Theorem 2.11 and Corollary 4.1 to
show that said upper bound can be simplified even further to be written in terms of
the replica symmetric potential F RS

M .Q; �/ (see (2.2)).

Lemma 5.1 (Standard Aizenman–Sims–Starr scheme). Assume that hypothesis (H2)
holds. Let PX be a centered distribution with bounded fourth moment, let �0 � PX;M ,
let zZN;M be specified by equation (5.4), and let yz.X/, ys.X/, and yy.X/ be as above.
Then,

E
�;z�;�;�0

E ln zZNC1;M � E ln zZN;M
M

�
1

M
E�;�0E ln

�Z
RM

e�yz.X I�;�/C�ys.X I�/�
|

dPX;M .�/

�0
N;"N

�
1

M
E yZE ln

˝
e yy.X IX0;

yZ ;�/
˛0
N;"N

C � 0.N;M/; (5.19)

where the unspecified expectation EŒ � � is as in (5.3), the Gibbs average h � i0N;"N
is specified by equation (2.24), and we define, with C some finite positive constant
independent of M;N ,

� 0.N;M/ WD C

�
M �N

N C 1
C 1C sN

�
;

which is oN .1/ for any M D o.N /.
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Proof. We break the proof into two parts. First, we quantify the difference

E
�;z�;�;�0

E ln zZNC1;M
M

�
1

M
E�;�0E ln

�
Z0N;"N

�Z
RM

e�yz.X I�;�/C�ys.X I�/�
|

dPX;M .�/

�0
N;"N

�
; (5.20)

where we recall the definition (2.25) of the partition function Z0N;"N . To this end, we
introduce the interpolating Hamiltonian

H1;t .X ;�/ WD zHNC1;tsNC1y"
�
X ;�IZ ; zZ ; �; z�; �; t�

�
CH 0N

�
X IU ; .1 � t /�

�
CHN;.1�t/sN y"

�
X I zU

�
C �yz

�
X I�; .1 � t /�

�
C �ys

�
X I .1 � t /�

�
�|;

with U ; zU ;� being independent copies of Z ; zZ ; � and y" a perturbation parameter
distributed uniformly on Œ1; 2� so that "N D sN y" in distribution. Letting E1Œ � � denote
expectation with respect to the signal variables X0; �0, the perturbation parameter y",
and the noise variables Z , zZ , U , zU , �, z�, �, �, the corresponding free entropy

'1.t/ WD
1

M
E1 ln

Z
R.NC1/�M

eH1;t .X ;�/ dPX;NC1;M .X ;�/

is such that '1.1/ and '1.0/, respectively, equal the first and second terms of the dif-
ference (5.20). As usual, we proceed by computing the derivative of this free entropy
and see upon substituting in equation (5.5) and writing h � i1;t for the Gibbs average
with respect to the Hamiltonian H1;t .X ;�/ that

'01.t/ D
1

M
E1
D d
dt
H1;t .X ;�/

E
1;t

D
1

M
E1
D d
dt

�
H 0N .X IZ ; t�/CH

0
N .X IU ; .1 � t /�/

�E
1;t

C
1

M
E1
D d
dt

�
HN;tsNC1y".X I

zZ /CHN;.1�t/sN y".X I
zU /
�E
1;t

C
1

M
E1
D d
dt
�
�
z.X I �; t�/C yz.X I�; .1 � t /�/

�E
1;t

C
1

M
E1
D d
dt
�
�
s.X I t�/C ys.X I .1 � t /�/

�
�|
E
1;t

C
1

M
E1
D d
dt
m.�I �; t�/

E
1;t
C

1

M
E1
D d
dt
rtsNC1y".�I

z�/
E
1;t
:

By Gaussian integration by parts and the Nishimori identity, we see that

1

M
E1
D d
dt

�
H 0N .X IZ ; t�/CH

0
N .X IU ; .1 � t /�/

�E
1;t
D 0;
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1

M
E1
D d
dt

�
HN;tsNC1y".X I

zZ /CHN;.1�t/sN y".X I
zU /
�E
1;t

D
N.sNC1 � sN /

2M
Tr E1hy"R10i1;t ;

1

M
E1
D d
dt
�
�
z.X I �; t�/C yz.X I�; .1 � t /�/

�E
1;t

D �
�

2M.N C 1/
E1h�R10�

|

0 C �R11�
|
i1;t ;

1

M
E1
D d
dt
�
�
s.X I t�/C ys.X I .1 � t /�/

�
�|
E
1;t
D

1

2M.N C 1/
E1h�R11�

|
i1;t ;

1

M
E1
D d
dt
m.�I �; t�/

E
1;t
D

�

4M.N C 1/
E1h�0�

|

0��
|
i1;t ;

1

M
E1
D d
dt
rtsNC1y".�I

z�/
E
1;t
D
sNC1

2M
E1hy"�0�

|
i1;t :

Let E01Œ � � denote the same expectation as E1Œ � � but without the average over y" so that
E1Œ � �D Ey"E

0
1Œ � �. Due to the same reasoning as behind the series of inequalities (4.6),

we have that

0 � Tr E01hR10i1;t ;E1h�R10�
|

0i1;t ;
1

M
E1h�0�

|

0��
|
i1;t ;E

0
1h�0�

|
i1;t � CM

for some finite positive constant C independent ofM;N and depending only on prop-
erties of PX . Then, since sN is a decreasing sequence, we see that

N.sNC1 � sN /

2M
Tr E1hy"R10i1;t D

N.sNC1 � sN /

2M
Ey"
�
y"Tr E01hR10i1;t

�
� 0;

as we have the product of the expectation of a positive trace and the negative quantity
N.sNC1� sN /=.2M/. Likewise, we have that the other terms in '01.t/ can be bounded
according to

�
�

2M.N C 1/
E1h�R10�

|

0 C �R11�
|
i1;t C

1

2M.N C 1/
E1h�R11�

|
i1;t

D �
�

2M.N C 1/
E1h�R10�

|

0i1;t � 0;

�

4M.N C 1/
E1h�0�

|

0��
|
i1;t �

C�M

4.N C 1/
;

sNC1

2M
E1hy"�0�

|
i1;t D

sNC1

2M
Ey"
�
y"E01h�0�

|
i1;t

�
�
CsNC1

2
Ey" y" � 3CsN :

Combining all of this together shows that

'01.t/ �
C�M

4.N C 1/
C 3CsN :
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Since this is independent of t , we have that

'1.1/ � '1.0/ D

Z 1

0

'01.t/ dt �
C�M

4.N C 1/
C 3CsN ; (5.21)

so the difference (5.20) obeys the same upper bound.
We now move on to quantifying the difference

1

M
E yZE ln

�
Z0N;"N

˝
e yy.X IX0;

yZ ;�/
˛0
N;"N

�
�
1

M
E ln zZN;M : (5.22)

The relevant interpolating Hamiltonian and free entropy are given by

H2;t .X/ WD H
0
N .X IZ ; t�/CHN;t"N .X I

zZ /C yy.X IX0; yZ ; t�/

C zHN;.1�t/"N
�
X IU ; zU ; .1 � t /�

�
;

'2.t/ WD
1

M
E2 ln

Z
RN�M

eH2;t .X/ dPX;N;M .X/;

where U ; zU are independent copies of Z , zZ , as before, and E2Œ � � denotes an expec-
tation with respect to X0, Z , zZ , yZ , U , zU , and "N . Observe that '2.1/ and '2.0/,
respectively, equal the first and second terms of the difference (5.22). Writing h � i2;t
for the Gibbs average with respect to H2;t .X/ and using equation (5.1) shows that

'02.t/ D
1

M
E2
D d
dt
H2;t .X/

E
2;t

D
1

M
E2
D d
dt

�
H 0N .X IZ ; t�/CHN .X IU ; .1 � t /�/

�E
2;t

C
1

M
E2
D d
dt

�
HN;t"N .X I

zZ /CHN;.1�t/"N .X I
zU /
�E
2;t

C
1

M
E2
D d
dt
yy.X IX0; yZ ; t�/

E
2;t
:

By Gaussian integration by parts and the Nishimori identity, we see that

1

M
E2
D d
dt

�
H 0N .X IZ ; t�/CHN .X IU ; .1 � t /�/

�E
2;t

D �
�N

4.N C 1/M
Tr E2hR

|

10R10i2;t ;

1

M
E2
D d
dt

�
HN;t"N .X I

zZ /CHN;.1�t/"N .X I
zU /
�E
2;t
D 0;

1

M
E2
D d
dt
yy.X IX0; yZ ; t�/

E
2;t
D

�

4M
Tr E2hR

|

10R10i2;t :

Combining these equalities shows that

'02.t/ D
�

4M

�
1 �

N

N C 1

�
Tr E2hR

|

10R10i2;t :
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Extending the logic behind the bounds (4.6) shows that

0 � Tr E2hR
|

10R10i2;t �
1

N 2
Tr E2ŒX

|

0X0X
|

0X0�

D
1

N 2

NX
i;jD1

MX
`;`0D1

E2
�
x0;i`x0;i`0x0;j`0x0;j`

�
� C

�
M C

M 2

N

�
;

where the last inequality follows from the fact that, since the entries of X0 are i.i.d.
with bounded fourth moments, E2Œx0;i`x0;i`0x0;j`0x0;j`� is given by some finite pos-
itive constant C if either i D j or ` D `0, and is otherwise zero; the summand is
non-zero for o.MN 2 CM 2N/ combinations of i; j; `; `0. As M � N , we hence see
that

'02.t/ �
C�

4

�
1 �

N

N C 1

�
and integrating this over t shows that the difference (5.22) also obeys this upper
bound. Summing this with the upper bound (5.21) on the difference (5.20) produces
� 0.N;M/. Thus, we are done upon noting that E�;�0E lnZ0N;"N DE yZE lnZ0N;"N .

Lemma 5.1 displays a similarity in structure to the replica symmetric potential
F RS
M .Q; �/ (see (2.2)). Our goal now is to refine this observation. Writing

yHM;N
�
A;B;xI z.N/; �

�
WD

r
�

N
x|A|z.N/

C
�

N
x|A|Bx0 �

�

2N
x|A|Ax (5.23)

for A;B 2 RN�M , x 2 RM , z.N/ � N .0; IN /, and x0 � PX;M , one observes upon
replacing �|, �|, �|

0, respectively, by z.N/, x, x0 that the first term in the right-hand
side of inequality (5.19) is

1

M
Ez.N/;x0E ln

�Z
RM

e
yHM;N .X ;X0;xIz

.N/;�/ dPX;M .x/

�0
N;"

:

On the other hand, further replacing X and X0 by hXi0N;" in the integrand produces

1

M
Ez.N/;x0E ln

�Z
RM

e
yHM;N .hXi

0
N;"

;hXi0
N;"

;xIz.N/;�/ dPX;M .x/

�0
N;"

D
1

M
Ez.N/;x0E ln

Z
RM

e
yHM;N .hXi

0
N;"

;hXi0
N;"

;xIz.N/;�/ dPX;M .x/ (5.24)

D
1

M
Ez.M/;x0

E ln
Z

RM
e
yHM;M .

p
T ;
p
T ;xIz.M/;�N/ dPX;M .x/; (5.25)
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where we have defined

T WD hR12i
0
N;" D

1

N
hX|
i
0
N;"hXi

0
N;" D

1

N

NX
iD1

hxi i
0
N;"hx

|

i i
0
N;": (5.26)

Here, equation (5.24) is due to the fact that the integral is independent of X , which
is what the Gibbs average h � i0N;" is over, while equation (5.25) follows from the
fact that the Gaussian vectors hX|

i0N;"z
.N/ and

p
NT z.M/ are equal in distribution,

since z.N/, z.M/ are independent of hXi0N;".
Similarly, substitutingX andX0 by hXi0N;" in the exponent of the second term in

the right-hand side of inequality (5.19) yields the simplification

1

M
E yZE ln

˝
e yy.hXi

0
N;"
IhXi0

N;"
; yZ ;�/

˛0
N;"
D

1

M
E yZE

�
yy
�
hXi0N;"I hXi

0
N;";
yZ ; �

��
D

�

4M
Tr ET 2;

where the first equality follows as above, while the second is due to the independence
of yZ and hXi0N;". Combining this with equation (5.25) shows that replacingX andX0

by hXi0N;" within the averages in the right-hand side of inequality (5.19) produces the
averaged replica symmetric potential EF RS

M .T ; �/. Connection with Theorem 2.1 is
made upon noting that T is symmetric positive semidefinite, replacing the average
with a supremum, and using Theorem 2.6 to establish that

EF RS
M .T ; �/ � sup

Q2�M

F RS
M .Q; �/ D sup

q2Œ0;��

F RS
1 .q; �/:

The driving mechanism behind the above is the action of replacing X and X0

by hXi0N;". This is allowed, with a negligible cost, due to the concentration results
proved in Section 4.2. We now make this precise through a slight rewriting of the
arguments of [43].

Lemma 5.2 (First application of overlap concentration). Assume hypotheses (H2)
and (H3). Define

U1 WD

�Z
RM

e
yHM;N .X ;X0;xIz;�/ dPX;M .x/

�0
N;"

;

V1 WD

Z
RM

e
yHM;N .hXi

0
N;"

;hXi0
N;"

;xIz;�/ dPX;M .x/;

with z � N .0; IN /, yHM;N .A;B; xI z; �/ as specified by equation (5.23), and the
Gibbs average h � i0N;"N as in equation (2.24). Then, there is a positive constant C
independent of M;N such that

jE0Ez lnU1 � E0Ez lnV1j � C
p
MeCM

2

�.N;M/1=4;
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where �.N;M/ D CM 2=
p
NsN is the rate of concentration given in Theorem 2.11

and we write E0Œ � � for the expectation over Z , zZ , X0, x0, and uniformly over
" 2 ŒsN ; 2sN �.

Proof. First observe that since j ln.x/� ln.y/j � max¹x�1; y�1º jx � yj, we have by
Jensen’s inequality and the Cauchy–Schwarz inequality that

jE0Ez lnU1 � E0Ez lnV1j

� E0Ezj lnU1 � lnV1j

� E0
q

EzŒU�21 C V
�2
1 �

p
EzŒ.U1 � V1/2�

� E0
q

EzŒU�21 C V
�2
1 �

q
2jEzU 21 � EzV 21 j C 2jEzŒU1V1� � EzV 21 j: (5.27)

Thus, we bound each of the terms

EzŒU
�2
1 C V

�2
1 �; jEzU

2
1 � EzV

2
1 j; jEzŒU1V1� � EzV

2
1 j

in a series of three steps and then simplify the above using Corollary 4.1 of Theo-
rem 2.11.

Step 1. Applying Jensen’s inequality shows that

U1 �

Z
RM

eh
yHM;N .X ;X0;xIz;�/i

0
N;" dPX;M .x/:

Thus, using Jensen’s inequality again shows that

U�21 �

Z
RM

e�2h
yHM;N .X ;X0;xIz;�/i

0
N;" dPX;M .x/:

Now, using the fact that Ezeaz D ea
2=2 for z � N .0; 1/ and a independent of z gives

EzU
�2
1 �

Z
RM

e2�x
|Tx��h2x|R10x0�x|R11xi0N;" dPX;M .x/;

where we recall that T D 1
N
hX|
i0N;"hXi

0
N;" (see (5.26)). Since PX has D-bounded

support, the entries of X ;X0 lie in Œ�D;D�, so

jx|T xj; jx|R10x0j; jx
|R11xj �M

2D4;

and we obtain the upper bound EzU�21 � e
5�M2D4 . The exact same argument shows

that we also have EzV �21 � e5�M
2D4 , hence

Ez
�
U�21 C V

�2
1

�
� 2e5�M

2D4 : (5.28)
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Step 2. Letting h � i0N;" now refer to a Gibbs average with respect to the replicas X1,
X2 of X , we have that

EzU
2
1 D Ez

�Z
RM�RM

e
yHM;N .X1;X0;x1Iz;�/C yHM;N .X2;X0;x2Iz;�/ dP˝2X;M .x1;x2/

�0
N;"

D

�Z
RM�RM

e�.x
|
1
R10x0Cx

|
2
R20x0Cx

|
1
R12x2/ dP˝2X;M .x1;x2/

�0
N;"

;

where we have used the fact that

Ez exp
�r �

N
.X1x1 CX2x2/

|z
�
D exp

� �

2N
kX1x1 CX2x2k

2
F

�
:

Defining F1W .Œ�D2;D2�M�M /3 ! R by

F1.A;B;C / WD

Z
RM�RM

e�.x
|
1
Ax0Cx

|
2
Bx0Cx

|
1
Cx2/ dP˝2X;M .x1;x2/;

we observe that
EzU

2
1 D hF1.R10;R20;R12/i

0
N;":

Likewise, we have that
EzV

2
1 D F1.T ;T ;T /:

As PX has D-bounded support, we compute for all A;B;C 2 Œ�D2;D2�M�M that

krF1.A;B;C /kF �
p
3�MD2e3�M

2D4 :

Thus,F1.A;B;C / is .C1MeC2M
2
/-Lipschitz for some constantsC1;C2 independent

of M;N . Hence, using Jensen’s inequality and our Lipschitz bound shows that

jEzU
2
1 � EzV

2
1 j

D jhF1.R10;R20;R12/i
0
N;" � F1.T ;T ;T /j

� hjF1.R10;R20;R12/ � F1.T ;T ;T /ji
0
N;"

� C1Me
C2M

2
Dq
kR10 � T k

2
F C kR20 � T k

2
F C kR12 � T k

2
F

E0
N;"
: (5.29)

Step 3. From the same reasoning as in the above step, we see that

EzŒU1V1�

D Ez

�Z
RM�RM

e
yHM;N .X ;X0;x1Iz;�/C yHM;N .hXi

0
N;"

;hXi0
N;"

;x2Iz;�/ dP˝2X;M .x1;x2/

�0
N;"

D
˝
F1
�
R10;T ;

1

N
X|
hXi0N;"

�˛0
N;"
:
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Hence, using Jensen’s inequality and our Lipschitz bound on F1.A;B;C / yet again
shows that

jEzŒU1V1� � EzV
2
1 j

D jhF1.R10;T ;
1

N
X|
hXi0N;"/i

0
N;" � F1.T ;T ;T /j

�
˝
jF1

�
R10;T ;

1

N
X|
hXi0N;"

�
� F1.T ;T ;T /j

˛0
N;"

� C1Me
C2M

2
Dr
kR10 � T k

2
F C




 1
N
X|
hXi0N;" � T




2
F

E0
N;"
: (5.30)

Step 4. Applying Jensen’s inequality and Corollary 4.1 to inequality (5.29) shows that

E0jEzU
2
1 � EzV

2
1 j

� C1Me
C2M

2
q

E0hkR10 � T k2F C kR20 � T k
2
F C kR12 � T k

2
Fi
0
N;"

� C1Me
C2M

2p
3�.N;M/; (5.31)

where we have used the Nishimori identity to replaceR20 byR10. Doing the same to
inequality (5.30) shows that

E0jEzŒU1V1� � EzV
2
1 j � C1Me

C2M
2

r
�.N;M/C E0

D


 1
N
X|
hXi0N;" � T




2
F

E0
N;"

� C1Me
C2M

2p
2�.N;M/; (5.32)

where in the last line we have used the fact that, if we let h � i denote the Gibbs aver-
age h � i0N;" with respect to only X2, we have

E0
D


 1
N
X|
hXi0N;" � T




2
F

E0
N;"
D E0

D


D 1
N
X

|

1X2 � T
E


2

F

E0
N;"

� E0hhkR12 � T k
2
Fii
0
N;"

D E0hkR12 � T k
2
Fi
0
N;" � �.N;M/:

Returning to inequality (5.27), inserting inequality (5.28), using Jensen’s inequal-
ity, and then finally using inequalities (5.31) and (5.32), we see that there is a finite
positive constant C independent of M , N such that

jE0Ez lnU1 � E0Ez lnV1j � CeCM
2

E0
q
2jEzU 21 � EzV 21 j C 2jEzŒU1V1� � EzV 21 j

� CeCM
2
q

E0jEzU 21 � EzV 21 j C E0jEzŒU1V1� � EzV 21 j

� C
p
MeCM

2

�.N;M/1=4;

as desired.



J. Barbier, J. Ko, and A. A. Rahman 52

Lemma 5.3 (Second application of overlap concentration). Assume hypotheses (H2)
and (H3). Define

U2 WD
˝
e yy.X IX0;

yZ ;�/
˛0
N;"
; V2 WD e

yy.hXi0
N;"
IhXi0

N;"
; yZ ;�/

with yy.X IX0; yZ ; �/ as specified by equation (5.18) and the Gibbs average h � i0N;"N
as in equation (2.24). Then, there is a positive constant C independent of M;N such
that

jE0E yZ lnU2 � E0E yZ lnV2j � C
p
MeCM

2

�.N;M/1=4;

where �.N;M/ D CM 2=
p
NsN is the rate of concentration given in Theorem 2.11

and E0Œ � � retains its meaning from Lemma 5.2.

Proof. The structure of the proof is identical to that of Lemma 5.2. Indeed, as before,
we have that

jE0E yZ lnU2 � E0E yZ lnV2j

� E0
q

E yZ ŒU
�2
2 C V

�2
2 �

q
2jE yZU

2
2 � E yZV

2
2 j C 2jE yZ ŒU2V2� � E yZV

2
2 j; (5.33)

and we proceed by bounding each of the terms

E yZ ŒU
�2
2 C V

�2
2 �; jE yZU

2
2 � E yZV

2
2 j; jE yZ ŒU2V2� � E yZV

2
2 j

in three steps analogous to those of the proof of Lemma 5.2, before applying Corol-
lary 4.1.

Step 1. Using Jensen’s inequality shows that

U�22 � e�2hyy.X IX0;
yZ ;�/i0

N;" ; V �22 � e�2yy.hXi
0
N;"
IhXi0

N;"
; yZ ;�/:

Then, since
E yZe

Tr. yZA/
D eTrA2 (5.34)

for symmetric A 2 RN�N independent of yZ , we have that

E yZU
�2
2 � e�Tr.hR|

11
i0
N;"
hR11i

0
N;"
�hR

|
10
R10i

0
N;"
C 12 hR

|
11
R11i

0
N;"

/;

E yZV
�2
2 � e

�
2 TrT 2 ;

where we recall that T D 1
N
hX|
i0N;"hXi

0
N;" (5.26). As the entries of X , X0 lie

in Œ�D;D�, we have thatˇ̌
Tr
�
hR

|

11i
0
N;"hR11i

0
N;"

�ˇ̌
; jTr.R|

10R10/j; jTr.R|

11R11/j; jTrT 2j �M 2D4;

and thus
E yZ ŒU

�2
2 C V

�2
2 � � 2e

5
2�M

2D4 : (5.35)
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Step 2. Letting h � i0N;" denote the Gibbs average with respect to the replicas X1, X2

of X , we have

E yZU
2
2 D E yZ

˝
e yy.X1IX0;

yZ ;�/Cyy.X2IX0; yZ ;�/
˛0
N;"
D hF2.R10;R20;R12/i

0
N;";

where we have again used identity (5.34) and defined F2W .Œ�D;D�M�M /3 ! R by

F2.A;B;C / WD e
�
2 Tr.A|ACB|BCC|C /:

Note also that

E yZV
2
2 D E yZe

2yy.hXi0
N;"
IhXi0

N;"
; yZ ;�/

D e
3�
2 TrT |T

D F2.T ;T ;T /:

Now, on the domain of F2, we have that

krF2.A;B;C /kF �

p
3

2
�MD2e

3
2�M

2D4 :

Thus,F2.A;B;C / is .C1MeC2M
2
/-Lipschitz for some constantsC1;C2 independent

of M;N . Hence, using Jensen’s inequality shows that

jE yZU
2
2 � E yZV

2
2 j

D jhF2.R10;R20;R12/i
0
N;" � F2.T ;T ;T /j

� hjF2.R10;R20;R12/ � F2.T ;T ;T /ji
0
N;"

� C1Me
C2M

2
Dq
kR10 � T k

2
F C kR20 � T k

2
F C kR12 � T k

2
F

E0
N;"
: (5.36)

Step 3. Similarly to above, we see that

E yZ ŒU2V2� D E yZ
˝
e yy.X IX0;

yZ ;�/Cyy.hXi0
N;"
IhXi0

N;"
; yZ ;�/

˛0
N;"

D

D
F2

�
R10;T ;

1

N
X|
hXi0N;"

�E0
N;"
:

Hence, using Jensen’s inequality and inserting our Lipschitz constant shows that

jE yZ ŒU2V2� � E yZV
2
2 j

D

ˇ̌̌D
F2

�
R10;T ;

1

N
X|
hXi0N;"

�E0
N;"
� F2.T ;T ;T /

ˇ̌̌
�

Dˇ̌̌
F2

�
R10;T ;

1

N
X|
hXi0N;"

�
� F2.T ;T ;T /

ˇ̌̌E0
N;"

� C1Me
C2M

2
Dr
kR10 � T k

2
F C




 1
N
X|
hXi0N;" � T




2
F

E0
N;"
: (5.37)
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Step 4. As inequalities (5.36), (5.37) are equivalent to inequalities (5.29), (5.30), we
may read off from Step 4 of the proof of Lemma 5.2 that

E0jE yZU
2
2 � E yZV

2
2 j � C1Me

C2M
2p
3�.N;M/;

E0jE yZ ŒU2V2� � E yZV
2
2 j � C1Me

C2M
2p
2�.N;M/:

Therefore, inserting inequality (5.35) into inequality (5.33), using Jensen’s inequality,
and then finally using the above two inequalities, we see that there is a finite positive
constant C independent of M , N such that

jE0E yZ lnU2 � E0E yZ lnV2j

� CeCM
2

E0
q
2jE yZU

2
2 � E yZV

2
2 j C 2jE yZ ŒU2V2� � E yZV

2
2 j

� CeCM
2
q

E0jE yZU
2
2 � E yZV

2
2 j C E0jE yZ ŒU2V2� � E yZV

2
2 j

� C
p
MeCM

2

�.N;M/1=4:

To conclude this subsection, it remains now to combine Lemmas 5.2 and 5.3 with
Lemma 5.1. We use the equality in the distribution of hX|

i0N;"z
.N/ and

p
NT z.M/

for z.N/ � N .0; IN / and z.M/ � N .0; IM / discussed earlier, replace the expectation
over T with a supremum, and finally apply Theorem 2.6.

Proposition 5.4 (�N =M cavity upper bound). Assume all of the hypotheses of Theo-
rem 2.1, let M DMN , and recall (5.11) that

�N D E ln zZNC1;MNC1 � E ln zZN;MNC1 ;

where EŒ � � denotes an expectation with respect to Z ; zZ , X0, �, z�, � , �0, "N , "NC1.
There exists a finite positive constant C independent of M;N such that enforcing the
constraint sN � min¹0:9; N�1=9.CeCM

2
/8=9º, with sN still vanishing at large N ,

ensures that
lim sup
N!1

�N

M
� sup
q2Œ0;��

F RS
1 .q; �/: (5.38)

Proof. First, we setM DMNC1 instead ofM DMN , recalling that Lemma 5.1 holds
for any M . Rewriting said lemma in the notation of Lemmas 5.2 and 5.3 then yields

�N

M
�

E lnU1 � E yZE lnU2
M

C � 0.N;M/;

where we have replaced �|, �|, �|

0 by z, x, x0. By Lemmas 5.2 and 5.3, we then have

�N

M
�

E lnV1 � E yZE lnV2
M

C
C
p
M
eCM

2

�.N;M/1=4 C � 0.N;M/ (5.39)
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for some finite positive constantC independent ofM ,N . Now, writing z0�N .0;IM /,
we observe that hX|

i0N;"N
z and

p
NT z0 are equal in distribution, so

1

M
E lnV1 D

1

M
Ez0E ln

Z
RM

e
p
�x|pT z0Cx|Tx0�

�
2 x

|Tx dPX;M .x/:

On the other hand, using the independence of yZ and hXi0N;"N shows that

1

M
E yZE lnV2 D

1

2M
Tr E yZE

hp
� yZT C

�

2
T 2
i
D

�

4M
Tr ET 2:

Inserting these two expressions back into inequality (5.39) gives

�N

M
�

1

M
Ez0E ln

Z
RM

e
p
�x|pT z0Cx|Tx0�

�
2 x

|Tx dPX;M .x/

�
�

4M
Tr ET 2 C

C
p
M
eCM

2

�.N;M/1=4 C � 0.N;M/:

As this integral depends on all of the involved random variables through only T , z0,
x0, we recognize from equation (2.2) that the above simplifies to

�N

M
� ETF

RS
M .T ; �/C

C
p
M
eCM

2

�.N;M/1=4 C � 0.N;M/:

Noting that T is symmetric positive semidefinite, we circumvent the intractability of
the expectation over T by replacing it with a supremum to obtain

�N

M
� sup
T2�M

F RS
M .T ; �/C

C
p
M
eCM

2

�.N;M/1=4 C � 0.N;M/

D sup
q2Œ0;��

F RS
1 .q; �/C

C
p
M
eCM

2

�.N;M/1=4 C � 0.N;M/; (5.40)

with the second line following from using Theorem 2.6 to replace the M -dependent
supremum supT2�M

F RS
M .T ; �/ by its M -independent analog. To make connection

with inequality (5.38), we multiply both sides by MNC1=MN to obtain

�N

MN

�
MNC1

MN

sup
q2Œ0;��

F RS
1 .q; �/

C
C
p
MNC1

MN

eCM
2
NC1�.N;MNC1/

1=4
C
MNC1

MN

� 0.N;MNC1/:

By hypothesis, either MNC1 D MN or MNC1 D MN C 1. In either case, the result
follows due to our choice of sN inducing the vanishing of all error terms when taking
the limit supremum; the second term in the right-hand side vanishes because

MN D o
�p

lnN
�

and sN � N
�1=9

�
CeCM

2
N

�8=9
;

while the final term vanishes because sN ! 0.
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5.3. The novel column cavity bound

In this subsection, we formalize the intuition contained within the approximation
given in (2.21) to prove the counterpart to Proposition 5.4 bounding the limit supre-
mum of �M=N . This is a novel term that only comes into play when examining
multiscale models and arises here due to our working in the sublinear rank regime
M D o.

p
lnN/. As per the approximation (2.21), our approach is to bootstrap the

finite M;N cavity bounds through a second application of the cavity method.
The strategy then is to fixN andM DMN at a value such thatMNC1 DMN C 1

and bound each of the terms in (5.12):

�M

N
D

1

N
E ln zZN;MC1 �

1

N
E ln zZN;M

separately. The upper bound on the second term, being negative, can be obtained
simply from the free entropy lower bound of Proposition 2.7; note that this proposition
holds for any M;N � 1. To obtain an upper bound on 1

N
E ln zZN;MC1, we proceed

by introducing the auxiliary difference

y�N .n/ WD E ln zZnC1;MC1 � E ln zZn;MC1; (5.41)

so that we have the telescoping series

1

N
E ln zZN;MC1 D

1

N

N�1X
nD0

y�N .n/:

Then, we truncate this sum at a truncation parameter n D T and show that the trun-
cated sum can be bounded by a standard application of the cavity method, while the
remainder is bounded with T -dependent error due to Proposition 5.4. Finally, we take
the limit supremum, choosing T such that all error terms vanish at large N .

Lemma 5.5 (Bounding the truncated sum of y�N .n/). Let N; M; T � 1, assume
hypotheses (H2) and (H3), and let y�N .n/ be defined by equation (5.41). Then, there
exists some positive constant C independent of M;N; T such that

T�1X
nD0

y�N .n/ � CTM
2:

Proof. First, note that
T�1X
nD0

y�N .n/ � T sup
n�T

y�N .n/: (5.42)
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Then, replacing N by n and M by M C 1 in Lemma 5.1 shows that for C a generic
finite positive constant independent of N;M; T here on out,

y�N .n/ � E�0;�0E ln
�Z

RMC1
e�yz.X

0
I�0;�/C�ys.X 0I�/�|

dPX;MC1.�/

�0
n;"n

� E yZ 0E lnhe yy.X
0
IX 00;

yZ
0
;�/
i
0
n;"n
C .M C 1/� 0.n;M C 1/; (5.43)

where we define X 0 2 Rn�.MC1/ to be the integration variable of the Gibbs aver-
age h � i0n;"n , letX 00 2 Rn�.MC1/ have i.i.d. entries drawn from PX , let �0 � PX;MC1,
let yZ

0
2 Rn�n be a standard Wigner matrix, and let �0 � N .0; In/.

Substituting yz.X 0/ (see (5.7)) and ys.X 0/ (see (5.8)) into the first term of the right-
hand side of inequality (5.43), using Jensen’s inequality, and then using the identity
Ezeaz D ea

2=2 for z � N .0; 1/ and a independent of z shows that

E�0;�0E ln
�Z

RMC1
e�yz.X

0
I�0;�/C�ys.X 0I�/�|

dPX;MC1.�/

�0
n;"n

D E�0;�0E ln
�Z

RMC1
e

q
�
n�X

0|�0|C�n�X
0|X 00�0�

�
2n�X

0|X 0�|
dPX;MC1.�/

�0
n;"n

� ln E�0E

�Z
RMC1

E�0e

q
�
n�X

0|�0|C�n�X
0|X 00�0�

�
2n�X

0|X 0�|
dPX;MC1.�/

�0
n;"n

D ln E�0E

�Z
RMC1

e
�
n�X

0|X 00�0 dPX;MC1.�/

�0
n;"n

:

As PX has D-bounded support, we have that j�X 0|X 00�0j � n.M C 1/
2D4, and

therefore

E�0;�0E ln
�Z

RMC1
e�yz.X

0
I�0;�/C�ys.X 0I�/�|

dPX;MC1.�/

�0
n;"n

� ln E�0E

�Z
RMC1

e
�
n�X

0|X 00�0 dPX;MC1.�/

�0
n;"n

� ln E�0E

�Z
RMC1

e�.MC1/
2D4 dPX;MC1.�/

�0
n;"n

D �.M C 1/2D4: (5.44)

Likewise, substituting yy.X 0/ (see (5.18)) into the second term of the right-hand
side of inequality (5.43), using Jensen’s inequality, using the independence of yZ

0

and X 0, and then using the D-boundedness of supp PX shows that

� E yZ 0E ln
˝
e yy.X

0
IX 00;

yZ
0
;�/
˛0
n;"n

D �E yZ 0E ln
D
e
1
2 Tr.

p
�
n
yZ
0
X 0X 0|C �

n2
X
0|
0
X 0X 0|X 00�

�

2n2
X 0|X 0X 0|X 0/

E0
n;"n
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� �E yZ 0E
D1
2

Tr
�p�
n
yZ
0
X 0X 0| C

�

n2
X
0|

0 X
0X 0|X 00 �

�

2n2
X 0|X 0X 0|X 0

�E0
n;"n

D �E
D1
2

Tr
� �
n2
X
0|

0 X
0X 0|X 00 �

�

2n2
X 0|X 0X 0|X 0

�E0
n;"n

�
3�.M C 1/2D4

4
: (5.45)

Combining inequalities (5.44) and (5.45) with the fact that the remaining error
term .M C 1/� 0.n; M C 1/ in inequality (5.43) is at most quadratic in M for all
choices of n, said inequality simplifies to give

y�N .n/ � CM
2:

Substituting this into inequality (5.42) completes the proof.

The next proposition allows us to deduce the �M cavity bound from the �N
cavity bound at a slight loss of the rate, provided that we have a rank-one equivalence
formula.

Proposition 5.6 (�M=N cavity upper bound). Assume hypotheses (H2)–(H5) and
recall (5.12) that for N and M DMN such that MNC1 DM C 1, we have

�M D E ln zZN;MC1 � E ln zZN;M ;

where EŒ � � denotes an expectation with respect to Z , zZ , X0, "N . Furthermore, sup-
pose that

�N

M C 1
� sup
q2Œ0;��

F RS
1 .q; �/Cˆ.N;M/ (5.46)

for some error function ˆ.N;M/WN2! RC decreasing in N . Then, for any T � N ,
there exists a finite positive constant C independent of M;N; T such that

�M

N
� sup
q2Œ0;��

F RS
1 .q; �/C .M C 1/ˆ.T;M/C

CTM 2

N
: (5.47)

Proof. By Lemma 4.2 and Proposition 2.7, we have for each N;M � 1 that

1

N
E ln zZN;M �MFN .�/ �M sup

q2Œ0;��

F RS
1 .q; �/:

Hence, it is immediate that

�M

N
�
1

N
E ln zZN;MC1 �M sup

q2Œ0;��

F RS
1 .q; �/: (5.48)
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Recalling that y�N .n/ D E ln zZnC1;MC1 � E ln zZn;MC1 (5.41) and letting 1 � T �
N � 1, we have the telescoping series

1

N
E ln zZN;MC1 D

1

N

N�1X
nD0

y�N .n/

D
1

N

T�1X
nD0

y�N .n/C
1

N

N�1X
nDT

y�N .n/

�

�
1 �

T

N

�
sup
n�T

y�N .n/C
CTM 2

N
; (5.49)

where we have used Lemma 5.5. Replacing N by n in inequality (5.46) shows that
for all n � T ,

y�N .n/ � .M C 1/ sup
q2Œ0;��

F RS
1 .q; �/C .M C 1/ˆ.T;M/:

As T � N � 1, substituting this into inequality (5.49) produces

1

N
E ln zZN;MC1 � .M C 1/ sup

q2Œ0;��

F RS
1 .q; �/C .M C 1/ˆ.T;M/C

CTM 2

N
;

which further combines with inequality (5.48) to yield

�M

N
� sup
q2Œ0;��

F RS
1 .q; �/C .M C 1/ˆ.T;M/C

CTM 2

N
;

as required.

A key property of this upper bound is that it is sharp when one is able to take T
such that both T D o.NM�2N / and MNˆ.T;MN /! 0 at large N . Indeed, a sharp
bound is made possible upon taking MN D o.

p
lnN/ and setting

ˆ.N;M/ D
C

p
M C 1

eC.MC1/
2

�.N;M C 1/1=4 C � 0.N;M C 1/; (5.50)

as prescribed by inequality (5.40) (recalling that M therein stands for MNC1).

Corollary 5.7. Assume the hypotheses of Theorem 2.1 and recall (5.12) that for N
and M DMN such that MNC1 ¤M , we have

�M D E ln zZN;MC1 � E ln zZN;M ;

where EŒ � � denotes an expectation with respect to Z , zZ ,X0, "N . There exists a finite
positive constantC independent ofM;N such that choosing sN to decay to zero while
satisfying sN � min¹0:9; .C 2 lnN=.8C C 9//4N�1=.8CC9/º ensures that

lim sup
N!1

�M

N
� sup
q2Œ0;��

F RS
1 .q; �/:



J. Barbier, J. Ko, and A. A. Rahman 60

Proof. Inequality (5.40) stems from the same hypotheses of Proposition 5.4 as those
being assumed here, so we read from said inequality that

�N

M C 1
� sup
q2Œ0;��

F RS
1 .q;�/C

C
p
M C 1

eC.MC1/
2

�.N;M C 1/1=4C � 0.N;M C 1/:

Thus, we may takeˆ.N;M/ within Proposition 5.6 to be as in equation (5.50) so that

�M

N
� sup
q2Œ0;��

F RS
1 .q; �/C C

p
M C 1eC.MC1/

2

�.T;M C 1/1=4

C � 0.T;M C 1/C
CTM 2

N
(5.51)

for any T � N .
It remains now to choose T such that the error terms in the above vanish in the

largeN limit. Hence, let � D 1=.8C C 10/ and set T D N 1�� . SinceM D o.
p

lnN/
by hypothesis (H1), we have that for N large enough, M < M C 1 �

p
lnN � and

thus

C
p
M C 1eC.MC1/

2

�.T;M C 1/1=4 D eC.MC1/
2 C.M C 1/

T 1=8s
1=8
T

� C
p
�
p

lnNN .CC1=8/��1=8s
�1=8
T ;

.M C 1/� 0.T;M C 1/ D C

�
M C 1 � T

T C 1
C 1C sT

�
� C

�p
�
p

lnN � T
T C 1

C 1C sT

�
;

CTM 2

N
� C�N�� lnN:

By our choice of sN , we have that sT � .C 2.�=.1 � �// ln T /4T �=.��1/ in the ther-
modynamic limit. Thus, inserting T D N 1�� into the first error term above shows
that it is bounded above by N�� , and hence vanishes at large N . As sT ! 0 and
p

lnN � T D N 1�� , the second error term also vanishes at large N . Likewise for
the final error term. Therefore, taking the limit supremum in inequality (5.51) pro-
duces the stated result.

We conclude this subsection with a demonstration of how the arguments under-
lying Proposition 5.6 can be extended to the case where ˆ.N;M/ vanishes in the
M D o.N 
=2/ regime for some 0 < 
 � 1 (in line with the rate of concentration in
Theorem 2.11), highlighting the fact that the bottleneck posed by hypothesis (H1) is
purely due to the method of proof used in Section 5.2.
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Lemma 5.8. If there exists 0 < 
 � 1 such that

ˆ.N;M/ D
M 2

N 

;

then for M D o.N 
=.2
C3//, there exists T a sequence in N such that

max
°
Mˆ.T;M/;

TM 2

N

±
! 0:

Proof. We show that M D o.N 
=.2
C3// is the optimal rate for which there exists T
such that the error terms in question vanish at large N . We setM D N x and T D N y

for some yet to be determined constants 0 � x; y � 1. We have that

Mˆ.T;M/ D
M 3

N 

! 0 ” x <


y

3

and
TM 2

N
! 0 ” x <

1 � y

2
:

The curves bounding these regions intersect precisely when

y D
3

2
 C 3
:

Therefore, for any � > 0 sufficiently small, both error terms limit to zero upon setting
x D 
=.2
 C 3/ � � and y D 3=.2
 C 3/ � �.

Remark 5.9. Notice that even upon assuming that a rate ofM D o.N 
=2/ is sufficient
for the error term ˆ.N; M/ in the �N cavity bound (5.46) to vanish at large N ,
one requires the slower rate M D o.N 
=.2
C3// for the equivalent error term of the
accompanying �M cavity bound (5.47) to also vanish as N !1.

5.4. Proof of Proposition 2.8 and Theorem 2.1

We now conclude this paper by giving a brief demonstration of how the above results
constitute a proof of Theorem 2.1. The majority of the argument is in fact a proof of
Proposition 2.8, which combines with Proposition 2.7, proven in Section 4.1, to give
Theorem 2.1.

Proof of Theorem 2.1. Throughout this paper, C has stood for a generic finite positive
constant independent ofN;M , and the truncation parameter T of Lemma 5.5. Noting
that each inequality of this paper involving C remains true upon arbitrarily increas-
ing C , we now take C to be large enough such that every such inequality is true for
the same choice of C . Then, setting

sN D min
°
0:9;max

®
N�1=9

�
CeCM

2�8=9
;
�
C 2 lnN=.8C C 9/

�4
N�1=.8CC9/

¯±
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in order to satisfy the hypotheses of Proposition 5.4 and Corollary 5.7, we have by
said proposition and corollary that

lim sup
N!1

�N

M
� sup
q2Œ0;��

F RS
1 .q; �/;

lim sup
N!1

�M

N
� sup
q2Œ0;��

F RS
1 .q; �/:

Thus, by Theorem 2.9, there exists some 0 � ˛ � 1 such that

lim sup
N!1

zFN .�/ � ˛ lim sup
N!1

�N

M
C .1 � ˛/ lim sup

N!1

�M

N

� sup
q2Œ0;��

F RS
1 .q; �/:

Proposition 2.8 hence follows from inequality (4.16), which we recall is a straight-
forward consequence of Lemma 4.2. Combining Proposition 2.8 with the result of
taking the limit infimum in Proposition 2.7 finally shows that

lim sup
N!1

FN .�/ � sup
q2Œ0;��

F RS
1 .q; �/ � lim inf

N!1
FN .�/:

This is equivalent to Theorem 2.1.

A. The replica symmetric potential in terms of mutual information

Consider the vector Gaussian channel

y D
p
�Qx0 C z (A.1)

with z 2 RM a standard Gaussian vector and x0 � PX;M . Inspection of the replica
symmetric potential (2.2) reveals that it is closely related to the free entropy of this
vector channel. Indeed, the intuition behind the replica method is that the size N ,
rank M spiked Wigner model (1.1) is, up to the regularization term �.�=4M/TrQ2,
statistically equivalent to the mean field model corresponding to N replicas of the
channel (A.1); the quadratic interactions within theX0X

|

0 term of (1.1) are accounted
for by the order parameterQ, which is eventually seen to play the role of the averaged
overlap matrix Ez;x0hxx

|

0iRS (see Lemma 3.1).
To rewrite the replica symmetric potential in the form (2.9), we study the vector

channel (A.1) from an information theoretic viewpoint. Thus, begin by recalling that
the differential entropy [21] of a random vector X � pX .X/ is defined as

H.X/ WD �

Z
RM

lnpX .X/ dpX .X/:
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Then, the mutual information between x0 and the output y of the channel (A.1) is

I.x0Iy/ D H.y/ �H.y j x0/ D H
�p
�Qx0 C z

�
�H.z/I (A.2)

it is a standard result that H.z/ DM ln.2�e/=2. By Bayes’ rule, the first term in the
right-hand side of equation (A.2) reads

H
�p
�Qx0 C z

�
D H.y/ D �Ez;x0 ln

Z
RM

PY jX
�
y.x0; z/ j x

�
dPX;M .x/:

Conditionally on x0, the data y is Gaussian distributed with mean
p
�Qx0, so the

above expression for the entropy reduces further to

H
�p
�Qx0 C z

�
D �Ez;x0 ln

Z
RM

exp
�
�
1

2
k
p
�Qx0 C z �

p
�Qxk2F

�
dPX;M .x/

C
M

2
ln.2�/

D �Ez;x0 ln
Z

RM
exp

�p
�x|

p
QzC �x

|

0Qx �
�

2
x|Qx

�
dPX;M .x/

C
1

2
Ez;x0k

p
�Qx0 C zk

2
F C

M

2
ln.2�/:

Since x0 and z are independent and z has identity covariance, we have that

Ez;x0


p�Qx0 C z

2F D �Ez;x0

�
x

|

0Qx0
�
CM:

Moreover, we have by hypothesis (H2) that our prior distribution on x0 factorizes as
PX;M D P˝MX according to (2.1), so

Ez;x0
�
x

|

0Qx0
�
D �TrQE

�
x0x

|

0

�
D �� TrQ;

where we recall that � denotes the variance of PX . Thus, returning to equation (A.2),
we find that

I.x0Iy/ D �Ez;x0 ln
Z

RM
e
p
�x|pQzC�x

|
0
Qx��2 x

|Qx dPX;M .x/C
��

2
TrQ:

Comparing this expression to the definition (2.2) of F RS
M .Q; �/, and completing the

square to write TrQ2
� 2� TrQ D kQ � �IMk2F �M�

2 finally shows that

F RS
M .Q; �/ D �

1

M
I
�
x0I

p
�Qx0 C z

�
C

��

2M
TrQ �

�

4M
TrQ2

D �
1

M
I
�
x0I

p
�Qx0 C z

�
�

�

4M
kQ � �IMk

2
F C

��2

4
:
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