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The Category O for Lie Algebras of Vector Fields
(IT): Lie-Cartan Modules and Cohomology
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Abstract

As a sequel to Duan, Shu, and Yao [Publ. Res. Inst. Math. Sci. 56 (2020), 743-760], we
introduce here a category .£% arising from the BGG category O defined in Duan, Shu, and
Yao [Publ. Res. Inst. Math. Sci. 56 (2020), 743-760] for Lie algebras of polynomial vector
fields. The objects of .£% are so-called Lie—Cartan modules which admit both Lie-module
structure and compatible R-module structure (R denotes the corresponding polynomial
ring). This terminology is natural, coming from affine connections in differential geometry
through which the structure sheaves in topology and the vector fields in geometry are
integrated for differential manifolds. In this paper, we study Lie—Cartan modules and
their categorical and cohomology properties. The category .£% is abelian, and a “highest
weight category” with depths. Notably, the set of co-standard objects in the category
O turns out to represent the isomorphism classes of simple objects of £%. We then
establish the cohomology for the category of universal Lie-Cartan modules (called the
L€ -cohomology), extending Chevalley—Eilenberg cohomology theory. Another notable
result says that in the fundamental case g = W (n), the extension ring Extfey (R, R) for
the polynomial algebra R in the “Z%-cohomology is isomorphic to the usual cohomology
ring H*®(gl(n)) of the general linear Lie algebra gl(n).
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§1. Introduction
§1.1. Background and motivation

This paper is one of a series of works on representations for Lie algebras of vector
fields g € {W(n),S(n),H(n)} over an algebraically closed field F of character-
istic 0. In the previous one [4], the first three authors introduced a parabolic
BGG category and studied indecomposable tilting modules and their character
formulas for g. The purpose of the present paper is twofold. One is to introduce
Lie—Cartan modules and classify all irreducible Lie-Cartan modules. The other
one is to develop the cohomology theory for (universal) Lie-Cartan modules and
provide its description and some important computations.

Let us first recall some background. Associated with an affine space E, the
Lie algebras of vector fields on E are basic algebraic objects. When considering
the fundamental case E = A™, we have the Lie algebras of vector fields W(n),
S(n), H(n) and K (n). These Lie algebras are involved in the classification of the
transitive Lie pseudogroup raised by E. Cartan (cf. [9, 15, 16, 17, 18, 19, 20, 28],
ete.), and also involved in the classification of finite-dimensional simple Lie algebras
over an algebraically closed field of prime characteristic (cf. [13] and [21], etc.).

Recall that the infinite-dimensional Lie algebra g = X (n), X € {W, S, H}, is
endowed with a canonical graded structure

gzzgi

i=—1

arising from the grading of polynomials from R = F[x1,...,x,], the coordinate
ring of A"”. As homogeneous spaces, g_1 is spanned by all partial derivations 0;,
i =1,...,n, and go is isomorphic to gl(n), sl(n) or sp(n), containing a canon-
ical maximal torus . We consider the subalgebra P = g_; & go which can be
regarded as a parabolic subalgebra. Associated with P, we introduce a subcate-
gory O of g-module category, an analogue of the parabolic BGG category over
complex semisimple Lie algebras, whose objects satisfy the axioms (see Defini-
tion 2.1) including local finiteness over U(P). Such an option concerning P enables
us to get good understanding on representations for g (see [4]). In the same spirit,
we also studied the representations of finite-dimensional Lie superalgebras in [5]
where we made exhaustive and essential explanations on the option of P.
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§1.2. Lie—Cartan modules

In the present paper we first introduce Lie—Cartan modules for g = W(n), S(n)
and H(n) (see Definition 3.1). Generally speaking, for a Lie algebra G of vec-
tor fields on an algebraic variety E, we can consider a kind of module which is
endowed with two module structures over G and over R, where R means the ring
of regular functions on E, with compatibility of both modules. This approach is
often used, for example, in areas such as affine (integrable) connections in differ-
ential geometry, differential operator rings and related fields (see [3, 10, 11, 29],
etc.). In particular, Skryabin introduced the notion of Lie-Cartan pairs in [30].
Under the framework of Lie-Cartan pairs, he successfully studied k-forms of a
finite-dimensional nonclassical simple Lie algebra over an algebraical closure k of
k, where k is an algebraically nonclosed field of prime characteristic. In this way,
we go further in our scope, introducing the category of Lie-Cartan modules as a
subcategory of O whose objects are simultaneously R-modules satisfying the com-
patibility [p(£),0(f)] = 0(£(f)) for g-action p and R-action 6 (see Definition 3.1).
It should be mentioned that after finishing the manuscript we became aware of the
works [1, 2] by Billig-Futorny—Nilsson and Billig-Ingalls—Nasr respectively, where
the authors studied AV modules in the same spirit as above. Roughly speaking,
Lie-Cartan modules can be regarded as AV-modules in the category O which
parallels the BGG category of complex semisimple Lie algebras.

The most important examples of Lie-Cartan modules appearing in [4] are
the co-induced modules Coindggg )>O) (L°(X\)) with L°(\) running finite-dimensional
irreducible representations of go (with trivial action of gs¢), or so to say, with A
running over AT, the set of dominant integral weights of h. These modules are
also regarded as co-standard modules with respect to tilting module theory (or
with respect to the category theory of highest weight modules; see [12]), which
can be realized as V(A) by prolongation (see Section 2.4.2 for the notation, and
see [24, 25, 26, 27, 29] for more explanations). We thoroughly investigate the
category of Lie—Cartan modules, and finally accomplish the classification of all
simple objects. It shows that the co-standard modules are not only irreducible
Lie—Cartan modules, but also present all isomorphism classes of irreducible Lie—
Cartan modules up to depths. This is the first main result of the paper. Precisely,
we have the following.

Theorem 1.1. The set {V()\) | A € At d € Z} ezhausts all nonisomorphic
irreducible Lie—Cartan modules.

This theorem will be presented in Theorem 4.6. There are two ingredients
in the proof. One is the introduction of Lie—Cartan radicals for the finite-depth
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Lie-Cartan modules (any finitely generated Lie-Cartan modules admit finite
depth) which play a key role (see Section 3.7). The other one is a nontrivial result
(extension lemma) which explains how a g-module homomorphism becomes a Lie—
Cartan module homomorphism (see Lemma 4.2).

§1.3. Cohomology

The other topic of this paper is to develop the cohomology of universal Lie—
Cartan modules. Here, the prefix “universal” means that the objects may not
necessarily only come from the category O, but instead may be any U(g)-modules
with compatible R-module structure (see Definition 6.2). This notion of univer-
sal Lie-Cartan modules coincides with that of .[AV-modules in [1]. Our notion of
Lie—Cartan modules is raised in the same spirit as Lie—Cartan pairs introduced
in [30, §6]. Actually, this spirit can be applied further (see for example [33]). The
category of universal Lie—Cartan modules is denoted by “4%". With the aid of the
introduction of the naturalized algebra RiU(g) combining U(g) and R by the Lie
axiom
(X, f1=X(f)

for X € gand f € R (see Definition 6.3), “Z% can be identified with the cate-
gory of RjU(g)-modules (see Lemma 6.6). In the concluding section, we introduce
the cohomology of the category “%%¥, the so-called “%&-cohomology (see Defini-
tion 6.9). By definition, the gth “Z&-cohomology with coefficient in M € “%% is
the right derived functor R%(T")(M), where I' = Homugy (R, —) is a left exact func-
tor from “Z%€ to the category of (g, R)-modules. By the notion of the category of
(g, R)-modules it means that the objects admit both g- and R-module structure,
not required to be mutually compatible.

By exploiting the ideas of constructing the Chevalley—Eilenberg complex, we
construct a complex C(M) for M € “Z& (see Section 6.4). Then we make a realiza-
tion of the gth “Z¢-cohomology Hl,. (M) (Theorem 6.15). The “Z¢-cohomology
can be regarded as an extension of the Chevalley—Eilenberg cohomology. In this
part, we have the following main result.

Theorem 1.2. The following statements hold:

(1) The cohomology modules Hyy., (M) for M € “Z'€, q € Z>, are the cohomol-
ogy of the cochain complex C(M), which means

Hlyeg (M) = HY(C(M)).
(2) Let g = W(n). Then the extension ring of R in “£% -cohomology satisfies

Extigr(R,R) = H*(gl(n,F))
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as rings, where H®(gl(n,F)) denotes the ordinary cohomology of the general
linear Lie algebra.

The above theorem will be presented in Theorems 6.15 and 6.18 respectively.

§2. Preliminaries

In this paper we always assume that the ground field F is algebraically closed, and
of characteristic 0. All vector spaces (modules) are over F.

§2.1. The Lie algebras of vector fields W (n), S(n) and H(n)

Let n be a positive integer, and R = Fxy, ..., 2,] be the polynomial algebra of n
indeterminants. Then R admits a natural grading via the degree: R = >"._ (R,
with Ry = F and R; consists of all homogeneous polynomials of degree i for i>0.

Denote by W (n) the Lie algebra of all derivations on R. Then W(n) is a free
R-module with basis {0; | 1 < ¢ < n}, where 0; is the partial derivation with
respect to x;, ie., 0i(z;) = d;; for 1 < 4,5 < n. The natural Z-grading on R
induces the corresponding Z-grading on W (n), i.e., W(n) = @;>_, W(n);, where
W(n); = spang{f;0; | f; € R, deg(f;) =i+1, 1 <j<n}

The Lie algebra S(n) of special type is a subalgebra of W (n) consisting of vec-
tor fields ), fi0; with zero divergence, i.e., S(n) = {>_, fi0; € W(n) | >, 0i(fi) =
0}. By definition, it is easily seen that S(n) is spanned by those elements D;;(z®)
with o = (a(1),...,a(n)) € N*, 22 = 270 ... 280 and 1 < i < j < n, where
D;;: R — R is the linear mapping defined by D;;(z%) = ojz* % 0; — ox® ™ 0;,
for all & € N™, with € = (01,...,0nk) for k=1,... n,and §s =1if s=1¢, or 0
otherwise. Since the divergence operator is a homogeneous operator of degree —2,
the algebra S(n) inherits the Z-grading of W (n). Hereafter, we abuse the notation
z® for a € Z™, by making the convention that x® = 0 unless a € N™.

When n = 2r is even, the elements in W(n) that annihilate the 2-form
Yoi_y dx; A dxig, are called Hamiltonian. The Lie algebra H(n) of Hamiltonian
type is a subalgebra of W (n) consisting of all Hamiltonian elements in W (n). By
the definition, H(n) has a canonical basis {Dg(z®) | o € N\ {(0,...,0)}}, where
Dp: R — R is a linear mapping defined by Dy (z*) = Y ., 0(4)9;(x*)d; with

1 if1<i<nr,
{1 ifr4+1<i<n,
and

,  Jit+r iHl1<i<r,
Z_{i—r ifr+1<i<n.
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Since the 2-form Z:le dx; Ndzx;4, can be regarded as an operator of degree 2, the
algebra H(n) inherits the Z-grading of W (n).

In the following, let g = X(n), X € {W,S,H}. Then g has a Z-grading
g=@.°_, 9, where g; = gnW(n); for i > —1. Let g>; = @D, 9;- We then have
the following Z-filtration of g:

g=09>-1209>0209>1""" -
It should be noted that
gl(n) if g=W(n),
slin) if g=5(n),
sp(n) if g= H(n).

(2.1) go =

We have a triangular decomposition go = n~ @ h ®n™, where

spanp{z;0; |1 <j <i<n} if g=W(n),S(n),
n" = ¢ spanp{2;0; — j1r0itr, TsirO + To4r0s |
1<j<i<r, 1<s<t<r} if g= H(2r),
spanp{x;0; | 1 <i<n} if g=W(n),

b = ¢ spanp{z;0; —x;0; | 1 <i<j<n} if g=S(n),
spanp{z;0; — Titr0itr | 1 <i<r} if g= H(2r),

and
spanp{z;0; | 1 <i < j<n} if g=Wi(n),S(n),
nt = spang{;0; — Tj4r0itr, TsOppr + 405ty |
1<i<j<r, 1<s<t<r} if g = H(2r).

The negative root system associated with n~ is denoted by ®~. Let P = g<¢ :=
g—1® go, and U(P), U(g) be the universal enveloping algebras of P and g, respec-
tively. The Z-grading on g (resp. P) induces a natural Z-grading on U(g) (resp.
U(P)).

§2.2. The category O

The following notion is an analogy of the BGG category for complex finite-dimen-
sional semisimple Lie algebras.

Definition 2.1. Denote by O the category whose objects M are U(g)-modules

with the following three properties satisfied:

(1) M is an admissible Z-graded g-module, i.e., M =
+o0, and g, M; C M, ;, for all 7, j.

ez M with dim M; <
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(2) M is locally finite as a P-module. Here P = g<¢ = g_1 & go is defined in
Section 2.1.

(3) M is b-semisimple, i.e., M is a weight module: M = @)\eh* M,.
The morphisms in O are the g-module morphisms that respect the Z-grading, i.e.,
Homo (M, N) = {f € Homy4)(M,N) | f(M;) C N;, Vi€ Z}, VYM,N €O.
We have the following observation on O.

Lemma 2.2. Let M be an object in O, satisfying the property that it is finitely
generated over U(g). Then there is a unique integer d such that M = 3,5, M;
with My # 0.

Proof. By assumption that M is finitely generated over U(g), and locally finite
over U(P), it is readily known that there is a finite-dimensional Z-graded U(P)-
module V such that V is a generating space over U(g). Assume V = 23:1 Vi,
with 44 < --- < 4; < -+ < 4. From M = U(g)V = U(g>1)V it follows that
M = Zi>i1 M;. In particular, i; is exactly the desired integer d. O

The integer d in Lemma 2.2 is called the depth of M, often written as d(M).
Sometimes, the above My is called the depth space of M.

2.2.1. Shift functors by shifting depths. Set
OZd = {M €O | M = ZiZdMi}’

which consists of objects admitting depths not smaller than d.

Consider the shift functor Ty 4 : O>q4 — Os>g which by definition M =
Yo M € Osq is assigned to M[d — d'] € O>q where M[d — d'] denotes the
same underlying space as M, but M[d — d'|; = Mg+4—q - Then the functor Ty 4
induces a category equivalence. With the shift functors, we can focus our concern
on Ox¢ (or Os4 for some specific depth d) when we make arguments on module
structures.

§2.3. Standard modules

2.3.1. Keep notation as before, in particular, g = @z_l g; is one of the Lie
algebras of vector fields W(n), S(n) and H(n), and b is the standard Cartan
subalgebra of gy (recall gg = gl(n) for W(n), sl(n) for S(n) and sp(n) for H(n)
under the isomorphism correspondence Wy — gl(n) with x;0; — E;;). Denote by
g; the linear function on Z;;l Fz;0; via defining €,(x;0;) = d;; for 1 <4,j <n.In
the natural sense, we identify the unit function &; with (d14,...,0,;) for 1 < i <mn.
With those unit linear functions, we can express the weight functions that we need
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for the arguments on go-modules in the sequel. Let AT be the set of dominant
integral weights relative to the standard Borel subalgebra b := b +n™ of gg. Then
finite-dimensional irreducible go-modules are parameterized by A* x Z. For any
A € At let LO(\) be the simple go-module concentrated in a single degree d with
the highest weight A. Set “A(X) = U(g) ®yp) “LO(N), where “LO(X) is regarded
as a P-module with trivial g_;-action. Then A()) is a standard module of depth
d, and {?A(N) | A € At, d € Z} constitutes a class of so-called standard modules
of depth d for g in the usual sense. We have the following result.

Lemma 2.3. Let A € AT, d € Z. The following statements hold:

(1) The standard module CA(X) is an object in O.

(2) The standard module *A()\) has a unique irreducible quotient, denoted by
d
L(N).

(3) The iso-classes of irreducible modules in O are parameterized by Q = AT x Z.

More precisely, each simple module S in O is of the form L(p) for some p € AT
with depth d.

Remark 2.4. When d = 0, we usually write *A(X) (resp. "LO()), °L())) as A())
(resp. LY(N\), L(\)) for brevity.

§2.4. Co-standard modules and their prolonging realization
Keep the same notation as in the previous sections.

2.4.1. Co-standard modules. Let A\ € A*. Define the co-standard g-module
corresponding to A as

V() = Homy(g.) (U(a), L°(V),

where LY()\) is regarded as a g>o-module with trivial g>1-action. Here, for two Z-
graded U(g>o)-modules M and N, Homy g..) (M, N) = D,y Homuy (. ,) (M, N);
denotes the Z-graded vector space with homogeneous components

Homy (g.q) (M, N); = ={f¢€ Homy(g.,) (M, N) y f(M;) C Niyj, Vi€ Z}.

Then it is readily known that V() € Ox¢, parallel to [31]. We have the following
result.

Lemma 2.5. Let A\, u € AT; then the following statements hold:
(1) L(N) admits a projective cover A(X) in Oxg.

(2) L(\) admits an injective hull V(X) in O>g.

(3) Homo., (AN, V() = 0 if A # pu.

(4) Bxth., (AN, V() = 0 for any A, .
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2.4.2. Prolongation realization. In this subsection we recall a kind of realiza-
tion of co-standard modules V()) for A € AT via prolonging irreducible P-module
L°(\) which is an irreducible go-module with g_;-trivial action. Set V()\) =
R @ L°(\) for A € AT. Tt follows from [29, Theorem 2.1] that we can endow
with a W(n)-module structure Py () O1 V(A) via

(2.2) pW(n)<Zfi3¢)(g®v Zfz i( ®’U+ZZ (fi)g ® &(w;0:)v
=1

=1 j=1

for any f;,g € R, v € L°()\), where ¢ is the representation of W(n)y on L°()).
Furthermore, it is routine to check that we have a g-module structure on V(\):

Po(Dri(z%))(9 ® v) = (D (z))(9) @ v + a(k)a(l)z* ' g @ (k) — 2101)v

n

+ Z a(l)(afg) — 050)x* g @ {(x;0k )V

j=1
J#k
(2.3) =Y a(k)(alf) = dn)z* g @ E(a;0)v
=1
]#l
and
pe(Dr(z))(g®v) = (Du (2 ®v+z )~ 1) "2 g R € (505 )
+ Z « J O[ maiejigkg [024] f(.fkaj/ + .I'jak./)’[)
1<j<k<r
r 2r
37 a(alk)at g @ E(andy — 2500 )0
k=1j=r+1
(2.4) - > ala(k)aE g @ E(ardy + 100 v
r+1<j<k<2r

for g = S(n), H(n), respectively. Here, « € N*, 1 <k <l <n,ge R, v e L°()\),
¢ is the representation of go on LY(\).

Remark 2.6. Shen [26] found the prolongation of go-modules by constructing the
“mixed product”. A conceptual account of his construction was provided in [26,
Theorem 1.2]. Tt is worth mentioning that here we adopt Skryabin’s presentation
in [29] for type W, and in [35, 36] for types S and H.

These modules were also constructed by Larsson in [22].

The following result asserts that the co-standard g-module V()\) is isomorphic
to V(A) for g= X(n), X € {W,S,H}.
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Proposition 2.7. Keep the notation as above; then V(X)) = V(X) as U(g)-mod-
ules.

2.4.3. Recall the notation e; in Section 2.3 for unit linear functions on
spanp{z;0; | i = 1,...,n} = h. We have the following definition of exceptional
weights for further use.

Definition 2.8. Let g = X(n), X € {W, S, H}, be a Lie algebra of vector fields.
Set wg=0and wy =¢&1 +eg+---+¢ep for 1 <k <n/, where

n—1 ifX=W)S,

n it X = H.
2

These wi (0 < k < n’) are called exceptional weights. The corresponding simple
g-modules L(wg) (0 < k <n') are called exceptional g-modules.

The following result is due to Rudakov and Shen.

Proposition 2.9 ([24, Theorem 13.7, and Corollaries 13.8-13.9], [25, Theorem
4.8] and [27, Theorem 2.4]). Let g = W (n) or S(n). Then the following statements
hold:

(1) If X € AT is not exceptional, then V() is a simple g-module.
(2) The sequence

0 — V(wo) 25 V(wn) L - V(wr) 25 V(wpr) L

s V(Wn1) 5 V(wn) — 0
is exact, where
dk: V(wk) — V(wk+1),

n
¥ ® (v, A Avj, ) — Z@i(xa) ® (vjy A= Avj, Ay),
i=1
VaeN", 1<j << jr <n.
(3) For0 <k <n-—1,V(wg) contains two composition factors L(wy) and L(wg+1)

~

with free multiplicity. Moreover, V(wy,) = L(wy).

Proposition 2.10 ([25, Theorem 5.10] and [27, Theorem 2.5]). Let g = H(n),
n = 2r. Then the following statements hold:

(1) If X € AT is not exceptional, then V(X) is a simple g-module.



LiE-CARTAN MODULES AND COHOMOLOGY 351

(2) The composition factors of V(wg) are L(wk—1), L(wg) and L(wg+1) with
WV(wg) : L(wg-1)] = V(wg) : Llwgs1)] = 1 and V(wg) : L(wg)] = 2,
0 <k <r, where we appoint L(w_1) =0, wyp1 =1 + 2+ + &pp1.
Remark 2.11. There is a modular version of Propositions 2.9, 2.10 (cf. [27, The-
orems 2.1, 2.2, 2.3]).

§3. Lie—Cartan modules
§3.1. Definition of a Lie—Cartan module
Definition 3.1. Call M € O a Lie—Cartan module if M is an R-module with

action 6, and a g-module with action p. Both are compatible in the following

sense:

(LC-1) [p(X),0(f)] =6(X(f)) for any f € R and X € g.

(LC-2) The degrees in R are compatible with the gradings of M in O. That is to
say, G(Rz)M] C My;.

We will often indicate a Lie-Cartan module by the triple (M, p, ), and call the

pair (p, 0) its structure mappings.

Remark 3.2. Under his supervisor Bin Shu’s suggestions and instructions, Lian-
qing Geng introduced Lie—-Cartan modules and studied some basic properties in
his thesis at East China Normal University [8] in 2022-2023.

Remark 3.3. The following results should be noted:
(1) Tt is routine to check that V()) is a Lie-Cartan module with free R-module
structure and g-module structure defined by (2.2), (2.3) and (2.4).

(2) It is worth mentioning that the Lie—Cartan module V()) contains the irre-
ducible g-submodule L(\) by Lemma 2.5 and Proposition 2.7. This fact will
be used later.

§3.2. The Lie—Cartan modules V()

Lemma 3.4. Let (M, p,0) be a Lie-Cartan module with M =}, -, My of depth 0.
Then the homogeneous subspace My, contains the subspace Sy = 0(Ry)My. Fur-
thermore, Sy is free over Ry of rank m = dim My in the sense that

(1.1) O(Ri)Mo = >"1", 0(Ri)v; for a basis {v; | i=1,...,m} of Mo, and

(1.2) S0, 0(fi)vi =0 with f; € R; implies all f; = 0.

Proof. The statements of the first part and of (1.1) are clearly true. We only need
to show (1.2). We will do that by induction on the degree k.
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If k =0, (1.2) is obviously true. Suppose k > 0 and the statement (1.2) for
degree k — 1 is already proved to be true. Before the arguments, let us keep in
mind that

because the depth of M is 0. For any f; € Ry (i =1,2,...,m), as long as

m

Z O(fi)vi =0,

i=1
then for any ¢ € {1,2,...,m} we have

m

0=p(0,) Y 0 f)u

0(9,(f:))vi-

The last equation is due to (3.1). Thus Y., (9,(fi))v; = 0. Note that 6(9,(f;)) €
Ri—1. By the inductive hypothesis, we already have 04(f;) = 0 for all f;, i =
1,...,m. When ¢ runs through {1,...,n}, it is deduced that all 9,(f;) = 0 for
q = 1,...,n. Hence all f; are constants, and fall in Ry. This implies that f; €
Ro N Ry = 0 for any ¢ by the assumption that k > 0. The proof is completed. [

Furthermore, from the above lemma, we have the following proposition.

Proposition 3.5. Any V(\) is an irreducible Lie-Cartan module.
Proof. Tt follows directly from the definition of V(\) and Lemma 3.4. O

Lemma 3.4 also implies that (R) M is isomorphic to R® My as an R-module.

Proposition 3.6. Let g = X (n) for X € {W,S,H}. There is only one structure
of Lie-Cartan module on V(X\) for any A € AT, up to equivalences.

Proof. Suppose that V is endowed with a Lie—Cartan module structure with struc-
ture mappings (p’,0"). We will show that (p’,8’) is no other than the one defined
by (2.2) when g = W(n), (2.3) when g = S(n), and (2.4) when g = H(n). Note
that V() is a free R module by Lemma 3.4. Hence, it is sufficient to show that the
pair (p’, 6") satisfies the above equations at 1 @ v for v € V(\). We will verify this
by induction on each g;-action on 1 ® v. The verification will proceed in different
cases.
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(1) g = W(n). There is nothing to prove for ¢ = —1 and ¢ = 0. Assume that
the induction principle holds for ¢ < m — 2 and some m > 2. Now let i = m — 1.
Since the action of g is compatible with the grading of V()), we can assume that

(32) p/(l’il e Ilmak)(l X ’U) = Z Lsy Ly q & Vsyooospp_1-
1<s1,...,8m—-1<n
Now consider the action of dy, ---d,,,_, on both sides of (3.2), for 1 < ¢; <
n, 1 < i < m — 1. Then the right-hand side (RHS for short) of (3.2) becomes
1® vg,-.-q,,_,- On the other hand,

LHS of (32) _ {3) & S(xlrak) ~v o if {qh e ,qul} = {il, ce ,’Lm} \ {ir},

otherwise.

Therefore comparing LHS and RHS, we have 1®v,  ~ . =1 &(x;, 0k) - v, and

~ tlptttim
all other 1 ® vy,. = 0, where i, represents that 7, does not appear in that
expression. Hence, we have

Sm—1

m

P (@i, - 20, ) (1QV) = D 0y (i, -+ w4,,) @E(wi, Op) v = p(ai, -+~ 33, 04) (1@ V)

r=1
as desired.

(2) g = S(n), H(n). Note that the actions of S(n), H(n) are the restriction
of that of W(n). Similar arguments to the case W (n) yield the desired actions of
S(n), H(n).

This completes the proof. O

§3.3. The Lie—Cartan module category

We can consider the category .£% of Lie-Cartan modules whose objects come from
all Lie-Cartan modules. The homomorphism space between any M and N in .£€
is defined by

Hom g (M, N) = {¢ € Homo(M, N) | (0 (f)m) = On (f)p(m),
Vme M, feR},

where 6); and 6y denote the R-module structure on M and N, respectively.
Similarly, we can talk about the subcategories £¢; and £6 >4 of £€. Note that
there is a category equivalence by the shift of depth between 2% ; and £%y. So
the arguments in the sequel can only be focused on .£%y. The following fact is
clear.

Lemma 3.7. The category L€ is abelian.
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In the subsequent arguments, we often call morphisms in ¢ Lie-Cartan
module homomorphisms, and call sub-objects of an object M in £ Lie-Cartan
submodules of M.

§3.4. Finite-depth subcategory .Z2¢+
Furthermore, we introduce a more natural subcategory.

Definition 3.8. Define the subcategory .Z€ " of 26 whose objects have finite
depths. That is to say, for any object M € .Z€ " there is an integer d € Z such
that M =" ,. , M;.

Obviously, Z¢€ ™ is a full subcategory of Z¢. Denote by £¢ ¢ the subcategory
of .Z€ whose objects are finitely generated over U(g). Then £€ ; becomes a full
subcategory of Z€ 1 by Lemma 2.2.

§3.5. General construction of Lie—Cartan modules

Similar to Definition 3.8, we can define the subcategory OF of O whose objects
admit finite depth. The following result gives a way to obtain a Lie—Cartan module
from a module in O7.

Lemma 3.9. Let M € OF. Then Mr =R Q¢ M is endowed with a Lie-Cartan
module structure by the usual g-action p and regular (left-multiplication) R-action
0 on the tensor module.

Proof. By definition, Mz obviously becomes an R-module. The g-module struc-
ture mapping p on My is by definition as below:

33)  pX)(fev)=X(flev+foXv, VXeg fER, ve M.

By direct verification, it is easily known that (3.3) defines a g-module structure
on Mg, and My is still in Oxg.

Now check that Mz becomes a Lie-Cartan module. For any X € g, f € R
and 7 ® v € My, we have

p(X)O(f)(r @ v) = p(X)(fr@v)
=X(fr)@v+ freXw
=X(f)lrev+fX(reuv+ freXw
=0(X(f))(r®v) +6(f)p(X)(r ®v).

This completes the proof. O
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Remarks 3.10. The following remarks are intended to facilitate a better under-
standing of Lie—Cartan modules:

(1) When M = F is the trivial U(g)-module, it is readily known that Fz = V(0)
by (3.3).

(2) For the U(g)-module V()\) with A € A, it follows from Proposition 2.7 that
V(A) =2 V(A) € Osg. Then the mapping

P: VN)r =Rer V(A) — V(N),
1 ®(rg®@v) o ®u, Vri,mp € R, ve L))

gives an epimorphism from V(A)z to V(A).
(3) Naturally, we can regard V() and A(\)r as co-standard objects and standard
objects in .£¢. More explanation on this can be found in Corollary 5.3(2).

(4) From now on, we often denote by Vx the base change of an F-vector space V'
through R, i.e.,
Vr =R®rV.

§3.6. The depth functor

Suppose M € £€" with depth d. Then we write M = Eizd M;. Set 2(M) to
be the Lie-Cartan submodule of M generated by M. In the following, we set
Anng ((M)={ve M |g_,.M = 0}.

Lemma 3.11. The above Z defines a functor from LE€T to L€+.
Proof. It immediately follows from the definitions of Z¢ " and 2. O
§3.7. Radicals in 6T

Lemma 3.12. Let M be a Lie-Cartan module of depth d = d(M). The following
statements hold:

(1) There is a unique mazimal Lie—Cartan submodule N satisfying that its dth
homogeneous space is zero and it contains any submodule N' of M with
d(N') > d if N’ exists.

(2) M =2(M)+ N, where the functor & is introduced in Section 3.6.

(3) M/N is semisimple in L%, which is isomorphic to a direct sum of V(X\;) for
some \; €AY, i=1,...,t.

Proof. (1) The sum of any two Lie-Cartan submodules with depth bigger than
d is still a Lie-Cartan submodule with depth bigger than d. Then the unique
maximal Lie—Cartan submodule N is just the sum of all Lie-Cartan submodules
with depth bigger than d. (1) follows.
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(2) and (3) We only need to show the statements under the following assump-
tion:
M does not contain any nonzero Lie—Cartan submodule

*
*) of depth bigger than d.

Indeed, suppose (2) and (3) hold under assumption (*). Then in the general case,
note that M/N satisfies assumption (x), (3) holds and we have

(2(M) + N)/N = 9(M/N) = M/N.

This implies that M = 2(M) + N, i.e., (2) holds.
In the subsequent discussion, we always suppose that assumption (x) holds.
We have the following claims.

Claim 1. Set A(M) = Anny_, (M). We have that A(M) must coincide with M.

Obviously, My C A(M). We show My D A(M) by contradiction. Suppose
there exists a nonzero vector v € A(M)\My. We can further suppose v € M,
with j > d. Then U(g)v = U(g>o)v C M>;. Note that the action of R preserves
ascending of gradings. So the Lie—Cartan submodule of M generated by v admits
a depth bigger than d, which contradicts the assumption at the beginning of the
arguments.

Claim 2. We have that M; C R;_4My for any i > d.

We use induction on ¢ to prove the above claim. Our arguments proceed in
different steps.
(i) First it is obvious that Claim 2 holds for i = d.

(ii) For any nonzero m; € My 1, thanks to assumption (x), there exists j <n

such that D1m1 = Dle == Dj_lml = 0, while 0 }é Djml = may S Md.
Set m’l = mi1 — TymMmiyy S Md+1. Then Dlm’l = D2m'1 = - = Djm’l = 0.
Continuing with this procedure yields that we can find mq;,...,m1, € My such

that D;(m; — EZ:j xpmyy) = 0 for any 1 <4 < n. Hence, m; — EZ:j Tpmig =0
by assumption (x), i.e., m; = ZZ:j xpmig € D(M)ge1. Consequently, Myq C
R1My.

(iii) Suppose i > d+ 2 and M;_1 C R;_q4—1My. We need to show that M; C
Ri—aMy. For any nonzero m; € M;, thanks to assumption (x), there exists j <n
such that Dym; = Dom; = --- = Dj_1m; = 0, while 0 # D;m; :=m;; € M;_; C
Ri—a—1Mgq. Then Diym;; = Dam;; = --- = D;_1m;; = 0. Hence it follows from
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Lemma 3.4 that we can write m;; as

s i—d—1

mi =Y o} fum®,

k=1 [=0
where
i €Flxjq1,...,xy] withdeg(f)=i—d—1-1,1<k<s0<[<i—-d-1,
(1)

and m; /... ,mgs) € My are linearly independent. Set
s i—d—1 1
l k
m;j = Z T 1xj+1fklm§ ) c Ri_de,
k=1 1=0
and mj = m; —m;}; € M;. Then Dymj = Dym; = --- = D;m; = 0. Continuing
with this procedure yields that we can find mj;,...,m, € R;—aM, such that

Di(m; — 375_;mjy,) = 0 for any 1 < i < n. Hence, m; — 3 p_;mj, = 0 by
assumption (x), i.e., m; = ZZ:J. m},. € Ri—¢My. Consequently, M; C R,_qMy, as
desired.

Summing up, we have M; = Z(M); for any i > d. This completes the proof
of part (2).

For part (3), still keep assumption () in mind. The arguments proceed in
several steps.

(i) Note that go is a reductive Lie algebra, and that by the axioms of O, M is
h-semisimple, consequently My is h-semisimple (see [32, Theorem 20.5.10]). Hence
Mg is completely reducible over U(go), i.e., M = @gnitely many Apert LO(\g) (see
for example, [32, Theorem 20.5.10]).

(ii) Next we consider the Lie-Cartan submodule M) generated by L°(\;).

(iii) According to Claim 2, M = RL°()\;), which coincides with the simple
Lie—Cartan module V()\;) by Lemma 3.4 and Proposition 3.5. Hence Part (3)
follows.

We have accomplished the whole proof. O

The submodule N in Lemma 3.12 plays the role of the radical of M in Z€T,
and is denoted by Rad ¢ (M). The following observation is clear.

Lemma 3.13. For A € AT, A(\)r/Radgs(A(N)R) = V(N).

Proof. Obviously, A(A)g is a Lie-Cartan module generated by its depth space
1 ® L%(\). What remains is to apply Lemma 3.12 (3). O



358 F. DuaN, B. SHU, Y. YAO AND P. CHAKRABORTY

§4. Classification of irreducible Lie—Cartan modules

In this section, we classify all irreducible Lie-Cartan modules by some arguments
different from those we made in Lemma 3.12 (see Remark 4.5).

§4.1. On simple objects of the Lie—Cartan module category

Let g = X (n) with X € {W, S, H} be a Lie algebra of vector fields in this section.
We investigate simple objects of % and study the classification of isomorphism
classes of irreducible Lie—Cartan modules. We first have the following observation.

Lemma 4.1. Any simple objects of L€ belong to L€ .
Proof. Tt follows from Lemma 2.2. O

§4.2. Property of g-module homomorphism extensions

Lemma 4.2 (Extension lemma). Let M and N be two Lie—Cartan modules and
¢: M — N be a g-module homomorphism. Suppose that M' is a g-submodule of
M, with M" =", M] satisfying M' = U(g)M}, for d = d(M’). If ¢ satisfies the
condition -

(4.1) Zuifivi =0 implies Zulfzgé(vl) =0 foru; € U(g), fi € R, v; € M},
i=1 i=1

then @|nr can be extended to a Lie—Cartan module homomorphism ® from M’ to
N where M’ is the Lie-Cartan submodule of M generated by M’'.

Proof. The assumption on M’ along with the axioms of Lie—Cartan modules yield

M’ =RM’
(4.2) = U(g>0)RMj.
Note that the depth of M’ is also equal to d, and that its depth space is exactly
M. By Lemma 3.4, we see that RM), is a free R-submodule in M’. By the same
reason, in the Lie-Cartan submodule generated by ¢(M’) we have that Ré(M)) is

zero or also a free submodule over R. We can extend ¢ to the desired Lie—Cartan
module homomorphism & via

O(X fv)=Xfo(v) for X €g, f€ R and v e M),

which is well defined by (4.1). O
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§4.3. Determination of irreducible Lie—Cartan modules

Lemma 4.3. Let g = X(n), X € {W,S,H}. Suppose that M = 3_,-, M; is an
irreducible Lie—Cartan module. Then as a Lie—Cartan module, My is a generated
space. Furthermore, My is an irreducible go-module.

Proof. Anirreducible Lie Cartan module can be generated by any nonzero element.
In particular, it is generated by My. Keeping the axiom (LC-1) in mind, we can
write M = 6(R)U(g)My. Note that M is by definition an object in O, then M
is a finite-dimensional gg-module with diagonal h-action. Hence, by the classical
Lie theory it is easily known that M, is completely reducible over go, that is, as
go-modules, My = @;_, L°();) for some \; € AT.

We continue to show that » = 1. If otherwise, suppose r > 1. By the above
arguments, for simplicity we write My = @;_, L°()\;). Consider M, which is
the Lie—Cartan submodule generated by LO()\i) for 1 < i < r. We will show that
all M@ are different submodules, which consequently contradicts the irreducible
assumption of M.

In fact, M = 0(R)U(g=0)L°(\;). By definition (the axiom (LC-2)), 6 pre-
serves the degree of R. Hence the depth space of M) is just L°()\;). Hence all
M@ are different.

By summation, the proof is completed. O

Proposition 4.4. Let g = X(n), X € {W,S,H}. Any irreducible Lie—Cartan
module is isomorphic to V(\) for some A € AT.

Proof. Suppose that M is an arbitrarily given irreducible Lie-Cartan module of
depth d = d(M), which can be expressed as M = )", , M;. By irreducibility and
the definition of Lie-Cartan modules, M = U(g)RMg. According to Lemma 4.3,
My = LO°(\) for some A € AT. Note that M is still an object of O. As a U(g)-
module, M still admits the depth space My = L°()). Hence by the same arguments
as in Lemma 3.12, M has an irreducible quotient L()) in @, which yields that there
is a U(g)-homomorphism ¢: M — L()). In particular, ¢|ar,: Mg — L°()\) is a
nonzero homomorphism of irreducible go-modules, so that ¢|,/, is a constant map
by a nonzero scalar. Note that L()) is contained in a Lie-Cartan module V() (see
Example 3.3 (2)), and that V()) is already known to be an irreducible Lie-Cartan
module (see Proposition 3.5), and ¢ satisfies the condition (4.1) because ¢|ps, is
already known as a scalar map. By Extension Lemma 4.2, there is a Lie—Cartan
module homomorphism from M to V(A). The irreducibility of M and V() ensures
that ® is an isomorphism of Lie—Cartan modules. The proof is completed. O

Remark 4.5. The above proposition can be also proved by applying Lemma 3.12.
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§4.4. Classification of irreducible Lie—Cartan modules
We are now in the position to present the following classification theorem.

Theorem 4.6. The set {{V(\) = R® 1LO°(\) | A € AT, d € Z} ezhausts all
nonisomorphic irreducible Lie—Cartan modules.

Proof. Note that 2V ()\)q = LO(\) for A € A*. Hence, V() = V(i) as Lie-Cartan
modules implies that d = I, and L°(\) = L%(u) as go-modules, yielding that A = p.
Consequently, the desired result follows directly from Proposition 4.4. O

§5. Homological properties of Lie-Cartan modules
§5.1. Hom spaces

For preciseness and simplicity we denote V(A) by 4V(\) whenever V()\) (A € A™)
admits the depth d. Similarly, we denote A(A\)r by ?A(\) the standard module
in £% with depth d.

Proposition 5.1. The following statements hold:

(1) We have

1 ifdy =dy and \ = p,
ﬁm}bmzw@”KAL@VOO%:{ s '

0 otherwise.

(2) We have

m()\) Zf dl 2 d27

dim Hom g (“ A(N)g, 2 A(p)r) = .
0 otherwise,

where
Adl-,dz = Anngfl(dQA(M)R)dl = {U € <d2A(:u’>R)d1 | g-1.v = O}
= P mnLM)

yEAT
is the semisimple decomposition of Ag, 4, over go.
(3) In particular, Hom.gs (AN R, TA(N)R) = F.
(4) We have

, 1 ifA=pandd=d,
dim Hom g (AN, T V(1)) = { f pran

0 otherwise.
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Proof. Part (1) is due to the classification theorem of irreducible Lie-Cartan mod-
ules (see Theorem 4.6). Part (3) is a corollary to (2). The proof of (4) is similar
to (2).

We only need to prove (2). Note that the Lie-Cartan module “A(\)g is
generated by its depth space LY(\). When d; < do, then for any homomorphism
¢: PAN)R — 2 A(u)R, the image of ¢ must be zero. Hence ¢ has to be zero.

Suppose dy > do. For the same reason as above, to describe such a homo-
morphism ¢ we only need to determine its image of the depth space 9 L°(\) in
92 A(p)%. The image must be a subspace of A, dy, which is a gg-module, because
the depth space 4 L°()\) is annihilated by g_1, and any homomorphism preserves
the gradings. This yields that dim Hom gz (T A(N)R, 2A(u)r) = m(N). O

§5.2. Some cohomology theory of the category .£¢

Now we introduce cohomology theory for the category -£%. In the following, we
look at the extensions between some modules, especially between irreducible mod-
ules V(M) for A € AT,

Proposition 5.2. Let A\, € AT. Suppose that V(N\) and V(i) admit the depth d.
The following statements hold:

(1) V(X\) admits a projective cover 1A(N)g in L€ >q.
(2) V(X) is an injective object in L6 >q.
(3) Ext}%gZd(dA()\)R,V(u)) =0 for any A, .

Proof. (1) Let us consider the following diagram in the category .£€ > 4:

ANr

!

M N 0,
@

where @ ia an epimorphism. Observe that 1g: A(X) = A(MN)r, v — 1®v, v € A(N)
define a g module homomorphism. Hence v o 1y is a g-module homomorphism.
Note that A()) is a projective object in the category O>q (see [4, Lemma 4.1]).
Therefore, we can find a g-module homomorphism «: A(A) — M such that the
following diagram commutes:




362 F. DuaN, B. SHU, Y. YAO AND P. CHAKRABORTY

Now define a map ¢: A(\)g — M by

PY(r@v) =r.av).

It is easy to see that this is the desired map in the category £¢ >4 to make the
following diagram commute:

This proves that A(\)g is a projective object in the category .£€ >q4.
Suppose the depths of both A(A)z and V(\) are the same d. By Lemma 3.13,
there is a surjective Lie—Cartan module homomorphism

Any proper submodule of A(\)% admits depth bigger than d. So there is no nonzero
Lie-Cartan module homomorphism from any given proper submodule of A(\)%
to V(X), which yields that 7 is an essential map (and A(X\)g is indecomposable).
This completes the proof of (1).

To prove (2) assume that ¢: M — N is a monomorphism of two modules M
and N in £% >4, and there is a nonzero homomorphism p: M — V() in the cat-
egory L6 >4. Then irreducibility of V(\) implies that p is surjective, and factors
through Rad g% (M), i.e., it induces a nonzero homomorphism p: M/ Rad g (M)
— V(A) such that p = p o myr, where mpr: M — M/Radgye (M) is the canon-
ical morphism, and V()) is also a direct summand of the semisimple module
M/ Radgg(M). Since i~ *(Radgw(N)) = Radgys (M), the monomorphism i
induces the corresponding monomorphism i: M/Rad.gs (M) — N/Radgs(N).
Note that M/Rad .« (M) and N/ Rad g« (N) are semisimple; we have a surjective
morphism ¢: N/ Radgg(N) — V(A) such that the following diagram commutes:

0 M ‘ N

]

M/ Rad g (M) ——+ N/Rad g (N)

Then ¢ := (ony: N — V() is the desired homomorphism such that p = g o i.
We complete the proof of (2).
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(3) immediately follows from (1). O

We have the following corollary to Proposition 5.2.
Corollary 5.3. In the category £€ >4, the following statements hold:
(1) Ext'(YV(N), "V (1)) = 0 fori >0 and A\, u € A*.
(2) Ext'(“A(N)g, M) =0 fori >0 and M € L6 >q.
(3) We have

1 d o 0 ifd=d',
Extbe_, (VS V() = { ) Lo ga=d

= = Hom gy ,(Rad g (“A(NR), * V(1)) ifd<d.

Proof. Since 4V () is injective in % 4 by Proposition 5.2 (2), part (1) follows.

While A(\)% is projective by Proposition 5.2 (1), part (2) holds.
As to part (3), consider the short exact sequence

0 — Radgs (‘ANR) — ‘AN R — V() — 0.

Applying the left exact functor Hom &, (—, V(1)) to the above short exact
sequence, we get a long exact sequence, from which part (3) follows by Proposi-
tion 5.2 (3). O

§6. Cohomology for universal Lie—Cartan modules

In this section we focus our concerns on the whole category 2% and get some basic
understandings. Especially, we develop the so-called “Z€-cohomology theory and
present some interesting results.

§6.1. Questions

Note that R itself is a natural Lie-Cartan module. In fact, R is isomorphic to
V(0), as a Lie-Cartan module. Set & = Ext%,(R,R). The following questions
naturally arise.

Question 6.1. The following questions are worth considering:

(1) What does & look like? Is it a finitely generated commutative algebra?

(2) Is M := Ext%., (M, M) a finitely generated E-module for any M € L€T 2 In
particular, what about Ext®(V(X\), V(X)) ?

(3) When is the extension nonzero in Corollary 5.3 (3)?

These questions are not trivial. Currently, we can give a partial answer in the
so-called universal Lie-Cartan module category (see Definition 6.2).
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§6.2. Universal Lie-Cartan modules

Definition 6.2. Let g = W(n), S(n) or H(n). The universal Lie-Cartan module
category “Z€ is a subcategory of U(g)-modules whose objects are also R-modules
satisfying the following axioms:

(1) Any object M is endowed with g-action p, R-action 6 satisfying the equation

for f € R and X € g.

(2) Morphisms between objects are homomorphisms of g-modules and of R-mod-
ules.

Clearly, £ is a full subcategory of “4% .

6.2.1. The naturalized Lie algebra and naturalized associative algebra
associated with a derivation Lie algebra of a commutative algebra. Let
% be a Lie algebra over F, and A be a commutative and associative F-algebra
with Z-derivation action. We define a new Lie algebra Af.Z whose underlying
space is A & .Z with Lie products as below:

(6.1) [f,g]=0 for f,g € A,
(62) [Xag}:X(g):i[gvX] fOI'XGj,gEA

We call AhZ a naturalized Lie algebra associated with A and .Z.
Next we introduce an algebra AU (Z).

Definition 6.3. The algebra AU (.Z) is A® U(Z) as a vector space, endowed
with multiplication structure defined via the following axiom:

(N1) (a1 ® ur)(a2 @ ug) = Y, aras; @ uj1ug for a,as € A and ui,us € U(ZL).
Here, u1az = >, agiu; in U(ALY).

The forthcoming Lemma 6.5 ensures that the above axiom (N1) make sense. We
call AgU(Z) the naturalized algebra associated with A and .Z.

Remark 6.4. The naturalized algebra AU (%) coincides with the smash product
A#U (L) defined in [2] (see also [23] for the general case) when A = R and
Z =W(n).

Lemma 6.5. The multiplication defined in (N1) is associative.
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Proof. Take any a,b,c € A, uy,u,u3 € U(Z), assume that u1b = >, bju;1,
Ua2C = Zj CijUj 2 and U;1C5 = Zk CikUki1 in U(Ahg) Then

(a@ur)(b®u2))(c®ug) =Y (ab; ® usus)(c ® ug)
= Z abiCir @ Ui UjoU3.
Y

On the other hand,

(a®@u1)((b® ug)(c®us)) = (a @ ur) <Z be; ® Uj2“3>
J
= Z abiCjr ® Uki1ujouz.
i,k

Hence, ((a @ u1)(b®u2))(c®u3) = (a ® u1)((b® ug2)(c ® ug)), as desired. O

Roughly speaking, AU (%) is an algebra defined on A ® U(¥) satisfying

6.1). More precisely, we have the following:

N2
N3) A — AU(Z), a — a® 1 is an imbedding of associative algebras.
N4) (a®@1)(1®@X)=a® X fora e Aand X € g.

(N5) (1eX)(a®l)=a® X —X(a)®1forallae Aand X €g.

(6.1).
(N2) U(Z) — AU(ZL), u— 1 ® u is an imbedding of associative algebras.
(N3)
(N4)

6.2.2. An equivalent definition of universal Lie—Cartan modules.
Lemma 6.6. The following statements hold:
(1) “ZLE€ is equivalent to the category of RyU(g)-modules.

(2) For any g-module M, R @ M becomes a universal Lie—Cartan module with
natural R-, g-action in the same sense as Lemma 3.9.

Proof. (1) Tt directly follows from the definition.
(2) Tt can be proved using the same arguments as in the proof of Lemma 3.9.
O
§6.3. ““££-cohomology

6.3.1. Let us first introduce the unity map w: R — F, which is by definition an
algebra homomorphism with Kerw = 1" | Ra;.

6.3.2. Recall that in the ordinary cohomology theory for Lie algebras, one can
present the cohomology through the Chevalley—Eilenberg complex (see [6, 14],
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[34, §7.7], etc.). Denote by HY(g) and H%(g, M) respectively the gth cohomology
of g and the ¢th cohomology of g with coefficient in the g-module M. We first have
the following key result.

Proposition 6.7. Keep the notation as before. In particular, let g =W (n), S(n)
or H(n). The following statements hold:

(1) All qth wedge products \*g of g fall in OF for ¢ € N. Correspondingly,
R @r N\ g lies in L6

(2) Set Cly, =Homg(R @r A?g,R) for ¢ € N. Then Cly, is an R-module by
the unity action 2, i.e.,

(6.3) Q) y) = w(fey)

for ¢ € Clyy, f€R andy =r@w € RQr Ng, along with a g-module
structure. Such a module will be called a (g, R)-module on which we do not
consider any Lie—Cartan module structure.

(3) The differentials {dg | ¢ = 0,1...} with Cly, o, Cf}; defined via

dgp(r @ (g1 A+ A ggt1))

= > ()Mo @([ge gl Agr A AGa A NG A A ggra)
1<s<t<qg+1

+ Y ()T (rged(1@ (g A AGs A Aggrn)))
1<s<qg+1

for gi,...,9¢+1 € g9 and r € R, define the cochain complex
= (Clyp,d:=dy)

in the (g, R)-module category.
(4) The cohomology space H1(C) is isomorphic to H1(g, R).

Proof. To prove (1) note that g = @;° _, g; with all g; being finite-dimensional.
Therefore one can write A" g = @S _, (A’ g)i, where

(/q\g)l: D wn-ra,

iy tig=l

with all (A? g); being finite-dimensional. Again g is a locally finite P-module, which
implies that A\? g is a locally finite P-module. There is nothing to prove for the fact
that (A\?g) is a weight module. Now by Lemma 3.9, R ® (A?g) is a Lie-Cartan
module. This completes the proof of (1).
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For part (2), Cly, is clearly an R-module. We further check its g-module
structure. We usually introduce a g-action p on C.. as follows:

(6.4) (p(X)P)(y) = X(d(y)) — ¢(X.y) = X (d(y)) — ¢(X(r) ® w) — ¢(r ® X.w),

where X € g, ¢ € Cl., andy = r®@w € R®r A\?g. Then it is readily proved that
Clyp is a g-module under the action p.
Now we check (3). We need to verify that

(3-1) dg is a well-defined mapping, i.e., dy¢ is an R-module homomorphism for
any ¢ € Cl..;
(3-2) dg is a homomorphism of both g-modules and R-modules;

(3-3) dg is a cochain homomorphism, i.e., dg41 0dg = 0.

For (3-1), note that ¢ is an R-module homomorphism. So fo(y) = ¢(fy) for f € R
and y =r @ w € R ®r A?g. Then it is routine to check that d,¢ is an R-module
homomorphism by the definition of d,. For (3-2), we have

So we have already proved that d, is an R-module homomorphism.
Next we show that d, is a g-module homomorphism. Note that

q q
C’E%—HomR(R®/\g,R> =~ Homp </\g,R).

So we first claim that d = d‘]‘Homy(]F@/\q o,R) 18 & g-module homomorphism. By
definition, dj sends ¢ to d;(¢) via

di (@)1 @ g1 A==+ Aggrr)

= Y (U@ [ge gl AGL A NG A AGe N A Ggra)
1<s<t<qg+1

+ Y (D)1 @ g A AGa A A gara)
1<s<qg+1

This claim is due to the fact that with di we return to the situation of the clas-
sical Chevalley-Eilenberg complex. Such a d;, is surely a g-module homomorphism.
Now we already know that both d, and ¢ are R-module homomorphisms.
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Write w := g1 A -+ A gg+1. Then for any X € g, we have

(P(X)(dg())) (r ® w) = X ((dg9)(r @ w)) — (dg) (X (r @ w))
= X(r)dgo(1 @ w) +rX(dyo(l ® w))
— (X (r)d()(1 ® w) + rd} (¢)(1 ® X.w))
=rX(dyo(l @ w)) — rdy(¢)(1 ® X.w)
= r(p(X)(dy9))(1 @ w)
= r(dg(p(X)9)) (1 ® w)
= dg(p(X)9)(r ® w).

The last equation above is because dq(p(X)¢) is an R-homomorphism by (3-1).
Hence p(X)dy(¢) = dg(p(X)0). So dg is indeed a g-module homomorphism.

Now we check (3-3). Fory=rQ@w € R® /\q+2 ,¢ € Cllpy, by the classical
Chevalley-Eilenberg complex we have (d ; o d;(¢))(1 ® w) = 0. Hence we finally
have

(g1 0 dg(8))(y) = r(d 1y 0 d(6)(1 ® w) = 0.
This completes the proof of part (3).

Part (4) follows from the fact that Homg (R ®@r A?g,R) = Homp(A? g, R).
Summing up, we have accomplished the proof. O

6.3.3. “£%¢-cohomology. We are going to introduce the cohomology of “Z%¢,
which will be simply called the “Z%-cohomology. By Lemma 6.6, a universal Lie—
Cartan module is actually an REU(g)-module.

Lemma 6.8. For any given M € “Z£¢, set I'(M) = Homugw (R, M). Then I’
defines a left exact functor from “£% to the category of (g, R)-modules.

Proof. Let (pg,0p) be the structure mapping pair on the Lie-Cartan module M.
We make arguments in steps.

(1) T(M) is endowed with trivial g-module structure. Actually, by definition
we have po(X)(¢(r)) = ¢(X (r)), equivalently, p(X)¢p = 0 where ¢ € T'(M), X € g,
r € R, p is usually defined as in (6.4).

(2) Consider the action 6 of R on I'(M) by the unity action defined in (6.3).
It is obvious that Q(f)¢ is still in T'(M), since Q(f)¢ = w(f)¢. The associative
property is easily confirmed. Hence I'(M) is an R-module.

The left exactness comes from the general property of the Hom functor. The
proof is completed. O

We will denote by (g, R)-mod the category of (g, R)-modules.
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Definition 6.9. We define the gth “Z%-cohomology with coefficient in M €
YUY€ to be the right derived functor R?(I")(M). This cohomology is denoted by
Hiy ().

§6.4. Realization theorem of HZ, (M)

In the same way as Proposition 6.7 we can define an extended Chevalley—FEilenberg
complex and apply it to realize the cohomology of “4%. We define

q
C,..(M) = Homg (R @r /\ o, M)

for any M € “Z%¢ and g € N. Then by a direct check it is easily seen that Ctl.. (M)
is still an object in (g, R)-mod with unity R-action as in (6.3). The differential
di: Clop (M) — CILL(M) can be defined similarly to Proposition 6.7 (3) such
that C(M) = (Clgy (M), d == d}') becomes a cochain complex in (g, R)-mod.

6.4.1. Projective resolution. In order to establish the realization theorem, we
have to prepare. Set V, = RijU(g) @ (R® A(g)) for ¢ € Z>(. Note that we have
natural R-action ¢ and g-action p on V, with

(6.5) 0(f)(ue (row) = fue(row),
(6.6) P(E)Yu® (row))=FEu® (r®w)
for fER, E€g,u® (r®w)e V, withue RiU(g), r € Rand w e \?g.
Convention 6.10. In the subsequent arguments, set

2=u®r®@weE Vg
and

q+1

Yy=rQQweR /\ g,

where u € RjU(g), r€e Rand w = g1 A--- A ggs1 € AN g

Note that those elements z in the above linearly span V i1, and the ones
such as y linearly span R ® /\‘H_1 g. We will use those z and y in the subsequent
arguments.

Lemma 6.11. Keeping notation as above, V is a free universal Lie-Cartan mod-
ule.

Proof. We only need to check the compatibility between p and 6. For z € V, we
want to show

(6.7) [p(X),0(f)]z = 0(X(f))z,
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for X € g and f € R. This directly follows from the definitions of p and 6. So V,
is indeed a universal Lie-Cartan module. Due to Lemma 6.6 it is naturally a free
universal Lie-Cartan module. O

Note that RiU(g) = RU(g)g ¢ R. Consider the canonical projection
k: Vo =RbU(g) — R.
Precisely, « is defined via setting
() =y

for u € RyU(g) uniquely expressed in the following way:
(6.8) U= Z%‘ui +7

with v;,7 € R and u; € U(g)g. It is easily checked that k is a Lie-Cartan module
homomorphism.
Consider dy: Vi — Vj defined via

do(u® (r @ g)) = urg
and dg: Vgi1 — Vg defined for ¢ > 0 via

de(u®@ (r®@ (g A+ Aggs1)))

= > (MU @(ge gl Agr A AGa N NG A A ggra)
1<s<t<q+1

+ Z (—1)" M urgs @ (1@ (g1 A+ Ads A+ A ggr1))
1<s<g+1

for g1,..., 9411 € 9.

Lemma 6.12. All d, are Lie-Cartan module homomorphisms for ¢ =0,1,....

Proof. 1t is easily verified that d, is an R-module homomorphism. Now we check
it is a g-module homomorphism. It is obvious in the case ¢ = 0. In the following,
we suppose ¢ > 0. For X e gand 2 =u® (r® (g1 A+ -+ A gg+1)) € Vg1, we have

p(X)dg(z) = Y (1) Xu@(r @ ([gs, Gl AGI A= AGs A+ AGeA -+ Aggia))
1<s<t<q

+ Z (—1)* M Xurg; @ (1@ (g1 A AGs A+ Aggr1))
1<s<q

= d,(p(X)2).

The proof is completed. O
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By Lemmas 6.11 and 6.12, we are in the position to introduce a projective
resolution.

Proposition 6.13. The following sequence gives rise to a projective resolution of

(6.9) e Vg IV, s VY v SR 0,
Proof. Owing to Lemmas 6.11 and 6.12, we only need to show the exactness of

the sequence (6.9). The arguments proceed in three steps.

(1) The exactness at R. By definition, it is easily seen that & is surjective. So
it is proved.

(2) The exactness at Vy, i.e., Ker k = Imdy. By definition it is easily shown
that

Kerk = RU(g)g = Im dp.
So it is proved.

(3) The exactness at V, for ¢ > 0. Consider z = u ® (r ® w) € Vg41. Then
V441 is spanned by monomial tensor elements of the form z. We express ur as
¥+ >, viu; with 4,7, € R and u; € U(g)g by the arguments around (6.8). Then
we have

dq(2) —dq<'y® (1®w) +Z'yiui®1®w>.
Note that all d, are Lie-Cartan module homomorphisms. So we have

dy(2) =7dg (1@ 1@ w) + > yidg(u; ® (1 @ w)).

Set dy = d'l|U(g)®/\q“g‘ Then {d;} satisfies the exactness because dj, is in the
ordinary projective resolution of F in the U(g)-module category (see [34, §7]):

q
(6.10) (ng =U(g)® s, d;) LEIUNy SN}
q=0,1,2,...

Hence we have

dg-10dy(z) =7d,_yod,(1®1®w)+ Z%d;_l od)(u; ® (1®w)) =0,

which means Imd, C Kerd,_;.

Next we verify that Imd, O Kerd,_;. Take into account that V, can be
simply expressed as RU(g) ®r A?g, and all d, are Lie-Cartan module homomor-
phisms again. Thus for any 3 € V, we can write 3 = Y. v;u; ® w; with v; € R,
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u; € U(g) and w; € A%g. Then we are actually considering such d, with the
equivalent definition

dg-1(3) = 3 iy (57)

for 3; = u; ® w; € U(g) ® A\’ g. Note that V, now becomes free over R. Suppose
3 € Kerd,_1. Then the assumption dy—i1(3) = 0 is equivalent to the one that
all d,_;(3:) = 0 if v; # 0. By the exactness of {d;} in (6.10), we have all 3; €
Im d/q whenever 7; # 0. Keeping in mind again that d, is a Lie-Cartan module
homomorphism, we finally have 3 = ) . v;3; € Imd,. Correspondingly, Imd, 2
Kerdy_1, and then Imd,; = Kerd,_;. The exactness at V, is proved.

Summing up, we have accomplished the proof. O

6.4.2. Let M € “Z% and set H, := Hompyy(q)(Vy, M). We consider an R-
module structure on H,.

Lemma 6.14. There is a natural R-module structure on H, with unity R-action
Q defined via

QNY(z) = w(f)v(2)
foranyy e H,, fER, z€ V.
Proof. Let 6’ and p’ denote the R-module action and Rig-module action on M,
respectively. In order to prove the lemma, we only need to check that Q(f)« falls in

H, for f € R and ¢ € H,. It is equivalent to verify that (i) Q(f)y is an R-module
homomorphism; (ii) Q(f)y is an Rig-module homomorphism. For (i), we have

QN (rr) = w(f)p(rr)

(f)rip(ry)

r(Qf))(r1).

For (ii), we need to show that Y(E)(Q(f)y) = 0 for E € Rhg. Here, T(E) denotes
the Lie action of Rig on H, as usually defined via T(E)p(z) == p/(E)(p(z)) —

©(p(E)z), where ¢ € Homp(Vy, M), z=u®r®@w € Vg, p is defined as in (6.5).
In fact, by calculation, we have

1
£ &

Hence Q(f)y € H,. Note that w is an algebra homomorphism. Hence 2 is an
R-module action on H,. O
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6.4.3. Realization theorem of the “4%¢-cohomology. Keeping the notation
as above, we are in a position to introduce one of the main results in this section.

Theorem 6.15. Let M € “£€. Then the cohomology module Hl (M) is the
cohomology of the cochain complex C(M). This means, as R-modules,

HY, (M) = HI(C(M)).

Proof. In view of Proposition 6.13, we consider the projective resolution of R in
ULE

‘f.!—-(V%,d )q 0,1,2,.. 41%73——% 0
By definition, Hly, (M) = RY(I')(M) which is equal to RY(I"(V,)) for I" :=
Homugy (—, M). Define a map ¥:

q q
I'(V,)=Hompguy (g (RHU(E)@)RR@F Ag, M) — Homp <R®]F Ag, M> =Cllgp (M),

P V()

via letting

Y()(y) =v(1@rew)
for any ¢y € Hy, and y = r @ w € R @r A\? g. By a straightforward calculation, it
is readily verified that ¥ is an R-module isomorphism.

Up to the R-isomorphism ¥, we can identify both sides of the above iso-
morphism map. What remains is to prove I'(d,) = dfy . For this, take any ¢ €
Clyg(M) = Homg(R @r A?g,M) and confirm I"(dy)(¢) = d}f(¢). For any
y=rowe RN gwithr €¢ Rw= g, A o A ggr1 € A g, we have
I(dg)(¢): y — U= (¢) 0 dy(1 ®y). Precisely,

VH(9) 0 dy(1 @)

= > ()T (1@ @ (95 g AGL A AGs A AGeA - Aggin)))
1<s<t<qg+1

+ Y ()TN (rgs @ (1@ (gL A Ada Ao A ggra)))
1<s<qg+1

= D (D) @ ([ge g AgGLA NG A NG A A gara))
1<s<t<q+1

+ D () Trg (1@ (g1 A A Ao Aggan))
1<s<q+1

=dg (6)(y)-

Hence, I"(dg) = d}.
We finally obtain the equality Hy., (M) = H1(C(M)). O



374 F. DuaN, B. SHU, Y. YAO AND P. CHAKRABORTY

§6.5. Extension ring of R in the “%%¢-cohomology

6.5.1. Extensions in the “Z%-cohomology. For L, M € “%%, we may con-
sider Extl, (L, M). Let L admit a projective resolution VI = (VF.dy), ¢ =
0,1,... in “Z%’; this means the following long exact sequence:

Vi Z, L —0

with VqL being projective objects in “4%, x and all d, being homomorphisms
in “Z¢. In the usual way, Exti,.. (L, M) = RI(I"(L)) for T" = Homugg(—, M)
which is a left exact (contravariant) functor from “%€ to (g, R)-mod. Hence
Extly (L, M) = H(I'(VE)).

In particular, take L = R. We can determine Extfi%(R, M) as follows:

(6.11) Extl., (R, M) = Hi,. (C(M)).

6.5.2. The isomorphism image of Extiy, (R, R)

Proposition 6.16. We have the isomorphism of R-modules
Extlgw (R,R) = H*(g, R).
Proof. By Theorem 6.15 and (6.11), we have
Extl,. (R,R) = Hl,.(C) = Hl,.(R).

By Theorem 6.15 and Proposition 6.7 (4), we have Ext{..(R,R) = H9(g, R). The
desired statement is consequently proved. O

§6.6. A “¥%-cohomology theorem for g = W(n)

6.6.1. In [7] (or see [6, Theorems 2.2.7 and 2.2.8] for details), Gelfand and
Fuks first proved a cohomology theorem in the case when R is replaced by the
corresponding power series algebra. Here we briefly explain that the following
result, as a corollary to Gelfand—Fuks’ theorem, still holds in the case of R.

Proposition 6.17. For g = W(n), H*(g,R) = H*(gl(n)) for the ordinary Lie
algebra cohomology.

Proof. Recall that V(A) = Homy g, ,)(U(g),L%())) for X € AT. By a classical
result of Lie algebra cohomology (see for example [6, Theorem 1.5.4], [14, Theorem
6.9]), we have H%(g, V(\)) = H%(g>0, L°())).

Note that gl(n) & go = g>0- Set g7 := g>0 and g* := go. Then g* is an ideal
of gt with go = g¥/g*. By the Serre-Hochschild spectral sequence theorem (see



LiE-CARTAN MODULES AND COHOMOLOGY 375

[6, Theorem 1.5.1] or [34, §7.5] for details), there exists a spectral sequence
{Bpe,dp: Bpe — Brirari)
with EV'? = H4(g+, Hom(AP (g /g*), L°()\))), and
By = HP(g" /of, H(¢", L°(\))) = H"*(g*, L°(N)).

Note that L°()) is regarded as a trivial gf-module, and g itself is a go-module.
We further have

ED? = HP(gl(n), H(g", L°(\)))
= H*(gl(n)) ® (H(g*) @ L°(X))*™.

When ) is zero weight, equivalently L°(\) = F, it can be shown that E, = Es in
the same way as in the proof of [6, Theorem 2.2.8] when the corresponding power
series algebra therein is replaced by R. Furthermore, F"? = 0 when p # 0. Hence
EP1 = EP7 and

H™(g",F) = EY'™ = H™(gl(n), F).
So we have H*(g,R) = H*(g+",R) = H*(gl(n)) when A = 0. O

6.6.2. The “¥%-cohomology theorem
Theorem 6.18. Let g = W(n). Then the extension ring
Exthgy (R, R) = H*(gl(n,F)).
Proof. This theorem follows from Propositions 6.16 and 6.17. O

Remark 6.19. In a comparison of cohomology computations, the extension
Extly. (R, R) in the “£¢-cohomology is completely different from Ext?](g)(R7 R)
in the ordinary cohomology of Lie algebras.

6.6.3. We turn back to Question 6.1 (1) with respect to “Z% for g = W(n),
giving the following answer.

Corollary 6.20. The extension ring “€ = Extiyy (R, R) is finite-dimensional.

Proof. It is a direct consequence of Theorem 6.18 and the finite-dimensional prop-
erty of H*(gl(n,TF)) (see for example, [6, Theorem 2.1.1]). O
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