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Abstract

We investigate the concept of a “Chevalley involution” within the framework of root-
graded Lie algebras with compatible grading. We provide a characterization of all cen-
terless Lie tori of type Aℓ (ℓ ≥ 2) admitting a Chevalley involution. This work extends
and completes the earlier results regarding the existence of such involutions for Lie tori
of reduced types.
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§1. Introduction

The concept of a Lie algebra graded by a finite root system or a root-graded Lie
algebra over a field of characteristic zero was introduced by Berman and Moody
[BM]. Let R be an irreducible reduced finite root system. A Lie algebra graded
by R or an R-graded Lie algebra is a triple (L, g, h) consisting of a Lie algebra L,
a finite-dimensional simple Lie subalgebra g of L, and a Cartan subalgebra h of
g, so that g has the root system R with respect to h, satisfying certain natural
conditions (see Definition 2.1). Berman and Moody showed that if R is simply
laced of rank ≥ 2, then there is an algebra A attached to L, called the coordinate
algebra of L, which depending on the type and rank of R, is either commutative and
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associative, only associative, or alternative (see Proposition 2.2). Their motivation
was to study and understand the intersection matrix algebras (IM algebras) arising
from multiply affinized Cartan matrices of simply laced types. Toward this end,
they classified R-graded Lie algebras, up to central extensions, when R is simply
laced of rank ≥ 2. Then they applied this classification to obtain a realization for
these IM algebras.

Benkart and Zelmanov continued the study of root-graded Lie algebras in
[BZ]. They completed the classification of these Lie algebras for the remaining
reduced types. Using a Jordan theoretical approach, Neher described R-graded
Lie algebras in a unified way, when R is not of type E8, F4, or G2 [N4]. His results
remain valid for root systems of infinite rank and Lie algebras over rings.

It is well known that Lie tori are root-graded Lie algebras. The concept of a
Lie torus arises in the study of extended affine Lie algebras (or EALAs in short)
[Y5, N2, N1]. EALAs are natural higher-dimensional generalizations of finite-
dimensional simple Lie algebras and affine Kac–Moody Lie algebras [AABGP, N3].
This class of Lie algebras has been under intensive investigation for the past few
decades. The core of an extended affine Lie algebra is its subalgebra generated by
non-isotropic root spaces. It is well understood that the structure of an EALA can
be comprehended through analyzing and coordinatizing its core (or core modulo
the center, called the centerless core). This is the point at which the concept of a
Lie torus emerges; the centerless core of any EALA is a centerless Lie torus, and
conversely, any centerless Lie torus is the centerless core of an EALA [Y5]. Using
structure theory and the well-known recognition theorems of root-graded Lie alge-
bras, the coordinatization theorems for Lie tori have been proved and the structure
of EALAs has been determined in [BGK, BGKN, Y1, AG]. According to the type
and rank, the coordinate algebras that occur are certain unital associative, Jordan,
or alternative algebras, referred to as tori (see Definition 2.13).

Now let us clarify the origin of our motivation for this work. A Lie algebra
over a field of positive characteristic is called a modular Lie algebra. In the clas-
sical Lie theory, the work of Chevalley on integral forms (Z-forms) establishes a
framework for the transition from non-modular to modular theory, which led to
the construction of Chevalley groups. In this context, Chevalley involutions play
an important role.

Originally, extended affine Lie algebras were defined over the field of complex
numbers. Later, a definition of an EALA over a field of characteristic zero was
proposed by a slight modification of the defining axioms of a complex EALA
[N1]. Additionally, in [MY] a more general form of an EALA was introduced over
a field of characteristic zero, known as a locally extended affine Lie algebra. In
[AFI], the authors started studying extended affine Lie algebras from the modular
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point of view. In particular, they proved the existence of certain integral forms
for the cores of reduced extended affine Lie algebras of rank at least 2 that are
equipped with a Chevalley involution, an involution that acts as minus identity
on the Cartan subalgebra. By analogy with finite and affine cases, this allows
one to define a counterpart for these involutive extended affine Lie algebras in
the modular setting. Here, arises a question: Does any EALA admit a Chevalley
involution?, and if the answer is no, which EALAs are involutive?

We investigated the existence problem of Chevalley involutions for EALAs
in [AI]. To do this, we first introduced the notion of a Chevalley involution for
a Lie torus and studied the conditions under which a Chevalley involution on
the centerless core of an EALA, characterized to be a centerless Lie torus, can
be extended initially to the core and subsequently to the entire EALA naturally.
With case-by-case considerations and employing the coordinatization theorems of
Lie tori, we then examined the existence of Chevalley involutions for centerless Lie
tori of reduced types. It turns out that the Chevalley involutions of Lie tori are
tied with the Chevalley involutions of finite-dimensional simple Lie algebras and
certain (anti-)involutions of their coordinate algebras (various tori), called pre-
Chevalley (anti-)involutions; see Definition 2.8 (i). Through this, we proved that
almost all centerless Lie tori of reduced types admit a Chevalley involution. The
exception is for type Aℓ (ℓ ≥ 2); we showed that a centerless Lie torus of type Aℓ

(ℓ ≥ 2) admits a Chevalley involution if its coordinate algebra is equipped with a
pre-Chevalley (anti-)involution. So the class of all such involutive Lie tori for this
type remained unidentified.

In this direction, this study proceeds in two steps. First, we introduce the
notion of a Chevalley involution for R-graded Lie algebras L = (L, g, h) that
admit a compatible grading over a free abelian group Λ. In fact, an R-graded Lie
algebra L = (L, g, h) is said to be (R, Λ)-graded if L =

⊕
λ∈Λ Lλ is Λ-graded, and

L0 contains the finite-dimensional simple Lie algebra g with Cartan subalgebra h.
This class of Lie algebras was introduced by Yoshii as a generalization of root-
graded Lie algebras. He studied predivision (R, Λ)-graded Lie algebras where Λ is
an abelian group, and classified them up to central extensions, when R is simply
laced of rank ≥ 3 and Λ = Zn [Y2]. The cores of EALAs serve as examples of
these (R, Λ)-graded Lie algebras.

We continue to explore how Chevalley involutions relate to the concept of an
involution compatible with the root grading (Definition 3.1), as introduced by Gao
for root-graded Lie algebras [G]. In his paper, Gao studied involutive root-graded
Lie algebras to identify compact forms of IM algebras. Some of his work could be
viewed as a unitary version of [BM].
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We prove that any Chevalley involution of an (R, Λ)-graded Lie algebra L
is compatible with the R-grading; see Proposition 3.5. By applying the results of
[G, §2] to our context, we obtain some primary results on Chevalley involutions of
(R, Λ)-graded Lie algebras. In particular, we show that any Chevalley involution
of an (R, Λ)-graded Lie algebra induces a pre-Chevalley (anti-)involution on its
coordinate algebra when R is simply laced of rank ≥ 2; see Proposition 3.10.

In the second step of this work, as a special subclass of root-graded Lie alge-
bras with compatible grading, we examine centerless Lie tori of type Aℓ, for ℓ ≥ 2.
It turns out that there exist certain Lie tori of this type which do not admit any
Chevalley involution. We characterize all Lie tori of type Aℓ (ℓ ≥ 2) admitting a
Chevalley involution; see Theorem 4.7. The coordinatization theorem for Lie tori
of this type is essential in our characterization; see Theorems 4.2 and 4.6. In fact,
considering Proposition 3.10, we identify the coordinate algebras of centerless Lie
tori of type Aℓ (ℓ ≥ 2) admitting a pre-Chevalley (anti-)involution, which are the
octonion torus and elementary quantum tori (for definition of these tori see 4.5
and 4.3, respectively). This finalizes the investigation of Chevalley involutions for
Lie tori of reduced types, as initiated in [AI].

The organization of the paper is as follows. In Section 2 basic definitions and
notation from the theory of root-graded Lie algebras are collected. In addition,
we record some necessary background and results from [BM] needed to describe
the coordinate algebras of these Lie algebras. Then we recall the definition of
a root-graded Lie algebra with compatible grading; see Definition 2.4. Here, we
introduce the notion of a Chevalley involution for this class of Lie algebras; see
Definition 2.8. At the end of the section, Lie tori are defined as a subclass of
root-graded Lie algebras with compatible grading; see Definition 2.11.

Section 3 discusses the involutions of an R-graded Lie algebra that are com-
patible with the R-grading; see Definition 3.1. Here, some required results from [G,
§2] regarding these involutions are restated. We show that Chevalley involutions
for an (R, Λ)-graded Lie algebra are compatible with the R-grading; see Propo-
sition 3.5. This enables us to deduce certain immediate consequences concerning
Chevalley involutions of (R, Λ)-graded Lie algebras, which will be essential for the
proof of our main result in the next section.

Finally, in Section 4, by revisiting the coordinatization theorems related to
Lie tori of type Aℓ, ℓ ≥ 2, we determine all Lie tori of these types that possess a
Chevalley involution, as presented in Theorem 4.7. This completes the character-
ization of Lie tori of reduced types admitting a Chevalley involution, paving the
way for further study of the modular theory of extended affine Lie algebras.
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§2. Preliminaries

Throughout this work K is a field of characteristic 0. All vector spaces and algebras
are assumed to be over K and all algebras (except Lie algebras) are assumed to be
unital. If X is a subset of a group, we denote by ⟨X⟩ the subgroup generated by X.
For a positive integer n, we denote by K[x±1

1 , . . . , x±1
n ] the associative algebra

of Laurent polynomials over K in n commuting variables x1, . . . , xn. For a Lie
algebra L, by Z(L) we mean the center of L. Also, by a centerless Lie algebra, we
mean a Lie algebra with a trivial center.

In this work, we always assign the symbol R to denote an irreducible reduced
finite root system. By R×, we mean R \ {0}.

§2.1. Root-graded Lie algebras

Here we consider Lie algebras graded by the root lattice of a finite root system,
the so-called root-graded Lie algebras introduced by Berman and Moody [BM].
We begin by recalling the definition of a root-graded Lie algebra.

Definition 2.1. Let g be a finite-dimensional simple Lie algebra with Cartan
subalgebra h and R be the root system of g with respect to h. A Lie algebra
L = (L, g, h) is called graded by R or R-graded with grading pair (g, h) if

(RG1) L contains g as a subalgebra,
(RG2) L =

⊕
α∈R Lα, where Lα = {x ∈ L | [h, x] = α(h)x, for all h ∈ h},

(RG3) L0 =
∑

α∈R× [Lα, L−α].

We will use the abbreviation L for (L, g, h) when there is no confusion.

Let L be an R-graded Lie algebra with grading pair (g, h). We have the usual
root space decomposition g =

⊕
α∈R gα with gα ⊆ Lα for α ∈ R. We fix a

Chevalley basis {eα, hi | eα ∈ gα, α ∈ R×, hi ∈ h, 1 ≤ i ≤ ℓ} of g, where
ℓ = dim h. Let G = ⟨exp teα | t ∈ K, α ∈ R×⟩ be the corresponding universal
Chevalley group and set

l

ηα(t) := (exp teα)(exp(−t−1e−α))(exp teα),
N := ⟨ηα(t) | t ∈ K×, α ∈ R×⟩,
T := ⟨ηα(t)ηα(1)−1 | t ∈ K×, α ∈ R×⟩.

It is well known that T is a normal subgroup of N and N /T ∼= W, where W is
the Weyl group of R. We consider the group homomorphism

Ad: G → Aut L,

exp teα 7→ exp ad teα.
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We now assume that R is of type Aℓ (ℓ ≥ 2), Dℓ (ℓ ≥ 4), E6,7,8. Here, we
briefly review some results from [BM, §1] that will be needed later. Let α, β ∈ R×.
One can choose w ∈ W so that w(α) = β. Let η ∈ N with ηT ↔ w under the
isomorphism N /T ∼= W. Considering L as an integrable g-module via adjoint
representation, then Ad(η)(Lα) = Lβ . Let θ̃β,α := Ad(η)|Lα

. We note that θ̃β,α is
determined by α, β up to a non-zero scalar multiple and does not depend on the
choice of w or η. Since η(gα) = gβ , then η(eα) = ϵeβ , for some ϵ ∈ K×. Set

(2.1) θβ,α := ϵ−1θ̃β,α : Lα → Lβ .

So θβ,α depends only on α, β and the choice of the Chevalley basis. We have

θα,β = θ−1
β,α,

θα,βθβ,γ = θα,γ ,

θα,α = id.

For a fixed α ∈ R×, let A = Lα as a K-vector space. We proceed to put an
algebra structure on A, not depending on the particular root α. Thus, for any
a ∈ A, we denote it by eα(a) when considering it as an element of Lα. Now let
β ∈ R× and define eβ(a) = θβ,α(eα(a)) ∈ Lβ .

One can define a multiplication on A via the notion of an A2-pair. Recall that
a pair of linearly independent roots α, β ∈ R× is called an A2-pair if (Zα⊕Zβ)∩R

forms an A2-finite root system in Rα ⊕ Rβ. Now fix an A2-pair (β, γ) and define
a multiplication m(β,γ) : A × A → A by

(2.2) [eβ(a), eγ(b)] := [eβ , eγ ](m(β,γ)(a, b)),

for a, b ∈ A. Note that the A2-pair (γ, β) defines the opposite multiplication to
m(β,γ), that is, m(γ,β)(a, b) = m(β,γ)(b, a) for all a, b ∈ A (see [BM, 1.18]). Multi-
plication (2.2) makes A into a K-algebra. It is called the coordinate algebra (ring
of coordinates) of L. Moreover, we have the following theorem.

Theorem 2.2 ([BM, Theorem 1.19, Proposition 3.17]). The K-algebra A is

(i) associative if R is of rank at least 3;
(ii) commutative if R is of type D or E;
(iii) alternative if R is of type A2.

In addition, when R is of type D or E, then the multiplication is independent of
the choice of A2-pair. If R is of type A, then the two equivalence classes of A2-pairs
define opposite multiplications on A.
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We recall that two perfect Lie algebras are said to be centrally isogenous if
their universal covering algebras are isomorphic.

Proposition 2.3 ([BM, Proposition 1.29]). Let L1 and L2 be centrally isogenous
Lie algebras. Assume that L1 is graded by R. Then L2 is also R-graded and in
such a way that the associative coordinate algebras are isomorphic.

§2.2. Chevalley involution for (R, Λ)-graded Lie algebras

Let Λ be a free abelian group and as before, let R be an irreducible reduced finite
root system. First, we recall from [Y2] the notion of an (R, Λ)-graded Lie algebra.

Definition 2.4. We say an R-graded Lie algebra L with grading pair (g, h) admits
a compatible Λ-grading or L is (R, Λ)-graded if L =

⊕
λ∈Λ Lλ is a Λ-graded Lie

algebra so that g ⊆ L0 and ⟨supp(L)⟩ = Λ, where supp(L) = {λ ∈ Λ | Lλ ̸= {0}}.

Note that since g ⊆ L0, each Lλ is an h-module and then we get L =⊕
α∈R,λ∈Λ Lλ

α, where Lλ
α := Lλ ∩ Lα for λ ∈ Λ and α ∈ R.

Definition 2.5. An (R, Λ)-graded Lie algebra L is called

(i) predivision if for each α ∈ R× with Lλ
α ̸= (0), there exist e ∈ Lλ

α and f ∈ L−λ
−α

such that
[[e, f ], xβ ] = ⟨β, α∨⟩xβ ,

for β ∈ R, xβ ∈ Lβ , where α∨ is the coroot of α in the sense of [B] and ⟨β, α∨⟩
is the corresponding Cartan integer;

(ii) division if for each α ∈ R×, λ ∈ Λ, and 0 ̸= e ∈ Lλ
α there exists f ∈ L−λ

−α such
that

[[e, f ], xβ ] = ⟨β, α∨⟩xβ ,

for β ∈ R, xβ ∈ Lβ .

Remark 2.6. We make two comments here concerning predivision algebras.

(i) We note that in Definition 2.5, (ii) implies (i), namely any division (R, Λ)-
graded Lie algebra is predivision. Also, when dimK(Lλ

α) ≤ 1 for all α ∈ R×, these
two concepts coincide.
(ii) In [Y2, Proposition 2.13] for predivision (R, Λ)-graded Lie algebras of simply
laced type with rank R ≥ 3, and in [Y3, Proposition 6.3] for division (A2, Λ)-graded
Lie algebras, Yoshii showed that their coordinate algebras are naturally Λ-graded.
Moreover, he classified these Lie algebras up to central extensions when Λ = Zn

(see [Y2, §4, Corollary] and [Y3, Theorem 6.4]).
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Example 2.7. Here, we present some examples of root-graded Lie algebras with
compatible grading.

(i) Any R-graded Lie algebra L is a predivision (R, Λ)-graded Lie algebra with
Λ = {0}.

(ii) The (centerless) core of an extended affine Lie algebra E of reduced type R

with nullity n is a division (R,Zn)-graded Lie algebra; for details see [Y2,
Example 2.8 (b)].

(iii) Assume that A =
⊕

λ∈Λ Aλ is a Λ-graded commutative associative alge-
bra with ⟨supp(A)⟩ = Λ, and g is a finite-dimensional simple Lie algebra
with Cartan subalgebra h and root system R. Let L := g ⊗K A. Then L =⊕

α∈R(gα ⊗K A) is an R-graded Lie algebra with grading pair (g⊗ 1, h⊗ 1).
Next, let Lλ := g⊗K Aλ, for all λ ∈ Λ. Then L =

⊕
λ∈Λ Lλ is a Λ-graded Lie

algebra such that g⊗ 1 ⊆ L0, and supp(L) = supp(A). Thus, the Λ-grading
is compatible and makes L an (R, Λ)-graded Lie algebra.

Let A be an algebra over K. In the following, by an (anti-)involution ¯ of A
we mean a K-linear map ¯: A → A satisfying

ab = b̄ā,

¯̄a = a,

for all a, b ∈ A. In addition, an automorphism τ of a Lie algebra L over K is called
an involution if τ2 = id. In [AI], we introduced the notion of a Chevalley involution
for a Lie torus to study Chevalley involutions of extended affine Lie algebras. Here,
we generalize this notion for an (R, Λ)-graded Lie algebra; see Remark 3.4.

Definition 2.8. Let A =
⊕

λ∈Λ Aλ be a Λ-graded algebra and L = (L, g, h) be
an (R, Λ)-graded Lie algebra.

(i) We call an (anti-)involution ¯ of A, a pre-Chevalley (anti-)involution if Aλ =
A−λ for all λ ∈ Λ.

(ii) An involution τ of L is called a Chevalley involution if τ preserves g, τ(Lλ) =
L−λ for all λ ∈ Λ, and τ(x) = −x for all x ∈ L0

0.

Example 2.9. We give some examples of root-graded Lie algebras with compat-
ible grading admitting a Chevalley involution.

(i) Let A, g, and L = g⊗K A be as in Example 2.7 (iii). We further suppose that
A is equipped with a pre-Chevalley (anti-)involution ¯ and σ is a Chevalley
involution of g. We define τ : L → L by

τ(x ⊗ a) = σ(x) ⊗ ā,
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for all x ∈ g and a ∈ A. Clearly τ is an involution of L with τ(Lλ) = L−λ,
for all λ ∈ Λ. Moreover, τ(g ⊗ 1) = g ⊗ 1 and τ|L0

0
= −id. So τ is a Chevalley

involution of L = g ⊗K A.
(ii) Assume that F is a field extension of K and let A = F[x±1

1 , . . . , x±1
n ] be the

algebra of Laurent polynomials over F in n variables. We note that A =⊕
λ∈Zn Fxλ is a Zn-graded algebra, where xλ = xλ1

1 · · · xλn
n for λ = (λ1, . . . , λn)

∈ Zn. Then L = g ⊗K A is a division (R,Zn)-graded Lie algebra; see [Y2, §4,
Corollary (ii)]. One easily sees that the assignment xj 7→ x−1

j , 1 ≤ j ≤ n,
induces a pre-Chevalley (anti-)involution ¯ on A. Thus, as defined in part (i),
τ is a Chevalley involution of L = g ⊗K F[x±1

1 , . . . , x±1
n ].

Assume that L = (L, g, h) is an (R, Λ)-graded Lie algebra. Let τ be a Chevalley
involution of L. Since h ⊆ L0

0, then τ|h = −id. So τ|g is a Chevalley involution
of the finite-dimensional simple Lie algebra g. Next, one can choose a Chevalley
basis {eα, hi | eα ∈ gα, α ∈ R×, hi ∈ h, 1 ≤ i ≤ ℓ} of g so that τ(eα) = −e−α.

Convention 2.10. In the remaining, whenever L is equipped with a Chevalley
involution τ , we fix the Chevalley basis of g corresponding to τ|g , chosen as above.

§2.3. Lie tori

Yoshii introduced the notion of a Lie torus in [Y5] to characterize extended affine
Lie algebras. In fact, the centerless core of any EALA is a centerless Lie torus,
and conversely, any centerless Lie torus is the centerless core of an EALA. Neher
further studied Lie tori in [N2].

Definition 2.11. A division (R,Zn)-graded Lie algebra L is called a Lie (R,Zn)-
torus or a Lie n-torus if dimK(Lλ

α) ≤ 1 for all α ∈ R× and λ ∈ Zn. When R and
n are fixed, we simply say that L is a Lie torus, and call n the nullity of L.

The Lie torus L is called invariant if L has an invariant non-degenerate sym-
metric bilinear form (·, ·) which is graded, meaning that

(Lλ
α, Lµ

β) = 0 unless (α, λ) = (−β, −µ).

Example 2.12. In Example 2.9, let A = K[x±1
1 , . . . , x±1

n ]. Then L = g ⊗K A is a
Lie (R,Zn)-torus with Chevalley involution τ .

Based on the structure theory of root-graded Lie algebras, the coordinati-
zation theorems for centerless Lie tori of reduced types have been established in
[BGK, BGKN, Y1, AG]. In essence, a centerless Lie n-torus can be formed as a
matrix Lie algebra coordinatized by an n-torus. Depending on the type, it can
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be a unital associative, Jordan, or alternative algebra. We will now review the
definition of an n-torus.

Definition 2.13. Let A =
⊕

λ∈Zn Aλ be a Zn-graded algebra over K. Then A is
called an n-torus if

(i) dimK Aλ ≤ 1, for all λ ∈ Zn, and each non-zero x ∈ Aλ is invertible,
(ii) suppΛ(A) generates Λ, where suppΛ(A) = {λ ∈ Zn | Aλ ̸= {0}}.

If an n-torus A is a Jordan algebra, alternative algebra, or associative algebra then
A is called a Jordan, alternative, or associative n-torus, respectively.

Remark 2.14. In [AI], we studied the Chevalley involutions for Lie tori of reduced
types. For more examples of Chevalley involutions of Lie tori, we refer the reader
to this article. There, we observed that the Chevalley involutions of Lie tori are
tied with the Chevalley involutions of finite-dimensional simple Lie algebras and
the pre-Chevalley (anti-)involutions of their coordinate algebras which are n-tori.
Through this, we showed the existence of Chevalley involutions for all centerless
Lie tori of reduced types except for type Aℓ, ℓ ≥ 2. The main goal of this work is
to investigate the case Aℓ, ℓ ≥ 2, which will be addressed in the final section.

§3. Compatible involutions

Assume as before that R is an irreducible reduced finite root system and Λ is
a free abelian group. First, we recall from [G] the notion of an involution of an
R-graded Lie algebra L compatible with the R-grading. Then we show that any
Chevalley involution of an (R, Λ)-graded Lie algebra L is compatible with its R-
grading. Consequently, when R is simply laced of rank ≥ 2, applying the results
of [G, §2] to our setting we get that any Chevalley involution of an (R, Λ)-graded
Lie algebra induces a pre-Chevalley (anti-)involution on its coordinate algebra.

Definition 3.1. Let L be an R-graded Lie algebra. An involution σ of L is called
compatible with the R-grading if

(i) σ(Lα) ⊆ L−α, and
(ii) σ Ad ηα(1) = Ad ηα(1)σ,

for all α ∈ R×.

Lemma 3.2. Assume that L = (L, g, h) is an (R, Λ)-graded Lie algebra with an
involution τ such that τ(Lλ) = L−λ for all λ ∈ Λ, and τ|L0

0
= −id. Then τ(Lα) =

L−α, for all α ∈ R.
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Proof. Note that h ⊆ L0
0 and since τ|L0

0
= −id we have

[h, τ(x)] = τ([−h, x]) = −α(h)τ(x),

for α ∈ R, x ∈ Lα, and h ∈ h. So τ(Lα) = L−α, for α ∈ R.

Proposition 3.3. Let L = (L, g, h) be an (R,Zn)-graded Lie torus with an invo-
lution τ such that τ(Lλ) = L−λ for all λ ∈ Λ, and τ|L0

0
= −id. Then τ(g) ⊆ g. In

particular, τ is a Chevalley involution of L.

Proof. Since gα ⊆ L0
α and dimK(L0

α) ≤ 1, for all α ∈ R×, it follows from
Lemma 3.2 that τ(g) ⊆ g and so τ is a Chevalley involution of L.

Remark 3.4. We note that by Proposition 3.3, Definition 2.8 for a Lie torus L
coincides with [AI, Definition 3.1.1].

Proposition 3.5. Let L = (L, g, h) be an (R, Λ)-graded Lie algebra with a Cheval-
ley involution τ . Then τ is compatible with the R-grading.

Proof. By Lemma 3.2, we have τ(Lα) = L−α, for all α ∈ R, so it remains to
show that condition (ii) of Definition 3.1 holds for τ . To complete the proof, we
now mimic the argument given in [G, Lemma 2.3]. First, we note that if ϕ is an
automorphism of L, then ϕ exp ad xϕ−1 = exp ad(ϕ(x)) for all ad-nilpotent x ∈ L.
Then we have

τ Ad ηα(1)τ−1 = τ(exp ad eα)τ−1τ(exp ad(−e−α))τ−1τ(exp ad eα)τ−1

=
(
exp ad(τ(eα))

)(
exp ad(τ(−e−α))

)(
exp ad(τ(eα))

)
= (exp ad(−e−α))(exp ad eα)(exp ad(−e−α))
= (exp ad(−e−α)) Ad ηα(1)(exp ad(−eα))
= (exp ad(−e−α))

(
exp ad(Ad ηα(1)(−eα))

)
Ad ηα(1).

On the other hand,

Ad ηα(1)(−eα) = (exp ad eα)(exp ad(−e−α))(exp ad eα)(−eα)
= (exp ad eα)(exp ad(−e−α))(−eα)
= exp ad eα(−eα − hα + e−α)
= −eα + (−hα + 2eα) + (e−α + hα − eα)
= e−α.

Thus, we get τ Ad ηα(1)τ−1 = Ad ηα(1), as required.
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The following example shows that the converse of the previous result is not
generally valid; specifically, any involution of L that is compatible with the R-
grading is not necessarily a Chevalley involution.

Example 3.6. In Example 2.7 (iii), let A = K[x±1
1 , . . . , x±1

n ] and consider eα ∈
gα, α ∈ R×, such that {eα | α ∈ R×} extends to a Chevalley basis for g. Next, let
¯: A → A be the (anti-)involution induced by x±1

j 7→ −x±1
j , 1 ≤ j ≤ n. Also, let

σ be the involution on g induced by σ(eα) = −e−α, α ∈ R×. Then the assignment

τ : eα ⊗ a 7→ σ(eα) ⊗ ā (α ∈ R×, a ∈ A)

induces an involution of L with τ(Lα) = L−α. Also, by the argument given in
the proof of Proposition 3.5, τ commutes with all Ad ηα(1), for α ∈ R×. So τ is
compatible with the R-grading. But τ is not a Chevalley involution for L, since
τ(Lλ) = Lλ, for all λ ∈ Λ.

We proceed to recall what we will need from [G, §2]. Assume that R is a
simply laced irreducible finite root system of rank ≥ 2. Let L be an R-graded Lie
algebra with a compatible involution σ and A be the coordinate algebra of L. As
we have already seen, A can be identified with Lα for any α ∈ R×. We fix α ∈ R×

and define a K-linear map ¯: A → A by

(3.1) e−α(ā) = −σ(eα(a)),

for all a ∈ A. In fact, ¯ is independent of the choice of α. Since σ is an involution,
¯̄a = a for all a ∈ A. Moreover, we have the following proposition.

Proposition 3.7 ([G, Proposition 2.27]). The K-linear map ¯ is an (anti-)involu-
tion of the K-algebra A.

Remark 3.8. We note that the aforementioned result is actually founded on
Berman and Moody’s work, which includes type A2. But in his article, Gao
excluded this type. However, Proposition 3.7 applies to type A2.

Lemma 3.9. Let L = (L, g, h) be an (R, Λ)-graded Lie algebra, where R is a
simply laced irreducible finite root system of rank ≥ 2. Then, for α, β ∈ R× the
map θβ,α : Lα → Lβ defined by (2.1) preserves the Λ-grading, i.e., θβ,α(Lλ

α) = Lλ
β,

for all λ ∈ Λ.

Proof. An argument similar to [AABGP, Proposition 1.27] or [Y4, Theorem 5.1]
shows that

Ad ηδ(1)(Lλ
γ) = Lλ

wδ(γ) (δ, γ ∈ R×, λ ∈ Λ),
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where wδ is the reflection based on δ, as an element of the Weyl group of R. Now
one clearly observes from the definition of θβ,α that θβ,α maps Lλ

α onto Lλ
β .

In the following we obtain a necessary condition for a simply laced (R, Λ)-
graded Lie algebra L to admit a Chevalley involution. In the next section, this
is essential for the proof of Theorem 4.7 concerning involutive Lie tori of type A.
Here, we need the coordinate algebra of L to be a Λ-graded algebra. So in this
result, we consider division (R, Λ)-graded Lie algebras; see Remark 2.6 (ii).

Proposition 3.10. Let L = (L, g, h) be a division (R, Λ)-graded Lie algebra with
a Chevalley involution τ , where R is a simply laced irreducible finite root sys-
tem of rank ≥ 2. Then the coordinate algebra A of L admits a pre-Chevalley
(anti-)involution.

Proof. By Proposition 3.5, τ is compatible with the R-grading. Then Proposi-
tion 3.7 implies that the coordinate algebra A has an (anti-)involution .̄ We fix
α ∈ R× and identify A with Lα. Recall from (3.1) that ¯: A → A is given by
e−α(ā) = −τ(eα(a)), for all α ∈ A. Equivalently, ā = −θα,−α(τ(eα(a))).

We now show that ¯: A → A maps Aλ onto A−λ, for all λ ∈ Λ, i.e., ¯ is a
pre-Chevalley (anti-)involution of A. Note that the involution τ maps Aλ = Lλ

α

onto L−λ
−α, for all λ ∈ Λ. On the other hand, we know from Lemma 3.9 that

θα,−α : L−α → Lα maps L−λ
−α onto A−λ = L−λ

α . Therefore, Aλ = A−λ, as desired.

§4. Involutive Lie tori of type Aℓ (ℓ ≥ 2)

In this section we examine Lie tori of type Aℓ (ℓ ≥ 2). In [AI, Theorem 5.0.1], we
showed that a centerless Lie torus of type Aℓ (ℓ ≥ 2) admits a Chevalley involution
if its coordinate algebra is equipped with a pre-Chevalley (anti-)involution. Here,
our aim is to identify all centerless Lie tori of type Aℓ (ℓ ≥ 2) admitting a Chevalley
involution. The coordinatization theorem for Lie tori of this type is essential in
this identification. We begin by revisiting the coordinatization theorems for Lie
tori of type Aℓ (ℓ ≥ 2).

Definition 4.1. Assume that A and B are Λ-graded algebras. We say that A
and B are graded-isomorphic if there is an algebra isomorphism φ : A → B that
preserves the Λ-grading.

Berman, Gao, and Krylyuk over the field of complex numbers C and Yoshii
in general proved the coordinatization theorem for Lie tori of type Aℓ, ℓ ≥ 3.
Moreover, Berman, Gao, Krylyuk, and Neher over C and Yoshii in general obtained
a similar result for Lie tori of type A2.
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Theorem 4.2. Assume that L is a centerless Lie n-torus of type Aℓ (ℓ ≥ 2).

(i) ([BGK, Theorem 2.65], [Y2, §4]) If ℓ ≥ 3, then L is graded-isomorphic to
slℓ+1(A) where A is an associative n-torus.

(ii) ([BGKN, Lemma 3.25], [Y3, Proposition 6.3]) If ℓ = 2, then L is graded-
isomorphic to psl3(A) where A is an alternative n-torus.

The coordinate algebras of Lie tori of type Aℓ (ℓ ≥ 3) which are associative
tori by Theorem 4.2, are characterized as “quantum tori”.

4.3 (Quantum torus). Let q = (qij) ∈ Mn(K) be a quantum matrix, namely an
(n × n)-matrix such that

qii = 1, 1 ≤ i ≤ n, and qijqji = 1, 1 ≤ i ̸= j ≤ n.

The quantum torus Kq = Kq[x±1
1 , . . . , x±1

n ] based on a quantum matrix q is defined
as the unital associative algebra generated by 2n elements x±1

1 , . . . , x±1
n with the

defining relations

(4.1) xix
−1
i = 1 = x−1

i xi, 1 ≤ i ≤ n, and xixj = qijxjxi, 1 ≤ i ̸= j ≤ n.

Notice that if qij = 1 for all i, j, then Kq = K[x±1
1 , . . . , x±1

n ] becomes the algebra
of Laurent polynomials in n variables over K. Let {ε1, . . . , εn} be a Z-basis of Zn.
Then Kq is Zn-graded with Kq =

∑
λ∈Λ Kxλ, where for λ = λ1ε1+· · ·+λnεn ∈ Zn,

xλ := xλ1
1 · · · xλn

n . This Zn-grading turns Kq into an associative n-torus.

Definition 4.4. A quantum matrix q = (qij) is called elementary when qij = ±1
for all i, j. The quantum torus Kq based on an elementary quantum matrix q is
called an elementary quantum torus.

We note that any associative n-torus is also an alternative n-torus. However,
not all alternative tori are associative. The octonion torus, initially discovered in
[BGKN], serves as an example of a non-associative alternative torus. This torus
is constructed as an octonion algebra using the Cayley–Dickson process over an
algebra of Laurent polynomials. Yoshii provided a straightforward description of
the octonion torus through a presentation in [Y6], as detailed below.

4.5 (The octonion torus). Consider the alternative algebra C over K with gener-
ators x±1

i for 1 ≤ i ≤ 3, and defining relations xix
−1
i = 1 = x−1

i xi for all i,
xixj = −xjxi for i ̸= j, and (x1x2)x3 = −x1(x2x3). For n ≥ 3, define

O := C ⊗ K[x±1
4 , . . . , x±1

n ],

where K[x±1
4 , . . . , x±1

n ] is the algebra of Laurent polynomials in n − 3 variables
over K. Let {ϵ1, . . . , ϵn} be the standard basis of Zn. Then O is an alternative
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n-torus with the Zn-grading given by deg(xi) = ϵi. The alternative n-torus O is
called the octonion n-torus.

The following description of alternative tori was provided in [BGKN, Theo-
rem 1.25] and [Y3, Corollary 5.13].

Theorem 4.6. Let A be an alternative n-torus over K.

(i) If A is associative, then A is graded-isomorphic to the quantum torus Kq

based on some quantum matrix q = (qij) ∈ Mn(K).
(ii) If A is not associative, then A is graded-isomorphic to the octonion n-torus O.

We conclude this section with the following theorem, which characterizes Lie
tori that admit a Chevalley involution. The description of coordinate algebras for
Lie tori of type Aℓ (ℓ ≥ 2) given in Theorem 4.6 is essential in our characterization.

Theorem 4.7. Assume that L is a centerless Lie n-torus of type Aℓ, l ≥ 2 and
A =

⊕
λ∈Zn Aλ is the coordinate algebra of L. Then L admits a Chevalley invo-

lution if and only if A admits a pre-Chevalley (anti-)involution, if and only if the
coordinate algebra A is graded-isomorphic to either the octonion n-torus or an
elementary quantum torus.

Proof. Assume that A is equipped with a pre-Chevalley (anti-)involution. Then
it follows from the proofs of [AI, Propositions 5.1.3 and 5.2.3] that L admits
a Chevalley involution. Conversely, if L admits a Chevalley involution then by
Proposition 3.10, A is equipped with a pre-Chevalley (anti-)involution. We now
consider the second “if and only if” in the statement.

We know from Theorems 4.2 and 4.6 that the coordinate algebra A is graded-
isomorphic to either the octonion n-torus O (ℓ = 2), or the quantum torus Kq

based on some quantum matrix q = (qij) ∈ Mn(K). So we may assume A = O or
A = Kq. By the first “if and only if”, we need to prove that A is equipped with a
pre-Chevalley (anti-)involution if and only if A ̸= Kq where q is non-elementary.

If A = O, then there exists an (anti-)involution σ on A determined by xi 7→
−xi for 1 ≤ i ≤ 3, and xj 7→ xj for 4 ≤ j ≤ n; see [BGKN, Lemma 1.20]. Also,
A is equipped with an automorphism τ given by τ(xi) = x−1

i for 1 ≤ i ≤ n, with
τ2 = id, and τ(Aλ) = A−λ for all λ ∈ Λ; see [AI, Proposition 4.2.4]. Let ¯ = στ .
Since στ = τσ, it follows that ¯ is an (anti-)involution of A = O with Aλ = A−λ,
λ ∈ Λ, that is, ¯ is a pre-Chevalley (anti-)involution of A.

Next, let A = Kq. Assume that ¯: A → A is a pre-Chevalley (anti-)involution.
Since Aλ = A−λ for λ ∈ Λ, we have xi = kix

−1
i for some ki ∈ K×, 1 ≤ i ≤ n. By

the definition of Kq, we have xixj = qijxjxi for 1 ≤ i ̸= j ≤ n. Now applying ¯ to
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this relation, we get kikjx−1
j x−1

i = qijkikjx−1
i x−1

j , or equivalently xjxi = qijxixj .
Thus, xjxi = qijxixj = q2

ijxjxi. This gives qij = qji = ±1, 1 ≤ i ̸= j ≤ n, that
is, q is elementary. Conversely, assume that q is elementary. Since the elements
x∓1

i , 1 ≤ i ≤ n, of the opposite algebra Kop
q satisfy the defining relations (4.1),

we get an (anti-)homomorphism ¯: Kq → Kq satisfying xi = x−1
i , 1 ≤ i ≤ n. The

map ¯ is clearly a bijection due to the fact that dimK Aλ = 1 for all λ ∈ Λ. Thus,
¯ is an (anti-)involution on A = Kq with Aλ = A−λ, for all λ ∈ Λ, that is, ¯ is a
pre-Chevalley (anti-)involution of A. This concludes the proof.

Remark 4.8. Yoshii showed that a centerless Lie torus of type A1 can be con-
structed using the Tits–Kantor–Koecher (TKK) construction from a Jordan torus
[Y1, Theorem 1]. Furthermore, he described five families of Jordan n-tori and then
proved that every Jordan n-torus is graded-isomorphic to a torus belonging to one
of these families [Y1, Theorem 2]. The simplest is the family consisting of the
Jordan tori K+

q , which K+
q denotes the Zn-graded algebra Kq with multiplication

x ·y = 1/2(xy +yx). In [AI, Proposition 5.3.4], we showed the existence of Cheval-
ley involutions for all Lie tori of type A1. In particular, the Lie torus TKK(K+

q )
admits a Chevalley involution for any quantum torus Kq. Thus, in the sense of
Theorem 4.7, type A1 is considered special.

Remark 4.9. We note that Theorem 4.7 completes the investigation of the exis-
tence of Chevalley involutions for Lie tori of reduced types, as initiated in [AI]. It
seems that studying the existence problem of Chevalley involutions for the non-
reduced case, that is, type BC requires engaging with various structural theories
and results presented in [AY, AFY, F, AB]. We plan to address this problem in
future work.
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