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Corrigendum to “Fine multibubble analysis in the
higher-dimensional Brezis—Nirenberg problem”

Tobias Konig and Paul Laurain

Abstract. In this corrigendum, we correct an inaccuracy in the proofs of Propositions 2.5 and 2.6
in Ann. Inst. H. Poincaré C Anal. Non Linéaire 41, 12391287 (2024). Indeed, to obtain the refined
error terms ¢; ¢ and p; o we subtract only a radial term in Ann. Inst. H. Poincaré C Anal. Non
Linéaire 41, 1239-1287 (2024), but in fact to ensure the desired properties of g; ¢ and p; . one needs
to subtract the whole Hessian. This change does not affect the main result of Ann. Inst. H. Poincaré
C Anal. Non Linéaire 41, 1239-1287 (2024), Theorem 1.1, up to the expression of the refined local
asymptotics which must include all second derivatives. Moreover, the mentioned refinement can be
accommodated in a natural way into the existing proofs of Proposition 2.5 and 2.6 given in Ann.
Inst. H. Poincaré C Anal. Non Linéaire 41, 1239-1287 (2024).

1. Statement of the main theorem

In Theorem 1.1, only (i) has to be changed. For multiindices o € N2, we consider functions
W, which satisfy

1
—AWy = N(N +2)B¥2 Wy = fo on RN, Wo(x) = —x*+o(lx). (L1
ol
with
£ = 0 if x* = x;jx; for some j # k,
¢ —B ifx* = x? for some ;.
We construct these functions in Lemma A.3 below. The only change in our main theorem
is the following:
(i) Refined local asymptotics: For any i = 1,...,n, denote B; . := By, x,;, and
X —Xx;
Wie) =2 D Wa(=—5)dale = Bid)xio).  (12)
aeNYja|=2 e

Then for § > 0 small enough, and every v € (2, 3),

N-—2

N4 N—2
(te = Bio = Wi) 1 S (et 2 ™7 4 e Yl = el
forall x € B(x;,,6).
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We also make more precise the following remark.

Remarks 1.1. (a) In order to keep the statement of our theorem reasonable, in the refined
local asymptotics, we just give the expansion up to the first term after the bubble. But, in
fact we can go further, as shown by Proposition 2.6. More precisely, our technique, which
consists in subtracting recursively a suitable solution of the inhomogeneous linearized

equation, can give bounds on remainder terms ql-(la) of arbitrary order | € Ny. Let us sketch
(0)

i,e

l X — X" ]
WD = ) Wofl+1)( - za)aa(qi(,e)(xi,g)),
1,€

aeNY:ja|=1+2

the general framework. Indeed, set ¢, = u, — B; . and define recursively

where W,X(IH) is a solution to
(A= NN +2)B¥ )W) = £, wO, .. . w®) onRY

with .
WD (x) = —'x“ +o(x|'*?) asx — 0.
al

Here, the inhomogeneities f, are determined recursively from the equation satisfied by
the remainder term. Then by carrying out the technique used in Section 2, the remainder
terms

I
0] (k)
qi,s =u- Bi=8 - Z VVi,a
k=1
can be expected to satisfy the estimate

— ¥ 434i- N2
|gi,e(xX)| < (SI’L&' 2 ' + e ? )|x _xi,5|v

for all x € B(x;¢,8) and v € (I + 1,/ 4 2). We carry this program out rigorously for
[ = 1,2 in this paper; see Propositions 2.5 and 2.6.

2. Modification of the proofs of Propositions 2.5 and 2.6

We modify the definitions of q; ¢ and r; ¢ as follows. We set
Tig = Uje— Bj,

and then
Jie ‘= Tig — I/Vi,es

and

Die ‘= qie— Wi
) ) )
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on b; . Here, W, . is the function defined in (1.2). Similarly, the term WG,E is defined to be

Weimmde 2 Wa( ) 0ulgie) (i),

aeNY ja|=3 e
for functions W satisfying, for every multiindex o € N(I)V with || = 3,

— AWy — N(N +2)B¥=2 W, = f, onRV,

~ 1 s (2.1)
Wy (x) = —‘x"‘ +o(]x]?) asx — 0,
a!
with
£ = 0 if x* = xjxgx; forsome j #k #I1 # j,
* —Bx; if x* = x7x; for some J, /.
We construct the functions Wjx; in Lemma A .4 below.
Notice that the correction terms W; . and W, . are chosen to ensure that
daqic(xie) =0 foralla € NY with |a| <2 (2.2)
and
OaPie(Xig) =0 foralla € Név with || < 3. 2.3)

2.1. The bound on g;

The statement of Proposition 2.5 is unchanged; only the proof needs some adjustments.

Proof of Proposition 2.5. Let Q; ¢(x) 1= e fy g point z; . with Q; o(z;¢) >

T Ix=xielV?

%H QiellLoe,,) and let d; ¢ := |xi e — zi¢|. (Notice that, by (2.2) and Taylor’s theorem,
we have [|Q; ellLoo(b;) < 00.)
When d; . 2 1, we have

Gi.c(Zie) 43 (Zie = Xi,
e L N [ T
di,s Mie
N2 _N_3 N—2
SHe? +eps S e’ s

where we used Lemma 2.3 and the fact that W is bounded by Lemma A.1. So it remains
to treat the case d; , = o(1) in the following.

In the following, let us assume N > 6. Then % < 2. Using the definition of the Wy
in (1.1) and of W, ¢ in (1.2), we find

_4 N2
_AI/Vi,e — N(N + Z)Bii];z VVi,a = /"Li,gz Bi,e(Aus - ABi,a)(xi,e)

N2
= —W; o BieeV(Xieu(xie) = —&V(Xie)Bie.
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With this, the equation satisfied by g; . can be written as

N+2

—Agi s — N(N + 2)B 2qie = eBic(V(xie) = V(X)) —Vrie + O(r?),  onbg.

6=N
When N = 4,5, and hence %4'; > 2, the last term need to be replaced by @ (rfs Bif*;‘z ).

The rest of the proof is verbatim the same. ]

2.2. The bound on p; .

The statement of Proposition 2.6 is unchanged, only the proof needs some adjustments.

Proof of Proposition 2.6. The proof works exactly the same as that of Propositions 2.4

and 2.5. There is only one subtlety we point out, the rest is exactly the same. Let
Pio(x) := |f’ ;(x)lv, fix a point z; o with P;.(z;¢) > 2||P, ellLo@;,) and let d; =

|xi,e — Zi,e|- (Notice that, by (2.3) and Taylor’s theorem, we have || P; e[| Loo ;) < 00.)

The rest of the proof is verbatim the same. ]

3. The main expansions

The statements of Propositions 3.1 and 3.2 are the same; only the proofs require some
adjustments.

Proof of Proposition 3.1. The proofis verbatim the same up to the treatment of the second
term of (3.6).
We now treat the second main term of (3.6), namely

4 1
N(N +2) / B Wi, dx.
bi,s

a)N_l(N — 2)|x — xi,€|N_2

Recall that W; ((x) = /Ll R Z\a| =2 Ca,sWa ( —*i, e) with cq e = 0o (Ue — Bi¢)(xi ). Now if
x% = x;xi for some j # k, then Wy (x) = f(x)Yz(x/|x |) for some spherical harmonic Y,
of degree 2; see Lemnma A.3. Hence its integral over the ball b; , against the radial function
|x — xi |V +23i? vanishes. Thus only the terms with x* = x} remain. In that case,
Wa(x) = f(x)Ya(x/|x]) + W(x), where W(x) = W(|x|) is the function from Lemma
A.l. Again, the term f(x)Y2(x/|x|) integrates to zero against |x — x; o[ NV T2BN 2.
Hence it remains to integrate against |x — x;.| "V +2 B2 the term

X — Xie 2 i€
) = (5

i,e e

/’Liz,s Z ajj (ue — Bi,e)(xi,e)W< )A(us — Bie)(Xie)
j

X — Xj
= sV(nuf W ().
1,&

s



Corrigendum to “Fine multibubble analysis in higher-dimensional BN” 753

We obtain, using that N(N + 2)B¥2W = —AW + B,

_4 1
N(N +2 BN2W; d
W+ )/t:,-,g be TP N1 (N = 2)|x — x|V 2 *
4 X — X; 1

— eV(xi ) NN + 2)u2 B.N*2W< "6) d
£ (-xl,é‘) ( + )Ml,s /t;’-’s i, l,Li’s Q)N_I(N — 2)|x — xi,€|N_2 X

_ﬂ+3 1

=ep; > Vixie) (—AW) dz

BO.Son;)) on-1(N =2)|z|N—2
1

B dz + 0(8u7%+3)
B  ON-1(N —2)|z|[N 72 ) '

—¥+3
+ el"l’i,gz V('xl,8)

Then the proof goes on verbatim up to the following:
For the next term, by Proposition 2.4 and straightforward estimates, we obtain

N+2

s Y+s5 Fi2 -¥43 NE2
/ B 2|rl£|H( xzs)dx<8,u£ +ue? =o(epe 2 )+ O(ue? ).
bi,a

And verbatim up to the end. ]

Proof of Proposition 3.2. The proof is verbatim the same up to the following:
To treat the singular term, write u; = B; ¢ + 1, = B; ¢ + W, + ¢; . and expand
N+2
N—2

+
ug ° in (3.8). By antisymmetry, the term involving B; N % vanishes. Moreover, since W; .

only contains spherical harmomcs of degrees 0 and 2, the term B, N > W; e also vanishes
when integrated against (which is a radial function times a spherlcal harmonic of
degree 1).

Then the same up to the following:

We now discuss the main contribution from ¢; ., namely the term

Ixx IN

N(N +2) B N (x = Xie)1

dx.
WN -1 bie |x—x,8|N

Recall that W ¢(x) = 3 6 X joj=3 Care Wa(%) with ¢y ¢ = 04(qi¢)(xie). Now if x¥ =

Xjxgx; for some j # k # 1 # j, then Wy (x) = f(x)Y3(x/|x|) for some spherical
harmonic Y3 of degree 2; see Lemma A.4. Hence its integral over the ball b; ; against
|x — Xxigl™ -N B >(x — Xj¢); (which is a radial function times a spherical harmonic of

degree 1) vamshes Thus only the terms with x* = x}xk remain. In that case, Wy (x) =
fxYe(x/]x|) + W(x) 47> Where I/IN/(x) = W(|x|) is the function from Lemma A.2.
Again, the term f(|x|)Y3(x/|x|) integrates to zero against |x — x; ¢~ NB (X — Xig)-

Moreover, also the term W(x)m integrates to zero unless k = [. In summary, it remains
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to integrate against |x — x; |V B (x — X; )1 the term

(x — xi,s)l
| — X e

~ /X — Xj
e D 057110 (ei) W (22 )
j Hie

~ (X — X\ (X — Xie)
= 1ud (20 ) 2 A i) (i)
Mi,e |x — xi,e|
“Npa—rx—Xie\(x —Xx;
S +“W( “6) O =X ().
Mie 7 |x —Xigl
In conclusion, we can write
N N 2 4 X — X;
( + ) B[_Ns,z VVi,a ( l,E)l dx
WN -1 bie |x — X; ¢

NN +2) ¥4 o
= ——¢u, IV (xi B'IHW(
on M, 1V( z,e) bie ie Wie |x - xi’€|N+1

N(N +2) _¥43 A 7
= —SIU,i 82 8] V(xl‘,g)/ BN—2 (Z)W(Z) ]\l/'_;,_] dZ’
wN-1 ’ B(O,Re) ||

dx

X = xi,s) (x— xi,s)lz

with R, = 8()“;81. Now we use the equation —AW — N(N + 2)BﬁV~V = —B|z| for
W . This gives

N(N +2 4o~ (X=X
( ) Bii\iiz I/I/i,g( — .l E)IV dx
WN-1 bi ¢ |x — Xj el
L e 243, )(/ (—AW)(z)—L_ i d+/ B()led)
= EW; 1 Vi(xi, z Z)— daz ).
on_1  ° "\ JBo.r,) |z INJrl B(0,R,) |z|¥

The second summand cancels precisely with the term (3.9) from the left-hand side pointed
out above. And it goes verbatim the same up to the end. ]

A. Some computations

With respect to the initial paper, Lemmas A.1 and A.2 are just made more precise with
(A.4) and (A.5). Then Lemmas A.3 and A.4 are new and dedicated to the construction of
the functions Wy and Wig,.

In the following we denote

1—r2 r

v(r) = W, '5(”) = W (Al)

These functions are chosen such that

IrAB(x) = cv(|x]), 9y B(x) = Eﬁ(m)%’
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for some constants ¢, ¢. In particular, v and v are solutions to the homogeneous ODEs

" v = N(N +2)B¥2y =0 on (0,00) (A2)
r

and

—1_ 4
>—U—N(N +2)B¥205 =0 on(0,00), (A.3)
7 r

respectively. In the following lemmas, we study the asymptotic properties at 0 and oo of
solutions to inhomogeneous versions of (A.2) and (A.3). These will be crucial for handling
the refined terms ¢; . and p; . in the main part of our argument.

Lemma A.1. Forv asin (A.1), let W be given by

r 1 S
Wi(r) = U(")/(; m(/(; B(l)lN_lv(t)dt) ds. (A4)

Then W solves

N -1
_w"— W/_N(N_i_z)BﬁW:—B on (0, 00).
r
Moreover,
W(r) 1
— — asr — 0.
r2 2N
AS r — oo,
(Y d=4
W(r) = (N-2)'(N -1
1
Elnr—i—o(lnr) ifN =4,
and
W'(r) = o™ IN =5
o(r~'Inr) ifN =4.

Proof. 1t can be checked by a direct computation that W satisfies the claimed equation.
The expression for (A.4) can be derived using the method of variation of constants, which
is already carried out in the proof of [2, Lemma A.1]. The estimates at co are verbatim the
same, and the claimed asymptotic behavior as r — 0 can be read off directly from (A.4),
using that B(r) — 1l and v(r) - l asr — 0. [

A very similar argument, whose details we omit, yields the asymptotics of the ODE
solution governing the correction term W, .

Lemma A.2. For v asin (A.1), let W be given by

~ r 1 K}
W(r) = ﬁ(r)/o m(/ﬂ B(t)th)(t)dt) ds. (A.5)
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Then W solves

N-lg N- 1

i

; = —B(r)r on(0,00).

Moreover, _
W (r) 1
—
r3 2(N +2)

asr — 0

and, when N > 5,
lim W(r)r~! = lim W (r) = —
r—00 r—00

with N N4

iy = NTEHTEED)

4 T(N-1)

Using the inhomogeneous solutions W and W, we can now construct the functions
Wik and Wiy from (1.1) and (2.1).

Lemma A.3. For multiindices a € N(I)V , we consider functions W, which satisfy

1
— AWy — N(N +2)B¥2W, = fy onRY, Wy(x) = it olxP). (A6

with
£ = 0 if X% = x;x for some j # k,
¢ —B ifx% = x}forsome j.
Proof. If x* = x;x; with j # k, we make the ansatz Wy = f(|x|)Y;x(x/|x]), with
Yir(w) = wjwi for w € SN¥—1. Observing that Y, is a spherical harmonic of degree
2, W, solves the equation in (A.6) if and only if f solves the ODE

—f"(r) - —f()+—f(r)+N(N+2)f(r)BN2(r)—0 on (0,00). (A.7)

By the proof of [1, Proposition A.1], there is a solution to (A.7) which satisfies f(r) ~ r?
for r € (0, 00). Up to replacing f by a suitable scalar multiple, we may thus assume that
lim, o f(r)r=2 = 1. It follows that

_ 1
Wa(x) = f(IxDYk(x/Ix]) = fUxD]x|xjxe = (1 + o(1)xjxx = Jxa + o(|x]?).
If on the other hand x%* = x}, we set

Wa(x) = f(IxDY; (x/[x]) + W(|x]).

where Y (w) = 2 / ﬁ, f is a solution to (A.7) with lim, ¢ f(r)r~2 = 1 and W is
the function from Lemma A.1. Observing that ¥; is a spherical harmonic of degree 2, W;
satisfies the equation in (A.6). Moreover,

1

X7 1 1
W50 = £ (5705 = 37) + WD = oo (W = 50 7(xD) + o0l
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By Lemma A.1, we have W(|x|) — ﬁf(|x|) = W(|x]) — ﬁ|x|2 = 0(]x|?), and the
proof is complete. ]

Lemma A.4. Forevery multiindex o € Név with || = 3, there are functions Wy, satisfying

—AWy — N(N +2)B¥2Wy = f onRY,
~ 1 R (A.8)
Wy (x) = —'x“ +o(|x|°) asx — 0,
o

with
P _{0 if x* = xjxpx] for some j #k #1 # j,
=

—Bx; ifx* = x}x; for some j, I.

The proof is similar to the previous one. However, in the case x* = xfxl, the needed
decomposition is a bit more subtle, so let us give full details also here.

Proof of Lemma A4. If x* = xjxgx; with j # k # [ # j, we make the ansatz W, =
FUxD)Y ki (x/]x]), with Yjgs () = 0jwgw; for @ € SV, Observing that Y is a spher-
ical harmonic of degree 3, W, solves the equation in (A.6) if and only if f solves the ODE
N -1 2N

—1"(1) = ——— () + =5 (1) + NN +2)f()BF2(r) =0 on (0.00). (A9)
By the proof of [1, Proposition A.1], there is a solution to (A.7) which satisfies f(r) ~ r3
for r € (0, 00). Up to replacing f by a suitable scalar multiple, we may thus assume that
lim, o f(r)r=3 = 1. It follows that

We () = f(Ix)Yra (x/1x]) = f(xDIx| 7 xx0 = (14 0(1D)x; xxx; = ixa +o(x]®).

If on the other hand x* = x]?xl, first assume that j # /. Observing that x]?xl —x7x;
is a homogeneous harmonic polynomial of degree 3 for every i ¢ {j,[}, sois

Z (x]le - xile) + xfx; + xl3 = (N — 1)x]2x1 — |x®x; + xl3.
ig{j.1}

Similarly, xl3 - 3x]2xl for every j # [ is a homogeneous harmonic polynomial of degree
3, hence so is

Zx; — 3xfxl + 3xl3 =(N+ 2)xl3 —3|x|%x;.

J#l
Subtracting appropriate scalar multiples of the found expressions from each other, we
obtain that

5 1

~ 1
Y. = 0l — ———
i1(w) 2a)] wj 2N Z)wl

is a spherical harmonic of degree 3.
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We now set

W) = f(D Ty c/xl) + W (e

f is a solution to (A.9) with lim, ¢ f(r)r~>=1and W is the function from Lemma A.2.
Then W, satisfies the PDE in (A.8). Moreover,

2xl 1 X] ~ X]
W) = £ (57 L)+ W ()=
¢ 2 |xP 2(N +2) Ix] |x|
f(lxl)( ! ! ?) ZACDI
= - X7|x + X7|x
<P \zzy 2 2 ) F
1 1
= 333+ o(lxl’) = —x* + o(|xP).
Here we crucially used that W(') B +2) asr — 0 by Lemma A.2.
Finally, if j = [, that is, 1f x% = x;’, we use instead of le the function
~ 1 1
Yi(@) = -0} — ————
](a)) 6w] 2(N+2)wa
The rest of the argument is identical. ]
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