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Generic controllability of equivariant systems and
applications to particle systems and neural networks

Andrei Agrachev and Cyril Letrouit

Abstract. There exist many examples of systems which have some symmetries, and which one
may monitor with symmetry-preserving controls. Since symmetries are preserved along the evolu-
tion, full controllability is not possible, and controllability has to be considered inside sets of states
with the same symmetries. We prove that generic systems with symmetries are controllable in this
sense. This result has several applications, for instance, (i) generic controllability of particle systems
when the kernel of interaction between particles plays the role of a mean-field control; (ii) generic
controllability for families of vector fields on manifolds with boundary; (iii) universal interpolation
for neural networks architectures with “generic” self-attention-type layers — a type of layer ubig-
uitous in recent neural network architectures, e.g., in the Transformers architecture. The tools we
develop could help address various other questions of control of equivariant systems.

1. Introduction and main results

1.1. A motivating example

Given n points at positions x1, . . ., x, € R? (a point cloud), their empirical measure is the
probability measure p = ,ll Z;l=1 8x;. We are interested in time-dependent evolutions in
the set of point clouds, and more precisely in controlling these evolutions, which amounts
to operating control in the set of empirical measures. To monitor these evolutions, we

control the interactions of the points, assumed to be of the form
Vi e {l n}, x;(0)=x"eR? and dx~(t)—K xi (t) lia )
yee.s Ny, i = X dt i = By i ,njzl xj (@) |»

where (K;):er is our control, and for any time ¢ € R, K; belongs to a given time-
independent family K. This is a particular type of mean-field control.

Said with words, the influence felt by x; (¢) and generated by the points x; (¢), j # i,
is given by the time-dependent kernel K; which we control. Each kernel K € K depends
both on x;(¢) and on all other positions x;(¢), but not on their labels: K, is written
K (x;i (1), u(t)), where u(t) = % Z;-’zl 8x;(r)- This form of monitoring of particle system
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evolution through control of the kernel arises for instance in neural network architectures,
as we will see later.

If 7 denotes the permutation t = (ij) acting on (R%)" by permuting the ith and jth
particles, then this action commutes with the evolution (1). This observation implies the
important property that the evolution (1) induces an evolution in the set of empirical mea-
sures; only positions of the points matter, not their labels. Moreover, (1) and the induced
evolution of empirical measures necessarily preserve the mass of individual points, since

xi(0) =x;(0) = VreR, x;(t) =x;(?) 2)

(here and in the sequel, we assume that the evolution (1) is globally well posed).

Given a fixed time T > 0 and initial and final empirical measures u°, !, our goal is
to choose K, € K for each ¢ € [0, T] in a way that the solution to (1) with p(0) = u°
satisfies 1(T) = u!. To achieve this goal, the following mass-preservation constraint must
hold, due to (2): to each point in the support of 1® must correspond a point in the support
of 1! with the same mass, and this correspondence must be one-to-one. Equivalently,

| — | —
X1, X0, Viseeos Vi eRd, suchthatpL0 = ;Z:I(ij,,ul = ;Z:ISW,
i= i=

and forany i, j € {1,...,n},x; = x;j if and only if y; = y;. 3)

Our aim in this paper is to prove that if the constraint (3) is satisfied, this control
problem is generically feasible. More precisely, if K contains at least two elements, and
that they are “generic” enough, condition (3) is the only constraint that initial and final
data must satisfy to achieve our goal of sending ° to u! through an evolution of the
form (1).

It turns out that this problem may be rephrased abstractly as a control problem in a
manifold M endowed with the action of a compact Lie group G. In the above example,
M = (R4)" and G = &, is the symmetric group which acts on M by permuting copies
of R¥ (see Example 1.1). As already observed, permutations commute with the evolution
(1). In the general case, we consider only evolutions in M following vector fields which
are equivariant under the action of G (see the definition below). Consequently, motion in
M is constrained to remain inside some strata. In the above example, each stratum gathers
point clouds with the same repartition of mass, i.e., two point clouds belong to the same
stratum if and only if their empirical measures ;° and ! satisfy (3). In the general case,
strata are given by connected components of sets of points in M whose isotropy groups
(= stabilizers) are in the same conjugacy class.

Solving this abstract control problem requires us to dive into the subtle geometry of
equivariant dynamical systems. As a result, it offers a wide range of applications, some-
times far from our original example of particle systems. Also, we believe that the tools we
develop to solve this problem could be useful to address other questions related to control
of equivariant systems.
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Section 1.2 is devoted to the formulation of our main results, and Section 1.3 sketches
some of its applications, which are developed in more detail in Section 2.

1.2. Main results

Let M be a real analytic' manifold and let G be a compact Lie group acting analytically
on M. Thus M is called an analytic G-manifold, and

Mg :=M/G ={Gq |q € M}

is the orbit space, each set G¢ being an orbit, or a G-orbit. The set of C*° vector fields on
M is denoted by Vec(M). In the sequel, for s € N, we use the notation [s] = {1, ..., s}.
The isotropy group atg € M is

Gy =1{g€G|gq=aq}.

Notice that if ¢, ¢’ belong to the same G-orbit, then G4 and G, are conjugate. The action
of G on M induces a natural stratification

Mg = | | S&. )

ielg

where for each i € Ig, Sé is a connected component of the set of all orbits whose repre-
sentatives have isotropy groups conjugate to> some given subgroup H; of G.

While reading the rest of this section, it might be helpful to keep in mind the example
of Section 1.1, summarized here.

Example 1.1. In Section 1.1, G = &,, acts on M = (R%)" through

0 (X1,...,X0) = (Xo(1)s - - - s Xa(n))-

Then Mg may be identified with the set of n-point empirical measures, i.e., probability
measures of the form p = % Z;-':l 8 x;- Iwo elements of Mg belong to the same stratum
in the decomposition (4) if the corresponding empirical measures, denoted for instance by
1 and !, satisfy (3). The number of strata is finite.

The stratification (4) is sometimes called “stratification by isotropy types”. As recalled
in Section 3.3, I is countable and each stratum S & is a smooth submanifold.

Given g € G we define the diffeomorphism Py on M by Pgq = gq. The pushforward
Y = (Pg)+«X of avector field X through Py is given by Y(q) = (dPg)Pgl(q)(X(Pgl(q)))
for any ¢ € M. Equivariant vector fields are those which are compatible with the action
of G: X € Vec(M) is equivariant under the action of G if for any g € G there holds

(Po)«X = X.

'In this paper, all real analytic manifolds are assumed to be paracompact and second countable.
2This does not depend on the representative.
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Any equivariant vector field induces a vector field on Mg. We denote by Vec® (Mg) the
set of vector fields induced on Mg by C°° equivariant vector fields on M. This set is
equipped with the (induced) C*° topology on compact sets, whose definition is recalled
in Section 3.1.

We are interested in controllability properties in the quotient set Mg, with vector fields
in Vec® (Mg). We will see in Section 3 that this is tightly related, but not equivalent,
with controllability in M with equivariant vector fields (controllability in Mg is slightly
weaker). We prove in Lemma 3.9 that any element of Vec®(Mg) is tangent to strata
defined in (4). Therefore, any integral curve of Vec® (M) is contained in a single stratum,
which implies that it is not possible to connect points ¢, ¢’ € Mg by integral curves of
Vec® (Mg) if ¢, ¢’ do not belong to the same stratum. However, it might be possible to
connect them if the two points ¢, ¢’ belong to the same stratum. This observation motivates
the following definition.

Definition 1.2 (Controllability in strata). Let X;,..., Xx € Vec® (Mg). We say that con-
trollability holds in strata if for any ¢, ¢’ € M belonging to the same stratum in (4), there
existm € N, t1,...,t,, € Randiy,...,i, € [k] (not necessarily distinct) such that

q/ = ethil O+++ 0 ethim q’

where e’X denotes the flow at time 7 of the vector field X on Mg.

Our first main result is the following.

Theorem 1.3. There exists for any k > 2 a set of k-tuples (X1, ..., Xi) € (Vec® (Mg))¥
which is residual in (Vec® (Mg ))¥ and for which controllability holds in strata.

This roughly means that controllability in strata holds for “almost any” k-tuple of
vector fields in Vec® (Mg). Since Vec® (M) is infinite-dimensional, residual sets are an
appropriate framework to state “almost-sure” properties.

We actually prove a slightly stronger statement than Theorem 1.3; namely, we prove
the controllability in the leaves of the foliation generated by the equivariant fields on
M \ M’, where M’ is defined in Section 3. The precise statement is given in Theorem 3.3.

In view of applications’, it is natural to extend our result to the simultaneous control of
N points in M. Simultaneous control (also called “ensemble control”’) means that with
a single control that is shared by all N points in Mg, we seek to drive the N initial points
to their N respective targets (see [1]). In Example 1.1, this means driving N empirical
measures to N other empirical measures, evolving each of them independently (i.e., the
empirical measures do not interact with each other), but with the same interaction kernel
K; which may depend on time.

3The main application we have in mind here is to self-attention layers of neural networks; see Section
2.4. Neural networks with self-attention layers are designed to map billions of sequences to billions of
target sequences. Self-attention layers are implemented for instance in the Transformers architecture [26],
whose success in machine learning calls for mathematical explanations.
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Definition 1.4 (Simultaneous controllability in strata). Let X;,..., Xy € Vec® (Mg) for
some k > 2. We say that simultaneous controllability in strata (of dimension > 2) holds if
forany N € N, any q1,....qn.q}.....qy € Mg satistying

(i) forany distincti, j € [N], q; # g; and q; # q;,

(ii) for any j € [N], ¢; and q]’. belong to the same stratum in (4), and the dimension
of this stratum is > 2,

the following conclusion holds: there exist m € N, t1,...,t, € R and iy, ..., i, € [k]
(not necessarily distinct) such that

Vj €Nl gj=e"Mno-oemiing.

We prove the following result, which is a generalization to the equivariant framework
of [1, Theorem 3.2].

Theorem 1.5. For any k > 2, there exists a set of k-tuples of equivariant C *° vector fields
(X1, ..., Xx) which is residual in (Vec® (Mg))¥, and for which simultaneous controlla-
bility in strata holds.

Theorem 3.2 in [1] can be recovered by taking G reduced to the identity. Our proof of
Theorem 1.5 (and of Theorem 1.3) is constructive, whereas the proof of [1, Theorem 3.2]
relied on the multijet transversality theorem as a black box.

1.3. Applications

Theorems 1.3 and 1.5 have various applications, which are developed in Section 2.

(i) Control in manifolds with boundary (Section 2.1). Indeed, any manifold with
boundary may be written as the quotient of a manifold without boundary by a
reflection. This application of Theorem 1.3 is technically the simplest where G is
non-trivial, since G is just Z/27Z.

(i) Control of the spectrum of symmetric (or Hermitian) matrices (Section 2.2). We
apply Theorem 1.3 to the case where M is the set of symmetric matrices, and G
is the orthogonal group, acting by conjugation on M. Each element A of M/G
may be identified with the spectrum of any of its representatives (= symmetric
matrices), i.e., the collection of eigenvalues seen up to permutations. The stra-
tum to which A belongs depends on the cardinality of each packet of coincident
eigenvalues of A.

(iii) Control of particle systems (Section 2.3). This covers the example presented in
Section 1.1, and its generalizations. In this case the particles live in some mani-
fold W,so M = W",and G = &,, (the particles are indistinguishable). The orbit
space Mg is identified with the set of n-point empirical measures on W.

(iv) Universal interpolation for generic self-attention layers in neural networks (Sec-
tion 2.4). This can be framed as a particular case of the previous application. In
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this case each element of Mg represents for instance a sentence, each element
of W is a word embedding (“a token”), and the time evolution corresponds to
evolution across layers. The goal explained in Section 1.1 of sending the initial
empirical measure to the target one typically represents a translation task, realized
sentence by sentence (and not word by word).

(v) Control of quantum systems with symmetries, notably symmetric Ising spin net-
works of n spin % particles (Section 2.5). These networks of n states evolve
according to Hamiltonians which are invariant under permutations of the spins.
This is a particular case of application (iii), in the case where W is the unit sphere
of C2, in which spins live.

1.4. Open questions

Here are a few open questions which we believe of particular interest:

(1) Generalize Theorem 1.3 to the case where G is not compact. Natural examples are
the groups of translations and homotheties (centered at the origin) in Euclidean
spaces.

(2) Generalize Theorem 1.3 (or the simpler theorem by Lobry [19]; see Section 1.5) to
the case where M has infinite dimension. This would possibly have applications to
control of measures, of diffeomorphisms, and control of the spectrum of general
self-adjoint or Hermitian operators of infinite dimension. There already exist in
the literature results on the genericity of the controllability of infinite-dimensional
quantum systems, seen as a Schrodinger PDE; see for instance [21].

(3) In the present paper, we only study the controllability problem, but the optimal
control problem is also certainly worth studying, for instance for an ensemble of
N points on M¢. This is natural in view of application to neural network archi-
tectures. See [23] in the case where there is no group acting on M.

Also, let us mention here that our assumption of analyticity on M and G (which is satisfied
in all natural examples) is technical. Although we do not know how to avoid it, we do not
believe that this assumption is fundamental.

1.5. Bibliography

The idea of proving controllability for “generic dynamics” as in Theorem 1.3 is not new:
Lobry [19] proved that for a generic family of k > 2 vector fields on a connected man-
ifold M without boundary, any couple of points of M may be connected by an integral
path of the family. An outcome of our approach is an extension of Lobry’s result to man-
ifolds with boundary; see Corollary 2.1. Lobry’s paper has been extended in [1] to the
case of ensembles of points on M evolving according to a shared open loop control; the
points are not interacting with each other but they are driven by the same control. This
has direct applications to universal interpolation for so-called neural ODEs. Theorem 1.5
in the present work generalizes [1, Theorem 3.2] to the equivariant framework, which is
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relevant among other applications to neural networks equipped with self-attention layers
(see Section 2.4). Compared to [19] and [1], our proofs are constructive and do not use
(multi-)jet transversality. Also, the fact that M is endowed with a group action is not a
mere additional technicality: our proofs require a detailed understanding of the structure
of orbits and strata of G-manifolds, partly based on the so-called slice theorem.

It is important to mention that there already exists a vast literature on equivariant
dynamical systems; see e.g., the book [12] for a detailed account. Controllability and
observability of equivariant dynamical systems, which are basically systems with sym-
metries, are well-developed subjects; see for instance [5, 6], and [20] for a review. To
our knowledge, generic controllability has never been studied in this framework, and the
applications which we propose are original. We believe our fine analysis of equivariant
dynamics (e.g., Lemma 3.9) is of independent interest and could be useful to address
other questions related to control of equivariant systems.

More references on applications of our results are given in Section 2.

1.6. Organization of the paper

The applications sketched in Section 1.3 are developed in Section 2.

We prove Theorem 1.3 in Section 3. For this, we do not use equivariant transversality
theory.* Using this theory might seem to be a natural lead since the papers [1, 19] rely on
transversality theory, but it turns out to be very cumbersome since equivariant transver-
sality theory has many subtleties. Instead, our proofs rely on averaging techniques and
codimension computations, and, as already said, require a detailed understanding of the
structure of orbits and strata of G-manifolds, partly based on the so-called slice theorem.

In Section 4, we prove Theorem 1.5, which is a generalization of the proof of Theo-
rem 1.3.

2. Applications
This section develops the applications which have been sketched in Section 1.3.

2.1. Manifolds with boundary

Let M be a real-analytic manifold with smooth boundary oM # (. We denote by U the
set of C® vector fields on M, defined up to the boundary dM , and which are tangent to
M . This set is endowed with the C*° topology on compact sets. Corollary 2.1 asserts that
for a generic k-tuple (k > 2) of elements of U, any two points belonging either to the same
connected component of dM or to the same connected component of the interior of M
may be connected by an integral path of the vector fields. This result is a generalization

4See [12] for an exhaustive treatment of this theory.
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to manifolds with boundary of a result due to Lobry [19] (which does not require the
analyticity assumption).

Corollary 2.1 (Generic control on manifolds with boundary). Let M bea real-analytic
and connected manifold with smooth boundary dM. Then for any integer k > 2 there
exists a residual set of k-tuples (X1, ..., Xx) € UK for which the following property
holds. For any q, q' belonging either to the same connected component of M or to the
same connected component of the interior of M , there exist m € N, t1,...,t,m € R and

i1,....im € [k] (not necessarily distinct) such that ¢ = e"'Xi1 o ... 0 ¢mXim g

Let us explain how Corollary 2.1 follows from Theorem 1.3. To any compact manifold
M with smooth boundary is naturally associated a G-manifold M, with G = Z, (here
Z, = 7./27), constructed as follows. First, the double M of M is formed by gluing
together two copies of M along their common boundary. There is a natural action of Z,
by reflection on the manifold M fixing the common boundary, and sending each point of
the first copy of M to the same point in the second copy of M, and vice versa. Then the
quotient space M/Z, can be identified with M.

The strata of M ~ M /Z, are the connected components of the boundary and of the
interior of M. As an illustration, if M is a disk, then M is a 2-dimensional sphere, and
the set of fixed points through the mirror action is an equator of M. Equivariant vector
fields on M are tangent to this equator. Then Theorem 1.3 applied to M yields Corollary
2.1. Of course, there exists an “ensemble version” of Corollary 2.1, which follows from
Theorem 1.5.

2.2. Spectrum of matrices

Our results also have applications to control of symmetric and Hermitian matrices. Let us
consider the natural action of the orthogonal group G = 9, on the space of symmetric
matrices S,: any P € O, acts by S, > S — PSP T. By diagonalization of symmetric
matrices, we identify an element of S, /@, with the empirical measure of the eigenvalues
of any of its representatives in S, i.e.,

8$1/0n ~R" /&, ~ My(R),

where &,, denotes the symmetric group over n elements, acting on R” by permuting the
coordinates, and M, (R) is the set of empirical measures over n points in R, i.e., the set
of probability measures on R of the form pu = % Z;‘l=1 8x; -

Given S € §,/0,, we denote by A1 < -+ < Ad,(s) the distinct eigenvalues of any
representative, and by my, ..., my(s) their respective multiplicities. The tuple (my, ...,
Mp(s)) is called the ordered multiplicities of S. Then S, S’ € §,/0, belong to the same
stratum if and only if their ordered multiplicities coincide, i.e., n(S) = n(S’) and m; (S) =
m;(S’) for any 1 <i < n(S) = n(S’). As a side remark, recall that it has been known
since von Neumann and Wigner [27] that in §,, the set of matrices with two coincident
eigenvalues has codimension 2.
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We denote by ‘W the set of vector fields on §,,/0, ~ M, (R) induced by O,-equi-
variant C*° vector fields on §,. Along each integral curve in §,/0, of the family W,
ordered multiplicities are preserved. Our result may be phrased as follows: for generic k-
tuples (k > 2) of elements of ‘W, it is possible to transfer by appropriate composition of the
flows of these vector fields any empirical measure of eigenvalues to any other empirical
measure of eigenvalues with the same ordered multiplicities.

Corollary 2.2 (Generic control of the spectrum of symmetric matrices). For any integer
k > 2 there exists a residual set of k-tuples (X1, ..., Xx) € WX, for which the following
property holds. For any S, S’ € 8,/0, ~ My, (R) whose ordered multiplicities coincide,
there existm € N, tq,...,ty; € Randiy, ..., iy € [k] (not necessarily distinct) such that
S/ — ethil 0.0 elmXim S.

This statement is a consequence of Theorem 1.3, and there exists an “ensemble ver-
sion” which follows from Theorem 1.5. Also, an analogous statement holds for the natural
action of the unitary group on the space of n x n Hermitian matrices.

2.3. Particle systems

Now we develop the application of our results to (mean-field) control of particle systems,
making Section 1.1 rigorous. If n € N and W is a manifold, the set M, (W) of empirical
measures over # points in W, i.e., the set of measures of the form y = % Z;l -1 ij, also
naturally carries a G-manifold structure. It is isomorphic to the quotient of W” by the
action of the symmetric group &,, given by

0:(X1,...,Xn) = (Xo(1), - - -+ Xo(n))

for o € ©,. The isotropy group G, as ¢ = (X1, ..., Xp) is not reduced to the identity if
and only if at least two of the x; are equal.

In the sequel we assume that W is real-analytic, connected and of dimension > 2
(the case where dim(W) = 1 is actually treated in Section 2.2). Two points ¢,q’ € W™,
g = (x1,....x,),q¢" = (x{, ..., x},) have conjugate isotropy groups if and only if there
exist i: W — W and 0 € &, such that i (x;) = x(’y(e) for any £ € [n], in other words if
and only if the numbers of pairs/triples/quadruples/. .. of points among xy, ..., x, which
are equal coincide with the same numbers computed for x’l, o ,x,’l. This condition is
actually necessary and sufficient for ¢ and ¢’ to belong to the same stratum: since W is
connected and of dimension > 2, it is easy to construct a smooth path from % Z;=1 8xj
to % Z;-l:l Sx]’--

It is possible to give an analytic characterization of &,-equivariant vector fields on
W™ For this we denote by M, (W) the set of couples (x, i) where i € M, (W) and x €
supp(). Then equivariant vector fields are in one-to-one correspondence with functions
fi My (W) — T,W, where this notation means that f(x, u) € Ty W for x € supp(u).
Let us describe this one-to-one correspondence. If f: My (W) — T, W, then for x =
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(x1,...,x,) € W", we define

1 n
V(x) = (fe1a ).y fOina ) € TeW",  where = ;st,.
j=1

It is immediate to verify that V' is an equivariant vector field on W”. Conversely, if IV =
(M1, ..., Vy) is an equivariant vector field, for (x, i) € M, (W) we set

SO.w) =Vi(y.x2,....xn) € L, W, (5)

where we have written y = }L(Sy + Z;:Z 8x;)- The right-hand side in (5) does not depend
on the order in which we put x,, ..., x, since V is equivariant. Therefore, (5) yields a
well-defined f: M; — T, W.

We denote by V the set of functions f: My (W) — T.W such that the equivariant
vector field on W" associated with f is C* and generates a globally defined flow. The
set V is endowed with the C*° topology on compact sets.

According to the above characterization of equivariant vector fields on W”, Theorem
1.3 reads as follows in this context.

Corollary 2.3 (Generic control of particle systems). For any integer k > 2 there exists a
residual set of tuples (f1, ..., fc) € V¥ for which the following property holds. For any
u®, ul € M, (W) in the same stratum, written as

1 « 1 o
0 - _ §.0 and p'= - 1 6
no=—3 b ph=—3 8q. ©)
r=1 r=1
there existm € N, 0 =19 <t; <--- <ty € R, indices iy, ..., I, € [k] (not necessarily
distinct) and signs €1, ..., em € {—1, 1} such that the unique solution to the system of

coupled ODEs

d
VEen]. V) elml. Vi €ltir. ;[ —xe(t) = &) fi; (xe (1), p(0)),

w(t) = =" 8x.0)-
n r=1
with initial values (x1(0), ..., x,(0)) = (x?,...,x2), satisfies
1 n
=3 Sy = . ®)
r=1

With the stronger Theorem 3.3, it is even possible to impose that x, (,,) = x, for any
r € [n] instead of the weaker condition (8) (but for this it is necessary that the points x?,
x; in (6) are numbered in a way that x? = x, if and only if x} = x/,, which is possible
since 1 and ! belong to the same stratum).
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There are other natural group actions on W” for which Theorem 1.3 has natural corol-
laries, for instance the action by rotations and/or reflections when W = R¢. We leave the
precise statements to the reader. We also mention that the same G-manifold structure has
been used to model the geometry of chords of music instruments; see e.g., [25].

2.4. Universal interpolation with generic self-attention layers

The application of Theorem 1.3 (or Theorem 1.5) to particle systems, developed in the
previous section, is relevant in machine learning. One of our motivations for this paper
is actually to understand the possibilities of approximation offered by a relatively new
neural network architecture introduced in [26], called Transformers, which nowadays play
a central role in the inner workings of large language models (the last letter in “Chat-GPT”
stands for transformers): more precisely, we would like to study which classes of functions
these neural network architectures are able to approximate. If this class is large, it suggests
that the architecture is able to handle many different types of data and problems.

Approximation and interpolation properties of some neural networks (see [9] for pre-
cise definitions) are known to be equivalent to controllability properties of some non-
linear systems of ODEs in discrete or continuous time. In the past five years, tools from
geometric control like Lie bracketing have therefore been used to study the controllabil-
ity properties of so-called ResNets (standing for “residual neural networks™) and their
continuous-time version called neural ODEs; see e.g., [1, 10,24].

However, Transformers are not of the same nature as ResNets and neural ODEs.
The main difference is that they incorporate self-attention layers, which may be seen
from the mathematical point of view as interacting particle systems or evolutions in the
set of (empirical) measures (see [15, 16,22, 28]). The results of the present paper give
insights on the approximation/interpolation properties of (generalized) self-attention lay-
ers, if one forgets about the rest of the architecture of Transformers which, in addition to
self-attention layers, usually also incorporates normalization layers and multi-layer per-
ceptrons.

Our definition of self-attention layers is much broader than the specific self-attention
layers used in practice: we call a “generalized self-attention layer” any vector field on
(R?)" which may be written for some f: M%(RY) — T,R? as

1 n
(1. Xn) > (fO i), ), where p= > b, ©)

r=1

In other words, generalized self-attention layers are nothing other than the infinitesimal-
time version of permutation-equivariant sequence-to-sequence maps. In discrete time, they
would take the form of a discrete system of coupled ODEs

xi((m 4+ 1)At) = x;(mAt) + (At) f(xi(mAt), pu(mAt)),

1 (10)
/’L(MAI) = ; Z(sxr(mAt)’

r=1
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for some fixed At > 0, and any m € N. In the terminology of neural networks, the term
Xx;j(mAt) in the right-hand side is called a skip-connection.

Our result, which is a genericity result, works for “almost all generalized self-attention
layers”, but does not say anything about the interpolation properties of the specific self-
attention layers used in practice, which correspond to the choice of functions f of the

form
1 n
f (x n Z 8,

Jj=1

I 11
- Z Zn le(th’Khxj) ( )

h=1
for some d x d matrices Qp, Kj, Vj, (see below for literature on this problem).

The study of the interpolation properties of generalized self-attention layers boils
down to a problem of controllability of interacting particle systems of the form presented
in Corollary 2.3 (or Corollary 2.4 below). Our goal is not to control an interacting particle
system with fixed interaction kernel by acting on a subset of particles, which is a classical
question; instead, in our problem, the controls are directly given by a family of interaction
kernels.

One particular feature of generalized self-attention layers (or equivalently interact-
ing particle systems) is that they are equivariant with respect to permutation of particles.
Therefore, approximation/interpolation properties are considered in the class of permu-
tation-equivariant maps. Recall that equivariant neural networks are of particular interest
because they maintain their performance even when the input data undergoes certain trans-
formations, such as rotations, translations or scaling, and they have a reduced number of
parameters compared to non-equivariant counterparts, as they exploit the inherent sym-
metries in the data.

In the context of particle systems, Theorem 1.5 takes the form of Corollary 2.4 below.
Interpreted as a universal interpolation result, it says that if we take k > 2 sufficiently
generic maps (= layers) of the form (9), then it is possible for any given initial set of N
point clouds and any given final set of N (target) point clouds, to compose these k maps,’
possibly many times and in some appropriate order, in a way to move each of the N point
clouds to its target. In other words,

universal interpolation is a generic property of k-tuples of generalized self-
attention layers.

Corollary 2.4. For any integer k > 2 there exists a residual set of tuples ( f1,. .., fx) € V¥
for which the following property holds. Let N € N and M(l), cee, ,u?v, Ui .. »M]lv be distinct
elements of M, (W) such that for any h € [N], ,ug and ,u,ll are in the same stratum. For
any h € [N] we write

1 & 1 &
0 § : 1 2 :
,LLh = ; ng’r and H’h = ; (Sx}l”.

r=1 r=1

SAt the level of the discretized equation (10), this would mean alternating between different f for
different values of m.
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Then there existm e N, 0=ty <ty <--- <ty €R, indicesiy,..., iy € [k] (not necessarily
distinct) and signs €1, . .., &m € {—1, 1} such that for any h € [N], the unique solution to
the system of coupled ODEs

d
Ve e [n], Vj €[m], Vi € [tj—1,4], Exh,e(t) = &j fi; (xne(t), wn(2)),

1 n
wa(t) = — D S,
r=1

with initial condition (xp,1(0), ..., xp,(0)) = (x}(:,l, e ,xg,n), satisfies

1< )
= S tm) = M-
n

r=1

Compared to previous results in the literature [3, 29], our result does not need to
incorporate multi-layer perceptrons to achieve universal interpolation. Besides, it is not
restricted to the Euclidean setting and works for data on general manifolds W, thus it may
be considered as a statement in geometric deep learning (see [7], and [14] for geometric
deep learning with equivariant neural networks). However, its main drawback is that it
does not rely on self-attention layers used in practice, namely (11), but on “generic” self-
attention layers, of the general form (9). Also, it deals with universal interpolation instead
of universal approximation.

It would be relevant to prove an analogue of Corollary 2.3 in restricted classes of
particle systems. We have in mind the following type of statement: for generic k-tuples
of functions chosen in a class of evolutions & smaller than V,,, the same conclusion as in
Corollary 2.3 holds. For instance, does it hold when ¥ is the family of evolutions driven
by pairwise interactions? That is, each f; in (7) is of the form

fi (x, ! Zij) = ZK,-(x,xj)
s j=1

for some kernel K;.

Another family ¥ with meaningful applications is given by the attention dynamics
in Transformers without layer normalization, i.e., each f; would be of the form (11) (see
[15,16,22]) for some H € N, and some d x d matrices Qp, Kp, Vj,.

Finally, let us mention that there are other equivariant neural network architectures
for which universal approximation theorems in the class of equivariant maps have already
been proved; see for instance [17] for graph neural networks. Our results might also be
applicable to this setting.

2.5. Control of quantum systems with symmetries

Theorem 1.3 also applies to quantum systems controlled through Hamiltonians which dis-
play some symmetries. Let us develop one example. The papers [4, 8] study symmetric
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Ising spin networks where n spin % particles (i.e., vectors in the unit sphere of C?2) inter-
act through a sum of an uncontrolled permutation-invariant Hamiltonian Hy, with some

controlled permutation-invariant Hamiltonians H;, j =1, ... k:
k
H(t) = Ho+ Y uj(t)Hj. (12)
j=1
where u = (uy,...,ux): [0, +00) — R¥ is the control. What we call here a permutation-

invariant Hamiltonian is a Hamiltonian which is invariant under permutation of the spins,
for instance,

Ho,= ) 18018 0. ®l®--®18 o 1801
~— S——

p—;
l1<k<mz=n kth place mth place
or
Hy:= Y 18818 o0, 818818 o0, 21®--
i, j, k distinct i _
> J ith place Jjth place
®1® o0, R/1®---31,
——
kth place
where

o (0] S U oo (10
T\ o) VT \-i o) TFT N0 -1

are the Pauli matrices, and 1 is the 2 x 2 identity matrix. We will say that two networks
q1 = (qgl), . ,q%")) and ¢, = (qél), . ,qé")) of n labeled spin % particles (each qm

4
belongs to the unit sphere of C?) have the same symmetries if qgi) = qu ) & qg) = qg ),
for any i, j € [n]. Our results (precisely, Theorem 3.4) imply that if we are given at least
two generic permutation-invariant Hamiltonians Hy, ..., H;, j > 2, and two networks
q1, q2 of n spin % particles having the same symmetries, then there exists a path from
g1 to g, corresponding to some choice of control u(¢) in (12). In other words, subspace
controllability (see [11, Section 1]) generically holds.

The focus of [4] is different but related: the authors give explicit examples of permu-
tation-invariant Hamiltonians for which they are able to prove controllability and to design
control laws.

More generally, concerning the Lie bracket approach to control of quantum systems,
we also mention the paper [18], in which it is shown that generically, a quantum logic
gate with two or more inputs is computationally universal, i.e., copies of the gate can be
“wired together” to effect any desired logic circuit, and to perform any desired unitary
transformation on a set of quantum variables. This result exactly corresponds to Lobry’s
theorem [19], applied in the particular context of unitary transformations: in other words, it
asserts that if one can apply some Hamiltonians (at least two) repeatedly to a few variables
at a time one can in general effect any desired unitary time evolution on an arbitrarily large
number of variables.
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3. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We actually prove a slightly stronger
statement, given in Theorem 3.3. In the whole paper, we work under the assumptions that
M is a real-analytic manifold and G is a compact Lie group acting analytically on M.

3.1. A stronger statement

This subsection is devoted to introducing notation and stating Theorem 3.3.

Orbits, i.e., sets of the form Gx, are closed submanifolds (see e.g., [12, Corollary
3.1.17]). We denote by M’ the set of points x € M at which all equivariant vector fields
are tangent to the orbit G x. This set M’ is closed and G-invariant.

Example 3.1. If G acts transitively on M, then M’ = M. Even if G is finite, the set M’
may be non-empty: for instance, if M is the unit circle in R? and G acts by permuting
coordinates, then M’ has cardinal 2.

Although the above example shows that M’ is not empty in general, there holds M’ =
@ in all applications listed in Section 2 and in Example 1.1. When M’ # @, controllability
is not necessarily possible inside connected components of M’, as shown in Example 3.5,
and therefore we need to adapt the definition of controllability; see Definition 3.2.

We denote by Vec® (M) the set of equivariant C* vector fields on M, equipped with
the C*° topology on compact sets defined as follows. For any chart (¢, U) of M, any com-
pactset K C U,any X € VecG(M), k € N and ¢ > 0, we consider the set U(X, ¢, K, &,k)
of vector fields ¥ € Vec® (M) such that

sup [[D¥(p«X)(x) — D*(p+Y)(x)|| < e.
x€¢(K)
0<la|<k
The C° topology on compact sets is defined as the set of all such sets U(X, ¢, K, &, k).
Since no confusion is possible, the quotient topology on Vec® (M) is also called C >
topology on compact sets.

The set Vec® (M) is an involutive distribution, therefore it is integrable according to
Frobenius’s theorem. We foliate M with maximal connected integral manifolds of this
distribution. An equivariant leaf is any of the leaves of this foliation. As a consequence, it
is possible to connect any two points in an equivariant leaf by following equivariant vector
fields.

Definition 3.2 (Controllability in equivariant leaves). Let Xq,..., Xi € Vec® (M ). We
say that controllability holds in equivariant leaves if for any ¢, ¢’ € M \ M’ belonging
to the same equivariant leaf, there exist m € N, t,...,t,, € Rand iy, ..., i, € [k] (not
necessarily distinct) such that

X

q/ = etl i o-..oetmximq’

where e'X denotes the flow at time 7 of the vector field X on M.
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Theorem 3.3. There exists for any k > 2 a set of k-tuples (X1, ..., Xy) € (Vec® (M))¥
which is residual in (Vec® (M ))* and for which controllability in equivariant leaves holds.

We refer the reader to Example 3.14 for an illustration of the concept of controllability
in equivariant leaves.

Recall that the Lie algebra generated by a family % C Vec® (M) is the smallest sub-
algebra of Vec® (M) containing %, namely

Lie(F) := Span{[Yy,....[Y;—1, Y]l Yi € ¥, j € N}

Theorem 3.3 is a corollary of the following result (see Section 3.5 for a proof of this
implication).

Theorem 3.4. For any k > 2, there exists a set of k-tuples (X1, ..., Xx) € (VecC (M))¥
which is residual in (Vec® (M))* and for which

Yge M\ M', Lies(X1,...,Xx) = Vec®(M),. (13)

We end this section with an example showing that controllability does not necessarily
hold inside connected components of M’ even if they form equivariant leaves, which
explains why the set M is excluded in Definition 3.2.

Example 3.5. We consider M = R4 /74 for some d > 2, and G the set of all translations
in M. The action is transitive. Then equivariant vector fields are constant vector fields,
automatically tangent to the unique orbit; therefore M’ = M . However, forany k <d — 1
equivariant vector fields X1, ..., Xi, controllability cannot hold inside M’. Indeed, since
X1,..., Xy are constant, the integral curves of the distribution spanned by X1, ..., Xy are
strict subsets of M.

Remark 3.6. We will see in Corollary 3.10 that M’/ G is a set of isolated points in Mg,
and that each point in M’/G is a stratum in (4). Therefore, controllability in the sense
of Definition 1.2 is automatically satisfied in M’/ G, although all elements of Vec® (Mg)
vanish in M’/G by definition of M’. This is why the set M’/G does not need to be
excluded in the statement of Theorem 1.3. On the other side, Example 3.5 shows that
controllability does not hold inside M’, which illustrates why M’ needs to be removed in
the statement of Theorem 3.3 (actually it is removed in Definition 3.2).

3.2. Averaging

We gather in this section a definition and a proposition that are required for the rest of the
proof.

First we define the averaging operator, which turns any vector field on M to an equiv-
ariant one by averaging over G -orbits. Recall that equivariant vector fields are vector fields
on M, and that they induce vector fields on Mg.
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Definition 3.7 (Averaging). Given X € Vec(M), we set

X”z/&@ﬁ@M@eW&wﬁ (14)
G

where (¢ is the normalized Haar measure on G.

Averaging commutes with Lie brackets, as shown in the following proposition in
which X is required to be equivariant.

Proposition 3.8 (Averaging and bracketing commute). If X € Vec® (M), then for any
Y € Vec(M),
[X,Y™] = [X, Y] (15)

Proof. Since X is equivariant, there holds (Pg)+«X = X for any g € G, hence

X = [ [(P)Y1duc(0) = [ [(Pe)X. (P Y dpa () = [X. VI
G G
where for the last equality we used (Pg)«[X, Y] = [(Pg)+ X, (Pg)«Y]. L]

3.3. Density of vector fields transverse to G -orbits

We introduce a stratification of M, whose link with the stratification (4) is clarified below.
The action of G on M induces a natural stratification

M=]]s". (16)

iel

where for each i € I, S’ is a connected component of the set of points of M whose
isotropy group is conjugate to some given subgroup H; of G. The slice theorem recalled
in the proof of Lemma 3.9 has several consequences. First, according to [12, Proposition
3.7.2], each S? is a smooth submanifold. Second, I is countable: this is for example
a consequence of the proof of [12, Proposition 3.7.4]. Moreover, as a consequence of
Lemma 3.9 below, any equivariant leaf (see Section 3.1) is contained in one of the strata in
(16). The image of any stratum in (16) under quotient by G is a stratum in (4). Conversely,
the preimage of any stratum in (4) is the union of a finite number of strata in (16).

Recall that M is assumed real-analytic. For any invariant subset U C M, we denote by
Xeg(U) (resp. X7 (U)) the set of real-analytic (resp. smooth) equivariant vector fields on
U and by C5°(U) the set of smooth G-invariant real-valued functions on U. We consider
the C&°(U)-module

Ay ={Yjega;Y; | 4 finite, Vj € &, a; € CFU). Y; € X2(U)}.
Then we set

A={XeXZ(M)|Vx, U, #0 an invariant open neighborhood of x s.t. X|y, € Ay, }.
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For x € M, we denote by A, the operator Ay: A — Ty M,
Ap: X = X%(x)

(see (14)). Its image is denoted by Im(A,). We recall that G-orbits, i.e., sets of the form
G x for some x € M, are closed submanifolds (see e.g., [12, Corollary 3.1.17]).

Lemma 3.9. Let S be one of the strata in (16) and let x € S. Then
Im(Ay) C Ty S C Im(Ayx) + T (Gx). 17

Lemma 3.9 is fundamental in the sequel, and it may be tested for instance on Example
3.14 for which the inclusion of Im(Ay) in Ty S is strict.

Proof of Lemma 3.9. Our proof of (17) is based on the slice theorem (Theorem 3.5.2 in
[12]) whose statement is the following: for every x € M, it is possible to choose a smooth
family of pairwise-disjoint slices

S:{Sy|y€Gx}

satisfying the following properties:

* Fory e Gx, S, C M is aGy-invariant embedded disk of M of dimension dim(M ) —
dim(G x) which is transverse to G x.

* ForyeGxandgeG,g-S, =Sg.,. Inparticular, g - S, = S, for g € G,.

« Fory € Gx, S is G-equivariantly diffeomorphic via exp,, to the representation given
by the linear action of G, on (Tny)J-.

* Forz €Sy, G, is asubgroup of G, (see [12, Lemma 3.7.1 (a)]).

e GSx = Uyer Sy is an open G-invariant neighborhood of Gx which is G-equi-
variantly diffeomorphic to the twisted product G xg, Sy.

These slices are actually defined as follows. We first define a G-invariant metric v on M
by taking any Riemannian metric on M, then pushing it forward by the G-action and
finally averaging the result with respect to the Haar measure. For y € Gx we denote by
N, (¢) the set of v € (Tny)J- such that vy, (v) < e. Then the slices Sy, for y € Gx are
given by S, = exp, (Ny (¢)) for some ¢ sufficiently small and depending only on x. The
key point is that the exponential map exp: TM — M is G-equivariant, giving the linear
action of Gy on (Tny)J-. It is easily checked that if z = exp, (v) for some v € Ny (¢),
then

G: ={g€G, | g«(v) =v}. (18)

Therefore, the slice theorem follows from this construction.
We first prove that
Im(Ay) = Ty Ex, (19)

where E is the set of points with the same isotropy group as x. Notice that E is locally
diffeomorphic near x to the subspace of (TyGx)* given by vectors which are invariant
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under the linear action of G (by (18)), hence it is a submanifold. Also, this observation
shows that Im(Ay) C Ty Ex since equivariant vector fields evaluated at x are invariant
under G.

We then prove Ty Ex C Im(Ay). Let v € Ty Ey; then hy,v = v for any h € G,. We
define a vector field on S as follows, using the third point of the slice theorem: we con-
sider the preimage u of v through the diffeomorphism exp,, which is a vector at the origin
in (TyGx)* which verifies g« (1) = u for any g € G,, we extend u to a constant vector
field on (TyGx)* and then we push it forward to Sy through exp,. This vector field is
well defined and equivariant because if g,z = g;z for some z € Sy, then g, = g1h for
some h € G, according to the second point of the slice theorem. We extend this vector
field to GS, by pushforward by G, obtaining an equivariant and analytic (because the
action is analytic) vector field. We then use a smooth G-invariant cut-off® equal to 1 on
G S, to obtain an element X € 4, equal to v on GS,. The involution g —> g~ ! preserves
the normalized Haar measure ;tg on G because compact Lie groups are unimodular (i.e.,
the left-invariant measure is also right-invariant). Hence

X¥(x) = /G (P X)(x) dpic(g)
- [ (Py1)uX)(x) dpi (g) = [ (Py-1)a(Pg)wv ditg(g) = v:
G G

therefore v € Im(Ay) which concludes the proof of (19).

To prove (17) it is now sufficient to prove Ty Ey C TS C Ty Ex + Tx(Gx). The
inclusion Ty E, C Ty S follows from the definition of strata. Let us prove that 7,,S C
Tx Ex 4+ Tx(Gx). For this, we use the fourth point of the slice theorem. Since all elements
of S have isotropy groups conjugated to Gx, we deduce Sy NS C E,. Hence

TS CTy(SxNS)+ Ty (Gx) C TyEx + T (Gx),
which concludes the proof of (17). ]

The following corollary may be deduced from the above proof.

Corollary 3.10. The set M'/G is a set of isolated points, and each point of M'/G is a
stratum in (4).

Proof. Letx € M’, and denote by S the stratum containing x. If the smooth submanifold
G x has dimension 0, then according to Lemma 3.9 there holds 7% S = {0}, therefore Gx is
a stratum in (4), reduced to a point. If Gx has dimension > 1, since Gx C S and x € M’,
Lemma 3.9 implies that TS = Tx(Gx). The slice theorem shows that if z € Sy \ {x}
(where S, denotes the slice at x; see the proof of Lemma 3.9), then G; & G. Therefore,
Gx € M’/G is a stratum in (4).

OThis is the main reason we introduced the module +: to be able to make cut-offs of analytic fields.
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As recalled at the beginning of Section 3.3, the number of strata is locally finite. There-
fore, M’/ G is a set of isolated points. ]

We say that X € Vec(M) is transverse to the G-orbit at x if X(x) ¢ T»(Gx). Lemma
3.9 is useful to prove the following result.

Lemma 3.11. Assume k > 2. Then there exists a residual set of k-tuples (X1, ..., Xx) €
AK such that for any x € M \ M, at least one of the vectors X1(x), ..., Xy (x) is trans-
verse to the G-orbit at x.

Proof. In the proof of Lemma 3.9 we recalled the slice theorem. We also recall from
[12, Proposition 3.7.4] that if M is a compact G-manifold or a G-representation, then
the number of isotropy types (i.e., different isotropy subgroups, up to conjugation) for the
G-action is finite. It follows from the proof of [12, Proposition 3.7.4] that even if M is not
assumed compact, for any compact set K C M, the number of strata of M in the sense
of the stratification (16) (in particular, strata are connected sets) which have non-empty
intersection with K is finite. This property is called Property P in the sequel.

We exhaust the open set M \ M’ by increasing compact sets M;, j € N (this is pos-
sible thanks to Whitney’s embedding theorem) assumed to be G-invariant:

M=|JMj, VjeN MjcMyy. GM;=M,.
jeN

In the sequel j € N is fixed. Let S be a stratum intersecting M;. The set S/G is a
smooth manifold, and we denote its dimension by £(S). The dimension of T (G x) does
not depend on x € S (because Gy, Gy are conjugate for x, x’ € §) and there holds
£(S) = dim(T,S/Tx(Gx)) forany x € S.

We consider for x € M the linear map hy: A% — (T M/ Tx(Gx))¥,

hy: (Xq,...,Xp) — (AxXl mod(Tx(Gx)),..., Ax Xk mod(Tx(Gx))).

According to Lemma 3.9, for x € S, the application &, has rank k£(S). The domain
of hy is infinite-dimensional, but to compute codimensions, we restrict &, to a finite-
dimensional space, while preserving its range: for any x € M, we choose a finite-dimen-
sional subspace of #* such that for any y in some open neighborhood of x, the restriction
of hy to this subspace has the same range as /,. Covering the compact set M; with a
finite number of such open neighborhoods, we end up with a finite-dimensional subspace
F; C s such that the restriction hy = l’lxlek also has rank k£(S) forany x € M; N S.Its
kernel 5! (0) C FF has codimension k£(S) for x € M; N S. The union ey, ns 75" (0)
is a subset of ij of codimension > (k — 1)£(S). This quantity is > 1 whenever £(S) > 1
(since k > 2).

The above reasoning implies that for any j € N, for any stratum S having non-empty
intersection with M, UxeMjms h1(0) is a subset of codimension > (k — 1)£(S). Taking
the union over the locally finite number (according to Property P above) of strata for which
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£(S N M;) # 0, we obtain that the codimension of | J, M; h;1(0) is > 1. Therefore, there

exists a dense set of k-tuples (Xq,..., Xg) € A% on M such that for any x € M; there
existsi € {1,...,k} having the property that X; (x) is transverse to the G-orbit at x. This
set of k-tuples is open since M; is compact. Taking the intersection of these sets over
Jj € N, we obtain Lemma 3.11. ]

Remark 3.12. Assume G is finite. Since any orbit is discrete, a vector field X is transverse
to the G-orbit at x if and only if X (x) # 0. Therefore, Lemma 3.11 means that for an open
dense set of k-tuples (X1, ..., Xg) of elements of AK for any x € M \ M’ at least one
of the vectors X1 (x),..., Xg(x)is # 0.

3.4. Proof of Theorem 3.4

Recall the notation
ady Y =Y, adby =[X,adk 1],

for any k > 1 and any vector fields X, Y. Our proof of Theorem 3.4 is based on the
following lemma.

Lemma 3.13. Let KX C M be a G-invariant compact set. Let X,Y € A and let O C K
be a tubular open set of the form

o= |_| Xy, (20)
te]-T,T|

where ¥ C M is a G-invariant hypersurface, X is transverse to 3, and T > 0 is small
enough so that (20) defines tubular coordinates in Q. There exists p(K) € N (depending
only on K ) such that for any p > p(K), any ¢ > 0 and any neighborhood of the closure
O, there exists Z € A supported in this neighborhood and with | Z ||c» < € such that

Vg € O, Span(ad¥(Y + Z)(q),...,ad% (Y + Z)(g)) = Vec®(0Q),,.

We postpone the proof of Lemma 3.13 to the end of this section, and first explain
how to finish the proof of Theorem 3.4. In the C*° topology on compact sets (defined in
Section 3.1), k-tuples of vector fields satisfying (13) form a countable intersection of open
sets. Therefore, we only need to prove their density.

Let us fix (X1,..., Xx) € (Vec®(M))¥. By density of 4 in Vec® (M) together with
Lemma 3.11, we may assume that (Xq,..., Xx) € AK satisfy the conclusion of Lemma
3.11,i.e., forany x € M \ M’, at least one of the vectors X1(x), ..., Xi(x) is transverse
to the G-orbit at x. Thanks to Lemma 3.11, we cover M \ M’ with G-invariant open
sets (@j);eg which are tubular neighborhoods of the form (20) for some hypersurface
X := X; transverse to the G-orbits in O;, some T :=T; € RT and some X := Xi;,
where i; € {1,...,k} for any j € §. We may assume that this covering is locally finite,
i.e., for any compact subset of M \ M’, the number of elements of this covering which
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intersect this compact set is finite; therefore § = N or § = {1,..., J} for some J € N.
We also fix an increasing sequence (K¢)¢en of compact sets such that M = J,eny K-

We modify the vector fields X1, ..., X inductively, for j = 1,2,...(j € §). At the
end of step j € &, we have the vector fields X l(j ), X ,Ej ) and we ensure that

(1) Xl(j),...,XIEj) satisfy

Vge | )0y Lieg(X1..... Xx) = Vec® (M)
J

j'<j

(2) forany j' € d, Xl.(j{) is transverse to X;-.

Fix j € ¢ and assume that step j — 1 has been done. We pick o; € [k] \ {i;} (arbi-
trarily). We modify X, o(,j] Dina neighborhood of @;. The modification only affects Xy, :
it is of the form

X =XV + 9,75, @1
x9 =xYV fori # a.

In particular, X (] ) X (1 D Letus explain the construction of ¢; and Z;.
Let us fix an index K such that @; C K. We choose Z; thanks to Lemma 3.13 such
that for any ¢ € O; the vectors

dxm X @ —ad"<, WX+ Z)@). k=0.....p.

span Vec® (M )|¢- The regularity index p above depends only on K but not on ¢; accord-
ing to Lemma 3.13. We also take ¢; a C°°(M) and G-invariant cut-off function supported
near @;, with value 1 in ¢}, and O outside a small neighborhood of @;. Moreover, we
require the following properties:

* NZjllcr <e277.
e (1) and (2) are satisfied.

The second bullet is guaranteed by taking || Z; | c» sufficiently small and the support of
@; to be a sufficiently small neighborhood of the closure o ;. Here we use the fact that the
covering of M \ M’ is locally finite, hence the transversality condition (2), which is an
open condition, is perturbed only for a finite number of j’ € ¢, and therefore remains true
if the perturbation is sufficiently small.

Once j has run over §, and at each step a perturbation of the form (21) has been
added, we obtain modified vector fields which we denote by X/, ..., X ]’c € Vec® (M).
Convergence of the series of modifications is guaranteed by the first bullet above, with
| X/ — Xillcre(x,) < eforanyi € [k] and for some p,; depending only on K. Moreover,
the vector fields satisfy (13) thanks to (1). This concludes the proof of Theorem 3.4.

We finally prove Lemma 3.13.
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Proof of Lemma 3.13. Any module generated by real-analytic vector fields is locally
finitely generated, due to the Notherian property of the ring of germs of real-analytic
functions (see [13, Theorem 1.9]). Therefore, the module +4 x is locally finitely generated:

there exist m € N and analytic vector fields f1,..., f, on K such that
Ax = {20 a; fi | Vi € [m], a; € CL(K)}. (22)
Of course, the analytic vector fields fi, ..., fm, when restricted to (9, also generate 4o .

But it is important for us that the number m of vector fields depends only on K (not on
O C X).Besides, fi,..., fm € X2 o (K) since all vector fields in sy are equivariant.
Since ady f; € 4@ (according to (15)) and A is finitely generated by the f;,

m
adx f, = Zaijfj
j=1

for some a;; € C&°(0),1 <i,j < m. We set

S = ()sfi (23)
and observe that
d m
=Y aio e ™ 2= fi 24)
j=1

Since the equation (24) is linear and the f; verify (22), the fj’ ,j =1,...,mverify

Ao = {X 1 ai fi | Vi € [m], a; € CL(9)} (25)
forany ¢t € ]-T, T'[. For some sufficiently large p € N and some matrix o € M, (p+1)»
both to be chosen later, we consider fori = 0,..., p,

m
gi = Zaijfj- (26)
j=1

Then g! := (e'X).g; verify
m
gl => aiff. 27)
j=1

In the sequel, each point of @ is written as e’X gg where t € |—T, T[ and ¢o € %, thanks
to (20). For such g;, we consider

tl
Z(* q0) = (¢¥)s ( > 8 (610)) (28)
i=o! :
We want to compute ad;’( Z fory =0,..., p.For this, we notice

()0 Z1(e ¥ go) = (F)u (%), (Z( L 0)) Z(t ) ot (X go).
i=0

i=0
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where for the second equality we used g/ = (e'X).gi. We differentiate y times with
respect to ¢ at 0: we obtain

t dV (l 8) t 2 ti_y ot
lad}, Z)(e¥ qo) = (1) — o7 toe Z ——gle®q0) =) (i_y)!gi(eXQO)-

i=y

Therefore, writing ady ¥ = > =1 Byj fi» where B = (Bx;) is a (p + 1) x m matrix, we
obtain

ady (Y + Z)(e"¥ qo) = Z (ﬂw (€% qo0) + Z = oel,) fie¥q) (29

j=1

1=8y;

thanks to (27). The goal is to choose the constant-coefficient matrix o = (oj;) (with 0 <
y <pand1 < j <m)inaway that § = (§;;) € M(p+1)xm defined in (29) has rank m
at any point in . We notice that 1(t) € M(p41)x(p+1) defined by its coefficients
1y
Nyi(t) = lizy(i——y)! (30)

is a triangular matrix with non-zero diagonal coefficients, hence it is invertible. Thus,
8 = B + na has rank m if and only if =!8 + « has rank m. When x = e’X ¢ varies in
O, n(t)" 1 B(e'¥ qo) describes a submanifold of M(p+1)xm of dimension < n = dim(M).
Hence, if p + 1 > n + m, then for « in a codimension p + 2 —m — n > 1 submanifold,
8 has rank m at any point in the neighborhood.

Fix such o and take Z according to (26), (28). As a consequence of (25), (29) and the
fact that § has rank m, we have at any point g € O,

Span(ad% (Y + Z)(q), ..., ad¥ (Y + Z)(¢)) = Span(f{(q)..... f,1(q)) = VecG((9)|q.

Finally, recall that m depends only on KX, therefore p(-K) := n + m — 1 depends only on
K, which concludes the proof. [

3.5. Proof of Theorem 3.3 and an example

Each equivariant leaf is by definition a submanifold of M. Let Xy, ..., X; be a tuple
satisfying the conclusion of Theorem 3.4. We may apply Chow—Rashevskii’s theorem
[2, Theorems 5.1 and 5.2] in any equivariant leaf L. We obtain that for any ¢, ¢’ € L,
there exist m € N, t1,...,t, € R and iy, ..., i, € [k] (not necessarily distinct) such
that g’ = "X o ..
which concludes the proof of Theorem 3.3.

The following example illustrates the fact that controllability does not necessarily
generically hold in strata of M given in (16). This is because strata are possibly larger
sets than equivariant leaves.

-0 e'mXim g_Tn other words, controllability in equivariant leaves holds,
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Example 3.14. Letm,£ > landtake M = S” x R¢ (or M = S” x T* with T = R/Z
if we want M to be compact) equipped with the action of the orthogonal group G =
O(m + 1) given by O - (a,b) = (Oa,b) for (a,b) € S™ x R*. The equivariant vector
fields are all vector fields that are tangent to R¢ and do not depend on the point on the
sphere. There is a single stratum for (16), equal to M, and controllability cannot hold
in the whole stratum. Equivariant leaves are sets of the form L, = {(a, x) | x € R}
for a € S™, and controllability in equivariant leaves is possible (and generic according
to Theorem 3.3). Also, controllability in M/G = R holds since C* equivariant vector
fields induce on M/G =~ R* all smooth fields.

3.6. Proof of Theorem 1.3

Recall that the image of any stratum in (16) under quotient by G is a stratum in (4).
Combining Theorem 3.4 with Lemma 3.9 and Corollary 3.10, we obtain the following
theorem.

Theorem 3.15. Forany k > 2, there exists a set of k-tuples (X1, . .., Xi) € (Vec® (Mg))¥
which is residual in (Vec® (M))* and for which

Vg € Mg, Liey(Xy,..., Xx) = T,SE.
Here, i = i(q) denotes the index of the stratum containing q.

Theorem 1.3 follows from Theorem 3.15 and Chow—Rashevskii’s theorem.

4. Proof of Theorem 1.5

This section is devoted to the proof of Theorem 1.5. Since an intersection of residual sets
is still a residual set, it is sufficient to prove the result for fixed N, i.e., simultaneous
controllability in strata for any N points with N fixed. Let us fix N € N. For a vector
field X € Vec(M), consider its N -fold, defined on the product M N as

XN (xqs.xn) = (X(x1), ..., X(xN)).

For X,Y € Vec(M) and N > 1 we define the Lie bracket of the N -folds XN . YNonmN
“componentwise”: [XV, Y] = [X, Y]V, where [X, Y] is the Lie bracket of X, Y on M.
The same holds for the iterated Lie brackets.

We set

MM =1(g.....qny) € M\ MV | Vi # j, Gg; N Gq; = 0}.

Given equivariant vector fields X, ..., Xy on M, we say that their N -folds X IN R, ¢ ,ﬁv
form a bracket-generating system in equivariant leaves on U ¢ M ™) if

Y(g1,....qn) €U, Lieg, . .amy X1 ..., X

.....

= VecG (M)|y, x -+ x Vec¥ (M), - (31)
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This equality is written for points in U ¢ M @) because it cannot hold in M~ \ M)
due to equivariance. Notice that for N > 1, (31) for U = MM is strictly stronger than
the property (13) (which corresponds to the case N = 1).

In this section we prove the following statement.

Theorem 4.1. For any N > 1, there is a residual set of k-tuples of vector fields (X1, ...,
Xy) in (VecG (M))X, such that for any (X1, ..., Xy) from this set, the N -folds (XN, ...,
X ,ﬁv ) form a bracket-generating system in equivariant leaves on M'N).

Recall that the image of any stratum in (16) under quotient by G is a stratum in (4).
Combining Theorem 4.1 with Lemma 3.9 and Corollary 3.10, we obtain the following
result (where the definition of an N-fold of elements of Vec® (M) is deduced from an
N-fold of elements of Vec® (M)).

Theorem 4.2. For any k > 2, there exists a set of k-tuples (X1. ..., Xx) € (Vec® (Mg))¥
which is residual in (Vec® (Mg))¥ and for which for any distinct q1, . ..,qn € Mg,

Lie,.amy XN, XN) = Ty SHAY x o x T, SHIN). (32)

Here, i(q) denotes the index of the stratum in (4) containing q € Mg.

Theorem 1.5 is a direct consequence of Theorem 4.2 combined with the Chow-—
Rashevskii theorem, as in [1, Proposition 3.1]. The condition in Definition 1.4 that the
stratum has dimension > 2 is necessary because in dimension 1, ordering of points is pre-
served (and indeed, ¢, ..., gy are assumed distinct in (32), therefore they cannot cross).

The rest of this section is devoted to the proof of Theorem 4.1. Since the proof consists
of a slight modification of the proof of Theorem 3.4, we only provide the key ideas and
highlight the modifications compared to the proof of Theorem 3.4.

We write M) as a union of compact sets M, S(N), s € N, which are invariant under

the action of GV given by

(&1.---.8~) - (@1,---.qn) = (8191, ..., ENGN)-

It is sufficient to prove Theorem 4.1 in Ms(N) for fixed s € N, instead of M w ), since
taking the intersection over s of the sets of vector fields will yield a countable intersection
of residual sets, which is still a residual set. Therefore, we fix s € N and we prove that
there exists ps; € N such that

the set of k-tuples of vector fields (X1, ..., Xg) in (Vec® (M))X, such that the
length < ps brackets of the N-folds (XN, ... ,X,ﬁv) generate in MS(N) all equiv-
ariant leaves is open and dense in (Vec® (M))*.

Moreover, for any compact set X C M, the regularity index p; in the above statement
may be taken the same for all s such that M, S(N) C X.

Openness in the above statement is immediate since M, S(N) is compact. Therefore, we
only need to prove the density.
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Let us fix (X1...., Xz) € (Vec®(M))¥. By density of 4 in Vec® (M) together with

Lemma 3.11, we may assume that (X1, ..., X3) € 4F satisfy the conclusion of Lemma
3.11,1i.e.,
Vx € M\ M’,3i € [k] such that X; (x) is transverse to the G-orbit at x. (33)

For each (¢1,...,4N) € MS(N) we do the following. Thanks to (33) we fix a linear
combination a; X + - - - + ax X which is transverse to the G-orbit at ¢; for any i € [N].
Then we consider a product of tubular neighborhoods

Oy x-xOy C MM, (34)

where q¢ € Oy, each Oy is of the form (20), and the @, have empty intersection, which
is possible since ¢y, ..., g are pairwise distinct. We assume that the neighborhood (34)
is sufficiently small so that the linear combination a; X + - -+ 4 ay Xj is transverse in
1 U---U Oy to the G-orbits.

Doing this for any (¢1,...,gn) € M, S(N), we have obtained an open covering of the
compact set M, S(N), from which we select a finite subcovering 171, el I7jo. For fixed j €
[Jo], we have by definition

17}_ — (95.1') X eee X (9%)7

where each (9? ) is of the form (20) (with t € ]—Te(j ), Tz(j )[ and Zl(zj ) denotes the hyper-
surface), and (9(j ) (9(j ) are separated (“at positive distance™) for any £ # £’. For any

j € [jo], there exist a(’), . (’) € R such that alj)Xl + ot a,(cj)Xk is transverse to
the G-orbits in
N .
vi=|]o.
(=1

(Notice that the V; do not necessarily have empty intersection.)

We perturb (Xi,..., Xg) in V1, ..., Vj, successively; at step j we perturb the vector
fields in V7, and the vector fields which we obtain at the end of this step are denoted by
(x! G ) D¢ G ))

We need to modify the construction made in the proof of Lemma 3.13. Fix a step
j e[jo].Wesethag )X + - +ak)Xk and

Yy — {Xl if(agj),...,a,((j)) # (A,0,...,0) forany A € R,

X, otherwise.

We construct below a perturbation Z of Y, supported near V;. We use the same idea of
Taylor expansion as in (28), just taking larger p in order to generate all directions in the
tangent space at any (/' X ¢y, ..., e"NXgy). We introduce the set € of parameters (t,q)

such thatt = (¢1,. .. tN)w1thtge] T(’) T(’)[ andq—(ql,...,qN)eE’ s X
()

b))

pa
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The vector field Z is constructed in the following way. We pick analytic vector fields
f1, ..., fm as in the proof of Lemma 3.13, in order for (22) to hold. We follow (23) to
@7 inall @ = O, i =1,..., N, and define Z through (28): for each £ € [N] there is
a matrix o = o©, which defines Z in (9? ). The vector field Z is thus supported near V;.
An analogous formula to (29) holds:

m

p i—
2 (¥ + Z) K g = 3 (ﬂ;‘)(e’fxqe) Py a“)) fE@Xg. 69
i=y

i—y) "

r=1

=50

The goal is to choose the constant-coefficient matrices a® = (oti(f)) (withO <y <p
and r € [m], £ € [N]) in a way that the N(p + 1) x Nm block matrix

s 0 ... 0
5 0 §® ... ¢
6 () 5(}\/)

(whose N2 blocks are of size (p + 1) x m) has rank Nm for any (t, q) € €. We denote
by ' the N(p + 1) x N(p + 1) matrix defined by N2 blocks of size (p + 1) x (p + 1),
all equal to 0, except the on-diagonal ones taken equal to the matrix 7 introduced in (30).
We define similarly 8’ and &’ as N(p + 1) x Nm block matrices having blocks equal to
0, except the £th diagonal block equal respectively to Y and «®© which appear in (35).
We obtain 8’ = B’ + n'a’.

Since 7’ is invertible, §’ has rank Nm if and only if n’~! 8’ + o’ has rank Nm. When
(t,q) vary in €, n’_lﬁ’ describes a submanifold of M,41)Nxmny Of dimension < nN,
where n = dim(M). Hence, if p + 1 > (m + n) N, then for « in a codimension p + 2 —
(m + n)N > 1 submanifold, §’ has rank m N at any point in the neighborhood.

For o’ and Z taken in this way, we obtain that the Lie algebra generated by the (restric-
tions of the) N-folds vector fields XV, ..., X,iv equals Vec? (0;) x --- x Vec% (Oy) -
this is a direct consequence of the fact that 6’ has rank Nm together with (25).

Furthermore, we take the perturbations o’ and Z sufficiently small so that the condi-
tion that agj/)Xl + -+ a,gi,)Xk is transverse to the G-orbits in V}s for any j’ € [jo] is
preserved.

By definition, if we set X| = X, j, and X, = X j,, then their N-folds X|**) and
X é(N) form a bracket-generating system in equivariant leaves in all V; (j € [jo]), hence
in M S(N). This concludes the proof of Theorem 4.1.
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