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Asymptotic stability threshold of the 2D Couette flow
in a finite channel

Dongyi Wei and Zhifei Zhang

Abstract. In this paper we study the asymptotic stability threshold of the Couette flow for the 2D
Navier—Stokes equations in a finite channel 2 = T x [—1, 1] with Navier-slip boundary condition.
It was proved that if the initial velocity vo satisfies ||[vo — (¥, 0)||g4 < cv1/3 for some small ¢
independent of the viscosity coefficient v, then the solution of the 2D Navier—Stokes equations
rapidly converges to some shear flow close to Couette flow for ¢ > v~1/3_ Moreover, we prove
the optimal enhanced dissipation and inviscid damping estimates. To this end, we develop a new
approach that does not rely on the construction of the Fourier multiplier. Therefore, our approach
opens a way toward the asymptotic stability threshold problem for other laminar flows in a domain
with a physical boundary.

1. Introduction

In this paper we study non-linear stability of the Couette flow (y, 0) under the 2D Navier—
Stokes equations in a finite channel 2 = T x [—1, 1] with Navier-slip boundary condition:
d;v —vAv+v-Vv+ VP =0,
V.v=0, v2(t,x,£1) =0, 8yv1(t,x, +1) =1,
v(O,x, y) = UO(-x» y)s
where v(¢, x, y) = (v!, v?) is the velocity, P(t, x, y) is the pressure, and v is a small
viscosity coefficient.
Letu = v — (y, 0) be the perturbation of the velocity, which satisfies
0w —vAu + yoyu + w00 +u-Vu+VP =0,
Vou=0, u(t,x,£1) =0, dyu'(r,x,£1) =0,
u(0,x,y) =u®@(x,y).

Letw = ayul — 0,u? be the vorticity, which satisfies

d;w —vAw + yoyw +u-Vo =0, o, x,£1)=0. (1.1)
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The velocity u is represented in terms of w via the Biot—Savart law,
u=V=A)"o=(-d,,d)-A""o,

where (—A)~! is taken with homogeneous Dirichlet condition on y = 1.

In the case when v =0, Q2 = T x R, and the initial perturbation is in Gevrey class 2+,
Bedrossian and Masmoudi proved non-linear stability (inviscid damping) of the 2D Cou-
ette flow in a breakthrough work [8]; see the remarkable works [18,23] for general stable
monotone shear flows. In the case when v > 0 is small, we are concerned with the tran-
sition threshold problem, which was formulated by Bedrossian, Germain, and Masmoudi
[2] as follows:

Given a norm || - ||x, determine a f = B(X) so that

luollx < Re™ = stability,
luolx > Re™ = instability.

The exponent f is referred to as the transition threshold.
In the case when 2 = T x R, the following important results have been proved:

e if X is Gevrey class 2+, then 8 = 0 [9];

. . 1 .
» if X is Sobolev space, then 8 < 3 [10,21];

v 1 .
 if X is Sobolev space, then B < 3 [22,26];

+ if X is Gevrey class %, s €0, %], then B < % [19].

In a finite channel Q = T x [—1, 1], Chen, Li, Wei, and Zhang proved 8 < % for the
2D Navier—Stokes equations with non-slip boundary condition [12] in Sobolev spaces. In
a very recent work [7], the authors developed a new method to achieve the same threshold
for shear flows near Couette under Navier-slip boundary condition in Sobolev spaces. See
[13,15-17,27] for more related results. Due to the lift-up effect, the 3D transition threshold
problem is quite different and more difficult, see [1,3,4, 14,20,25] for example.

The goal of this paper is to find the asymptotic stability threshold 8 for the perturbation
in the Sobolev space. More precisely, we study the following question proposed in [22]:

Given anorm || - ||x (X C L?), find a B = B(X) as small as possible so that for the
initial vorticity 0@ |x < v# and fort > 0,

_eyl/3
log@lz2 < Ce™ o @|x  and lustlzz, = Cllo@|x.

where

P = fon) = 5 /T Feoyydx, Paf = fu=f—Pof.

We note that the first estimate corresponds to what is known as enhanced dissipation.
The time integrability implied by the second estimate is consistent with the expected 1/t
inviscid damping rate for Couette flow.
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To achieve the asymptotic stability threshold, the proof in [22,26] strongly relies on
the Fourier multiplier method, which is based on Fourier analysis. Thus, it seems difficult
to apply this method to the case with a physical boundary. To overcome this difficulty,
we develop an approach that does not rely on the Fourier multiplier to achieve the same
asymptotic stability threshold in a domain with a physical boundary.

Our main result is stated as follows.

Theorem 1.1. There exist €,€; € (0,1/4) such that for all 0 < v < 1, if the initial vorticity
0@ satisfies 0@ || g5 < €103, @@ (x, £1) = 0, then the solution w(t) of (1.1) with
initial data »'© is global in time and satisfies the following stability estimates:

_.1/3
loz(@®)llz < Ce™ " 0@ | g,
lure@llze < C(1+ 1)1 2@ s,
Let us give some remarks.

e According to the results in [22,26], the stability threshold g = % should be optimal for
perturbation in the Sobolev space. In very recent works [5, 6], the stability threshold
B = 0 was established for perturbations in the Gevrey class. Under a non-slip boundary
condition, recent work [11] indicates that the stability threshold § < 1/2 achieved in
[12] may be sharp for Sobolev perturbations.

«  For simplicity, we require @ e H3($), which should not be optimal according to
the result in [26], where ©® € H?(Q) is required.

«  We guess that similar results hold when the initial velocity is an o(v!/3) perturbation
of general stable monotone shear flows under the Euler equations. It has been proved
that this kind of shear flow is also linearly stable under the Navier—Stokes equations
even with non-slip boundary condition [13].

* Since our approach does not rely on constructing Fourier multipliers, it can be
extended to the asymptotic stability threshold problem for other laminar flows, such
as Poiseuille flow and Kolmogorov flow. For general flows, however, additional adap-
tations are required. These include deriving inviscid damping estimates for approx-
imate solutions — particularly in non-monotone cases; establishing energy estimates
over short timescales, and developing space-time estimates for the linearized Navier—
Stokes equations, which in turn demand resolvent estimates.

Throughout this paper, we denote by C a constant independent of v, ¢, which may be
different from line to line, and f < g stands for f < Cg for some absolute constant C.
We will fix the constant To = p-1/6,

2. Sketch of the proof

We may write the initial data in the form

0O (x,y) = Wa () + 0L (x,), Wi = Poo®.
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We define the heat extension with homogeneous Dirichlet boundary condition of W;, as
W(t.y) = "5 Wa().
Let U(¢, y) be the resulting shear flow given by the corresponding Biot—Savart law:
U, y) = y = 3y(=85) "' W, y).

Thanks to @ (x, £1) = 0 and Wy, = Pow'?, we have Wy, (£1) = 0 and PRW(,y) =
2

"B 2Wia(v). [ W(t, y)| < |9 Wil for j = 0.1,2. Thus, for > 0,
1U=ylcs = ||3y(—3§)_1W||c3 S IWllez < IWallez < 1Wallgs < lo@lgs. 2.1
U =12 + U ler + U |z S 1U = ylles S 0@ gs. (2.2)
Here U’ = 3,U,U" = 8§U, and U = 8;U.
We denote
wo(t,x,y) = w(t,x,y) = W(t,y), uw(t.x,y)=u(t x,y)— U y)-y,0).
Then we have

0 wob — VAwe, + Udxwop — U//ax¢ + Uop - Vb, = 0,

uob = (8_))5 _ax)¢’ ¢ = A_la)ob»

Wob(t, X, £1) =0, @ob|r=0 = w;é))-

Next we construct an approximate solution wy, of we,. A natural idea is to solve wy,
by the following linearized equation:

(0)

d;wp, —vAwp + Udywp =0, wp|i=0 = w, .

However, it is hard to give an explicit formula for the solution for the above equation.
Instead, we solve wy, by

;w1 — vtza)zca)L +Udywr =0, opl|t=0 = a);f). 2.3)

It turns out that wy, is also a good approximate solution from Proposition 2.1. Indeed, let
Erp = 0,01 —vAwr + Udywp,

and we write

oL(t.x.y)= Y wp.y)e*™, Erp(t.x.y)= Y Wilt.y)e™™ .
keZ\{0} kezZ\{0}

Then we have

R Wy = —v((9y —ikt)? — k2 + K22) (R wl) = —v(02 — 2iktd, — k?) (e wp),
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which along with Lemma 3.1 gives
IWe @)z < Co(1 +)l|@By, k)* (€ wi) ()] 2

<Cv(1+ e EL,

which implies || Erz (t)[|z2 < Cv(1 + £)e=2"*1 [0 ©]| 3.
It is easy to see that Powy, = 0 and wp, (¢, x, £1) = 0. Let

¢ =A"or, up = (3, —0x)Pr.
Now we denote
We = Wob — WL, Ue = Uob — UL, ¢Pe=¢ — L,
which solve

0twe —VAWe + Udxwe — U"0xpe + o - Vo + U, - Voo + Er =0,
Ue = (aya _ax)d)e, e = A_l(l)e’
a)e(t9x7:tl)=07 a)2|t=0=07

where
Er =FEry — U”ax(f)L +uy -Vor.

2.1. Proof of Theorem 1.1
The proof is based on the following two key propositions.

Proposition 2.1. It holds that for t > 0,

l8xwr (D)l + @y + 13)L (D)L < Ce™> 0@ s,

2 ()22 + @) — tu}) ()2 < CA+ 0722 0@ s,

(1 + OJud Ol + Ju Ol < €1+ 07 e 0@ s,

IEr ()2 < Co(1 + e o @5 + C(1+ )220 @2,,.

We denote
w,f(t,y) = % /T wr(t,x,y)e " dx,
wok(y) = % /T 0O (x, y)e ** dx fork € Z.
Then (2.3) is reduced to

8,w,f + vtzkzw,f + ikUw,f =0, w,f|,:0 = wox, kK #0, wOL =0.

505

2.4)

2.5)
(2.6)
2.7)
(2.8)
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The solution is given by

t
wh (1, y) = wo i (y)e KU1 EN=R/3 U1(LY)=/ U(s. y)ds.
0

By (2.1), we have
1U @) = tylles S tho@gs < v'r. 2.9)

Note that e~"**#*/3 contains the enhanced dissipation. Let ¢ solve
Ard =wi. ¢p(£1) =0, Ap =0 -k
Then we have

oL(t,x,y) = Y wi.y)e™ T, prx,y) = Y GL ).

keZ\{0} keZ\{o}

Thus, Proposition 2.1 reduces to the profile estimate of w,’; given in Lemma 3.1 and the
inviscid damping estimates of QSkL provided in Lemmas 3.4-3.6. Proposition 2.1 can then
be proven by summing over each Fourier mode. See Section 3 for details.

Proposition 2.2. There exist €,¢; € (0, 1/4) such that for all 0 < v < 1, if the initial
vorticity w© satisfies ||a)(°) g3 < elv1/3, a)(o)(x, +1) = 0, then fort > 0,

_.,1/3
| Prwe®)llz2 < Ce™ 0120
Let us complete the proof of Theorem 1.1 by admitting the above two propositions.

Proof of Theorem 1.1. By (2.6) in Proposition 2.1, we have

ez ()22 < bk @)z + (3 )22
< (L4 D)2 O2 + Gk — 1ud) (@) 2
<CU+0)e o ys.

By (2.5) in Proposition 2.1 and Pywr = 0, we have
loz 0)llz2 < [3xwL (022 < Clldsor @)L= < Ce™> 0@ | 4s.
By Proposition 2.2, we have
I1Pue®)z2 < CllPrwe(@)llz2 < Ce™ " w13 0@ 4.

Thanks to we(Z, x, y) = w(t, x, y) — W(t, y) and uu(t, x, y) = u(t, x, y) —
(U(t, y)—y,0), we have wx = Prwop, U+ = Pxuq,. Then we obtain

loz @)l = I1Prwo ()l < oL @)Lz + | Prwe(r)| L

< Ce 0@ s + Cem 0@ g5 = Cem o O s
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and
lust (Ollze = I Pruon@ll2 < ur @)l + [ Prue(®)]L
< CA+ D7 0O s + Ce 0O 4

<CU+0)"'e @2 0@ s,
This completes the proof of Theorem 1.1. ]
2.2. Proof of Proposition 2.2

The following proposition gives the uniform estimate of w, in a short timescale.

Proposition 2.3. If0 <1 < Ty = v='/5, then
lwe(®)llz2 < Cv30@]|gs.
Proof. AS wely=+1 =0,V -uy, =0, fQ(uob -Vwe)w, dx dy = 0, we get by (2.4) that

1d

5 g7 l@ellze + vlIVeelz. = / (U"dxpe — e - Voo — Erwe dx dy,
Q

which gives

d
E”we”U = ||U”ax¢e —ue-Vor — Er| 2
< N0x@ell21U" Lo + lluell 2 [IVoLllLe + [ ET]lL2.
Asu, = (dy, —0x)¢e and ¢ = A~ 'w,, we have |uel|z2 = [|[Voellr2 < Cllwellz2. Then

by Gronwall’s inequality and w,|;=¢ = 0, we get

loe)l> < exp(c /0 VoL@l + ||U”||Loo)ds) /0 NEF®lzds. @.10)
By (2.5) and (2.8) in Proposition 2.1 and (2.2), we have
IVorL(®)llze + Uz < C(1+ D)o@ gs < C(1 + 1w,
IEr@)z2 S v+ D)0z + (1 + 07203
Then (2.10) becomes
loe ()22 < Cexp(C(1+ 1> )W + [0 @z + [0 7).

~1/6then we obtain

In particular, if 0 <t < Ty =v
lwe®)llzz < CO* 0@ g3 + 0@ [1%3) < Cv3 0] gs.

This completes the proof. ]
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With the uniform estimates in a short timescale in hand, we only need to establish
the uniform estimates of the solution in a long timescale [Ty, T'] for every T > Ty. From
now on, all norms are taken over the interval [Ty, T'] unless stated otherwise, such as
| fllzarr = Il flLa(Ty, ;L2 (2))- The uniform estimate in a long timescale relies on the
space-time estimates of the following linearized system:

o f—vAf+Udrf =g, ft,x,£1)=0, forte[Tp, T].

We define the space-time norm || f'||x, = || f|lx, where

1/3
I£lx = I f lpeorz + 2V fllz2re + €€ P fll poor2
/ / _
F 0 2 VP, f o + e 10 VAT £l L2 pe
1/3 1/3
20 e 1oy fllpipe + 03 e Py fllpa.

Proposition 2.4. There exists 0 < € < 1/4 such that

1/3
Ifllx < CIA(To)llzz + Clle " gllpipa.

In Section 4, we will prove this proposition. The proof will use the hypocoercivity
method introduced in [24] and follow some ideas introduced in the recent work [7].

To apply Proposition 2.4 for f = w,, the main troublesome term is the reaction part
of ue - Vo, due to the polynomial growth of Ve, for r < v=1/3, Notice that

Ue - Voor + tugaxwL = uéaxwL + uﬁ(ay + t0y)wr,

which is smaller due to Proposition 2.1. This observation motivates us to introduce the
reaction part wy., which solves (for t > Tp)

3y Wre — VAW + Udywre — tu2dyop =0, wp(t,x,£1) =0, ow|=1, = 0.

By (2.5), we have ||0,wp ||zo < C|lw©@| g5 for t < v='/3. Thus, td,wy is uniformly
small with respect to v if and only if |w©@| s < ev!'/3
Otherwise, to relax the stability threshold, we must introduce the resonant toy model as in
[19] to control the energy cascade across different modes, albeit at the cost of requiring
Gevrey class regularity for the perturbations.

We have the following control for the reaction part w,., which will be proved in Sec-
tion 5.

, as shown in Proposition 2.5.

Proposition 2.5. It holds that
—1/3 1/3 2 0
loxellx S v e Vg L2p2ll0@ | .
Let wy = we — Wy, Which solves

0twx —VAWx + U0xws + g =0, w«(t,x,£1) =0, 0xl|i=1, = Welt=T,,
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where
g=-U"0x¢pe + uop, - Voo + uéaxa)L + ug(E)y + tdy)wr + Er.
For the source g, we have the following uniform estimate.
Proposition 2.6. It holds that

ev!/3¢

le” “gllpize S v wellz + 30|l 5.

Proof. We estimate each term of g in several steps.

Step 1. Estimate of U”0,¢e. As ¢, = A~ w,, we get by (2.2) that
1U"3xellz < 11U Lo l|0xellzz S 0@ g3l Preell 2.
which gives

1/3 1/3
e U dxdpellLirz < 0@ gslle” ™ Prwellpi 12

A

A

—1/3 0
V30 s |wex -

Step 2. Estimate of uldywr, +u2(dy +10x)wr. Asue = (dy,—03x)pe = (dy,—0x) A w,,
we get by (2.5) in Proposition 2.1 that

2@y + td)wrllze < U222 1@y + td00L e < loelzze 2 0@ gs,

lubdcorllze < lublilldzor e < loelize?" 0@ ys,
which gives

e (uldrwr + u2(y + td)wr) | L12
S loellerzle™ oo lo@la < v 205 e lx.
Step 3. Estimate of ugp - Vwe. As ue = ugp, — 1y, we have
Ugh * Ve = UL - Ve + Ue - V.
For the first term, we have
ur, - Vo, = uiaxwe + uiaywe.

By (2.7) in Proposition 2.1, we have

lupllzeore < To 0@ lgs = v ¢ 0@ gs,

e U 2o < 22y 0 @llas < Tg o @llgs = v 0@ | 4.
Then we infer that

evl/3t 2

1/3
vt xWellprp2+le urllzere|Voellz212

1/3
€V ta

A

lle up - Vorllpizz < lupllerlle

A

0 —1/2 —1/3 0
V0@ v 2 welx = v V3 0@ g3 | we l1x-
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For the second term, we have
Ue - Voo = Prue - Vo + Pouldyw,.
By Lemma A.1 and u, = (dy, —9x) A~ w,, we get

3/4 1/4 3/4 1/4
IPsuelzeo < 185 Prtte |25 Pertelllys < I9xuel25 Vel 5,

[ PotellLoe < [ Pottellr < llwellz2s
and then

1/3 1/3 3/4 1/3 1/4
e Prttellpazee S e Dxuel}5 2 1€ Ve 155 2

3/4, — —
< el 02 wellx) 4 = v V8 we|1x -
Thus, we obtain

1/3 1/3
e Prute - Ve prp2 < e Prte|l 200 [ Vel 212

A

V8w lx v 2 [ we |l

13 1/3
||e€v tPou;E)xweHLle < ||w€||L°°L2”e€v taxweuLle

A

—-1/2 2 -2/3 2
V12| we |3 < v we |}

This shows that )
1/3 —
e ue - Vol g1z < v |well%-

Step 4. Estimate of Er. By (2.8) in Proposition 2.1, we have

e " Er|i

A

A

1/3)),,(0 0)2 1/3)),,(0
20 g + 0@ 132 < v 210 s
Summing up, we arrive at

1/3 — —
le® gllzize vl s lwellx + 072 lwellF + v 0@ 5
S 10N + v lwellg + 0120 s
-2/3 2 /3 (0
SV well + v 0@ .
This completes the proof.
Now we are in a position to prove the key Proposition 2.2.

Proof of Proposition 2.2. As w«(Tp) = we(Tp), we get by Proposition 2.3 that

s (To) 22 = llwe(To) Iz < Cv/3 0@ 3.

510

_pl/3 —
[v(l1+1)e™ t||L‘(T0,T)||w(0)||H3 +[[(1+1) 2||L1(T0,T)||w(0)”§13
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Then by Proposition 2.4 and Proposition 2.6, we have
1/3 —2/3 2 1/3 0
lowlx S lox(To)llzz + e gl S v Pllwelz + vl | gs.

Asu? = -9, A" w,, we have

1/3 1/3 _

e Vulllpare = e 0x VA w1212 < |lwelx,

and then by Proposition 2.5,

_ 1/3 _

lowellx v 21 V2l 2 0@l gs S v lwellx 0@l 5.

Thus, we obtain (recall that wx = ®w, — Wre)

lwellx < lloxllx + lorellx < v 3 welld + 173 0@ g3 + 173 wellx 0@ g3

A

V23 wellg + v 3 0@ s + lo©@ 12

V2B wellg + v 30|l gs. 2.11)

A

Now we use a bootstrap argument. Firstly, we assume that ||w,||x, < gov?/? for some
small g9 determined later, which holds for some 7' > Ty by Proposition 2.3 (for €; small
enough). Then (2.11) implies that

lwellx, < Creollwelx + Crv? 0@ gs.
Taking g9 = (2C;)™!, we can conclude that
lwellx; <2Cv" 2 0@ g < 2C €03, (2.12)

Taking €; = £/ (4Cy), and using the continuity of ¢ > ||w,||x, we can conclude (2.12)
for T = +o00. Then the result follows from Proposition 2.3 and the definition of the X
norm. "

3. Inviscid damping estimates for the linear part

In this section we prove Proposition 2.1. Recall that

— _ 243
wE (. y) = wok (y)e KU NS
with U, satisfying (2.9).
Let I = [—1,1]and Ef = ||y, k)3 wo k|l 12y for k 0. Then

o@(x.y) = wor(e*. Y (EF? = Cllo®@]%.. 3.0)
keZ keZ\{0}

We denote by || - ||» the L?(2) norm or L? (1) norm, which is easy to distinguish
from the context. We use the L? inner product (f, g) = f_ll f(»)g(y)dy, and use ¥ =
A ' to denote the unique solution of Agy = w, ¥(£1) = 0, here Ay = 83 — k?, then

L _ A_l L
Vi e Wk
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Lemma 3.1. Fork € Z\{0},t >0, j =0,1,2,3, we have

1@y k) € wE) (D)l = Cle e 2 BL,
Fork e Z\{0},t >0, j =0,1,2, we have

1@y k) (€ wE) (1)L < Clk =3 20K EL.
Proof. Thanks to w,lg(t, y) = wo,k(y)e_ikUl(”y)_"kzt3/3, we have

—ik(Uy(t,y)—ty)—vk2t3/3 iy—vk2t3/3

ek, y) = wor ()e = wok(y)e

where y = —k(U1(t,y) — ty). By (2.9), we have |3§7/| < Cv'3kt|for j =0,1,2,3 and
then

|y ()] < 18yy] < Cv' k1],

195 < 18571 + 1,y 17 < Co'Plke] + COP k),

05| < (8571 + 318, 711957 ] + 13y ¥

< Cv' Pkt + COY3kt])? + COVP k1)),
which show that |97 (¢??)| < C(1 + v'/3|k¢|)/ for j = 0,1,2,3, and
|a)]/'(eiy—vk2t3/3)| < (1 + V1/3|kl|)je_vk2t3/3 < |k|j/3(1 + vk2t3)j/3e—vk2t3/3
< |k|j/3e—2(vk2)1/3t7

@y, k)7 (e 7K 5 [ 2RI,

Thus, we infer that for j =0, 1,2, 3,

18y, k)7 € wE) )l = 1@y, k) (wox (7)€" @)]| 2

J
< C Y 1@y o) wos (Dl 1@y k) 7 (VK3 oo
=0

J
< C Y Ikl Bk e
1=0
< Clk|[P 3720 gL,
For j =0, 1,2, we get by the Gagliardo—Nirenberg inequality that

13y, k)Y (™ wE) (D)l < Cll@y, k) THE® wE) )51 @By k) (F wh ) (0) )5

s 5 _ 2y1/3
< Clk|/m2e 20 P gL,

This completes the proof. ]
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Remark 3.2. The estimate [|(dy, k)’ (e"*Vtwk) ()| 2 < C|k|j_3e_”kz’3/3E,€‘ is obvi-
ous. This lemma shows that a similar bound holds with U; replaced by y¢. This ensures
that there is no need to make a coordinate transform as in [22].

The following lemma will be used in Section 5.

Lemma 3.3. It holds that
102wL (1) | Lo + Ll]9xwr ()]l < Cv™ V3™ 0@ | 4s.
Proof. Notice that for j = 1,2,

wLt.x.y)= Y wf.ye* . Hopt.x.y)= D (k) wk(t y)etr.
kezZ\{0} keZ\{0}

Then by Lemma 3.1, (3.1), and (vk2)1/3te_(”k2)1/3’ < 1, we have

t|102wL(t) L + tldxor@)lLe < Ct > (k> + kD™ wi) (@) |Le

keZ\{0}
<Ct Y |k[TREFT2OR <03 N kTR ERe R
kez\{0} kez\{0}
1/2 1/3 1/3
§Cv_1/3( Z (EkL)z) eVt < CvT B ’||a)(°)||H3.
keZ\{0}
This completes the proof. u

Lemma 3.4. Assume that k € Z\ {0}, t =0, o € H'(—=1,1), = —A'w. Then we
have
K210y, k)Y llz < €U+ 070y, k)™ o) 2.

Proof. Letwy = 0, + iktw. As ¥ = —A'w, we have
kt|(19y 91172 + K21 1172) = |kt ()| = |=i (Y, 01 — dyo)| = [(Y,01) + (3¢, )|

< IWllzzllerlizz + 10y ¥llzllwll 2
< C(k ¥ llze + 18y l2) (kI otz + @llz2).

from which, with e’¥¥? ¢, = dy (e*k¥ ), we infer that

k| (10, ¥ llz2 + kI 1¥]l22) < COk[ il + wllz2)
< Clk[M @By, k) (™ w)]| 2. (3.2)

On the other hand, using ||8yw||i2 + k2||1p||i2 = (¥, o) < V|2 ll@llL2, we have
19y lez + k¥ lle < Clkl ol L2 (3.3)

Then the lemma is a direct consequence of (3.2) and (3.3). ]
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Lemma 3.5. Assume thatk € Z\ {0}, t >0, w € H>(—=1,1), ¢ = —A,:la). Then we
have
k211 (By. )@y ¥ + ikt )2 < CA+ 1) 710y, k) (™ w)l| 2,
K[ [¥llz2 < CA+ )72 [[By. k)* (€ o) 2.
Proof. We define
w1 = 0o +ikto, Y1 =0y +ikty, Yo =-Alor, Y3 =yY1— Yo
Then —Axy = w, —Ar¥; = w1, and Ax Y3 = 0. By Lemma 3.4, we have
2@y, k)2 ll2 < C+ D70y k) w1) 2
= C(1+ )73y k)dy (™ w)] 2

< C(L+ 7@y, k) (€ 0) 2. (3:4)
To estimate 3, we introduce y; (y) = “‘lljl(ﬁr(l—z;k’)), which satisfies

(3 —kPy; =0, y;(j) =1, yi(—=j) =0 forj e {£1}.
Thus, we have
V3 = Y3(—=Dy-1 + ¥3(Dy1.
Thanks to |y;(j)| = |k coth(2k)| < C|k| for j € {£1}, we infer that for j = *1,
10y ¥ 172 + K2yl = —(v;. (03 = K)y) + iyl
= lyjvi (DI = ly;()] < Clkl, (3.5)
which gives
10y K) Y3l < [¥3(=DIII@y,k)y-1ll2 + [¥3(D(3y. k)y1llL2
1
< Clkl2(|¢3(=D| + [y3(D])
1
= Clk[2(|0y ¥ (=D + [9y ¥ (1)]). (3.6)
Here we used ¥3(j) = ¥1(j) = 9,y (j) for j = £1. Using the fact that
(. 71) = (0} = k). y1) = —(¥. (33 —k*)y1) — @y ¥y — ¥yDIL = =3, (1),
and ¢i* @, = dy (eiky’a)), we infer that for any ¢ > 0,
ktdyy (V)] = [kt {w.y1)| = [{@1 — dyo.y1)| = [(@1.71) + (0. 7)) — 0y BZL]
< lloilz2llyilize + ol lyilize + (1)
< Cllonllg2 k72 + Clloli2 k> + [l o] o
< Clk[™2 (o llz2 + [kl [@]lz2) + Cle™ ol P le™ o] 7

< Clk["2 |3y k) (¥ )| 2.
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On the other hand, we have
9w (D] = . y1)] < lllz2lilizz < Clolalk| =2
This shows that
|y (D] < ClkI2 (14 07 @y k) ) 2. (3.7
Similarly, we have
|y (=] = [{w. y-1)| < CIKI2(1+ 7@y k) (@ )| 2. (3.8)
It follows from (3.6), (3.8), and (3.7) that

1@y, K)¥sllz2 < CleI7H + )70y, k) (€™ ) | 12
< ClI2(1+ 07 @y, k)2 (™ w)]| 2,
which along with (3.4) and ¥3 = ¥; — ¥, implies
1@y, K)VillL2 < 1@y, K)2llz2 + 1@y, k)Wl 2
< ClkI72(1 + )@y, k)2 (e w)| 2.

This shows the first inequality by recalling v = 9, ¢ + ikt.
Using Lemma 3.4 and ¥ = 0,% + ikty, we have

kel le < 18y¥ iz + 1¥1llze < CIKIT A+ 071y, k) (@ w) 2,
which gives the second inequality (the case 0 < ¢ < 1 follows from Lemma 3.4). ]

Lemma 3.6. Assume thatk € Z\{0},1 >0, w € H3(=1,1), o(£1) =0, ¥ = —A; ',
Then we have

kI 13y ¥ + iktyllLe < C(L+0)72((@By, k) (€ o) 2.

Proof. Let wy, Y1, Y2, ¥3, and y; for j = %1 be defined as in the proof of Lemma 3.5.
Then (3.5) and (3.6) still hold.
By Lemma 3.5 and e’**w; = 9, (e'*?*w), we have
k[*[¥2llz2 < CA+ 0723y k)* (€ w1l 2
= C(L+1)72)1@By. k)*0y (" w) |2
< C(L+0)72[(@y. k)* (€™ )| 2. (3.9

By (3.5) and (8§ —k?)y; = 0 we deduce that 93 villze < C|k|m7% form € {0, 1,2},
J € {£1}. Then using the fact that (w, y1) = —0d,¥ (1), w(£1l) = 0, we infer that
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for any > 0,

Ikt 210,y (D] = [kt]*[{w. y1)] = [kt]*[(e® wyr, e )| = [(eF 0y, 82(e™))

— i(ai (eikytwyl)’ eikyt) _ e—ikyt ay (eikytwyl)P/_ll |

< 02 wyn) L1 + 10y (™ wy)l|Lee < 20102 wy1)| L1

2 2
< C Y 0™ )2 103 yill2 < C Y119 )| 2]k [P
Jj=0 j=0

< k"2 [|(By. k)2 (e ) 2.

Here we also used w(—1) = y;(—1) =0, 9, (eiky’a)yl)|y:_1 = 0. On the other hand, we
have [0,y (1)| = [{(w, y1)| < C||a)||Lz|k|_%. This shows that

3y ¥ (D] < ClKIT3 1+ D7 @y. k) € )] 2. (3.10)
Similarly, we have
B,y (=] = [{w. y-1)| < CIKI72(1+ 072y )2 w) | 2. (3.11)
It follows from (3.6), (3.10), and (3.11) that
1By, k) W3llLe < ClEI (1 + )72 @y, k) (€ w) | 2
< CIZ A+ 0721y k)P ) 2.
which along with (3.9) and ¥3 = ¥; — ¥, implies
Iillze < W2llzz + 1¥sllee < LI+ 072 1@y, k)% € o)l 2
This completes the proof by recalling ¥; = 0,y + iktyr. ]
Next we prove Proposition 2.1.
Proof of Proposition 2.1. The proof is split into several steps.

Step 1. Estimate of wy . Notice that

oL(t.x.y) =Y wit.y)e*,

kez\{0}
dewr(t.x.y) = Y ikwf(t.y)e'**,
keZ\{0}
0y +100)wL(t,x,y) = Y (3y +ikDwi (t, y)e™™
kezZ\{0}

— Z ay(eikytw]é)(t’y)eik(xfyt)'
keZ\{0}
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Then by Lemma 3.1 and (3.1), we get

19w (®)llze + @y + 19 )0 () e < C Y [y k) (™ W) ()| Lo
keZ\{0}

cC X RriapeRr
keZ\{0}

1/2
SC( > (E;f)z) e

keZ\{0}

< e 0 g,
which gives (2.5).

Step 2. Estimate of uz,. Notice that u;, = (dy, —0x)¢r = (u},u?), and

¢r= Y ot y)e*,

kez\{0}
5 L " (3.12)
up(t.x.y) = —0xgr =— Y ik$f(t, )™,
kez\{o}
(up —tuf)(t.x.y) = @y +1d)pr = D Oy +ik)pr(t.y)e’*™.  (3.13)
keZ\{0}
As ¢F = A 'wk, by Lemmas 3.5, 3.6, and 3.1, we have
k[*(1+ 02 (lik g Ol L2 + 1@y + ik)PE )12)
< Clk| @y, )™ wE) @)z + Cll(dy, k) wf) (@)l 2
< Ce 2R gL (3.14)
Then by (3.12), (3.13), (3.14), and (3.1), we get
lu 1172 + (g, — tud) (O3
<C Y (likgE O3z + 1@y +ikD)pE 0)72)
kez\{0}
<C Z (1 + t)—4e—4(vk2)1/3t(EI€)2 < C(] + t)—4e—4v1/3t||a)(0) ”%137
kezZ\{0}

which gives (2.6).
By Sobolev embedding and (3.14), we have
[WE @l = e® fFO)llLe < Cle™ ¢F Ol
< Cll@3y. K™ ¢F)D)llz2 = C Dy + ikt K)pE (1) 12
< C(1 + 1) 2|k e 20K P EL.
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Similarly, by Sobolev embedding and Lemmas 3.4, 3.5, and 3.1, we have
18y ()l < Clle™ 8,5 ()l ) < ClI@y + ikt k)dyf (0)l.2
< CO+ 07 k(1@ k)P wg ) ()] 2
+ Ik 1@y k)™ w) ()] 2)
< C( 4 1) k| Be 20 L
Then by (3.12), (3.1), and ui = 0,¢r, we have

; — 3 _ 2y1/3
W3Ol <C Y NlikgFOle <C Y (L+1)72 k|2 208 gL
keZ\{0} keZ\{0}

1/2
) (E,f)z) < CU+ 020 4,

S C(l + t)_ze_ZVI/3t(
keZ\{0}

— — — 2y11/3
il <C D Noygr @l <C > A+ )7 k[P 20 EL
keZ\{o0} keZ\{0}

1/2
SC(IH)_IE_ZM( > (& 2) < C+071e " o s,
keZ\{0}

which give (2.7).

Step 3. Estimate of Er. Recall Er = Erp, — U”0x¢r +ur - Vor. As dxpr = —u?, we
get by (2.2) and (2.6) that

—o _opl/3
1U"8x¢r (D)2 < U leolluz ()]l L2 < C(1+ 1) 2> 0@,
Notice that
ur -Vor = uiaxa}L + uiawa = (ui — tul%)axa)L + u%(ay + tdy)wr..
Then by (2.5) and (2.6) we get
lur - Vor ()2 < l(up —tug ) (@)l 22 10xor (0)l|zee + ug ()2 [y +10x)or (1)[| Lo
<C+02 20 @2,

Thanks to (d; — vtza)zc + Udy)wr =0and Erp, = (0; —vA + Udy)wr, we get Erp, =
(vt23%2 — vA)wy, and

wr(t,x,y) = Z wE(t, y)e* >, Erp(t,x,y) = Z Wi (t, y)ek~,
kez\{0} kez\{0}

where Wi (1, y) = —v(83 — k? + k?t%)w (¢, y). Then we have
MWy = —u((0y —ik1)? — k> + K212) (e w])

= —v(2 —2ik1dy — k)" wf).
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By Lemma 3.1, we have
Wi (0|2 = [v(0} = 2iktdy — k) (™ wi) (@),
< Cv(1 + 1)@y, k) @™ wi) (@) 2
< Cv(l + k|20 EL < cy(1 4 e > EE.
Then we get by (3.1) that

_4y1/3
IErL@l7. <C Y W@l <C Y v +0% ™ TH(EL?
keZ\{0} kez\{0}

< CU2(1 + t)2e_4"1/3t||w(0)||§13.
Summing up, we obtain
IEr@)l> < N1Ere®llzz + 1U"0xpr ()2 + llur - Vor (1) | 2
< o1+ 0 0@y + CU+ 02 0@,

which gives (2.8). [ ]

4. Space-time estimates for the linearized equation

This section is devoted to the proof of Proposition 2.4. Throughout this section, we assume
that U satisfies (for some 8¢ € (0, 1/4) small enough)

IU@. y) = ylics <o, Vi =0. 4.1
Since ||a)(0)||H3 < elv1/3 < €1, for every fixed ¢ > 0, there exists €; € (0, 1) such that
(2.1) implies (4.1).
4.1. Linear enhanced dissipation
Proposition 4.1. There exists 5o € (0,1/4) suchthat if U(t, y) satisfies (4.1) and f solves
o f—vAf +Udxf =0, f(t,x,£1)=0, Vt >0, 4.2)
then it holds that
19x F@D) L2 < COOT2(A + D)7 FO)I 2,
1P£f(®)lL2 < CA+ve>)7H f(O)] 2
We denote

1 .
Jie@,y) = —/ ft,x,y)e ** dx, fork € Z.
27‘[ T

Then we have
O fx —vAR fx +ikUfr =0, fi(t,£1) =0.

Here, Ay = 8§ — k2. We need the following lemmas.
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Lemma 4.2. Let 6o € (0,1/4) and U(t, y) satisfy (4.1). Then we have

d

E”fk”iz = —20[|(dy, k) ficlIZ2

d

E”(ay?k)fkuzz + 20| Ak fiellza < 31k fiellL2 113y fiellz2,

d .

77 Re(tkfic. 9y fio) + kPIVU fiell72 < 201k 113y fillL2 I Ak fillz2-

Proof. As fi|y=+1 = 0, by a direct calculation, we have

d
E”fk”iz = 20Re(Ag fr. fi) = —2v[@y. k) fe |72
which gives the first equality.
As frly=+1 =0, A = 3% — k2, we have
d .
E”(ayak)fk”iz = —2Re(Ar fi, 0: fi) = —2v[|Ak fi 72 + 2Re(Ag fi, ik Uf),

Re(Ag fx.ikUfy) = Re(—k? fi, ik Ufy) — Re(dy fi. 3y (ikUfy))
= —Re(dy fk.ikU’ fi).
[2Re(Ar fi. ikUfi)| < 2|k |1U Lol fill2 10y ficll 2

This shows the second inequality by noticing that
IUllLoe < 1+ [IU" = 1llze < 1+ 80 < 3/2.
Using integration by parts, we have
d . . .
7 Re(ik fi, dy fx) = Re(ik(vAk fr —ikUf), dy fx)
+ Re(ikfk, 8y(UAkfk - ikak))
= —|kPIVU’ fil 7> — Im{kvAg fic, 3y fic) — Ik fic, vy Ag fe),

Im(kvAg fi, dy fic) + Im(k fie, vdy Ay fie)| = 2[Im(kv Ay fi. 9y fic)l
< 2v[k 19y fill2 | Ak fell 2>

which implies the third inequality. ]

Lemma 4.3. Let §g € (0,1/4), U(t, y) satisfy (4.1), yo = 1/900, ag = 16y, Bo = 6y,
and

i (t) = (1 + yov [k P) | fill 72 + «ovtl|(Dy. k) fill2 + Bove® Re(ik fi, 9y fx),
where fi is fi(t,-). Then it holds that for t > 0,

i (1) = (1 + yov kP /D fil 72 + ovel| By, k) fill72/4, @ (1) <O.
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Proof. As ag = 16y9 > 0, By = 6y, we have
|Bovt® Re(ik fi, By fir)| < Bove® k||| fill L2119y fill 2
< Bov(@ k|| fiell72 + 162119y ficll72)/8
= 3v (ot k[l fillZ2 + ot 10y fill72)/4.
which implies the first inequality of the lemma.
Next we show ®'(7) <0.By Lemma 4.2 and [Re{i k fx. 9y fi)| < k||l fell2119y ficllL2.
we get
@ (1) < 3yovlkPe[ fil 72 — 2v(1 + yov kP (By . k) fill7 2 + covll By, k) fil172
— 2a0v?t|| Ak fill7 > + 3eove kIl fillL2 18y fillLe + 2Bovelkl |l ficllL2 19y fill2
— Bovi? Ik PIIVU fiell3 2 + 280022 [k |19y fillz2 || Ak ficll 2
= vk (4yoll fil 2 = BollVU ficll}2) — v(1 — a0) By k) fill7
— [vIkPyoll fill7 — Bao + 2Bo)velkl || fillL2l19y fillL2 + vII@y. k) fill7 -]
— [2a0v?tl| Ak fill 2 — 2B0v? e k| 118y ficll2 [l Ak fill 2
+ 2yov? k22| (By. k) fill7 -]
=ly—1—1,—Is.

By (4.1) and By = 6y0 > 0, we have B¢ - (3/4) > 4y and
infU' > 1—||U —1||pe > 1—28 > 3/4,
Boll VU’ ficllz2 = Bo - B/ ficll 12 = 4voll fellZ2.

which implies Iy < 0. As yo = 1/900, g = 16y, we have «p < 1, which implies 7; > 0.
As yo = 1/900 = 1/302, ag = 16y0, Bo = 60, we have 3ag + 289 = 60y, and
I, = vIkPyoll fill7> — Bao + 2B0)ve |kl |l ficll L2118y ficll2 + vII(3y. k) fill7 -
= vyo(lklt|l fillz2 = 30018y k) fill2)* = 0,
I3 = 200Vt || Ag ficll72 —2Bov> 22|k 110y ficll2 | Ak fill2 + 2vov [k P31y, k) ficll 2
= lyov?t]| Ak fill72 + 2vov* Gl Ax fillL2 — [k12118y fillL2)? + 270V K [*23 || fe |17
> 0.
Summing up, we conclude that CID;c O<Ilp—1IL,—1,—1;<0.
Now we prove Proposition 4.1.

Proof of Proposition 4.1. We write

fx.y) =" filt,y)e'*™.

keZ
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Then we have

195 f D720y = 27 D ik feONFagy: 1P2fONF2 ey =27 Y 1Oz

kezZ keZ\{0}

Thus, it is enough to prove that for every k € Z \ {0}, ¢ > 0,
k1 N7 = ConTHA+D72| f O,
1fe@I72 = CU+ve) T £ O] 72.

By Lemma 4.3, we have
1 feO)72 = P (0) = D (1)

> (14 yov[k P2 /9| fi (D172 + @ovt[|(3y. k) fi ()172/4
> (1 + yovlk £ /4 + agv|k[?t/4)] fi ()17
> vi(yot® + ao) kI fe()]172/4.

which gives the first inequality of (4.3). We also have (as k € Z \ {0})

1172 = (1 + yovlkP2 /M fie N2 = (1 + yove® /D fie 0172

which gives the second inequality of (4.3). ]

(4.3)

4.2. Linear inviscid damping

Lemma 4.4. There exists 8o € (0, 1/4) such that if U(t, y) satisfies (4.1) and fi solves

0t fx = VAR fi +ikUf = vALFie,  Ardi = fr, d(t.£1) = fi(t, £1) =0,

where k € 7, then we have

I fie @17 + v/O 13y k) fic($) 1172 ds +/0 K213y )i (5)172 ds

t
< ClLf O], + Cv /0 1y k) Fie ()2 ds.

To prove Lemma 4.4, we need to use the operator x on L2(I) for k € Z \ {0} con-
structed in [7]. The operator % is defined as

“[f]()—lklvi/I;G( 1O dy
Sk y) = p. |k| . 2i(y—y’) k\),y Yy Y.

Here, Gy is the Green’s function for A := 9% — |k|? such that

Gr(y.y') =

1 {sinh(k(l — y"))sinh(k(1 + y)), y <y, @.4)

~ ksinh2k | sinh(k(1 — y)) sinh(k(1 + ), y >y

Then Ay f(3) = [1, Ge(y.y) (") dy'. As Gyly=s1 = 0, we have 3x[f]ly=+1 = 0.
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The operator Jy is primarily used to derive the inviscid damping estimate. Specifically,
by Lemma B.2, we have

. k 2
Re(—ikUfi. 3k fr) < —lTII(ay,k)fﬁklliz-

See the appendix for more properties of .

Proof of Lemma 4.4. As fi|y=+1 = 0, by the energy estimate, we have

d )

E”fk”iz = 2Re(—ikUfy + vAg fi + VAR Fx, fx) = 2vRe(Ag fx + Ak Fr, fx)
= —20[|(3y. k) fill7> — 2v Re(dy Fi. 0y fi) — 2v|k|* Re(Fg. fi)
< 20|y, k) ficl| 22 + 20| @y, k) ficll 2 By, k) Fill 2
< —v[|@y. k) fell72 + vI(dy. k) Fell7 .

which implies
t
122 + v /0 1By k) () 125 ds

t
< fe )22 + v /0 1@y k) Fic(s) 122 ds. @5)

It remains to prove that

t t
/0 kP @y )i (5)]2 ds < C LA (O)]2 + Cv /0 1@y k) Fe(s)|Pa ds.  (46)

For k = 0, (4.6) is clearly true. Now we assume k € Z \ {0}. Since Jy is symmetric, we

have
1d o . o
5 77 RelSie: Skl fel) = Re{—ikUfic + vAy fic + vAkFie. Sk fil) = Ti + T2 + Ts.

By Lemma B.2, we have

|k |* »
T”(ayyk)‘ﬁk ”Lz‘
As Sk filly=+1 = 0, we get by (B.1) that

Ty < —

T> = vRe(A fr. Sk fx]) = —v Re(dy fr. dySk[fi]) — vIk]* Re( fi. Sk fi])
< ||y, k) filL2 1@y, K) Sk [ficl 2 S vII(By. k) ficll 72

Similarly, we have

T3 = v[| @y, k) Fiell 211y ) Sk [ il ll2 S vl @y, k) Fiell 21Dy k) fiell 2
Sl @y, k) Fell> + vl 3y, k) fillZa-
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Summing up, we obtain

1d k|

21 Re( fr, Skl fkl) < 5

which implies

1@y K)xllz2 + CvII@y, k) fill 72 + CII(@y. k) Fell 72,

/0 kP @y k)i ()22 ds < 41 (0). 3L O] + 41 (fi ). Se L D)
L Cv / 1@y K) fic ()22 ds
0

t
+Cv / 1By k) Fe(s) 125 ds.
0
By Lemma B.1, we have

[{fe @) Sl feOD] < 1 fe Ol I3k [ Ollzz < 1 fe @172
(/e 0), Sk [fi O] < I e (O) 72

Thus, we deduce that
t
/0 kP11 By k)i ()72 ds < Cl feO)I72 + Cll fe @)l
t
+Cv [ 16,001 ds

v [ 10y RO ds,
which along with (4.5) gives (4.6). [
Summing up all the Fourier modes in Lemma 4.4, we have the following corollary.
Corollary 4.5. There exists §g € (0,1/4) such that if U(t, y) satisfies (4.1) and [ solves
o f —vAf +Udxf =vAF, f(t,x,£1) =0, Vt >0,

then we have

t t
£ + v /0 IV )22 ds + fo 10, VA7 £(5)[122 ds

= IO + v [ IVFOads
Restricting to the case f = F = 0 fort € [0, Ty], we have the following corollary.
Corollary 4.6. There exists §g € (0,1/4) such that if U(t, y) satisfies (4.1) and [ solves
0 f —vAf + U0 f =vAF, f(t,x,£1)=0, YVt >Ty, fli=1, =0,

then we have
1/2
Iflly SvY2IVF2r2 < [IF |y,
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where

1y =1 fllzeors + 021V fllzre + 19:VAT fllL2p2. 4.7

Corollary 4.6 will be used in the proof of Proposition 2.5.

4.3. Proof of Proposition 2.4

Let S(¢,5) = S(¢,s,U) be the solution operator of (4.2). Thatis, f(¢t,x,y)=S(t,5)g(x,y)
solves (4.2) for t > s with f(s,x,y) = g(x, y). We infer from Corollary 4.5 (for F = 0)
and Proposition 4.1 that

o0
1SG.0)gllz < Cllgllza. ¥ =0, v /0 IVS(.0)g]2 di < Cllg]2.
o0
/ 19, VA~ S(1.0)g]22 dr < Cllg|2a.
OOQ o0
/ 1925(t. 0)g 2 dif < C / W02+ 0 glle de < Cv 2 g,
0 0

o0 oo
/ 1PLS(t.0)glls di < C / (1 + v gl df < Co 2 lgo.
0 0

Notice that S(¢,s,U) = S(t — 5,0, t,U) with 7, U(t, y) = U(t + s, y), and 7, U(t, y) also
satisfies (4.1). Thus, there also holds fort > s > 0,

o0
1S, 9)glz < Cllgliz. v / IVS@.9)gl22dl < ClglPa (48
o N
/ 10 VAT S(1, $)g |22 dt < C g2 “9)
N

o0
/ 195 9)gllz2 di < Cv 2| gz,
s (4.10)

o0
f 1P2S(t.9)gle di < Cv3g] 2.
S

Let f solve d; f —vAf +Udxf =g, f(t,x,£1) =0fort € [Ty, T]. Then we have

£(0) = S@.To) f(Ty) + /T S(t.5)g(s) ds.

By using (4.8)—(4.10) and the Minkowski inequality, we deduce that for ¢ € [Ty, T],

T 1/2 T 1/2
||f<z>||Lz+v‘/2( / ||Vf<z)||izdz) +( / ||axm—1f(r>||i2dz)

To To

T T
022 [ de 40 [ 12w f Ol d

T() TO
T

< CIf (T2 + € / lg() ]2 dt.

To
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We introduce the following norm:

1/l = fllzoorz + Y2V fllz2re + 10 VAT flp2r2
+ 205 fllpize + v 3 Px f L2

Then the result becomes

Ifllg = Clf(To)ll2 + CligllLize- (4.11)

Recall that

1/3 1/3
1 lx = I lzsor2 + 021V Fllare + e Pa fllpoors + 021 'V Py fll 210
+ e 9 VAT f llLape 402 0x f i +0 P e PLf (1.

Then we have (as 0x f = 0x P« f)

1/3
Iflx < Iflig + e " Psflg. (4.12)

Now we can complete the proof of Proposition 2.4 by using (4.11) and (4.12). Since
o f —vAf +Udxf =g, f(t,x,£1) =0, and U is independent of x we have

83P¢f—UAP¢f+U3xP¢f=P¢g, P#f(l,X,:l:l)ZO.
Let f = 65”1/3’P¢f. Then
0 f —vAf+ U f =e " Prg+ev'?f =5 f.x.x1)=0.
Thus, (4.11) holds with ( f, g) replaced by (£, g), i.e.,
~ ~ 1/3 ~
1fllg < CIf (T2 + Clle” " Prg + ev'/3 fllpipe
/ / ~
< Ce® "o f(To)l|z2 + Clle ™ Prgllpize + Cev'?| £l e
1/3 ~
<ClfTo)l2+Clle” "glipizz + Cell f 5

Here we used Ty = v~ 1/6, ev!/3Ty = ev/® < 1. Taking € € (0, 1/4) so that Ce < 1/2,
then
~ 1/3
Iflg < ClATo)lLz + Clle™ " gllLza. (4.13)

Finally, we conclude by (4.11)—(4.13) that

1/3 ~
IAlx < fllg+ e "Pefllg=Iflg+Iflg
1/3
<ClfT)2 + Cliglpirz + Clle” g2
1/3
<Clf T2 + Clle®” gl L2

This completes the proof of Proposition 2.4.
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5. Control of the reaction part

In this section we prove Proposition 2.5. Recall that
01wre — VA + Udxwre — 1u30x0p =0,  @r(t,x, 1) =0, wreli=7, =0. (5.1)
Let f1 solve

1/3
3 fi +yoxfi =te” uZdiwr, fili=1, = 0.

As wp|y=+1 = 0, we have fi|y=+1 = 0. The motivation for f; is to extract the inviscid
contribution free of y-derivatives, enabling it to be solved y-by-y. In particular, it requires
no boundary conditions and can be solved via Fourier analysis as if it were defined on
T x R, as carried out in Lemma 5.6. To recover the y-derivatives in vA, let f, solve

0 fo—vAf + Uds fo = ve ™ "12AL,  folt.x.£1) =0, foli=1, = 0.

By Corollary 4.6, we have
_1/3
If2lly < lle™ "2 filly. (5.2)

Let f, =e""*1/2 £, + ="t £, Here, we employ the weight functions e™>""*1/2, ¢="/’t

to derive the enhanced dissipation. Then f;|,—=+1 = 0, fa|;=1, = 0, and
atfa _ VAfa + Uaxfa + U1/3€—v1/3t/2f2/2 + U1/3€_v1/3tf1
= tuldor + e_”l/St(U —¥)x f1.
Thus, f, is a good approximate solution and the error term f, = w. — f,; solves

01 fo=VAfe+ Uy fo=v1P3e™ 12 f 12 g 1360 fy e (U —y)o, £,
fe([»x’ :l:l) = 0’ f€|t=T0 = 0

We need the following bound for the X norm.

Lemma 5.1. Fore € (0,1/4) and Y defined in (4.7), we have

1S lx < le” ™2 flly + 020 05 112
Proof. Recall that
1/ llx = 1 lzoozz + 021V fllz2ra + e Py f |l oor2
2 IV P, fllpags + e 0, VAT £l a2
0 2010, fllpage + 03 e T PL f 1,
1l = 1 fllzsors + Y21V fllzae + 19xVA™ fllzage.
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Then we have
1 1x < 20e™ ™ flly + 02 e by fllaga + v 2 1e Py f 1.
As e € (0,1/4), we have [[e€”" £y < |le*""*/2 ||y and
1/3 _,1/3 1/3
v 3 e P fllize < v Ple™ T i mlle” P f L2
< 41”2 floora < 4lle” 2 £y
This completes the proof. ]
5.1. Proof of Proposition 2.5
Let us first estimate fo.
Lemma 5.2. For € € (0, 1/4) as in Proposition 2.4 and Y defined in (4.7), we have
_1/3
Ifellx S 1e™ 2 filly + [10x fillzoor2-
Proof. As f.(Tp) = 0, we get by Proposition 2.4 that
_ 1/3 _ 1/3
I fellx S0 2 0e@ 2 follpage + 0 2@ o
_1),1/3
+ [l €DV = y)ox fillp e
As e € (0,1/4), by (5.2) we have
_ 1/3 _y1/3
! 32 e < v e T  p mll Al

_.,1/3
<4 fallpeorz < 4l ally S 1™ 2 filly,

1/3 —1)wl/3 1/3),—v!/3t/4 —vl/3¢/2
VB3V flli e < v B3 e ™ 4 iy lle ™ 2 fill oo 2

< 4e™" 2 fil| poora < 4lle™ 2 iy
AsO < e <1/4<1/2, [|0@|gs <ev/? <vl/3 by (2.1) we have

_ 13 _pl/3
[0 W — y)d fillrze < U = ylsoreelle™ 20, fill a2

0 —v1/3¢/4
SN0 Ngslle™ 1y 195 fil Lo 12

< 10x fillpeor2-
This completes the proof. ]

Now we can give a bound for || ||x .

Lemma 5.3. For € € (0, 1/4) as in Proposition 2.4 and Y defined in (4.7), we have

_.,1/3
loellx < lle™ "2 filly + 10x fillLoor2 + v'/8)|dxrellx -
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Proof. By Lemma 5.1 with f = f,, we get
1/3 1/3
| fallx < lle”™* fally + 072 b fall 12
As fo = e"P12 £, 4 o't £ by (5.2) we have
1/3 _,1/3 _,1/3
"2 fally < I fally + e™ 2 filly S 1e™ 2 filly-

As fo = wre — fq and 0xwre = P10y, we have

A

1/3 1/3
V2 0y fellpize + v Pl dpre L1 2

I fellx +v"®8xwrellx-

1/3
Vl/z”"ev taxfa 2122

IA

Thus, we obtain

_,1/3
I falx S 1e™ 72 filly + 1 follx + v 0x0relx-
As fo = wre — fg, we get by Lemma 5.2 that
_,1/3
loellx < I fallx + 1 £elx S 1e™ 2 filly + I fellx + v 0xwrellx
_,1/3
Se™ 2 filly + 10x fillLoorz + 06|05 rellx .
This completes the proof. ]

With the hand of Lemma 5.3, Proposition 2.5 is a direct consequence of the following
Lemmas 5.4 and 5.5.

Lemma 5.4. For e € (0,1/4) as in Proposition 2.4, we have

_ 1/3
Oxorellx S v V2 VU222 0@l s

Proof. Applying d, to (5.1), we get
070xWre — VA xWre + Uaiwre—tax(ugf)xwL) =0, 0xOrly=+1 =0, 0xWre|s=1, = 0.
Then by Proposition 2.4, we have
sy < e 105 wZ0zor) 112
By Lemma 3.3, we have

160 u20xwp )|l L2 < 1821 (1) Lo 2]l 2 + 1] dx0r (1) ] oo [|9x22 ]| 2
< v B P 0O s (2]l 2 + 1902 2)

-1/3 ,—vl/3 0 2
SR 0O s |V 2
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Here we used u2 = —dy¢, to deduce that Pou? = 0, |[u2|z2 < [[0xu2|> < |VuZ|:.
Thus, we obtain

— _ 1/3
8xa)re X S €€v”3tlax uzaxa)L 112 S v 1/3 CL)(O) H3 e(e Dv tVMZHLle
e e

-1/3),,(0 g, 2 —v1/3
V30O g e VU2 a2 lle ™ L2y

—1/2 0 1/3 2
V210 g3 lle T VU2 122

IA

IA

This completes the proof. |

Lemma 5.5. For Y defined in (4.7), we have
_pl/3 _ 1/3
le™" 2 filly + 19x fillLoors S v Y3 e VU2 | ap2 0@ | 5.

5.2. Proof of Lemma 5.5

We denote || f||zarr = || fllLa(zo,T:L7(Dy) for D = Q or D = I, which is easy to distin-
guish from the context. We need the following result.

Lemma 5.6. Let w(t,y) solve 0;w + ikyw + f =O0fort € [Ty, T],andy € I =[—1,1]
and ¥ = —A;la), w(Ty) = 0. Assume thatk,l € Z, k # 1, f € L*(To, T; Hy (—1,1)).
Then

o120y + K1 @y, k)Y 122, < Clk —1[72[[@y, k — D™ £)]122,5,
e 2@y, kol < CA+ kP = 17218y, k = D™ £)]35,5.

Proof. Step 1. Estimate of w. We introduce the Fourier transform as

1 1 ,
o(t,n) = — w(t,y)e PTdy,
(t.n) mf_l (t.y)e™ dy

1 ! .
t, = — t, e_lyn d .
Fam=—= [ 10peay
By Plancherel’s formula, we have ||&(?)||L2®) = ll@()|L2(r) and
1@y k = D)™ )lF2y2 = /T A(In FUP k=1 f (e, m)* dndt (5.3)
0
T ~
= [ f(m—kz + 1P+ k= 1P| f@t.n—kt)|* dndt.
7, JR
Notice that 9, (e’**w) + €!*¥* f = 0 and w(Tp) = 0. Taking the Fourier transform,

we get
L5t —kt) = [0~k @(To.n—kTo) = 0.
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For fixed n € R, let W(n) = sup,¢[7, 77 |@(¢,n — kt)|. Then we have
T ~
wan < [ 17 en=koldr
0

T _ 1/2
< (/ (In—kt + 1t + Ik—llz)lf(f,ﬁ—kt)lzdf)
To

d[ 1/2
X .
(/R |n—kt +1t]2 + |k—l|2)

Notice that (s =t —n/(k —[))

/ dt 1 / R
RIN—kt +12+ k=12 k=12 JRlsP+1  |k—I

and we have

W@l < /(In kt 1t + [k = 1) f(t,n — ko) dt,

l |2
which along with (5.3) implies

A WP dy < 1@y k — DE™ )22 0.

Ik — lI2

This gives an estimate of |||y~ 2 by noting that for every ¢ € [Ty, T],
JoO)220zy = 15O g = fR B )P di

= [18Cn-kofdr < [ WP an
R R
Step 2. Estimate of {. We first assume k # 0. Let

/ (t,n)
V27 Jr n? + k2

Then . (t) € H?(R) satisfies —Ag ¥« = w for y € [—1, 1]. Thus,

1@y )Y ON72 = (W (0), o)) = (Y1), —Ax« (D))
= (¥ (), 3y Y(0)) + k1P (W (1), Y (1))
= 1@y, )Y D21y, KV (Ol L2 ).

and (here [[(dy, K)V«llL2r2®) = 10y, K)YullL2(70,7:22(R))

Valt,y) = e dn.

T & (t,m)|?
9 V2000 < [0 k)W |12 =//det
II( y )W”LZLZ < I( y )% ||L2L2(]R)  Jr TEENTIE n

(6,0 — k)2
dndt.
/TO/RM ke + k2“7

531

54

(5.5)
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Then we have

T 20~ _ 2
K1y )V 25, < / kPI6@n—kOl”

o Jr |n—kt]> + [k[?

k21w
dndt
/To /]R In—kt]> + |k|

o [ |kPPar / )
= [l [ = [ WP 66

For k = 0, (5.6) is clearly true. Now the first inequality follows from (5.4)—(5.6).
Step 3. Estimate of dyw. As 9,0 + ikyw + f = 0, we have
0 (e w) +i(k — Dy w) + e f =0,
and then
0 +ilk —1)y)dy (' w) +ilk — )™ ) + 3, f) = 0.

We also have o(Tp) = 0, dy (e w(Ty)) = 0, thus, for ¢ € [Ty, T],

19y (e (@)l 2 < /T itk — De™as) + 3y (€™ f($) |2 ds
o
< Ik =Hiaonloleors + 11220010y €27 22
< |k = Ilt]ollzoors + 21y (@™ fllz22.
Thanks to 3, = e~719, (¢! w) — iltw, we have (also for t € [Tp, T])
I8y z2 < 13, @)l 2 + 1t] ()2
< (k= 1]+ Dt lollzoerz + 12118y @ f)llz212-
Therefore, (also using the first inequality of the lemma and 0 < v < 1)
vle™ 2,012, + vikPlle™ P02,
< 20(k =1+ D2 e 212, gy 02 oo 2
+avfede 22, 8, )2
oIk Ple™ 212, gy 02 2
< C((k =11+ [1D? + 2Pk P o] 2w pa + Cv 10y £)]122,2
< C(k = 1]+ 1Dk =121 @y . k = D™ £)]2272.

which implies the second inequality of the lemma. ]

Now we prove Lemma 5.5.
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Proof of Lemma 5.5. Recall that

1/3 .
U fi+yicfi =te" uldcor.  fili=r, =0. opt.x.y)= > wi(t.y)e*.
kezZ\{0}

Letu?(t,y) = 5= [pu(t,x,y)e k¥ dx. Then u?(t,x,y) = Y ez u2(t, y)e'** and
wldpor(t.x,y) = Y (upilwf)(t.y)e ®D¥ = 3 @i_jilwf)(t. y)e* .
k,leZ k,leZ

Let wg,; solve

. 1/3 .
O+ iky)wes(t,y) =" tui_ (¢, y)ilwF(t,y) = Feat,y), wei(To,y) = 0.

Then we have

it x,y) = Y wea(t, ) =Y W, e, @ =) we.
k,leZ keZ leZ
As u2 = —dx¢,, we have Pou2 = 0, i.e., u3 = 0; then Fy; = 0 and wg; = 0 for/ = 0
ork =1. As wr|y=+1 = 0, we have wlLly:il =0 and Fi;|y=+1 = 0. By Parseval’s
identity, we have

IADIF 2@y =27 DTG 2y 10 i@ONF 2@y = 27 Y kP I1TO7 21
keZ keZ

10 VAT A2y = 27 D KPP N@y. )AL Tr (72
keZ

IV AN 2y =27 Y 1@y )Tk 72;):
keZ

IVuZ ()13 2y = 27 Y 1@y ug 72y
keZ

Recall that (see (4.7))
_y1/3 —vl/3 —v!/3
le™ "2 filly = lle™ "2 fillpeorz + vY2le™ "2V fillL2p2

_pl/3 —
+ e 29, VAT fill o,

where

_.,1/3 0
le ™ 2 il ss < 1 filRsegs < 270 3 @) 2002

keZ

s _,1/3 ~

vlle™ t/ZVflllisz =2mv Z fle™ I/Z(ay’k)wk”isz’
keZ

/3 _ - P 1)

e 120, VAT Ay < 10:VAT fil2 g0 = 21 3 P @By k)AL B2 o
720 121 y k L?L

keZ

2 21057112
195 fillFoogz <27 Y 1Kkl oo
keZ
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Then we have
_,1/3
le™ "2 f1l13 + 10x fillFoor2
S Y A+ kPBl op2 + kP 1@y k)AL Tk 1722
keZ + v”e—v1/3t/2(ay’k)wk||iZL2],

13 1/3
lle€ tvu§||iZL2 =2 Z le” t(ay,k)uli”ilL%
keZ

Let Ex = [le®"* 3y, k)u2 121> and
— _,1/3
115, = A+ KPS oor2 + KP1@y. )AL flI722 + vlle™ Y20y k) f1I7 22
Then (also using (3.1))

_pl/3 ~
le™ "2 il 4+ 19x fill7oor2 S D 1Tkl
keZ

1/3
SUER D (EP2 S e Vit o s,
keZ 1€Z\{0}

Thus, it is enough to show that

Yokl SvRY ER Y (ER =vTRY S Y ER(ED

keZ keZ 1eZ\{0} keZ leZ\{0}
which is further reduced to the estimate

1Tell3, S v > E}_(EP)?. Vkel. (5.7)
1eZ\{0}

Thanks to Wx = ) ;<7 Wk,1, we only need to estimate ||wg ||y, . Recall that
0 + iky)we(t,y) = Frea(t,y),  wei(To,y) =0, Fily=+1 = 0.
Then by Lemma 5.6, we have (for k # [)
lwia 17 o 2 + 1P @y, ) A wr g 17272 < Clk = 17213y, k — D™ Fi )l 25
/3 _ .
vlle™ 2@y K)wieillage < C+ kP = 17I@y k = D™ Fiep) 722
which show that
lwi a7, = U+ kI wi il Foo 2 + kP I1@y, AT wr 1752
.Y
+ e vi 3’/2(3y,k)wk,l||isz
S[A+kP)k =172 + 1+ [k Pk = 172110y, k = D™ Fro)llapn
S (4 kPl =1 @y k= D@ Fe)lF a0
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Recall that F; = e”l/S’tui_lilwlL; we have
. 1/3 i .
13y, k = D)(e™" Fep)lle = €” @y, k = D™ ug_ilwf)| 2
1/3 il L
< e )@y, k = Dui_yll2 113y, D™ T )| zee.
For! € Z \ {0}, by Lemma 3.1, (3.1), and (vl2)1/3te_(”12)1/3’ < 1, we have
1/3 ; 1/3 _1 _ 2y1/3 _1 _ 2\1/3
eV tt||(8y,1)(e’lytlwll‘)||Loo < eV tt|l| 2blee 2wi*)5t < [|l| zElLe Wizt
<v V32 S EE <oV EE
Then we obtain

1@y k =) Fe)lzzre S v VRITEFI@y k — Dui_llz2re
<v 'PUITEf B,
and (for! # 0,k # 1)
lwislly, < (14 k| lk —=17HI@y, k — D€ Fg)l g2
VBTN + k| k= 1Y EF Er—
VI + 1k = 1Y EFEy = vV + k= 1Y EF Ex.

A

A

Thanks to Wy = Y ez Wk,1, and wg; = 0 for/ = 0 or k = [, we have

1Bellye < D> Mweallye Sv720 >0 (17 + k= 1TYEF B,
1€Z)\{0,k} 1€Z\{0,k}

I@el3, s v > (EFEc)?
1€Z\{0,k}

which gives (5.7). Here we used

Yoo+ k=<2 Y s

1€Z\{0,k} leZ\{0}

This completes the proof. ]

A. Gagliardo-Nirenberg inequality
Lemma A.1. If Py f = 0, then we have

1f iz < 10x £ 151 £ 11 s
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Proof. Let fi(y) = 5= [p f(x,y)e *¥ dx for k € Z. As Pof =0, f(x,y) =
> kezvioy Sk ()€ and

10x S 72y =27 Y NikfilFary 1V M2y =27 D 1@y k) fillZ2(s)-
kezZ\{0} keZ\{0}

By the Gagliardo—Nirenberg inequality and the Holder inequality, we have

3/4 1/4
Iflee@ = D Mfileeay S D0 Ifiliotn I fellpacr,

keZ\{0} keZ\{0}
1/2 3/8

s( ) |k|—3/2) ( > ||ikfk||iz(,))

keZ\{0} keZ\{0}

1/8
x( )3 ||<ay,k)2fk||zz(,))
keZ\{0}
S 102113ty I £ 12y
This completes the proof. |

B. Some properties of the operator

The following result was proved in [7].
Lemma B.1. Let [0y, k] = 9. It holds that
I8kl2sz2 S 1. I19kl2—12 S IKI-

For f.g € L%(I), we have

1

1 —

1 - -
5] = 3l A1 /_1 F3ilgldy =—/_13k[f1gdy =/_13k[f]gdy.

Thus, the operator S is symmetric, i.e.,
(Sklgl, f) = (g, Self])-
Fork € Z\ {0}, f € HY(I), we have 3,3x f = %[0y f] + S [f] and

10y 3kl 1llL2 = I3,y fUll2 + 9L lL2 < 110y f Lz + KIS ll2
1@y, K)Se [ A2 < 1@y, k) Sl 2 (B.1)

Lemma B.2. There exists 8o € (0,1/4) such that if U satisfies (4.1), Apdx = [fi, P ly=+1
= 0, then we have

. K2
T3 = Re(—ikUfe. St fi) = — o |y, K0
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This result was essentially proved in [7]. Recall that W(¢, y) = 1% Win(y) and
Ult,y)=y—0, (—85)_1 W(t, y). We stress that the proof only requires the smallness of
|U — y||c3 rather than ||W || 4. For completeness, we will sketch the proof of Lemma B.2
as in [7], while focusing on where the smallness is used.

Proof of Lemma B.2. As in [7], by Taylor’s expansion, we have

1 1Y
U0 =UM) =U'MO =0+ 50" 00" = y)?+ 5/ U"(s)(y' —s)*ds.
y

It is easy to see that the remainder satisfies

) = s [ U (s)(y' — 5)2ds € L, ®2)
r(y. ¥ S 10U lLely = ¥, (B.3)
10,7 (3, )]+ 10y (. YO S N0 [ILeely — ¥/ (B.4)
10y dyr (y, Y S NU" || (B.5)

Then we have (see [7] for more details)

k2 1 p1 _ ’
Ty = uRe/ / fk(y)MGk(y,y’)fk(y/) dy’ dy
y

k2
- I //f()%yy” Gy ') fiey) dy' dy

|I2

+ —Re/ / WU DM =Gy, y) fiu(¢)) dy' dy

+ '—Re/ / FeOIr 0y G (v fie ) dy' dy

=T+ Tz + Ths.

For T11, by using A = fi, O = A,:l [ and integration by parts, we obtain
|k |? ! /
T = SERe [ Beit'peds
|k|? ; |k|? Lo
=-——IvU @y, K)prll7> — — Re 1 U"0y i dy.
By (4.1), we have infU’ > 1 — |[U’ — 1|z > 1 — 8 and | U"||p= < 8y, thus
|k|? ko
Ty=——-(1- 80) 3y )k 172 + 3 N e ll0yicll2 Nl 2
| 2
= __(1 - 250)”(8y»k)¢k”LZ
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For T}, by using Ax¢r = fx, integration by parts, and the fact that the Green’s func-
tion vanishes on the boundary in both variables, we have

2
Tia = LR / / eIV O = )Gy, ¥ Axdic () dy' dy

k2 [
- B / / TeaBe ) - Ve (Ve N (oY) - Vi (¥)) dy' dy.

Here, Nk (y,)") =U"(»)(Y' = )Gk (. "), Vi,y = (3y,k), Vi y» = (3y,k). Using (4.4),
we can deduce that

[Nkl 2

.y

0y Nellzz , + 19y Nellz2
v,y ¥,

SNU” e lk| 72,
< (10" |zee + U |zee) k|7,

3%

18y 8y NellL2 , = NU" Iz + 1U™ [l

yl
Therefore, by Cauchy—Schwarz and (4.1), we have
Ti2l S (1U" Lo + 10" L) k1 @y, k)l 2 < Solk 11Dy, k)i |72

Similarly, for T;3, we have

s = 5k [ [ T Ve (Ve G003 Va6 ) .
By (4.4) and (B.3)—(B.5), we have (see [7] for more details)
IrGillzz |, < 10" zoe el
135 (rGillz2 , + ly (rGa)l2
1353y (G .2

SNU" oo lk] 7,

y/
SN0 |ILe.

.y’

Therefore, by Cauchy—Schwarz and (4.1), we have

ITus| S 10" ook PI1@y. )i lI72 < Solkl? 1By, k)rll7 2
Summing up, we arrive at

k|2
Ty = Tia 4 Tia + Tis < — 0 (1 = 280) Gy, K)e 3 + Coo kPG kil

which gives our result by taking §p small enough. ]
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