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Differential graded algebras for trivalent plane graphs
and their representations

Kevin Sackel

Abstract. To any trivalent plane graph embedded in the sphere Casals and Murphy associate
a differential graded algebra (dg-algebra), in which the underlying graded algebra is free asso-
ciative over a commutative ring. Our first result is the construction of a generalization of the
Casals–Murphy dg-algebra to non-commutative coefficients, for which we prove various func-
toriality properties not previously verified in the commutative setting. Our second result is to
prove that rank r representations of this dg-algebra, over a field F , correspond to colorings of
the faces of the graph by elements of the Grassmannian Gr.r; 2r IF/ so that bordering faces are
transverse, up to the natural action of PGL2r .F/. Underlying the combinatorics, the dg-algebra
is a computation of the fully non-commutative Legendrian contact dg-algebra for Legendrian
satellites of Legendrian 2-weaves, though we do not prove as such in this paper. The graph col-
oring problem verifies that, for Legendrian 2-weaves, rank r representations of the Legendrian
contact dg-algebra correspond to constructible sheaves of microlocal rank r . This is the first
explicit such computation of the bijection between the moduli spaces of representations and
sheaves for an infinite family of Legendrian surfaces.
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1. Introduction

In this paper, a trivalent plane graph G will always mean a non-empty connected
trivalent planar graph together with an embedding into S2, up to isotopy of embed-
dings. The adjective trivalent indicates that each vertex has exactly three incident
edges, whereas the adjective plane indicates that such an isotopy class of embedding
has been fixed.1 Once we have fixed an embedding, we obtain a decomposition of S2

into faces by cutting along the edges of the graph. Throughout, we will denote by V ,
E, and F the set of vertices, edges, and faces of the graph G.

Casals and Murphy [3] have constructed for each trivalent plane graph G, upon
making a number of auxiliary choices, a certain algebraic invariant in the form of
a differential graded algebra (dg-algebra). Our first goal in this paper is to build
a souped-up version of their dg-algebra. Whereas their underlying algebra is free
associative over the group ring ZŒH1.ƒG/�, where ƒG is topologically a branched
double cover of S2 branched over V , our underlying algebra is instead free asso-
ciative over the non-commutative group ring ZŒ�1.ƒG/�, where the coefficients no
longer commute with the generators, and where we must keep track of a choice of
base point. Upon abelianization of the coefficient ring and commuting coefficients
with generators, our dg-algebra recovers the Casals–Murphy version. It was shown in
the appendix to the paper of Casals and Murphy, written by the author of the present
article, that their dg-algebra encodes certain graph coloring data. As a second goal,
and indeed the initial impetus for this work, we extend this graph coloring result to
the fully non-commutative setting.

Although this article is mostly presented in the guise of algebraic combinatorics
with a few details from algebraic topology, on a deeper layer lies contact geometry,
which provides context for the present article, as we now describe.

Associated to a trivalent plane graph is a Legendrian surface, the surface ƒG
of the previous paragraph, as was defined by Treumann and Zaslow [28]. Associ-
ated to any Legendrian (in a nice enough contact space) is a Legendrian contact
dg-algebra, as originally discussed by Eliashberg [13] and simultaneously computed
for Legendrian knots by Chekanov [7], and later formally shown to be well-defined
by Ekholm, Etnyre, and Sullivan [9, 11]. The dg-algebra constructed by Casals and
Murphy, though presented purely combinatorially, is a computation of a certain ver-
sion of the Legendrian contact dg-algebra attached to ƒG . The computation utilizes
gradient flow trees, a technique pioneered by Ekholm [8]. Our fully non-commutative
dg-algebra simply keeps track of a little more geometric detail: the homotopy classes

1We use the adjective plane instead of planar intentionally. A planar graph is abstractly
embeddable in S2. Meanwhile, the choice of (isotopy class of) embedding is important for our
purposes and will affect all constructions which follow.
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(as opposed to the homology classes) of the curves which comprise the boundary of
the involved gradient flow trees.

Our graph coloring result also admits a contact-geometric interpretation. With
underpinnings arising in the work of Nadler and Zaslow [22] and Nadler [21] provid-
ing a quasi-equivalence between the Fukaya category of a cotangent bundle with a
category of constructible sheaves on the base, it was conjectured that representations
of the Legendrian contact dg-algebra correspond to certain subclasses of constructible
sheaves (see the work of Chantraine, Dimitroglou Rizell, Ghiggini, and Golovko [5]
for the higher-rank version). Since this article originally appeared on the arXiv, “rep-
resentations are sheaves” was proved in full generality by Asplund and Ekholm [2].
Indeed, they proved a conjecture of Ekholm and Lekili [12] that the Legendrian
contact dg-algebra with coefficients given by chains on the based loop space is quasi-
equivalent to a certain partially wrapped Floer cohomology A1-algebra, modules
over which were proved by Ganatra, Pardon, and Shende [17] to correspond to con-
structible sheaves.

This article is more hands-on, continuing a history of explicit computations of
this correspondence that are interesting in their own right and difficult in general
to produce from the abstract theory alone. For Legendrian knots in R3, and rank 1
representations, called augmentations, the correspondence was verified as an A1-
categorical equivalence by Ng, Rutherford, Shende, Sivek, and Zaslow [23]. Higher
rank representations on Legendrian knots have also been understood for torus knots
by Chantraine, Ng, and Sivek [6]. Increasing to contact dimension 5 (and Legendri-
ans of dimension 2), there have been explicit verifications for the rank 1 version of
the correspondence for knot and link conormals by Gao [18,19] and for cellular Leg-
endrian surfaces by Rutherford and Sullivan [26]. The graph coloring result in this
paper provides a bijection between representations and sheaves for all Treumann–
Zaslow Legendrian surfaces ƒG , marking the first explicit non-trivial computation of
the higher-rank correspondence for an infinite collection of Legendrian surfaces.

We will keep the contact geometry mostly in the background, with two notable
exceptions. First, throughout the introduction, we will expand, when appropriate,
upon the short description above, primarily for the purposes of providing motivation
for the results and constructions we discuss in this article. This includes a contact-
geometric description of much of the combinatorial package in Section 1.4 so that
contact geometers should feel satisfied that our dg-algebra is indeed the Legendrian
contact dg-algebra, even if it is not fully proved. Second, we fundamentally use the
fact thatƒG is a double cover of S2 branched over the vertices V ofG to find a family
of combinatorial models for the coefficient ring ZŒ�1.ƒG/� with respect to different
base points and, further, to describe how to transition between the various members
of this combinatorial family. Our computation of the Legendrian contact dg-algebra,
therefore, is not just a single dg-algebra, but a collection of dg-algebras, together with
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intertwining dg-isomorphisms which compose in a functorial manner depending upon
a number of combinatorial choices. In practice, the reader interested in the algebro-
combinatorial content of the paper should be able to read what follows with only this
minimal topological input (explicitly described in the statement and proof of Theorem
3.10 of Section 3.3).

1.1. Generalizing the Casals–Murphy dg-algebra

Associated to any non-empty trivalent plane graph G is a constant g � 0, which we
call the genus, such that G has jV j D 2g C 2 vertices, jEj D 3g C 3 edges, and
jF j D g C 3 faces. It is called the genus because the double cover of the sphere
branched over the vertices is a surface of genus g. This is more than just a convenience
in our situation; there exists a Legendrian surface ƒG in the unit cotangent sphere
bundle S�R3 with its standard contact structure, as constructed by Treumann and
Zaslow [28], which is a double cover of the sphere branched over the vertices. In the
more modern terminology of N -graphs and Legendrian N -weaves initially studied
by Casals and Zaslow [4] and greatly generalizing the Treumann–Zaslow examples,
G is a 2-graph on the sphere, and ƒG is the associated Legendrian 2-weave. For the
rest of the paper, we assume that G is connected.

From our graph, one may single out a face at infinity f1 2 F so that we may
draw G as embedded in R2 via stereographic projection away from a point in the
chosen face at infinity. We write Gf1 for this trivalent plane graph embedded in R2,
up to isotopy of embeddings (in R2). In the contact-geometric picture, a choice of
face at infinity yields a relatively explicit model for the Legendrian satellite of ƒG ,
which lives in a standard contact Darboux ball R5std, as described, e.g., in Casals–
Zaslow for the case of N -weaves which includes our case when N D 2 [4]. By the
Legendrian satellite operation, we mean the following. We have that a Legendrian
admits a contact germ depending only upon the smooth topology of the Legendrian
itself. Since ƒG is constructed in an arbitrarily small neighborhood of a Legendrian
S2, one may satellite it along the standard Legendrian unknot S2 �R5std. We note that
H1.ƒG/ and �1.ƒG/ still have meaning when we use the satellite, since the original
surface ƒG is diffeomorphic to its satellite, with diffeomorphism determined up to
isotopy.

The algebraic invariant of Casals and Murphy [3], from this perspective, is a
computation of the Legendrian contact dg-algebra of this Legendrian satellite using
Ekholm’s gradient flow trees [8]. Though a proof that the combinatorics matches the
geometry does not currently appear in the literature, we will provide some details of
the correspondence in Section 1.4, assigning contact-geometric meaning to the com-
binatorial package below, providing a sketch of why the object we construct is indeed
the Legendrian contact dg-algebra.
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Suppose that Gf1 is a trivalent plane graph with a specified face at infinity. Let
Ffin D F � ¹f1º be the set of all finite faces, where we will always assume that
the choice of f1 has been made clear from the context. Over the coefficient ring
R D ZŒH1.ƒG/�, we form the free associative algebra

AG;f1 D RhFfin; x; y; zi Š Rhf1; f2; : : : ; fgC2; x; y; zi;

where, in the last isomorphism, f1; : : : ; fgC2 correspond to some labeling of the
gC 2 finite faces. We turn it into a graded algebra by specifying degrees: elements of
R have degree zero, elements of Ffin have degree 1, and jxj D jyj D jzj D 2. It is this
graded algebra that Casals and Murphy upgrade into a dg-algebra.

Definition 1.1. A differential graded algebra (dg-algebra) is a pair .A; @/, where
A D

L
i2Z Ai is a graded algebra, and @WA! A is a linear map of degree �1 (so

@.Ai / � Ai�1) satisfying

• the Leibniz rule: @.xy/ D .@x/y C .�1/jkjx.@y/ for x 2 Ak and y 2 A,

• the differential condition: @2 D 0.

A dg-homomorphism of dg-algebras is a morphism of graded algebras intertwin-
ing the differentials; i.e., �W .A; @A/ ! .B; @B/ such that @B ı � D � ı @A. A dg-
isomorphism is a dg-homomorphism which is an isomorphism of graded algebras.

A dg-algebra has within it the structure of a chain complex, and dg-homomorph-
isms are a fortiori homomorphisms of chain complexes. We may therefore recall the
following notions from the theory of chain complexes.

Definition 1.2. A dg-homomorphism �W .A; @A/ ! .B; @B/ is called a quasi-iso-
morphism if the induced morphism on homology ��WH�.A; @A/ ! H�.B; @

B/ is
an isomorphism. Two dg-homomorphisms �;  W .A; @A/ ! .B; @B/ are said to be
(linearly/chain) homotopic if there exists a linear mapH W .A;@A/! .B;@B/ of degree
C1, called a (chain) homotopy, such that � �  D H@A C @BH . In such a case, �
and  induce the same map on homology.

On a trivalent plane graphG, there are a number of auxiliary combinatorial choic-
es which one can make, which we package into the notion of a garden �; this is
Definition 4.1 below. We refer to Figure 6 for an intuitive picture: we choose an ori-
entation of the graph, a point called a “center” in each face, arcs between all adjacent
centers and vertices called “threads”, and a collection of non-intersecting coherently
oriented paths which each pass through a single center, one for each face, called
“tines”, and which start and end at some specified point at infinity, called a “seed”. We
will come back to the contact-geometric meaning of the garden in Section 1.4. Casals
and Murphy use a slightly more restrictive definition, which we call a finite-type gar-
den. Associated to each garden (regardless of whether it is of finite type or not) is
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a specified face f� 2 F (the one containing the seed), which in the finite-type case
we take to be the face at infinity. Casals and Murphy prove that, associated to any
finite-type garden, there exists a differential which makes the resulting dg-algebra
with respect to the corresponding face at infinity an invariant.

Theorem 1.3 (Casals–Murphy [3]). For any choice of finite-type garden � on G,
there exists a differential @A

G;� yielding a dg-algebra .AG;f�
; @A
G;�/, the dg-isomor-

phism type of which is independent of any two gardens with the same associated face
at infinity.

There are many reasonable names for this dg-algebra:

• the Casals–Murphy dg-algebra, in reference to the mathematicians who com-
puted it,

• the invariant dg-algebra of binary sequences, as it was called in the paper of Casals
and Murphy [3],

• the Legendrian contact dg-algebra (of the Legendrian satellite), in recognition of
the contact-geometric picture,

• the Chekanov–Eliashberg dg-algebra, which is synonymous with the Legendrian
contact dg-algebra.

In this paper, we will use the first of this list because the second is rather cumbersome,
and the third and fourth invoke the underlying contact geometry which we will largely
ignore.

There are a few versions of the Legendrian contact dg-algebra one could reason-
ably define, depending upon how much structure one wishes to encode. The Casals–
Murphy dg-algebra corresponds to one such choice; instead, we use a fully non-
commutative version, which on the level of the graded algebra is realized by removing
commutativity using the following two-step procedure:

• First, we do not need that the elements of the coefficient ring commute with the
other generators. We may instead consider Z-linear combinations of words of the
form n1w1n2w2 � � �nkwk , where ni 2 R and wi is a word in the other variables.

• We may change our coefficient ring from R D ZŒH1.ƒG/� to Rnc D ZŒ�1.ƒG/�

instead, with respect to some base point. The marker nc stands for non-commuta-
tive.

Because of the definition of the differential of a Legendrian contact dg-algebra, in
order to apply the second step, we must have also applied the first, so our use of non-
commutative coefficients also necessitates removing commutativity between the coef-
ficients and the generators. The reader interested in a contact-geometric explanation
of this point may consult, e.g., Appendix A of an article of Chantraine, Dimitroglou
Rizell, Ghiggini, and Golovko [5].
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Let us be precise about our base points. If we fix a vertex v 2 V , then, since ƒG
is branched at v, there is a unique point Qv 2 ƒG lying over v, which we use as a base
point for our computations. Let BG;f1;v be the resulting graded algebra; we may
write it as a free product of algebras

BG;f1;v D ZŒ�1.ƒG ; Qv/� � ZhFfin; x; y; zi;

where again the elements of �1.ƒG ; Qv/ are in degree zero, the elements of Ffin are in
degree 1, and jxj D jyj D jzj D 2.

In order to obtain nice combinatorial models for �1.ƒG ; Qv/ for v 2 V , it is con-
venient to specify a set of generators and relations. This can be achieved by picking a
tree T �G spanning all of the vertices in V except v (recalling our assumption thatG
is connected so that such T exists). In fact, a choice of such a tree is already performed
by Casals and Murphy for essentially the same reason; that is, the Poincaré duals to
the cycles in ƒG lying over T yield a convenient set of generators of H1.ƒG/. We
denote the vertex missed by T as vT 2 V , and for the lift QvT , we use the slightly more
convenient notation �T 2 ƒG . Accordingly, we build a collection of groups …T with
explicit generators and relations which come with canonical isomorphisms

…T Š �1.ƒG ;�T /:

As these models are purely combinatorial, we may therefore instead use the graded
algebras

BG;f1;T D ZŒ…T � � ZhFfin; x; y; zi

with the understanding that if T and T 0 miss the same vertex vT D vT 0 , then there are
canonical isomorphisms

BG;f1;T Š BG;f1;vT
D BG;f1;vT 0

Š BG;f1;T 0 :

There is good reason for having these graded algebras depend upon T (and not
just �T ) aside from just that they are combinatorially convenient. Unlike in the ver-
sion with homology coefficients, in order to obtain the Legendrian contact differential,
each gradient flow tree counted in the differential must be connected to the base point
� in order to obtain an element in �1.ƒG ; �/. In contact-geometric parlance, such
choices are referred to as capping paths. Conveniently, our trees T spanning the ver-
tices V � ¹vT º yield natural choices of capping paths and hence fix the differentials.
However, even if vT D vT 0 , the capping paths will not be the same, and hence, a
dg-isomorphism between the models will not in general be realized by the natural
canonical isomorphisms BG;f1;T Š BG;f1;T 0 of the previous paragraph, since this
will not in general intertwine the differentials. Nonetheless, we have the following,
the first main theorem of this paper.
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Theorem 1.4. Let G be a trivalent plane graph. For any choice of finite-type garden
� on G and tree T � G spanning all but one vertex, there exists a differential @B

G;�;T

on BG;f� ;T , yielding a dg-algebra

.BG;f� ;T ; @
B
G;�;T /;

which, under the map given by abelianizing coefficients and commuting ring elements
with generators, induces a dg-homomorphism

AbW .BG;f� ;T ; @
B
G;�;T /! .AG;f�

; @A
G;�/:

If � and � 0 are two finite-type gardens and T and T 0 are trees in G spanning all
but one vertex, then the resulting dg-algebras for the pairs .�; T / and .� 0; T 0/ are
dg-isomorphic.

Theorem 1.3 follows as an immediate corollary from Theorem 1.4.

1.2. Functoriality for the non-commutative Casals–Murphy dg-algebra

We may further refine the dg-isomorphisms of Theorem 1.4, as in Theorem 1.6 below.
The refined version provides an understanding of two further questions:

(1) What properties do the dg-isomorphisms between the dg-algebras associated
to .�; T / and .� 0; T 0/ satisfy?

(2) What combinatorial data is required to specify a canonical dg-isomorphism
for different pairs .�; T / and .� 0; T 0/?

Let us begin with the first of these questions. In the setting of commutative coef-
ficients, it is well known that the Legendrian contact dg-algebra is invariant up to
a notion known as stable tame (dg-)isomorphism; cf. [9]. In our setting, one can
easily deduce that this is the case for the commutative coefficient setting by care-
fully studying the arguments of Casals and Murphy [3]. It was noted previously that
there should be a notion of stable tame (dg-)isomorphism in the non-commutative
setting [5], though formal definitions did not appear. We make those definitions under
the assumption of non-negative grading, which will be the case throughout this paper
(all of our generators will have degree 1 or 2).

Definition 1.5. Let R be any unital ring, S any set, and degW S ! Z�0 a collection
of (non-negative) degrees for elements of S . Let

AS D R � ZhSi

be the fully non-commutative associative graded algebra freely generated by R and
elements of S , where the grading of elements of R is 0 and the grading of elements
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of S matches the degree. The algebra AS together with its explicit set of generators
S is known as a semi-free graded algebra. If AS comes with a differential @ (of
degree �1), then we call .AS ; @/ a semi-free dg-algebra. Note that @r D 0 for all
r 2 R for degree reasons.

An elementary automorphism of a semi-free graded algebra AS is an automor-
phism ˆWAS ! AS , which is the identity on elements of R and S n ¹sº for some
s 2 S , and satisfies

ˆ.s/ D s C ˛

for some ˛ 2 ASn¹sº. A tame automorphism of AS is a composition of elementary
automorphisms.

A regeneration of AS is a graded algebra automorphism of the form ˆ.s/ D us �

�.s/ � vs on all generators s 2 S , where us; vs 2 R are invertible elements and � is a
permutation on S .

If .AS ; @/ is a semi-free dg-algebra, then any graded algebra automorphism, say,
ˆWAS ! AS , induces a unique differential @0 on AS so that ˆW .AS ; @/! .AS ; @

0/ is
a dg-isomorphism. If @ is given, we will often conflateˆ as a graded algebra automor-
phism with ˆ as a dg-isomorphism. (For example, we may call a tame automorphism
a tame dg-isomorphism.)

The stabilization of a semi-free dg-algebra .AS ; @/ is the semi-free dg-algebra
.ASC ; @

C/, where SC D S t ¹x; yº with deg.y/D deg.x/C 1, @C matching @ on S ,
and

@Cy D x; @Cx D 0:

The natural inclusionAS ,!ASC is a dg-homomorphism, called the stabilization (dg-
homomorphism). Conversely, AS is called the destabilization of ASC (with respect to
x; y 2 S ), and the dg-homomorphism ASC ! AS which kills x and y but preserves
the other generators and elements of R is called the destabilization (dg-homomor-
phism).

A stable regenerative tame dg-homomorphism is a composition of stabilizations,
destabilizations, regenerations, and elementary dg-automorphisms. Any of the adjec-
tives stable, regenerative, or tame may be removed one at a time if there are no
stabilizations or destabilizations, no regenerations, or no tame dg-homomorphisms.
We may similarly replace the word dg-homomorphism with dg-automorphism, where
appropriate.

It is a fact that every stable regenerative tame dg-homomorphism is a quasi-iso-
morphism, as is proved in Proposition 2.4.

Because we allow for stabilizations and destabilizations, we work in a slightly
more symmetric setup. Whereas the finite-type gardens considered by Casals and
Murphy avoid considering the face at infinity, we may stabilize, including the face
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at infinity as an extra degree 1 generator at the cost of also introducing a degree 2
generator w which kills it (up to an elementary dg-homomorphism). We will use the
superscript C for this enlargement. For any garden, not just those of finite type, we
form the graded algebra

BCG;T WD ZŒ…T � � ZhF; x; y; z; wi:

This allows us to treat all of the faces together in a slightly cleaner manner. As per
Proposition 2.4, when we put the proper differential on this graded algebra, we obtain
a model quasi-isomorphic to the version without theC enlargement. Contact geomet-
rically, these two extra generators can be produced by a specific Legendrian isotopy of
the satellite of ƒG , and so, it is no surprise that we obtain a quasi-isomorphic model.

The second question is partly motivated by the fact that the constructed dg-iso-
morphisms seem to require a number of choices, even in the commutative coefficient
setting of Casals and Murphy [3] (though they leave this point implicit in their con-
structions). We work to explain the extra underlying algebraic structure.

One piece of the story is relatively simple. A garden comes with a choice of orien-
tation of the edges of G. If E are the edges of G, then there is always a natural .Z2/E

action on gardens given by flipping edge orientations. For two gardens which are the
same except for the orientation of edges on G, the underlying graded algebras are the
same, and we will see that the dg-isomorphisms are induced by ring automorphisms
of ZŒ…T �. Other changes of the garden are more complicated.

Aside from changing the garden, we may also change the tree. We have already
pointed out that even if �T D �T 0 , then, for fixed � , the canonical identification

BG;f� ;T Š BG;f� ;T 0

given by the association

…T Š �1.ƒG ;�T / D �1.ƒG ;�T 0/ Š …T 0

will not induce a dg-isomorphism because the induced capping paths are not the same.
More generally, if

�T ¤ �T 0 ;

then to even compare �1.ƒG ;�T / and �1.ƒG ;�T 0/ in the first place we must choose
a non-canonical homotopy class of path 
 from �T to �T 0 , yielding the isomorphism
C.
/W�1.ƒG ;�T /! �1.ƒG ;�T 0/ defined by

C.
/.�/ WD 
�1 � � � 
:

We recall here that the composition �means the following: if �1 and �2 are two homo-
topy classes of paths from p to q and q to r , respectively, then �1 � �2 is the homotopy



Differential graded algebras for trivalent plane graphs 249

class of paths from p to r with representative given by first following a representative
of �1 and then following a representative of �2. Finally, let CT

0

T .
/W…T ! …T 0 be
the induced isomorphism fitting into the commutative diagram

…T

CT 0

T
.
/

//

�

��

…T 0

�

��

�1.ƒG ;�T /
C.
/
// �1.ƒG ;�T 0/

which in turn induces graded algebra isomorphisms CT
0

T .
/WB
C

G;T ! BCG;T 0 :

Theorem 1.6. Let G be a non-empty connected trivalent plane graph of genus g. For
any garden � and tree T , there exists a canonical differential @BC

G;�;T on BCG;T yielding
a dg-algebra. If two gardens � and � 0 on G are homotopic and T D T 0, then their
associated dg-algebras are canonically identified via the identity on the underlying
graded algebras.

The group
H .G/ WD .Z2/

E
� FgC2 � .Z2 � Z3/

naturally acts transitively on the set of homotopy classes of gardens on G, where E is
the set of edges ofG, and where FgC2 is the free group on gC 2 generators. Suppose
that � 2 H .G/ with

� 0 D � � �;

and suppose that 
 is a homotopy class of paths from �T to �T 0 in ƒG . Then, there
exist canonical dg-isomorphisms

ˆ
�0;T 0

�;T .�; 
/W .BCG;T ; @
BC

G;�;T /! .BCG;T 0 ; @
BC

G;�0;T 0/

which satisfy the following functoriality properties:

• Composition property: the dg-isomorphisms compose naturally in the sense that

ˆ
�00;T 00

�0;T 0 .�; 
2/ ıˆ
�0;T 0

�;T .�; 
1/ D ˆ
�00;T 00

�;T .��; 
1 � 
2/:

• Orientation changes: the action of the factor .Z2/E (with 
 D 1) is induced by
ring automorphisms of ZŒ…T �.

• Fixing the trees and capping paths; modifying the garden: if T D T 0 and 
 D 1 is
the constant path at �T , then, for any � 2 FgC2 � .Z2 �Z3/, the mapˆ�

0;T
�;T .�;1/

is a regenerative tame dg-isomorphism. Furthermore, if � stabilizes � , i.e., � �� D
� , then ˆ�;T�;T .�; 1/ is homotopic to the identity and hence acts by the identity in
homology.
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• Fixing the garden; modifying the trees and capping paths: for any fixed garden � ,
any two trees T and T 0, and any homotopy class of path 
 from �T to �T 0 , we
have

ˆ
�;T 0

�;T .1; 
/ D RT 0

T .
/ ı CT
0

T .
/;

where CT
0

T .
/ acts on the coefficient ring (as discussed just before this theorem
statement) and RT 0

T .
/ is a regeneration independent of the garden acting on each
generator by conjugation by an element of…T 0 (not necessarily the same for each
generator). If T D T 0, then RTT .1/ D 1.

• Finite-type gardens: if � is a finite-type garden, then the dg-algebra of The-
orem 1.4, .BG;f� ;T ; @

B
G;�;T /, is obtained from .BCG;T ; @

C

G;�;T / via a canonical
composition of an elementary automorphism of BCG;T followed by a destabiliza-
tion.

Notice that we obtain significantly more functorial data than was originally ob-
tained in the commutative coefficient setting by Casals and Murphy [3]. By func-
toriality, we mean that we may build for each connected non-empty trivalent graph
G a category whose objects are pairs .�; T / and whose morphisms are pairs .�; 
/;
Theorem 1.6 yields a functor from this category to the category of dg-algebras and
dg-isomorphisms.

Any specified faces f; f 0 2 F may arise as f� ; f�0 for some finite-type gardens
�;� 0, and accordingly, for any � 2H .G/ with � � � D � 0 and homotopy class of path

 from �T to �T 0 , we obtain a canonical quasi-isomorphism from .BG;f� ;T ; @G;�;T /

to .BG;f�0 ;T
0 ; @G;�0;T 0/ given by the composition

BG;f� ;T

stab
��! BCG;T

ˆ
�0;T 0

�;T
.�;
/

��������! BCG;T 0
destab
���! BG;f� ;T 0 ;

where the stabilization and destabilization maps include an extra elementary auto-
morphism of BCG;T and BCG;T 0 , respectively. Theorem 1.4 follows from Theorem 1.6
so long as one proves that the above maps are dg-isomorphisms. Partial abelianiza-
tion then yields all functoriality properties satisfied by the original Casals–Murphy
dg-algebras .AG;f� ;T ; @

A
G;�;T /.

Our construction of the differentials occurring in Theorem 1.6 borrows from an
idea of Casals and Murphy [3]. Instead of working with the coefficient ring ZŒ…T �,
we may work with instead a coefficient ring ZŒ…�, where … is a group coming with
projections �T W…! …T and inclusions iT W…T ,! … with

�T ı iT D 1:

In other words, we separate the dependence on the tree T , forming the dg-algebra

zBCG WD ZŒ…� � ZhF; x; y; z; wi
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and accordingly finding differentials z@BC

G;� for each garden � . (One may of course
work without the C enlargement at the cost of restricting to finite-type gardens.)
The differentials over this enlarged ring then induce the differentials @BC

G;�;T of The-
orem 1.6, and the functoriality properties follow from a careful consideration of the
algebraic structure of … with its various projections �T . The functoriality properties
for the dg-algebras . zBCG ; z@

BC

G;�/ are given by Theorem 5.1.

1.3. Representations and colors

If R is a ring, which we consider as a graded Z-algebra concentrated in degree zero,
then we obtain a dg-algebra .R; 0/.

Definition 1.7. An R-augmentation of a dg-algebra .A; @/ is a dg-homomorphism

"W .A; @/! .R; 0/:

In the case thatRDMatr.F/ for a field F , we call the correspondingR-augmentation
a rank r representation over F . A rank 1 representation is sometimes just called an
augmentation. We denote the set of representations of rank r by

Repr.A; @IF/ WD ¹rank r representations of .A; @/ over Fº:

Notice that there is a conjugation action of GLr.F/ on Repr.A;@IF/: if " is a rank
r representation and g 2 GLr.F/, then

.g � "/.x/ WD g � ".x/ � g�1:

We will prefer to consider two rank r representations to be equivalent if they are
related by the conjugation action.

Definition 1.8. The moduli space of rank r representations over F of a dg-algebra
.A; @/ is just the set of representations modulo equivalence by this conjugation action,
denoted by

MRep
r .A; @IF/ WD Repr.A; @IF/

ı
GLr.F/:

The conjugation GLr.F/-action descends to a PGLr.F/-action, so we could alter-
natively have written the quotient with respect to PGLr.F/ instead. In the case r D 1,
since PGL1.F/ is trivial, we therefore have

M
Rep
1 .A; @IF/ D Rep1.A; @IF/:

For higher r , there is in general no such equality except for highly degenerate situa-
tions.
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There is a general correspondence between the moduli space of rank r representa-
tions of a Legendrian contact dg-algebra and a certain moduli space of constructible
sheaves of microlocal rank r depending upon the Legendrian.2 As such, since we have
stated throughout this introduction that the dg-algebras we are constructing are com-
binatorial models for the Legendrian contact dg-algebra associated to ƒG , in order
to verify this correspondence, we need also to understand the corresponding moduli
space of constructible sheaves. See the work of Shende, Treumann, Williams, and
Zaslow [27] for a precise definition of the desired constructible sheaves of microlocal
rank r and Treumann and Zaslow [28] for a description in the case r D 1 for the case
we are considering. From these references, one may easily deduce a clean combina-
torial description of this moduli space of sheaves purely in terms of the trivalent plane
graph G, which we now describe.

Suppose that we are given a trivalent plane graph G, and let F be the faces of G.
Consider the Grassmannian Gr.r; 2r I F/ consisting of subspaces of F2r of dimen-
sion r .

Definition 1.9. A rank r face coloring of G over F is an assignment

ˆWF ! Gr.r; 2r IF/

such that if f and g share an edge, then ˆ.f / and ˆ.g/ are transverse. We denote
the set of such rank r face colorings by

Colr.GIF/ WD ¹rank r face colorings of G over Fº:

In the case that r D 1, this recovers the usual notion of a face coloring of the
graph G (or equivalently a vertex coloring of the dual graph G�) by elements of the
projective line FP1. We note that in the case that

F D Fq

is a finite field of order q, then the number of face colorings of rank 1 is therefore

jColr.GIFq/j D �G�.q C 1/;

where �G� is the famous chromatic polynomial associated to a trivalent plane graph.
Here, we use the fact that jFqP1j D q C 1.

Notice that PGL2r.F/ acts on Gr.r; 2r I F/, and if ˆ 2 PGL2r.F/ and we have
X;Y 2Gr.r; 2r IF/ being transverse, thenˆ.X/ andˆ.Y / are also transverse. There-
fore, Colr.GIF/ is an invariant set for the PGL2r.F/-action.

2In our case, representations are homotopic if and only if they are equal for degree reasons;
the more general conjecture requires taking representations modulo homotopies.
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Definition 1.10. The moduli space of rank r colorings over F is the set given by

MCol
r .GIF/ WD Colr.GIF/

ı
PGL2r.F/:

In the case that r D 1, so long as the trivalent plane graph G is non-empty, the
action of PGL2.F/ is free. In particular, in the case that F D Fq has order q, we have

jMCol
1 .GIFq/j D

�G�.q C 1/

q3 � q
:

This description of MCol
1 .GIFq/ appeared in the work of Treumann and Zaslow [28].

In the appendix to the paper of Casals and Murphy [3], written by the present author,
the “augmentations are sheaves” result was explicitly verified.

Theorem 1.11 (See [3, Appendix A]). For any field F , there is a natural bijection

M
Rep
1 .AG;f� ;T ; @

A
G;�;T IF/ ŠMCol

1 .GIF/:

It is worth noting that in the case that F D F3 is the field of order 3, the four-
color theorem, famous for its eventual solution by Appel and Haken [1] in the 1970s
using computers, as well as the current non-existence of a non-computer-based proof,
is the assertion that MCol

1 .GI F3/ is non-empty whenever G is bridgeless, meaning
there is no face which borders itself. Therefore, we obtain the equivalent result that,
for bridgeless G, the Legendrian ƒG admits an F3-augmentation.

Because GL1.F/ D F� is commutative, we notice that there is a canonical identi-
fication

M
Rep
1 .AG;f� ;T ; @

A
G;�;T IF/ ŠM

Rep
1 .BG;f� ;T ; @

B
G;�;T IF/:

In particular, the previous theorem is a special case of “representations are sheaves”
for the non-commutative setting, which we verify along with a number of functoriality
properties.

With regards to functoriality, notice that for a dg-homomorphism ˆW .A; @/ !

.A0; @0/, the pullback maps

ˆ�WRepr.A
0; @0IF/! Repr.A; @IF/

intertwine the conjugation action. Hence, ˆ� descends to the moduli spaces

ˆ�WMRep
r .A0; @0IF/!MRep

r .A; @IF/:

In our situation,ˆ�
0;T 0

�;T .�;
/ are all dg-isomorphisms yielding pullback isomorphisms

.ˆ
�0;T 0

�;T .�; 
//�WRepr.B
C

G;T 0 ; @
BC

G;�0;T 0 IF/! Repr.B
C

G;T ; @
BC

G;�;T IF/

which intertwine the conjugation action of GLr.F/ and hence also induce isomor-
phisms at the level of the moduli space of rank r representations.
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Theorem 1.12. Let G be a trivalent plane graph, F a field, and r a positive integer.
For each garden � and subtree T �G spanning all but one vertex, there is a canonical
map

‰G;�;T WRepr.B
C

G;T ; @
BC

G;�;T IF/!MCol
r .GIF/

with the following properties:

• Functoriality: we have

‰G;�;T ı .ˆ
�0;T 0

�;T .�; 
//� D ‰G;�0;T 0 :

• Representations are sheaves: ‰G;�;T is invariant under the conjugation action
and induces a bijection

MRep
r .BCG;T ; @

BC

G;�;T IF/ ŠMCol
r .GIF/:

If one wishes to work with finite-type gardens, as was done in the original com-
mutative setting, one simply notices that, so long as all generators are in positive
degree, the pullbacks of stabilization and destabilization maps are inverses on the sets
of representations; see Proposition 2.6 below. It follows immediately that

Repr.B
C

G;T ; @
BC

G;�;T IF/ Š Repr.BG;f� ;T ; @
B
G;�;T IF/

since the dg-algebras are related by a composition of (elementary) dg-isomorphisms
together with stabilization/destabilization, where all generators involved are of posi-
tive degree. Furthermore, since pullbacks of dg-homomorphisms intertwine the con-
jugation action, we furthermore have

MRep
r .BCG;T ; @

BC

G;�;T IF/ ŠMRep
r .BG;f� ;T ; @

B
G;�;T IF/:

In the case r D 1, one recovers Theorem 1.11 from combining this observation with
Theorem 1.12.

1.4. Contact geometry

We now give a few details as to why one expects that the dg-algebras .BCG;T ; @
BC

G;�;T /

are indeed models for a Legendrian contact dg-algebra. To begin, we will explain
why BCG;T is the correct graded algebra, which requires identifying the generators
as the Reeb chords of the Legendrian. We will then partially discuss the differential,
including a description of the types of objects which are counted. Upon reading Sec-
tion 4.2, the contact-geometric reader may wish to come back to this section to check
their understanding of how each binary sequence (Definition 4.3) corresponds to a
term in the differential, which essentially finishes the translation of the rest of the arti-
cle back into the language of contact geometry. A full proof of this correspondence
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Figure 1. We have a sketch of the front of the Legendrian satellite of ƒG . We have not drawn
the details of the flat portion for simplicity, though we sketch in green one of the Reeb chords
corresponding to a center of the garden inside one of the faces of the graph G. We have also
drawn the four Reeb chords corresponding to the generators w, x, y, z.

would require also a description of the signs, which we do not discuss at all, as well
as an understanding of gradient flow trees near the trivalent vertices, which requires a
perturbation of certain singularities in the front.

Recall that R5std comes with a so-called front projection �f WR5 ! R3, and that
for a generic Legendrian surface ƒ � R5, it may be recovered from its projection to
�f .ƒ/� R3, which is almost everywhere immersed except along some mild singular
strata. More specifically, with respect to the typical coordinates x1; x2; z for R3, this
projection is never tangent to the vertical vector @z , and the remaining two coordinates
are determined by the slopes of the tangent planes to �f .ƒ/, i.e., yj D @z

@xj
. The

underlying graded algebra of the Legendrian contact dg-algebra is then of the form

ZŒ�1.ƒ/� � ZhRi;

where R is the collection of Reeb chords. From the perspective of the front projection,
these consist of pairs of points .p; q/ 2 �f .ƒ/ such that q lies directly above p in the
z-direction, and Tp.�f .ƒ// and Tq.�f .ƒ// are parallel so that the yj -coordinates of
the corresponding points on ƒ are equal.

In order to verify that we have the correct underlying graded algebra, we need
an explicit model where we identify R Š F t ¹w; x; y; zº. A front projection for
the Legendrian satellite of N -weaves appears in the work of Casals and Zaslow [4],
though a little more care is needed to identify the Reeb chords. Assuming that we have
chosen a face at infinity f1, we take the front as follows; see Figure 1 for reference.
First, we take an immersion of the double-branched cover of a large disk containing
Gf1 , branched at the vertices ofG, and where the projection map R3x1;x2;z

! R2x1;x2

recovers the branching map, and where the immersion crosses itself along the edges
and is given by a so-called D�4 singularity at vertices. We take this branched cover
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to be relatively flat so that the corresponding portion of the Legendrian in R5std has
relatively small y1 and y2 coordinates, and accordingly, we call this the flat portion
of our model. The boundary of the flat portion consists of two circles. We then glue
in two more disk pieces, sewn together along the two boundary circles along cusp
edges so that the projection lifts to a smooth Legendrian. We take these two disks to
be C 1-close to each other but do not intersect each other and to be cambered upwards
so that they are bell shaped, rising mostly well above the flat portion, except that the
bottom disk will pass the top sheet of the flat portion near the seam. If the lower disk
is the graph of a bell-shaped function f WR2x1;x2

! Rz , then we may take the upper
disk to be given by the graph of the nearby bell-shaped function f C "C "2x1 for
small enough " > 0.

Let us now find the Reeb chords. By construction, we see that there are no Reeb
chords between the two cambered disks. For the flat portion, we find that, for each
finite face, there is a unique Reeb chord between the two sheets, given at the point
where the two sheets are of maximal distance away. Because of the positioning of
the seams according to the functions f and f C " C "2x1, we will also find that
there must be a Reeb chord appearing for the face at infinity, since the two sheets are
not at maximal distance along the boundary. Finally, between the flat and cambered
portions, we can choose f so that there are no Reeb chords near the seams, and so, the
only other Reeb chords which occur are near the maximum of the function f , where
we obtain 4 D 2 � 2 more Reeb chords, given by picking one of the two cambered
disks and one of the two sheets below. The seed of the garden is meant to codify the
approximate position of these Reeb chords.

The grading of the generators in R may be computed using a formula of Ekholm,
Etnyre, and Sullivan [10, Lemma 3.4]. Namely, suppose that r 2 R is a Reeb chord
from r� to rC, lying on sheets in the front projection which are locally the graphs of
functions f� and fC. Pick a generic path 
 on ƒ from rC to r�. Let U.
/ and D.
/
be the number of times 
 crosses the cusp edges (where the cambered disks are sewn
to the flat sheets) upwards or downwards, respectively. Let Morse.r/ be the Morse
index of the critical point of fC � f� at the point over which the Reeb chord r lies.
Then, the degree of r is

jr j D D.
/ � U.
/CMorse.r/ � 1:

In our case, we see that Morse.r/ D 2 for all of the Reeb chords involved. For those
Reeb chords in F , we may take 
 to stay within the flat portion; hence,

D.
/ D U.
/ D 0;

and hence, jf j D 1. For the Reeb chords w, x, y, z, we see that we can take a curve 

which crosses one cusp downwards so that D.
/ D 1 and U.
/ D 0, from which we
find that jwj D jxj D jyj D jzj D 2. We have therefore recreated the graded algebra.
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As for the differential, we appeal to the gradient flow tree technology of Ekholm
[8]. Each sheet of �f .ƒ/ may be thought of as the graph of a function

R2x1;x2
! Rz :

The gradient flow trees counted by Ekholm may be thought of as certain trees in
R2x1;x2

such that each edge of the tree is labeled by two sheets, say, sheets i and j
given by graphs of functions fi < fj , and where the edges are tangent to and oriented
with �r.fj � fi /. The vertices of the tree are of only a handful of specified types.
For example, there are Y0-vertices, involving three sheets which are the graphs of
functions

fi < fj < fk :

Near such a vertex, the tree has one input edge directed as �r.fk � fi / and two out-
put edges directed as�r.fj � fi / and�r.fk � fj /. The differential of a Reeb chord
corresponds to counts of gradient flow trees which emanate from the Reeb chord, i.e.,
such that the tree has a positive 1-valent puncture, meaning a node corresponding
to the Reeb chord and with an outgoing edge oriented along �r.fC � f�/ for the
functions f� < fC whose graphs are the sheets containing the endpoints of the Reeb
chord. Many such flow trees exist, but only a finite number of them have the property
that they cannot be deformed. It is these rigid flow trees which are counted in the
differential.

For a Reeb chord corresponding to a face, there is a single gradient flow line to
each of the vertices, and upon perturbing the front near the vertex (since the D�4
singularity is not allowed in Ekholm’s technology), one finds that each of these con-
tributes precisely one term to the differential (though this requires additional proof via
an understanding of the perturbation of theD�4 singularity, which we do not provide).
These flow lines are codified as the threads in our garden, and they are easily seen to
be the only terms which can possibly contribute to the differential of the Reeb chords
at the faces.

Meanwhile, for each of the four Reeb chords between the cambered and flat por-
tions, because the slopes of the cambered portion are C 1 close and the slopes in the
flat portion are C 1 close and small, the gradient trajectories emanating from these
Reeb chords are all essentially just radially outward from where these Reeb chords
are positioned, approximately following the trajectory of the vector field �rf where
f is our bell-shaped function. The rigid flow trees starting at one of these four gener-
ators must pass over the face Reeb chords for degree reasons (as a 2-valent negative
puncture in Ekholm’s language), and there is one such trajectory of �rf for each
face. These trajectories are codified combinatorially by the tines of the garden. But
this is not the whole picture; for example, certain Y0 vertices are allowed where the
tines cross the threads. Indeed, suppose that we have a gradient flow line along the
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1
0

1
0

1 0 1 0

Figure 2. A sample rigid gradient flow tree which contributes to the differential of the degree 2
generator y. Each edge of the tree is either a thread or a tine. In Ekholm’s language, the black
dots are Y0-vertices, the green dot contained in the tree is a 2-valent (negative) puncture, the
arrowheads occur at ends (after perturbing the D�

4
singularities), and the yellow point is a 1-

valent (positive) puncture, which is just the Reeb chord y in this case. Each edge of the tree
may be labeled with the corresponding sheets for which it is following the negative gradient
flow. Along the threads, the edge is labeled by the two flat sheets. Along the tine, each edge is
labeled by one of the flat sheets, either 0 or 1 for the lower or upper flat sheet, and by the lower
cambered sheet.

tine, where the two sheets involved are the lower flat edge and one of the cambered
edges. Then, where the tine intersects the thread, this trajectory may split: one edge
will still go along the tine, but following the upper flat edge (and the same cambered
edge) instead, and the other edge will go along a thread until it ends at aD�4 vertex as
we saw when looking at the differential of the chords at faces.

It is not hard to then enumerate all possible rigid gradient flow trees; essentially,
they are encoded by whether or not there is a Y0-vertex where the tine crosses a
thread. Figure 2 demonstrates an example of a rigid flow tree which counts towards
the differential of the generator y, which corresponds to the Reeb chord from the
top sheet of the flat portion to the lower disk of the cambered portion. The figure
also has labels 0; 1 corresponding to the fact that, for each edge of the tree which is
along the tine, one of the corresponding sheets is either the upper or lower of the flat
sheets. Combinatorially, this data is encoded in the notion of a binary sequence, as in
Definition 4.3, with each binary sequence giving precisely one term of the differential.
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Verifying that this gives all of the terms in the differential is not difficult, assuming
again that we have understood how threads terminate at a perturbation of the D�4
singularities.

2. Preliminaries on stable regenerative tame dg-homomorphisms

In this short section, we prove a few algebraic preliminaries mentioned in the introduc-
tion about stable regenerative tame dg-homomorphisms. These proofs are somewhat
technical, with techniques orthogonal to the main ideas of the paper, so we encourage
the impatient reader to skip this section in a first read-through. They are presented for
completeness.

We recall the following notions which may be found in the commutative coeffi-
cient setting in the work of Kálmán [20], extended here to non-commutative coeffi-
cients.

Definition 2.1. Suppose that .A;@A/ and .B;@B/ are dg-algebras and �; W .A;@A/!
.B;@B/ are dg-homomorphisms. A .�; /-derivation is a Z-linear map of degreeC1,
KW .A; @A/! .B; @B/, such that if x 2 Ak and y 2 A, then

K.xy/ D K.x/ .y/C .�1/k�.x/K.y/:

Lemma 2.2 (Cf. [20, Lemma 2.18]). Suppose that .ADR �ZhSi; @A/ is a semi-free
dg-algebra, .B;@B/ is a dg-algebra, and we have dg-homomorphisms �; W.A;@A/!
.B; @B/. If KW S ! B is any map of degree C1, then there exists a unique .�;  /-
derivation zKW .A; @A/! .B; @B/ satisfying

zKjR D 0 and zKjS D K:

Proof. All monomials in A are of the form r0s1r1s2r2 � � � skrk for some k � 0, with
r0; : : : ; rk 2R, and s1; : : : ; sk 2 SC. Because the derivation property gives zK on prod-
ucts, we may prove inductively that if zKjR D 0 and zKjS D K, then on monomials,
zK must take the form

zK.r0s1r1s2r2 � � � skrk/

WD

kX
`D1

.�1/js1���s`�1j�.r0s1r1 � � � sj�1rj�1/K.sj / .rj sjC1rjC1 � � � skrk/:

This in turn determines zK uniquely on all of A upon extending by Z-linearity and is
well-defined since the Z-linear relations between these monomials are generated by
those of the form

r0s1r1 � � � sj .rj C r
0
j /sjC1 � � � skrk

D r0s1r1 � � � sj rj sjC1 � � � skrk C r0s1r1 � � � sj r
0
j sjC1 � � � skrk :
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To check that this formula does indeed determine a .�;  /-derivation, it suffices by
Z-linearity to check the derivation equation on monomials, i.e., with

x D r0s1r1s2r2 � � � skrk and y D r 00s
0
1r
0
1s
0
2r
0
2 � � � s

0
k0r
0
k0 ;

which we leave for the reader to verify.

Lemma 2.3 (Cf. [20, Lemma 2.18]). Suppose that .ADR �ZhSi; @A/ is a semi-free
dg-algebra, .B;@B/ is a dg-algebra, �; W.A;@A/! .B;@B/ are dg-homomorphisms,
and KW .A; @A/! .B; @B/ is a .�;  /-derivation. Then, the equation

� �  D K@A C @BK

is true if and only if it holds on the restriction to both R and S .

Proof. Suppose that the equation is satisfied for elements x 2 Ak and y 2 A, i.e.,

�.x/ �  .x/ D K@Ax C @BKx and �.y/ �  .y/ D K@Ay C @BKy:

Then, the equation also holds for the product xy by the following computation:

K@A.xy/C @BK.xy/

D K
�
.@Ax/y C .�1/kx.@Ay/

�
C @B

�
K.x/ .y/C .�1/k�.x/K.y/

�
D K.@Ax/ .y/ � .�1/k�.@Ax/K.y/C .�1/kK.x/ .@Ay/C �.x/K.@Ay/

C @BK.x/ .y/ � .�1/kK.x/@B .y/C .�1/k.@B�.x//K.y/C �.x/@BK.y/

D .K@A C @BK/.x/ .y/C �.x/.K@A C @BK/.y/

C .�1/kK.x/. @A � @B /.y/ � .�1/k.�@A � @B�/.x/K.y/

D .�.x/ �  .x// .y/C �.x/.�.y/ �  .y//

D �.x/ .y/ �  .xy/C �.xy/ � �.x/ .y/

D �.xy/ �  .xy/:

Since every element of A can be written as a Z-linear combination of products of
elements of R and S (which are homogeneous), the result follows.

We arrive now at the main results of this section.

Proposition 2.4 (Cf. [15, Corollary 3.11]). Every stable regenerative tame dg-homo-
morphism is a quasi-isomorphism.

Proof. Since elementary dg-automorphisms and regenerations are dg-isomorphisms,
they obviously act by quasi-isomorphisms. It suffices to check that stabilizations and
destabilizations are also quasi-isomorphisms. We will check that they are inverses up
to homotopy and hence inverses on homology.
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Consider a stabilization and destabilization. The composition AS ! ASC ! AS

is just the identity. It suffices to prove that the dg-homomorphism

ˆWASC ! AS ! ASC

induces the identity on homology. By definition, ˆ is just the identity on R and ele-
ments of S , but ˆ.x/ D 0 D ˆ.y/. We aim now to build a chain homotopy between
1 and ˆ, i.e., a Z-linear map z‰WASC ! ASC of degreeC1 such that

1 �ˆ D z‰@C C @C z‰:

Consider the map ‰WSC ! ASC given by

‰.s/ D

´
0; s ¤ x;

y; s D x:

By Lemma 2.2, this extends to a .1; ˆ/-derivation z‰. The chain homotopy equation
is then easily verified on elements of R and SC, and so, by Lemma 2.3, z‰ is a chain
homotopy as desired.

Proposition 2.5. Suppose that we have a dg-automorphism ˆW .AS ; @/ ! .AS ; @/

satisfying the following properties:

• ˆ fixes the underlying ring R.

• For each s 2 S , we have @s 2 AS 0 , where S 0 D ¹s 2 S j ˆ.s/ D sº.

• For each s 2 S , ˆ.s/ � s is exact.

Then, ˆ is homotopic to the identity and hence induces the identity on homology.

Proof. To fix notation, suppose for each generator s 2 S n S 0 that

s �ˆ.s/ D @ˇs

for some ˇs 2 AS . Define a map KWS ! AS of degreeC1 by

K.s/ D

´
ˇs; s … S 0;

0; s 2 S 0:

Then, by Lemma 2.2, K extends uniquely to an .1; ˆ/-derivation zKW AS ! AS

with zKjR D 0. Inductively from the defining equation for a derivation, one sees that
zKjAS0

D 0. Therefore, for every s 2 S , since @s 2 AS 0 , we have

. zK@C @ zK/.s/ D zK.@s/C @K.s/ D 0C @ˇs D .1 �ˆ/.s/:
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We also have
.K@C @K/.r/ D 0 D .1 �ˆ/.r/

for every r 2 R. By Lemma 2.3, it follows that

1 �ˆ D zK@C @ zK;

and so, zK yields a chain homotopy between 1 and ˆ.

Proposition 2.6. Suppose that .AS ; @/ is a semi-free dg-algebra over a ring R with
stabilization .ASC ; @

C/, with the property that all generators of SC (and hence also
of S ) have strictly positive degree. Then, for any positive integer r and field F , the
stabilization and destabilization maps induce inverse bijections

Repr.AS ; @IF/ Š Repr.ASC ; @
C
IF/

via pullback.

Proof. Let i W .AS ; @/! .ASC ; @
C/ and � W .ASC ; @

C/! .AS ; @/ be the stabilization
and destabilization dg-homomorphisms. Since � ı i is the identity, we have

i� ı ��WRepr.AS ; @IF/! Repr.AS ; @IF/

is the identity. On the other hand, i ı � is the identity on the coefficient ring, and
representations are only non-trivial on the coefficient ring since all of the generators
of SC have positive degree. Hence, we also have that its pullback

�� ı i�WRepr.ASC ; @
C
IF/! Repr.ASC ; @

C
IF/

is the identity.

3. The coefficient ring

Recall from the introduction that, in generalizing the Casals–Murphy graded algebra
(even before constructing the differential), there were two algebraic steps to perform,
the first introducing non-commutativity between the coefficient ring and the other
generators, and the second in introducing non-commutativity to the coefficient ring
itself. The first will be discussed when we define the differential. But before we can
even write the differential, we need a combinatorial model for the coefficient ring. We
will develop a family of such combinatorial models, depending upon a choice of tree
T �G spanning all but one vertex which we will use as a base point. We will then see
how to relate these models using homotopy classes of paths between the base points,
a step which should feel well motivated by the statement of Theorem 1.6.
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Figure 3. The green edges form a tree spanning all but one vertex, singled out also in green.

Remark 3.1. Throughout this section, we will assume that we have fixed a garden
(to be defined later) and hence remove the corresponding decorations from our dg-
algebras. Indeed, we are interested in the coefficient ring in this section, so it is better
to keep the notation free from unnecessary clutter.

3.1. The commutative case

To begin, we consider the commutative case, as in the work of Casals and Murphy
[3]. Recall from the introduction that, in the commutative case, we work over the
coefficient ringRD ZŒH1.ƒG/�. The surfaceƒG is a genus g surface, soH1.ƒG/ is
non-canonically isomorphic to Z2g . In order to have a combinatorial description for
R, we therefore need to choose an isomorphism of H1.ƒG/ with Z2g . To do this, we
make a choice of a tree T � G spanning all but one of the vertices, as in Figure 3.
Such a tree automatically contains 2g edges. Let ZT be the free abelian group on the
set of edges of T . Each edge in the graph G has preimage in ƒG given by a circle,
and that circle represents a corresponding 1-cycle inH1.ƒG/. (There is a minor issue
of orientations which we ignore, as the geometry ofƒG makes this choice canonical.)
Furthermore, one may check that, for a tree as above, these 1-cycles form a basis for
homology. One may then take the Poincaré dual basis of H1.ƒG/. Hence, we obtain
for each edge e 2 T the unique primitive cycle in H1.ƒG/ which intersects e once
(upon fixing orientations properly) and all other edges of the tree zero times. Thinking
of this association as a map from T toH1.ƒG/, we obtain, from the universal property
of free abelian groups, a group isomorphism

'T WZ
T �
�! H1.ƒG/:

Setting RT D ZŒZT �, upon applying the group ring functor, we obtain ring isomor-
phisms

'T WRT
�
�! R;
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denoted by the same symbol by abuse of notation. Hence, for the underlying Casals–
Murphy graded algebra A, we have for each such tree T a combinatorial model AT ,
where

AT D RT hFfin; x; y; zi:

The isomorphisms at the level of rings hence induce isomorphisms at the level of
graded algebras

'T WAT
�
�! A;

again notated by the same symbol by abuse of notation. The differential @A may be
computed in any of these models to yield dg-algebras .AT ; @

A
T /, and we hence obtain

canonical dg-isomorphisms

'T W .AT ; @
A
T /
�
�! .A; @A/:

In other words, we may choose any of these combinatorial models as defining the
same object. In order to change between combinatorial models, we simply apply the
transition maps ˆT

0

T D '
�1
T 0 ı 'T .

The perspective of Casals and Murphy [3] is purely combinatorial, and hence,
they work by constructing the various .AT ; @

A
T / and proving that they may all be

canonically identified via canonical isomorphisms. This is surprisingly tricky, as the
transition maps between RT and RT 0 look somewhat complicated, and accounts for
quite a bit of effort to achieve. In the non-commutative setting, we are automatically
confronted with this issue; as described in the introduction, different choices of trees
yield different choices of capping paths, and as is clear from the statement of Theo-
rem 1.6, this makes the naturality of the corresponding transition dg-isomorphisms a
bit harder. We follow the Casals–Murphy approach of working with a slightly larger
dg-algebra, from which the models for each T are induced naturally. Transitioning
between different choices of T in the non-commutative setting is then discussed in
Section 3.4.

To this end, consider the collection E of all of the edges of the graph. Then, we
may form the free abelian group ZE and consider the group ring zR WD ZŒZE �: We
have natural projection maps

�T WZ
E � ZT ;

which upon applying the group ring functor yields projections

�T W zR � RT :

If we fix an explicit indexing of E such that the edges of T are listed first, this last
map is just the map

ZŒe˙11 ; : : : ; e˙13gC3� � ZŒe˙11 ; : : : ; e˙12g �
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which evaluates a given Laurent polynomial at

e2gC1 D � � � D e3gC3 D 1:

The strategy of Casals and Murphy [3] is to work instead over the coefficient ring
zR and use the projections �T to understand the transition maps. That is, on the graded
algebra

zA D zRhFfin; x; y; zi;

they find a differential z@A. Reduction of coefficients then yields a graded algebra
homomorphism

�T W zA! AT

given by projecting the coefficients along

�T W zR! RT :

This allows them to construct the differentials @A
T via the following easy but important

lemma.

Lemma 3.2. Suppose that A1, A2, B1, and B2 are objects in a category, with mor-
phisms ˆAWA1 ! A2, p1WA1 ! B1, and p2WA2 ! B2. If p1 is an epimorphism,
then there exists at most one morphism ˆB WB1 ! B2 making the following diagram
commute:

A1

p1

����

ˆA
// A2

p2

��

B1
ˆB
// B2

If p1 has a right inverse i1WB1! A1 (i.e., p1 ı i1 D idB1
), then suchˆB exists if and

only if
p2 ıˆ

A
ı i1 ı p1 D p2 ıˆ

A;

in which case ˆB D p2 ıˆA ı i1.

Proof. Uniqueness of ˆB follows from the epimorphism property of p1. Assuming
that p1 has a right inverse, then we obtain a formula for such ˆB , should it exist, as

ˆB D ˆB ı p1 ı i1 D p2 ıˆ
A
ı i1:

Commutativity of the diagram is just the desired equation.

As a special case, let us use the category of graded algebras to see how a dif-
ferential may descend. Suppose that .A; @A/ is a dg-algebra, B is a graded algebra,
pWA!B is a surjective morphism of graded algebras, and i WB!A is a right inverse
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for p. Then, so long as p ı @A ı i ı p D p ı @A, by applying Lemma 3.2, we obtain
@B D p ı @A ı i on B fitting into the following diagram:

A

p

����

@A
// A

p

��

B
@B
// B

We claim that .B; @B/ is a dg-algebra so that

pW .A; @A/! .B; @B/

is a dg-homomorphism. The differential property follows because

.@B/2 D p ı @A ı i ı p ı @A ı i D p ı .@A/2 ı i D 0;

where we have used that p ı @A ı i ı p D p ı @A. The Leibniz rule is easily checked
from the fact that p and i are homomorphisms of graded algebras with p ı i D id.

In the Casals–Murphy setting, one obtains the desired differentials @A
T uniquely

descending from z@A as above so that we have induced dg-homomorphisms

�T W . zA; z@
A/! .AT ; @

A
T /:

To see this, one upgrades the natural right inverse iT WZT ,! ZE to �T WZE ! ZT

to the graded algebra level and checks that Lemma 3.2 applies. In this manner, @A
T is

actually very easy to compute. One simply looks at the combinatorial formulas for z@A

(which are very explicit) and ignores any edge not in T which appears as an output,
replacing it with the value 1.

3.2. The non-commutative case

In the non-commutative case, we follow the same procedure. Hence, we will need to
define the ring zRnc as well as the rings RncT for each choice of tree T spanning all
but one vertex vT of G. We will prove in Section 3.3 that each of our rings RncT is
canonically isomorphic to the group ring Rncv D ZŒ�1.ƒG ; Qv/�, where v D vT is the
vertex missed by T .

Notice, in this case, that it is not really correct to talk about just one ring

Rnc D ZŒ�1.ƒG/�;

since we need to choose a base point in order to make this a true object. Indeed, there
is no canonical isomorphism between the various Rncv as v varies in V . Although R
has no non-commutative analog, we will find that zR does. Herein lies our point of
entry into the theory.
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Ae A�1e Be B�1e

�e;o .�e;o/
�1 �e; No .�e; No/

�1

Figure 4. A pictorial representation of the generators �e;o and their inverses, in red, where
the orientation o on the edge e is indicated by the upwards arrow. We have also written these
generators in terms of Ae and Be , if we assume that o is a constituent of a fixed orientation on
the entire graph.

Let zE be the set of all edges together with an orientation. We denote an element
by .e; o/ 2 zE, where e 2 E, and o is an orientation on e. We denote the opposite
orientation by No. Consider the free group

�
zEZ D Z � Z � � � � � Z„ ƒ‚ …

j zE jD6gC6

generated by elements of zE. For each oriented edge .e; o/ 2 zE, we denote by �e;o 2
�
zEZ the corresponding generator.

It is worthwhile to make a visual picture for the generators �e;o. For every edge,
we draw four oriented transversals, two oriented each direction, and where we think of
them either from going from a state C to a state � or vice versa. Our �e;o generators
correspond to a transversal going from C to �, and oriented via a right-hand rule,
so that the transversal orientation followed by the edge orientation gives a positive
orientation with respect to the sphere S2. This convention is easier illustrated than
stated, as is done in Figure 4.

Elements of � zEZ are just arbitrary words in the various �˙1e;o, though for the most
part, we only care about words formed from paths on S2 as in the following definition.

Definition 3.3. A transverse signed path with respect to a trivalent plane graph G on
S2 is a pair .
; �/ consisting of a curve 
 W Œ0; 1�! S2 together with a sign � 2 ¹C;�º
such that

• the image of 
 avoids the set of all vertices V ,

• if 
.t/ 2 E lies on an edge, then t ¤ 0; 1 and the path passes through the edge
transversely.
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v

e e

e

3 2

1

Figure 5. The loop around a vertex which corresponds to the word wv . If the graph is oriented
as indicated by the arrows, this word is wv D Ae1

B�1
e2
Ae3

B�1
e1
Ae2

B�1
e3

.

Any transverse signed path .
; �/ determines a unique lower-semicontinuous map
z� W Œ0; 1�! ¹C;�º (we take � < C) with initial value z�.0/ D � and which is

• locally constant away from values of t , where 
 intersects an edge,

• discontinuous at values of t , where 
 intersects an edge, alternating either fromC
to � or from � toC.

In other words, we may label the path of 
 , starting with the label � , so that every
time 
 crosses an edge, it alternates its label. Given a transverse signed path, the map
z� in turn can be used to obtain an element of � zEZ given by reading out, in order, the
generators corresponding to every time we pass through an edge, using the convention
as in Figure 4.

Definition 3.4. Any element of � zEZ obtained in this way from a transverse signed
path will be called a geometric element.

We provide not only a clarifying example, but a necessary example. Suppose that
v is a vertex of the graph G, and let e1, e2, and e3 be the incident edges, labeled
cyclically counter-clockwise, as in Figure 5. For each ei , let oi be the orientation along
each edge pointing towards the vertex. (Note that it may be the case that e1 D e2, for
example, in which case automatically o1 D o2 since every edge has one source and
one target.) Consider for each vertex the conjugacy class !v D Œwv� of the word

wv WD �e1;o1
��1e2;o2

�e3;o3
��1e1;o1

�e2;o2
��1e3;o3

;
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which corresponds to a path going counter-clockwise around the vertex twice. We
see that changing our starting basepoint will change the word, but only by cyclic
permutation of its six constituent letters, and so, we will not change the conjugacy
class !v . LetN be the normal subgroup of � zEZ generated by these conjugacy classes
over all of the vertices. We hence obtain a group

… WD
�
�
zE Z

�ı
N:

In other words,… has a presentation as…D h¹�e;oº j ¹wvºi, with 6gC 6 generators,
one for each element of zE, and 2g C 2 relations, one for each vertex v 2 V . The
image of the geometric elements of � zEZ in … will be called the geometric elements
of ….

Remark 3.5. There is nothing special about taking our word wv counter-clockwise.
We could have instead considered the word corresponding to the composable loop
going clockwise twice around the vertex

w0v D �
�1
e1;o1

�e3;o3
��1e2;o2

�e1;o1
��1e3;o3

�e2;o2
:

In such a case, we have .w0v/
�1 2 !v , so we could use any w0v in place of wv in the

presentation of the group … since the same normal subgroup will be generated.

Finally, taking the group ring, we arrive at our coefficient ring zRnc WDZŒ…�: There
is a natural forgetful map

U W �
zEZ � ZE ;

given by abelianizing and forgetting about the orientation. We note that the word wv
is killed by U , yielding an induced surjective group homomorphism

U W… � ZE

also denoted U by abuse of notation. At the level of rings, we arrive at a homomor-
phism

U W zRnc � zR:

Now, suppose that T � G is a tree spanning all but one vertex, and let zT be
the collection of edges of the tree together with orientations. We have natural group
homomorphisms

�T W �
zEZ � �

zTZ:

The map �T simply sends �e;o to the identity if e … T . Let NT be �T .N /, which is
automatically a normal subgroup of � zTZ since �T is surjective. We set

…T WD �
zTZ
ı
NT
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which has a presentation of the form

…T D h¹�e;oº j ¹�T .wv/ºi;

with 4g generators corresponding to the elements .e; o/ 2 zT , and 2g C 1 relations,
one for each vertex v 2 V � ¹vT º. (Notice that �T .wvT

/ D 1, which explains why
we have not included this trivial relation.) Setting RT D ZŒ…T �, we therefore have
induced maps

�T W zR
nc � RncT :

As before, forgetting the orientations and abelianizing gives a surjective group homo-
morphism

UT W…T � ZT

inducing a surjective ring homomorphism

UT WR
nc
T � RT :

It is clear that these forgetful maps commute with the projection maps, as per the
following commutative diagram:

…
�T // //

U
����

…T

UT
����

ZE
�T // // ZT

Remark 3.6. We mentioned that we are mostly interested in the geometric elements
of …. The main reason is that every element in …T is a geometric element, in the
sense that it lies in the image of the geometric elements of … under the map

�T W…! …T :

This point is further elucidated in Section 3.3, especially Theorem 3.10, upon the
realization that transverse signed paths lift uniquely to paths on ƒG . It is probably
more mathematically optimal to use a certain path algebra instead of …, where non-
geometric elements are killed, but it is not necessary for our purposes.

Admittedly, the notation �e;o is clumsy but is useful in that it indicates that zRnc

is completely independent of choices. However, in the case that our graph has an
orientation chosen on each of its edges, which will be part of the data of a garden
for other reasons, there is simpler notation which is useful for computations. Suppose
that each edge e of E comes with a choice of orientation oe . We obtain a bijection

zE Š EC tE�;

where EC Š E consists of those edges matching the given orientation and E� Š E
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consists of those edges which go against the given orientation. We will write

Ae WD �e;oe
; Be WD �e;oe

:

We have traded the clumsiness of the notation �e;o for the clumsiness of the asym-
metry between Ae and Be which is very much dependent upon the orientation chosen
on each edge of G. Swapping the orientation of a single edge interchanges the roles
of A and B . See Figure 4 or Figure 5 with its caption for examples. Note that the
words wv no longer necessarily alternate between A and B terms: this occurs only
if all the edges are oriented away from the vertex (a source) or towards the vertex (a
sink); except for very special graphs, it is impossible to choose an orientation so that
every vertex is either a source or a sink.

3.3. Matching the coefficients to the geometry

We aim now to fill in the underlying geometric details of the combinatorics outlined
in Section 3.2. The only geometric input we need from the contact picture is that we
have a double cover

pWƒG ! S2

branched over the set of vertices V such that, for each (open) face f 2 F , the two
connected components of p�1.f / are canonically labeledC and�, respectively, with
the property that if 
 is a curve onƒG such that the curve p ı 
 crosses precisely one
edge transversely, then 
 either goes from a region labeled C to a region labeled �,
or exactly the opposite, from � toC.

It is clear from this description that transverse signed paths are identified canon-
ically with paths on ƒG by lifting along p and matching the starting label � . Con-
versely, if we have a path inƒG which avoids the preimages of the vertices and passes
transversely through the preimages of the edges, then its projection together with its
initial label yields a transverse signed path. We call such a path onƒG generic so that
transverse signed paths correspond precisely to generic paths on ƒG .

On the other hand, transverse signed paths give the geometric elements of ….
Hence, we may think of the geometric elements as those which arise from generic
paths onƒG . Suppose now that two generic paths with the same endpoints are homo-
topic to each other. We may ask if they define the same geometric element in …. The
point is that a homotopy from a generic path to another generic path may in general
pass through non-generic paths. However, so long as the homotopy is itself generic, it
will only pass through non-generic paths a finite number of times, and the non-generic
behavior is quite mild. We have two cases:

• The family passes through a vertex Qv 2ƒG (corresponding to v 2 V ). In this case,
so long as the homotopy is generic, this has the effect of changing the geometric
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element by the vertex relationwv , which is trivial in…, and hence there is actually
no effect.

• The family passes through a tangency to an edge. A good picture of the behavior
for a generic homotopy is given by move II in Figure 7, but where the purple curve
is thought of as our path at the critical moment (instead of a tine). In this case, the
word is modified by insertion of a product �e;o��1e;o, which is just the identity, and
hence the geometric element remains unchanged.

We have therefore proved the following theorem.

Theorem 3.7. Suppose that q; q0 2 ƒG are points with projection to S2 lying in an
open face of G. Suppose that 
1 and 
2 are two generic paths in ƒG starting at q
and ending at q0 such that Œ
1�D Œ
2� 2 �1.ƒG ; q; q0/, the homotopy classes of paths
from q to q0. Then, the geometric elements w1; w2 2 … corresponding to 
1 and 
2
are equal, w1 D w2. We therefore obtain canonical group homomorphisms

‰q;q0 W�1.ƒG ; q; q
0/! …:

Furthermore, if 
 2 �1.ƒG ; q; q0/ and 
 0 2 �1.ƒG ; q0; q00/, then

‰q;q00.
 � 

0/ D ‰q;q0.
/ �‰q0;q00.


0/:

Remark 3.8. When q D q0, we write simply ‰q WD ‰q;q .

Remark 3.9. Suppose that q1 and q2 are connected by a path in ƒG which remains
completely in the preimage of an open face f 2 F ; i.e., they lie in the same connected
component of the preimage of f inƒG . Since this component is just one of the sheets
lying over f , it is a topological disk, the groups �1.ƒG ; q1; q0/ and �1.ƒG ; q2; q0/
are canonically identified, and under this identification, ‰q1;q0 D ‰q2;q0 . Similarly,
we have an equality ‰q;q0

1
D ‰q;q0

2
upon identifying the domains of these maps.

Theorem 3.7 has given us an algebraic output in … for paths on ƒG . We will now
find a natural way to recognize …T as identified with the fundamental group of ƒG ,
with basepoint given by the unique preimage �T D p�1.vT / in ƒG singled about
the vertex vT . Towards this purpose, notice that p�1.S2 n T / is a branched double
cover of a topological disk, branched at a single point, so p�1.S2 n T / is a topological
disk. Therefore, if q 2 p�1.S2 n T /, then there is a unique homotopy class of path
in 
q;T 2 �1.ƒG ; �T ; q/ which admits a representative whose projection avoids T .
With this notation, we have the following theorem.

Theorem 3.10. There is a canonical isomorphism

'T W…T
�
�! �1.ƒG ;�T /
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such that, for any q; q0 2 ƒG lying above an open face of G, the composition

'T ı �T ı‰q;q0 W�1.ƒG ; q; q
0/! �1.ƒG ;�T /

is the isomorphism given by

Œ
� 7! Œ
q;T � 
 � .
q0;T /
�1�:

In particular, for �e;o 2…, writing �e;o D ‰qC
f
;q�g
.
e;o/ for a short path 
e;o starting

at qC
f

on the C sheet above face f , ending at q�g on the � sheet above face g, and
with projection crossing only the edge e once, we have

.'T ı �T /.�e;o/ D Œ
qC
f
;T
� 
e;o � .
q�g ;T 0/

�1�:

Proof. For notational convenience, around each vertex v 2 V (including vT ), we draw
a small open diskDv in S2, all of which are disjoint, and we pick any point qv 2 @Dv
not lying on an edge of G. Let �.V / D

F
Dv be the union of these disks. Also

for notational convenience, we fix on the edges of T an orientation. To compute the
fundamental group �1.ƒG ;�T /, we proceed in three steps.

Step 1. First, we compute the fundamental group �1.X;qvT
/, whereX WD S2 n �.V /.

The space X is just a copy of S2 with 2g C 2 disks removed, which deformation
retracts to a wedge of 2g C 1 circles, so �1.X I qvT

/ is isomorphic (non-canonically)
to a free group of rank 2g C 1. We aim to find a convenient system of generators.
Since T is contractible, for each edge e 2 T , we may pick a loop xAe 2 �1.X; qvT

/

which intersects the tree only along the edge e transversely so that it is oriented in
the same way that we described for �e;o D Ae with respect to the chosen orientation
on e (see again Figure 4). Also, let 
 2 �1.X I qvT

/ be the loop which follows @DvT

around once, say, in the counter-clockwise direction (although this choice will end up
being irrelevant). These Ae’s, together with 
 , form the generators we are after.

Lemma 3.11. The collection ¹ xAe j e 2 T º [ ¹
º forms a free system of generators
for �1.X I qvT

/.

Though the choice of Ae is not canonical, it is easy to encode the ambiguity in
this choice, and this ambiguity will happily disappear in the end of our computation
of �1.ƒG ; �T /. The following lemma, which makes this ambiguity explicit, follows
easily from the fact that S2 n .T t ¹vT º/ is a punctured disk with fundamental group
generated by the loop 
 .

Lemma 3.12. Suppose that xAe and xA0e are two choices of paths transversely inter-
secting T only along the edge e with the same orientation. Then, there exist (unique)
integers m; n 2 Z such that

xAe D 

m xA0e


n:



K. Sackel 274

Step 2. We compute �1.Y; qCvT
/, where Y D p�1.X/ and qCvT

is the lift of qvT
to the

face labeledC.
The projection pWY ! X induces a map

p�W�1.Y; q
C
vT
/! �1.X; qvT

/:

Since pW Y ! X is a connected double cover, we automatically have a short exact
sequence of groups

0! �1.Y; q
C
vT
/
p�
�! �1.X; qvT

/
par
�! Z2 ! 0:

For each class in �1.X; qvT
/, a generic representative will intersect the edges trans-

versely, and the map par is simply the parity of the number of edges that the curve
intersects.

Recall the following facts.

Theorem 3.13. Suppose that G is a finitely generated group, and H � G is a finite
index subgroup. We have the following:

• (Schreier Subgroup Lemma) Consider a right inverse � WH nG ! G of the quo-
tient � WG ! H nG. Let S be a set of generators for G. Then,H is generated by
the jS j � ŒGWH� elements

gc;s WD �.c/ � s � .�.�.�.c/ � s///
�1

for pairs .c; s/ 2 H nG � S .

• (Nielsen–Schreier Theorem) If G is a free group, then H is a free group. Further-
more, if G has rank n and H is of finite index k, then H has rank 1C k.n � 1/.

Since �1.X; qvT
/ is a free group, these two results automatically apply to our

setting. By the Nielsen–Schreier theorem, we see that �1.Y; qCvT
/ is a free group of

rank 1C 2..2g C 1/ � 1/ D 1C 4g. On the other hand, we may use the generating
set S D ¹ xAe j e 2 T º [ ¹
º and the section

� WZ2 ! �1.X; qvT
/

with
�.0/ D e; �.1/ D 


as input into the Schreier subgroup lemma. If we let me WD par. xAe/ 2 ¹0; 1º be the
parity of the loops xAe that we have chosen, then8̂̂̂̂

<̂̂
ˆ̂̂̂:
g0; xAe

D xAe � 

�me ;

g0;
 D 
 � 

�1
D e;

g1; xAe
D 
 � xAe � 


me�1;

g1;
 D 

2:
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Forgetting the non-identity element, we see that we are left with precisely 4gC 1 gen-
erators. As this matches the rank of the free group it generates, there are no relations
between these generators by a result of Nielsen [24] (or its English translation [25]);
cf. the work of Federer and Jónsson [16, Theorem 3.13].

Of the two generators xAe � 
�me and 
 � xAe � 
me�1, precisely one of them crosses
the edge e in such a way that it goes from aC region to a � region. We let zAe be this
generator, and we let the other be zB�1e (which matches our intuition from Figure 4).
We set z
 D 
2. Hence, we have

�1.Y; q
C
vT
/ D hz
; ¹ zAe j e 2 T º; ¹ zBe j e 2 T ºi:

Again, zAe and zBe are not canonically defined, since our choice of xAe was only defined
up to multiplying on the left and right by powers of 
 . Nonetheless, it is easy to trace
through how these are allowed to change. The following lemma is an easy exercise
for the reader if it is not obvious.

Lemma 3.14. For two different choices xAe and xA0e , the corresponding generators zAe
and zA0e are related by

zAe D z

m zA0e z


n

for (unique) integers m; n 2 Z, and similarly for zBe and zB 0e .

We finish Step 2 by noting not only that we have a nice presentation for �1.Y;qCvT
/,

but also that, for a given element in this fundamental group, it is quite easy to read off,
up to powers of z
 , the corresponding word in these generators simply by looking at the
projection to X of a generic representative. In particular, for a generic representative,
this projection will cross the edges of G transversely and be disjoint from all of the
vertices. From this, we have that our loop starts on the C sheet, and every time it
crosses an edge, it swaps between the C and � sheets. Suppose that this loop crosses
the edges of T in the order e1; e2; : : : ; en. Then, the corresponding word representing
this loop is given by

z
m1 � g1 � z

m2 � g2 � � � z


mn � gn � z

mnC1

for some integersmi 2Z and where each gi 2 ¹ zAei
; zA˙1ei

; zBei
; zB˙1ei

º is chosen accord-
ing to the convention of Figure 4.

Step 3. Finally, we glue back in p�1.�.V // and compute �1.ƒG ;�T /.
Each p�1.Dv/ is itself a disk, so we may attach them one by one and apply the

Seifert–van Kampen theorem to compute the fundamental group. We begin with the
disk p�1.DvT

/, which has boundary given by the loop z
 , so attaching this disk simply
kills this generator. In particular, we have that all of the choices zAe and zBe already
correspond to well-defined classes Ae and Be . So, at this point, we have

�1.Y [ p
�1.DvT

/; qCvT
/ D h¹Ae j e 2 T º; ¹Be j e 2 T ºi:
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In fact, we see already from the description at the end of Step 2 that it is quite easy to
read off the corresponding word from the projection of the loop to X [DvT

, with no
ambiguity in choices since we have z
 D 1.

Now, suppose that we glue in a single disk p�1.Dv/. This corresponds to killing
the loop @Dv , which we associate with an element of �1.Y [ p�1.DvT

/; qCvT
/ by

choosing an arbitrary path from qCvT
to qCv which does not intersect the tree. We see

that the wordwv (appropriately evaluated so that all non-tree edges are given the value
1) is precisely the word generating this loop. Therefore,

�1.ƒG ; q
C
vT
/ D h¹Ae j e 2 T º; ¹Be j e 2 T º j ¹�T .wv/ºi;

which is precisely the group …T we described, i.e., …T Š �1.ƒG ; q
C
vT
/. Finally, all

paths between �T and qCvT
completely contained in p�1.DvT

/ are homotopic, and
this allows us to move our base point from qCvT

to �T canonically.
Finally, to prove the expression for 'T ı �T ı‰q;q0 , we note that, by the compo-

sition property of Theorem 3.7, it suffices to prove the result for the short generators

e;o. But this is given by tracing through the proof and identifying the generators Ae
and Be with these explicit loops.

Corollary 3.15. There exists a group homomorphism iT W…T ! … which is right
inverse to �T W…! …T .

Proof. Consider any point q 2 ƒG lying above an open face of G. We obtain an
identification C.
q;T /�1.ƒG ; �T / Š �1.ƒG ; q/ by conjugation by the path 
q;T 2
�1.ƒG ;�T ; q/. Set

iT WD ‰q ı C.
q;T / ı 'T W…T ! …:

This is a composition of group homomorphisms, hence a group homomorphism itself,
and satisfies

�T ı iT D �T ı‰q ı C.
q;T / ı 'T

D '�1T ı .'T ı �T‰q/ ı C.
q;T / ı 'T

D '�1T ı C.
q;T /
�1
ı C.
q;T / ı 'T

D 1;

where we have used Theorem 3.10 to identify 'T ı �T ı‰q with C.
q;T /
�1.

To end the section, we discuss how Theorem 3.10 relates to the commutative coef-
ficient setting. From the universal property for abelianization of groups, the map

UT ı '
�1
T W�1.ƒG ;�T / � ZT
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must factor through the abelianization map

�1.ƒG ;�T / � H1.ƒG/;

yielding a surjective morphism H1.ƒG/ � ZT , as in the following commutative
diagram:

…T
'T

�
//

UT
����

�1.ƒG ;�T /

Ab
����

ZT H1.ƒG/oooo

But this surjective morphism is between two free abelian groups of the same rank 2g
and hence is automatically an isomorphism. In other words, ZT is itself the abelian-
ization of …T , UT is the abelianization map, and 'T descends to the isomorphism

'T WZ
T
! H1.ƒG/

which we used in the commutative case. We leave it to the reader to check that this
definition of the isomorphism 'T WZT

�
�! H1.ƒG/ matches our original description

at the beginning of Section 3.1.

3.4. Transition maps

As discussed in Section 3.1, in order to define the Casals–Murphy dg-algebra (in the
commutative setting), one uses the following steps:

• define the tilde version . zA; z@A/;

• plug the tilde version into Lemma 3.2 by using the maps �T and iT to obtain the
dg-algebras .AT ; @

A
T /;

• verify that the various versions with respect to different trees T are naturally iden-
tified together.

The first two steps hold over in exactly the same manner, with no changes in the non-
commutative setting. It is the last step which we have not yet discussed. We will work
with the (only slightly more difficult) non-commutative setting since the strategies
are essentially the same; see Remark 3.18 below for a discussion of the commutative
case.

Suppose that 
 is a homotopy class of path on ƒG from �T to �T 0 . Then, there is
an induced isomorphism C.
/W�1.ƒG ;�T /

�
�! �1.ƒG ;�T 0/ given by

C.
/.�/ WD 
�1 � � � 
:

We aim to find, for each pair of trees T and T 0 and homotopy class of path 
 from
�T to �T 0 , an isomorphism zCT

0

T .
/W…! … fitting into the following commutative
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diagram:

…

�T

��

zCT 0

T
.
/

// …

�T 0

��

…T

CT 0

T
.
/

//

'T

��

…T 0

'T 0

��

�1.ƒG ;�T /
C.
/
// �1.ƒG ;�T 0/

The middle arrow is dashed to indicate that it arises from the bottom square auto-
matically as CT

0

T .
/ WD '�1T 0 ı C.
/ ı 'T , since all morphisms in this composition
are isomorphisms. We see then that, by Lemma 3.2, the isomorphism CT

0

T .
/ is the
unique one fitting into the top square.

Let us define zCT
0

T .
/ on generators. Suppose that we have some element �e;o 2…
for e 2 E. As in the statement of Theorem 3.10, it is identified with a short transverse
path 
e;o from qC

f
on the C sheet over the face f to q�g on the � sheet over g, with

projection crossing the edge e, i.e., �e;o D ‰qC
f
;q�g
.
e;o/. For any pairs of trees T and

T 0, and homotopy class of path 
 from �T to �T 0 , let

ˇT
0

T .f; 
;˙/ WD ‰q˙
f

�
.

q˙

f
;T 0
/�1 � 
�1 � 


q˙
f
;T

�
be the geometric element in … corresponding to the homotopy class of the loop
.

q˙

f
;T 0
/�1 � 
�1 � 


q˙
f
;T

. We define

. zCT
0

T .
//.�e;o/ WD ˇ
T 0

T .f; 
;C/ � �e;o � ˇ
T 0

T .g; 
;�/
�1

D ‰
q
C

f
;q�g
.
�1
q
C

f
;T 0
� 
�1 � 


q
C

f
;T
� 
e;o � 


�1
q�g ;T

� 
 � 
q�g ;T 0/:

In order to check this is well-defined, we must check that it preserves the normal
subgroup N of � zEZ generated by the words wv . But we see that because wv is given
as a geometric element, the inner factors of ˇ come in pairs ˇ�1 � ˇ which cancel, and
we are left with a conjugate ofwv . Hence, this is a well-defined group homomorphism
of ….

Lemma 3.16. The diagram

…

'T ı�T

��

zCT 0

T
.
/

// …

'T 0ı�T 0

��

�1.ƒG ;�T /
C.
/
// �1.ƒG ;�T 0/

is commutative.
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Proof. It suffices to check the result for generators. Suppose that we have �e;o, corre-
sponding to the short transverse signed path 
e;o from qC

f
to q�g . Using Theorem 3.10

to compute 'T ı �T and 'T 0 ı �T 0 , we have

.'T 0 ı �T 0 ı zC
T 0

T .
//.�e;o/

D .'T 0 ı �T 0/
�
‰
q
C

f
;q�g
.
�1
q
C

f
;T 0
� 
�1 � 


q
C

f
;T
� 
e;o � 


�1
q�g ;T

� 
 � 
q�g ;T 0/
�

D 

q
C

f
;T 0
� 
�1

q
C

f
;T 0
� 
�1 � 


q
C

f
;T
� 
e;o � 


�1
q�g ;T

� 
 � 
q�g ;T 0 � 

�1
q�g ;T

0

D 
�1 � 

q
C

f
;T
� 
e;o � 


�1
q�g ;T

� 


D C.
/.

q
C

f
;T
� 
e;o � 


�1
q�g ;T

/

D .C.
/ ı 'T ı �T /.�e;o/:

Hence, the diagram does indeed commute.

Recalling the various functoriality properties of Theorem 1.6, we will require the
following lemma, where we recall again that without a tilde:

CT
0

T .
/ D '
�1
T 0 ı C.
/ ı 'T :

Lemma 3.17. The following two properties hold:

• For all trees T and constant paths 1 at �T , the maps zC TT .1/ and C TT .1/ are the
identity on … and …T , respectively.

• For any triples of trees T , T 0, and T 00 and homotopy classes of paths 
 from �T
to �T 0 and 
 0 from �T 0 to �T 00 , we have

zCT
00

T .
 � 
 0/ D zCT
00

T 0 .

0/ ı zCT

0

T .
/ and CT
00

T .
 � 
 0/ D CT
00

T 0 .

0/ ı CT

0

T .
/:

Proof. The versions without the tildes follow from the ones with the tildes by Lemma
3.2. The first property is clear by definition. The second property follows from the
fact that

ˇT
00

T .f; 
;˙/ D ˇT
00

T 0 .f; 

0;˙/ � ˇT

0

T .f; 
;˙/

because the corresponding paths are homotopic:

.
q;T 00/
�1
� .
 � 
 0/�1 � 
q;T

�
�
.
q;T 00/

�1
� .
 0/�1 � 
q;T 0

�
�
�
.
q;T 0/

�1
� 
�1 � 
q;T

�
;

where q D q˙
f

.

Unfortunately, it is not the case that the naively induced graded algebra morphisms
ẑT
0

T .
/W
zB! zB preserve the differential z@B . We will need to further act on generators
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via regenerations (as suggested in Theorem 1.6). However, since we have not yet
constructed the differentials, it is too early to discuss such matters. We relegate a
treatment to Section 6.1.

Remark 3.18. The story is much the same in the commutative case and can be
recovered from the non-commutative case upon abelianization. Namely, one finds a
collection of isomorphisms

ẑT
0

T WZ
E
! ZE

with ẑTT D 1 and ẑT
0

T ı
ẑT
00

T 0 D ˆ
T 00

T and fitting into the following commutative dia-
gram:

ZE

�T

��

ẑT 0

T // ZE

�T 0

��

ZT
ˆT 0

T //

'T

��

ZT
0

'T 0

��

H1.ƒG/ H1.ƒG/

Our construction of a combinatorial model for ˆT
0

T is a little different from the one
implicitly presented in Casals and Murphy, who use a group action of ZF on zAŒt˙1�
to obtain .A; @A/ as a GIT quotient. Along the way, they construct maps sT WZT !
ZE [3, Proof of Theorem 6.6] such that one may take ˆT

0

T D �T 0 ı sT . It is not much
harder to construct the lift ẑT

0

T as well, though this is not done in their paper.

4. The enlarged non-commutative Casals–Murphy dg-algebra

In this section, we will define a dg-algebra associated to a trivalent plane graph G
and a choice of garden � . This dg-algebra is enlarged from the version appearing in
Theorem 1.6. The functoriality properties of this enlarged dg-algebra are then proved
as Theorem 5.1 in Section 5.

4.1. Gardens, binary sequences, and associated words

In order to define our dg-algebra, we first need to make a number of auxiliary choices,
which are grouped together in the following convenient definition.

Definition 4.1. Suppose that G is a trivalent plane graph. A garden on G consists of
the data of

• an orientation, by which we mean an orientation of all the edges of G,
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• a centering, consisting of, for each f 2 F , a point cf contained in the interior of
the face f , called the center of f ,

• a web, consisting of, for each face-vertex adjacency .f; v/, a thread �f .v/, which
is a connected embedded arc oriented from cf to v completely contained in f
except for its endpoint at v such that no two threads intersect except at their end-
points at the centers and vertices, and such that their tangent vectors at cf are all
distinct,

• a seed, given by a covector in the unit cotangent bundle � 2 S�s S
2 for a base point

s 2 S2,

• a rake, consisting of oriented embedded loops 
f , called tines, one for each f 2F ,
which start and end at the base point s, pass through cf and no other center, have
initial and terminal tangent vectors positive with respect to � , and intersect each
other only at the base point s.

The face f� 2 F to which the base point s belongs is called the face at infinity with
respect to � .

An oriented path 
 W Œa; b� ! S2 is said to be non-degenerate with respect to a
garden � if

• its endpoints do not lie on a vertex, edge, center, or thread,

• it passes through edges and threads transversely at interior points,

• it passes through centers so that it is not tangent to any thread exiting that center.

The garden is said to be non-degenerate if the tines of the rake are all non-degenerate,
and degenerate otherwise.

A homotopy of gardens is a smoothly varying path of gardens �t , 0 � t � 1. We
always allow our homotopies to pass through degenerate gardens in which the tines
may be degenerate; on the other hand, homotopies must still be through gardens.
Hence, for example, the base point of the seed cannot pass through a thread or edge,
since then it would not be a garden at that time. Similarly, a tine 
f cannot homotope
to non-trivially intersect another tine nor to pass through a face other than cf .

Remark 4.2. Our definition of a garden is slightly different from the version of
Casals–Murphy [3]; their version is essentially the same, except that they take the
base point s of the seed to lie in a chosen face at infinity, and they exclude a tine
through the face at infinity. We will handle this slightly differently when we define
finite-type gardens in Definition 6.2. Our definition is essentially equivalent to theirs
but places it in our context in which all of the faces are treated equally and where the
base point is free to move around.

See Figure 6 for an example of a non-degenerate garden.



K. Sackel 282

0

0

0

1

0

1

0

1

0

1

0

1

0

Figure 6. A non-degenerate garden. We have elected, for simplicity, to stereographically project
from the base point so that s is the point at infinity; the seed � is chosen so that all tines, repre-
sented by the magenta lines, are oriented from the bottom of the picture to the top. (See Figure 9
for how we picture the seed, when needed.) The graph, together with the orientations of the
edges, are notated in black. The green circles are the centers, and the web is given by the blue
threads. Since the threads are always oriented from the centers to the vertices, we exclude their
orientations. On the fourth tine is a sample binary sequence from 0 to 0, which contributes a term
to the differential of z of the form .H1/.A2/.H3/.�B4/.�H5/.�B6/.f7/.A8/.H9/.A10/,
where the A and B terms correspond to where the tine passes an edge and are short for the
corresponding elements Ae and Be inW , theH terms are shorthand for the elementHf .v/ for
where the tine switches at a thread, and f7 is the face through which the tine passes.

Up to homotopy, any two non-degenerate gardens are equivalent via swapping the
orientation on edges together with finite sequences of seven classes of moves, moves
I–VII. The first five, moves I–V, were studied by Casals and Murphy [3]. (Our version
of move V is presented in a slightly modified form.) Remark 4.2 explains why moves
VI and VII appear here but not in the original study of Casals and Murphy.

moves I–IV are illustrated in Figure 7. Move I forms or removes a bigon between
a tine and a thread, whereas move II likewise forms or removes a bigon between a tine
and an edge. Move III passes a tine through a vertex of the graph. Move IV swings the
tangent vector to a thread at a vertex past the tangent vector, the tine. If � and � 0 are
any two homotopic non-degenerate gardens, then one may always find a homotopy
between them which is a composition of isotopies of the garden on the graph and a
composition of moves I–IV.
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I II

III IV

Figure 7. Moves I–IV. Implicit are all possible orientations. For example, for move IV, we can
also swing the tangent vector to a thread around in the clockwise direction as opposed to the
counter-clockwise direction drawn.

V

Figure 8. Move V. Suppose that we have two adjacent tines, and consider a curve from one
center to the next which intersects no tines but may of course intersect edges or threads. This is
depicted as an orange arc in the left diagram. Note that in the dark gray region (and outside of
the local picture), the garden may be arbitrary. We have removed the threads emanating from the
centers for simplicity; they may be moved arbitrarily by move IV. Then, we may take the tines
and perform a positive half-twist of the two centers supported in a neighborhood of a connecting
curve. In the diagram, the tines tunnel through the light gray rectangle so that they swap centers.

Move V is demonstrated in Figure 8. Move V interchanges centers along a generic
curve connecting the two centers. A single application of move V will change the
homotopy type of the garden, though there are also non-trivial sequences of applica-
tions of move V which preserve the homotopy type. These matters will be discussed
in great detail later.

Finally, moves VI and VII are illustrated in Figure 9. They involve passing a seed
through a thread or an edge. Again, a single application of move VI or VII will in
general change the homotopy type of the garden, as such a homotopy restricts the
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VI VII

Figure 9. Moves VI and VII. We pass the seed of the garden through a thread or an edge,
respectively. The base point of the seed is located at the center of each diagram, and the seed
itself is represented by the small vertical line and arrow, representing the kernel of the seed
� and its coorientation. Hence, in the diagrams presented, all the tines are oriented from right
to left.

base point to lie in the same region of S2 bounded by the graph and the web (just a
triangle). However, a non-trivial sequence of applications of moves VI and VII may
in general preserve a garden, as will also be discussed in great detail later.

Every non-degenerate path has three types of critical behaviors, passing through
either a center cf , an edge of the graph, or the interior of a thread. Note that we are
not interested in intersections of such paths with the tines, which do not appear in the
definition of a non-degenerate path. Also, notice that the tines of a non-degenerate
garden are themselves non-degenerate paths. For each type of intersection point, we
study a certain type of combinatorial interaction by way of binary sequences. The
following definition appears in the commutative setting of Casals and Murphy [3]
where it was originally defined only for tines. We make the same definition more
generally for non-degenerate paths.

Definition 4.3. Suppose that 
 is an embedded path in S2 which is non-degenerate
with respect to a trivalent plane graph G and garden � . A binary sequence along 
 is
a lower semicontinuous function BW Œa; b�! ¹0; 1º with the following properties:

• B is locally constant away from the three types of intersection points.

• At a center, B is discontinuous and must switch from 0 to 1.

• At an edge, B is discontinuous and must switch either from 0 to 1 or from 1 to 0.

• At the interior of a thread, B is either locally constant or switches from 0 to 1.

For i; j 2 ¹0; 1º, the set of binary sequences along 
 starting at i and ending at j is
denoted by B� i;j .
/.

To each binary sequence B along 
 , we encode a monomial

wB 2 zR
nc
� ZhF i D ZŒ…� � ZhF i;

with coefficient˙1, determined as follows. To determine wB , we consider the setDB
of discontinuities of the binary sequence, labeled in the order that they appear on the
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tine. Each element of DB corresponds either to an edge, a thread, or a face. Note that
DB does not in general contain every thread the path 
 intersects, but only those where
the binary sequence is discontinuous. For each element of d 2 DB , we determine
a monomial in zRnc � ZhF i with coefficient ˙1, described in the next paragraphs,
and set wB to be the product of these monomials in order. Let us now describe the
monomial associated to each discontinuity. As we proceed, the reader should verify
that our conventions match with the example in Figure 6, which shows a sample binary
sequence along a tine, and which has the associated word described in the caption;
recall again that the notion we are defining works for all non-degenerate paths and not
just tines.

For an edge, the binary sequence always switches, either from 0 to 1, or vice versa.
Associating the label 0 with the label � and the label 1 with the labelC, we have that
the path crosses the edge in a manner which matches one of the four diagrams of
Figure 4, where our path 
 is taken in place of the tine. Accordingly, we associate
to this discontinuity the corresponding generator Ae , A�1e , �Be , or �B�1e , where we
note that we have included a negative sign in two of these cases.

For a discontinuity with a thread �f .v/, we associate with it a monomial

H.�f .v// 2 zR
nc
D ZŒ…�

defined as follows. Consider a counter-clockwise loop around the vertex v based at
cf which goes from the label � to the labelC, and where the B and B�1 terms come
with negative signs (as we did for edges). In other words, if we look at Figure 5, if
the center cf is in the region with the red circle and the thread flows from the red
circle to the vertex v, then we have H.�f .v// D B�1e1

Ae2
B�1e3

by following a single
loop counter-clockwise around v from � toC, and where the sign is positive because
there are two B terms in this case. Notice that the sign of H.�f .v// is automatically
.�1/rv , where rv is the number of outgoing edges. As for our construction of wB ,
we include another sign, using ˙H.�f .v// for a discontinuity at �f .v/, where the
sign is determined by the following right-hand rule: the sign is C1 or �1 according
to whether the orientation of the thread followed by the orientation of the path gives
a frame matching the underlying orientation on the plane. The signs are indicated in
Figure 10.

Remark 4.4. In our convention for H.�f .v//, we have used the geometric element
associated to a counter-clockwise loop around v. We could have alternatively used
clockwise loops in our convention, which has the effect of simply negatingH.�f .v//,
which would be equivalent to using the counter-clockwise convention but for the
opposite orientation on G.

Finally, if we have a discontinuity at a center cf , we simply replace it with f 2 F ,
considered as a monomial in zRnc � ZhF i. This finishes the definition of wB ; we
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Figure 10. The sign placed in front of H.�f .v// for a binary sequence which changes from 0

to 1 at a thread. The horizontal lines are threads and the vertical lines represent our path 
 to
which we are associating our monomial.

repeat, as we said at the beginning of this discussion, that an example is found in
Figure 6 and its caption.

Remark 4.5. If DB D ;, then we set wB D 1.

To each non-degenerate immersed path 
 and each i; j 2 ¹0; 1º, we may therefore
define four associated words wi;j 2 zRnc D ZŒ…�, given by

wi;j .
/ WD
X

B2B�i;j .
/

wB :

Remark 4.6. If B� i;j .
/ D ;, then wi;j .
/ D 0.

We end this subsection by establishing two fundamental properties about the
words wi;j .
/. The first is a statement about locality, showing that breaking up non-
degenerate paths into smaller non-degenerate paths plays nicely with the associated
word construction. The second involves invariance of the associated word under mild
homotopies. Both of these are used in the commutative coefficient case by Casals and
Murphy [3] within various proofs; here, we single them out in separate lemmas.

Lemma 4.7. Suppose that 
0 and 
1 are non-degenerate paths such that the terminal
point of 
0 is the initial point of 
1. Let 
 D 
0 � 
1 be the composition of paths,
smoothed along where they glue. Then,

wi;j .
/ D

1X
kD0

wi;k.
0/ � wk;j .
1/:

Proof. We have obvious bijections

B� i;j .
/ D .B� i;0.
0/ �B�0;j .
1// t .B� i;1.
0/ �B�1;j .
1//;
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and the two sides of the equation in the lemma are just given by writing out the
corresponding words according to these two associations.

With this lemma proved, it is convenient from now on, for a non-degenerate
path 
 , to write

W.
/ WD

 
w0;0.
/ w0;1.
/

w1;0.
/ w1;1.
/

!
2 Mat2�2. zRnc

� ZhF i/:

We will call this the matrix of words for 
 . Lemma 4.7 implies that a composition
of non-degenerate paths is obtained by matrix multiplication of the corresponding
matrices of words, i.e., W.
1 � 
2/ D W.
1/ �W.
2/: Even more is true; Lemma 4.8
below implies that the matrix of words is an invariant of non-degenerate paths relative
to homotopies (through possibly degenerate paths) not crossing the centering of the
garden.

Lemma 4.8. Suppose that 
0 and 
1 are two non-degenerate paths with the same
endpoints which are homotopic via a homotopy 
t (of not necessarily non-degenerate
paths) which never intersects the centering of the garden. Then, the matrices of words
are equal,

W.
0/ D W.
1/:

Additionally, if 
0 and 
1 are two non-degenerate paths differing by an application of
move IV, then again W.
0/ D W.
1/.

Proof. Any such homotopy may be generically perturbed so that it is given (up to
isotopy of S2) by a finite sequence of moves I–III as in Figure 7 and creation/removal
of self-intersections, with the understanding that our paths take the place of the tines.
(Indeed, this lemma will primarily be applied to tines later on.) Since self-intersections
do not affect the matrix of words, it suffices to check invariance under any of moves
I–IV. By Lemma 4.7, this is just a local check. To be precise, let 
 and 
 0 be the before
and after for each curve. Then, we may decompose


 D � � 
` � �;


 0 D � � 
 0` � �;

where 
` and 
 0
`

represent the local pieces on the left and right of the corresponding
figure. It suffices to prove that

W.
`/ D W.

0
`/;

i.e., that wi;j .
`/ D wi;j .
 0`/ for each i; j 2 ¹0; 1º, since then

W.
/ D W.�/W.
`/W.�/ D W.�/W.

0
`/W.�/ D W.


0/:
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For move I, notice on the right that because there are only thread crossings, the
only local binary sequences for which there is a discontinuity are from 0 to 1, and
hence, 8̂̂<̂

:̂
w0;0.
`/ D 1 D w0;0.


0
`/;

w1;1.
`/ D 1 D w1;1.

0
`/;

w1;0.
`/ D 0 D w1;0.

0
`/:

On the other hand, whereas B�0;1.
`/ D ;, we have B�0;1.

0
`
/ consisting of two

elements, depending upon which thread crossing is chosen to give a discontinuity.
However, those two binary sequences come with opposite thread orientations, and
hence,

w0;1.

0
`/ D ˙H.�/�H.�/ D 0 D w0;1.
`/:

For move II, we have each W.
`/ D I being the identity matrix since there are
no crossings in the left diagram. On the other hand, on the right, both crossings must
be discontinuities and must switch the label. Clearly, w1;0.
 0`/ D w0;1.


0
`
/ D 1 since

there are no corresponding binary sequences. But also, it is easy to see that we have
chosen our orientations so that also

w0;0.

0
`/ D w1;1.


0
`/ D 1:

For example, if both the edge and the tine are oriented upwards in the diagram, then

w1;1.

0
`/ D .�Be/.�B

�1
e / D 1;

where e is the edge.
For move III, suppose without loss of generality that our paths are directed from

bottom left to top right. Starting from the bottom left endpoint of the local path and
working clockwise, suppose that the edges and tines are labeled e1, �1, e2, �2, e3,
�3. Suppose that the orientations of all the edges are inwards towards the vertex; we
leave the other orientations to the reader. (The orientations of the threads are always
inwards pointing, so we need not specify them.) One checks that, with our orienta-
tions,H.�i /D B�1ei

Aei�1
B�1ei�2

, where the indices are taken modulo 3. The following
relations are easily checked, since the corresponding local binary sequence sets are
singletons: 8̂̂<̂

:̂
w0;0.
`/ D .A

�1
e1
/.�Be2

/ D .�H.�3//Ae3
D w0;0.


0
`/;

w1;1.
`/ D .�Be1
/.A�1e2

/ D Ae3
.�H.�2// D w1;1.


0
`/;

w1;0.
`/ D .�Be1
/.H.�1//.�Be2

/ D Ae3
D w1;0.


0
`/:

For the final case, we have B�0;1.
`/ D ; so that w0;1.
`/ D 0. On the other hand,
B�0;1.


0
`
/ consists of two elements: one which crosses only at the edge, and the other
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which also crosses at both threads. We see that

w0;1.

0
`/ D �B

�1
e3
C .�H.�3//.Ae3

/.�H.�2// D 0:

For move IV, the fact that the binary sequence must change from 0 to 1 at the
center severely restricts the possible local binary sequences. In particular, on the right-
hand side, if the path is oriented upwards, then the binary sequence cannot switch at
the thread because it would have to change from 0 to 1, but must be 0 when it enters
the face. Similar reasoning applies if the path is oriented downwards. Regardless, we
find that 8̂̂̂̂

<̂
ˆ̂̂:
w0;0.
`/ D 0 D w0;0.


0
`/;

w1;1.
`/ D 0 D w1;1.

0
`/;

w1;0.
`/ D 0 D w1;0.

0
`/;

w0;1.
`/ D f D w0;1.

0
`/;

where f is the face corresponding to the center cf in the diagram through which the
path passes.

4.2. The enlarged dg-algebra

Define
zBCG WD

zRnc
� ZhF; x; y; z; wi;

the free associative graded algebra over the ring zRnc generated by all faces F (includ-
ing any chosen face at infinity) of degree 1 and four extra generators x; y; z; w of
degree 2. This is of course a slightly different object than that appears in Theorems 1.4
and 1.6, but we will be able to use Lemma 3.2 together with the transition maps of
Section 3.4 to eventually prove our desired results. The tilde in the notation refers to
the coefficient ring zRnc (as opposed to RT ), and the plus in the notation refers to the
inclusion of the face at infinity and the generatorw which do not appear in the original
formulation of Casals and Murphy in the commutative coefficient setting [3]. We will
discuss removing these enlargements in Section 6.

For a given garden � on G, we define a linear degree �1 endomorphism z@BC

G;� by
specifying its action on generators and extending via the Leibniz rule

z@.a � b/ D .z@a/ � b C .�1/jaja � .z@b/

for homogeneous elements a; b 2 zBCG . To simplify notation, let

X D

 
z w

y x

!
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be the matrix consisting of the four non-face generators of zBCG . Then, z@BC

G;� acts on
the generators by

z@BC

G;�f D
X
v2f

H.�f .v//; 8f 2 F;

z@BC

G;�X D
X
f 2F

W.
f /:

Remark 4.9. A complete example of an enlarged dg-algebra for a specific pair .G;�/
is included in Appendix A.

It is not immediately clear that z@BC

G;� is actually a differential. Since we have
defined it so that it is of degree �1 and is extended via the Leibniz rule, it suffices
to check that z@BC

G;� squares to zero. We begin with a lemma which allows us to extend
Lemma 4.8 to the setting in which a homotopy of non-degenerate paths passes through
a center.

Lemma 4.10. Suppose that 
0 and 
1 are two non-degenerate paths with the same
endpoints which are homotopic via a homotopy 
t (of not necessarily non-degenerate
paths) such that there is a single such path 
t0 (with t0 ¤ 0; 1) passing through a
single center so that the frame given by the vector d

dt
jtDt0
t followed by the tangent

vector to 
t0 forms a positively oriented frame at this center. Then, for any garden �
on G,

W.
1/ �W.
0/ D z@
BC

G;�W.
t0/:

Proof. Let us write

t0 WD 


s
� 
c � 
 t ;

where 
c represents a small portion of 
 t0 which crosses through the center and none
of the edges or threads, and 
 s and 
 t represent the starting and terminal portions of
the curve. By homotoping the homotopy 
t , we may assume without loss of generality
that, for some small " > 0, we may write


t0�" D 

s
� 
c;L � 
 t and 
t0C" D 


s
� 
c;R � 
 t ;

where 
c;L and 
c;R are small arcs with the same endpoints at 
c but passing on
opposite sides of the corresponding center. We notice that the curves 
c;L and 
c;R

have corresponding matrices of words of the form

W.
c;L/ D

 
1 w0;1.


c;L/

0 1

!
; W.
c;R/ D

 
1 w0;1.


c;R/

0 1

!
since the corresponding arcs only interact with the threads of the center. In fact, each
thread � around this center contributes a unique local binary sequence from 0 to 1 for
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either 
c;L or 
c;R, and the corresponding monomial H.�/ comes with a minus sign
for 
c;L and a plus sign for 
c;R. That is, if the center is cf , then

w0;1.

c;R
k
/ � w0;1.


c;L
k
/ D

X
v2f

H.�f .v// D z@
BC

G;�f:

Using Lemma 4.8, we have W.
0/ D W.
t0�"/ and W.
1/ D W.
t0C"/. Therefore,
from our computation, and from the fact that 
 s and 
 t pass through no centers so
that

z@BC

G;�W.

s/ D 0 D z@BC

G;�W.

t /;

we find that

W.
1/ �W.
0/ D W.
t0C"/ �W.
t0�"/

D W.
 s/W.
c;R/W.
 t / �W.
 s/W.
c;L/W.
 t /

D W.
 s/
�
W.
c;R/ �W.
c;L/

�
W.
 t /

D W.
 s/

 
0 z@BC

G;�f

0 0

!
W.
 t /

D W.
 s/

"
z@BC

G;�

 
0 f

0 0

!#
W.
 t /

D W.
 s/
�
z@BC

G;�W.

c/
�
W.
 t /

D z@BC

G;�

�
W.
 s/W.
c/W.
 t /

�
D z@BC

G;�W.
t0/:

We may now prove the differential property.

Proposition 4.11. For any non-degenerate garden � for a trivalent plane graph G,
the linear maps z@BC

G;� are differentials, i.e.,�
z@BC

G;�

�2
D 0:

Hence, . zBCG ; z@
BC

G;�/ is a dg-algebra with respect to any choice of non-degenerate gar-
den.

Proof. It suffices to check that .z@BC

G;�/
2 D 0 on generators. For degree reasons, this

holds on faces, and it suffices to check the relation on the generators x, y, z, and w,
which we conveniently group as the matrix X .

For the given garden � , let f1; : : : ; fgC3 be the enumeration of the faces given by
enumerating the tines in clockwise order as they emanate from the seed. For example,
in Figure 6, the face at infinity is given as f2; alternatively, in any of the diagrams in
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Figure 9, the tines are ordered from bottom to top, both as they leave the seed and as
they exit the seed. Choose non-degenerate loops �0; �1; : : : ; �gC3 based at the seed
such that 
fk

lies between �k�1 and �k . By Lemma 4.10, we find that

W.�k/ �W.�k�1/ D z@
BC

G;�W.
fk
/:

Summing all of these up, we find that

W.�gC3/ �W.�0/ D z@
BC

G;�

gC3X
kD1

W.
fk
/ D

�
z@BC

G;�

�2
X:

But notice that both �0 and �gC3 may be contracted to a point so that

W.�0/ D I D W.�gC3/

is just the identity matrix. Hence, indeed, .z@BC

G;�/
2X D 0.

Remark 4.12. Our proof of Proposition 4.11 is simpler than the one presented by
Casals and Murphy [3]. They build an involution of pairs consisting of binary se-
quences and threads, each of which contributes a term to .z@A

G;�/
2 (recall that they do

not include the enlargement in which we include two extra generators, so we have not
included a C in the notation), and check that the signs of these terms are opposite
of each other. One could reason in precisely the same way in the non-commutative
setting with no complication. Their argument is closer to the contact-geometric reason
why the differential should square to zero: canceling pairs identified via this involution
are rigid gradient flow trees at the boundaries of moduli spaces of (non-rigid) gradient
flow trees of dimension 1.

5. Functoriality for the enlarged dg-algebra

At this point, we have defined an enlarged version .BCG ; z@
BC

G;�/ of the non-commuta-
tive Casals–Murphy dg-algebra. Some of the functoriality properties of Theorem 1.6
will not appear at the enlarged level, since there is no choice of tree, and since we are
not restricting to finite-type gardens. However, the composition property, changing
the orientation, and changing the garden do make perfect sense at the enlarged level.
The goal in this section is to prove the following theorem.

Theorem 5.1. For any choice of garden � on a trivalent plane graph G of genus g,
there exists a differential z@BC

G;� on the graded algebra zBCG , making it into a dg-algebra.
For any two gardens which are homotopic, the differentials are canonically identified.
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There exists a group action of H .G/ WD .Z2/E � FgC2 � .Z2 �Z3/ on the space
of gardens up to homotopy. For each � 2 H .G/ and homotopy class of garden �
on G, with � 0 D � � � , there is a dg-isomorphism

ˆ�
0

� .�/W .
zBCG ;
z@BC

G;�/! . zBCG ;
z@BC

G;� ��/

satisfying the following properties:

• Composition property: the dg-isomorphisms compose naturally, in the sense that

ˆ�
00

�0 .�/ ıˆ
�0

� .�/ D ˆ
�00

� .��/:

• Orientation changes: the action of the factor .Z2/E is induced by ring automor-
phisms of ZŒ…�.

• Modifying the garden: for any � 2 FgC2 � .Z2 � Z3/ (i.e., trivial in the .Z2/E

factor), the map ˆ�
0

� .�/ is a regenerative tame dg-isomorphism. Furthermore, if
� stabilizes � , i.e., � � � D � , then ˆ��.�/ is homotopic to the identity and hence
acts by the identity in homology.

We have already verified that z@BC

G;� is a differential which is unaffected by moves I–
IV, and hence, our dg-isomorphisms will be constructed for orientation changes along
with each of moves V, VI, and VII. We proceed in the following order, subsection by
subsection:

• Changing Orientations: we construct a dg-isomorphism every time we change
the orientation of an edge simply by negating the corresponding generators in the
coefficient ring.

• Invariance under move V: we construct a tame dg-isomorphism for each appli-
cation of move V. Further, we show that move V yields a natural free transitive
braid group action BrgC3 on the homotopy classes of the space of gardens with
a fixed seed. We have a surjection FgC2 � BrgC3, the kernel of which acts by
dg-automorphisms homotopic to the identity.

• Exactness of the full twist: the full twist in the braid group preserves the homotopy
class of the garden, as it may be realized by just twisting the seed by 360 degrees.
We prove that the full twist acts by a dg-automorphism homotopic to the identity.

• Invariance under moves VI and VII: we construct a dg-isomorphism for each
application of moves VI and VII. We show that these commute with move V,
and further show that moves VI and VII yield a Z2 � Z3 action on the homo-
topy classes of gardens, and understand the corresponding regenerative tame dg-
isomorphisms.

• Proof of Theorem 5.1: in this short subsection, we simply summarize the results
we have obtained, which proves the desired theorem.
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5.1. Changing orientations

We have already seen as a consequence of Lemma 4.8 that moves I–IV preserve the
differential on the nose. In other words, if two gardens � and � 0 differ by a composi-
tion of isotopies and applications of moves I–IV, then z@� D z@�0 , and hence, we may
take ˆ�

0

� D 1. We turn our attention now to the remaining ways in which we may
change a garden, by changing the orientation of an edge, or by moves V–VII. In this
subsection, we focus on changing orientations.

There is an obvious .Z2/E action on the homotopy classes of gardens given by
swapping orientations at corresponding edges. Let us consider the simplest case, in
which we swap a single edge; e0 2 E is an edge. Let us define a ring automorphism
ˆe0
WZŒ…�! ZŒ…� on generators as follows. Recall that … is generated by elements

of the form �e;o, where .e; o/ 2 zE. Define ˆe0
on these generators by

ˆe0
.�e;o/ D

´
�e;o; e ¤ e0;

��e;o; e D e0:

In turn, this induces an graded algebra automorphism of zBCG , acting by the identity on
generators. Furthermore, it is obvious that .ˆe0

/2D1, and thatˆe0
andˆe1

commute
for any e0; e1 2 E. Hence, we also have a homomorphism

.Z2/
E
! Aut. zBCG /:

For � 2 .Z2/E (the character � is used because we have an involution on the orienta-
tions of edges), we write ˆ� for the induced automorphism of zBCG .

Lemma 5.2. For any homotopy class of garden � and � 2 .Z2/E , the graded algebra
automorphism ˆ�W zB

C

G !
zBCG intertwines the differentials z@BC

G;� and z@BC

G;��� , yielding
a dg-isomorphism

ˆ�W . zB
C

G ;
z@BC

G;�/! . zBCG ;
z@BC

G;���/:

Proof. It suffices to check the equation

ˆ� ı z@
BC

G;� D
z@BC

G;��� ıˆ�

on generators. If we apply both sides to a face f , then this readsX
f

ˆ�.H
�.�f .v/// D

X
f

H ���.�f .v//;

where we have augmented the notation H.�f .v// to point out that it depends upon a
choice of orientation of the edges. But this relation is clear term by term for each f
by definition of H.�f .v//, i.e.,

ˆ�.H
�.�f .v/// D H

���.�f .v//;
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since both sides are ˙H�.�f .v// depending upon the parity of the number of edges
incident to v which change orientation. Similarly, applying both sides to one of the
generators x, y, z, or w, it suffices to check that

ˆ�.W
�.
f // D W

���.
f /

for each tine 
f . In turn, this resorts to checking that, for each binary sequence B
along 
f , we have ˆ�.w�B/ D w���B . Each wB is a product of monomials for each
discontinuity of B , and it suffices to check for each such discontinuity. For threads,
we have already verified the relation. For centers, there is no sign. For an edge, the
corresponding terms ˙�˙1e;o in w�B and w���B are the same if � leaves the orientation of
the edge unfixed and negatives of each other if � reverses the orientation of the edge.
But this negation is the same as the action of ˆ�.

5.2. Invariance under move V

We turn now to understanding move V. We refer to Figure 8 again, with the convention
that the tines are oriented upwards, cf is the center on the left, and cg is the center
on the right. Let 
f and 
g be the tines in the left figure and 
 0

f
and 
 0g the tines in

the right figure. Recall in the proof of Proposition 4.11 that we wrote each tine as a
composition of starting, central, and terminal portions, e.g.,


f D 

s
f � 


c
f � 


t
f :

Both 
 s
f

and .
 0/s
f

have the same start point (the seed) and endpoint (just under cg ),
and we see that they are in fact homotopic with fixed endpoints without passing
through any centers, since move V is applied to neighboring tines. Hence, by Lemma
4.8,

W.
 sf / D W..

0/sf /:

On the other hand, 
 t
f

and .
 0/t
f

have the same start point (just above cf ) and endpoint
(the seed), and we see that there is a natural homotopy between them which passes
through the center cg . We saw in Lemma 4.10 how a homotopy passing through a
center affects the corresponding words. In particular, if � is the orange curve in the
figure, oriented from cf to cg , then

W..
 0/tf / �W.

t
f / D W.�/

 
0 z@BC

G;�g

0 0

!
W.
 tg/:

By similar reasoning,
W.
 tg/ D W..


0/tg/
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and

W.
 sg/ �W..

0/tg/ D W.


s
f /

 
0 z@BC

G;�f

0 0

!
W.�/:

Now, if we compute the differentials of X with respect to the two gardens � and � 0,
we see that the contributions only differ along these two tines. Therefore,

.z@BC

G;�0 �
z@BC

G;�/X D W..

0
f //CW..


0/g/ �W.
f / �W.
g/:

But we have by our relations above that

W..
 0/f / �W.
f / D W..

0/sf /

 
0 f

0 0

!
W..
 0/tf / �W.


s
f /

 
0 f

0 0

!
W.
 tf /

D W.
 sf /

 
0 f

0 0

!
W.�/

 
0 z@BC

G;�g

0 0

!
W.
 tg/:

Similarly,

W..
 0/g/ �W.
g/ D �W.

s
f /

 
0 z@BC

G;�f

0 0

!
W.�/

 
0 g

0 0

!
W.
 tg/:

Adding these together, we find that

.z@BC

G;�0 �
z@BC

G;�/X D �
z@BCW.
�f;g/;

where the differential on the right-hand side is given no subscript since it may be taken
with respect to either � or � 0, and where 
�

f;g
is the path given by following 
 s

f
, then

passing through cf , then following �, then passing through cg , and finally following

 tg so that

W.
�f;g/ D W.

f
s /

 
0 f

0 0

!
W.�/

 
0 g

0 0

!
W.
 tg/:

This path is actually well defined up to homotopy, assuming that the garden has been
fixed up to homotopy. Suppose that � is a garden, and suppose that 
f is tine adjacent
and to the left of 
g (as we have been assuming). Then, 
�

f;g
may be defined as the

(unique homotopy class of) path from the base point to itself, with initial and tangent
vectors positive with respect to the seed, which stays between 
f and 
g , and such
that it passes through the centers cf and cg once in that order.

Our discussion has proved the following proposition.

Proposition 5.3. Suppose that � and � 0 are gardens which differ from each up to
homotopies fixing the seed by an application of move V as in Figure 8 applied to
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neighboring tines 
f and 
g in � . Let 
�
f;g

be the path described above. Then, the

graded algebra homomorphism ˆ�
0

� W
zBC ! zBC defined on generators by

ˆ�
0

� .f / D f;

ˆ�
0

� .X/ D X CW.

�
f;g/

is a tame dg-isomorphism with respect to z@BC

G;� and z@BC

G;�0 .

Proof. This is just a summary of our discussion. Tameness is clear, as this dg-iso-
morphism is just a composition of four elementary dg-automorphisms, one for each
of the generators x, y, z, and w which have been collected in the matrix X .

Remark 5.4. Notice that move V comes with a handedness, in which we perform
a clockwise half-twist on the centers. We notice that, after move V, the new tine 
 0g
is now to the left of 
 0

f
, and one might be tempted to say that the inverse of move

V is given by taking X 7! X C W.
�
0

g;f
/. But this is not correct, since this second

application of move V actually yields a different garden, up to homotopy, given by
a full twist of the two centers. Instead, we artificially define the dg-isomorphism for
the counter-clockwise twist to just be the inverse map. In particular, it has the slightly
funky form as follows: suppose that � 0 is given from � by an inverse application of
move V, with a counter-clockwise half twist. If f is to the left of g in � , then g is
to the left of f in � 0, and our dg-isomorphism takes X 7! X �W.
�

0

f;g
/. It is worth

noting that 
�
0

f;g
may be defined with respect to � as well: it is the (unique homotopy

class of) path from the base point to itself, positive with respect to the seed, which
remains between the two tines 
 0g and 
 0

f
, and crosses the faces cf and cg once in that

order. Notice here that it crosses cf first, but now cf is to the right of cg .

Proposition 5.3 demonstrates that move V preserves the tame dg-isomorphism
type of our dg-algebra. But actually, there is more structure. Suppose that we have
trivalent plane graph G. Notice that, up to isotopy, the centering and web of any two
gardens are the same, and hence, we may assume this data is fixed. We will also fix an
underlying orientation of the edges of G, as we have described the effect of changing
this orientation in Section 5.1. Let G .G/ denote the space of (not necessarily non-
degenerate) gardens for this fixed centering, web, and orientation, all of which we
omit from the notation. If � 2 S�S2 is a possible seed, meaning that its base point s
is not on the vertices, edges, centering, or web, then denote by G .GI �/ the space of
gardens with this fixed centering, web, and orientation, but with � as its seed. We may
realize this as the fiber of a Serre fibration.

Let �n.�/ denote the space of n-tuples of embedded loops on S2 starting and
ending at � with initial and terminal tangent vectors positive with respect to � such
that the strands are disjoint except at the base point s and with a chosen point on
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each loop other than s. We note that �1.�/ is contractible with respect to the C1

topology; cf. the work of Eliashberg and Polterovich [14, Proposition 1.4.A] for the
contractibility of a slightly different space, from which contractibility of our �1.�/

easily follows. (Their space is a little more rigid than ours near the seed and does
not include the choice of point.) Furthermore, for each element of �n.�/, because S2

is oriented, the loops are ordered, and we note that the map �nC1.�/! �n.�/ given
by forgetting the first loop is a Serre fibration with fiber given by a space equivalent
to �1.�/. Hence, inductively, each �n.�/ is contractible. Additionally, for any such
element of �n.�/, we may extract from it an (unordered) n-tuple of points, one for
each loop. This is a Serre fibration

� W �n.�/! UConfn.S2 n ¹sº/

to the nth unordered configuration space. When n D g C 3, the space G .GI �/ is just
the fiber over the centering. Hence, from the long exact sequence of homotopy groups,
and since �n.�/ is contractible, we find that the connected components of G .GI �/ are
in bijection with the braid group on g C 3 elements:

�0.G .GI �// D �1.UConfgC3.S2 n ¹sº// Š BrgC3:

As moves I–IV leave the differential invariant, we see that the dg-algebra is constant
on each connected component of G .GI �/. On the other hand, we see that move V
consists of taking two neighboring centers and twisting them around each other; this
is precisely a braid group element. That is, �0.G .GI �// naturally forms a BrgC3-
torsor.

To be more explicit, recall that, as a group, the braid group on n strands has the
natural presentation

Brn D
�
�1; : : : ; �n�1 j

�i�iC1�i D �iC1�i�iC1; 1 � i � n � 2

�i�j D �j�i ; ji � j j � 2

�
:

Suppose that we have fixed a garden with seed �. Then, the tines may be ordered
f1; : : : ; fgC3 based upon their initial tangent vectors at the base point. The element
�i in BrgC3 then acts via move V applied to the tines 
fi

and 
fiC1
. In Proposition 5.3,

we have already discussed how move V acts by dg-isomorphism on the dg-algebra.
In fact, these dg-isomorphisms are coherent, in the sense that the braid relations are
satisfied up to exact tame dg-isomorphisms, as we now verify.

Let FgC2 be the free group on g C 2 generators, denoted by z�1; : : : ; z�gC2. Let

� WFgC2 � BrgC3

be the natural projection, with �.z�k/D �k . Then, the action of BrgC3 on �0.G .GI �//
yields in turn an action of FgC2. Under this action, we have the following lemma.
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Lemma 5.5. Suppose that � 2 �0.G .GI �// and � 2 FgC2. Then, there exist tame
dg-isomorphisms

ˆ
�
� W .
zBCG ;
z@BC

G;�/! . zBCG ;
z@BC

G;� ��/

such that
ˆ1� D 1

and
ˆ
��
� D ˆ

�

� ��
ıˆ�� :

Furthermore, if �.�/ D 1 2 BrgC3, then ˆ�� is homotopic to the identity and hence
induces the identity on homology.

Proof. The construction of the dg-isomorphisms ˆ�� is clear; the element z�k acts
via the action of move V as applied to the faces fk and fkC1 via the formula of
Proposition 5.3. The composition rule is given by construction since we are using a
free group and have defined the action on a minimal generating set.

The kernel K of the projection � WFgC2 � BrgC3 is the normal subgroup gen-
erated by the braid relations. We check the extent to which the braid relations are
satisfied by the morphisms constructed by move V. Notice that it suffices to prove
thatˆ�� is homotopic to the identity for these braid relations which normally generate
K. Indeed, suppose that for � one such generator we have ‰�� as our desired chain
homotopy, i.e., with

‰
�
� ı
z@BC

G;� �
z@BC

G;� �� ı‰
�
� D 1 �ˆ

�
� :

Then, for �; � 2 K, we obtain a chain homotopy for ˆ��
�1

� by taking

‰
���1

� D
�
‰
�

��1��
�‰��

�
ıˆ�

�1

��1��
;

and if � 2 FgC2 and � 2 K, then we may take

‰
��1��
� D .ˆ��/

�1‰
�

� ��
ˆ�� :

First, consider the braid relations �i�j D �j�i for ji � j j � 2. Notice that move V
applied to fi and fiC1 does not affect 
fj ;fjC1

at all, and vice versa. In other words,



�i ��

fj ;fjC1
D 
�fj ;fjC1

;



�j ��

fi ;fiC1
D 
�fi ;fiC1

:

We find that both z�i z�j and z�j z�i therefore both act on the degree 2 generators by

X 7! X CW.
�fi ;fiC1
/CW.
�fj ;fjC1

/:
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Figure 11. All of the tines are oriented upwards, and the curves �1 and �2 are oriented from
left to right.

Meanwhile, they act by the identity on the degree 1 generators. Hence, since they act
the same way on all generators, they are identical. In particular, we have

ˆ
z�i z�j .z�j z�i /

�1

� D 1:

The second braid relation �i�iC1�i D �iC1�i�iC1 is a little more tricky, and we
will need to choose nonzero ‰. To simplify notation, we will suppose that i D 1. The
argument is the same for any other triple of adjacent tines, so this may be assumed
without loss of generality. The tines will simply be referred to as 
1, 
2, and 
3 passing
through the centers c1, c2, and c3, respectively, and we will use paths �1 from c1 to
c2 and �2 from c2 to c3 completely contained between neighboring tines. As usual,
for any tine, we use the decomposition


f D 

s
f � 


c
f � 


t
f :

See Figure 11.
Let us consider the action of �1�2�1. As discussed, the action of �1 is given on

the generators x, y, z, and w, by adding the corresponding associated words for 
1;2,
which goes along 
 s1 through f1, then along �1, through f2, and ends with 
 t2. Once
we have performed this operation, we are now in a position to apply �2, as in Fig-
ure 12.

We see in this case that the connecting curve goes under the second center f2. By
homotoping the curves using moves I–IV, we see that move V acts at this stage by the
word associated to 
 s1 � .�

D
1;2/ � 


t
3, where the superscript D denotes that the curve

goes down under f2. Finally, after this application of move V, the picture now looks
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Figure 12. After performing move V according to �1, we are now in a position to apply move
V along the orange curve, i.e., by �2.

Figure 13. The diagram after an application of �i followed by an application of �iC1. The
left and right figures are the same up to a number of applications of moves I and II. A final
application of �i may now be performed by considering move V along the orange curve of the
right diagram.

as in the left diagram of Figure 13, which we homotope to the right diagram. In total,
we find that z�1z�2z�1 acts via

X 7! X CW.A/CW.B/CW.C/;

where A, B , and C are the curves in the top row of Figure 14. Similarly, we find that
z�2z�1z�2 acts via

X 7! X CW.A0/CW.B 0/CW.C 0/

and similarly on the other generators, where A0, B 0, and C 0 are on the bottom row of
Figure 14. Up to homotopy through moves I–IV, the following can be seen:

• A and C 0 are the same curve, except that C 0 is pushed to go around f3 to the right,
whereas A goes around it to the left,

• B and B 0 are the same curve, except that B 0 is pushed to go over f2, whereas B
goes under it,
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A B C

0A B 0 C 0

Figure 14. The curves corresponding to the words added by the action of �1�2�1, in the top
row, and �2�1�2, in the bottom row.

• C andA0 are the same, except thatC is pushed to go around f1 to the left, whereas
A0 goes around it to the right.

We described in Lemma 4.10 how pushing a non-degenerate curve through a center
changes the associated word by an exact element, with primitive involving the face
through which the curve is pushed. One easily sees that

.W.A0/CW.B 0/CW.C 0// � .W.A/CW.B/CW.C// D z@BCW.
�f1;f2;f3
/;

where 
�
f1;f2;f3

is the path which follows 
 s1 , then passes through f1, then follows �1,
then passes through f2, then follows �2, then passes through f3, and finally traverses

 t3. (Notice that we have removed the garden from the notation on the right since for
all such choices, the differential acts in the same way on the matrix of words, since
the words only involve the degree 1 face generators.) In other words, we have

.ˆ
z�2z�1z�2

� �ˆ
z�1z�2z�1

� /.X/ D z@BCW.
�f1;f2;f3
/:

Applying .ˆe�1e�2e�1

� /�1, which acts trivially on the right-hand side since degree 1 gen-
erators are unharmed, yields

ˆ
e�1
�1z��1

2
z��1

1
z�2z�1z�2

� .X/ D X C z@BCW.
�f1;f2;f3
/:

This is homotopic to the identity because it satisfies the hypotheses of Proposition
2.5.

Remark 5.6. From the proof, we see that everywhere we use the action of the free
group FgC2, we could instead use the action of the quotient by the normal subgroup
generated by the commutators Œ�i ; �j � for ji � j j � 2.
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5.3. The full twist

So far, we have understood the path components �0.G .GI �// of gardens where we
have fixed the seed as a BrgC3-torsor. Let us now study �0.G .G//. (Again, implicitly,
we have fixed an orientation in this discussion.) We have a Serre fibration

� WG .G/! S�.S2 n .G [W //

given by projecting to the seed. Here, G is the union of the vertices and edges of the
graph, and W (for web) consists of the threads and centers. By definition, ��1.�/ D
G .GI �/. On the other hand, we have S2 n .G [ W / consisting of a union of open
triangles, each with one vertex at a center opposite an edge of the triangle which is
just an edge of the graph, and two vertices on the vertices of the graph, each opposite
an edge lying along a thread of the web. Since each edge of the graph has a triangle on
either side of it, there are 2jEj D 6g C 6 such triangles. Let Tri.G/ be the collection
of these triangles, just a finite set with 6g C 6 elements. Let � 2 Tri.G/ be one such
triangle. Then, we obtain a sequence

�1.S
��I �/! �0.G .GI �//! �0.G .G//

which is exact at the central term. Notice that S��Š � �S1�S1, so �1.S��I�/ŠZ.
Geometrically, this represents the free action given by twisting � by a full 360 degrees.
This Z-action on �0.G .GI �// corresponds to the full braid twist in BrgC3, which is
the generator of the center of BrgC3. We hence find that �0.G .G// consists of a
collection of 6g C 6 BrgC3=Z-torsors, indexed by Tri.G/ based on in which triangle
the base point lies. We will study Tri.G/ further in Section 5.4.

Even though the full twist acts non-trivially on �0.G .GI �//, it acts trivially on
�0.G /. Comparing with Theorem 1.6, we must therefore prove that the full twist is
homotopic to the identity.

Lemma 5.7. Suppose thatG is a trivalent plane graph with garden � 2 �0.G .GI �//.
Then, any lift z� 2 FgC2 of the full twist � D .�gC2 � � � �1/

gC3 2 BrgC3 acts on
. zBCG ;

z@BC

G;�/ via a tame dg-automorphism homotopic to the identity.

Proof. It suffices to prove the result for one lift, since a composition of dg-automor-
phisms homotopic to the identity is itself homotopic to the identity, and any two lifts
differ by a dg-automorphism homotopic to the identity by Lemma 5.5. We use the lift

z� D .z�gC2 � � � z�1/
gC3:

Let zC D z�gC2 � � � z�1 be a lift of C 2 BrgC3, so z� D zC gC3. Identifying

BrgC3 Š �1.UConfgC3.S2 n ¹sº//;
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Figure 15. The action of the cyclical twist C on the tines. In general, there may be more tines,
but we only draw three for convenience. The disk D� is shaded in gray, and the centers occur in
the order from left to right across the top of the disk. The seed is off at infinity. We have drawn
the action of C so that it is supported in a neighborhood of the circle separating DC and D�.

we see C acts on the garden as follows. Up to homotopy, there is a unique decompo-
sition S2 D DC [S1 D� into two disks with the property that DC contains the seed,
and that the centers appear along S1 D DC \D� in order according to the boundary
orientation of DC. Then, zC acts on the tines via a homotopy supported near the gluing
S1 so that the centers are rotated from one to the next. See Figure 15.

Let us consider the action of zC on the dg-algebra. Notice that curves A and B in
Figure 14 already correspond to the curves 
f;g involved in z�1 followed by z�2, respec-
tively. It is not hard to see how this pattern continues as we apply zC : z�k corresponds
to the curve which goes through f1, under f2 through fk and then through fkC1. Let
us denote these curves by 
�

1;kC1
.

More generally, we may define curves 
�i;j as the homotopy class of loop based at
the base point of � given by first following a path from the base point to ci through
DC, then a path from ci to cj through D�, and then a path from cj back to the base
point through DC. Notice that this description completely determines a unique curve
up to homotopy since DC and D� are contractible. Further, notice that when i D 1
and j D k C 1, this matches the description above. Finally, up to homotopy, we have
simply


�i;j � .

�
i /
�1
� 
�j ;

where 
�
k

is the kth tine. The curves 
�i;j are shown in Figure 16.
Notice that, either by inspection of Figure 15 or by noting that the decomposition

S2 D DC [D� is compatible with both � and C � � , we have


C ��i;j D 

�
iC1;jC1;
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Figure 16. The curves 
�
i;j

, where D� is highlighted in gray. In this case, imagining the centers
are labeled in this case from 1 to 5 from left to right, then the curve depicted is either 
�

2;5
or


�
5;2

, depending upon the orientation of the curve. Here, we have moved the base point in from
infinity for a slightly different perspective.

with the convention that the indices are taken modulo g C 3. In fact, explicitly on
tines, one sees that


C ��i D ��11 � 

�
iC1;

where �1 is a loop lying between 
�1 and 
�2 (as in Proposition 4.11).
On the other hand, the action of zC on the degree 2 generators is just

zC �X D X C

gC2X
kD1

W.
�1;kC1/:

Hence, applying zC a total of g C 3 times, we find that

zC gC3 �X D X C

gC2X
jD0

gC3X
kD2

W.
C
j ��

1;k /

D

X®
1�i;j�gC3

i¤j

¯W.
�i;j /
D

X®
1�i;j�gC3

i¤j

¯W..
�i /�1/ �W.
�j /:
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But even further, notice that if i D j , then 
i;i can be homotoped so that it hits cfi

twice in a row, without intersecting a thread or edge in between. Hence, W.
i;i / D 0,
since no binary sequence can switch from 0 to 1 at both points it intersects cfi

since
it does not have a chance to go from 1 to 0 in between. Hence, we may more simply
write

zC gC3 �X D X C

 
gC3X
iD1

W.
�1i /

!
�

 
gC3X
iD1

W.
j /

!
:

By Proposition 2.5, we see that the action of z� satisfies the required conditions
so long as we can prove that .

PgC3
iD1 W.


�1
i // � .

PgC3
jD1 W.
j // is exact. To this end,

let x� be the garden obtained from � by switching the orientation of all the tines
simultaneously and negating � . Then, since the differentials of � and x� are the same
on faces, and hence on matrices of words,

z@BC

G;�

 
gC3X
iD1

W.
�1i /

!
D z@BC

G;x�

 
gC3X
iD1

W.
�1i /

!
D .z@BC

G;x�
/2X

D 0:

On the other hand, z@BC

G;�X D
PgC3
jD1 W.
j /. Hence, we have 

gC3X
iD1

W.
�1i /

!
�

 
gC3X
jD1

W.
j /

!
D z@BC

G;�

" 
gC3X
iD1

W.
�1i /

!
�X

#
being exact as desired.

5.4. Invariance under moves VI and VII

Recall that moves VI and VII pass a seed through a thread or edge, respectively, as in
Figure 9. We now construct tame dg-automorphisms which intertwine the respective
differentials for the gardens in two separate lemmas.

Lemma 5.8. Suppose that � and � 0 are two gardens which differ by move VI as in the
left side of Figure 9, and suppose that � is the thread appearing in the diagram. Let �
be C1 if the thread is oriented upwards and �1 if the thread is oriented downwards,
and let

zH.�/ D � �H.�/

be the monomial associated to the thread, with an appropriate sign. Then, we have a
tame dg-automorphism

ˆ�
0

� W .
zBCG ;
z@BC

G;�/! . zBCG ;
z@BC

G;�0/
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defined on generators by

ˆ�
0

� .f / D f;

ˆ�
0

� .X/ D

 
1 zH.�/

0 1

!
X

 
1 � zH.�/

0 1

!
:

Proof. Suppose that 
 is any curve on S2 from the base point s back to itself with
initial and final tangent vectors matching the coorientation of the seed � , and suppose
that the thread passes through � according to move VI. Notice that before the thread
passes through, we may write


 D 
 � � 
 0;

whereas after, we have

 D 
 0 � 
 � ;

up to homotopy of endpoints not interacting with the garden � in the first case and
with the garden � 0 in the second. In particular, in this decomposition, the binary
sequences associated to 
 0 and 
 � are identified, so we may write W.
 0/ and W.
 � /
without respect to the garden, even though we must writeW �.
/ andW �0.
/ accord-
ingly. The matrix of words for 
 � is

W.
 � / D

 
1 zH.�/

0 1

!
:

Therefore, we find

W �.
/ D

 
1 zH.�/

0 1

!
W.
 0/; W �0.
/ D W.
 0/

 
1 zH.�/

0 1

!
:

Since
�
1 zH.�/
0 1

��1
D

�
1 � zH.�/
0 1

�
, we arrive at

W �.
/ D

 
1 zH.�/

0 1

!
W �0.
/

 
1 � zH.�/

0 1

!
:

Summing these relations over all tines 
f , we find the desired result

z@BC

G;�.X/ D

 
1 zH.�/

0 1

!
� .z@BC

G;�0.X// �

 
1 � zH.�/

0 1

!

D z@BC

G;�0

  
1 zH.�/

0 1

!
�X �

 
1 � zH.�/

0 1

!!
:
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This verifies thatˆ�
0

� , as in the statement in the lemma, is a dg-homomorphism. Writ-
ing these expressions out in terms of x, y, z, and w, we have8̂̂̂̂

<̂̂
ˆ̂̂̂:
ˆ.x/ D x � y � zH.�/;

ˆ.y/ D y;

ˆ.z/ D z C zH.�/ � y;

ˆ.w/ D w C zH.�/ � x � zH.�/ � y � zH.�/ � z � zH.�/;

from which it follows that the constructed dg-isomorphism is tame, given as a com-
position of four elementary dg-automorphisms.

Lemma 5.9. Suppose that � and � 0 are two gardens which differ by move VII as in
the right side of Figure 9, and suppose that e is the edge appearing in the diagram.
Let o be the orientation of the edge upwards (regardless of the orientation induced by
the garden), and set � WD �e;o and x� WD �e; No. Then, we have a regeneration

ˆ�
0

� W .
zBCG ;
z@BC

G;�/! . zBCG ;
z@BC

G;�0/

defined on generators by

ˆ�
0

� .f / D f;

ˆ�
0

� .X/ D

 
0 ���1

x� 0

!
X

 
0 x��1

�� 0

!
:

Proof. The proof is the same as in Lemma 5.8, but where now we use 
e instead of

 � , with

W.
e/ D

 
0 ˙��1

�x� 0

!
;

where the signs depend upon whether the orientation of the edge in the garden points
upwards or downwards. Either choice of sign yields the same end result.

Notice that, in the proof of Lemmas 5.8 and 5.9, the key point is that the for-
mulas for X actually hold for any non-degenerate path from the seed back to itself.
This is useful for the following reason. Suppose that � is a garden, and suppose that
� 0 is a resulting garden after move VI; move VII is handled similarly. Consider the
application of move V, according to z�i , on either � or � 0. Then, we have

W.
�fi ;fiC1
/ D

 
1 zH.�/

0 1

!
W.
�

0

fi ;fiC1
/

 
1 � zH.�/

0 1

!
:

It follows, regardless of whether we apply move V followed by move VI or move VI
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followed by move V, the image of the matrix of generators X is given by the left- and
right-hand sides of the following equality: 

1 zH.�/

0 1

!
X

 
1 � zH.�/

0 1

!
CW.
�fi ;fiC1

/;

D

 
1 zH.�/

0 1

!
.X CW.
�

0

fi ;fiC1
//

 
1 � zH.�/

0 1

!
:

In other words, the dg-isomorphisms by which moves V and VI act commute. By the
same reasoning, moves V and VII also commute. Hence, we may essentially study
moves VI and VII independently from move V, which we already understand quite
well, as summarized by Lemma 5.5.

Recall from Section 5.3 that �0.G .G// is given by a collection of BrgC3=Z-
torsors over the collection Tri.G/ of triangles obtained by cutting S2 along the graph
and the web (which we have fixed up to isotopy, since the web is a contractible
choice). Moves VI and VII are precisely the moves which allow us to move from
one triangle to the next. In fact, suppose that triangles �1; �2 2 Tri.G/ are adjacent
to each other, sharing an edge which is either an edge of the graph or a thread. If we
have a garden � with base point in �1, then we may homotope all of the tines (via
moves I–IV) so that they all pass through the edge shared between �1 and �2 before
interacting with any other edges, threads, or centers. Then, we can push the seed from
�1 to �2 using move VI or VII accordingly. Since these moves commute with move
V, this yields a bijection between the corresponding BrgC3=Z-torsors of homotopy
classes of gardens. In fact, this bijection is completely canonical, irrespective of how
we applied moves I–IV in order to arrive at a situation in which we could push the
seed through an edge or thread via move VI or VII. It so happens also that the for-
mulas of Lemmas 5.8 and 5.9 only depend upon the orientation through which the
seed is pushed. Hence, if �1 is a homotopy class of garden with base point on �1 and
�2 is the corresponding homotopy class of garden with base point on �2 given by an
application of move VI or VII, then the corresponding formula for move VI or VII is a
canonical tame dg-automorphism or regeneration from . zBC; z@BC

G;�1
/ to . zBC; z@BC

G;�2
/.

In this way, for each triangle � 2 Tri.G/ and each of its edges (which is either
an edge of G or a thread in the web), we may associate a dg-automorphism corre-
sponding to moving the seed through that edge. Furthermore, the triangle comes with
a canonical orientation, and hence, we can distinguish canonically between the two
edges of the triangle which are actually threads. We write L;R; S , for left, right, and
straight, to denote the corresponding move VI and VII actions, where the labels L,
R, and S appear in the order of the natural boundary orientation of the triangle, and
where S is placed on the unique edge of the triangle which is an edge of the graph.
In this way, we naturally find an F3 D hL;R; Si-action on gardens up to homotopy
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which lift canonically to regenerative tame dg-automorphisms. That is, for each word
� 2 F3 and � 2 �0.G .G//, we obtain canonical regenerative tame dg-automorphisms

ˆ
�
� W .
zBCG ;
z@BC

G;�/! . zBCG ;
z@BC

G;� ��/

which compose in the obvious way

ˆ
��
� D ˆ

�

� ��
ıˆ�� :

As is suggested in Theorem 1.6, we would like to understand the stabilizer of the
action on F3 on gardens. If we push a seed back and forth through the same edge, then
we come back to the same garden up to homotopy, i.e., �DLR ��DS2 ��DRL �� .
In fact, this is reflected at the level of dg-automorphisms.

Lemma 5.10. We have that L and R act by inverses, and S acts as its own inverse,
i.e.,

1 D ˆLR��ˆ
R
� D ˆ

S
S ��ˆ

S
� D ˆ

R
L��ˆ

L
� :

Proof. This is obvious from Lemmas 5.8 and 5.9 and the fact that we pass the thread
or edge back and forth with opposite orientation.

If a thread moves around a vertex of the graph, i.e., via the word .SL/3, then
the garden is again preserved up to homotopy, since the seed has just gone around
a contractible loop in S2 around a vertex. This is also reflected at the level of dg-
automorphism.

Lemma 5.11. We have

1 D ˆSLSLSL�� ıˆ
L
SLSL�� ıˆ

S
LSL�� ıˆ

L
SL�� ıˆ

S
L�� ıˆ

L
� :

Proof. Upon applying .SL/3, we traverse three threads and three edges. Let us label
them �1, e1, �2, e2, �3, e3 in the order that they appear. Let �k D Aek

and x�k D Bek

with respect to the inward pointing orientation of the edge. Let

Z WD

 
1 H.�1/

0 1

! 
0 ���11
x�1 0

! 
1 H.�2/

0 1

!

�

 
0 ���12
x�2 0

! 
1 H.�3/

0 1

! 
0 ���13
x�3 0

!
:

The right-hand side of the desired equation preserves the degree 1 generators and acts
on the degree 2 generators as

X 7! ZXZ�1:

But notice that Z D ˙W.
v/, where 
v is the loop going around a vertex once, and
W.
v/ D I , since 
v can be contracted to a point under move IV.
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Our action of F3 D hL;R; Si is actually larger than we need, since even on the
dg-algebra level, we have LR D S2 D .SL/3 D 1. We may therefore instead use the
group

Z2 � Z3 Š hS; .SL/ j S
2; .SL/3i Š hL;R; S j LR; S2; .SL/3i:

In other words, we arrive at the following.

Lemma 5.12. There is an action of FgC2 � .Z2 � Z3/ on homotopy classes of gar-
dens (with the same orientation). For each homotopy class of garden � and element
� 2 FgC2 � .Z2 � Z3/, there exists a regenerative tame dg-isomorphism

ˆ�� W .
zBCG ;
z@CG;�/! . zBCG ;

z@CG;� ��/:

These satisfy the composition property

ˆ��
0

� D ˆ
�
� 0�� ıˆ

� 0

� :

Proof. We have defined an action of Z2 �Z3 on the dg-algebras which commute with
the action of FgC3 via move V. In other words, we may write

ˆ�� WD ˆ
�1
�2��
ıˆ

�2
� D ˆ

�2
�1��
ıˆ

�1
� ;

where � D .�1; �2/ 2 FgC2 � .Z2 � Z3/. The commutativity allows us to group like
terms. In other words, if � D .�1; �2/ and � 0 D .� 01; �

0
2/, then

ˆ�� 0�� ıˆ
� 0

� D ˆ
�1
.�2� 0/��

ıˆ
�2
� 0�� ıˆ

� 0
1

� 0
2
��
ıˆ

� 0
2

�

D ˆ
�1
.�2�
0
1
� 0

2
/��
ıˆ

�2
.� 0

1
� 0

2
/��
ıˆ

� 0
1

� 0
2
��
ıˆ

� 0
2

�

D ˆ
�2
.�1�
0
1
� 0

2
/��
ıˆ

�1
.� 0

1
� 0

2
/��
ıˆ

� 0
1

� 0
2
��
ıˆ

� 0
2

�

D ˆ
�2
.�1�
0
1
� 0

2
/��
ıˆ

�1�
0
1

� 0
2
��
ıˆ

� 0
2

�

D ˆ
�2
.� 0

2
�1�
0
1
/��
ıˆ

� 0
2

.�1�
0
1
/��
ıˆ

�1�
0
1

�

D ˆ
�2�
0
2

.�1�
0
1
/��
ıˆ

�1�
0
1

�

D ˆ
.�1�
0
1
;� 0

2
� 0

2
/

�

D ˆ��
0

� :

One of the items in Theorem 1.6 asks us to prove that the stabilizer at � of the
action of H .G/ on homotopy classes of gardens acts in a manner homotopic to the
identity. From our description, we are now at a point where we may understand this
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stabilizer. We notice that since the orientation of the edges of G is invariant under
homotopies, any element of the stabilizer is trivial in the factor .Z2/E .

Suppose that � 2 �0.G .G//, and let us consider its stabilizer. Suppose that we fix
s 2 S2. Let C be the union of the centering of a garden, which we continue to assume
that fixed. Then, there is an injective homomorphism

�W�1.S
2
n C I s/! Z2 � Z3

as follows. If we choose a representative non-degenerate loop, then we may label
it with a word in F3 D hL; R; Si according to how it passes through threads and
edges of the graph. Any two non-degenerate representatives of the same element in
the fundamental group are equivalent up to the relations LR D S2 D .SL/3 D 1, as
we can form a homotopy which cancels out going back and forth through the same
edge or going around a vertex. The image of � consists of those elements of Z2 � Z3
which preserve gardens with base point in the triangle in Tri.G/ containing s.

Notice that S2 n C is homotopy equivalent to a wedge of g C 2 circles. Hence,
�1.S

2 n C I s/ Š FgC2. One could use a canonical set of generators given by the
curves �1; : : : ; �gC2 appearing in the proof of Proposition 4.11, with �k lying between
the tines 
fk

and 
fkC1
. One could study the action of moves VI and VII as applied

along �k , though we take an alternative approach.
Suppose that cf is one of the centers in C , and suppose that the corresponding

face f has nf vertices, or equivalently, cf has nf triangles with cf as a vertex. If
� 2 Tri.G/ has cf as a vertex and � is a homotopy class of garden with base point in
�, then Lnf � � is a garden again with base point in �, though not the same garden.
However, there will be some element �f 2 BrgC3=Z such that �fLnf � � D � .

In our presentation, however, we are interested in studying a garden � with base
point s which is not necessarily in a triangle with vertex cf . Suppose that we choose
a path from s to (some fixed point in) �, where � is a triangle with vertex cf . The
path corresponds to a word Pf 2 Z2 � Z3. The loops based at s corresponding to
PfL

nf P�1
f

generate �1.S2 n C I s/. (In fact, any collection of all but one of them are
a free set of generators.) It follows, therefore, that if � is a garden with base point s,
then its stabilizer in H .G/ is

StabH.G/.�/ D hPf z�fL
nf P�1f i;

the subgroup generated by the collection ¹Pf z�fLnf P�1
f
º over all faces f and lifts

z�f 2 FgC2 of �f 2 BrgC3=Z. (This is true regardless of the choices of paths Pf ,
precisely because the loops corresponding to PfLnf P�1

f
generate �1.S2 nC I s/, and

any other choice of Pf differs by left multiplication by some element of this group.)
Our goal, cf. Theorem 1.6, is to prove that the various Pf z�fLnf P�1

f
act . zBCG ; z@

BC

G;�/

via dg-automorphisms homotopic to the identity.



Differential graded algebras for trivalent plane graphs 313

Lemma 5.13. In the setup just described, the dg-automorphisms . zBCG ;z@
BC

G;�/ induced
by the elements Pf z�fLnf P�1

f
are homotopic to the identity.

Proof. It suffices to prove that z�fLnf is homotopic to the identity whenever � has
base point in one of the triangles with vertex cf , since conjugation by Pf does not
affect this. In fact, for the same reason, by conjugating by a sequence of actions of
move V, we may assume without loss of generality that � is such that the tine 
f
passing through cf is the right-most tine exiting the seed. In other words, if we enu-
merate the faces f1; : : : ; fgC3 according to the order of the tines, then f D fgC3 is
the specific face we are focusing on. We label the centers c1; : : : ; cgC3 and the tines

1; : : : ; 
gC3 accordingly. We write ngC3 instead of nfgC3

and � for �fgC3
. Finally,

we note that it suffices to prove the result for a single lift z� of � , since any two lifts
differ by a sequence of full twists, which acts by a dg-automorphism itself homotopic
to the identity.

With these assumptions out of the way, we must first understand the element � 2
BrgC3=Z. Consider a decomposition of S2 D DC [S1 D� into two disks, similar
to that in Lemma 5.7, but now where both the base point and cgC3 are contained
in the interior of DC, and c1 through cgC2 now occur in order around the boundary
of DC, as in Figure 17. Notice that if we apply Lnf to the garden, it has the effect
given by twisting DC clockwise by a full twist. Correspondingly, � must be a counter-
clockwise twist of D�, since this undoes the clockwise twist of DC. That is,

� D .�gC1 � � � �2�1/
gC2:

We may therefore use the lift

z� WD .z�gC1 � � � z�2z�1/
gC2:

Let zD WD z�gC1 � � � z�2z�1 so that z� D zDgC2. Let D D �.z�/ so that � D DgC2.
Then, the action of z� is given by preserving the degree 1 generators and acting on the
degree 2 generators by

z� �X D X C

gC1X
jD0

gC2X
kD2

W.
D
j ��

1;k /;

where we have used the same notation 
�i;j � .

�
i /
�1 � 
�j as in the proof of Lemma

5.7. However, the sum is less simple here because D does not simply shift indices
by 1. Indeed, by inspection of when we apply the action of D,


D��i �

8̂̂<̂
:̂
.�1/

�1 � 
�iC1;jC1; i; j ¤ g C 2; g C 3;

.�1/
�1 � 
�1 � �gC2; i D g C 2;


�gC3; i D g C 3;
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Figure 17. Our setup for Lemma 5.13, where D� is shaded in gray, and the center cgC3 is now
in the interior of DC. For simplicity, we have drawn the situation g D 1 so that there are only
four tines. The dotted black arrow indicates thatLngC3 acts by homotoping the seed around this
loop (under the assumption that the base point is located in the face corresponding to fgC3),
which is realized by a full clockwise rotation of DC.

where �1 is the path between 
�1 and 
�2 and �gC2 is the path between 
�gC2 and

�gC3, as in the proof of Proposition 4.11. (Notice that �gC2 appears in Figure 17
as the dotted black line.) It follows that the action of z� on the generators X may be
written as

z� �X D X C
X

1�i<j�gC2i¤j

W.
�i;j /C
X

1�j<i�gC2

W.
�i;j � �
�1
gC2/:

On the other hand, the action of LngC3 (as the seed moves counter-clockwise
around cgC3) is given by

LngC3 �X D

 
1 H1

0 1

!
� � �

 
1 HngC3

0 1

!
X

 
1 �HngC3

0 1

!
� � �

 
1 �H1

0 1

!
;
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whereHk are the monomials associated to the threads emanating from cgC3 in order.
(This formula holds for any � with base point in a triangle with vertex cgC3.) But
multiplying all of these out, this is just

LngC3 �X D

 
1 z@BCfgC3

0 1

!
X

 
1 �z@BCfgC3

0 1

!
:

For simplicity, let us write

Wi WD W.
i /; xWi WD W.

�1
i /;

W WD

gC3X
iD1

Wi ; xW WD

gC3X
iD1

xWi :

We have already seen, in the course of the proof of Lemma 5.7, that

z@BC xW D z@BCW D 0;

z@BCX D W:

Notice also that

WgC3 D

 
0 fgC3

0 0

!
D xWgC3

since they both matrices of words associated to out-and-back paths from the seed to
cgC3, which lie in the same face. Finally, notice that

W.�gC2/ D

 
1 �z@BCfgC3

0 1

!
D I � z@BCWgC3:

This allows us to notationally simplify both the actions of z� and LngC3 . For the action
of z� , notice that if we include terms with i D j , then those terms are 0. So, we have

z� �X D X C
X

1�i<j�gC2

xWiWj C
X

1�j<i�gC2

xWiWj .I � z@
BCWgC3/

D X C

 
gC2X
iD1

xWi

! 
gC2X
jD1

Wj

!
�

X
1�j<i�gC2

xWiWj .z@
BCWgC3/

D X C . xW �WgC3/.W �WgC3/CWgC3W.z@
BCWgC3/

�

X
1�j<i�gC3

xWiWj .z@
BCWgC3/

D X C xWW � xWWgC3 �WgC3W CWgC3W.z@
BCWgC3/

�

X
1�j<i�gC3

xWiWj .z@
BCWgC3/;
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where the tricky term WgC3W.z@
BCWgC3/ arises because we include in our sum the

case i D g C 3. The action of LngC3 simplifies to

LngC3 �X D .I C z@BCWgC3/X.I � z@
BCWgC3/

D X C .z@BCWgC3/ �X �X.z@
BCWgC3/ � .z@

BCWgC3/X.z@
BCWgC3/:

Combining these actions, we have the following, upon reordering terms:

z�LngC3 �X �X D xWW

C .z@BCWgC3/ �X �WgC3 �W

CWgC3W.z@
BCWgC3/ � .z@

BCWgC3/X.z@
BCWgC3/

�

�
X C

X
1�j<i�gC3

xWiWj

�
.z@BCWgC3/ � xWWgC3:

The first three lines on the right are exact:

z�LngC3 �X �X D z@BC.� xWX CWgC3X �WgC3X.z@
BCWgC3//

�

�
X C

X
1�j<i�gC3

xWiWj

�
.z@BCWgC3/ � xWWgC3:

By Proposition 2.5, it suffices to prove that the last line is exact. For this, it suffices to
prove that

z@BC
� X
1�j<i�gC3

xWiWj

�
D xW �W;

since then the last line is just z@BC Œ.
P
1�j<i�gC3

xWiWj CX/WgC3�.
Let us prove this final claim. Let �0 through �gC3 be as in the proof of Proposi-

tion 4.11 so that �k is between the tines 
�
k

and 
�
kC1

. Then, as was proved in that
proposition,

z@BCWj D W.�j / �W.�j�1/;

and similarly, we may conclude that

z@BC xWi D W..�i�1/
�1/ �W..�i /

�1/:

Therefore,

z@BC
� X
1�j<i�gC3

xWiWj

�
D

X
1�j<i�gC3

Œ.W..�i�1/
�1/ �W..�i /

�1//Wj � xWi .W.�j / �W.�j�1//�

D

gC3X
jD1

.W..�j /
�1/ �W.��1gC3//Wj �

gC3X
iD1

xWi .W.�i�1/ �W.�0//
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by summing over one index. But �0 and �gC3 are contractible via homotopies not
interacting with the centering, and so,W.�0/DW..�gC3/�1/D I . We find, therefore,
that

z@BC
� X
1�j<i�gC3

xWiWj

�
D xW �W C

gC3X
jD1

.W.��1j � 
j / �W.

�1
j � �j�1//:

But ��1j � 
j � 

�1
j � �j�1 are both homotopic to the out-and-back paths from the

base point to the center cj , so the last sum cancels, and we have the desired claim.

5.5. Proof of Theorem 5.1

In order to prove Theorem 5.1, we essentially just need to check that orientation
changes commute with moves V–VII. We include an explicit proof for completeness.

Proof of Theorem 5.1. Suppose that � D .�; �/ 2 .Z2/E � .FgC2 � .Z2 � Z3//, and
� is a homotopy class of garden. Then, we may take

ˆ
� ��
� .�/W . zBCG ;

z@BC

G;�/! . zBCG ;
z@BC

G;� ��/

as the composition
ˆ
� ��
� .�/ WD ˆ� ıˆ

�
� ;

whereˆ� is as in Lemma 5.2 describing the action of changing orientations, and where
ˆ�� is as in Lemma 5.12 describing the action of moves V, VI, and VII together. We
now verify the desired properties.

• Composition Property: it suffices to check that orientation changes commute with
moves V–VII, in which case we have that

ˆ
� ��
� .�/ D ˆ� ıˆ

�
� D ˆ

�
��� ıˆ�:

Once we establish this claim, the proof of the composition property is now the
same as in the proof of Lemma 5.12, where we use the fact that move V and
moves VI and VII commuted in the same way. We work towards establishing the
claim.
First, note that if 
 is a non-degenerate path, then

ˆ�.W
�.
// D W ���.
/:

Indeed, we may check this discontinuity by discontinuity for each binary se-
quence. Equality at centers through which 
 passes is clear because

ˆ�

 
0 f

0 0

!
D

 
0 f

0 0

!
:
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Similarly, for discontinuities at edges of the graph, since our sign conventions are
precisely so that Ae and Be come with opposite signs, the result is clear. Finally,
for discontinuities at threads, we have already discussed the relevant statement in
the proof of Lemma 5.2.
With this in mind, it is clear that orientation changes commute with move V. This
is clear on the ring and on the degree 1 generators. On the degree 2 generators,
this follows from the formula of move V in Proposition 5.3 combined with the
fact just discussed, which implies that

ˆ�.W
�.
f;g// D W

���.
f;g/;

where 
f;g D 
�f;g D 

���
f;g

since the curve is independent of the orientations of the
edges of the graph.
Move VI, with formula as in Lemma 5.8, is similar, since zH.�/ appearing in the
formula transforms in the same way. As for move VII, the matrix

�
0 ���1

x� 0

�
is

completely independent of the orientation of the edge, whereas applyingˆ� either
preserves or negates this matrix, depending upon whether the corresponding edge
has its orientation reversed. Either way, since we conjugate by this matrix, even
if the orientation is reversed, the minus signs cancel, and we have that changing
orientation commutes with move VII.

• Orientation changes: this is just a part of Lemma 5.2.

• Modifying the garden: this follows from Lemmas 5.12 and 5.13 (with the under-
standing that the stabilizer of � is generated by the elements occurring in Lemma
5.13, as discussed in Section 5.4).

6. Removing the enlargements

We now wish to prove Theorem 1.6, our starting point being Theorem 5.1 of the last
section. We must form the following two operations:

• We must shrink the ring from zRnc D ZŒ…� to RncT D ZŒ…T �, using functorial-
ity properties from zBCG (with its differentials depending upon a garden) to yield
functoriality properties on BCG;T (with its differentials depending upon a garden
as well as the tree T ).

• In the special case that the garden � is of finite type (Definition 6.2 below), we
must further show that we can destabilize to cancel the generators f� and w.

We spend a subsection on each of these and a final short subsection to check that we
have proved Theorems 1.4 and 1.6.
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6.1. Shrinking the ring

The projections �T W…! …T from Section 3.2 induce graded algebra morphisms

�T W zB
C

G ! BCG;T ;

simply by reducing all of the coefficients. On the other hand, we have right inverses
iT W…T !… constructed in Corollary 3.15, which induces graded algebra morphisms

iT WB
C

G;T !
zBCG :

We may now simply check that

�T ı z@
BC

G;� ı iT ı �T D �T ı
z@BC

G;�

by checking on generators (as an algebra) and extending to the entire algebra by using
the Leibniz rule of the differential together with Z-linearity. By Lemma 3.2, the dif-
ferentials z@BC

G;� hence induce differentials

@BC

G;�;T D �T ı
z@BC

G;� ı iT WB
C

G;T ! BCG;T :

In practice, the new differential @BC

G;�;T acts in the same way as it usually would, but
every time we see a generator �e;o for an edge e not in T arising from the differential
of an element of F [ ¹x; y; z; wº, we simply set it equal to 1.

Recall that we defined morphisms

zCT
0

T .
/W…! …

given on generators �e;o, which we may think of as a transverse signed path from cC
f

to c�g in ƒG , by

. zCT
0

T .
//.�e;o/ D ˇ
T 0

T .f; 
;C/ � �e;o � ˇ
T 0

T .f; 
;�/
�1:

In turn, this induces a graded algebra isomorphism

zCT
0

T .
/W
zBCG !

zBCG ;

with the caveat that it does not intertwine the differential z@BC

G;� . In order to fix this, we
may now consider the regeneration

zRT 0

T .
/W
zBCG !

zBCG

defined on generators by

. zRT 0

T .
//.f / D ˇ
T 0

T .f; 
;�/ � f � ˇ
T 0

T .f; 
;C/
�1;

. zRT 0

T .
//.x/ D ˇ
T 0

T .f� ; 
;C/ � x � ˇ
T 0

T .f� ; 
;C/
�1;
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. zRT 0

T .
//.y/ D ˇ
T 0

T .f� ; 
;C/ � y � ˇ
T 0

T .f� ; 
;�/
�1;

. zRT 0

T .
//.z/ D ˇ
T 0

T .f� ; 
;�/ � z � ˇ
T 0

T .f� ; 
;�/
�1;

. zRT 0

T .
//.w/ D ˇ
T 0

T .f� ; 
;�/ � w � ˇ
T 0

T .f� ; 
;C/
�1:

In other words, we simply treat f as though it were a path from c�
f

to cC
f

, and simi-
larly, the generators in X as paths from c˙

f�
to c˙

f�
, depending upon which particular

generator we are looking at. (For example, the generator w, corresponding to binary
sequences of type .1; 0/, are thought of as paths from cC

f�
to c�

f�
.)

Proposition 6.1. For a fixed garden � , the graded algebra isomorphism

ẑT
0

T .
/ WD
zRT 0

T .
/ ı
zCT
0

T .
/W
zBCG !

zBCG

is a dg-automorphism with respect to the differential z@BC

G;� . Furthermore, these satisfy
the composition rule

ẑT
00

T 0 .

0/ ı ẑT

0

T .
/ D
ẑT
00

T .
 � 
 0/:

Proof. We first check that ẑT
0

T .
/ intertwines the differential by checking this prop-
erty on generators. For the degree 1 generators f , we have

.z@BC

G;� ı
ẑT
0

T .
//.f / D
z@BC

G;�.ˇ
T 0

T .f; 
;�/ � f � ˇ
T 0

T .f; 
;C/
�1/

D ˇT
0

T .f; 
;�/ �
X
v2f

H.�f .v// � ˇ
T 0

T .f; 
;C/
�1;

whereas
. ẑT

0

T .
/ ı
z@BC

G;�/.f / D
zCT
0

T .
/
�X
v2f

H.�f .v//
�
:

If we write out H.�f .v// as a (signed) product of three generators in W , we see that

zCT
0

T .
/.H.�f .v/// D ˇ
T 0

T .f; 
;�/ �H.�f .v// � ˇ
T 0

T .f; 
;C/
�1

since the internal ˇ terms cancel out.
Similarly, for the degree 2 generators, we have the same principle, but where we

notice that our binary sequences are based at curves starting and ending at the seed,
located in the face f� . For example, for the generator x, we have

@BC

G;�.x/ D
X
f

w1;0.

s
f / � f � w1;1.


t
f /;

and we notice correspondingly that each word comprising w1;0.
 sf / corresponds to a
geometric element of the group … which originates with label C in the face f� , and
similarly, w1;1.
 tf / terminates with labelC in f� .
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Finally, for the composition property, we may check it on the ring and on the
generators. On the ring, we just have zCT

0

T .
/ which satisfy the desired composition
property. On face generators, we have

. ẑT
00

T 0 .

0/ ı ẑT

0

T .
//.f /

D . ẑT
00

T 0 .

0//.ˇT

0

T .f; 
;�/ � f � ˇ
T 0

T .f; 
;C/
�1/

D . zCT
00

T 0 .

0//.ˇT

0

T .f; 
;�// � .
zRT 00

T 0 .
//.f / � .
zCT
00

T 0 .

0//.ˇT

0

T .f; 
;C/
�1/

D .ˇT
00

T 0 .f; 

0;�/ � ˇT

0

T .f; 
;�/ � ˇ
T 00

T 0 .f; 

0;�/�1/

� .ˇT
00

T 0 .f; 

0;�/ � f � ˇT

00

T 0 .f; 

0;C/�1/

� .ˇT
00

T 0 .f; 

0;C/ � ˇT

0

T .f; 
;C/ � ˇ
T 00

T 0 .f; 

0;C/�1/

D ˇT
00

T .f; 
 � 
 0;�/ � f � ˇT
00

T .f; 
 � 
 0;C/�1

D . ẑT
00

T .
 � 
 0//.f /:

A similar computation works for the degree 2 generators.

Upon checking that

�T 0 ı ẑ
T 0

T .
/ ı iT ı �T D �T 0 ı
ẑT
0

T .
/

on generators and hence on the entire graded algebra, we may apply Lemma 3.2 so
that, for fixed garden � , the dg-isomorphisms ẑT

0

T .
/ induce dg-isomorphisms

ˆT
0

T .
/W .B
C

G;T ; @
BC

G;�;T /! .BCG;T 0 ; @
BC

G;�;T 0/:

The fact that they intertwine the differentials also follows from Lemma 3.2, since the
morphismsˆT

0

T .
/ ı @
BC

G;�;T and @BC

G;�;T 0 ıˆ
T 0

T .
/ are induced by the same morphism
upstairs given by

ẑT
0

T .
/ ı
z@BC

G;� D
z@BC

G;� ı
ẑT
0

T .
/

and hence are equal.

6.2. Destabilization for finite-type gardens

Recall from Remark 4.2 that the Casals–Murphy definition of a garden excludes a tine
passing through the face at infinity. We use the following slightly different definition.

Definition 6.2. A garden � on a trivalent plane graph G is said to be of finite type if
the tine 
f1 passing through the center of the face at infinity cf�

comes either first or
last as it exits the seed.
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Notice that if a garden is of finite type, then the tine 
f1 may be homotoped so
that it is completely contained inside of the face f1. After this homotopy, the tine
only interacts with the rest of the garden at threads and the center cf1 . It follows that
there is a unique binary sequence in B�.
f1/, since any binary sequence must go
from 0 to 1 as the tine passes through f1, and can only go from 0 to 1 as it passes
through threads. In other words, for a finite-type garden � , the differential on zBCG on
degree 2 generators is of the form

z@BC

G;�X D

 
0 f�

0 0

!
C

X
f 2Ffin

W.
f /D

 
0 f�

0 0

!
C

X
f 2Ffin

W.
 sf / �

 
0 f

0 0

!
�W.
Tf /:

In other words, the differentials of the generators x, y, and z only see terms corre-
sponding to the tines through the finite faces, whereas the differential of w picks up
f� for the face at infinity. This already explains algebraically why, when Casals and
Murphy defined a garden, they were able to simply not include a tine through the face
at infinity—they were only looking at the generators x, y, and z!

Projecting under �T , we have that for a finite-type garden,

@BC

G;�;TX D

 
0 f�

0 0

!
C

X
f 2Ffin

�T .W.

s
f // �

 
0 f

0 0

!
� .W.
Tf //:

Singling out the generator w,

@BC

G;�;Tw D f� C
X
f 2Ffin

�T .w0;0.

s
f // � f � �T .w1;1.


t
f //:

Consider now the elementary automorphism �G;�;T of BCG;T given by

�G;�;T .f�/ D f� �
X
f 2Ffin

�T .w0;0.

s
f // � f � �T .w1;1.


t
f //

(and the identity on all other generators), inducing a dg-isomorphism

�G;�;T W .B
C

G;T ; @
BC

G;�;T /
�
�! .BCG;T ; .@

BC

G;�;T /
0/;

with induced differential the same on all generators except w and f� , for which

.@BC

G;�;T /
0w D f� ;

.@BC

G;�;T /
0f� D 0:

We may therefore destabilize, yielding the desired dg-algebra .BG;f� ;T ; @
B
G;�;T /.

Explicitly, the formula for @B
G;�;T on the generators in Ffin and x, y, and z is just

the same as the formula for @BC

G;�;T , where we notice that none of these differentials
include a term f� or w by inspection.



Differential graded algebras for trivalent plane graphs 323

6.3. Proof of Theorems 1.4 and 1.6

We now have all of the ingredients to prove our desired theorems.

Proof of Theorem 1.6. We have constructed the dg-algebras .BCG;T ; @
BC

G;�;T / in Sec-
tion 6.1. For a fixed garden, we have discussed changing trees in the form of the
morphisms ẑT

0

T .
/ in Proposition 6.1 and its induced morphisms ˆT
0

T .
/ downstairs.
On the other hand, by Lemma 3.2 (along with the usual check that the lemma can be
applied), the morphisms ˆ�

0

� .�/ constructed in Section 5.1 via the actions of moves
V–VII, where

� 0 D � � �;

descend from zBCG under �T ; i.e., we obtain

ˆ
�0;T
�;T .�/W .B

C

G;T ; @
BC

G;�;T /! .BCG;T ; @
BC

G;�0;T /

arising as the unique graded algebra morphism fitting into the diagram

zBCG
ˆ�0

�
.�/

//

�T

��

zBCG

�T

��

BCG;T
ˆ

�0;T
�;T

.�/

// BCG;T

By Lemma 3.2, the fact that it intertwines the differentials follows from the same
property upstairs. We may therefore define

ˆ
�0;T 0

�;T .�; 
/ WD ˆT
0

T .
/ ıˆ
�0;T
�;T .�/:

We now check the desired properties.

• Composition property: just like in the proof of Theorem 5.1, it suffices to check
that the two factors ˆ�

0;T
�;T .�/ and ˆT

0

T .
/ commute with each other, in the sense
that

ˆT
0

T .
/ ıˆ
�0;T
�;T .�/ D ˆ

�0;T 0

�;T 0 .�/ ıˆ
T 0

T .
/;

since if this is satisfied, then the composition property of Theorem 5.1 and the
composition property of Proposition 6.1 yield the desired result. It suffices to
check this composition property upstairs, i.e., that

ẑT
0

T .
/ ıˆ
�0

� .�/ D ˆ
�0

� .�/ ı
ẑT
0

T .
/:

Because ˆ�
0

� .�/ is itself constructed as a composition of orientation changes and
moves V–VII, it suffices to check this commutativity for each of these types of
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moves, each of which is easy to check. For example, if � acts via an application
of move V, then since it preserves all degree 1 generators, it suffices to check
commutativity on the degree 2 generators. That is, if the application of move V is
with respect to the faces f and g, we have, for example,

. ẑT
0

T .
/ ıˆ
�0

� .�//.x/ D
ẑT
0

T .
/.x C w1;1.

�
f;g//

D . ẑT
0

T .
//.x/C .
ẑT
0

T .
//w1;1.

�
f;g/

D ˇT
0

T .f� ; 
;C/ � x � ˇ
T 0

T .f� ; 
;C/
�1

C ˇT
0

T .f� ; 
;C/ � w1;1.

�
f;g/ � ˇ

T 0

T .f� ; 
;C/
�1

D ˇT
0

T .f� ; 
;C/ � .x C w1;1.

�
f;g// � ˇ

T 0

T .f� ; 
;C/
�1

D ˇT
0

T .f� ; 
;C/ � ..ˆ
�0

� /.�//.x/ � ˇ
T 0

T .f� ; 
;C/
�1

D .ˆ�
0

� .�//.ˇ
T 0

T .f� ; 
;C/ � x � ˇ
T 0

T .f� ; 
;C/
�1/

D .ˆ�
0

� .�/ ı
ẑT
0

T .
//.x/:

The other generators y, z, w are analogous, and we leave moves VI and VII for
the reader.

• Orientation changes: this descends from the same property in Theorem 5.1 under
Lemma 3.2.

• Fixing the trees and capping paths; modifying the garden: this also descends from
the enlarged property.

• Fixing the garden; modifying the trees and capping paths: this follows from
Proposition 6.1.

• Finite-type gardens: we have defined the differential on @B
G;�;T precisely in this

way in Section 6.2.

Proof of Theorem 1.4. We have already found the desired differentials yielding the
dg-algebras .BG;f� ;T ; @

B
G;�;T /. The fact that these partially abelianize to the Casals–

Murphy dg-algebras is clear by comparing our construction with their construction.
Suppose that � and � 0 are two finite-type gardens and

T; T 0 � G

are two trees spanning all but one vertex. For any homotopy class of path 
 from �T
to �T 0 and element � 2 H .G/ such that

� � � D � 0;
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we then have a quasi-isomorphism induced under destabilization as in Lemma 3.2 as
in the following diagram:

.BG;f� ;T ; @
B
G;�;T /

��

.BCG;T ; .@
BC

G;�;T /
0/

��1
G;�;T

��

destab
oo

.BCG;T ; @
BC

G;�;T /

ˆ
�0;T 0

�;T
.
/

��

.BCG;T 0 ; @
BC

G;�0;T 0/

�G;�0;T 0

��

.BG;f�0 ;T
0 ; @B

G;�0;T 0/ .BCG;T 0 ; .@
BC

G;�0;T 0/
0/

destab
oo

This is clearly a dg-isomorphism, since its inverse is constructed in the same way but
swapping .�; T / with .� 0; T 0/ and using 
�1 in place of 
 .

7. Representations and rank r face colorings

The goal of this section is to prove Theorem 1.12.

7.1. Representations-to-colors for the enlarged dg-algebra

As with functoriality between the various dg-algebras .BCG;T ; @
BC

G;�;T /, when studying

representations, it is convenient to begin with . zBCG ; z@
BC

G;�/, and to therefore verify a
version of Theorem 1.12 but with respect to the dg-isomorphism ˆ�

0

� .�/ appearing in
Theorem 5.1. Let us therefore begin with a study of Repr. zB

C

G ;
z@BC

G;� IF/ and see how
we can extract from it a rank r face coloring.

For degree reasons, a representation " 2 Repr. zB
C

G ;
z@BC

G;� I F/ kills all of the gen-
erators in nonzero degree, and hence, we may identify " with a representation of …,
which we think of as a ring homomorphism

"…WZŒ…�! Matr�r.F/:

The fact that " is a representation of the dg-algebra is just the requirement that

"….z@
BC

G;�f / D 0
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for all f 2 F . Writing this out, we are simply looking at representations of … with
the property that X

v2f

"….H.�f .v/// D 0:

Recall that associated to any path 
 on the sphere S2, non-degenerate with respect
to the graph G and its web, there is an associated word

W.
/ 2 Mat2�2.ZŒ…� � ZhF i/:

If the path 
 furthermore is disjoint from the face centers, then all of the faces dis-
appear from the expression, and W.
/ 2 Mat2�2.ZŒ…�/, in which case W.
/ is a
composition of matrices either of one of the following two forms: 

1 H

0 1

!
˙

 
0 �

�x��1 0

!
:

Here, H is a monomial in …, with sign ˙1, and � and x� are just elements of ….
Hence, under "…, the matrices

"…

 
1 H

0 1

!
D

 
I "….H/

0 I

!
;

"…

 
0 �

�x��1 0

!
D

 
0 "….�/

�"….x�/
�1 0

!
are both invertible matrices; i.e., they live in GL2r.F/.

Suppose that 
 is a small loop around cf . Then,

W.
/ D

 
1 z@BC

G;�f

0 1

!
:

The condition that " is a representation implies that

"….W.
// D I2r 2 GL2r.F/:

Hence, even though W.
/ is invariant only up to homotopies (with fixed endpoints)
not passing through the centering, the matrix "….W.
// is now independent under all
homotopies (with fixed endpoints). Since our paths lie on S2, any two paths with the
same endpoints are homotopic, so the corresponding element "….W.
// 2 GL2r.F/
only depends upon the endpoints of 
 . Furthermore, two points in the same triangle
Tri.G/ are essentially indistinguishable. We therefore obtain, for any two triangles
�1; �2 2 Tri.G/, an element

M ".�1; �2/ 2 GL2r.F/:
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These satisfy the following properties:

• For all �1; �2; �3 2 Tri.G/, we have

M ".�1; �2/ �M
".�2; �3/ DM

".�1; �3/:

• For all � 2 Tri.G/, we have M ".�; �/ D I2r .

Recall now that as part of the data of a garden � , we have a base point, which
lives in one of the triangles �� 2 Tri.G/. Hence, for each � 2 Tri.G/, we may define

M ";�.�/ WDM ".�� ; �/ 2 GL2r.F/:

Consider the 2r � r matrix
�
I
0

�
. The product M ";�.�/ �

�
I
0

�
is the 2r � r matrix

consisting of the first r columns of M ";�.�/. Suppose that �1 and �2 are two tri-
angles sharing an edge along a thread of the graph. Then, we have that, for some
H 2 GLr.F/,

M ";�.�2/ �

 
I

0

!
DM ";�.�1/ �M

".�1; �2/ �

 
I

0

!

DM ";�.�1/ �

 
I H

0 I

!
�

 
I

0

!
DM ";�.�1/ �

 
I

0

!
:

Therefore, for each f 2 F , we obtain a canonical 2r � r matrix M ";�.f / given as

M ";�.f / WDM ";�.�/ �

 
I

0

!
for any triangle � 2 Tri.G/ contained in f . In fact, this matrix is of rank r , on account
of the fact that the columns of M ";�.�/ are linearly independent, a fortiori the first r
columns are linearly independent. Taking the span of the columns of M ";�.f / yields
an element �";�.f / 2 Gr.r; 2r IF/.

Similarly, suppose that �1; �2 2 Tri.G/ are two triangles sharing an edge which
is also an edge of the graph. Let us write f1; f2 2 F for the two faces containing �1
and �2, respectively. Then, we have that there are some ƒ;ƒ0 2 GLr.F/ such that

M ";�.f2/ DM
";�.�2/ �

 
I

0

!
DM ";�.�1/ �M

".�1; �2/ �

 
I

0

!

DM ";�.�1/ �

 
0 ƒ0

ƒ 0

!
�

 
I

0

!
DM ";�.�1/ �

 
0

ƒ

!

DM ";�.�1/ �

 
0

I

!
�ƒ:
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Notice that M ";�.�1/ �
�
0
I

�
consists of the last r column vectors of M ";�.�1/, which

are linearly independent with span transverse to the span of the first r columns, i.e.,
�";�.f1/. Multiplying by ƒ on the right does not change the span. Therefore, we see
that �";�.f1/ and �";�.f2/ are transverse.

Let us be explicit about what our construction has given. In the first step of the
construction, we had a morphism

M�
WRepr.. zB

C

G ;
z@BC

G;�/IF/! .GL2r.F//Tri.G/:

For each element of GL2r.F/, we then multiply on the right by
�
I
0

�
to obtain, for each

� 2 Tri.G/, an element of MatrkDr
2r�r.F/, by which we mean a 2r � r matrix of rank r ,

yielding the composition

Repr. zB
C

G ;
z@BC

G;� IF/
M�

��! .GL2r.F//Tri.G/
�

�
I
0

�
���! .MatrkDr

2r�r.F//
Tri.G/:

The image of this composition has the property that it lands inside of .MatrkDr
2r�r.F//

F�

.MatrkDr
2r�r.F//

Tri.G/, those elements for which all triangles in the same face have the
same matrix. Taking the span of the column vectors yields a map

spanWMatrkDr2r�r.F/! Gr.r; 2r IF/;

which we may now apply to each face to yield a morphism

SpanW .MatrkDr2r�r.F//
F
! .Gr.r; 2r IF//F :

If we trace this through, starting at a representation, we end up with an element of
Colr.GIF/.

Summarizing, we have therefore constructed a map

z‰G;� WRepr. zB
C

G ;
z@BC

G;�/! Colr.GIF/

given by
z‰G;�."/ WD .�

";�.f //f 2F

which fits into the following diagram, where the dashed arrows indicate that these
exist (and are obviously uniquely determined):

.GL2r.F//Tri.G/
�

�
I
0

�
// .MatrkDr2r�r.F//

Tri.G/

Repr. zB
C

G ;
z@BC

G;� IF/
//

z‰G;�

11

M�

OO

.MatrkDr2r�r.F//
F

?�

OO

Span
// .Gr.r; 2r IF//F

Colr.GIF/
?�

OO
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Let us trace the conjugation action of GLr.F/ on Repr. zB
C

G ;
z@BC

G;� IF/ through this
diagram. Suppose that g 2 GLr.F/. Then, by a simple computation,

.g � "/…

 
1 H

0 1

!
D

 
g 0

0 g

! 
1 "….H/

0 1

! 
g�1 0

0 g�1

!
and

.g � "/…

 
0 �

�x��1 0

!
D

 
g 0

0 g

! 
0 "….�/

�"….x�/
�1 0

! 
g�1 0

0 g�1

!
:

We find, therefore, that since our mapM� was given as a composition of these matri-
ces, that

M g �";�.�/ D

 
g 0

0 g

!
M ";�.�/

 
g�1 0

0 g�1

!
:

In other words,M� intertwines the GLr.F/ action on representations with simultane-
ous conjugation by the matrix

�
g 0
0 g

�
. Multiplying by the matrix

�
I
0

�
on the right, we

see that the unlabeled dotted map in the previous diagram intertwines the GLr.F/-
conjugation on representations with the action of GLr.F/ on .MatrkDr2r�r.F//

F given
by simultaneous action on each component by

g �M D

 
g 0

0 g

!
�M � g�1

for M 2 MatrkDr2r�r.F/. Finally, applying Span, we find that the multiplication by g�1

on the right in the above expression does not change the span, and we are hence left
with the fact that z‰G;� intertwines the conjugation action of GLr.F/ with the action
of PGL2r.F/ on Colr.GIF/ via the map from GLr.F/ to PGL2r.F/ given by

g 7!

"
g 0

0 g

#
:

In conclusion, because z‰G;� has this compatibility between the conjugation action
on representations by elements of GLr.F/ and the action on colorings by elements of
PGL2r.F/, it descends to the corresponding moduli spaces as

‰G;� WM
Rep
r . zBCG ;

z@BC

G;� IF/!MCol
r .GIF/:

7.2. Functoriality for the representations-to-colors map

Notice that the maps �
�
I
0

�
and Span both intertwine a natural simultaneous left action

of GL2r.F/which reduces to the desired PGL2r.F/-action on Colorr.GIF/. We wish
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to intertwine the functoriality properties for the dg-algebra . zBCG ; z@
BC

G;�/ appearing in
Theorem 5.1 with the PGL2r.F/-action on Colorr.GIF/.

Suppose that � 2 H .G/ D .Z2/E � FgC2 � .Z2 � Z3/, and let � and � 0 be two
gardens with � 0 D � � � . Then, we have maps

ˆ�
0

� .�/W .
zBCG ;
z@BC

G;�/! . zBCG ;
z@BC

G;�0/;

inducing pullbacks

.ˆ�
0

� .�//
�
WRepr. zB

C

G ;
z@BC

G;�0 IF/! Repr. zB
C

G ;
z@BC

G;� IF/:

The following proposition yields the desired functoriality for the maps ‰G;� .

Proposition 7.1. For each �; � 0; � as above, we have

‰G;�0 D ‰G;� ı .ˆ
�0

� .�//
�:

Proof. Let us be more explicit about what we wish to prove. Suppose that we are
given

" 2 Repr. zB
C

G ;
z@BC

G;�0 IF/:

Then, we have ´
M�0."/ 2 .GL2r.F//Tri.G/

M�..ˆ�
0

� .�//
�"/ 2 .GL2r.F//Tri.G/

:

It suffices to find an element Z�
0

� .�; "/ 2 GL2r.F/ such that

Z�
0

� .�; "/ �M
�..ˆ�

0

� .�//
�"/ DM�0."/;

since then we see that

z‰G;�0."/ D ŒZ
�0

� .�; "/� �
z‰G;�0..ˆ

�0

� .�//
�"/;

where ŒZ�
0

� .�; "/� is the image of Z�
0

� .�; "/ under the projection

GL2r.F/! PGL2r.F/:

Recall thatˆ�
0

� .
/ arises via a composition of three types of behavior: orientation
changes, changing the tines (move V), and moving the base point (moves VI–VII). It
suffices, therefore, to study each type of behavior, since we may simply compose the
various Z�

0

� .�; "/ under compositions. Let us check each of these individually.

• Orientation changes: we have already seen how orientation changes affect the
elements H.�/ (the proof of Lemma 5.2) and �e;o (by definition); it follows that
we may take each

Z�
0

� .�; "/ D I

for any " when � 2 .Z2/E .
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• Tine changes (move V): Tine changes only affect the differentials of the generators
of degree 2 and hence do not affect the representations at all. Again, we may take

Z�
0

� .�; "/ D I

in this setting as well.

• Moving the base point (moves VI–VII): move VI or VII simply moves the base
point through a tine or thread. In particular, it follows that we may take

Z�
0

� .�; "/ WDM
".��0 ; ��/ DM

ˆ�".��0 ; ��/;

where the two matrices on the right are the same because the representations "
and ˆ�" take the same values on elements of the coefficient ring because ˆ pre-
serves the degree 1 generators (i.e., the maps "… and .ˆ�"/… are the same, as ring
homomorphisms from ZŒ…� to Matr�r.F/).

Given a tree T , we have a projection �T W . zBCG ; z@
BC

G;�/! .BCG;T ; @
BC

G;�;T / inducing
pullbacks

.�T /
�
WRepr.B

C

G;T ; @
BC

G;�;T IF/! Repr. zB
C

G ;
z@BC

G;� IF/

and
.�T /

�
WMRep

r .BCG;T ; @
BC

G;�;T IF/!MRep
r . zBCG ;

z@BC

G;� IF/:

In particular, we obtain the maps

z‰G;�;T WD z‰G;� ı .�T /
�

and
‰G;�;T WD ‰G;� ı .�T /

�;

the latter of which is the one occurring in Theorem 1.12.
Recall that if we wish to change the tree, then we have dg-isomorphisms

ˆT
0

T .
/W .B
C

G;T ; @
BC

G;�;T /! .BCG;T 0 ; @
BC

G;�;T 0/:

We will prove functoriality with respect to these transformations, which will easily
allow us to project to the version in which we have included the tree.

Lemma 7.2. For any fixed garden � onG and any homotopy class of path 
 from �T
to �T 0 in ƒG , we have

. ẑT
0

T .
//
�
WRepr. zB

C

G ;
z@BC

G;� IF/! Repr. zB
C

G ;
z@BC

G;� IF/

being just the identity.
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Proof. Recall that ẑT
0

T .
/ acts on degree 0 generators as zCT
0

T .
/, given by

. zCT
0

T .
//.�e;o/ D ˇ
T 0

T .f; 
;C/ � �e;o � ˇ
T 0

T .g; 
;�/
�1:

Recall further that the words ˇ were associated to certain loops of paths on ƒG . In
particular, the terms ˇ appear as the diagonal terms in the matrix of words for these
loops. Upon applying any representation ", we find that "….ˇ/ D I . It follows now
that if " 2 Repr. zB

C

G ;
z@BC

G;� IF/ and �e;o 2 …, then

"….�e;o/ D "….. zC
T 0

T .
//.�e;o//:

Hence, " D . ẑT
0

T .
//
�".

Corollary 7.3. For any of the dg-isomorphisms ˆ�
0;T 0

�;T .�; 
/, we have

‰G;�;T ı .ˆ
�0;T 0

�;T .�; 
//� D ‰G;�0;T 0 :

Proof. We have proved that ‰G;� commutes with orientation changes and moves
V–VII, as well as the morphisms ẑT

0

T .
/. Every ˆ�
0;T 0

�;T .�; 
/ descends from a com-

position of these simple changes; i.e., ˆ�
0;T 0

�;T .�; 
/ fits into a diagram of the form

. zBCG ;
z@BC

G;�/
ẑ�0;T 0

�;T
.�;
/

//

�T

��

. zBCG ;
z@BC

G;�0/

�T 0

��

.BCG;T ; @
BC

G;�;T /
ˆ

�0;T 0

�;T
.�
/

// .BCG;T 0 ; @
BC

G;�0;T 0/

with the property that ‰G;� ı . ẑ
�0;T 0

�;T .�; 
//� D ‰G;�0 . In a similar manner as in the
composition property of Lemma 3.2, the desired equation is induced from this one.

7.3. The colors-to-representations map

In this final subsection, we prove the following proposition, which is enough to prove
our desired theorem.

Proposition 7.4. The maps

‰G;�;T WM
Rep
r .BCG;T ; @

BC

G;�;T IF/!MCol
r .GIF/

are bijections for each choice of � and T .

Proof of Theorem 1.12 (assuming Proposition 7.4). By Proposition 7.4, we have that
the maps‰G;�;T are bijections. They were proved to satisfy the functoriality property
in Corollary 7.3.
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In the rest of this subsection, we prove Proposition 7.4, essentially by constructing
inverse maps. Although we wish to find an inverse to ‰G;�;T , we will work with
representations instead of moduli of representations, until we need to.

To begin, we wish to understand which elements of .GL2r.F//Tri.G/ belong in
the image of M� . Instead of attacking this directly, note that we may encode more
information in the construction of M� as follows. For any given representation " 2
Repr. zB

C

G ;
z@BC

G;� IF/, we may choose to encode

"….H.�f .v/// 2 GLr.F/

for each thread �f .v/, as well as "….�e;o/ 2 GLr.F/ for each generator �e;o 2 …
corresponding to some oriented edge .e; o/ 2 zE. In other words, we have a modified
morphism

zM�
WRepr. zB

C

G ;
z@BC

G;� IF/! .GL2r.F//Tri.G/
� .GLr.F//Thr.G/

� .GLr.F//
zE ;

where we have denoted by Thr.G/ the collection of threads. We may write this map
in terms of the three factors on the right as

zM�
D .M� ;H� ; ƒ�/;

where M� is the map described previously, and

H�."; �/ WD "….H.�//; ƒ�."; �e;o/ WD "….�e;o/

for all � 2 Thr.G/ and .e; o/ 2 zE, respectively.

Lemma 7.5. The map zM� is injective.

Proof. We have that ƒ�."/ is precisely encoding the images "….�e;o/. But since the
various �e;o generate …, and " is only non-trivial on elements of …, we have that
ƒ�."/ alone is enough to recover ".

An element in the image of zM� satisfies a number of properties which are clear
by construction:

• Base-point fixing: if �� 2 Tri.G/ is the triangle containing the base point of the
garden M�.��/ D I (by which we mean this is the case for every ").

• Edge relation: for every edge e, if o is the orientation of e occurring in � , and
�1; �2 are the adjacent triangles to the left and right of the edge, respectively, then

M�.�2/ DM
�.�1/

 
0 ƒ�.�e;o/

�1

�ƒ�.�e; No/ 0

!
(again for every ").
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• Thread relation: for every thread � , with its canonical orientation from center to
vertex, if �1 and �2 are the triangles on the left and right of the thread, respectively,
then

M�.�2/ DM
�.�1/

 
I H�.�/

0 I

!
(for every ").

• Compatibility: for every vertex v 2 V and every thread � terminating at v, let e1,
e2, and e3 be the edges around E appearing counter-clockwise around v starting
at the face containing � , and let o1, o2, and o3 be the outward orientations. Then,

H�.�/ D .�1/rvƒ�.�e1;o1
/�1ƒ�.�e2;o2

/ƒ�.��1e3;o3
/:

In fact, the compatibility condition is extraneous, as the following lemma demon-
strates.

Lemma 7.6. Suppose that we have a vertex v 2 V . Suppose that for each of the six
triangles around the vertex, each incident thread, and each incident edge with orien-
tation, we have associated an element of GL2r.F/, GLr.F/, and GLr.F/, with the
property that these associated elements satisfy the edge and thread relations around
each incident thread and edge. Then, the compatibility condition is automatically sat-
isfied.

Proof. For simplicity, we assume that all of the edges are oriented inwards in �;
we may change the orientation of an edge by negating the two elements of GLr.F/
associated to that edge. Then, just as in the proof of Lemma 5.11, we have that for � a
triangle adjacent to the vertex such that the counter-clockwise loop around v traverses
the threads and edges �1, e1, �2, e2, �3, e3, in that order, we find

M.�/ DM.�/ �Z;

where, lettingHj 2 GLr.F/ be the component corresponding to �j andƒj 2 GLr.F/
be the component corresponding to ej inwardly oriented,

Z WD

 
1 H1

0 1

! 
0 �ƒ�11
xƒ1 0

! 
1 H2

0 1

! 
0 ƒ�12
�xƒ2 0

! 
1 H3

0 1

! 
0 �ƒ�13
xƒ3 0

!
:

Since M�.�/ 2 GL2r.F/ is invertible, it follows that

Z D I:

Multiplying out and looking at the bottom right r � r matrix yields

I D xƒ1H2 xƒ2ƒ
�1
3 ;
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and hence,
H2 D xƒ

�1
1 ƒ3

xƒ2;

which is one of the compatibility relations. The others follow by symmetry.

Let

Vr.G; �IF/ � .GL2r.F//Tri.G/
� .GLr.F//Thr.G/

� .GLr.F//
zE

be the subset satisfying these relations simultaneously. As the lemma indicates, since
the compatibility relation is extraneous, we will henceforth ignore it.

Proposition 7.7. The image of zM� is Vr.G; �IF/. Hence, there is an induced bijec-
tion

Repr. zB
C

G ;
z@BC

G;� IF/ Š Vr.G; �IF/:

Proof. As just described, the image clearly lands in this subset. Conversely, if we have
an element of this subset, then we may simply read off the representation " from ƒ� .
It suffices to check that

P
H�.�/D 0, where the sum is over threads around a center,

but this is clear by using the thread relation around this center, and noting that for
H1; : : : ;Hm 2 GLr.F/, we have 

I H1

0 I

!
� � �

 
I Hm

0 I

!
D

 
I

Pm
jD1Hm

0 I

!
:

The last sentence follows because we have already proved that zM� is injective.

Now, let us include the tree into the story. Notice that elements in the image of
zM� ı .�T /

� have the following further property:

• Tree triviality: if e 2 E n T , then ƒ�.�e;o/ D I for either orientation o of e.

Let Vr.G; �; T I F/ � Vr.G; �I F/ be the further subset of elements with the tree
triviality property. We have

Vr.G; �; T IF/ � .GL2r.F//Tri.G/
� .GLr.F//Thr.G/

� .GLr.F//
zT

� .GL2r.F//Tri.G/
� .GLr.F//Thr.G/

� .GLr.F//
zE ;

where the second inclusion is given by setting each coordinate of .GLr.F//eEnT to the
identity matrix I 2 GLr.F/.

Proposition 7.8. The image of zM� ı .�T /
� is Vr.G; �; T I F/. Hence, there is an

induced bijection

Repr.B
C

G;T ; @
BC

G;�;T IF/ Š Vr.G; �; T IF/:



K. Sackel 336

Proof. The proof is essentially identical, noting that the only requirement of including
the tree is that the edges not in the tree are sent to the identity. The last sentence
follows because both .�T /� and zM� are injective, and hence, their composition is
injective.

Our description of Vr.G; �; T I F/ is a seemingly extraneous construction, in the
sense that the coordinates H and ƒ are simply disregarded in the map M� ; we are

interested in M� instead of eM� after all. Our goal is to show that Vr.G; �; T I F/ is
itself naturally in bijective correspondence with the image ofM� ı .�T /

�. To do this,
we will essentially remove the tree and thread coordinates one by one. Suppose that

• T 0 a subtree of T (possibly including T 0 D ;),

• Y � Thr.G/ a subset of threads.

Let us consider the set

Vr.G; �; T
0
� T; Y IF/ � .GL2r.F//Tri.G/

� .GLr.F//Y � .GLr.F//
eT nT 0

satisfying essentially the same properties as before wherever they can, but where the
edge and thread relations are replaced with the following weaker version:

• Edge* relation: we require the old edge relation to hold for edges inE n T 0 (as we
do not have access to edge data for elements in T 0). For edges in T 0 with adjacent
triangles �1 and �2, we require the weaker condition that the span of the first r
columns of M�.�1/ be equal to the span of the last r columns of M�.�2/ and
vice versa. Equivalently, there exist elements ƒ1; ƒ2 2 GLr.F/ such that

M�.�2/ D

 
0 ƒ�11

�ƒ2 0

!
M�.�1/:

• Thread* relation: we require the old thread relation for elements of Y . For threads
� in Thr.G/ n Y , we require the weaker condition that there exists H 2 GLr.F/
such that, for the triangles �1 and �2 neighboring � , we have

M�.�2/ D

 
I H

0 I

!
M�.�1/:

That is, instead of requiring that the data of the values of H and ƒ be encoded, we
require that, locally, such values exist (we do not require uniqueness; the point is
essentially that uniqueness is automatic). Notice that when T 0 D ; and Y D Thr.G/,
we have

Vr.G; �; T IF/ D Vr.G; �;; � T;Thr.G/IF/:

We prove now that we may increase T 0 or decrease Y at will and still end up with an
isomorphic set under the corresponding projection.
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Lemma 7.9. Suppose that T 0, T 00 are two subtrees of T with T 0 � T 00, and suppose
that Y 00 � Y 0 � Thr.G/. Consider the projection

.GL2r.F//Tri.G/ � .GLr.F//Y
0

� .GLr.F//
eT nT 0

…
��

.GL2r.F//Tri.G/ � .GLr.F//Y
00

� .GLr.F//
eT nT 00 :

Then, it induces a bijection of subsets

Vr.G; �; T
0
� T; Y 0IF/ Š Vr.G; �; T

00
� T; Y 00IF/:

Proof. It is clear that an element of Vr.G; �; T 0 � T; Y I F/ lands in Vr.G; �; T 00 �
T; Y 00I F/, since we simply require weaker relations to hold. We prove that this is
a bijection by constructing an inverse. It suffices to fill in the data on Y 0 n Y 00 and
T 00 n T 0 so that the edge and thread relations hold. But notice that, by the edge* and
thread* relations, we have that there exist choices which make the edge and thread
relation holds on the nose. It suffices to check that they are unique.

For the case of edges, notice that we have 
0 ƒ�11
�ƒ2 0

!
DM.�2/ �M.�1/

�1;

soƒ1 andƒ2 are obviously determined by the values ofM.�1/ andM.�2/. The same
reasoning works for the threads.

In particular, we have that

Repr.B
C

G;T ; @
BC

G;�;T IF/ Š Vr.G; �; T IF/

Š Vr.G; �;; � T;Thr.G//

Š Vr.G; �; T � T;;IF/:

But this last set, Vr.G; �; T � T; ;I F/, is just the image of M� ı .�T /
�, simply

because Vr.G; �; T IF/ was the image of eM� ı .�T /
�, and the bijection between the

two is just the projection down to .GLr.F//Tri.G/, the same projection which when

composed with eM� yields M� .
Finally, we are in a position to build an inverse map to ‰G;�;T . Instead of con-

structing the inverse with image in Repr.B
C

G;T ; @
BC

G;�;T IF/, we will instead construct
it to have image in our convenient model Vr.G; �; T � T;;IF/, where we only need
to check the edge* and thread* relations.

By the functoriality of Corollary 7.3, we may assume that the triangle �� con-
taining the base point is adjacent to the vertex �T . The reason we do this is that



K. Sackel 338

z‰G;�;T ."/ 2 Colr.G; F/ always has that for the three faces around �T given as f�
(containing �� ), f 0� , and f 00� , we always have that

z‰G;�;T ."; f�/ D Span

 
I

0

!
;

z‰G;�;T ."; f
0
�/ D Span

 
0

I

!
;

z‰G;�;T ."; f
00
� / D Span

 
I

I

!
:

This is simply because, in our construction of M� , we could have taken all of our
paths to be located in a small disk around the vertex, so this is a local computation.

Suppose that we are given an element � 2MCol
r .GIF/. Let us choose a represen-

tative z� 2 Colr.GIF/ � .Gr.r; 2r IF//F , by which we mean that � is the equivalence
class of z� under the PGL2r.F/ action such that the following conditions are satisfied:

z�.f�/ D Span

 
I

0

!
;

z�.f 0�/ D Span

 
0

I

!
;

z�.f 00� / D Span

 
I

I

!
:

Notice that such z� exists, because the three faces involved are pairwise adjacent to
each other, and any three pairs of transverse Grassmannian r-planes in F2r may be
arranged in this way by the action of GL2r.F/. Note also that the elements of GL2r.F/
which fix these three planes are of the form

�
g 0
0 g

�
for g 2 GLr.F/. We see that our

choice of z� is therefore well defined up to action by GLr.F/ on Colr.F/; we recall
that z‰G;�;T intertwined the conjugation action on representations with this action on
colorings, which is a good sign that we have picked the right gauge fixing condition.

Suppose now that we have a curve 
 W Œ0; 1�! S2 satisfying the following proper-
ties:

• 
.0/ is the base point of � .

• 
.1/ is located in the interior of a triangle.

• 
 intersects none of the edges of the tree T , nor the vertex �T , nor any of the
centers of the garden.

• 
 is otherwise transverse to the edges (of E n T ) and threads that it crosses, say,
at a finite set of times 0 < t1 < � � � < tn < 1.
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Associated to 
 and z� is a locally constant function

‚.
; z�/W Œ0; 1� n ¹t1; : : : ; tnº ! GL2r.F/

determined by first setting ‚.
; z�/.0/ D I and providing the following rules for how
this function changes as we pass through ti as follows:

• ‚.
; z�/.0/ D I is the identity matrix.

• If 
 crosses through an edge at time ti , then, for 0 < " < max.ti � ti�1; tiC1 � ti /,
we have

‚.
; z�/.ti C "/ D ˙‚.
; z�/.ti � "/ �

 
0 I

�I 0

!
;

where the sign is determined by whether 
 crosses through the edge positively or
negatively.

• If 
 crosses through a thread at time ti from �1 to �2, then similarly

‚.
; z�/.ti C "/ D ˙‚.
; z�/.ti � "/ �

 
I H

0 I

!
;

where H is the unique element of GLr.F/ such that the resulting product

‚.
; z�/.ti � "/ �

 
I H

0 I

!
has that the span of the last r columns is the element of z� attached to the face
adjacent to �2.

Notice that it is easy to check inductively that, for all t ¤ ti , we have that if 
.t/ 2
� � f , with f 0 the face opposite � via an edge, then the span of the first r columns of
‚.
; z�/.t/ is given by z�.f /, whereas the span of the last r columns is z�.f 0/. Indeed,
this is certainly true for t D 0 and remains true when we pass through an edge since
we essentially swap the first and last r columns up to a sign, and also remains true
when we pass through a thread by the very definition of how ‚�.
; z�/ changes.

Lemma 7.10. Suppose that �
 is the triangle containing 
.1/. We wish to claim that
if �
 D �
 0 , then

‚.
; z�/.1/ D ‚.
 0; z�/.1/:

Proof. Notice that S2 n T is topologically a disk, so 
 and 
 0 are homotopic, in fact
via a homotopy, so that the ending points remain in

�
 D �
 0 :

It follows that we may change 
 into 
 0 via a small handful of moves, each of which
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we check does not affect the resulting value of ‚.�; z�/.1/:

• We may isotope 
 in such a way that it still intersects the same threads and edges
in the same order. The resulting value clearly does not change.

• We may push 
 through a tangency with an edge or thread (as in moves I and II,
but where the tine is replaced by 
 ). When we go back and forth through an edge,
we see that we end up at the same place, because we multiply by 

0 ˙I

�I 0

!
�

 
0 �I

˙I 0

!
D I2r ;

where the signs exactly cancel because we traverse the edge with opposite orienta-
tions. On the other hand, suppose that we go back and forth through a thread, from
�1 to �2 back to �1. Let‚ be the matrix we have at the beginning, when we are in
�1. Then, we have that the matrix goes from‚ to‚ �

�
I H
0 I

�
to‚ �

�
I H
0 I

�
�
�
I H 0

0 I

�
for some uniquely determined H;H 0 2 GLr.F/. But these must satisfy that the
end result has that the last r columns spanning the face opposite �1 via an edge.
But inductively, ‚ already has this property, so by the uniqueness, we have that

H 0 D �H:

Hence, after going back and forth, we arrive back at ‚.

• We may push 
 through a center. As we go around the center, starting at some
triangle � and ending up back at �, because our curve goes through threads, if we
started at ‚, we accumulate a product

‚ �

 
I H1

0 I

!
� � �

 
I Hk
0 I

!
;

where k is the number of threads around the center, again with the property that
the last r columns must span the same as the last r columns of ‚. We see that

Hk D �H1 � � � �Hk�1

seems to work, and by the uniqueness, it suffices to check that this is indeed an
element of GLr.F/. But this is true because the last r columns of

‚ �

 
I H1

0 I

!
� � �

 
I Hk�1
0 I

!
span a subspace transverse to the span of the last r columns of ‚, by the fact that
the last r columns span the element of z� on the opposite face.
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• We may push 
 through the vertex �T (as in move III). But because everything
is uniquely determined as we go around �T , everything matches a standard local
model up to multiplication on the left by the original ‚.

Therefore, given z�, we obtain an element in ‚.z�/ 2 .GL2r.F//Tri.G/, taking the
value ‚.
; z�/.1/ on �
 for any path 
 from the base point to �
 . In fact, by construc-
tion, we have that‚.z�/ satisfies the edge* relations with respect to the full tree T and
the thread* relations with respect to the empty set of threads. That is, we have

‚.z�/ 2 Vr.G; �; T � T;;IF/:

Although z� was only determined from � up to the action of GLr.F/, this action
intertwined with the conjugation action on representations, or in turn the conjuga-
tion action on .GL2r.F//Tri.G/ by the corresponding element

�
g 0
0 g

�
. Hence, the map

z� 7! ‚.z�/ descends to a map

‚G;�;T WM
Col
r .GIF/! Vr.G; �; T � T;;IF/=GLr.F/ ŠMRep

r .BCG;T ; @
BC

G;�;T IF/:

If we follow ‚.z�/ back along the construction of ẑG;�;T , i.e., taking

Span

 
‚.z�/ �

 
I

0

!!
;

by construction, we simply arrive back at z�, which implies that

‰G;�;T ı‚G;�;T D 1:

Therefore,‰G;�;T is surjective. In fact, since‚.z�/was essentially determined unique-
ly by requiring that

• the edge* relations hold,

• the thread* relations hold, and

• z‰G;�;T .‚.z�// matches z� on the three faces around �T ,

we have that actually ‚.z�/ is the unique element of Vr.G; �; T � T;;IF/ such that

z‰G;�;T .‚.z�// D z�:

But the specific value of z� only depended up to the action of GLr.F/ (given �), and
hence, ‚.z�/ only varies by the action of GLr.F/ as we change our choice of z�. In
particular, if we have

‰G;�;T ."/ D �;

then that implies that
z‰G;�;T ."/ D z�
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Figure 18. The graph and garden for which the enlarged dg-algebra is computed in Appendix A.

for one of the lifts of �, and in turn by this uniqueness, we have

" D g �‚.z�/

for some g 2 GLr.F/. Hence, we have that ‰G;�;T is injective. The following proof
is a summary.

Proof of Proposition 7.4. We have proved that‰G;�;T is both injective and surjective,
which is what we needed to show.

Remark 7.11. We have done slightly better than to prove Proposition 7.4; we have
actually constructed an explicit inverse in the form of ‚G;�;T .

A. Computational example

We provide a sample computation of the enlarged dg-algebra . zBCG ; z@
BC

G;�/ for the
specific pair .G; �/ of Figure 18 (with g D 1). We note that, with commutative coef-
ficients, this computation was performed by Casals and Murphy [3, Section 5], so the
reader is invited to compare our computation to theirs.

In the figure, the tines are labeled 
j for j D 0; 1; 2; 3. We will write fj for the
generator corresponding to the center through which 
j passes. We have also labeled
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the edges and oriented all edges ek for k D 1; : : : ; 6. We will use the generators Ak
and Bk as in Figure 4.

The differentials of the faces are as follows:

z@f0 D B
�1
1 A3B

�1
4 � A

�1
6 B2A

�1
1 C A

�1
4 B5B

�1
6 ;

z@f1 D B
�1
3 A4B

�1
1 � A

�1
1 B6A

�1
2 � B

�1
2 A5A

�1
3 ;

z@f2 D �B
�1
5 B3B

�1
2 � A

�1
2 B1A

�1
6 C B

�1
6 B4A

�1
5 ;

z@f3 D B
�1
4 A1B

�1
3 � A

�1
3 A2B

�1
5 C A

�1
5 A6A

�1
4 :

Meanwhile, we may write  
z@z z@w

z@y z@x

!
D

3X
jD0

W.
j /;

where we compute each W.
j / by breaking each tine 
j into elementary pieces in
which it either crosses and edge, thread, or face:

W.
0/ D

 
0 f0

0 0

!
;

W.
1/ D

 
1 A�14 B5B

�1
6

0 1

! 
0 A�16

�B6 0

! 
1 A�12 B1A

�1
6

0 1

!

�

 
0 A�12

�B2 0

! 
0 f1

0 0

! 
0 A�11

�B1 0

! 
1 B�13 A4B

�1
1

0 1

!
;

W.
2/ D

 
1 A�14 B5B

�1
6

0 1

! 
0 A�16

�B6 0

! 
0 f2

0 0

! 
0 A�12

�B2 0

!

�

 
1 �B�12 A5A

�1
3

0 1

! 
1 B�13 A4B

�1
1

0 1

! 
0 A�11

�B1 0

! 
1 B�11 A3B

�1
4

0 1

!
;

W.
3/ D

 
1 A�14 B5B

�1
6

0 1

! 
0 A�16

�B6 0

! 
1 B�16 B4A

�1
5

0 1

! 
0 �B�15

A5 0

!

�

 
0 f3

0 0

! 
0 A�13

�B3 0

! 
1 B�13 A4B

�1
1

0 1

!

�

 
0 A�11

�B1 0

! 
1 B�11 A3B

�1
4

0 1

!
:
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One may multiply these out and use the relations between geometric elements to
simplify. For example, the expression for W.
3/ simplifies to

W.
3/ D

 
0 0

�B4f3A4 0

!
:

This was expected by Lemma 4.8, since we may homotope 
3 relative to its endpoints
at infinity and without passing through other faces so that it crosses e4, then crosses
f3, then crosses e4 again. We see that f3 only appears in the differential of the gener-
ator y, and not in the differential of the generators w, x, and z. As a sanity check, this
matches with the Casals–Murphy computation in the commutative coefficient setting:
only the differential of y has an f3 term.
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