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Corrigendum to “Fine multibubble analysis in the
higher-dimensional Brezis–Nirenberg problem”

Tobias König and Paul Laurain

Abstract. In this corrigendum, we correct an inaccuracy in the proofs of Propositions 2.5 and 2.6
in Ann. Inst. H. Poincaré C Anal. Non Linéaire 41, 1239–1287 (2024). Indeed, to obtain the refined
error terms qi;" and pi;" we subtract only a radial term in Ann. Inst. H. Poincaré C Anal. Non
Linéaire 41, 1239–1287 (2024), but in fact to ensure the desired properties of qi;" and pi;" one needs
to subtract the whole Hessian. This change does not affect the main result of Ann. Inst. H. Poincaré
C Anal. Non Linéaire 41, 1239–1287 (2024), Theorem 1.1, up to the expression of the refined local
asymptotics which must include all second derivatives. Moreover, the mentioned refinement can be
accommodated in a natural way into the existing proofs of Proposition 2.5 and 2.6 given in Ann.
Inst. H. Poincaré C Anal. Non Linéaire 41, 1239–1287 (2024).

1. Statement of the main theorem

In Theorem 1.1, only (i) has to be changed. For multiindices ˛ 2N2
0 , we consider functions

W˛ which satisfy

��W˛ �N.N C 2/B
4

N�2W˛ D f˛ on RN ; W˛.x/ D
1

˛Š
x˛ C o.jxj2/; (1.1)

with

f˛ D

´
0 if x˛ D xjxk for some j ¤ k;

�B if x˛ D x2j for some j :

We construct these functions in Lemma A.3 below. The only change in our main theorem
is the following:

(i) Refined local asymptotics: For any i D 1; : : : ; n, denote Bi;"´ B�i;";xi;" and

Wi;".x/´ �2i;"

X
˛2NN

0 Wj˛jD2

W˛

�x � xi;"
�i;"

�
@˛.u" � Bi;"/.xi;"/: (1.2)

Then for ı > 0 small enough, and every � 2 .2; 3/,

j.u" � Bi;" �Wi;"/.x/j .
�
"�
�N2 C4��
" C �

N�2
2

"

�
jx � xi;"j

�

for all x 2 B.xi;"; ı/.
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We also make more precise the following remark.

Remarks 1.1. (a) In order to keep the statement of our theorem reasonable, in the refined
local asymptotics, we just give the expansion up to the first term after the bubble. But, in
fact we can go further, as shown by Proposition 2.6. More precisely, our technique, which
consists in subtracting recursively a suitable solution of the inhomogeneous linearized
equation, can give bounds on remainder terms q.l/i;" of arbitrary order l 2N0. Let us sketch

the general framework. Indeed, set q.0/i;" D u" � Bi;" and define recursively

W
.lC1/
i;" ´

X
˛2NN

0 Wj˛jDlC2

W .lC1/
˛

�x � xi;"
�i;"

�
@˛.q

.l/
i;" .xi;"//;

where W .lC1/
˛ is a solution to

.�� �N.N C 2/B
4

N�2 /W .lC1/
˛ D f˛.x;W

.1/; : : : ; W .l// on RN

with
W .lC1/
˛ .x/ D

1

˛Š
x˛ C o.jxjlC2/ as x ! 0:

Here, the inhomogeneities f˛ are determined recursively from the equation satisfied by
the remainder term. Then by carrying out the technique used in Section 2, the remainder
terms

q
.l/
i;" D u � Bi;" �

lX
kD1

W
.k/
i;"

can be expected to satisfy the estimate

jqi;".x/j .
�
"�
�N2 C3Cl��
" C �

N�2
2

"

�
jx � xi;"j

�

for all x 2 B.xi;"; ı/ and � 2 .l C 1; l C 2/. We carry this program out rigorously for
l D 1; 2 in this paper; see Propositions 2.5 and 2.6.

2. Modification of the proofs of Propositions 2.5 and 2.6

We modify the definitions of qi;" and ri;" as follows. We set

ri;"´ ui;" � Bi;"

and then
qi;"´ ri;" �Wi;"

and
pi;"´ qi;" � �Wi;"
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on bi;". Here,Wi;" is the function defined in (1.2). Similarly, the term �Wi;" is defined to be

�Wi;"´ �3i;"

X
˛2NN

0 Wj˛jD3

�W˛�x � xi;"
�i;"

�
@˛.qi;"/.xi;"/;

for functions �W˛ satisfying, for every multiindex ˛ 2 NN
0 with j˛j D 3,

���W˛ �N.N C 2/B 4
N�2 �W˛ D f˛ on RN ;�W˛.x/ D 1

˛Š
x˛ C o.jxj3/ as x ! 0;

(2.1)

with

f˛ D

´
0 if x˛ D xjxkxl for some j ¤ k ¤ l ¤ j ;

�Bxl if x˛ D x2j xl for some j , l :

We construct the functions Wjkl in Lemma A.4 below.
Notice that the correction terms Wi;" and �Wi;" are chosen to ensure that

@˛qi;".xi;"/ D 0 for all ˛ 2 NN
0 with j˛j � 2 (2.2)

and
@˛pi;".xi;"/ D 0 for all ˛ 2 NN

0 with j˛j � 3: (2.3)

2.1. The bound on qi;"

The statement of Proposition 2.5 is unchanged; only the proof needs some adjustments.

Proof of Proposition 2.5. Let Qi;".x/ ´
qi;".x/

jx�xi;"j�
, fix a point zi;" with Qi;".zi;"/ �

1
2
kQi;"kL1.bi;"/ and let di;" ´ jxi;" � zi;"j. (Notice that, by (2.2) and Taylor’s theorem,

we have kQi;"kL1.bi;"/ <1.)
When di;" & 1, we have

Qi;".x/ .
qi;".zi;"/

d �i;"
. jBi;".zi;"/j C

ˇ̌̌
"�
�N2 C3

i;" W
�zi;" � xi;"

�i;"

�ˇ̌̌
. �

N�2
2

" C "�
�N2 C3
" . �

N�2
2

" ;

where we used Lemma 2.3 and the fact that W is bounded by Lemma A.1. So it remains
to treat the case di;" D o.1/ in the following.

In the following, let us assume N � 6. Then NC2
N�2

� 2. Using the definition of the W˛
in (1.1) and of Wi;" in (1.2), we find

��Wi;" �N.N C 2/B
4

N�2

i;" Wi;" D �
N�2
2

i;" Bi;".�u" ��Bi;"/.xi;"/

D ��
N�2
2

i;" Bi;""V .xi;"/u.xi;"/ D �"V .xi;"/Bi;":
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With this, the equation satisfied by qi;" can be written as

��qi;" �N.N C 2/B
4

N�2

i;" qi;" D "Bi;".V .xi;"/ � V.x// � "V ri;" CO.r
NC2
N�2

i;" /; on bi;":

When N D 4; 5, and hence NC2
N�2

> 2, the last term need to be replaced by O.r2i;"B
6�N
N�2

i;" /.
The rest of the proof is verbatim the same.

2.2. The bound on pi;"

The statement of Proposition 2.6 is unchanged; only the proof needs some adjustments.

Proof of Proposition 2.6. The proof works exactly the same as that of Propositions 2.4
and 2.5. There is only one subtlety we point out, the rest is exactly the same. Let
Pi;".x/ ´

pi;".x/

jx�xi;"j�
, fix a point zi;" with Pi;".zi;"/ �

1
2
kPi;"kL1.bi;"/ and let di;" ´

jxi;" � zi;"j. (Notice that, by (2.3) and Taylor’s theorem, we have kPi;"kL1.bi;"/ <1.)
The rest of the proof is verbatim the same.

3. The main expansions

The statements of Propositions 3.1 and 3.2 are the same; only the proofs require some
adjustments.

Proof of Proposition 3.1. The proof is verbatim the same up to the treatment of the second
term of (3.6).

We now treat the second main term of (3.6), namely

N.N C 2/

Z
bi;"
B

4
N�2

i;" Wi;"
1

!N�1.N � 2/jx � xi;"jN�2
dx:

Recall thatWi;".x/D �2i;"
P
j˛jD2 c˛;"W˛.

x�xi;"
�i;"

/ with c˛;" D @˛.u" �Bi;"/.xi;"/. Now if
x˛ D xjxk for some j ¤ k, thenW˛.x/D f .x/Y2.x=jxj/ for some spherical harmonic Y2
of degree 2; see Lemma A.3. Hence its integral over the ball bi;" against the radial function
jx � xi;"j

�NC2B
4

N�2

i;" vanishes. Thus only the terms with x˛ D x2j remain. In that case,
W˛.x/ D f .x/Y2.x=jxj/ C W.x/, where W.x/ D W.jxj/ is the function from Lemma
A.1. Again, the term f .x/Y2.x=jxj/ integrates to zero against jx � xi;"j�NC2B

4
N�2

i;" .
Hence it remains to integrate against jx � xi;"j�NC2B

4
N�2

i;" the term

�2i;"

X
j

@jj .u" � Bi;"/.xi;"/W
�x � xi;"

�i;"

�
D �2i;"W

�x � xi;"
�i;"

�
�.u" � Bi;"/.xi;"/

D "V .xi;"/�
2
i;"W

�x � xi;"
�i;"

�
:
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We obtain, using that N.N C 2/B
4

N�2W D ��W C B ,

N.N C 2/

Z
bi;"
B

4
N�2

i;" Wi;"
1

!N�1.N � 2/jx � xi;"jN�2
dx

D "V .xi;"/N.N C 2/�
2
i;"

Z
bi;"
B

4
N�2

i;" W
�x � xi;"

�i;"

� 1

!N�1.N � 2/jx � xi;"jN�2
dx

D "�
�N2 C3

i;" V.xi;"/

Z
B.0;ı0�

�1
i;" /

.��W /
1

!N�1.N � 2/jzjN�2
dz

C "�
�N2 C3

i;" V.xi;"/

Z
B.0;ı0�

�1
i;" /

B
1

!N�1.N � 2/jzjN�2
dz C o."�

�N2 C3
" /:

Then the proof goes on verbatim up to the following:
For the next term, by Proposition 2.4 and straightforward estimates, we obtainZ

bi;"
B

4
N�2

i;" jri;"jH.�; xi;"/ dx . "�
�N2 C5
" C �

NC2
2

" D o."�
�N2 C3
" /CO.�

NC2
2

" /:

And verbatim up to the end.

Proof of Proposition 3.2. The proof is verbatim the same up to the following:
To treat the singular term, write u" D Bi;" C ri;" D Bi;" C Wi;" C qi;" and expand

u
NC2
N�2
" in (3.8). By antisymmetry, the term involving B

NC2
N�2

i;" vanishes. Moreover, sinceWi;"

only contains spherical harmonics of degrees 0 and 2, the term B
4

N�2

i;" Wi;" also vanishes
when integrated against x�xi;"

jx�xi;"jN
(which is a radial function times a spherical harmonic of

degree 1).
Then the same up to the following:
We now discuss the main contribution from qi;", namely the term

N.N C 2/

!N�1

Z
bi;"
B

4
N�2

i;"
�Wi;" .x � xi;"/l
jx � xi;"jN

dx:

Recall that �Wi;".x/D �3i;"Pj˛jD3 c˛;" �W˛.x�xi;"�i;"
/with c˛;" D @˛.qi;"/.xi;"/. Now if x˛ D

xjxkxl for some j ¤ k ¤ l ¤ j , then �W˛.x/ D f .x/Y3.x=jxj/ for some spherical
harmonic Y3 of degree 2; see Lemma A.4. Hence its integral over the ball bi;" against
jx � xi;"j

�NB
4

N�2

i;" .x � xi;"/l (which is a radial function times a spherical harmonic of
degree 1) vanishes. Thus only the terms with x˛ D x2j xk remain. In that case, �W˛.x/ D
f .jxj/Ye.x=jxj/ C �W .x/ xk

jxj
, where �W .x/ D �W .jxj/ is the function from Lemma A.2.

Again, the term f .jxj/Y3.x=jxj/ integrates to zero against jx � xi;"j�NB
4

N�2

i;" .x � xi;"/l .
Moreover, also the term �W .x/ xk

jxj
integrates to zero unless k D l . In summary, it remains
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to integrate against jx � xi;"j�NB
4

N�2

i;" .x � xi;"/l the term

�3i;"

X
j

@jjl .qi;"/.xi;"/�W �x � xi;"
�i;"

� .x � xi;"/l
jx � xi;"j

D �3i;"
�W �x � xi;"

�i;"

� .x � xi;"/l
jx � xi;"j

@l�.qi;"/.xi;"/

D �
�N2 C4

i;"
�W �x � xi;"

�i;"

� .x � xi;"/l
jx � xi;"j

"@lV.xi;"/:

In conclusion, we can write

N.N C 2/

!N�1

Z
bi;"
B

4
N�2

i;"
�Wi;" .x � xi;"/l
jx � xi;"jN

dx

D
N.N C 2/

!N�1
"�
�N2 C4

i;" @lV.xi;"/

Z
bi;"
B

4
N�2

i;"
�W �x � xi;"

�i;"

� .x � xi;"/
2
l

jx � xi;"jNC1
dx

D
N.N C 2/

!N�1
"�
�N2 C3

i;" @lV.xi;"/

Z
B.0;R"/

B
4

N�2 .z/�W .z/ z2
l

jzjNC1
dz;

with R" D ı0�
�1
i;" . Now we use the equation ���W � N.N C 2/B 4

N�2 �W D �Bjzj for�W . This gives

N.N C 2/

!N�1

Z
bi;"
B

4
N�2

i;"
�Wi;" .x � xi;"/l
jx � xi;"jN

dx

D
1

!N�1
"�
�N2 C3

i;" @lV.xi;"/

�Z
B.0;R"/

.���W /.z/ z2
l

jzjNC1
dz C

Z
B.0;R"/

B.z/
z2
l

jzjN
dz
�
:

The second summand cancels precisely with the term (3.9) from the left-hand side pointed
out above. And it goes verbatim the same up to the end.

A. Some computations

With respect to the initial paper, Lemmas A.1 and A.2 are just made more precise with
(A.4) and (A.5). Then Lemmas A.3 and A.4 are new and dedicated to the construction of
the functions Wjk and Wjkl .

In the following we denote

v.r/ D
1 � r2

.1C r2/N=2
; Qv.r/ D

r

.1C r2/N=2
: (A.1)

These functions are chosen such that

@�B.x/ D cv.jxj/; @xiB.x/ D Qc Qv.jxj/
xi

jxj
;
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for some constants c, Qc. In particular, v and Qv are solutions to the homogeneous ODEs

�v00 �
N � 1

r
v0 �N.N C 2/B

4
N�2 v D 0 on .0;1/ (A.2)

and
�Qv00 �

N � 1

r
Qv0 C

N � 1

r2
Qv �N.N C 2/B

4
N�2 Qv D 0 on .0;1/; (A.3)

respectively. In the following lemmas, we study the asymptotic properties at 0 and1 of
solutions to inhomogeneous versions of (A.2) and (A.3). These will be crucial for handling
the refined terms qi;" and pi;" in the main part of our argument.

Lemma A.1. For v as in (A.1), let W be given by

W.r/ D v.r/

Z r

0

1

sN�1v.s/2

�Z s

0

B.t/tN�1v.t/ dt
�

ds: (A.4)

Then W solves

�W 00 �
N � 1

r
W 0 �N.N C 2/B

4
N�2W D �B on .0;1/:

Moreover,
W.r/

r2
!

1

2N
as r ! 0:

As r !1,

W.r/ D

8̂̂<̂
:̂

�.N
2
/�.N�4

2
/

.N � 2/�.N � 1/
C o.1/ if N � 5;

1

2
ln r C o.ln r/ if N D 4;

and

W 0.r/ D

´
o.r�1/ if N � 5;

o.r�1 ln r/ if N D 4:

Proof. It can be checked by a direct computation that W satisfies the claimed equation.
The expression for (A.4) can be derived using the method of variation of constants, which
is already carried out in the proof of [2, Lemma A.1]. The estimates at1 are verbatim the
same, and the claimed asymptotic behavior as r ! 0 can be read off directly from (A.4),
using that B.r/! 1 and v.r/! 1 as r ! 0.

A very similar argument, whose details we omit, yields the asymptotics of the ODE
solution governing the correction term �Wi;".
Lemma A.2. For Qv as in (A.1), let �W be given by

�W .r/ D Qv.r/ Z r

0

1

sN�1 Qv.s/2

�Z s

0

B.t/tN Qv.t/ dt
�

ds: (A.5)
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Then �W solves

��W 00 � N � 1
r

�W 0 C N � 1

r2
�W �N.N C 2/B 4

N�2 �W D �B.r/r on .0;1/:

Moreover, �W .r/
r3
!

1

2.N C 2/
as r ! 0

and, when N � 5,
lim
r!1

�W .r/r�1 D lim
r!1

�W 0.r/ D aN

N
;

with

aN D
N

4

�.N
2
/�.N�4

2
/

�.N � 1/
:

Using the inhomogeneous solutions W and �W , we can now construct the functions
Wjk and Wjkl from (1.1) and (2.1).

Lemma A.3. For multiindices ˛ 2 NN
0 , we consider functions W˛ which satisfy

��W˛ �N.N C 2/B
4

N�2W˛ D f˛ on RN ; W˛.x/ D
1

˛Š
x˛ C o.jxj2/; (A.6)

with

f˛ D

´
0 if x˛ D xjxk for some j ¤ k;

�B if x˛ D x2j for some j :

Proof. If x˛ D xjxk with j ¤ k, we make the ansatz W˛ D f .jxj/Yjk.x=jxj/, with
Yjk.!/ D !j!k for ! 2 SN�1. Observing that Yjk is a spherical harmonic of degree
2, W˛ solves the equation in (A.6) if and only if f solves the ODE

�f 00.r/�
N � 1

r
f 0.r/C

2N

r2
f .r/CN.N C 2/f .r/B

4
N�2 .r/ D 0 on .0;1/: (A.7)

By the proof of [1, Proposition A.1], there is a solution to (A.7) which satisfies f .r/ � r2

for r 2 .0;1/. Up to replacing f by a suitable scalar multiple, we may thus assume that
limr!0 f .r/r

�2 D 1. It follows that

W˛.x/ D f .jxj/Yjk.x=jxj/ D f .jxj/jxj
�2xjxk D .1C o.1//xjxk D

1

˛Š
x˛ C o.jxj2/:

If on the other hand x˛ D x2j , we set

W˛.x/ D f .jxj/Yj .x=jxj/CW.jxj/;

where Yj .!/ D 1
2
!2j �

1
2N

, f is a solution to (A.7) with limr!0 f .r/r
�2 D 1 and W is

the function from Lemma A.1. Observing that Yj is a spherical harmonic of degree 2,Wjj
satisfies the equation in (A.6). Moreover,

Wjj .x/D f .jxj/
�1
2

x2j

jxj2
�

1

2N

�
CW.jxj/D

1

˛Š
x˛ C

�
W.jxj/�

1

2N
f .jxj/

�
C o.jxj2/:
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By Lemma A.1, we have W.jxj/ � 1
2N
f .jxj/ D W.jxj/ � 1

2N
jxj2 D o.jxj2/, and the

proof is complete.

Lemma A.4. For every multiindex ˛ 2NN
0 with j˛j D 3, there are functions �W˛ satisfying

���W˛ �N.N C 2/B 4
N�2 �W˛ D f˛ on RN ;�W˛.x/ D 1

˛Š
x˛ C o.jxj3/ as x ! 0;

(A.8)

with

f˛ D

´
0 if x˛ D xjxkxl for some j ¤ k ¤ l ¤ j ;

�Bxl if x˛ D x2j xl for some j , l :

The proof is similar to the previous one. However, in the case x˛ D x2j xl , the needed
decomposition is a bit more subtle, so let us give full details also here.

Proof of Lemma A.4. If x˛ D xjxkxl with j ¤ k ¤ l ¤ j , we make the ansatz �W˛ D
f .jxj/Yjkl .x=jxj/, with Yjkl .!/D!j!k!l for ! 2 SN�1. Observing that Yjkl is a spher-
ical harmonic of degree 3,W˛ solves the equation in (A.6) if and only if f solves the ODE

�f 00.r/�
N � 1

r
f 0.r/C

2N

r2
f .r/CN.N C 2/f .r/B

4
N�2 .r/ D 0 on .0;1/: (A.9)

By the proof of [1, Proposition A.1], there is a solution to (A.7) which satisfies f .r/ � r3

for r 2 .0;1/. Up to replacing f by a suitable scalar multiple, we may thus assume that
limr!0 f .r/r

�3 D 1. It follows that

�W˛.x/D f .jxj/Yjkl .x=jxj/D f .jxj/jxj�3xjxk D .1C o.1//xjxkxl D 1

˛Š
x˛ C o.jxj3/:

If on the other hand x˛ D x2j xl , first assume that j ¤ l . Observing that x2j xl � x
2
i xl

is a homogeneous harmonic polynomial of degree 3 for every i … ¹j; lº, so isX
i…¹j;lº

.x2j xl � x
2
i xl /˙ x

2
j xl ˙ x

3
l D .N � 1/x

2
j xl � jxj

2xl C x
3
l :

Similarly, x3
l
� 3x2j xl for every j ¤ l is a homogeneous harmonic polynomial of degree

3, hence so is X
j¤l

x3l � 3x
2
j xl ˙ 3x

3
l D .N C 2/x

3
l � 3jxj

2xl :

Subtracting appropriate scalar multiples of the found expressions from each other, we
obtain that

zYjl .!/ D
1

2
!2j !l �

1

2.N C 2/
!l

is a spherical harmonic of degree 3.
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We now set �W˛.x/ D f .jxj/ zYjl .x=jxj/C �W .jxj/ xl
jxj
;

f is a solution to (A.9) with limr!0 f .r/r
�3D1 and �W is the function from Lemma A.2.

Then �W˛ satisfies the PDE in (A.8). Moreover,

�W˛.x/ D f .jxj/�1
2

x2j xl

jxj3
�

1

2.N C 2/

xl

jxj

�
C �W .jxj/ xl

jxj

D
f .jxj/

jxj3

� 1

2x2j xl
�

1

2.N C 2/
xl jxj

2
�
C
�W .jxj/
jxj3

xl jxj
2

D
1

2
x2j xl C o.jxj

3/ D
1

˛Š
x˛ C o.jxj3/:

Here we crucially used that
�W .r/
r3
!

1
2.NC2/

as r ! 0 by Lemma A.2.

Finally, if j D l , that is, if x˛ D x3j , we use instead of zYjl the function

zYj .!/ D
1

6
!3j �

1

2.N C 2/
w˛:

The rest of the argument is identical.
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