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Abstract

In earlier work by three of the authors of the present paper, a supercommutative quadratic
algebra was associated to each symmetric quiver, and a new proof of positivity of motivic
Donaldson–Thomas invariants of symmetric quivers was given using the so-called numer-
ical Koszul property of these algebras. It was furthermore conjectured that for each
symmetric quiver, such an algebra is Koszul. In this work, we lift the linking and unlink-
ing operations on symmetric quivers of Ekholm, Longhi and the third author to the level
of quadratic algebras, and use those lifts to prove the Koszulness conjecture.

Mathematics Subject Classification 2020: 16S37 (primary); 13D02, 14N35, 16G20 (sec-
ondary).
Keywords: cohomological Hall algebra, Donaldson–Thomas invariant, knot–quiver corre-
spondence, Koszul algebra.

§1. Introduction

The motivic Donaldson–Thomas (DT) invariants of symmetric quivers, introduced
in [11], are natural analogues of Donaldson–Thomas invariants of sheaf counts.
They were originally defined purely formally, by an Euler product factorization of
the motivic generating series of stacks of representations of the quiver. Therefore,
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more structural interpretations are desirable, and several such interpretations have
been developed, of geometric [7, 8, 15], algebraic [1, 2, 3, 11], or combinatorial
[9, 17, 18] nature.

Among these approaches, there are two that we wish to synthesize in the
present work. The first is the algebraic approach of [1] leading to an algebraic
description of DT invariants in terms of (the Poincaré series of) Lie superalgebras.
More precisely, one can associate to each symmetric quiver Q a quadratic algebra
AQ, so that the Koszul dual Lie algebra of the above-mentioned Lie superalgebra
contains a subalgebra whose Poincaré series reproduces the refined DT invariants
of Q; see Section 2 for a detailed recollection. The second is the combinatorial
approach of [9], reducing calculation of DT invariants to the case of multiple loop
quivers, by iteration of linking and unlinking procedures modifying the quiver.
These latter procedures are rooted in the knot-quiver correspondence [12, 13] and
multiple cover generalizations of the skein relations for boundaries of holomorphic
disks [6]. More precisely, the application of such relations to disks corresponding
to quiver nodes suggests that if linking or unlinking of their boundaries (hence
the names of the operations) is accompanied by the appearance of an appropriate
new node, then the motivic generating series is preserved, which was proved in [5].
From the physical point of view, linking and unlinking corresponds to changing
the representation of the BPS spectrum of the 3d N = 2 theory associated to the
quiver, in which the modification of interactions is compensated by the appearance
of a new BPS state [5].

The main result of the present paper categorifies the linking and unlinking
operations on the algebraic level. In [4], to Q and a choice of two vertices a, b

of Q, new quivers Qlinked and Qunlinked are associated, whose motivic generating
series are related to that of Q by a specialization of variables. In Theorem 3.3, it
is proved that AQlinked is isomorphic to the associated graded algebra of AQ with
respect to an appropriate filtration. In Theorem 4.3, it is proved that, in turn,
AQ is isomorphic to the homology of AQunlinked with respect to an appropriate
differential. These results can then be used to prove that all algebras AQ are
Koszul, which was conjectured in [1], where it was demonstrated that standard
proofs of the Koszul property do not work for most of these algebras. For that,
one combines the above-mentioned results with the idea of [9] to pass to a fully
unlinked quiver (that is, a disjoint union of multiple loop quivers) by infinitely
many iterations of the unlinking procedure.

To conclude, let us note that a different categorification of linking and unlink-
ing was recently proposed in [20], some months after the first version of this paper
was released; there, some beautiful geometric phenomena are exhibited on the level
of moduli spaces of quiver representations which then lead to two results about
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cohomological Hall algebras. Namely, it is proved that HQ is, as a vector space,
isomorphic to the homology of HQlinked with respect to an appropriate differential,
and that HQ has a filtration for which the associated graded algebra is isomorphic
to HQunlinked . We believe that there exists the following straightforward relation-
ship between those results and the results of the present paper. According to [2],
the linear dual of HQ is identified with the universal enveloping vertex algebra of
a free vertex Lie algebra. Taking linear duals induces a differential (respectively,
a filtration). It is explained in [1, 2] that the Koszul dual Lie algebra of AQ is
identified with the positive half L+

Q of the coefficient algebra of the latter vertex
Lie algebra. The Koszul dual of L+

Q is precisely the algebra AQ, and the Koszul
duality does exchange filtrations with differentials, and it appears that the Koszul
duals of the linear duals of the structures [20] are precisely the ones we discovered.

§2. Recollections

All vector spaces and chain complexes in this article are defined over the field of
rational numbers. All chain complexes are homologically graded, with the differ-
ential of degree −1.

Throughout the article, Q denotes a finite quiver with the set of vertices
Q0 and the set of arrows Q1. We shall assume that Q is symmetric, that is, the
number of arrows from i to j is equal to the number of arrows from j to i for
all i, j ∈ Q0. We denote by M = (mij)i,j∈Q0 the incidence matrix of Q, and
by L the free abelian group ZQ0 , whose standard basis elements will be denoted
by αi. In general, vectors of L will be denoted by boldface letters (e.g., d), and the
component of a vector d corresponding to a vertex i ∈ Q0 will be denoted by di,
so that

d =
∑

i∈Q0

diαi.

The Euler form of Q is the bilinear form on L defined as

χ(d, e) =
∑

i∈Q0

diei −
∑

(a : i→j)∈Q1

diej .

Under our assumption, the Euler form is symmetric.

§2.1. Graded vector spaces and algebras

Most vector spaces considered in this article are of the form

V =
⊕
d∈L

Vd, Vd =
⊕

(d,n)∈L×Z

V n
d .
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We consider the category VectL×Z of such vector spaces, with morphisms being
maps of VectL×Z-degree zero; in other words, for a linear map f : V → W to be a
morphism, we require that f(V n

d ) ⊂ W n
d . The category VectL×Z is monoidal, with

the monoidal structure given by the tensor product V ⊗ W defined by

(V ⊗ W )n
d =

⊕
(d′,n′)+(d′′,n′′)=(d,n)

V n′

d′ ⊗ W n′′

d′′ .

Moreover, we can use the Koszul sign rule to define a braiding σ : V ⊗W → W ⊗V

by the formula σ(v ⊗ w) = (−1)n′n′′
w ⊗ v, for v ⊗ w ∈ V n′

d′ ⊗ W n′′

d′′ ; this braiding
makes the category VectL×Z symmetric monoidal. Finally, we shall use graded
duals; for an object V , its graded dual V ∨ is defined by the formula

V ∨ =
⊕
d∈L

V ∨
d , V ∨

d =
⊕
n∈Z

(V −n
d )∗.

We shall work with associative (super)commutative algebras in the category
VectL×Z. One can either define them directly, using the tensor product to talk
about the structure operations and using the braiding to implement permutations
of arguments, or, alternatively, one may note that the category VectL×Z contains
the category Vect as a full symmetric monoidal subcategory of objects of degree
zero, and so one may talk about objects in VectL×Z that are algebras over the
operad Com in Vect.

§2.2. Poincaré series

Let V =
⊕

k∈Z V k be a Z-graded vector space with finite-dimensional components.
The Poincaré series P (V, q) is defined by the formula

P (V, q) =
∑
k∈Z

dim(V k)(−q
1
2 )−k.

(Division by two corresponds to the standard convention used for cohomological
Hall algebras, and using the exponent −k comes from working with homologically
graded vector spaces.) In general, this expression is an element of the vector space
of doubly infinite Laurent series Q[[q± 1

2 ]]; in our work, we shall only deal with
situations where it is finite on one of the sides, so that it belongs to one of the
fields of formal Laurent series Q((q 1

2 )) = Q[[q 1
2 ]][q− 1

2 ] or Q((q− 1
2 )) = Q[[q− 1

2 ]][q 1
2 ].

Let us consider formal variables xi, i ∈ Q0, and denote, for d ∈ L, xd =∏
i∈Q0

xdi
i . To an object V of VectL×Z with finite-dimensional components V k

d , we
shall associate its Poincaré series P (V, x, q):

P (V, x, q) =
∑
d∈L

P (Vd, q)xd =
∑
d∈L

∑
k∈Z

dim(V k
d )(−q

1
2 )−kxd.
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For certain objects in VectL×Z, we shall use the fact that Poincaré series behave
well with respect to various operations, including tensor products. For that, it is
important to consider a smaller category. Our choice is to consider the subcate-
gory C consisting of objects

V =
⊕

d∈ZQ0
≥0

Vd =
⊕

d∈ZQ0
≥0

⊕
k∈Z

V k
d

such that all components V k
d are finite-dimensional and V k

d = 0 for k ≫ 0. The
Poincaré series is a ring homomorphism

K0(C) → RQ = Q((q 1
2 ))[[xi : i ∈ Q0]].

We emphasize that not all objects we consider belong to C, but whenever we use
the compatibility of Poincaré series with tensor products of vector spaces, we shall
restrict ourselves to objects from C.

For a symmetric quiver Q, its motivic generating series AQ(x, q) is defined by
the formula

AQ(x, q) =
∑

d∈ZQ0
≥0

(−q
1
2 )−χ(d,d)xd∏

i∈Q0
(q−1)di

∈ RQ,

where (q)n = (1 − q) · . . . · (1 − qn). This generating series is the Poincaré series of
the multigraded vector space

HQ =
⊕

d

H
∗+χ(d,d)
Gd

(Rd(Q),Q),

where the individual graded pieces are spaces of multisymmetric polynomials:

H∗
Gd

(Rd(Q),Q) = H∗
Gd

(pt) ∼= Λd;

if we denote by Σk the group of permutations of {1, . . . , k}, we have

Λd = Q[zi,r : i ∈ Q0, 1 ≤ r ≤ di]Σd , where Σd =
∏

i∈Q0

Σdi .

At this point, we have an important remark to make. In this paper, we rely in
a meaningful way on results of [4], where a different convention for the motivic
generating series is used, namely

P Q(x, q) =
∑

d∈ZQ0
≥0

(−q)
∑

(a : i→j)∈Q1
didj

xd∏
i∈Q0

(q2)di

∈ RQ.
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§2.3. Quadratic algebras associated to symmetric quivers

In [1], to each symmetric quiver Q, a (super)commutative associative algebra AQ

was associated. It has generators ei,k with i ∈ Q0, k ≥ 0; we set deg(ei,k) =
(αi, −2k − mi,i) ∈ L ×Z, so that the vector space spanned by the generators is an
object of C. To express its relations, we shall use the formal generating series

ei(z) =
∑
k≥0

ei,kzk.

The first group of relations is obtained by extracting individual coefficients of

ei(z)ej(w) − (−1)mi,imj,j ej(w)ei(z) = 0;

these relations simply mean that the algebra AQ is indeed supercommutative. The
second group of relations states that

ei(z)dp

dzp
ej(z) = 0 for all i, j and all 0 ≤ p < mi,j .

It is easy to show that this group of relations is equivalent to a larger system of
relations

dp

dzp
ei(z)dq

dzq
ej(z) = 0 for all i, j and for 0 ≤ p + q < mi,j .

Let us now recall, following [1, Prop. 3.4], a convenient way to interpret the
graded dual space A∨

Q of the algebra AQ. Suppose that ξ ∈ A∨
Q,d. Let us consider

formal variables zi,r, i ∈ Q0, 1 ≤ r ≤ di, of homological degree 2, and for each such
variable, we form the corresponding series ei(zi,r). Note that under our conventions
each term ei,kzk

i,r is of homological degree −mi,i, so the expression∏
i∈Q0

ei(zi,1) . . . ei(zi,di
)

is of homological degree −m · d := −
∑

i∈Q0
mi,idi, and thus the evaluation

fξ = ξ

( ∏
i∈Q0

ei(zi,1) . . . ei(zi,di)
)

is a map of graded vector spaces from A∨
Q,d to the degree shifted polynomial ring

Q[zi,r : i ∈ Q0, 1 ≤ r ≤ di][−m · d].
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In fact, it is possible to prove that the image of that space is precisely all multi-
symmetric polynomials divisible by

Fd :=
∏

i∈Q0

∏
1≤r<r′≤di

(zi,r − zi,r′)mi,i

∏
i,i′∈Q0,i̸=i′

1≤r≤di,
1≤r′≤di′

(zi,r − zi′,r′)mi,i′ .

We call FdΛd[−m · d] the functional realization of the graded dual space A∨
Q.

This realization implies the following result, connecting these algebras to motivic
generating series.

Proposition 2.1 ([1, Cor. 3.5, Prop. 3.6]). In the ring Q(q 1
2 )[[xi : i ∈ Q0]], we

have

AQ(q− 1
2 x, q) = P (AQ, x, q) =

∑
d∈ZQ0

≥0

(−q
1
2 )d·d−χ(d,d)∏
i∈Q0

(q)di

xd.

Since

∑
d∈ZQ0

≥0

(−q
1
2 )d·d−χ(d,d)∏
i∈Q0

(q)di

xd =
∑

d∈ZQ0
≥0

(−q
1
2 )

∑
(a : i→j)∈Q1

didj
xd∏

i∈Q0
(q)di

,

we obtain the following useful corollary explaining that Poincaré series of our alge-
bras essentially match the convention for motivic generating series of [4] mentioned
above.

Corollary 2.2. We have P (AQ, x, q) = P Q(x, q
1
2 ).

§2.4. Koszul algebras

We refer the reader to the monograph [16] for detailed discussion of Koszul duality
for associative algebras. For our purposes, the following viewpoint will be sufficient.
Let A be a (super)commutative associative algebra which we shall assume to have
a weight grading, and, moreover, to be generated by elements of weight grading
one. One can construct a multiplicative free resolution of this algebra (a differential
graded algebra whose homology is isomorphic to A) by applying the construction
of “killing cycles” of Tate [10, 19] and adjoining, in order, generators of homo-
logical degree one whose differentials are equal to relations of A, then generators
of homological degree two whose differentials are equal to basis elements of the
module of 1-cycles, etc. It is common to refer to homological degree in this context
as syzygy degree (see, e.g., [14]), which is particularly useful in a context like ours
where elements of the original algebra have their own internal homological degree
that we would not want to mix with the degree of newly added generators.
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If one performs the Tate construction in the most “economic” way, it produces
the minimal model of the algebra A, and our algebra is said to be Koszul if the
differential is quadratic, that is, sends every generator into a linear combination of
products of pairs of generators. (This implies, inductively, that homological degree
of each generator of the thus obtained model is one less than the weight grading
of that generator, leading to an equivalent definition of a Koszul algebra [16].)

In [1], it was proved that the Euler characteristics of the multigraded com-
ponents of the minimal model of the algebra AQ for every symmetric quiver Q

satisfy some relations that would have been satisfied if that algebra were Koszul
(one says that AQ is “numerically Koszul”). Moreover, it was established in the
same paper that the algebra AQ is Koszul if each connected component of Q is
either the doubling of the A2 quiver, or is very “regular” in the following sense:
there exists a positive integer N such that for all vertices i ̸= j of that compo-
nent, we have mij = N , and for each vertex i of that component we have either
mii = N or mii = N + 1. It was conjectured that the algebra AQ is Koszul for
every symmetric quiver Q; in this paper, we prove that conjecture.

§3. Linking and filtrations

§3.1. Linking

Let us recall the linking procedure for symmetric quivers introduced in [4]. Suppose
that Q is a symmetric quiver and a ̸= b are two elements of Q0. We define the linked
quiver Qlinked as the quiver with the incidence matrix M linked =(mlinked

i,j )i,j∈Q0⊔{⋄},
the symmetric matrix with

mlinked
i,j =



mi,j + 1, {i, j} = {a, b},

mi,a + mi,b, i ∈ Q0, j = ⋄,

mj,a + mj,b, i = ⋄, j ∈ Q0,

ma,a + mb,b + 2ma,b, i = j = ⋄,

mi,j , for all other i, j ∈ Q0.

This construction also agrees with motivic generating series in a very trans-
parent way.

Theorem 3.1 ([4, Sec. 4.5]). We have the following equality of generating series:

P Q(x, q) = P Qlinked
(x, q)|x⋄=xaxb

.
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§3.2. The filtration theorem

We shall now explain an algebraic construction that categorifies linking to a certain
extent. Let a ̸= b ∈ Q0 be the vertices used in the linking procedure above. We
shall consider the formal generating series

e⋄(z) = ea(z)dma,b

dzma,b
eb(z)

and use it to introduce a filtration F• on the algebra AQ by putting all generators
ei,k and all coefficients e⋄,k of e⋄(z) in the first filtration component F1AQ, and
defining the component FpAQ as the vector space spanned by products of at
most p factors from F1AQ. This is an exhaustive increasing filtration of AQ which
is clearly compatible with the product: Fp1AQFp2AQ ⊂ Fp1+p2AQ. Thus, the
associated graded object

grF AQ =
⊕
p≥0

FpAQ/Fp−1AQ

has a well-defined algebra structure equipped with the extra weight grading arising
from the filtration, and that algebra is generated by (the cosets of) the original
generators ei,k and all elements e⋄,k, which all have the new weight grading equal
to one.

Proposition 3.2. The following relations are satisfied in grF AQ:

ei(z)dp

dzp
ej(z) = 0



for i = a, j = b, and 0 ≤ p < ma,b + 1,

for i ∈ Q0, j = ⋄, and 0 ≤ p < mi,a + mi,b,

for i = ⋄, j ∈ Q0, and 0 ≤ p < mj,a + mj,b,

for i = j = ⋄ and 0 ≤ p < ma,a + mb,b + 2ma,b,

for all other i, j ∈ Q0 and 0 ≤ p < mi,j .

Proof. The first group of relations is satisfied since we defined

e⋄(z) = ea(z)dma,b

dzma,b
eb(z),

thus the coefficients of the series ea(z) dma,b

dzma,b eb(z) (elements of F2AQ), being equal
to e⋄,k, vanish in the quotient F2AQ/F1AQ.

All the remaining relations already hold on the nose in AQ, which one can
easily see for each of them using the functional realization of the graded dual space.
As an example, let us prove that the relations

e⋄(z)dp

dzp
e⋄(z) = 0, 0 ≤ p < ma,a + mb,b + 2ma,b
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are satisfied. In algebra AQ, let us consider the subspace spanned by the coefficients
of the formal power series

ea(z1)ea(z2)eb(w1)eb(w2).

In order to show that e⋄(z) dp

dzp e⋄(z) vanishes for some p, we should show that all
linear functions from the graded dual vector space vanish on that element.

We know that the functional realization assigns to a linear function ξ the
element

ξ(ea(z1)ea(z2)eb(w1)eb(w2)) = ±ξ(ea(z1)eb(w1)ea(z2)eb(w2)),

so evaluating ξ on e⋄(z) dp

dzp e⋄(z) amounts, up to a sign, to first computing( dma,b

dw
ma,b

1

dma,b

dw
ma,b

2
ξ(ea(z1)ea(z2)eb(w1)eb(w2))

)
w1=z1,w2=z2

,

and then examining the order of vanishing of that element for z1 = z2. Since we
know that the functional realization of the corresponding component of the graded
dual vector (for the degree 2αa + 2αb) consists of multisymmetric polynomials
divisible by

(z1 − z2)ma,a(w1 − w2)mb,b(z1 − w1)ma,b(z1 − w2)ma,b(z2 − w1)ma,b(z2 − w2)ma,b ,

applying dma,b

dw
ma,b
1

dma,b

dw
ma,b
2

and setting w1 = z1, w2 = z2 may give a nonzero result
only if we apply all the derivatives to the product (z1 −w1)ma,b(z2 −w2)ma,b . Then
this product disappears, and after setting w1 = z1, w2 = z2 we obtain a factor
(z1 − z2)ma,a+mb,b+2ma,b , as desired.

Since the algebra grAQ is generated by (the cosets of) the original generators
ei,k and all elements e⋄,k, the result we just proved implies that there is a surjective
algebra morphism

πlinked : AQlinked ↠ grAQ.

We are now ready to state and prove the main result of this section.

Theorem 3.3. The algebra morphism πlinked gives an isomorphism

AQlinked ∼= grAQ.

Proof. Let us note that since we defined

e⋄(z) = ea(z)dma,b

dzma,b
eb(z),

in the algebra AQ we have

deg(e⋄,k) = (αa + αb, −2(k + ma,b) − ma,a − mb,b) = (αa + αb, −2k − mlinked
⋄,⋄ ).
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Thus, if we want the algebra morphism πlinked to respect the gradings, we cannot
use the full Llinked-degree on the algebra AQlinked but rather reduce it to L-degree,
postulating that the L-degree of the components of e⋄(z) is αa + αb. On the level
of the Poincaré series, this amounts to the substitution x⋄ = xaxb.

Let us now remark that according to Theorem 3.1 and Corollary 2.2, we have

P (AQ, x, q) = P Q(x, q
1
2 ) = P Qlinked

(x, q
1
2 )|x⋄=xaxb

= P (AQlinked , x, q)|x⋄=xaxb
,

implying that we have the equality of dimensions of all respective L × Z-graded
components of the algebras AQlinked and AQ. For each value of L ×Z-grading, the
map πlinked is thus a surjective map of finite-dimensional vector spaces of the same
dimension, which therefore has to be an isomorphism.

§4. Unlinking and partial resolutions

§4.1. Unlinking

Let us recall the unlinking procedure for symmetric quivers introduced in [4].
Suppose that Q is a symmetric quiver and a ̸= b are two elements of Q0 such that
ma,b > 0. We define the unlinked quiver Qunlinked as the quiver with the incidence
matrix Munlinked = (munlinked

i,j )i,j∈Q0⊔{⋆}, the symmetric matrix with

munlinked
i,j =



mi,j − 1, {i, j} = {a, b},

ma,a + ma,b − 1, {i, j} = {a, ⋆},

mb,b + ma,b − 1, {i, j} = {b, ⋆},

mi,a + mi,b, i ∈ Q0 \ {a, b}, j = ⋆,

mj,a + mj,b, i = ⋆, j ∈ Q0 \ {a, b},

ma,a + mb,b + 2ma,b − 1, i = j = ⋆,

mi,j , for all other i, j ∈ Q0.

The importance of this construction is explained by the following result.

Theorem 4.1 ([4, Sec. 4.2]). We have the following equality of motivic generating
series:

P Q(x, q) = P Qunlinked
(x, q)|x⋆=q−1xaxb

.

This theorem is a very important hint on how to categorify the unlinking
procedure: the substitution of q−1xaxb suggests that coefficients of e⋆(z) should
perhaps be viewed as elements of higher homological degree, and that one has to
introduce a differential that will map these elements to some quadratic expressions
in ea(z) and eb(z). This is precisely what will be done below.
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§4.2. The partial resolution theorem

We shall now explain an algebraic construction that categorifies unlinking to a
certain extent. Let a ̸= b ∈ Q0 be the vertices used in the unlinking procedure
above, where we assume ma,b > 0. This means that one of the relations of the
algebra AQ is

ea(z)dma,b−1

dzma,b−1 eb(z) = 0.

Let us use the quiver Qunlinked to construct the algebra AQunlinked according to our
general recipe. In that algebra, the formal series

ea(z)dma,b−1

dzma,b−1 eb(z)

does not vanish, and its coefficient of zk has the multidegree

(αa + αb, −2(k + ma,b − 1) − ma,a − mb,b) = (αa + αb, −2k − (m⋆,⋆ − 1)).

Proposition 4.2. There is a unique odd derivation ∂ : AQunlinked → AQunlinked for
which

∂(e⋆(z)) = ea(z)dma,b−1

dzma,b−1 eb(z), ∂(ei(z)) = 0, i ∈ Q0

componentwise. Moreover, we have ∂2 = 0.

Proof. Since we defined ∂ on all generators, the derivation property immediately
implies that there is at most one way to extend it to derivation. To show that it
extends to a well-defined derivation, we need to check that it preserves the vector
space spanned by quadratic relations. The relations of the algebra AQunlinked that
do not involve e⋆(z) do not pose a problem, since ∂ vanishes on the corresponding
generators. All relations of the first kind (supercommutativity relations) do not
pose a problem either, since derivations are compatible with (super)commutators.
Compatibility with all the remaining relations is checked by a simple direct cal-
culation. As an example, for i ̸= {a, b}, the conditions stating that the element
e⋆(z)ei(w) vanishes at z = w to order mi,⋆ = mi,a + mi,b are sent by ∂ to the
conditions stating that

ea(z)dma,b−1

dzma,b−1 (eb(z))ei(w)
vanishes at z = w to order mi,⋆ = mi,a + mi,b, which is true since the latter is the
first nonzero coefficient of the expansion of

ea(z)eb(z′)ei(w)

around z′ = z, and this latter expression vanishes to order mi,a at w = z and to
order mi,b at w = z′. Similar arguments apply to all other relations of the second
type.
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To prove the second assertion, we remark that since the derivation ∂ is odd,
we have that ∂2 = 1

2 [∂, ∂] is a derivation, so the fact that ∂2 clearly vanishes on
all generators implies that ∂2 = 0.

Since ∂2 = 0, and ∂ is a derivation, the cohomology

H•(AQunlinked , ∂)

has an induced algebra structure. We are now ready to state and prove the main
result of this section.

Theorem 4.3. We have an algebra isomorphism

H•(AQunlinked , ∂) ∼= AQ.

Proof. Let us consider the linking procedure of the vertices a and b of the quiver
Qunlinked. As we established in Theorem 3.3, the associated graded of the algebra
AQunlinked with respect to the filtration defined in Section 3.2 is precisely the algebra
A(Qunlinked)linked . The incidence matrix of the quiver (Qunlinked)linked is given by

(munlinked)linked
i,j =



mi,j , for all i, j ∈ Q0,

mi,a + mi,b − 1, i ∈ {a, b}, j ∈ {⋆, ⋄},

mj,a + mj,b − 1, i ∈ {⋆, ⋄}, j ∈ {a, b},

mi,a + mi,b, i ∈ Q0 \ {a, b}, j ∈ {⋆, ⋄},

mj,a + mj,b, i ∈ {⋆, ⋄}, j ∈ Q0 \ {a, b},

ma,a + mb,b + 2ma,b − 1, i = j = ⋆,

ma,a + mb,b + 2ma,b − 2, {i, j} = {⋆, ⋄},

ma,a + mb,b + 2ma,b − 2, i = j = ⋄.

Moreover, the map ∂ induces an odd derivation grF ∂ of the algebra A(Qunlinked)linked

which is of a particularly simple form: we have

grF ∂(e⋆(z)) = e⋄(z),

and all other generators are annihilated by grF ∂. Let us show that

H•(A(Qunlinked)linked , grF ∂) ∼= AQ.

To that end, we shall now define a contracting homotopy for grF ∂. That is done
using the following lemma.

Lemma 4.4. There is a unique odd derivation

h : A(Qunlinked)linked → A(Qunlinked)linked
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which satisfies
h(e⋄(z)) = e⋆(z)

componentwise, and annihilates all other generators.

Proof. As in Proposition 4.2, we need to show that this derivation is compatible
with relations. A relation that does not involve e⋄(z) is annihilated by h. All
relations of the first kind (supercommutativity relations) do not pose a problem
either, since derivations are compatible with (super)commutators. Let us consider
the remaining cases. Since for i ∈ Q0 we have (munlinked)linked

i,⋆ = (munlinked)linked
i,⋄ ,

the corresponding relations are preserved. The relation stating that e⋄(z)e⋆(w)
vanishes at z = w to order m⋄,⋆ = ma,a + mb,b + 2ma,b − 2 is sent to the relation
stating that e⋆(z)e⋆(w) vanishes at z = w to the same order, and that is true
even to order one higher. Finally, the relation stating that e⋄(z)e⋄(w) vanishes at
z = w to order m⋄,⋄ = ma,a + mb,b + 2ma,b − 2 is sent to the relation stating that
e⋄(z)e⋆(w) ± e⋆(z)e⋄(w) vanishes at z = w to the same order, and that is true for
each of the two terms individually.

We now remark that the commutator [grF ∂, h] is a derivation which satisfies

[grF ∂, h](e⋆(z)) = e⋆(z), [grF ∂, h](e⋄(z)) = e⋄(z),

and annihilates all other generators. Thus, on each homogeneous component

(A(Qunlinked)linked)d

this derivation is the multiplication by d⋆ + d⋄. Note that the cochain complex
(A(Qunlinked)linked , grF ∂) decomposes into a direct sum of subcomplexes consisting
of all L-homogeneous components with the given fixed value of d⋆ + d⋄. As we
just established, each such complex is contractible unless d⋆ + d⋄ = 0. The latter
complex is clearly just AQ with zero differential.

We therefore established that the homology of the associated graded object
is AQ. Let us explain that this implies the assertion of the theorem. Indeed, the
homology of the chain complex (AQunlinked , ∂) in the syzygy degree zero is clearly
isomorphic to AQ as an algebra, since the differential ∂ is designed specifically for
that. On the other hand, we have just shown that

H•(A(Qunlinked)linked , grF ∂) ∼= AQ,

and normally one has a spectral sequence with the first page

H•(A(Qunlinked)linked , grF ∂)



Categorification of Quiver Diagonalization and Koszul Algebras 393

that converges to H•(AQunlinked , ∂), but since in our case the first page is concen-
trated in single syzygy degree, there is no room for higher differentials.

Let us note that, unlike the argument of Theorem 3.3, we did not need the
result of Theorem 4.1 in the proof. Let us show that our result furnishes a new
proof of that theorem.

Corollary 4.5. We have the following equality of motivic generating series:

P Q(x, q) = P Qunlinked
(x, q)|x⋆=q−1xaxb

.

Proof. Since we defined

∂(e⋆(z)) = ea(z)dma,b−1

dzma,b−1 eb(z),

and the coefficient of zk on the left-hand side has the multidegree

(αa + αb, −2(k + ma,b − 1) − ma,a − mb,b) = (αa + αb, −2k − (m⋆,⋆ − 1)),

if we want the map ∂ to respect the first component of the multidegree, we cannot
use the full Lunlinked-degree on the algebra AQlinked but rather reduce it to L-degree,
postulating that the L-degree of the components of e⋆(z) is αa + αb. Moreover,
since we think of our generating series as generating series of Euler characteristics,
we would like them to not change when passing to the homology of ∂. The right
way to accomplish it is to count every occurrence of e⋆ with extra q− 1

2 , so that the
contributions of a homogeneous element and its image under ∂ occur with opposite
signs at the same power of q and therefore cancel. On the level of the Poincaré
series, we conclude that the substitution x⋆ = q− 1

2 xaxb identifies the two series:

P (AQ, x, q) = P (AQunlinked , x, q)|
x⋆=q− 1

2 xaxb
.

It remains to notice that according to Corollary 2.2, we have

P Q(x, q
1
2 ) = P (AQ, x, q)

= P (AQunlinked , x, q)|
x⋆=q− 1

2 xaxb
= P Qunlinked

(x, q
1
2 )|

x⋆=q− 1
2 xaxb

,

and it remains to replace q by q2.

§5. The Koszulness conjecture

We are now ready to prove the Koszulness conjecture of [1].

Theorem 5.1. For each symmetric quiver Q, the algebra AQ is Koszul.
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Proof. To begin, we briefly recall the quiver diagonalization procedure of [9]. That
procedure constructs, for a symmetric quiver Q (with the vertex set Q0) and for
each n ≥ 1,

• a finite set V (n) and a symmetric quiver Q(n) with the set of vertices

Q
(n)
0 = Q0 ⊔

⊔
1≤k≤n

V (k),

• monomials m
(n)
i in variables xj , j ∈ Q0, and q±1, which are indexed by i ∈ V (n),

such that

• each quiver Q(n) is diagonal, that is, it only has loops among its arrows,
• we have

AQ({xi}i∈Q0 , q) − AQ(n)({x̃i}i∈Q
(n)
0

, q)|
x̃j :=m

(k)
j

,j∈V (k),1≤k≤n
= O(xn+1).

Essentially, one first constructs the sequence of quivers Q(n) by putting Q(0) := Q,
and stating that for each k ≥ 1, the quiver Q(k) is obtained from Q(k−1) by
applying unlinking to remove all the edges between different vertices of Q

(k−1)
0 ; by

definition, we denote by V (k) := Q
(k)
0 \ Q

(k−1)
0 the set of newly obtained vertices.

The quiver Q(n) is obtained from Q(n) by forgetting all edges that are not loops.
The novel idea of [9] was to consider the limiting quiver Q(∞) = limn→∞ Q(n),
whose motivic generating series is on the one hand equal to the motivic generating
series of Q, and on the other hand factorizes as the product of series obtained
from the motivic generating series of one-vertex quivers by substitutions of various
monomials instead of the variable x, thus expressing motivic DT invariants of Q

via motivic DT invariants of one-vertex quivers. We shall now explain how this
can be categorified into a proof of Koszulness of the algebra AQ.

Let us consider the quiver Q(n) for some n. It follows from the results of
Section 4.2 that the algebra AQ(n) can be equipped with a differential ∂(n) such
that

H•(AQ(n) , ∂(n)) ∼= AQ.

Indeed, it is enough to put ∂(n) to be the sum of all the differentials corresponding
to simple unlinkings that we constructed in Proposition 4.2. It is clear that such
differentials corresponding to unlinking of two different pairs of vertices of Q

(k−1)
0

pairwise anticommute, so their sum is a differential. One may compute homology
of that differential inductively by iterating the spectral sequence of a bicomplex;
at each step the result of Theorem 4.3 ensures that the homology is isomorphic
to AQ.
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Considering the limit for n → ∞, we obtain a differential ∂(∞) on the algebra
AQ(∞) such that

H•(AQ(∞) , ∂(∞)) ∼= AQ.

Moreover, this differential is quadratic. Since the quiver Q(∞) is diagonal, we have
an isomorphism of algebras

AQ(∞) ∼=
⊗

i∈Q
(∞)
0

Ai,

where each algebra Ai corresponds to a certain one-vertex quiver. It is established
in [1] that such algebras are Koszul, so they admit free commutative algebra res-
olutions (Bi, ∂i) with quadratic differentials ∂i. Let us equip the algebra

B :=
⊗

i∈Q
(∞)
0

Bi

with the differential given by ∂ := ∂(∞) +
∑

i∈Q
(∞)
0

∂i. We claim that H•(B, ∂) ∼=
AQ. To establish this result, we note that if we first compute the homology of the
differential

∑
i∈Q

(∞)
0

∂i, the Künneth formula implies that the result is precisely
AQ(∞) , and then the second page of the spectral sequence of a bicomplex computes
the homology of ∂(∞), proving the required statement. It remains to notice that
the differential ∂ is quadratic, which immediately implies that the algebra AQ is
Koszul.
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