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Asymptotic stability threshold of the 2D Couette flow
in a finite channel

Dongyi Wei and Zhifei Zhang

Abstract. In this paper we study the asymptotic stability threshold of the Couette flow for the 2D
Navier–Stokes equations in a finite channel � D T � Œ�1; 1� with Navier-slip boundary condition.
It was proved that if the initial velocity v0 satisfies kv0 � .y; 0/kH4 � c�1=3 for some small c
independent of the viscosity coefficient �, then the solution of the 2D Navier–Stokes equations
rapidly converges to some shear flow close to Couette flow for t � ��1=3. Moreover, we prove
the optimal enhanced dissipation and inviscid damping estimates. To this end, we develop a new
approach that does not rely on the construction of the Fourier multiplier. Therefore, our approach
opens a way toward the asymptotic stability threshold problem for other laminar flows in a domain
with a physical boundary.

1. Introduction

In this paper we study non-linear stability of the Couette flow .y; 0/ under the 2D Navier–
Stokes equations in a finite channel�DT � Œ�1;1�with Navier-slip boundary condition:8̂̂<̂

:̂
@tv � ��v C v � rv CrP D 0;

r � v D 0; v2.t; x;˙1/ D 0; @yv
1.t; x;˙1/ D 1;

v.0; x; y/ D v0.x; y/;

where v.t; x; y/ D .v1; v2/ is the velocity, P.t; x; y/ is the pressure, and � is a small
viscosity coefficient.

Let u D v � .y; 0/ be the perturbation of the velocity, which satisfies8̂̂<̂
:̂
@tu � ��uC y@xuC .u

2; 0/C u � ruCrP D 0;

r � u D 0; u2.t; x;˙1/ D 0; @yu
1.t; x;˙1/ D 0;

u.0; x; y/ D u.0/.x; y/:

Let ! D @yu1 � @xu2 be the vorticity, which satisfies

@t! � ��! C y@x! C u � r! D 0; !.t; x;˙1/ D 0: (1.1)
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The velocity u is represented in terms of ! via the Biot–Savart law,

u D r>.��/�1! D .�@y ; @x/.��/
�1!;

where .��/�1 is taken with homogeneous Dirichlet condition on y D ˙1.
In the case when � D 0,�D T �R, and the initial perturbation is in Gevrey class 2C,

Bedrossian and Masmoudi proved non-linear stability (inviscid damping) of the 2D Cou-
ette flow in a breakthrough work [8]; see the remarkable works [18, 23] for general stable
monotone shear flows. In the case when � > 0 is small, we are concerned with the tran-
sition threshold problem, which was formulated by Bedrossian, Germain, and Masmoudi
[2] as follows:

Given a norm k � kX , determine a ˇ D ˇ.X/ so that

ku0kX � Re�ˇ ) stability;

ku0kX � Re�ˇ ) instability:

The exponent ˇ is referred to as the transition threshold.
In the case when � D T �R, the following important results have been proved:

• if X is Gevrey class 2C, then ˇ D 0 [9];

• if X is Sobolev space, then ˇ � 1
2

[10, 21];

• if X is Sobolev space, then ˇ � 1
3

[22, 26];

• if X is Gevrey class 1
s

, s 2 Œ0; 1
2
�, then ˇ � 1�2s

3.1�s/
[19].

In a finite channel � D T � Œ�1; 1�, Chen, Li, Wei, and Zhang proved ˇ � 1
2

for the
2D Navier–Stokes equations with non-slip boundary condition [12] in Sobolev spaces. In
a very recent work [7], the authors developed a new method to achieve the same threshold
for shear flows near Couette under Navier-slip boundary condition in Sobolev spaces. See
[13,15–17,27] for more related results. Due to the lift-up effect, the 3D transition threshold
problem is quite different and more difficult, see [1, 3, 4, 14, 20, 25] for example.

The goal of this paper is to find the asymptotic stability threshold ˇ for the perturbation
in the Sobolev space. More precisely, we study the following question proposed in [22]:

Given a norm k � kX .X � L2/, find a ˇ D ˇ.X/ as small as possible so that for the
initial vorticity k!.0/kX � �ˇ and for t > 0,

k!¤.t/kL2 � Ce
�c�1=3t

k!.0/kX and ku¤kL2t;x;y
� Ck!.0/kX ;

where
P0f D f0.y/ D

1

2�

Z
T
f .x; y/ dx; P¤f D f¤ D f � P0f:

We note that the first estimate corresponds to what is known as enhanced dissipation.
The time integrability implied by the second estimate is consistent with the expected 1=t
inviscid damping rate for Couette flow.
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To achieve the asymptotic stability threshold, the proof in [22, 26] strongly relies on
the Fourier multiplier method, which is based on Fourier analysis. Thus, it seems difficult
to apply this method to the case with a physical boundary. To overcome this difficulty,
we develop an approach that does not rely on the Fourier multiplier to achieve the same
asymptotic stability threshold in a domain with a physical boundary.

Our main result is stated as follows.

Theorem 1.1. There exist �; �1 2 .0; 1=4/ such that for all 0 < � � 1, if the initial vorticity
!.0/ satisfies k!.0/kH3 � �1�

1=3, !.0/.x;˙1/ D 0, then the solution !.t/ of (1.1) with
initial data !.0/ is global in time and satisfies the following stability estimates:

k!¤.t/kL2 � Ce
���1=3t

k!.0/kH3 ;

ku¤.t/kL2 � C.1C t /
�1e���

1=3t=2
k!.0/kH3 :

Let us give some remarks.

• According to the results in [22,26], the stability threshold ˇ D 1
3

should be optimal for
perturbation in the Sobolev space. In very recent works [5, 6], the stability threshold
ˇD 0was established for perturbations in the Gevrey class. Under a non-slip boundary
condition, recent work [11] indicates that the stability threshold ˇ � 1=2 achieved in
[12] may be sharp for Sobolev perturbations.

• For simplicity, we require !.0/ 2 H 3.�/, which should not be optimal according to
the result in [26], where !.0/ 2 H 2.�/ is required.

• We guess that similar results hold when the initial velocity is an o.�1=3/ perturbation
of general stable monotone shear flows under the Euler equations. It has been proved
that this kind of shear flow is also linearly stable under the Navier–Stokes equations
even with non-slip boundary condition [13].

• Since our approach does not rely on constructing Fourier multipliers, it can be
extended to the asymptotic stability threshold problem for other laminar flows, such
as Poiseuille flow and Kolmogorov flow. For general flows, however, additional adap-
tations are required. These include deriving inviscid damping estimates for approx-
imate solutions – particularly in non-monotone cases; establishing energy estimates
over short timescales, and developing space-time estimates for the linearized Navier–
Stokes equations, which in turn demand resolvent estimates.

Throughout this paper, we denote by C a constant independent of �, t , which may be
different from line to line, and f . g stands for f � Cg for some absolute constant C .
We will fix the constant T0 D ��1=6.

2. Sketch of the proof

We may write the initial data in the form

!.0/.x; y/ D Win.y/C !
.0/

¤
.x; y/; Win D P0!

.0/:
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We define the heat extension with homogeneous Dirichlet boundary condition of Win as

W.t; y/ D e�t@
2
yWin.y/:

Let U.t; y/ be the resulting shear flow given by the corresponding Biot–Savart law:

U.t; y/ D y � @y.�@
2
y/
�1W.t; y/:

Thanks to !.0/.x;˙1/ D 0 and Win D P0!
.0/, we have Win.˙1/ D 0 and @2yW.t; y/ D

e�t@
2
y@2yWin.y/, j@

j
yW.t; y/j � k@

j
yWinkL1 for j D 0; 1; 2. Thus, for t > 0,

kU �ykC 3 D k@y.�@
2
y/
�1W kC 3 . kW kC 2 � kWinkC 2 . kWinkH3 � k!.0/kH3 ; (2.1)

kU 0 � 1kC 2 C kU
00
kC 1 C kU

000
kL1 . kU � ykC 3 . k!.0/kH3 : (2.2)

Here U 0 D @yU;U 00 D @2yU , and U 000 D @3yU .
We denote

!ob.t; x; y/ D !.t; x; y/ �W.t; y/; uob.t; x; y/ D u.t; x; y/ � .U.t; y/�y; 0/:

Then we have8̂̂<̂
:̂
@t!ob � ��!ob C U@x!ob � U

00@x� C uob � r!ob D 0;

uob D .@y ;�@x/�; � D �
�1!ob;

!ob.t; x;˙1/ D 0; !objtD0 D !
.0/

¤
:

Next we construct an approximate solution !L of !ob. A natural idea is to solve !L
by the following linearized equation:

@t!L � ��!L C U@x!L D 0; !LjtD0 D !
.0/

¤
:

However, it is hard to give an explicit formula for the solution for the above equation.
Instead, we solve !L by

@t!L � �t
2@2x!L C U@x!L D 0; !LjtD0 D !

.0/

¤
: (2.3)

It turns out that !L is also a good approximate solution from Proposition 2.1. Indeed, let

ErL D @t!L � ��!L C U@x!L;

and we write

!L.t; x; y/ D
X

k2Zn¹0º

wLk .t; y/e
ikx ; ErL.t; x; y/ D

X
k2Zn¹0º

Wk.t; y/e
ikx :

Then we have

eikytWk D��..@y � ikt/
2
� k2C k2t2/.eikytwLk /D��.@

2
y � 2ikt@y � k

2/.eikytwLk /;
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which along with Lemma 3.1 gives

kWk.t/kL2 � C�.1C t /k.@y ; k/
2.eikytwLk /.t/kL2

� C�.1C t /e�2�
1=3tELk ;

which implies kErL.t/kL2 � C�.1C t /e�2�
1=3tk!.0/kH3 .

It is easy to see that P0!L D 0 and !L.t; x;˙1/ D 0. Let

�L D �
�1!L; uL D .@y ;�@x/�L:

Now we denote

!e D !ob � !L; ue D uob � uL; �e D � � �L;

which solve8̂̂<̂
:̂
@t!e � ��!e C U@x!e � U

00@x�e C uob � r!e C ue � r!L CEr D 0;

ue D .@y ;�@x/�e; �e D �
�1!e;

!e.t; x;˙1/ D 0; !ejtD0 D 0;

(2.4)

where
Er D ErL � U

00@x�L C uL � r!L:

2.1. Proof of Theorem 1.1

The proof is based on the following two key propositions.

Proposition 2.1. It holds that for t � 0,

k@x!L.t/kL1 C k.@y C t@x/!L.t/kL1 � Ce
�2�1=3t

k!.0/kH3 ; (2.5)

ku2L.t/kL2 C k.u
1
L � tu

2
L/.t/kL2 � C.1C t /

�2e�2�
1=3t
k!.0/kH3 ; (2.6)

.1C t /ku2L.t/kL1 C ku
1
L.t/kL1 � C.1C t /

�1e�2�
1=3t
k!.0/kH3 ; (2.7)

kEr.t/kL2 � C�.1C t /e
�2�1=3t

k!.0/kH3 C C.1C t /�2e�2�
1=3t
k!.0/k2

H3 : (2.8)

We denote

wLk .t; y/ D
1

2�

Z
T
!L.t; x; y/e

�ikx dx;

w0;k.y/ D
1

2�

Z
T
!.0/.x; y/e�ikx dx for k 2 Z:

Then (2.3) is reduced to

@tw
L
k C �t

2k2wLk C ikUw
L
k D 0; wLk jtD0 D w0;k ; k ¤ 0; w

L
0 D 0:
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The solution is given by

wLk .t; y/ D w0;k.y/e
�ikU1.t;y/��k

2t3=3; U1.t; y/ D

Z t

0

U.s; y/ ds:

By (2.1), we have
kU1.t/ � tykC 3 . tk!.0/kH3 � �1=3t: (2.9)

Note that e��k
2t3=3 contains the enhanced dissipation. Let �L

k
solve

�k�
L
k D w

L
k ; �Lk .˙1/ D 0; �k ´ @2y � k

2:

Then we have

!L.t; x; y/ D
X

k2Zn¹0º

wLk .t; y/e
ikx ; �L.t; x; y/ D

X
k2Zn¹0º

�Lk .t; y/e
ikx :

Thus, Proposition 2.1 reduces to the profile estimate of wL
k

given in Lemma 3.1 and the
inviscid damping estimates of �L

k
provided in Lemmas 3.4–3.6. Proposition 2.1 can then

be proven by summing over each Fourier mode. See Section 3 for details.

Proposition 2.2. There exist �; �1 2 .0; 1=4/ such that for all 0 < � � 1, if the initial
vorticity !.0/ satisfies k!.0/kH3 � �1�

1=3, !.0/.x;˙1/ D 0, then for t � 0,

kP¤!e.t/kL2 � Ce
���1=3t�1=3k!.0/kH3 :

Let us complete the proof of Theorem 1.1 by admitting the above two propositions.

Proof of Theorem 1.1. By (2.6) in Proposition 2.1, we have

kuL.t/kL2 � ku
1
L.t/kL2 C ku

2
L.t/kL2

� .1C t /ku2L.t/kL2 C k.u
1
L � tu

2
L/.t/kL2

� C.1C t /�1e�2�
1=3t
k!.0/kH3 :

By (2.5) in Proposition 2.1 and P0!L D 0, we have

k!L.t/kL2 � k@x!L.t/kL2 � Ck@x!L.t/kL1 � Ce
�2�1=3t

k!.0/kH3 :

By Proposition 2.2, we have

kP¤ue.t/kL2 � CkP¤!e.t/kL2 � Ce
���1=3t�1=3k!.0/kH3 :

Thanks to !ob.t; x; y/ D !.t; x; y/ � W.t; y/ and uob.t; x; y/ D u.t; x; y/ �

.U.t; y/�y; 0/, we have !¤ D P¤!ob, u¤ D P¤uob. Then we obtain

k!¤.t/kL2 D kP¤!ob.t/kL2 � k!L.t/kL2 C kP¤!e.t/kL2

� Ce�2�
1=3t
k!.0/kH3 C Ce���

1=3t�1=3k!.0/kH3 � Ce���
1=3t
k!.0/kH3
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and

ku¤.t/kL2 D kP¤uob.t/kL2 � kuL.t/kL2 C kP¤ue.t/kL2

� C.1C t /�1e�2�
1=3t
k!.0/kH3 C Ce���

1=3t�1=3k!.0/kH3

� C.1C t /�1e���
1=3t=2

k!.0/kH3 :

This completes the proof of Theorem 1.1.

2.2. Proof of Proposition 2.2

The following proposition gives the uniform estimate of !e in a short timescale.

Proposition 2.3. If 0 � t � T0 D ��1=6, then

k!e.t/kL2 � C�
1=3
k!.0/kH3 :

Proof. As !ejyD˙1 D 0, r � uob D 0,
R
�
.uob � r!e/!e dx dy D 0, we get by (2.4) that

1

2

d

dt
k!ek

2
L2
C �kr!ek

2
L2
D

Z
�

.U 00@x�e � ue � r!L �Er/!e dx dy;

which gives

d

dt
k!ekL2 � kU

00@x�e � ue � r!L �ErkL2

� k@x�ekL2kU
00
kL1 C kuekL2kr!LkL1 C kErkL2 :

As ue D .@y ;�@x/�e and �e D ��1!e , we have kuekL2 D kr�ekL2 � Ck!ekL2 . Then
by Grönwall’s inequality and !ejtD0 D 0, we get

k!e.t/kL2 � exp
�
C

Z t

0

.kr!L.s/kL1 C kU
00
kL1/ ds

�Z t

0

kEr.s/kL2 ds: (2.10)

By (2.5) and (2.8) in Proposition 2.1 and (2.2), we have

kr!L.t/kL1 C kU
00
kL1 � C.1C t /k!

.0/
kH3 � C.1C t /�

1
3 ;

kEr.t/kL2 . �.1C t /k!.0/kH3 C .1C t /�2k!.0/k2
H3 :

Then (2.10) becomes

k!e.t/kL2 � C exp.C.1C t /2�1=3/.�.1C t /2k!.0/kH3 C k!.0/k2
H3/:

In particular, if 0 � t � T0 D ��1=6, then we obtain

k!e.t/kL2 � C.�
2=3
k!.0/kH3 C k!.0/k2

H3/ � C�
1=3
k!.0/kH3 :

This completes the proof.
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With the uniform estimates in a short timescale in hand, we only need to establish
the uniform estimates of the solution in a long timescale ŒT0; T � for every T > T0. From
now on, all norms are taken over the interval ŒT0; T � unless stated otherwise, such as
kf kLqLp D kf kLq.T0;T ILp.�//. The uniform estimate in a long timescale relies on the
space-time estimates of the following linearized system:

@tf � ��f C U@xf D g; f .t; x;˙1/ D 0; for t 2 ŒT0; T �:

We define the space-time norm kf kXT D kf kX , where

kf kX D kf kL1L2 C �
1=2
krf kL2L2 C ke

��1=3tP¤f kL1L2

C �1=2ke��
1=3t
rP¤f kL2L2 C ke

��1=3t@xr�
�1f kL2L2

C �1=2ke��
1=3t@xf kL1L2 C �

1=3
ke��

1=3tP¤f kL1L2 :

Proposition 2.4. There exists 0 < � < 1=4 such that

kf kX � Ckf .T0/kL2 C Cke
��1=3tgkL1L2 :

In Section 4, we will prove this proposition. The proof will use the hypocoercivity
method introduced in [24] and follow some ideas introduced in the recent work [7].

To apply Proposition 2.4 for f D !e , the main troublesome term is the reaction part
of ue � r!L due to the polynomial growth of r!L for t � ��1=3. Notice that

ue � r!L C tu
2
e@x!L D u

1
e@x!L C u

2
e.@y C t@x/!L;

which is smaller due to Proposition 2.1. This observation motivates us to introduce the
reaction part !re, which solves (for t � T0)

@t!re � ��!re C U@x!re � tu
2
e@x!L D 0; !re.t; x;˙1/ D 0; !rejtDT0 D 0:

By (2.5), we have k@x!LkL1 � Ckw.0/kH3 for t . ��1=3. Thus, t@x!L is uniformly
small with respect to � if and only if kw.0/kH3 � �1�

1=3, as shown in Proposition 2.5.
Otherwise, to relax the stability threshold, we must introduce the resonant toy model as in
[19] to control the energy cascade across different modes, albeit at the cost of requiring
Gevrey class regularity for the perturbations.

We have the following control for the reaction part !re, which will be proved in Sec-
tion 5.

Proposition 2.5. It holds that

k!rekX . ��1=3ke��
1=3t
ru2ekL2L2k!

.0/
kH3 :

Let !� D !e � !re, which solves

@t!� � ��!� C U@x!� C g D 0; !�.t; x;˙1/ D 0; !�jtDT0 D !ejtDT0 ;
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where
g D �U 00@x�e C uob � r!e C u

1
e@x!L C u

2
e.@y C t@x/!L CEr:

For the source g, we have the following uniform estimate.

Proposition 2.6. It holds that

ke��
1=3tgkL1L2 . ��2=3k!ek

2
X C �

1=3
k!.0/kH3 :

Proof. We estimate each term of g in several steps.

Step 1. Estimate of U 00@x�e . As �e D ��1!e , we get by (2.2) that

kU 00@x�ekL2 � kU
00
kL1k@x�ekL2 . k!.0/kH3kP¤!ekL2 ;

which gives

ke��
1=3tU 00@x�ekL1L2 . k!.0/kH3ke��

1=3tP¤!ekL1L2

. ��1=3k!.0/kH3k!ekX :

Step 2. Estimate of u1e@x!LCu
2
e.@yC t@x/!L. As ueD .@y ;�@x/�eD .@y ;�@x/��1!e ,

we get by (2.5) in Proposition 2.1 that

ku2e.@y C t@x/!LkL2 � ku
2
ekL2k.@y C t@x/!LkL1 . k!ekL2e�2�

1=3t
k!.0/kH3 ;

ku1e@x!LkL2 � ku
1
ekL2k@x!LkL1 . k!ekL2e�2�

1=3t
k!.0/kH3 ;

which gives

ke��
1=3t .u1e@x!L C u

2
e.@y C t@x/!L/kL1L2

. k!ekL1L2ke��
1=3t
kL1.T0;T /k!

.0/
kH3 � ��1=3k!.0/kH3k!ekX :

Step 3. Estimate of uob � r!e . As ue D uob � uL, we have

uob � r!e D uL � r!e C ue � r!e:

For the first term, we have

uL � r!e D u
1
L@x!e C u

2
L@y!e:

By (2.7) in Proposition 2.1, we have

ku1LkL1L1 . T �10 k!
.0/
kH3 D �1=6k!.0/kH3 ;

ke��
1=3tu2LkL2L1 . kt�2kL2.T0;T /k!

.0/
kH3 . T �10 k!

.0/
kH3 D �1=6k!.0/kH3 :

Then we infer that

ke��
1=3tuL � r!ekL1L2 . ku1LkL1L1ke

��1=3t@x!ekL1L2Cke
��1=3tu2LkL2L1kr!ekL2L2

. �1=6k!.0/kH3��1=2k!ekX D �
�1=3
k!.0/kH3k!ekX :
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For the second term, we have

ue � r!e D P¤ue � r!e C P0u
1
e@x!e:

By Lemma A.1 and ue D .@y ;�@x/��1!e , we get

kP¤uekL1 . k@xP¤uek3=4L2 kP¤uek
1=4

H2 . k@xuek3=4L2 kr!ek
1=4

L2
;

kP0uekL1 . kP0uekH1 . k!ekL2 ;

and then

ke��
1=3tP¤uekL2L1 . ke��1=3t@xuek3=4L2L2ke

��1=3t
r!ek

1=4

L2L2

. k!ek3=4X .��1=2k!ekX /
1=4
D ��1=8k!ekX :

Thus, we obtain

ke��
1=3tP¤ue � r!ekL1L2 � ke

��1=3tP¤uekL2L1kr!ekL2L2

. ��1=8k!ekX�
�1=2
k!ekX ;

ke��
1=3tP0u

1
e@x!ekL1L2 � k!ekL1L2ke

��1=3t@x!ekL1L2

. ��1=2k!ek
2
X � �

�2=3
k!ek

2
X :

This shows that
ke��

1=3tue � r!ekL1L2 . ��2=3k!ek
2
X :

Step 4. Estimate of Er . By (2.8) in Proposition 2.1, we have

ke��
1=3tErkL1L2 . k�.1C t /e��1=3tkL1.T0;T /k!

.0/
kH3 C k.1C t /�2kL1.T0;T /k!

.0/
k
2
H3

. �1=3k!.0/kH3 C k!.0/k2
H3 . �1=3k!.0/kH3 :

Summing up, we arrive at

ke��
1=3tgkL1L2 . ��1=3k!.0/kH3k!ekX C �

�2=3
k!ek

2
X C �

1=3
k!.0/kH3

. k!.0/k2
H3 C �

�2=3
k!ek

2
X C �

1=3
k!.0/kH3

. ��2=3k!ek
2
X C �

1=3
k!.0/kH3 :

This completes the proof.

Now we are in a position to prove the key Proposition 2.2.

Proof of Proposition 2.2. As !�.T0/ D !e.T0/, we get by Proposition 2.3 that

k!�.T0/kL2 D k!e.T0/kL2 � C�
1=3
k!.0/kH3 :
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Then by Proposition 2.4 and Proposition 2.6, we have

k!�kX . k!�.T0/kL2 C ke��
1=3tgkL1L2 . ��2=3k!ek

2
X C �

1=3
k!.0/kH3 :

As u2e D �@x�
�1!e , we have

ke��
1=3t
ru2ekL2L2 D ke

��1=3t@xr�
�1!ekL2L2 � k!ekX ;

and then by Proposition 2.5,

k!rekX . ��1=3ke��
1=3t
ru2ekL2L2k!

.0/
kH3 . ��1=3k!ekXk!

.0/
kH3 :

Thus, we obtain (recall that !� D !e � !re)

k!ekX � k!�kX C k!rekX . ��2=3k!ek
2
X C �

1=3
k!.0/kH3 C ��1=3k!ekXk!

.0/
kH3

. ��2=3k!ek
2
X C �

1=3
k!.0/kH3 C k!.0/k2

H3

. ��2=3k!ek
2
X C �

1=3
k!.0/kH3 : (2.11)

Now we use a bootstrap argument. Firstly, we assume that k!ekXT � "0�
2=3 for some

small "0 determined later, which holds for some T > T0 by Proposition 2.3 (for �1 small
enough). Then (2.11) implies that

k!ekXT � C1"0k!ekX C C1�
1=3
k!.0/kH3 :

Taking "0 D .2C1/�1, we can conclude that

k!ekXT � 2C1�
1=3
k!.0/kH3 � 2C1�1�

2=3: (2.12)

Taking �1 D "0=.4C1/, and using the continuity of t 7! k!ekX , we can conclude (2.12)
for T D C1. Then the result follows from Proposition 2.3 and the definition of the X
norm.

3. Inviscid damping estimates for the linear part

In this section we prove Proposition 2.1. Recall that

wLk .t; y/ D w0;k.y/e
�ikU1.t;y/��k

2t3=3

with U1 satisfying (2.9).
Let I D Œ�1; 1� and EL

k
D k.@y ; k/

3w0;kkL2.I / for k ¤ 0. Then

!.0/.x; y/ D
X
k2Z

w0;k.y/e
ikx ;

X
k2Zn¹0º

.ELk /
2
� Ck!.0/k2

H3 : (3.1)

We denote by k � kLp the Lp.�/ norm or Lp.I / norm, which is easy to distinguish
from the context. We use the L2 inner product hf; gi D

R 1
�1
f .y/g.y/ dy, and use  D

��1
k
! to denote the unique solution of �k D !,  .˙1/ D 0, here �k D @2y � k

2, then
 L
k
D ��1

k
wL
k

.
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Lemma 3.1. For k 2 Z n ¹0º, t � 0, j D 0; 1; 2; 3, we have

k.@y ; k/
j .eikytwLk /.t/kL2 � C jkj

j�3e�2.�k
2/1=3tELk :

For k 2 Z n ¹0º, t � 0, j D 0; 1; 2, we have

k.@y ; k/
j .eikytwLk /.t/kL1 � C jkj

j� 52 e�2.�k
2/1=3tELk :

Proof. Thanks to wL
k
.t; y/ D w0;k.y/e

�ikU1.t;y/��k
2t3=3, we have

eikytwLk .t; y/ D w0;k.y/e
�ik.U1.t;y/�ty/��k

2t3=3
D w0;k.y/e

i
��k2t3=3;

where 
 D�k.U1.t; y/� ty/. By (2.9), we have j@jy
 j � C�1=3jkt j for j D 0; 1; 2; 3 and
then

j@y.e
i
 /j � j@y
 j � C�

1=3
jkt j;

j@2y.e
i
 /j � j@2y
 j C j@y
 j

2
� C�1=3jkt j C C.�1=3jkt j/2;

j@3y.e
i
 /j � j@3y
 j C 3j@y
 j j@

2
y
 j C j@y
 j

3

� C�1=3jkt j C C.�1=3jkt j/2 C C.�1=3jkt j/3;

which show that j@jy.ei
 /j � C.1C �1=3jkt j/j for j D 0; 1; 2; 3, and

j@jy.e
i
��k2t3=3/j . .1C �1=3jkt j/j e��k

2t3=3 . jkjj=3.1C �k2t3/j=3e��k2t3=3

. jkjj=3e�2.�k2/1=3t ;

j.@y ; k/
j .ei
��k

2t3=3/j . jkjj e�2.�k2/1=3t :

Thus, we infer that for j D 0; 1; 2; 3,

k.@y ; k/
j .eikytwLk /.t/kL2 D k.@y ; k/

j .w0;k.y/e
i
��k2t3=3/.t/kL2

� C

jX
lD0

k.@y ; k/
lw0;k.y/kL2k.@y ; k/

j�l .ei
��k
2t3=3/kL1

� C

jX
lD0

jkjl�3ELk jkj
j�le�2.�k

2/1=3t

� C jkjj�3e�2.�k
2/1=3tELk :

For j D 0; 1; 2, we get by the Gagliardo–Nirenberg inequality that

k.@y ; k/
j .eikytwLk /.t/kL1 � Ck.@y ; k/

jC1.eikytwLk /.t/k
1=2

L2
k.@y ; k/

j.eikytwLk /.t/k
1=2

L2

� C jkjj�
5
2 e�2.�k

2/1=3tELk :

This completes the proof.
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Remark 3.2. The estimate k.@y ; k/j .eikU1wLk /.t/kL2 � C jkj
j�3e��k

2t3=3EL
k

is obvi-
ous. This lemma shows that a similar bound holds with U1 replaced by yt . This ensures
that there is no need to make a coordinate transform as in [22].

The following lemma will be used in Section 5.

Lemma 3.3. It holds that

tk@2x!L.t/kL1 C tk@x!L.t/kL1 � C�
�1=3e��

1=3t
k!.0/kH3 :

Proof. Notice that for j D 1; 2,

!L.t; x; y/ D
X

k2Zn¹0º

wLk .t; y/e
ikx ; @jx!L.t; x; y/ D

X
k2Zn¹0º

.ik/jwLk .t; y/e
ikx :

Then by Lemma 3.1, (3.1), and .�k2/1=3te�.�k
2/1=3t � 1, we have

tk@2x!L.t/kL1 C tk@x!L.t/kL1 � Ct
X

k2Zn¹0º

.jkj2 C jkj/k.eikytwLk /.t/kL1

� Ct
X

k2Zn¹0º

jkj�
1
2ELk e

�2.�k2/1=3t
� C��1=3

X
k2Zn¹0º

jkj�
1
2�

2
3ELk e

�.�k2/1=3t

� C��1=3
� X
k2Zn¹0º

.ELk /
2

�1=2
e��

1=3t
� C��1=3e��

1=3t
k!.0/kH3 :

This completes the proof.

Lemma 3.4. Assume that k 2 Z n ¹0º, t � 0, ! 2 H 1.�1; 1/,  D ���1
k
!. Then we

have
k2k.@y ; k/ kL2 � C.1C t /

�1
k.@y ; k/.e

ikyt!/kL2 :

Proof. Let !1 D @y! C ikt!. As  D ���1
k
!, we have

jkt j.k@y k
2
L2
C k2k k2

L2
/ D jkth ;!ij D j�ih ;!1 � @y!ij D jh ;!1i C h@y ;!ij

� k kL2k!1kL2 C k@y kL2k!kL2

� C.jkjk kL2 C k@y kL2/.jkj
�1
k!1kL2 C k!kL2/;

from which, with eikyt!1 D @y.eikyt!/, we infer that

jkjt .k@y kL2 C jkjk kL2/ � C.jkj
�1
k!1kL2 C k!kL2/

� C jkj�1k.@y ; k/.e
ikyt!/kL2 : (3.2)

On the other hand, using k@y k2L2 C k
2k k2

L2
D h ;!i � k kL2k!kL2 , we have

k@y kL2 C jkjk kL2 � C jkj
�1
k!kL2 : (3.3)

Then the lemma is a direct consequence of (3.2) and (3.3).
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Lemma 3.5. Assume that k 2 Z n ¹0º, t � 0, ! 2 H 2.�1; 1/,  D ���1
k
!. Then we

have

jkj2k.@y ; k/.@y C ikt /kL2 � C.1C t /
�1
k.@y ; k/

2.eikyt!/kL2 ;

jkj4k kL2 � C.1C t /
�2
k.@y ; k/

2.eikyt!/kL2 :

Proof. We define

!1 D @y! C ikt!;  1 D @y C ikt ;  2 D ��
�1
k !1;  3 D  1 �  2:

Then ��k D !, ��k 1 D !1, and �k 3 D 0. By Lemma 3.4, we have

k2k.@y ; k/ 2kL2 � C.1C t /
�1
k.@y ; k/.e

ikyt!1/kL2

D C.1C t /�1k.@y ; k/@y.e
ikyt!/kL2

� C.1C t /�1k.@y ; k/
2.eikyt!/kL2 : (3.4)

To estimate  3, we introduce 
j .y/ D
sinh.k.yCj //
j sinh2k , which satisfies

.@2y � k
2/
j D 0; 
j .j / D 1; 
j .�j / D 0 for j 2 ¹˙1º:

Thus, we have
 3 D  3.�1/
�1 C  3.1/
1:

Thanks to j
 0j .j /j D jk coth.2k/j � C jkj for j 2 ¹˙1º, we infer that for j D ˙1,

k@y
j k
2
L2
C k2k
j k

2
L2
D �h
j ; .@

2
y � k

2/
j i C 

0
j 
j j

1
�1

D j
 0j 
j .j /j D j

0
j .j /j � C jkj; (3.5)

which gives

k.@y ; k/ 3kL2 � j 3.�1/jk.@y ; k/
�1kL2 C j 3.1/jk.@y ; k/
1kL2

� C jkj
1
2 .j 3.�1/j C j 3.1/j/

D C jkj
1
2 .j@y .�1/j C j@y .1/j/: (3.6)

Here we used  3.j / D  1.j / D @y .j / for j D ˙1. Using the fact that

h!; 
1i D �h.@
2
y � k

2/ ; 
1i D �h ; .@
2
y � k

2/
1i � .@y 
1 �  

0
1/j

1
�1 D �@y .1/;

and eikyt!1 D @y.eikyt!/, we infer that for any t � 0,

jkt@y .1/j D jkth!; 
1ij D jh!1 � @y!; 
1ij D
ˇ̌
h!1; 
1i C h!; 


0
1i � !
1j

yD1
yD�1

ˇ̌
� k!1kL2k
1kL2 C k!kL2k


0
1kL2 C j!.1/j

� Ck!1kL2 jkj
� 12 C Ck!kL2 jkj

1
2 C keikyt!kL1

� C jkj�
1
2 .k!1kL2 C jkjk!kL2/C Cke

ikyt!k
1=2

H1 ke
ikyt!k

1=2

L2

� C jkj�
1
2 k.@y ; k/.e

ikyt!/kL2 :
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On the other hand, we have

j@y .1/j D jh!; 
1ij � k!kL2k
1kL2 � Ck!kL2 jkj
� 12 :

This shows that

j@y .1/j � C jkj
� 32 .1C t /�1k.@y ; k/.e

ikyt!/kL2 : (3.7)

Similarly, we have

j@y .�1/j D jh!; 
�1ij � C jkj
� 32 .1C t /�1k.@y ; k/.e

ikyt!/kL2 : (3.8)

It follows from (3.6), (3.8), and (3.7) that

k.@y ; k/ 3kL2 � C jkj
�1.1C t /�1k.@y ; k/.e

ikyt!/kL2

� C jkj�2.1C t /�1k.@y ; k/
2.eikyt!/kL2 ;

which along with (3.4) and  3 D  1 �  2 implies

k.@y ; k/ 1kL2 � k.@y ; k/ 2kL2 C k.@y ; k/ 3kL2

� C jkj�2.1C t /�1k.@y ; k/
2.eikyt!/kL2 :

This shows the first inequality by recalling  1 D @y C ikt .
Using Lemma 3.4 and  1 D @y C ikt , we have

jkt jk kL2 � k@y kL2 C k 1kL2 � C jkj
�3.1C t /�1k.@y ; k/

2.eikyt!/kL2 ;

which gives the second inequality (the case 0 � t � 1 follows from Lemma 3.4).

Lemma 3.6. Assume that k 2 Z n ¹0º, t � 0, ! 2H 3.�1; 1/, !.˙1/D 0,  D ���1
k
!.

Then we have

jkj4k@y C ikt kL2 � C.1C t /
�2
k.@y ; k/

3.eikyt!/kL2 :

Proof. Let !1,  1,  2,  3, and 
j for j D ˙1 be defined as in the proof of Lemma 3.5.
Then (3.5) and (3.6) still hold.

By Lemma 3.5 and eikyt!1 D @y.eikyt!/, we have

jkj4k 2kL2 � C.1C t /
�2
k.@y ; k/

2.eikyt!1/kL2

D C.1C t /�2k.@y ; k/
2@y.e

ikyt!/kL2

� C.1C t /�2k.@y ; k/
3.eikyt!/kL2 : (3.9)

By (3.5) and .@2y � k
2/
j D 0 we deduce that k@my 
j kL2 � C jkj

m� 12 form 2 ¹0; 1; 2º,
j 2 ¹˙1º. Then using the fact that h!; 
1i D �@y .1/, !.˙1/ D 0, we infer that
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for any t � 0,

jkt j2j@y .1/j D jkt j
2
jh!; 
1ij D jkt j

2
jheikyt!
1; e

ikyt
ij D jheikyt!
1; @

2
y.e

ikyt /ij

D
ˇ̌
h@2y.e

ikyt!
1/; e
ikyt
i � e�ikyt@y.e

ikyt!
1/j
yD1
yD�1

ˇ̌
� k@2y.e

ikyt!
1/kL1 C k@y.e
ikyt!
1/kL1 � 2k@

2
y.e

ikyt!
1/kL1

� C

2X
jD0

k@jy.e
ikyt!/kL2k@

2�j
y 
1kL2 � C

2X
jD0

k@jy.e
ikyt!/kL2 jkj

2�j� 12

� C jkj�
1
2 k.@y ; k/

2.eikyt!/kL2 :

Here we also used !.�1/D 
1.�1/D 0, @y.eikyt!
1/jyD�1 D 0. On the other hand, we
have j@y .1/j D jh!; 
1ij � Ck!kL2 jkj�

1
2 . This shows that

j@y .1/j � C jkj
� 52 .1C t /�2k.@y ; k/

2.eikyt!/kL2 : (3.10)

Similarly, we have

j@y .�1/j D jh!; 
�1ij � C jkj
� 52 .1C t /�2k.@y ; k/

2.eikyt!/kL2 : (3.11)

It follows from (3.6), (3.10), and (3.11) that

k.@y ; k/ 3kL2 � C jkj
�2.1C t /�2k.@y ; k/

2.eikyt!/kL2

� C jkj�3.1C t /�2k.@y ; k/
3.eikyt!/kL2 ;

which along with (3.9) and  3 D  1 �  2 implies

k 1kL2 � k 2kL2 C k 3kL2 � C jkj
�4.1C t /�2k.@y ; k/

3.eikyt!/kL2 :

This completes the proof by recalling  1 D @y C ikt .

Next we prove Proposition 2.1.

Proof of Proposition 2.1. The proof is split into several steps.

Step 1. Estimate of !L. Notice that

!L.t; x; y/ D
X

k2Zn¹0º

wLk .t; y/e
ikx ;

@x!L.t; x; y/ D
X

k2Zn¹0º

ikwLk .t; y/e
ikx ;

.@y C t@x/!L.t; x; y/ D
X

k2Zn¹0º

.@y C ikt/w
L
k .t; y/e

ikx

D

X
k2Zn¹0º

@y.e
ikytwLk /.t; y/e

ik.x�yt/:
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Then by Lemma 3.1 and (3.1), we get

k@x!L.t/kL1 C k.@y C t@x/!L.t/kL1 � C
X

k2Zn¹0º

k.@y ; k/.e
ikytwLk /.t/kL1

� C
X

k2Zn¹0º

jkj�
3
2ELk e

�2.�k2/1=3t

� C

� X
k2Zn¹0º

.ELk /
2

�1=2
e�2�

1=3t

� Ce�2�
1=3t
k!.0/kH3 ;

which gives (2.5).

Step 2. Estimate of uL. Notice that uL D .@y ;�@x/�L D .u1L; u
2
L/, and

�L D
X

k2Zn¹0º

�Lk .t; y/e
ikx ;

u2L.t; x; y/ D �@x�L D �
X

k2Zn¹0º

ik�Lk .t; y/e
ikx ;

(3.12)

.u1L � tu
2
L/.t; x; y/ D .@y C t@x/�L D

X
k2Zn¹0º

.@y C ikt/�
L
k .t; y/e

ikx : (3.13)

As �L
k
D ��1

k
wL
k

, by Lemmas 3.5, 3.6, and 3.1, we have

jkj4.1C t /2.kik�Lk .t/kL2 C k.@y C ikt/�
L
k .t/kL2/

� C jkjk.@y ; k/
2.eikytwLk /.t/kL2 C Ck.@y ; k/

3.eikytwLk /.t/kL2

� Ce�2.�k
2/1=3tELk : (3.14)

Then by (3.12), (3.13), (3.14), and (3.1), we get

ku2L.t/k
2
L2
C k.u1L � tu

2
L/.t/k

2
L2

� C
X

k2Zn¹0º

.kik�Lk .t/k
2
L2
C k.@y C ikt/�

L
k .t/k

2
L2
/

� C
X

k2Zn¹0º

.1C t /�4e�4.�k
2/1=3t .ELk /

2
� C.1C t /�4e�4�

1=3t
k!.0/k2

H3 ;

which gives (2.6).
By Sobolev embedding and (3.14), we have

k Lk .t/kL1 D ke
ikyt�Lk .t/kL1 � Cke

ikyt�Lk .t/kH1.I /

� Ck.@y ; k/.e
ikyt�Lk /.t/kL2 D Ck.@y C ikt; k/�

L
k .t/kL2

� C.1C t /�2jkj�4e�2.�k
2/1=3tELk :
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Similarly, by Sobolev embedding and Lemmas 3.4, 3.5, and 3.1, we have

k@y�
L
k .t/kL1 � Cke

ikyt@y�
L
k .t/kH1.I / � Ck.@y C ikt; k/@y�

L
k .t/kL2

� C.1C t /�1jkj�2.k.@y ; k/
2.eikytwLk /.t/kL2

C jkjk.@y ; k/.e
ikytwLk /.t/kL2/

� C.1C t /�1jkj�3e�2.�k
2/1=3tELk :

Then by (3.12), (3.1), and u1L D @y�L, we have

ku2L.t/kL1 � C
X

k2Zn¹0º

kik�Lk .t/kL1 � C
X

k2Zn¹0º

.1C t /�2jkj�3e�2.�k
2/1=3tELk

� C.1C t /�2e�2�
1=3t

� X
k2Zn¹0º

.ELk /
2

�1=2
� C.1C t /�2e�2�

1=3t
k!.0/kH3 ;

ku1L.t/kL1 � C
X

k2Zn¹0º

k@y�
L
k .t/kL1 � C

X
k2Zn¹0º

.1C t /�1jkj�3e�2.�k
2/1=3tELk

� C.1C t /�1e�2�
1=3t

� X
k2Zn¹0º

.ELk /
2

�1=2
� C.1C t /�1e�2�

1=3t
k!.0/kH3 ;

which give (2.7).

Step 3. Estimate of Er . Recall Er D ErL � U 00@x�L C uL � r!L. As @x�L D �u2L, we
get by (2.2) and (2.6) that

kU 00@x�L.t/kL2 � kU
00
kL1ku

2
L.t/kL2 � C.1C t /

�2e�2�
1=3t
k!.0/k2

H3 :

Notice that

uL � r!L D u
1
L@x!L C u

2
L@y!L D .u

1
L � tu

2
L/@x!L C u

2
L.@y C t@x/!L:

Then by (2.5) and (2.6) we get

kuL � r!L.t/kL2 � k.u
1
L� tu

2
L/.t/kL2k@x!L.t/kL1 C ku

2
L.t/kL2k.@yC t@x/!L.t/kL1

� C.1C t /�2e�2�
1=3t
k!.0/k2

H3 :

Thanks to .@t � �t2@2x C U@x/!L D 0 and ErL D .@t � ��C U@x/!L, we get ErL D
.�t2@2x � ��/!L and

!L.t; x; y/ D
X

k2Zn¹0º

wLk .t; y/e
ikx ; ErL.t; x; y/ D

X
k2Zn¹0º

Wk.t; y/e
ikx ;

where Wk.t; y/ D ��.@2y � k
2 C k2t2/wL

k
.t; y/. Then we have

eikytWk D ��..@y � ikt/
2
� k2 C k2t2/.eikytwLk /

D ��.@2y � 2ikt@y � k
2/.eikytwLk /:
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By Lemma 3.1, we have

kWk.t/kL2 D k�.@
2
y � 2ikt@y � k

2/.eikytwLk /.t/kL2

� C�.1C t /k.@y ; k/
2.eikytwLk /.t/kL2

� C�.1C t /jkj�1e�2.�k
2/1=3tELk � C�.1C t /e

�2�1=3tELk :

Then we get by (3.1) that

kErL.t/k
2
L2
� C

X
k2Zn¹0º

kWk.t/k
2
L2
� C

X
k2Zn¹0º

�2.1C t /2e�4�
1=3t .ELk /

2

� C�2.1C t /2e�4�
1=3t
k!.0/k2

H3 :

Summing up, we obtain

kEr.t/kL2 � kErL.t/kL2 C kU
00@x�L.t/kL2 C kuL � r!L.t/kL2

� C�.1C t /e�2�
1=3t
k!.0/kH3 C C.1C t /�2e�2�

1=3t
k!.0/k2

H3 ;

which gives (2.8).

4. Space-time estimates for the linearized equation

This section is devoted to the proof of Proposition 2.4. Throughout this section, we assume
that U satisfies (for some ı0 2 .0; 1=4/ small enough)

kU.t; y/ � ykC 3 � ı0; 8t � 0: (4.1)

Since k!.0/kH3 � �1�
1=3 � �1, for every fixed ı0 > 0, there exists �1 2 .0; 1/ such that

(2.1) implies (4.1).

4.1. Linear enhanced dissipation

Proposition 4.1. There exists ı0 2 .0; 1=4/ such that if U.t;y/ satisfies (4.1) and f solves

@tf � ��f C U@xf D 0; f .t; x;˙1/ D 0; 8t � 0; (4.2)

then it holds that

k@xf .t/kL2 � C.�t/
�1=2.1C t /�1kf .0/kL2 ;

kP¤f .t/kL2 � C.1C �t
3/�1kf .0/kL2 :

We denote

fk.t; y/´
1

2�

Z
T
f .t; x; y/e�ikx dx; for k 2 Z:

Then we have
@tfk � ��kfk C ikUfk D 0; fk.t;˙1/ D 0:

Here, �k D @2y � k
2. We need the following lemmas.
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Lemma 4.2. Let ı0 2 .0; 1=4/ and U.t; y/ satisfy (4.1). Then we have

d

dt
kfkk

2
L2
D �2�k.@y ; k/fkk

2
L2
;

d

dt
k.@y ; k/fkk

2
L2
C 2�k�kfkk

2
L2
� 3jkjkfkkL2k@yfkkL2 ;

d

dt
Rehikfk ; @yfki C jkj2k

p
U 0fkk

2
L2
� 2�jkjk@yfkkL2k�kfkkL2 :

Proof. As fkjyD˙1 D 0, by a direct calculation, we have

d

dt
kfkk

2
L2
D 2� Reh�kfk ; fki D �2�k.@y ; k/fkk2L2 ;

which gives the first equality.
As fkjyD˙1 D 0, �k D @2y � k

2, we have

d

dt
k.@y ; k/fkk

2
L2
D �2Reh�kfk ; @tfki D �2�k�kfkk2L2 C 2Reh�kfk ; ikUfki;

Reh�kfk ; ikUfki D Reh�k2fk ; ikUfki � Reh@yfk ; @y.ikUfk/i

D �Reh@yfk ; ikU 0fki;

j2Reh�kfk ; ikUfkij � 2jkjkU 0kL1kfkkL2k@yfkkL2 :

This shows the second inequality by noticing that

kU 0kL1 � 1C kU
0
� 1kL1 � 1C ı0 < 3=2:

Using integration by parts, we have

d

dt
Rehikfk ; @yfki D Rehik.��kfk � ikUfk/; @yfki

C Rehikfk ; @y.��kfk � ikUfk/i

D �jkj2k
p
U 0fkk

2
L2
� Imhk��kfk ; @yfki � Imhkfk ; �@y�kfki;

jImhk��kfk ; @yfki C Imhkfk ; �@y�kfkij D 2jImhk��kfk ; @yfkij

� 2�jkjk@yfkkL2k�kfkkL2 ;

which implies the third inequality.

Lemma 4.3. Let ı0 2 .0; 1=4/, U.t; y/ satisfy (4.1), 
0 D 1=900, ˛0 D 16
0, ˇ0 D 6
0,
and

ˆk.t/ D .1C 
0�jkj
2t3/kfkk

2
L2
C ˛0�tk.@y ; k/fkk

2
L2
C ˇ0�t

2 Rehikfk ; @yfki;

where fk is fk.t; �/. Then it holds that for t � 0,

ˆk.t/ � .1C 
0�jkj
2t3=4/kfkk

2
L2
C ˛0�tk.@y ; k/fkk

2
L2
=4; ˆ0k.t/ � 0:
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Proof. As ˛0 D 16
0 > 0, ˇ0 D 6
0, we have

jˇ0�t
2 Rehikfk ; @yfkij � ˇ0�t2jkjkfkkL2k@yfkkL2

� ˇ0�.t
3
jkj2kfkk

2
L2
C 16tk@yfkk

2
L2
/=8

D 3�.
0t
3
jkj2kfkk

2
L2
C ˛0tk@yfkk

2
L2
/=4;

which implies the first inequality of the lemma.
Next we showˆ0.t/� 0. By Lemma 4.2 and jRehikfk ; @yfkij � jkjkfkkL2k@yfkkL2 ,

we get

ˆ0k.t/ � 3
0�jkj
2t2kfkk

2
L2
� 2�.1C 
0�jkj

2t3/k.@y ; k/fkk
2
L2
C ˛0�k.@y ; k/fkk

2
L2

� 2˛0�
2tk�kfkk

2
L2
C 3˛0�t jkjkfkkL2k@yfkkL2 C 2ˇ0�t jkjkfkkL2k@yfkkL2

� ˇ0�t
2
jkj2k

p
U 0fkk

2
L2
C 2ˇ0�

2t2jkjk@yfkkL2k�kfkkL2

D �jkj2t2
�
4
0kfkk

2
L2
� ˇ0k

p
U 0fkk

2
L2

�
� �.1 � ˛0/k.@y ; k/fkk

2
L2

�
�
�jkj2t2
0kfkk

2
L2
� .3˛0 C 2ˇ0/�t jkjkfkkL2k@yfkkL2 C �k.@y ; k/fkk

2
L2

�
�
�
2˛0�

2tk�kfkk
2
L2
� 2ˇ0�

2t2jkjk@yfkkL2k�kfkkL2

C 2
0�
2
jkj2t3k.@y ; k/fkk

2
L2

�
D I0 � I1 � I2 � I3:

By (4.1) and ˇ0 D 6
0 > 0, we have ˇ0 � .3=4/ > 4
0 and

infU 0 � 1 � kU 0 � 1kL1 � 1 � ı0 > 3=4;

ˇ0k
p
U 0fkk

2
L2
� ˇ0 � .3=4/kfkk

2
L2
� 4
0kfkk

2
L2
;

which implies I0 � 0. As 
0 D 1=900, ˛0 D 16
0, we have ˛0 < 1, which implies I1 � 0.
As 
0 D 1=900 D 1=302, ˛0 D 16
0, ˇ0 D 6
0, we have 3˛0 C 2ˇ0 D 60
0 and

I2 D �jkj
2t2
0kfkk

2
L2
� .3˛0 C 2ˇ0/�t jkjkfkkL2k@yfkkL2 C �k.@y ; k/fkk

2
L2

D �
0.jkjtkfkkL2 � 30k.@y ; k/fkkL2/
2
� 0;

I3 D 2˛0�
2tk�kfkk

2
L2
� 2ˇ0�

2t2jkjk@yfkkL2k�kfkkL2 C 2
0�
2
jkj2t3k.@y ; k/fkk

2
L2

D 14
0�
2tk�kfkk

2
L2
C 2
0�

2t .3k�kfkkL2 � jkjtk@yfkkL2/
2
C 2
0�

2
jkj4t3kfkk

2
L2

� 0:

Summing up, we conclude that ˆ0
k
.t/ � I0 � I1 � I2 � I3 � 0.

Now we prove Proposition 4.1.

Proof of Proposition 4.1. We write

f .t; x; y/ D
X
k2Z

fk.t; y/e
ikx :
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Then we have

k@xf .t/k
2
L2.�/

D 2�
X
k2Z

kikfk.t/k
2
L2.I /

; kP¤f .t/k
2
L2.�/

D 2�
X

k2Zn¹0º

kfk.t/k
2
L2.I /

:

Thus, it is enough to prove that for every k 2 Z n ¹0º, t > 0,

jkj2kfk.t/k
2
L2
� C.�t/�1.1C t /�2kfk.0/k

2
L2
;

kfk.t/k
2
L2
� C.1C �t3/�1kfk.0/k

2
L2
:

(4.3)

By Lemma 4.3, we have

kfk.0/k
2
L2
D ˆk.0/ � ˆk.t/

� .1C 
0�jkj
2t3=4/kfk.t/k

2
L2
C ˛0�tk.@y ; k/fk.t/k

2
L2
=4

� .1C 
0�jkj
2t3=4C ˛0�jkj

2t=4/kfk.t/k
2
L2

� �t.
0t
2
C ˛0/jkj

2
kfk.t/k

2
L2
=4;

which gives the first inequality of (4.3). We also have (as k 2 Z n ¹0º)

kfk.0/k
2
L2
� .1C 
0�jkj

2t3=4/kfk.t/k
2
L2
� .1C 
0�t

3=4/kfk.t/k
2
L2
;

which gives the second inequality of (4.3).

4.2. Linear inviscid damping

Lemma 4.4. There exists ı0 2 .0; 1=4/ such that if U.t; y/ satisfies (4.1) and fk solves

@tfk � ��kfk C ikUfk D ��kFk ; �k�k D fk ; �k.t;˙1/ D fk.t;˙1/ D 0;

where k 2 Z, then we have

kfk.t/k
2
L2
C �

Z t

0

k.@y ; k/fk.s/k
2
L2
ds C

Z t

0

jkj2k.@y ; k/�k.s/k
2
L2
ds

� Ckfk.0/k
2
L2
C C�

Z t

0

k.@y ; k/Fk.s/k
2
L2
ds:

To prove Lemma 4.4, we need to use the operator Jk on L2.I / for k 2 Z n ¹0º con-
structed in [7]. The operator Jk is defined as

Jk Œf �.y/ D jkjp:v:
k

jkj

Z 1

�1

1

2i.y � y0/
Gk.y; y

0/f .y0/ dy0:

Here, Gk is the Green’s function for �k ´ @2y � jkj
2 such that

Gk.y:y
0/ D �

1

k sinh 2k

´
sinh.k.1 � y0// sinh.k.1C y//; y � y0;

sinh.k.1 � y// sinh.k.1C y0//; y � y0:
(4.4)

Then ��1
k
f .y/ D

R 1
�1
Gk.y:y

0/f .y0/ dy0. As GkjyD˙1 D 0, we have Jk Œf �jyD˙1 D 0.
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The operator Jk is primarily used to derive the inviscid damping estimate. Specifically,
by Lemma B.2, we have

Reh�ikUfk ;Jkfki � �
jkj2

8
k.@y ; k/�kk

2
L2
:

See the appendix for more properties of Jk .

Proof of Lemma 4.4. As fkjyD˙1 D 0, by the energy estimate, we have

d

dt
kfkk

2
L2
D 2Reh�ikUfk C ��kfk C ��kFk ; fki D 2� Reh�kfk C�kFk ; fki

D �2�k.@y ; k/fkk
2
L2
� 2� Reh@yFk ; @yfki � 2�jkj2 RehFk ; fki

� �2�k.@y ; k/fkk
2
L2
C 2�k.@y ; k/fkkL2k.@y ; k/FkkL2

� ��k.@y ; k/fkk
2
L2
C �k.@y ; k/Fkk

2
L2
;

which implies

kfk.t/k
2
L2
C �

Z t

0

k.@y ; k/fk.s/k
2
L2
ds

� kfk.0/k
2
L2
C �

Z t

0

k.@y ; k/Fk.s/k
2
L2
ds: (4.5)

It remains to prove thatZ t

0

jkj2k.@y ; k/�k.s/k
2
L2
ds � Ckfk.0/k

2
L2
C C�

Z t

0

k.@y ; k/Fk.s/k
2
L2
ds: (4.6)

For k D 0, (4.6) is clearly true. Now we assume k 2 Z n ¹0º. Since Jk is symmetric, we
have

1

2

d

dt
Rehfk ;Jk Œfk �i D Reh�ikUfk C ��kfk C ��kFk ;Jk Œfk �i D T1 C T2 C T3:

By Lemma B.2, we have

T1 � �
jkj2

8
k.@y ; k/�kk

2
L2
:

As Jk Œfk �jyD˙1 D 0, we get by (B.1) that

T2 D � Reh�kfk ;Jk Œfk �i D �� Reh@yfk ; @yJk Œfk �i � �jkj
2 Rehfk ;Jk Œfk �i

� �k.@y ; k/fkkL2k.@y ; k/Jk Œfk �kL2 . �k.@y ; k/fkk
2
L2
:

Similarly, we have

T3 � �k.@y ; k/FkkL2k.@y ; k/Jk Œfk �kL2 . �k.@y ; k/FkkL2k.@y ; k/fkkL2

. �k.@y ; k/Fkk
2
L2
C �k.@y ; k/fkk

2
L2
:
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Summing up, we obtain

1

2

d

dt
Rehfk ;Jk Œfk �i � �

jkj2

8
k.@y ; k/�kk

2
L2
C C�k.@y ; k/fkk

2
L2
C C�k.@y ; k/Fkk

2
L2
;

which impliesZ t

0

jkj2k.@y ; k/�k.s/k
2
L2
ds � 4jhfk.0/;Jk Œfk.0/�ij C 4jhfk.t/;Jk Œfk.t/�ij

C C�

Z t

0

k.@y ; k/fk.s/k
2
L2
ds

C C�

Z t

0

k.@y ; k/Fk.s/k
2
L2
ds:

By Lemma B.1, we have

jhfk.t/;Jk Œfk.t/�ij � kfk.t/kL2kJk Œfk.t/�kL2 . kfk.t/k2L2 ;
jhfk.0/;Jk Œfk.0/�ij . kfk.0/k2L2 :

Thus, we deduce thatZ t

0

jkj2k.@y ; k/�k.s/k
2
L2
ds � Ckfk.0/k

2
L2
C Ckfk.t/k

2
L2

C C�

Z t

0

k.@y ; k/fk.s/k
2
L2
ds

C C�

Z t

0

k.@y ; k/Fk.s/k
2
L2
ds;

which along with (4.5) gives (4.6).

Summing up all the Fourier modes in Lemma 4.4, we have the following corollary.

Corollary 4.5. There exists ı0 2 .0; 1=4/ such that if U.t; y/ satisfies (4.1) and f solves

@tf � ��f C U@xf D ��F; f .t; x;˙1/ D 0; 8t � 0;

then we have

kf .t/k2
L2
C �

Z t

0

krf .s/k2
L2
ds C

Z t

0

k@xr�
�1f .s/k2

L2
ds

� Ckf .0/k2
L2
C C�

Z t

0

krF.s/k2
L2
ds:

Restricting to the case f D F D 0 for t 2 Œ0; T0�, we have the following corollary.

Corollary 4.6. There exists ı0 2 .0; 1=4/ such that if U.t; y/ satisfies (4.1) and f solves

@tf � ��f C U@xf D ��F; f .t; x;˙1/ D 0; 8t � T0; f jtDT0 D 0;

then we have
kf kY . �1=2krF kL2L2 � kF kY ;
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where
kf kY D kf kL1L2 C �

1=2
krf kL2L2 C k@xr�

�1f kL2L2 : (4.7)

Corollary 4.6 will be used in the proof of Proposition 2.5.

4.3. Proof of Proposition 2.4

Let S.t; s/DS.t; s;U / be the solution operator of (4.2). That is, f .t;x;y/DS.t; s/g.x;y/
solves (4.2) for t � s with f .s; x; y/ D g.x; y/. We infer from Corollary 4.5 (for F D 0)
and Proposition 4.1 that

kS.t; 0/gkL2 � CkgkL2 ; 8t � 0; �

Z 1
0

krS.t; 0/gk2
L2
dt � Ckgk2

L2
;Z 1

0

k@xr�
�1S.t; 0/gk2

L2
dt � Ckgk2

L2
;Z 1

0

k@xS.t; 0/gkL2 dt � C

Z 1
0

.�t/�1=2.1C t /�1kgkL2 dt � C�
�1=2
kgkL2 ;Z 1

0

kP¤S.t; 0/gkL2 dt � C

Z 1
0

.1C �t3/�1kgkL2 dt � C�
�1=3
kgkL2 :

Notice that S.t; s;U /D S.t � s; 0; �sU/ with �sU.t; y/D U.t C s; y/, and �sU.t; y/ also
satisfies (4.1). Thus, there also holds for t � s � 0,

kS.t; s/gkL2 � CkgkL2 ; �

Z 1
s

krS.t; s/gk2
L2
dt � Ckgk2

L2
; (4.8)Z 1

s

k@xr�
�1S.t; s/gk2

L2
dt � Ckgk2

L2
; (4.9)Z 1

s

k@xS.t; s/gkL2 dt � C�
�1=2
kgkL2 ;Z 1

s

kP¤S.t; s/gkL2 dt � C�
�1=3
kgkL2 :

(4.10)

Let f solve @tf � ��f C U@xf D g, f .t; x;˙1/ D 0 for t 2 ŒT0; T �. Then we have

f .t/ D S.t; T0/f .T0/C

Z t

T0

S.t; s/g.s/ ds:

By using (4.8)–(4.10) and the Minkowski inequality, we deduce that for t 2 ŒT0; T �,

kf .t/kL2 C �
1=2

�Z T

T0

krf .t/k2
L2
dt

�1=2
C

�Z T

T0

k@xr�
�1f .t/k2

L2
dt

�1=2
C �1=2

Z T

T0

k@xf .t/kL2 dt C �
1=3

Z T

T0

kP¤f .t/kL2 dt

� Ckf .T0/kL2 C C

Z T

T0

kg.t/kL2 dt:
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We introduce the following norm:

kf k zX D kf kL1L2 C �
1=2
krf kL2L2 C k@xr�

�1f kL2L2

C �1=2k@xf kL1L2 C �
1=3
kP¤f kL1L2 :

Then the result becomes

kf k zX � Ckf .T0/kL2 C CkgkL1L2 : (4.11)

Recall that

kf kX D kf kL1L2C�
1=2
krf kL2L2Cke

��1=3tP¤f kL1L2 C �
1=2
ke��

1=3t
rP¤f kL2L2

C ke��
1=3t@xr�

�1f kL2L2C�
1=2
ke��

1=3t@xf kL1L2C�
1=3
ke��

1=3tP¤f kL1L2 :

Then we have (as @xf D @xP¤f )

kf kX � kf k zX C ke
��1=3tP¤f k zX : (4.12)

Now we can complete the proof of Proposition 2.4 by using (4.11) and (4.12). Since
@tf � ��f C U@xf D g, f .t; x;˙1/ D 0, and U is independent of x we have

@tP¤f � ��P¤f C U@xP¤f D P¤g; P¤f .t; x;˙1/ D 0:

Let Qf D e��
1=3tP¤f . Then

@t Qf � �� Qf C U@x Qf D e
��1=3tP¤g C ��

1=3 Qf µ Qg; Qf .t; x;˙1/ D 0:

Thus, (4.11) holds with .f; g/ replaced by . Qf ; Qg/, i.e.,

k Qf k zX � Ck
Qf .T0/kL2 C Cke

��1=3tP¤g C ��
1=3 Qf kL1L2

� Ce��
1=3T0kf .T0/kL2 C Cke

��1=3tP¤gkL1L2 C C��
1=3
k Qf kL1L2

� Ckf .T0/kL2 C Cke
��1=3tgkL1L2 C C�k

Qf k zX :

Here we used T0 D ��1=6, ��1=3T0 D ��1=6 � 1. Taking � 2 .0; 1=4/ so that C� � 1=2,
then

k Qf k zX � Ckf .T0/kL2 C Cke
��1=3tgkL1L2 : (4.13)

Finally, we conclude by (4.11)–(4.13) that

kf kX � kf k zX C ke
��1=3tP¤f k zX D kf k zX C k

Qf k zX

� Ckf .T0/kL2 C CkgkL1L2 C Cke
��1=3tgkL1L2

� Ckf .T0/kL2 C Cke
��1=3tgkL1L2 :

This completes the proof of Proposition 2.4.
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5. Control of the reaction part

In this section we prove Proposition 2.5. Recall that

@t!re � ��!re C U@x!re � tu
2
e@x!L D 0; !re.t; x;˙1/ D 0; !rejtDT0 D 0: (5.1)

Let f1 solve

@tf1 C y@xf1 D te
�1=3tu2e@x!L; f1jtDT0 D 0:

As !LjyD˙1 D 0, we have f1jyD˙1 D 0. The motivation for f1 is to extract the inviscid
contribution free of y-derivatives, enabling it to be solved y-by-y. In particular, it requires
no boundary conditions and can be solved via Fourier analysis as if it were defined on
T �R, as carried out in Lemma 5.6. To recover the y-derivatives in ��, let f2 solve

@tf2 � ��f2 C U@xf2 D �e
��1=3t=2�f1; f2.t; x;˙1/ D 0; f2jtDT0 D 0:

By Corollary 4.6, we have
kf2kY . ke��1=3t=2f1kY : (5.2)

Let faD e��
1=3t=2f2Ce

��1=3tf1. Here, we employ the weight functions e��
1=3t=2, e��

1=3t

to derive the enhanced dissipation. Then fajyD˙1 D 0, fajtDT0 D 0, and

@tfa � ��fa C U@xfa C �
1=3e��

1=3t=2f2=2C �
1=3e��

1=3tf1

D tu2e@x!L C e
��1=3t .U � y/@xf1:

Thus, fa is a good approximate solution and the error term fe D !re � fa solves´
@tfe���feCU@xfeD�

1=3e��
1=3t=2f2=2C�

1=3e��
1=3tf1�e

��1=3t .U �y/@xf1;

fe.t; x;˙1/ D 0; fejtDT0 D 0:

We need the following bound for the X norm.

Lemma 5.1. For � 2 .0; 1=4/ and Y defined in (4.7), we have

kf kX . ke�1=3t=2f kY C �1=2ke��
1=3t@xf kL1L2 :

Proof. Recall that

kf kX D kf kL1L2 C �
1=2
krf kL2L2 C ke

��1=3tP¤f kL1L2

C �1=2ke��
1=3t
rP¤f kL2L2 C ke

��1=3t@xr�
�1f kL2L2

C �1=2ke��
1=3t@xf kL1L2 C �

1=3
ke��

1=3tP¤f kL1L2 ;

kf kY D kf kL1L2 C �
1=2
krf kL2L2 C k@xr�

�1f kL2L2 :
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Then we have

kf kX � 2ke
��1=3tf kY C �

1=2
ke��

1=3t@xf kL1L2 C �
1=3
ke��

1=3tP¤f kL1L2 :

As � 2 .0; 1=4/, we have ke��
1=3tf kY � ke

�1=3t=2f kY and

�1=3ke��
1=3tP¤f kL1L2 � �

1=3
ke��

1=3t=4
kL1.T0;T /ke

�1=3t=2f kL1L2

� 4ke�
1=3t=2f kL1L2 � 4ke

�1=3t=2f kY :

This completes the proof.

5.1. Proof of Proposition 2.5

Let us first estimate fe .

Lemma 5.2. For � 2 .0; 1=4/ as in Proposition 2.4 and Y defined in (4.7), we have

kfekX . ke��1=3t=2f1kY C k@xf1kL1L2 :

Proof. As fe.T0/ D 0, we get by Proposition 2.4 that

kfekX . �1=3ke.��1=2/�
1=3tf2kL1L2 C �

1=3
ke.��1/�

1=3tf1kL1L2

C ke.��1/�
1=3t .U � y/@xf1kL1L2 :

As � 2 .0; 1=4/, by (5.2) we have

�1=3ke.��1=2/�
1=3tf2kL1L2 � �

1=3
ke��

1=3t=4
kL1.T0;T /kf2kL1L2

� 4kf2kL1L2 � 4kf2kY . ke��1=3t=2f1kY ;

�1=3ke.��1/�
1=3tf1kL1L2 � �

1=3
ke��

1=3t=4
kL1.T0;T /ke

��1=3t=2f1kL1L2

� 4ke��
1=3t=2f1kL1L2 � 4ke

��1=3t=2f1kY :

As 0 < � < 1=4 < 1=2, k!.0/kH3 � �1�
1=3 � �1=3, by (2.1) we have

ke.��1/�
1=3t .U � y/@xf1kL1L2 � kU � ykL1L1ke

��1=3t=2@xf1kL1L2

. k!.0/kH3ke��
1=3t=4

kL1.T0;T /k@xf1kL1L2

. k@xf1kL1L2 :

This completes the proof.

Now we can give a bound for k!rekX .

Lemma 5.3. For � 2 .0; 1=4/ as in Proposition 2.4 and Y defined in (4.7), we have

k!rekX . ke��1=3t=2f1kY C k@xf1kL1L2 C �1=6k@x!rekX :
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Proof. By Lemma 5.1 with f D fa, we get

kfakX . ke�1=3t=2fakY C �1=2ke��
1=3t@xfakL1L2 :

As fa D e��
1=3t=2f2 C e

��1=3tf1, by (5.2) we have

ke�
1=3t=2fakY � kf2kY C ke

��1=3t=2f1kY . ke��1=3t=2f1kY :

As fe D !re � fa and @x!re D P¤@x!re, we have

�1=2ke��
1=3t@xfakL1L2 � �

1=2
ke��

1=3t@xfekL1L2 C �
1=2
ke��

1=3t@x!rekL1L2

� kfekX C �
1=6
k@x!rekX :

Thus, we obtain

kfakX . ke��1=3t=2f1kY C kfekX C �1=6k@x!rekX :

As fe D !re � fa, we get by Lemma 5.2 that

k!rekX � kfakX C kfekX . ke��1=3t=2f1kY C kfekX C �1=6k@x!rekX

. ke��1=3t=2f1kY C k@xf1kL1L2 C �1=6k@x!rekX :

This completes the proof.

With the hand of Lemma 5.3, Proposition 2.5 is a direct consequence of the following
Lemmas 5.4 and 5.5.

Lemma 5.4. For � 2 .0; 1=4/ as in Proposition 2.4, we have

k@x!rekX . ��1=2ke��
1=3t
ru2ekL2L2k!

.0/
kH3 :

Proof. Applying @x to (5.1), we get

@t@x!re���@x!reCU@
2
x!re� t@x.u

2
e@x!L/ D 0; @x!rejyD˙1 D 0; @x!rejtDT0 D 0:

Then by Proposition 2.4, we have

k@x!rekX . ke��1=3t t@x.u2e@x!L/kL1L2 :

By Lemma 3.3, we have

kt@x.u
2
e@x!L/kL2 � tk@

2
x!L.t/kL1ku

2
ekL2 C tk@x!L.t/kL1k@xu

2
ekL2

. ��1=3e��
1=3t
k!.0/kH3.ku2ekL2 C k@xu

2
ekL2/

. ��1=3e��
1=3t
k!.0/kH3kru2ekL2 :
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Here we used u2e D �@x�e to deduce that P0u2e D 0, ku2ekL2 � k@xu
2
ekL2 � kru

2
ekL2 .

Thus, we obtain

k@x!rekX . ke��1=3t t@x.u2e@x!L/kL1L2 . ��1=3k!.0/kH3ke.��1/�
1=3t
ru2ekL1L2

� ��1=3k!.0/kH3ke��
1=3t
ru2ekL2L2ke

��1=3t
kL2.T0;T /

� ��1=2k!.0/kH3ke��
1=3t
ru2ekL2L2 :

This completes the proof.

Lemma 5.5. For Y defined in (4.7), we have

ke��
1=3t=2f1kY C k@xf1kL1L2 . ��1=3ke��

1=3t
ru2ekL2L2k!

.0/
kH3 :

5.2. Proof of Lemma 5.5

We denote kf kLqLp D kf kLq.T0;T ILp.D// for D D � or D D I , which is easy to distin-
guish from the context. We need the following result.

Lemma 5.6. Let !.t; y/ solve @t! C iky! C f D 0 for t 2 ŒT0; T �, and y 2 I D Œ�1; 1�
and  D ���1

k
!, !.T0/ D 0. Assume that k; l 2 Z, k ¤ l , f 2 L2.T0; T IH 1

0 .�1; 1//.
Then

k!k2
L1L2

C jkj2k.@y ; k/ k
2
L2L2

� C jk � l j�2k.@y ; k � l/.e
ilytf /k2

L2L2
;

�ke��
1=3t=2.@y ; k/!k

2
L2L2

� C.1C jkj2jk � l j�2/k.@y ; k � l/.e
ilytf /k2

L2L2
:

Proof. Step 1. Estimate of !. We introduce the Fourier transform as

z!.t; �/ D
1
p
2�

Z 1

�1

!.t; y/e�iy� dy;

Qf .t; �/ D
1
p
2�

Z 1

�1

f .t; y/e�iy� dy:

By Plancherel’s formula, we have kz!.t/kL2.R/ D k!.t/kL2.I / and

k.@y ; k � l/.e
ilytf /k2

L2L2
D

Z T

T0

Z
R
.j�C lt j2 C jk � l j2/j Qf .t; �/j2 d� dt (5.3)

D

Z T

T0

Z
R
.j� � kt C lt j2 C jk � l j2/j Qf .t; � � kt/j2 d� dt:

Notice that @t .eikyt!/C eikytf D 0 and !.T0/ D 0. Taking the Fourier transform,
we get

d

dt
z!.t; � � kt/ D � Qf .t; � � kt/; z!.T0; � � kT0/ D 0:
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For fixed � 2 R, let W.�/ D supt2ŒT0;T � j z!.t; � � kt/j. Then we have

W.�/ �

Z T

T0

j Qf .t; � � kt/j dt

�

�Z T

T0

.j� � kt C lt j2 C jk � l j2/j Qf .t; � � kt/j2 dt

�1=2
�

�Z
R

dt

j� � kt C lt j2 C jk � l j2

�1=2
:

Notice that (s D t � �=.k � l/)Z
R

dt

j� � kt C lt j2 C jk � l j2
D

1

jk � l j2

Z
R

ds

jsj2 C 1
D

�

jk � l j2
;

and we have

jW.�/j2 �
�

jk � l j2

Z T

T0

.j� � kt C lt j2 C jk � l j2/j Qf .t; � � kt/j2 dt;

which along with (5.3) impliesZ
R
jW.�/j2 d� �

�

jk � l j2
k.@y ; k � l/.e

ilytf /k2
L2L2

: (5.4)

This gives an estimate of k!kL1L2 by noting that for every t 2 ŒT0; T �,

k!.t/k2
L2.I /

D kz!.t/k2
L2.R/ D

Z
R
j z!.t; �/j2 d�

D

Z
R
j z!.t; � � kt/j2 d� �

Z
R
jW.�/j2 d�: (5.5)

Step 2. Estimate of  . We first assume k ¤ 0. Let

 �.t; y/ D
1
p
2�

Z
R

z!.t; �/

�2 C k2
eiy� d�:

Then  �.t/ 2 H 2.R/ satisfies ��k � D ! for y 2 Œ�1; 1�. Thus,

k.@y ; k/ .t/k
2
L2
D h .t/; !.t/i D h .t/;��k �.t/i

D h@y .t/; @y �.t/i C jkj
2
h .t/;  �.t/i

� k.@y ; k/ .t/kL2k.@y ; k/ �.t/kL2.R/;

and (here k.@y ; k/ �kL2L2.R/ D k.@y ; k/ �kL2.T0;T IL2.R//)

k.@y ; k/ k
2
L2L2

� k.@y ; k/ �k
2
L2L2.R/ D

Z T

T0

Z
R

j z!.t; �/j2

j�j2 C jkj2
d� dt

D

Z T

T0

Z
R

j z!.t; � � kt/j2

j� � kt j2 C jkj2
d� dt:
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Then we have

jkj2k.@y ; k/ k
2
L2L2

�

Z T

T0

Z
R

jkj2j z!.t; � � kt/j2

j� � kt j2 C jkj2
d� dt

�

Z T

T0

Z
R

jkj2jW.�/j2

j� � kt j2 C jkj2
d� dt

�

Z
R
jW.�/j2

Z
R

jkj2 dt

j� � kt j2 C jkj2
d� D �

Z
R
jW.�/j2 d�: (5.6)

For k D 0, (5.6) is clearly true. Now the first inequality follows from (5.4)–(5.6).

Step 3. Estimate of @y!. As @t! C iky! C f D 0, we have

@t .e
ilyt!/C i.k � l/y.eilyt!/C eilytf D 0;

and then

.@t C i.k � l/y/@y.e
ilyt!/C i.k � l/.eilyt!/C @y.e

ilytf / D 0:

We also have !.T0/ D 0, @y.eilyt!.T0// D 0, thus, for t 2 ŒT0; T �,

k@y.e
ilyt!.t//kL2 �

Z t

T0

ki.k � l/eilys!.s/C @y.e
ilysf .s//kL2 ds

� kk � lkL1.T0;t/k!kL1L2 C k1kL2.T0;t/k@y.e
ilytf /kL2L2

� jk � l jtk!kL1L2 C t
1
2 k@y.e

ilytf /kL2L2 :

Thanks to @y! D e�ilyt@y.eilyt!/ � i l t!, we have (also for t 2 ŒT0; T �)

k@y!.t/kL2 � k@y.e
ilyt!.t//kL2 C jlt jk!.t/kL2

� .jk � l j C jl j/tk!kL1L2 C t
1
2 k@y.e

ilytf /kL2L2 :

Therefore, (also using the first inequality of the lemma and 0 < � � 1)

�ke��
1=3t=2@y!k

2
L2L2

C �jkj2ke��
1=3t=2!k2

L2L2

� 2�.jk � l j C jl j/2kte��
1=3t=2

k
2
L2.T0;T /

k!k2
L1L2

C 2�kt
1
2 e��

1=3t=2
k
2
L2.T0;T /

k@y.e
ilytf /k2

L2L2

C �jkj2ke��
1=3t=2

k
2
L2.T0;T /

k!k2
L1L2

� C..jk � l j C jl j/2 C �2=3jkj2/k!k2
L1L2

C C�1=3k@y.e
ilytf /k2

L2L2

� C.jk � l j C jl j/2jk � l j�2k.@y ; k � l/.e
ilytf /k2

L2L2
;

which implies the second inequality of the lemma.

Now we prove Lemma 5.5.
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Proof of Lemma 5.5. Recall that

@tf1 C y@xf1 D te
�1=3tu2e@x!L; f1jtDT0 D 0; !L.t; x; y/ D

X
k2Zn¹0º

wLk .t; y/e
ikx :

Let u2
k
.t; y/ D 1

2�

R
T u

2
e.t; x; y/e

�ikx dx. Then u2e.t; x; y/ D
P
k2Z u

2
k
.t; y/eikx and

u2e@x!L.t; x; y/ D
X
k;l2Z

.u2ki lw
L
l /.t; y/e

i.kCl/x
D

X
k;l2Z

.u2k�l i lw
L
l /.t; y/e

ikx :

Let wk;l solve

.@t C iky/wk;l .t; y/ D e
�1=3t tu2k�l .t; y/i lw

L
l .t; y/ D Fk;l .t; y/; wk;l .T0; y/ D 0:

Then we have

f1.t; x; y/ D
X
k;l2Z

wk;l .t; y/e
ikx
D

X
k2Z

zwk.t; y/e
ikx ; zwk D

X
l2Z

wk;l :

As u2e D �@x�e , we have P0u2e D 0, i.e., u20 D 0; then Fk;l D 0 and wk;l D 0 for l D 0
or k D l . As !LjyD˙1 D 0, we have wL

l
jyD˙1 D 0 and Fk;l jyD˙1 D 0. By Parseval’s

identity, we have

kf1.t/k
2
L2.�/

D 2�
X
k2Z

k zwk.t/k
2
L2.I /

; k@xf1.t/k
2
L2.�/

D 2�
X
k2Z

jkj2k zwk.t/k
2
L2.I /

;

k@xr�
�1f1.t/k

2
L2.I /

D 2�
X
k2Z

jkj2k.@y ; k/�
�1
k zwk.t/k

2
L2.I /

;

krf1.t/k
2
L2.�/

D 2�
X
k2Z

k.@y ; k/ zwk.t/k
2
L2.I /

;

kru2e.t/k
2
L2.�/

D 2�
X
k2Z

k.@y ; k/u
2
k.t/k

2
L2.I /

:

Recall that (see (4.7))

ke��
1=3t=2f1kY D ke

��1=3t=2f1kL1L2 C �
1=2
ke��

1=3t=2
rf1kL2L2

C ke��
1=3t=2@xr�

�1f1kL2L2 ;

where

ke��
1=3t=2f1k

2
L1L2

� kf1k
2
L1L2

� 2�
X
k2Z

k zwkk
2
L1L2

;

�ke��
1=3t=2

rf1k
2
L2L2

D 2��
X
k2Z

ke��
1=3t=2.@y ; k/ zwkk

2
L2L2

;

ke��
1=3t=2@xr�

�1f1k
2
L2L2

� k@xr�
�1f1k

2
L2L2

D 2�
X
k2Z

jkj2k.@y ; k/�
�1
k zwkk

2
L2L2

;

k@xf1k
2
L1L2

� 2�
X
k2Z

jkj2k zwkk
2
L1L2

:
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Then we have

ke��
1=3t=2f1k

2
Y C k@xf1k

2
L1L2

.
X
k2Z

�
.1C jkj2/k zwkk

2
L1L2

C jkj2k.@y ; k/�
�1
k zwkk

2
L2L2

C �ke��
1=3t=2.@y ; k/ zwkk

2
L2L2

�
;

ke��
1=3t
ru2ek

2
L2L2

D 2�
X
k2Z

ke��
1=3t .@y ; k/u

2
kk
2
L2L2

:

Let Ek D ke��
1=3t .@y ; k/u

2
k
kL2L2 and

kf k2Yk D .1C jkj
2/kf k2

L1L2
C jkj2k.@y ; k/�

�1
k f k

2
L2L2

C �ke��
1=3t=2.@y ; k/f k

2
L2L2

:

Then (also using (3.1))

ke��
1=3t=2f1k

2
Y C k@xf1k

2
L1L2

.
X
k2Z

k zwkk
2
Yk
;X

k2Z

E2k

X
l2Zn¹0º

.ELl /
2 . ke��1=3tru2ek

2
L2L2
k!.0/k2

H3 :

Thus, it is enough to show thatX
k2Z

k zwkk
2
Yk

. ��2=3
X
k2Z

E2k

X
l2Zn¹0º

.ELl /
2
D ��2=3

X
k2Z

X
l2Zn¹0º

E2k�l .E
L
l /
2;

which is further reduced to the estimate

k zwkk
2
Yk

. ��2=3
X

l2Zn¹0º

E2k�l .E
L
l /
2; 8k 2 Z: (5.7)

Thanks to zwk D
P
l2Zwk;l , we only need to estimate kwk;lkYk . Recall that

.@t C iky/wk;l .t; y/ D Fk;l .t; y/; wk;l .T0; y/ D 0; Fk;l jyD˙1 D 0:

Then by Lemma 5.6, we have (for k ¤ l)

kwk;lk
2
L1L2

C jkj2k.@y ; k/�
�1
k wk;lk

2
L2L2

� C jk � l j�2k.@y ; k � l/.e
ilytFk;l /k

2
L2L2

;

�ke��
1=3t=2.@y ; k/wk;lk

2
L2L2

� C.1C jkj2jk � l j�2/k.@y ; k � l/.e
ilytFk;l /k

2
L2L2

;

which show that

kwk;lk
2
Yk
D .1C jkj2/kwk;lk

2
L1L2

C jkj2k.@y ; k/�
�1
k wk;lk

2
L2L2

C �ke��
1=3t=2.@y ; k/wk;lk

2
L2L2

.
�
.1C jkj2/jk � l j�2 C 1C jkj2jk � l j�2

�
k.@y ; k � l/.e

ilytFk;l /k
2
L2L2

. .1C jkj2jk � l j�2/k.@y ; k � l/.e
ilytFk;l /k

2
L2L2

:



Asymptotic stability threshold of the 2D Couette flow in a finite channel 535

Recall that Fk;l D e�
1=3t tu2

k�l
i lwL

l
; we have

k.@y ; k � l/.e
ilytFk;l /kL2 D e

�1=3t tk.@y ; k � l/.e
ilytu2k�l i lw

L
l /kL2

. e�
1=3t tk.@y ; k � l/u

2
k�lkL2k.@y ; 1/.e

ilyt lwLl /kL1 :

For l 2 Z n ¹0º, by Lemma 3.1, (3.1), and .�l2/1=3te�.�l
2/1=3t � 1, we have

e�
1=3t tk.@y ; 1/.e

ilyt lwLl /kL1 . e�
1=3t t jl j�

1
2ELl e

�2.�l2/1=3t
� t jl j�

1
2ELl e

�.�l2/1=3t

� ��1=3jl j�
1
2�

2
3ELl � �

�1=3
jl j�1ELl :

Then we obtain

k.@y ; k � l/.e
ilytFk;l /kL2L2 . ��1=3jl j�1ELl k.@y ; k � l/u

2
k�lkL2L2

� ��1=3jl j�1ELl Ek�l ;

and (for l ¤ 0, k ¤ l)

kwk;lkYk . .1C jkj jk � l j�1/k.@y ; k � l/.e
ilytFk;l /kL2L2

. ��1=3jl j�1.1C jkj jk � l j�1/ELl Ek�l

. ��1=3jl j�1.1C jl j jk � l j�1/ELl Ek�l D �
�1=3.jl j�1 C jk � l j�1/ELl Ek�l :

Thanks to zwk D
P
l2Zwk;l , and wk;l D 0 for l D 0 or k D l , we have

k zwkkYk �
X

l2Zn¹0;kº

kwk;lkYk . ��1=3
X

l2Zn¹0;kº

.jl j�1 C jk � l j�1/ELl Ek�l ;

k zwkk
2
Yk

. ��2=3
X

l2Zn¹0;kº

.ELl Ek�l /
2;

which gives (5.7). Here we usedX
l2Zn¹0;kº

.jl j�2 C jk � l j�2/ � 2
X

l2Zn¹0º

jl j�2 . 1:

This completes the proof.

A. Gagliardo–Nirenberg inequality

Lemma A.1. If P0f D 0, then we have

kf kL1 . k@xf k3=4L2 kf k
1=4

H2 :
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Proof. Let fk.y/ D 1
2�

R
T f .x; y/e�ikx dx for k 2 Z. As P0f D 0, f .x; y/ DP

k2Zn¹0º fk.y/e
ikx and

k@xf k
2
L2.�/

D 2�
X

k2Zn¹0º

kikfkk
2
L2.I /

; kr2f k2
L2.�/

D 2�
X

k2Zn¹0º

k.@y ; k/
2fkk

2
L2.I /

:

By the Gagliardo–Nirenberg inequality and the Hölder inequality, we have

kf kL1.�/ �
X

k2Zn¹0º

kfkkL1.I / .
X

k2Zn¹0º

kfkk
3=4

L2.I /
kfkk

1=4

H2.I /

.
� X
k2Zn¹0º

jkj�3=2
�1=2� X

k2Zn¹0º

kikfkk
2
L2.I /

�3=8
�

� X
k2Zn¹0º

k.@y ; k/
2fkk

2
L2.I /

�1=8
. k@xf k3=4L2.�/kf k

1=4

H2.�/
:

This completes the proof.

B. Some properties of the operator Jk

The following result was proved in [7].

Lemma B.1. Let Œ@y ;Jk � D Hk . It holds that

kJkkL2!L2 . 1; kHkkL2!L2 . jkj:

For f; g 2 L2.I /, we have

Jk Œf � D �Jk Œ Nf �;

Z 1

�1

Nf Jk Œg� dy D �

Z 1

�1

Jk Œ Nf �g dy D

Z 1

�1

Jk Œf �g dy:

Thus, the operator Jk is symmetric, i.e.,

hJk Œg�; f i D hg;Jk Œf �i:

For k 2 Z n ¹0º, f 2 H 1.I /, we have @yJkf D Jk Œ@yf �CHk Œf � and

k@yJk Œf �kL2 D kJk Œ@yf �kL2 C kHk Œf �kL2 . k@yf kL2 C jkjkf kL2 ;
k.@y ; k/Jk Œf �kL2 . k.@y ; k/f kL2 : (B.1)

Lemma B.2. There exists ı0 2 .0;1=4/ such that ifU satisfies (4.1),�k�k D fk , �kjyD˙1
D 0, then we have

T1´ Reh�ikUfk ;Jkfki � �
jkj2

8
k.@y ; k/�kk

2
L2
:
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This result was essentially proved in [7]. Recall that W.t; y/ D e�t@
2
yWin.y/ and

U.t; y/ D y � @y.�@
2
y/
�1W.t; y/. We stress that the proof only requires the smallness of

kU � ykC 3 rather than kW kH4 . For completeness, we will sketch the proof of Lemma B.2
as in [7], while focusing on where the smallness is used.

Proof of Lemma B.2. As in [7], by Taylor’s expansion, we have

U.y0/ � U.y/ D U 0.y/.y0 � y/C
1

2
U 00.y/.y0 � y/2 C

1

2

Z y0

y

U 000.s/.y0 � s/2 ds:

It is easy to see that the remainder satisfies

r.y; y0/´
1

2.y0 � y/

Z y0

y

U 000.s/.y0 � s/2 ds 2 L1; (B.2)

jr.y; y0/j . kU 000kL1 jy � y0j2; (B.3)

j@yr.y; y
0/j C j@y0r.y; y

0/j . kU 000kL1 jy � y0j; (B.4)

j@y0@yr.y; y
0/j . kU 000kL1 : (B.5)

Then we have (see [7] for more details)

T1 D
jkj2

4
Re
Z 1

�1

Z 1

�1

fk.y/
U.y/ � U.y0/

y � y0
Gk.y; y

0/fk.y
0/ dy0 dy

D
jkj2

4
Re
Z 1

�1

Z 1

�1

fk.y/
U 0.y/.y � y0/

y � y0
Gk.y; y

0/fk.y
0/ dy0 dy

C
jkj2

8
Re
Z 1

�1

Z 1

�1

fk.y/U
00.y/.y0 � y/Gk.y; y

0/fk.y
0/ dy0 dy

C
jkj2

4
Re
Z 1

�1

Z 1

�1

fk.y/r.y; y
0/Gk.y; y

0/fk.y
0/ dy0 dy

D T11 C T12 C T13:

For T11, by using �k�k D fk , �k D ��1k fk and integration by parts, we obtain

T11 D
jkj2

4
Re
Z 1

�1

�k�kU
0�k dy

D �
jkj2

4
k
p
U 0.@y ; k/�kk

2
L2
�
jkj2

4
Re
Z 1

�1

U 00@y�k�k dy:

By (4.1), we have infU 0 � 1 � kU 0 � 1kL1 � 1 � ı0 and kU 00kL1 � ı0, thus

T11 � �
jkj2

4
.1 � ı0/k.@y ; k/�kk

2
L2
C
jkj2

4
kU 00kL1k@y�kkL2k�kkL2

� �
jkj2

4
.1 � 2ı0/k.@y ; k/�kk

2
L2
:
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For T12, by using�k�k D fk , integration by parts, and the fact that the Green’s func-
tion vanishes on the boundary in both variables, we have

T12 D
jkj2

8
Re
Z 1

�1

Z 1

�1

�k�k.y/U
00.y/.y0 � y/Gk.y; y

0/�k�k.y
0/ dy0 dy

D
jkj2

8
Re
Z 1

�1

Z 1

�1

rk;y�k.y/ � rk;y.rk;y0Nk.y; y
0/ � rk;y0�k.y

0// dy0 dy:

Here, Nk.y;y
0/DU 00.y/.y0 � y/Gk.y;y

0/,rk;y D .@y ; k/,rk;y0 D .@y0 ; k/. Using (4.4),
we can deduce that

kNkkL2
y;y0

. kU 00kL1 jkj�2;

k@yNkkL2
y;y0
C k@y0NkkL2

y;y0
. .kU 00kL1 C kU

000
kL1/jkj

�1;

k@y@y0NkkL2
y;y0

. kU 00kL1 C kU 000kL1 :

Therefore, by Cauchy–Schwarz and (4.1), we have

jT12j . .kU 00kL1 C kU
000
kL1/jkj

2
k.@y ; k/�kk

2
L2

. ı0jkj
2
k.@y ; k/�kk

2
L2
:

Similarly, for T13, we have

T13 D
jkj2

4
Re
Z 1

�1

Z 1

�1

rk;y�k.y/ � rk;y.rk;y0.rGk/.y; y
0/ � rk;y0�k.y

0// dy0 dy:

By (4.4) and (B.3)–(B.5), we have (see [7] for more details)

krGkkL2
y;y0

. kU 000kL1 jkj�2;

k@y.rGk/kL2
y;y0
C k@y0.rGk/kL2

y;y0
. kU 000kL1 jkj�1;

k@y@y0.rGk/kL2
y;y0

. kU 000kL1 :

Therefore, by Cauchy–Schwarz and (4.1), we have

jT13j . kU 000kL1 jkj2k.@y ; k/�kk2L2 . ı0jkj
2
k.@y ; k/�kk

2
L2
:

Summing up, we arrive at

T1 D T11 C T12 C T13 � �
jkj2

4
.1 � 2ı0/k.@y ; k/�kk

2
L2
C Cı0jkj

2
k.@y ; k/�kk

2
L2
;

which gives our result by taking ı0 small enough.
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