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Measure solutions, smoothing effect, and deterministic
particle approximation for a conservation law with
non-local flux

Marco Di Francesco, Simone Fagioli, and Emanuela Radici

Abstract. We consider a class of non-local conservation laws with an interaction kernel supported
on the negative real half-line and featuring a decreasing jump at the origin. We provide, for the first
time, an existence and uniqueness theory for said model with initial data in the space of probability
measures. Our concept of solution allows us to sort a lack of uniqueness problem which we exhibit
in a specific example. Our approach uses the so-called quantile, or pseudo-inverse, formulation of
the PDE, which has been largely used for similar types of non-local transport equations in one space
dimension. Partly related to said approach, we then provide a deterministic particle approximation
theorem for the equation under consideration, which works for general initial data in the space of
probability measures with compact support. As a crucial step in both results, we use that our concept
of solution (which we call dissipative measure solution) implies an instantaneous measure-to-L >
smoothing effect, a property which is known also to be featured by local conservation laws with
genuinely non-linear fluxes.

1. Introduction

This paper deals with the class of non-local conservation laws
dp+ 0x(PWp(-,1)) =0, xeR,t>0. 1)

We provide a concept of solution to (1) for initial data pg in the space & (R) of probability
measures on R yielding existence and uniqueness of solutions to the Cauchy problem.
Here, W is a non-local operator

W:P(R) — L2 (R)

loc

defined as follows. We first introduce the interaction kernel V:R — R that we assume to
satisfy the following set of standing assumptions:

V1) Vo, 4+00) = 05
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V2) V(07)=A>0;
(V3) V is Lipschitz continuous on (—oo, 0).
We now introduce the velocity map v:R — R with the assumptions
(vl) v € Lip(R);
(v2) there exists b > 0 such that for all p, > p; > 0 one has v(pz) — v(p1) < —b(p2 —
p1)-

We observe that assumptions (v2) could be relaxed in some cases; see Remark 2.3 below.
We now introduce the non-local operator W. Given p € £ (R), we set

Wol(x) = v(V * p)(x)) = v( /R Vix—y) dp(y)). @

For simplicity in the notation, in the case that p is absolutely continuous with respect to
the Lebesgue measure, we identify the measure with its density, that is, we write p instead
of p£!.

Non-local conservation laws of the form (1) (along with their various versions and
extensions) are gaining more and more attention in the scientific community, mostly due
to the fact that they are a very flexible tool to model non-linear transport. In fact, they
are used to describe various phenomena in natural and social sciences, such as crowd
movements [21] and sedimentation [4], as well as to model several processes of great
interest in engineering and technology, such as vehicular traffic [28], supply chains [33],
and conveyor belts [32].

The Cauchy problem for models of the form (1) with absolutely continuous initial data
has been extensively studied in the literature. For the existence and uniqueness theory via
finite volume schemes we refer to [15, 16, 30]. In this context, initial data are typically
taken in BV(R). Existence in L°° via a fixed point argument has been obtained in [36]. A
more general result in which the kernel V' is BV was obtained in [17]. An approach using
Wasserstein distances and a deterministic particle approach was addressed in [29]. Very
often, especially in traffic flow modelling, the non-local operator in (2) is replaced by

xX+n
Wylol = v( [ Vix—y) dp(y)), (3)

with V' > 0, to emphasise that each vehicle can only interact with vehicles ahead of it
and with distance not larger than a fixed n > 0. The kernel V' = V; may depend on the
proximity parameter 7. In most cases, the supremum of the interaction kernel V' blows up
like n~! for small > 0, in such a way as to make the convolution

x+n
f Vy(x —y) dp(y)

a suitable candidate to approximate p(x) in a distributional sense for small 7, and hence
the equation (1) a suitable candidate to approximate the local conservation law

dep + 9x(pv(p)) =0 )
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for small . These considerations led some researchers in this field to focus both on the
existence theory for (1) and on its interplay with the local conservation laws when W [p]
is given by (3) and as n N\ 0. In particular, the latter problem is extremely interesting
and challenging and led to very deep results; see for example [7, 18-20,37,38] (the list is
intentionally non-exhaustive as the n \ 0 limit is not a point we address in this paper).

The use of non-locality in the transport part eases (apparently) the mathematical theory
of the equation d;p + 9 (pv) = 0 with respect to the more classical approach in which v
depends locally on p (see for example the classical LWR model for traffic flow [41]), in
that the non-local vector field in (2) is continuous in a weaker topology when compared
to its local counterpart v(p). However, the mathematical theory of (1) is still challenging
due to the possible discontinuity of the kernel V. We mention at this stage that a parallel
literature has been developed over the past 20 years on the so-called non-local interaction
equation 3;p + div(pVIW % p) = 0, in which W is typically considered radially symmetric
with a possible singularity at the origin; see for example [1, 11, 12]. The said equations
have applications in various fields including cell biology [39], models for swarms [43,50],
collective motion [10], granular media flow [3], and opinion formation [49]. We refer to
[1,11,12] as the main references for existence and uniqueness results in a measure sense
(the list is far from being exhaustive).

In one space dimension (see e.g. [5,6,9,44] and the recent [27]), non-local interaction
equations may be expressed in a very convenient way using the pseudo-inverse represent-
ation of the cumulative distribution function (see Section 2.1 below), which turns out to
be very useful for (1) as well. One of the starting motivations of the present manuscript is
actually that of expressing (1) in said pseudo-inverse (or quantile) formulation. We briefly
anticipate here the key aspects of this approach, which dates back to [13, 14], and refer to
Sections 2.1 to 2.4 below for further details. For a given probability measure p € P (R),
we define its cumulative distribution F: R — R,

Fp(x) = p((—00, x])
and the pseudo-inverse (or quantile function) X,: [0, 1] — R,
X,(2) = inf{x eR: Fy(x) > Z}.

Assuming p(-, t) solves (1) in a classical sense, we denote by F,(-, t) the cumulative dis-
tribution of p(-,7) and by X, (-, ) the pseudo-inverse of F,(-, 7). We assume for simplicity
that F), is strictly increasing on R for fixed times and has no jumps, so that X, (-, 7) is the
actual inverse of F,(-, 7). We also assume enough regularity on p, F,, X, and on the given
functions v and V. We then formally recover, after a few computations involving chain
rules, the following equation satisfied by X,(z, t):

1
0: Xp(z,t) = v(/o V(Xp(z,t) — Xp(é,t))dﬁ), (z,t) € 0,1] x [0, +00). (5)

We remark at this stage that X, is strictly increasing if p has no atoms, whereas X, is
constant on a subinterval of [0, 1] in the case that p has an atomic part. For further details
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we refer to Section 2.1. The rigorous correspondence between (1) and (5) is discussed
in Sections 2.2 and 2.3. To bypass the discontinuity of the kernel V' at the origin, we
shall also consider the following alternative formulation for (5), the derivation of which is
contained in Section 2.3 below:

1
0: Xp(z,1) :v(/ U(X,,(Z,t)—Xp(é,t))df—)tz), (6)
0
where U:R — R is defined by
U6 = {V(x), x <0,
A, x>0,

with A = V(07) as in the assumption (V2).

Equation (5) may be seen as an integro-differential equation in a suitable functional
framework for the X, variable, in which X, is assumed to be non-decreasing with respect
to z. The typical choice for the functional space is L? ([0, 1]) for p € [1, +o0]. In par-
ticular, requiring X,(-,#) € L?([0, 1]) for finite p > 1 corresponds to requiring p(-,?) to
have finite moment of order p. Clearly, as long as the velocity map v and the kernel V' are
assumed to be globally Lipschitz on the whole of R, existence and uniqueness for (5) eas-
ily follow from a suitable L7 ([0, 1])-version of the Cauchy—Lipschitz—Picard theorem, as
the operator on the right-hand side of (5) is in that case a Lipschitz operator on L? ([0, 1]).
Such an approach cannot be applied directly in the case that V' has a discontinuity as in our
case due to (V1)—(V2). Our alternative formulation (6) allows us to bypass this problem
in our setting. It is worth mentioning at this stage that the case of Lipschitz kernel V' is
covered in the theory developed in [22] in a multidimensional framework (thus, not based
on the pseudo-inverse approach).

A first property of (1) we shall detect in this paper is that a jump discontinuity of the
kernel V combined with an initial datum po with a non-trivial atomic part results in a
possible lack of uniqueness of solutions to the Cauchy problem for (1) in a weak measure
sense. Indeed, a simple computation in the case v(p) = 1 — p, V(Xx) = L(—c0,0)(x) (see
Section 2.3 below) proves that if p satisfies (1), then the cumulative distribution F' = F,
formally satisfies the well-known Burgers equation

0 F 4+ 0,(F?/2) = 0.

Hence, the initial datum py = &g, corresponding to the initial discontinuous cumulative
distribution F(x,0) = 1j9,+00)(x), implies the existence of multiple solutions in the F-
landscape. As is well known in the classical theory of conservation laws (see [40,45]), the
unique entropy solution F(x, t) is, in this case, the one in which the initial discontinuity
at x = 0 dissolves into a rarefaction wave, which in terms of p = F; means that the
initial Delta singularity in pg immediately disappears and the solution p(:, ) becomes L*°
instantaneously for # > 0. We stress at this stage that no lack of uniqueness is featured
by (1) in the case of initial conditions which are absolutely continuous with respect to
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the Lebesgue measure. This non-uniqueness may only occur if we allow for concentrated
initial data.

Based on the above considerations, one of our contributions to this theory will be
setting up a well-posedness theory for (1) with initial datum po in the space of prob-
ability measures on R automatically selecting the unique solution featuring the above
described measure-to-L°° smoothing effect. A similar issue was tackled in [5] for linear
v and V(x) = = sign(x). We shall refer to said solution as dissipative measure solution.
We shall then rely on (5) and its modified version (6) to formulate our existence and
uniqueness result and prove that if we start with an arbitrary non-increasing initial condi-
tion for X, in (6) (corresponding to a measure initial condition for p), X,(-,) becomes
strictly increasing for positive times, with a z-slope which is controlled from below by a
(time-depending) positive constant. This will imply that the corresponding measure p(-, )
solving (1) is absolutely continuous with respect to the Lebesgue measure for all positive
times. All these arguments together lead to proving existence, uniqueness, and stability
for (1) in a probability measure framework.

We mention at this stage that the same procedure leading to the Burgers’ equation
for the cumulative distribution F in the previous example could also be performed for a
general solution, leading to a non-local Hamilton—Jacobi-type equation of the form

3 F + W0 W]d,F =0,

in which the operator W would have a local non-linear dominating term plus a purely
non-local one. We believe our result may be obtained working directly on said equation,
by performing a BV-theory yielding uniqueness via Kruzkov’s methods [40]. We choose
to work on the quantile equation (6) due to the fact that uniqueness follows more readily
in this way. We provide more details at the beginning of Section 2.4 below.

Our motivations to study (1) with measure initial data is both mathematical and driven
by the applications. Models of the form (1) arise in traffic flow as well as in similar con-
texts such as pedestrian movements; see e.g. the formulation of the Hughes model for
pedestrian movements as a two-sided LWR equation. We refer, for example, to the recent
[2]. Especially in the case of pedestrian movements, the mechanism in which the model
responds to concentrated initial data may be of interest in a situation of overcrowding,
where no maximal density is prescribed. Such a configuration may also be interesting in
vehicular traffic, in order to test the model in bumper-to-bumper initial configurations and
to see whether or not consecutive vehicles are subject to instantaneous repulsive effects.
An initial configuration with one or more concentrated clusters of individuals is well rep-
resented by a combination of Dirac deltas at the initial time. The answer to the question
of how the model deals with singular initial data lies all in the aforementioned instantan-
eous measure-to- L.>° smoothing effect for (1), which is included in our main result. Such a
property also embodies the mathematical interest in the use of measure initial data. Indeed,
despite the non-local model (1) and the local one (4) being quite different, the local con-
servation law (4) somehow satisfies a similar smoothing effect; see [42]. We stress that
the discontinuity of the kernel V' at the origin plays a crucial role in obtaining such an
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effect. The same property would not be true for continuous V, as in that case we expect
the persistence of atomic initial data.

As is clear in traffic flow models, the interpretation of continuum models from the
point of view of moving particles is crucial to understanding the intuition behind these
models at a microscopic scale, as well as to validate the use of continuum models for
models which are intrinsically discrete in their formulation. Hence, another goal of this
paper is to formulate a deterministic particle approximation for (1). A similar task has
been performed in [29] with bounded initial data. Our goal is to do so for measure initial
conditions, with the hope of catching, at a discrete particle level, the same smoothing
effect emphasised above. The discrete particle counterpart of (1) we consider here is the
ODE system

N
)'c,-(t)zv(mN > V(x,-(t)—xk(l))), i=0,...,N, 7

k=i+1

with my = 1/N and with the convention that V(0) = V(07) = A. We also adopt the
convention that the sum in (7) is null in the case that the set of indexes in the sum is the
empty set (namely when i = N). We notice that in (7) each particle x; interacts with all
particles x; with index k > i. This set consists of all particles x; with position strictly
larger than x;, plus the particles x; with the same position as x; and with index k > i.
The furthest particle x does not interact with any other particle and moves at maximal
speed v(0). Such a choice in our scheme may seem artificial but is indeed quite natural
given similar results in [5,27] and is somehow inspired by the quantile formulation (5).

In the case that V' is smooth on the whole of R, assuming the particles trajectories
x; (t) satisfy (7), proving that

N
PN (@) =mn D Sxi) ®)

i=1

solves (1) in a distributional sense is an easy exercise. The presence of a discontinuity in
V has been considered in the case v(p) = —p and V(x) = =+ sign(x) in [5]; see also [27]
for the case V(x) = — sign(x)e*|. The use of a deterministic particle approximation
to solve a local scalar conservation law in the entropy sense (4) was first introduced in
[24,26]; see also [34,35]. We stress that the first use of deterministic particles to solve
a one-dimensional transport PDE dates back to [47] for the heat equation; see also [31]
for the porous medium equation. In many of the aforementioned cases, the reconstruction
of the measure (8) from the moving particles xp, ..., xy is no use in passing the particle
scheme to the N — +oo limit. Indeed, the best compactness one can get on p% is in
a weak measure topology, whereas at least weak L! compactness is often needed in the
models under study (or even strong L' compactness, as is the case, for example, for the
local conservation law (4)). Hence, we shall instead consider the discrete formulation for
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the density
N-1 My
N
X,t) = 11x () x; xX)—————,
o ( ) ; [xz(t),xt+l(t))( )xi-f-l([) —)Ci([)
which is constructed out of N + 1 moving particles x¢(?),. .., xn (¢); see Section 4 below.

We summarise below the content of the paper and the main results.

* In Section 2 we first provide preliminaries on p-Wasserstein spaces (Section 2.1) and
we recall basic concepts on the one-dimensional continuity equation (Section 2.2).
Then, in Section 2.3, we provide an example in which multiple solutions may arise
for the Cauchy problem of (1), which justifies the need for our definition of dissip-
ative measure solutions in Section 2.5; see Definition 2.1 (after having introduced
the quantile re-formulation of the model in Section 2.4). We state our main exist-
ence and uniqueness result of dissipative measure solutions with initial data in the
p-Wasserstein space in Theorem 2.3. In the same theorem we also state the main
measure-to-L°° smoothing property (23). In Section 2.6 we introduce our determin-
istic particle approximation and state our many particle limit result in Theorem 2.4.

* InSection 3 we prove Theorem 2.3. The measure-to- L. °° smoothing property is proven
in particular in Propositions 3.3 and 3.4. Separately from the proof of the main the-
orem, we provide improved versions of the L bound for the solution under more
refined assumptions on the kernel V' and/or the initial condition; see Propositions 3.6
and 3.7.

e In Section 4 we prove Theorem 2.4. The discrete counterpart of the measure-to-L>°
smoothing effect is contained in Lemma 4.1. We also provide a global-in-time L*°
bound on the discrete density in Proposition 4.1, the proof of which mimics the main
idea behind Proposition 3.6.

2. Preliminaries and statements of the main results

2.1. The p-Wasserstein space of probability measures in one space dimension

In this section we recall some definitions and properties concerning the space of prob-
ability measures on R. For further details, see the classical references [1,48,51]. For a
probability measure p € P (R), we define the cumulative distribution function

Fp(x) = p((—00, x])
and the quantile (or pseudo-inverse) function X,: [0, 1] = R,
X,(z) =inf{x € R: Fy(x) > z}.

Notice that for every p € & (R), the function F,: R — [0, 1] is monotone non-decreasing
and right-continuous by definition. Moreover, X,: [0, 1] — R is monotone non-decreasing
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too and therefore has (locally) finite total variation, which implies it has a right-continuous
representative. In the case that p is not compactly supported, X, may attain infinite values
at the points z = 0, 1. However, since we shall only deal with compactly supported solu-
tions, we shall keep [0, 1] as the reference domain of the quantile function X, throughout
the whole paper. We recall that

o= (Xp)#(x[lo,l])7

where éf,[lo 1 is the one-dimensional Lebesgue measure on [0, 1]. The above is referred to
1

p being the push-forward measure of 56[0,1] through the map X, which also reads

1
/¢uwmm=/¢uunwz ©)
R 0

for all p-integrable, Borel measurable functions ¢; see for example [1,48,51].
We denote by #,(RR) the space of probability measures on R with finite p-moment,
with p € [1, +00]. Here, the p-moment of p € & (R) is defined as

Ml = [ 1x17 dpto)

for p finite, and
Mo [p] = esssup{|x| : x € supp(p)}.

It is well known that &, (R) is a complete metric space equipped with the p-Wasserstein
distance 'Wp, the definition of which is omitted (see [1,51]) and provided only in the one-
dimensional case in (10) below. Indeed, it is also well known that the mapping %, (R) >
p+— X, € LP([0, 1]) is one-to-one and isometric; more precisely,

Wy (p1,02) = | Xp, — Xp,llLr(f0,1])- (10)

Since X, is monotone non-decreasing for all p € #(R), by defining the closed convex
cone in L7 ([0, 1]),

Kp = {X € LP([0,1]) : X is non-decreasing},

we have that the map $#,(R) 3 p — X, € K, is an isometric bijection. For future refer-
ence, we denote the map

T:P,(R) = K, suchthat T [p] = X,. 1D

Remark 2.1 (Pseudo-inverses vs. inverses). If F), is continuous and strictly increasing as
a function from the convex hull of the support of p, Co(supp(p)), to the interval [0, 1],
then X,,: [0, 1] — Co(supp(p)) coincides with the inverse of Fj, restricted to Co(supp(p)).
Therefore, in this case we have the obvious relations x = X,(F,(x)) for all x €
Co(supp(p)) and z = F,(X,(z)) for all z € [0, 1]. This situation corresponds to the
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case in which p is atom-less and has a connected support. The right-continuity of both
F, and X, implies that the relation z = F,(X,(z)) is still true for all z € [0, 1] in the
case that p is atom-less without restriction on the support of p. In this case the identity
X < X,(F,(x)) holds. In the case that p has atoms and has connected support, in general
we have z < F,(X,(z)) and x = X,(Fp(x)).

2.2. CDF and quantile formulations of the one-dimensional continuity equation

We now consider the one-dimensional continuity equation
3:p + 0:(pG) = 0 (12)
with a given measure initial condition

p(-.0) = po € Pp(R). (13)

for some p € [1, +00]. We shall call a weak measure solution to (12) with initial condition
(13) a distributional solution to (12) in which p(-,¢) is a probability measure on R and such
that the identity (13) is attained in the sense of measures. We assume

G € C(R x [0, +00)) and G is Lipschitz continuous in x uniformly in ¢. (14)

As a consequence of (14), G is locally bounded. For a fixed X e K right-continuous, we
consider the Cauchy problem in L7 ([0, 1]),

{ 3, X(z.1) = G(X(z.,1),1), (15)

X(z,0) = X(2).

We have the following theorem, the proof of which can be found for example in [27,
Theorem 2.1] (see also [48, Theorem 4.4]) in the case that G is globally bounded. The
case of G locally bounded easily follows from [1, Lemma 8.1.4, Lemma 8.1.6, Proposition
8.1.8].

Theorem 2.1. Assume G satisfies (14). Assume that p € C([0, +00); Pp(R)) is a weak
measure solution to (12) with pg as initial condition. Then, given X(z,t) = T [p(-,1)](2)
with T being the isometric map (11), X satisfies the Cauchy problem (15) with X =
T [po). Vice versa, assume X € L*°([0, T|; Kp) satisfies (15) almost everywhere on (z,t) €
[0,1] x [0, +00) for some X € Kp. Let p(x,1) = TUX(-,1)](x) and assume further that
p(-,t) € L®(R) forallt > 0. Then p is a weak measure solution to the continuity equation
(12) with initial condition p(x,0) = po = T X].

We shall refer to the differential equation in (15) as the quantile reformulation of the
continuity equation (12). We now consider the Cauchy problem

(16)

0 F(x,t) + G(x,t)0 F(x,t) =0,
F(x,0) = F(x),
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where F = F oo for some pg € P, (R). Formally, the PDE in (16) is obtained by integrating
in x the continuity equation (12) with d, F = p. To avoid any confusion, we clarify here
that, in the following, we shall often interchange the notation d, F = p and F, = p based
on the readability of the equations.

Theorem 2.2. Assume G satisfies (14). Assume there exists a weak solution F(x,t) to
(16) with F(-, t) non-decreasing, right-continuous in x and such that F(R,t) = [0, 1].
Then the distributional derivative p(-,t) = 05 F (-, 1) is a weak measure solution to (12)
with initial datum py.

For the proof of this theorem, see Appendix A at the end of this manuscript. We shall
refer to the equation in (16) as the CDF reformulation of the continuity equation (12).

2.3. The non-local velocity field in the CDF reformulation: A non-uniqueness issue

Let us now analyse the non-local equation (1) more closely. Our goal here is to provide
its CDF reformulation. To do so, we have to analyse the velocity field

G(x,t) =v(V * p(x,1)). a7
Assuming (V1)—-(V2)—(V3) above, by setting

V(x), 0,
Ulx) = (x), x<

A, x>0,

0, 0,
H(x) = x <

1, x>0,

we obtain
V(ix) =U(x)— AH(x).

Notice that U is a Lipschitz continuous function on R with [U]rip = [V]vLip((—00,0))-
In order to write the non-local velocity field G in the quantile and CDF reformulations,
we assume for simplicity p € L°(R x (0, +00)). We compute

G(x,t) = v(/R Ux —y)p(y.t)dy — A /R H(x — y)p(y,t)dy)

_ ”(/R Ut = (0 dy =3 [ p(y,r)dy)
= v(/R Ux—y)dp(y,t)— )&Fp(x,t)).

The formal assumption p € L*°(R x (0, +00)) and our basic assumptions on v and U
imply the above G is Lipschitz continuous. Hence (at least formally), with the notation
F = F,, the CDF reformulation of (1) is

0, F(x,1) + v(/ Ux —y)dFx;(y,t) —AF(x,l))&xF(x,t) =0. (18)
R
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The reference space for F is the set of right-continuous, non-decreasing functions F: R —
[0, 1] with F(—o0) = 0 and F(+400) = 1. Let us now consider the prototype example

0(p) =1—p. V(X) = 1oon(0).

In that case, we have U = 1 and A = 1, which implies
v(/]R Ux—y)dF;(y,t)— )LF(x,t))
=1- (/R dF(y,t) — F(x,t)) = F(x,t).
Consequently, F formally satisfies the Burgers equation

3 F + 0x(F?/2) = 0. (19)

In order to understand the behaviour of (1) in this particular case with an initial condition
given by a singular measure, let us fix pg = ¢ as a Dirac delta measure initial condition
for (1). The corresponding initial condition for the CDF formulation (19) is

0 ifx <O,

F =
o) {1 if x > 0.

It is well known that two possible weak solutions to (19) arise in this case, namely the
rarefaction wave

0 if x <O,
Fi(x,t) =1 x/t if0<x<t,
1 ifx>t,
and the shock wave
0 ifx<t/2,
B = =t
1 ifx>1t/2.

The former, F;, corresponds in the p variable to a diffused bump

1
pr(x.1) = —1po(x).
whereas the latter, F», corresponds in the p landscape to a moving particle
p2(-1) = 8¢/2.

It is also well known that the concept of entropy solution formulated by Oleinik [45] and
Kruzkov [40] allows one to single out a unique solution, which in this particular case
is I 1.
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2.4. The quantile reformulation of (1)

We shall use the above example as a guiding paradigm to derive our concept of solutions
and to obtain the quantile reformulation of (1). The example in Section 2.3 shows that,
in view of the decreasing discontinuity of V' at the origin, we may have multiple meas-
ure solutions to (1) with a fixed initial datum in the space of probability measures. The
example suggests that the “correct” solution is the one in which the initially concentrated
mass instantaneously regularises to become L. A possible way to formulate a suitable
theory could be to work directly in the CDF-landscape for more general v and U as well,
thus using a concept of entropy solution for (18) (which, however, features some addi-
tional non-locality in the general case). However, we shall not perform this task in this
paper. Instead, we shall rely on the quantile reformulation to provide a proper concept of
solution. Such a concept of solution should encompass the smoothing effect featured by
the p; solution in the above example.

Let us (formally) recover the quantile reformulation for X, = X(z,¢), z € [0, 1],
t > 0. We need to write G(X(z,t),t) with G given by (17). More precisely, we need
to compute

+00
v( /R Vi —y) dp(y,t>) - v( / Vix - y)dp(y,n)

”(fR Ux - ) dp(y.1) —A/_w dp(y,n)

v(/ U(x—y)dp(y,t)—)tF(x,t)) onx = X(z,1).
R

Due to (9), we can write the convolution term as

1
/ Ulx — y) dp(y.1) = / UX(2.1) — X(2.0)) .
R 0

Now, in order to express the term F(X(z,t), ), guided by the previous example we delib-
erately choose that p = F) is bounded (and hence atom-less), with the idea that this is
what we expect to happen for positive times due to the instantaneous smoothing effect.
From Remark 2.1, we then have F(X(z,t),t) = z. This leads to the following quantile
reformulation for (1):

1
atX(Z,t):v(/ U(X(Z,t)—X(C,t))d{—)tZ) (20)
0
coupled with the initial condition
X(0,1) = X(2). (21)

We stress the importance of having used p € L™ to obtain (20), in particular to detect
the identity F(X(z,t),t) = z. Consider the solution F, of the previous example in the
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CDF framework. In that case py = (F>) is a moving Dirac delta, and the p € L> assump-
tion is far from being satisfied. Indeed, in that case the identity F>(X,(z,t),t) = z is false
and one cannot recover the quantile reformulation (20).

2.5. Dissipative measure solutions: Statement of the main result

Based on the above considerations, we are now ready to provide our concept of a solution
to (1).

Definition 2.1 (Dissipative measure solutions). Let pg € $,(R) for some p € [1, +-00].
A function p € C([0, +00); P, (R)) is a dissipative measure solution to (1) if
i) p(,t) e L®°(R) forallt > 0,

(ii) p satisfies (1) in a distributional sense on (x,7) € R x (0, +00), that is,

T T
/0 /Rp(x,t)atqo(x,t)dxdt—i-/o /R,o(x,t)v(V*p)(x,l)axgo(x,t)dxdt:0

forall g € CL(R x (0, +00)),
@iii) p(-,0) = po.
We may now state our existence and uniqueness result.
Theorem 2.3 (Existence and uniqueness of dissipative measure solutions). Let pg € P, (R)

for some p € [1,+00]. Then there exists one and only one dissipative measure solution p to
(1) in the sense of Definition 2.1. Moreover, p satisfies the following additional properties:

(1) Let X(-,t) = T[p(:,1)] with the isometric map T defined in (11). Then X(-,0) =
T [pol, and the function X satisfies

1
3:X(z,1) = v(/ UX(z,1) — X(¢, 1)) dE — xz) 22)
0

almost everywhere on (z,t) € [0, 1] x (0, 400).
(i) We have p € L{°((0, +00); L°°(R)) and the following inequality holds:

loc
[W]Lip[U i PRI
oGOl Lo < %(1 — o lip[Ulipry =1 (23)

forallt > 0.

Moreover, given two dissipative measures solutions py and p, with initial data p1,0 and
P20 respectively, po.1. po,2 € Pp(R) for some p € [1,400], the following stability estimate
holds:

Wp(p1(.1), p2( 1)) < €' Wp(po.1. po.2) (24)
with C given by (30) below.
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As we shall see in the proof of Theorem 2.3 carried out in Section 3, a major point in it
will be the existence and uniqueness of solutions for (22) in L? ([0, 1]). The L estimate
(23) is sharp; see Remark 3.1 below.

Remark 2.2. While introducing our concept of solution in Definition 2.1, the natural
question arises of why we should use the concept of entropy solution in the F-landscape
as a criterion to derive a proper concept of solution to (1). The answer to this question is
that, as is well known in the context of local conservation laws (4), entropy solutions are
stable. Indeed, such a property somehow reflects in the stability property (24) stated in
Theorem 2.3. We observe in particular that the case p = 1 in (24) implies stability in L!
in the F-landscape.

Remark 2.3 (Assumption (v2)). It is worth remarking at this stage that assumption (v2)
would not be satisfied by functions v being supported on an interval [0, ppay] and strictly
monotone decreasing therein. However, we shall show in Proposition 3.6 below that if V' is
non-negative and non-decreasing on (—oo, 0] then an L° initial condition 0 < pg < Pmax
yields a solution p(-,¢) € [0, pmax]- Hence, the strict monotonicity on v in (v2) only needs
to be required on the interval [0, pmax] in this case.

2.6. Deterministic particle approximation: A convergence result

The second task of this paper is to provide a deterministic particle approximation (or
follow-the-leader approximation) to the solution provided in Theorem 2.3, following the
approach of [23-26, 46]; see also [34, 35]. Roughly speaking, for a given py € #(R),
we obtain the unique dissipative measure solution p with initial condition py provided in
Theorem 2.3 as the limit (in a suitable measure topology) of a measure pV constructed
out of a set of moving particles x¢(?), ..., xy (¢) obeying a suitable system of ODEs.

Consider an initial condition pg in & (R). For simplicity, we shall assume that pg is
compactly supported. Considering the case of non-compactly supported initial measures
brings unnecessary technical difficulties to the problem, for which we refer to [24], in
which the case pg € £, (R) is considered for local conservation laws. For a fixed N € N,
we define the initial particle distribution as follows. We set my = 1/N and define X =
T [po] = Xp, according to (11). We now set

Note that in the case that pg has no atomic part, then by construction

%
/ po(y)dy = Fpy(X;) =mpyi, foralli =0,...,N.

—00

Hence,

Xit1
/_ po(¥)dy = Fpo(Bi41) — Fag() = (i + Dy — imy = my.
%i
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The latter is the way this scheme is usually introduced. Our definition (25) is more general
and allows us to consider measures pg with atomic parts. Clearly, for a measure pg, two
consecutive particles X; and X; 4+ may overlap.
We now define the way particles evolve in time. The key to defining the velocity X; (¢)
of each particle is to find a suitable discrete version W [p™V](x) of the velocity field W [p]
in (2) and to set
xi(6) = WpN](xi (1))

The main guiding principle to construct W[p™] (quite often in this setting) is that of
replacing p in (2) by the empirical measure

N
N (@) =mn Y S

i=1

which would return the velocity field

N
Wu"](x) = v(mN > V- Xk(f)))

k=1

The possible discontinuity of V at zero in W[u™] is a possible difficulty for this prob-
lem. Even more challenging is the fact that more than one particle may occupy the same
position initially. To sort both issues, somehow inspired by the procedure that led to (20),
recalling that A = V/(07), we define our particle system as follows:

N
Xi(1) = v(mN > Vi —Xk)),
k=it1 (26)
x;(0) = X,
foralli =0,..., N, again with the convention that the sum in the argument of v is null

if the set of indexes is empty. We observe that the ODEs in (26) under our convention are
equivalent to

Xi(t) = v(mN Z V(xi — xx) —i—mN/\]{k e{l,...,N}:xx(t) = x;(t) and k > i}|).

Xk >Xi

Roughly speaking, we impose that the movement of every particle x; is only affected by
particles with position strictly larger than x; and by those with the same position indexed
by k > i. Such a mechanism is meant to label particles occupying the same initial position
in such a way as to provide them with an order. We shall now rewrite (26) in such a way as
to ensure a suitable existence and uniqueness theory for it. Provided that x; (1) < x;4+1(¢)
foralli =0,..., N — 1 and for all # > 0, recalling the definition of U, we compute for
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alli =0,...,N,

N N i
my Z V(xi —xi) =mpy ZU(Xi —Xg) —my Z/\
k=i+1 k=0 k=0
N
szZU(xi—xk)—mN(i—i-l))L. 27)
k=0

Hence, (26) can be rewritten as

N
fci(r)=v(mNI;Uui(z)—xk(z»—mmo‘+1)), o v o
x;(0) = x;,

Since v and U are globally Lipschitz continuous, (28) has a unique global-in-time solu-
tion. We shall prove that such a solution solves (26) as well. Our particle approximation
result is stated in the next theorem.

Theorem 2.4. Let pg € P (R) have compact support and let T > 0 be fixed. For fixed
N € N define x1,...,xn as in (25) and let x1(t), ..., xn(t) be the unique global solution
to (28). Then x; (t) < x;j41(¢t) forallt € (0, T] and the particles x;(t),i = 1,..., N, solve
(26) too. Moreover, given

mny

Gk Ii(1) = [xi(1), xix1(2)).  (29)

N
PN ) =) pi Ol (x),  pilt) =

i=0

we have that p" (t) is uniformly bounded in L*(R) with respect to N for all times t €
(0, T] and pV — p in the weak star L® (R x [§, T]) topology for all § > 0, with p being
the unique dissipative measure solution to (1) in the sense of Definition 2.1 with initial
datum py.

We shall prove Theorem 2.4 in Section 4.

Remark 2.4. The above Theorem 2.4 may seem an obvious consequence of the stability
result stated in Theorem 2.3, because clearly the particle approximation p™ (-,0) converges
to the initial condition py as N — 400 in the p-Wasserstein distance for all p € [1, +o<].
However, the discrete measure pV (-, ) is not an exact solution to (1) for positive times.
Neither is its empirical measure version (8). The latter would solve (1) in the case that V'
is smooth on the whole of R. This is not the case here, due to the discontinuity of IV which
forces initial particles to not remain particles due to the measure-to- L*>° smoothing effect.

Remark 2.5. The instantaneous measure-to-L > effect (23) satisfied by the dissipative
measure solutions has a counterpart at the level of the deterministic particle system (28),
in that two or more particles that are initially overlapping detach instantaneously. We
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shall prove this in detail in Section 4. However, this may already be seen by looking at
(28) and by considering x; (0) = x;41(0) for some index i < N. Since U is continuous,
the velocities of x; and x; 41 at ¢t = 0 are respectively v(C; — myA(i 4+ 1)) and v(C; —
mpyA(i + 2)), for some suitable constant C;, and the strict monotonicity of v implies
X;i (0) < X;4+1(0). Hence, the two particles detach even if they are initially at the same
position.

3. Existence and uniqueness of dissipative measure solutions

This section is mostly devoted to providing the proof of Theorem 2.3 and proving some
additional results. Let p € [1, +o00]. We define the operator 4: L? ([0, 1]) — L? ([0, 1]) as
follows. Let X € L?(]0, 1]). Then

1
A[X](z) = v(Wx(2)) with Wx(2) =/0 U(X(2) = X(¢))dl—Az.

We observe that the operator # is well posed from L? ([0, 1]) onto itself in view of assump-
tions (v2) and (V3).

Proposition 3.1. The operator 4 is Lipschitz continuous on LP ([0, 1]) with Lipschitz
constant

pt1 .
2 7 [lLiplV]Lip((—o0,0)) I P < +00,
C = (30)

2[v]Lip[V ILip((=00,0)) if p = +oo.

Proof. Assume first p finite. Let X1, X, € L?([0, 1]). We have
lv(Wx, (2)) — v(Wx, (2))] < [v]uip|Wx, (2) — Wx, (2)]
< [U]Lip/Ol |U(X1(2) = X1(0)) — U(X2(2) — X2(8))] d¢
< lLplUlLip(|1X1(2) — X2(2)| + /01 1X1(8) — X2(0)[d?).
Hence,
[ ALX 1] = AT 5 10,17,

1
- [0 (Wi, (2)) — v(Wis (2))|7 d=

1 1 V4
< (Wl [Uluy)? /0 (le(Z)—Xz(Z)|+ /0 |X1(z)—xz<¢>|dz) dz
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1
< 2P([v]up[U1up)P( /O X1(2) = Xa ()P d=

1 1 V4
+ [ (/0 |X1<;)—X2(z>|dz) dz)
1
< 27 (] [UTp)” /0 1X1(2) = X2(2)|7 dz.

where the last step is justified by Jensen’s inequality. The case p = 400 easily follows
from sending p — 400 and is left as an exercise. ]

Proposition 3.2. Let X € L?([0, 1]). Then there exists one and only one solution
X:[0,1] x[0,400) > R, X € Lip,,.([0, +00); L? ([0, 1])),
to the initial value problem (20)—(21).

Proof. The proof follows immediately from Theorem A.1. ]

We now want to prove that the unique solution X provided in the previous theorem is
strictly increasing in z for all times ¢ > 0 provided the initial condition is non-decreasing.

Proposition 3.3. Assume X € L?([0, 1]) to be non-decreasing on [0, 1]. Then, for all t >
0, the solution X provided in Proposition 3.2 is strictly increasing in z and the following
estimate holds:

bA(zs —
X(ot) - X(zot) > P2C2 720 (| blalUlety 0 <z <z <1 ()
[]Lip[U]Lip

Proof. For allt > 0 and for almost every (z1, z2) € [0, 1]2 with z; < z,, we have
01 (X(z2,1) — X(21,1))

1 1
v( / UX(z2.1) — X(6.1)) d — sz) _ v( / UX(zr.0) — X)) d — Azl)
0 0

1 1
v(/ U(X(z2,1) — X, 1)) dE — Azz) - v(/ UX(z1,1) — X, 1) dE — /122)
0 0

1 1
+ v(/U(X(zl,t) —X(é’,t))dé‘—)tzz) —v(/U(X(zl,t)—X({‘,t))dé’—kzl)
0 0

> —[U]Lip[U]Lip|X(Zz,t) - X(Z],Z)| + bA(z —71),

where we have used (v1) and (v2). We claim that X (z,,¢) > X(z1,t) for all £ > 0. Without
restriction due to the C! regularity of X in time, assume by contradiction that there exist
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0 <t; <ty suchthat X(z2,%1) = X(z1,t1) and X (z5,t) < X(zy1,¢) forall ¢z € (¢1,1,). For
h > 0 small enough, we have, after time integration on ¢ € [t1, t; + h],
X(Z2stl + h) - X(lell + h)
h

1 t1+h
> (Ui / (X(z1.0) — X(z2.0)) di + bA(z2 — 21).
t

1
By sending A \ 0, recalling that X(z1,t) — X(z2,¢) = 0 att = t1, and in view of the time
regularity of X, we obtain

0:(X(z2,t1) — X(z1,11)) = bA(z2 — 21) > 0,

which contradicts the fact that X(z5,7) — X(z1,¢) is C! and non-increasing at time #,. This
proves X (z,t) > X(zy,t) forall ¢ > 0 and for almost every (z1,z) € [0, 1]?> with z; < z5.
This implies that for all # > O there exists a right-continuous representative of X(-, t)
which is non-decreasing. From now on, we shall identify X (-, ) with said representative.
To prove strict monotonicity, we can rewrite the above estimate as

3(X(22.1) — X(z1,1)) = —[v]Lip[U]Lip(X (22, 1) — X(21,1)) + bA(z2 — z1).
A simple comparison principle then yields

X(z2,1) — X(z1.1)
[l Ut DAz = 21) (| et
> e IREIR! (X (25,0) — X(21,0)) + ———————(1 — ™ WitV LYy = (32)
[]Lip[U]Lip
which easily implies (31). u
As a consequence of Proposition 3.3, X(-,¢) has an additional BV, regularity. Propos-
ition 3.3 also implies a uniform L°° estimate for positive times for the measure p(-, 1) =
T7YX(-,t)], where T is the isometry defined in (11).

Proposition 3.4. Let p(-,t) = T V[X(-,t)], where T is the isometry defined in (11). Then

iplULi ol TU T f
o€ D)llzeo®) < %(Pe WluplUlety=1 - forall > 0. (33)

Proof. Fort > 0,set p(-,t) = 7 [X(-,¢)] and let

F(x,t) = /_ dp(-,1)(y)-

Since X(:,?) is strictly increasing, then F(:,¢) is continuous on R. Assume x;, x5 € R
with x; < x and F(-, t) is strictly increasing on (x1, x3). Then the following estimate
easily follows:

F(x2,1) = F(x1.1) < [U]LiP[U]LiP(l _ e—[U]Lip[U]LiPt)_l

34
X2 — X1 - b ( )
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as a consequence of (31), using that X (-, ¢) restricted on (F(x1,?), F(x2,t)) is the inverse
of F(-,t) on (x1, x3). If F(-,1) is not strictly increasing on (x1, x3), then (34) is clearly
still satisfied. Then (34) implies that the weak L°° derivative p(-, 1) = Fy (-, 1) satisfies the
assertion. ]

Remark 3.1 (Optimality of the estimate (23)). In the extent of generality of our setting,
the estimate (33) is optimal. Indeed, strict inequalities may occur either in the case that v
is not affine or in the case that U is not affine. If, otherwise, both v and U are affine, then
the equality holds in (32). However, the case of U affine on the whole of R is allowed by
our set of assumptions only when V' is constant on (—oo, 0). Indeed, we recall that U is
equal to A on the positive semi-axis. We therefore consider the case v(p) = 1 — p and

1+x ifx <0,

U(x) =
*) {1 if x >0,

with A = 1 for simplicity. We replace the estimate of the difference quotients in the proof
of Proposition 3.3 by the following formal estimate of the derivative X,(z, ¢). Using
v'(p) = —1 and U'(x) = 1(—,0], recalling that X (-, ¢) is strictly increasing for posit-
ive times, we easily obtain the identity

X, (z,t) =1—(1—2)X,(z,1), (35)

which yields

1 1
Xaz) = X2 0) 4 T (@ =] = (1= 7,

1-—

having removed the initial condition from the estimate as in Proposition 3.3. Since the
function

1
[O, 1] S Z > E(l — e_(l_z)t)

is non-decreasing, the infimum of X, (z,?) is achieved at z = 0, which yields

-1
“D)|Lomw)y =] inf X ,t] < ,
oGOl = [ inf Xo(0] < 5=

which reads exactly the same as (33), recalling b = A = [U]Lip = [v]Lip = 1.

Remark 3.2 (Estimate (23) and the non-uniqueness example). In the non-uniqueness
example considered in Section 2.3, namely in the case that U = 1 and v(p) = 1 — p,
the quantile equation becomes

3 X(z,t)y=v(l—2) =12z,
and then the proof of Proposition 3.3 reduces to

0:(X(z2,1) — X(z1,1)) = (22 — 21),
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which easily implies, recalling that py = 6o implies X(z,0) = 0 for all z € [0, 1],

X(Zz,l)—X(Zl,l) _ X(Zz,O)—X(Zl,O) Lr=1

Zp — 21 Zp — 21

and consequently p(x,t) = % on supp(p(:, ¢)), which gives in particular

1
ot Dl = -

Such an estimate may be obtained by letting [U]ri, — 0 in (33), recalling that in this case
X = b = [U]Lip(R) = 1.

As a consequence of Proposition 3.4 and due to the assumptions on v, the velocity field
v(W]p(:,1)]) is locally bounded and Lipschitz continuous for positive times, and we can
perform a very convenient change of variable to recover the weak measure formulation
(1) for p.

Proposition 3.5. Let p(-,t) = T~ X(,1)], where T is the isometry defined in (11). Then,
fort > 0, the velocity field

6tx.0) = Wipte.0lo) = o [ V= dprn=2F ) G0
is Lipschitz continuous with respect to x. Moreover,

AX(C0)](2) = Wp(. )](X(z.1)). (37

Proof. Since p(-,t) € L*(R) N L (R) for all # > 0 from Proposition 3.4, then U * p(-, )
is Lipschitz continuous (recall that U is Lipschitz and p(-,¢) € L'(R)). Moreover, F(-, 1)
has its derivative p(:,¢) in L*, and therefore F(:,¢) € Lip(R). Since v is Lipschitz
by assumption, then G(-,¢) is the composition of two Lipschitz functions and hence is
Lipschitz. To prove the second statement, we compute

Wlo(-D)(X(2.1)) = v ( /R UXG.1) — y) dp(y. ) — AF(X(z.0), z)).

Since X (-, t) is strictly increasing, we have the identity F(X(z,?),t) = z. Moreover, by
changing variable y = X({, 1), we get

1
Wip(.Ol(X(z.1)) = v(/o UX(z.1) - X(8.1))d¢ —M) = AX(. D)),

which concludes the proof. ]

We now have all we need to conclude the proof of Theorem 2.3.
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Proof of Theorem 2.3. Proposition 3.2 and (37) show the existence and uniqueness of
solutions to the Cauchy problem

0 X(z.1) = Wlp(-,0)](X(z,1)),
X(z,0) = X(2).

Propositions 3.3 and 3.4 imply that p(-,#) = T~![X(-, )] belongs to L for positive
times. Moreover, Proposition 3.5 shows that the vector field (36) is Lipschitz continu-
ous. Therefore, Theorem 2.1 implies p is a dissipative measure solution to (1) in the
sense of Definition 2.1 with pg as initial condition. The same theorem implies that any
other dissipative measure solution p with the same initial condition would be such that
X(-, 1) = T[p(-, 1)] satisfy (20)=(21) with X = T![po], but then the uniqueness of X
stated in Proposition 3.2 and the fact that 7 is an isometry implies that p = p. We have
therefore proven the existence and uniqueness statement as well as (i). Part (i) follows
from Proposition 3.4. To prove (24), we recall that as an easy consequence of Proposition
3.1 the two quantile representations X, and X, satisfy

1 Xp, o) = Xpy (. Ol qo,11) < €7 11X (4 0) = X, (. )| Lo 0,17y
with C provided in (30). In view of (10), we obtain the desired assertion. ]

In the case that the initial condition py € L*°(R) and in the special case in which
V is positive and non-decreasing on the half-line (—oo, 0), we can easily prove that the
L®° norm of the solution p(-, t) is non-increasing in time. Consequently, ||o(-, )|l Lo (R)
is controlled by the L°° norm of the initial datum for all # > 0. This property was proven
in previous papers; see for example [36]. However, here we provide an alternative proof
based on our quantile formulation approach.

Proposition 3.6. Assume that V satisfies the additional assumption of being non-decreas-
ing on (—00,0) and V > 0 on (—o0, 0). Assume pg € L°°(R). Then, for all t > 0,

oG, DllLeom®) < llpollLeo®)-
Moreover, ||p(-, t)||L=(R) is non-increasing with respect to t > 0.

Proof. Based on the result in Theorem 2.3, the quantile function X (-,7) = 7 [p(-, )] satis-
fies (22). Since the solution p(-, ¢) is in L°° for all positive times due to (23), the function
X(-, 1) is strictly increasing on [0, 1]. Hence, recalling the definition of U, (22) becomes

9. X(z,1)

z 1
v(/ U(X(z,t)—X({,t))d§+/ U(X(z,z)—X({,t))dé—/\z)
0

z

v(/ozkd§+/zl U(X(z,t)—X(é‘,t))dg“—)tz)

1
v(/ V(X(z,t) —X((,t))dg“).
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For a fixed & > 0 and for every z € [0, 1 — k], consider the ratio

Xz +h.t)— X(z.1)

Yi(z,t) = A

For ¢ = 0 and for almost every z € [0, 1 — /], since X is strictly increasing (due to the fact
that X = X, and po € L®(R)), we have

Y, (z.0) = Y(z—}—h}?—f(z) - R

with R = || pol|Loo(r). This is easily seen from the estimate

Fpo(x + k) — Fyy (%)
k

<R, xeR, k>0.

Our goal is to prove that Y;(z,¢) > R™! for all z € [0, 1 — K], for all &z > 0, and for all
t > 0. We argue by contradiction. Let #; > 0 be the first time at which Y} (zg, ;) = R™!
for some zg € [0, 1 — A] and Yy (z0,t) < R™! for t € (t1,1,) for some t, > t;. Clearly,
Yi(z,t1) = Yp(zo, 1) forall z € [0, 1 — A]. This inequality implies

X(zo +h,t1) — X(z + h,ty) - X(zo,11) — X(z,11)
h - h '

Since V' is non-decreasing, we get

V(X(Zo + h, l]) — X(Z + h, ll)) < V(X(Zo, Zl) — X(Z, Il)).

Integrating on z € [zg, 1 — h] we obtain

1 1—h
/ V(XGo ht) = X(E0)dE = / V(X(zo + h,11) — X(z + h, 1)) dz
Zo+ Zo0

1

1—h
S/ V(X(Zo,ll)—X(Z,tl))dZ </ V(X(Z(),Zl)—X(Z,ll))dZ,
zZ0 Z0
where we have used V' > 0. Since v is decreasing, we get
1 1
o [ vexeo = x@anac) > of [ vixem - xend)
zZo+ Z0
which implies
X(z0 + h, 1) — X(20,1)
h |t=ll

0:Yn(z0,)|1=1, = 0; >0,

which contradicts the assumptions on #;. By the arbitrariness of 4 > 0, all ratios

X(227t) _X(let)

Zp — 21
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are controlled from below by R 1forall0 <z; < z; <1andforall # > 0, which implies

Fp(~,z) (x2) — Fp(~,t) (x1) <R
X2 — X1 -

for all x1, x, € R with x; < x5 and for all # > 0, which in turn implies

oG OllLe®) < R
as desired. [

In the case that pg € L but V is not necessarily monotone and positive, we can still
prove a uniform-in-time L bound under an additional threshold assumption.

Proposition 3.7. Assume there exists a constant ¢ > 1 such that the initial condition pg

satisfies
c[]Lip[V ILip((=oo.
llpoll L) = ipl? ILip((=00,0)) G8)
b
Then, for all t > 0,
c[v]Lip[V Lip((=00,0
||p("t)||L°°(R) < P bAP(( 00 ))

Proof. From the proof of Proposition 3.3, given 0 < z; < z» < 1, we deduce the following
version of the inequality (32):

0:(X(22,1) — X(z1,1)) = —c[V]Lip[ULip(X (22, 0) — X(21,0)) + bA(z2 — z1),  (39)
with ¢ > 1 an arbitrary constant. The above inequality (39) implies

X(z2,1) — X(z1,1)
Zp —I1

> o ClvlLp[UlLipt (X(zz, 0) — X(z1,0) B bA ) bA .
- Z3 — 71 c[v]Lip[U]Lip c[vlLip[U]Lip
The assumption (38) implies
(X(Zz,O)—X(Zl,O) bA ) -0
Z— 21 clvluplUlp ) ~
which provides
X(z2,t) — X(z1,1) - bA
Zp — 21 ~ c[vliip[UlLip
and the assertion. [

Remark 3.3. We stress that the above result translates into a monotonicity result for

loC, )|l Looqry if and only if the L* norm of the initial condition pg is “large enough”,

[U]Lip[

. . ViLip(— L .
that is, larger than or equal to the quantity Ry = w. For initial data with



A conservation law with non-local flux 735

L®° norms smaller than Ry, such a property cannot be derived from Proposition 3.7. We
claim, indeed, that if | pg||~ < Rg such a property in general is false. Consider v and V'
as in Remark 3.1, with initial condition X(z,0) = « + Bz with @ € R and 8 > 0, which
corresponds to pg being the characteristic function of an interval multiplied by 1/8. The
identity (35) evaluated at = 0 and z = 0 reads

9:X2(z,0) = 1—B.

By choosing 8 > 1, the above quantity is negative, which means inf, X, (z,¢) decreases at
t = 0. Consequently, the L°° norm of p(-, ¢) increases at t = 0. Notice that the condition
B > 1 translates into ||po||Lo@®) < 1.

4. Deterministic particle approximation

In this section we provide some estimates for the particle scheme (26) and we prove The-
orem 2.4. We shall work first on the solution x¢(t), ..., xx(¢) to (28). By mimicking
the results obtained in Section 3, with specific reference to (31), we obtain the following
lemma, which is somehow a particle version of (31).

Lemma 4.1. Let xo(t),...,xn(t) be the unique global-in-time solution to (28). Then, for
alli =0,...,N — 1, we have

Xi+1(t) — xi(?)

> bamy N (1- e_%[”]“P[V]Lip((w’o))t), forallt > 0.
(N + D[vlip[V]Lip((—00,00)
Proof. Foralli =0,..., N — 1, we use assumptions (v1) and (v2) and we compute
N
Xip1() — X (1) = v(mN Y Uxigr —xj) —myAG + 2))
j=0
N
— v(mN Z U(x; —xj) —mnyA(i + 1))
j=0

N
U(WZN > U(xigr —xj) —my Al + 2))
j=0
N
— v(mN Z Ulxiy1 —x;) —myAi + 1))

j=0

N
+ v(mN ZU(Xi+1 —xj) —mpyA(i + 1))
Jj=0
N
—v(mN U(xi—xj)—mN/\(i—i-l))

J=0
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N
> bAmy + v(mN Z Uxiy1 —x;) —myA@ + 1))
Jj=0

N
- v(mN S Ui — x) —ma G + 1))

j=0

> bAmy —

1
[V]Lip [V ILip((—o0,00) [Xi+1(t) — xi (1)].

Now, we know that x; +1(0) — x;(0) > Oforalli =0,..., N — 1. We claim that x; 11 () —
x;(t) >0foralli =0,..., N — 1 and for all # > 0. Assume this is not true, that is, there
exist 0 < t; < tp such that x; 1 1(¢1) — x;(t1) = 0and x;41(¢) — x;(¢t) <Oont € (t1,12).
By integrating both sides of the above estimate on [t1,#; + &) with0 < h < (t, — t1), we
obtain

Xip1(ty +h) —x; (1 + h)

h
N +1 1 t1+h
= by = Sl oo [ Birs) = w0l ds
5]
and since x;+1(¢1) — x;(#;) =0andall x;,i =0,..., N are continuous functions, we get,
as h \ 0,

d+
E(xi+l(t) —xi(t)|1=r, = bAmp,

which contradicts the fact that x;+1(¢) — x; (¢) does not increase at t = 1. Consequently,
we get, for N > 1,

. . N +1
Xi+1(t) = Xi () = bAmy — N WILip[V ILip((=00,00) (Xi+1(t) — X (2)). (40)
Hence, a simple comparison argument implies the assertion. ]

The result in Lemma 4.1 implies that particles maintain the same order for all times.
Moreover, even if initially some of them overlap, they instantaneously detach from each
other, that is x; (t) < x;j4+1(¢) for all # > 0. Recalling the computation (27), we obtain as a
consequence that xo(¢), ..., xy (¢) satisfy the ODE system (26). Moreover, we are now in
position to define the discrete densities p; (t) and the density reconstruction p® as in (29),
namely

N-1
mny
PNy =) piOl(x). pi(t) = VAT forallz > 0,
i=0 !

with
1i(t) = [xi(2), xi+1(2)),

foralli =0,...,N—1,and¢ > 0.
[1;|(t) = xit1(2) — x; (1),
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As a consequence of Lemma 4.1, we get

2[v]Lip[V ILip((=00,0))
bA(1 — e 2V lin(—co0n )’

pi(t) < forallz > 0. (41)

The next result provides an improved version of Lemma 4.1 under the same assump-
tions as Proposition 3.6.

Proposition 4.1. Let po € L°(R) and denote R = ||po||Lo(®). Assume V satisfies the
additional assumptions
(1) V(x) > 0forallx <0,
(ii) V is non-decreasing on (—oo, 0).
Then, forallt > 0,
my
Xiy1(t) —x;i(t) > = forallt >0,

and consequently, for allt > 0,

o™ .0l Ly < R.

Proof. Note that the condition is automatically satisfied for ¢ = 0 by construction of the
initial particles distribution where X; < X;4+1 foralli =0,..., N — 1. The conclusion will
follow by contradiction. Assume that #; > 0 is the first time for which there exists at least
one index i € {0,..., N — 1} such that

my

Xig1(t1) — xi(t1) = —-.
R

In #; we have that x; 41 (¢1) — x; (11) < x;j+1(¢1) — x;(t;) for every j # i. In the case that
i = N —1, then

d
E(XN(t) —xN-1O)]i=1, = v(0) — v(mnV(xn-1(t1) — xn5(11))) > O,

where the strict positivity holds thanks to assumptions (v2), (i), and the fact that xy_; (1)
—xy(t1) = =% < 0. In particular, xy (t) — xy—1(¢) > %A forallz > 0.

Let us now focus on the lower bound for x; 41 — x;(¢) wheni = 0,..., N — 2. Then
for j > i we have

i1
Xi+1(11) — xj+1(f1) = Z (x (1) — X1 (1) + (x (1) — x5 4+1(21))
k=it1

j—1
< Z k(1) = X1 (1)) + (xi(f1) — xi+1(21))

k=i+1
= X; (tl) — Xj ([1),
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and since V' is monotone increasing on (—oo, 0) we deduce that
V(xit1(t1) — xj+1(t1)) = V(xi(t1) — xj(t1)) forall j > i.

Asa consequence,

N N
3 Vi) —x0) =2+ Y Vxia () = x;()
j=i+1 J=it2
N-1
=+ Z V(xit1(t1) — xj4+1(11))
j=i+1

N-1

<A+ Y Vi) —xj(0)
j=it1

—1

= V(xi(t1) — xj(t1))

b4

J

N
< Z Vi(xi(t1) — x;(t1)),

J=1

where we have used V' > 0. Hence, the strict monotonicity of v implies that

N N
v(mN Z V(Xi+1(11)—xj(f1))) > U(mNZV(Xi(Il)—Xj(ll)))-

j=i+1 j=i

Assume furthermore that there exist r, > #; such that

Xi1(0) = xi(1) < ’"7”, forall 7 € (11, t2).

738

The existence of 7, leads to a contradiction. Indeed, the distance between the selected

consecutive particles can only increase after time #; since

d
E(xiﬂ(t) = Xi(1)e=t,

= U(mN Z V(xig1(t1) —xj(fl))) - U(mN Z Vi(xi(t1) — xj(tl))) >0. =

Jj=i+1 j=i

Remark 4.1. A discrete version of Proposition 3.7 can also be obtained at the particle

level. Indeed, (40) implies, for an arbitrary constant ¢ > 1,

—xi"'l(t) —xi(t) > e 2¢vIiplVLip(—co.0)? |:xi+1(0) —xi(0) _ ba
my -

bA
+ )
2¢[v]Lip[V ILip((=00,0))

my 2¢[v]Lip[V Lip((~00,0))

)



A conservation law with non-local flux 739

, implies

. 2¢[v]Lip[V]Lip((=00,0))
and hence, assuming po(x) < %

2¢[v]Lip[V]Lip((=00,0))
bl

oV (x,1) <

for all times.

The next lemma shows that the support of p? is uniformly bounded in N on compact
time intervals.

Lemma 4.2. For every T > 0, we have

sup sup(xy(t) — xo(t)) < oo. 42)
tel0,T] N

Proof. We compute

v (0= ia(0) = 10) =y 3 Vo) = 3,0 )

j>0

A

my Yy V(xo(t) = x; (1))

j>0

< [vlLip < lLiplV Iz ®).

thus
XN (1) — x0(1) = xn(0) — x0(0) +/0 (XN (s) — Xo(s)) ds < [supp po| + [V]LipAT,

which is bounded uniformly with respect to N and 7. ]

For future use let us also estimate
% +1(2) — Xi (1)

o 3 Va0 = 500) = omy S ves o -x, (r)))'

Jj>i+1 Jj>i

D Vi) = xj(0) = > Vxi (1) = xj (1))
j>i+1 Jj>i
< [lLip(ma |V (xi (1) = Xi41())] + [VILip((—00,00) (Xi +1 () — x; (1))
< WlLip (MmN A + [VILip(=00,0) M(T)) + [V Lip((=00,00) (Xi+1 () — xi (1)), (43)

< [v]Lpmn

where

M(T) = sup sup |xn (1) —xo(t)]. (44)
NeNo<t<T

which is finite due to (42).
We are now ready to complete the proof of Theorem 2.4.
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Proof of Theorem 2.4. For clarity we present the proof in four steps.

Step 1 — Compactness. Thanks to (41), the sequence p? is uniformly bounded in
L*®(R x [a, T]) for any fixed a > 0. Thus, p" weak-#* converges to p; € L®(R x [a, T]).
By uniqueness, for every 0 < a; < a, we have that p,, = pgz, on R x [a,, T']. Hence, there
exists p € L®(R x (0, T]) such that p”V weak-* converges to p in R x I, for any compact
subset I C (0,T].

In addition, the limit p is in L%((0, T]; L1(R)). Indeed, for every ¢ € (0, T] the
sequence p' (¢, ) is compact in P, (R) in the 2-Wasserstein topology since they are prob-
ability measures with uniformly compact supports; see (42). Let v: (0, T] — $>(R) be
the curve of v, € $5(R) being the limits of p” (¢, -). Then by uniqueness, v coincides
with pin L*(R x (0, T]). Hence p € L*®((0, T]; L1(R)) and | p(t, M ziwy = 1forae.
t €(0,T].

Step 2 — Convergence. We now prove that for every ¢ € C°((0, T) x R),

T T
/ /pN(x,t)8,<p(x,t)dxdt+[ /pN(x,t)v(V*pN(x,t))axtp(x,t)dxdt (45)
0 R 0 R
converges to
T T
/ / p(x,t)0,p(x,t)dx dt —i—/ / p(x,)v(V * p)oyp(x,t)dx dt, (46)
0 R 0 R

as N — oo, where p is the limit obtained in Step 1. Recall that p/¥ converges weak-* in
L*®(R x I,) to p, where I, C (0, T) denotes the smallest interval containing the support
of ¢ in time. Thus, for every f € L'(R x 1) it is true that

// oN(x,t) f(x.t)dtdx — // p(x,t) f(x,t)dtdx as N — oo.
Rx1I, RxI,

The convergence of the first integral in (45) easily follows from the previous consideration
due to the regularity of the test function. Concerning the second integral, we estimate

T T
/ / o (x, vV % pM)acp(x, 1) dx dt — / / p(x, )V % p)orp(x,t)dx dt
o JR o JR

=

T
f / PV (e )V % o) — u(V % p)dxp(x. 1) dx di
0 R

T
+ '/(; /R(PN(X,I) _P(X,[))‘U(V * P)ax(/)(x,t) dx dt

< 116 | Lo (supptony [V]Lip

x/OTwaxw(x,m

T
4 ' / / (Y (x.1) — pe. DUV % P)xp(x. 1) dx di
0 R

[ vo =06 0.0 - ptr.0) dy‘ dx di
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We analyse the last two lines of the above chain of inequalities separately. Notice that the
last line converges to 0 since we can use the weak-* convergence with f = v(V * p)dx¢
(which is an L' function since v is bounded on the support of ¢). Moreover, by Lemma
4.2 there exists a bounded set K C R such that supp(p™Y) U supp(p) C K, and we find for
a.e. (x,t) in R x [, that

/R V(5 — 0N (1) — p(r.1)) dy

= [ V6= 06" 00 = pra ) dy =0 as N = o
then
I3x<p(x,t)|‘/K V(y = x) (" (y.1) = p(y.1)) dy‘ — 0 pointwise a.e. in R x I,
and it is immediate to see that
/R V(y = )" (y,0) = p(y,0)] dy

< 2C ([V]ILip((=00,00)+ A M(T)) | pll oo x1,) [0x 0 (x . 1)

where M(T) is defined in (44) and the right-hand side is a measurable function on R x
(0, T). Then the Lebesgue dominated convergence theorem ensures that

10x(x, )]

T
/ /|ax¢<x,r>|‘/ V(y—x)(pN<y,r)—p(y,r»dy‘dxdr»o as N = .
0 R R

Step 3 — Consistency. We are left to check that p/V are approximate solutions of (46). To

do this we have to show that (45) vanishes as N — co. Observe that
) ) . Xip1(t) — x;i(¢
5i(t) = = pr (02 Gt 1 (0) — 1 (6)) = —py () LD =X,

Xi41(t) — x; (7)

and, by twice applying an integration by parts, we may write

T
/ / o (x,0)d,¢(x, 1) dx dt
o JR

N-1 .1 Xi+1()
SN RO (CRIORE) ox.1) dx
i=0

xi (t)

(@G (0. )41 (6) — 9 (1), D (z))) i

1

T Xi+1(2)
- /0 m(r)(xm(z)—xi(t))(][ ¢(xsl)dx—¢(xi+1(l)sl))dl

i=0 Xi
1 .7

-Y [ r0s0tina 0.0 - eti.n) ar @)

i=0 Y0
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and the first of the two terms above actually vanishes on its own when the number of
particles grows to +oo. Indeed, thanks to (43), we estimate

N-1 .T
’ )3 /0 pr () (i (1) — 1 (r))( ][
xi+1(t)

N-1 .1
=3 [ a0 -50l [ et oldxds
i—0 Y0 xi (1)

Xi+1(t)

0. 1) dx — p(xi1(0). z)) 1

i (t)

< my[vlLip((A + [VLip(—o0,0p M(T) | pll Lo ®x1,) + [V]Lip)

N-1 T ,xipq(0)
x Z/ / |0,@(x,1)| dx dt
i=0 Y0 Jx

i ()
= mn[VlLip (A + [VILip(=00.0) M(T) | pllLoo®x1,)

+ [VLip((—00,00) 10x@1l L1 R x(0.7) -

which goes to 0 with my — 0 as N — oo. To conclude, we are left to show that the
second term in (47) cancels with

T
/ / oN (x, vV * pN (x,1)dxp(x, 1) dx dt
0 R

for large N. By substituting (26) in the second term of (47) we have
N-1 .1
> [ 5 @050 = gt x @)
i=0

T
—/ /pN(x,t)v(V*pN(x,t))axqo(x,t)dxdt
0 R

N-1 .r

. Xi+1
= Z/ pi(xi/ Ixgpdx
. 0 Xi
Xi+1 N-1 Xj+1
_/ U(Zp_,[’ V(x—y)dy)ax(pdx)dt
X ) Xj

/(;T pi /}:Hl 3x<p(v (mN Z Vixi — xj))

j>i

_ U(Zp, /:m V(ix —y) dy)) dxdt.

J=i 7

N-1

i=0



A conservation law with non-local flux 743

The Lipschitz regularity of v allows us to estimate the absolute value of the above quantity
by

N-1 .7 Xi+1(2)
ol > [ o0 [ foapten)
i=0 0 xi(l)

xj+1(8)
<Y [ o V0 =) = Vs =y dy e
Jj>i X

xi+1(t)

xi+1(t)
1920 x, 1)1 (0) / o V= ldydxa
x; (¢

N-1 .1
—l—[U]Lip;/O pi (1) i

= 11 + 12.

i(2)

Now using the Lipschitz regularity of IV and the uniform estimate for the support in (42),
we can deduce the following bound for /;:

I < [V]Lip[V]Lip((~00,0))
N-1 .T Xi+1()
x Z[O p,-(t)/() xS may(1x:(0) = x| + | (1) = ;1 (D)) dx i
i=0 xilt j>i

< [lLip[V]Lip((—00,0) |0x ¢ | L2 ® % (0, 1)
N-1 .1
X Z[ my (|xi (1) — xi+1(t)| + mn|xn(t) — xo(2)|) dt
i=0 V0

< 2[v]Lip[V]Lip((—00,00) 10x @ | Lo ®x(0,7)) T sup sup |xn (t) — xo(t)|my,
te[0,T] N

which again converges to 0 as my — 0. Finally, for I, we have

N-1 .1 xi41(t)
I < O+ Voo MT)my ol 3 /0 pie) [ o i)
i=0 xi{t

< (A + [VLip(—o0,0n M(T))mn [V]LipT 1050 [l L1t ®x(0, 7)) | Pl| Loo R x 1)+
which vanishes as my — 0.

Step 4 — Initial condition and uniqueness. The uniform control on the support of pV and
the continuity in time of the particle trajectories easily imply that the curve [0, T] > ¢ >
o™ (-, t) is equicontinuous with respect to N in the p-Wasserstein distance as ¢ N\ 0 for
finite p. Hence, one can easily extract a subsequence of p?V with a limit in C([0, §]; P4 (R))
for some ¢ > 1. Such a limit, by construction, can only coincide with the limit as N —
+00 of pN(-,0) at t = 0, which is the initial condition pg. The uniqueness result in The-
orem 2.3 implies by a standard procedure that the whole sequence pV converges to the
same limit. |
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Remark 4.2. The finite speed of propagation result proven in Lemma 4.2 may be used to
prove finite propagation of the p-moment of p” (-, 7) in the case that p < +oc and in the
case that the initial support is not bounded. Hence, the compactness argument in Step 1
of the proof of Theorem 2.4 may be suitably modified to obtain that the limit p is still a
probability measure. We omit the details.

A. Some technical results

We recall the following classical result.

Theorem A.1 (Cauchy-Lipschitz—Picard [8]). Let p € [1, +o00] and let A: L? ([0, 1]) —
L?([0,1]) be a Lipschitz continuous operator. Let X € LP ([0, 1]). Then there exists one
and only one C' curve X(-): [0, +00) — LP?([0, 1]) such that

9; X(t) = A[X(¢)] for almost everyt > 0
and X(0) = X.
Next we provide the proof of Theorem 2.2.

Proof of Theorem 2.2. For a given test function ¥ (x,1), ¥ € C2(R x (0, +00)), we have

+o00
/ / F(x,0)(We(x,1) + (G(x, )¢ (x,1))x) dx dt = 0.
0 R

Now let ¢ € C}(R x (0, +00)) and set ¥ (x, ) = ¢x(x, ). Defining the measure p(-, 1) =
dx F'(-, 1) and integrating by parts we get

+o0
/ /((ﬂt(X»t)+G(x,l)wx(x,l))dp(',l)(X)dt =0,
0 R

which proves p satisfies the weak measure formulation of (12) for positive times. ]
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