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Spectral Flow, Twisted Modules, and MLDE
of Quasi-Lisse Vertex Algebras
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Abstract

We calculate the dimensions of intertwining operators among highest weight modules and
their contragredient modules of Ly (sl2) at the admissible level. We derive a series of T'?(2)-
MLDESs satisfied by normalized characters of some ordinary twisted modules of some
quasi-lisse vertex algebras. Examples include simple affine vertex algebras L_s 5/, (sl2)
(v = 3,5,7), L_1/2(sl2), L_3/2(sl3), L_2(s0s), and the Bershadsky-Polyakov algebra
BP~%* We also derive the full characters of some nonvacuum modules of L_»(sos)
using the spectral flow automorphism and SCFT/VOA correspondence.

Mathematics Subject Classification 2020: 17B67 (primary); 17B69 (secondary).
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§1. Introduction

Four-dimensional N' = 2 superconformal field theories (SCFTS) in physics have
rich mathematical structures. In [BLL T 15], the authors propose a correspondence
between the Schur sectors of 4d N = 2 SCFTs and 2d vertex operator alge-
bras (VOAs). This correspondence has fueled a lot of work in the past years,
including some conjectures about the chiral algebra in the context of theories
of class § [Gail2, GMN13, BPRvR15, LP15]. For the genus zero case, the con-
jecture has been proved in terms of a functorial construction [Aral9]. Class S
theories have the Coulomb branch operators with integral scaling dimension, yet
there is another class of N' = 2 SCFTs called Argyres—Douglas (AD) theories
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[AD95, Xiel3] which usually have fractional scaling dimensions for the Coulomb
branch operators. These AD theories can be constructed by compactifying 6d (2, 0)
theory on a Riemann surface with irregular singularities. The corresponding VOAs
of a class of AD theories are identified with certain affine vertex algebras Lg(g)
at admissible level &, or affine Wg(g, f)-algebras [CS16, BN16b, BN16a, SXY17,
XYY21, XY21c]. Dualities of 4d theories imply nontrivial isomorphism and collaps-
ing levels of VOAs [XY21c, XY21a, LXY23], some of which were proved rigorously
[AVEM24, AMP21].

One consequence of this SCFT/VOA correspondence is that the Schur index
of the 4d SCFT is equal to the normalized vacuum character of the correspond-
ing VOA. Hence, the character formula provides a valuable tool to study the
spectrum of 4d SCFTs. The character here means that the trace chy(r,z) =
trr(n e2mi(r(Lo—c(k)/20)+37h) over an irreducible Ly (g)-module L(\). In [KW8S],
the authors derived character formulas for the irreducible representations of an
affine Kac-Moody Lie algebra g at a rational level k, and also investigated the
modular property of these characters. In particular, the transformed character
chy(—2,2) can be written as a linear combination of characters of admissible
representations with a shifted conformal vector, while chA(—%, z) is a linear com-
bination of the characters of some Zs-twisted modules. The character formulas
were used to derive the Schur index of a large class of AD theory [XY21b], while
the modular properties also have applications in physics [Raz12].

Another conjecture of the SCFT/VOA correspondence is the identification
between the Higgs branch of vacua of an A/ = 2 SCFT and the associated variety
of the corresponding VOA [BR18, SXY17], which were also used to propose lisse
VOAs from 4d SCFTs [XY21a]. The VOA corresponding to a 4d SCFT is often of
the quasi-lisse type whose associated variety has finitely many symplectic leaves.
The normalized character of an ordinary representation of a quasi-lisse VOA was
shown to satisfy a modular linear differential equation (MLDE), and solving the
MLDE gives the explicit expression for the character of the affine Lie algebra
associated with the Deligne-Cvitanovic (DC) series [AK18]. The MLDE for VOAs
corresponding to several families of AD theories and N = 4 super Yang—Mills with
su(n) gauge group were also discussed in [BR18]. Recently in [ZPW22] the authors
constructed flavored MLDEs for the Schur index of a; class S theories based on
a compact formula for the index they found earlier [PP22]. Both works used the
Higgs branch structure to probe the singular vector of the corresponding VOA and
then derived the MLDE.

The SCFT/VOA correspondence also goes beyond the Schur index and the
vacuum module. One generalization is to consider the lens space index [RY13]
instead of the normal index. In [FS18], the lens space index was identified with
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the characters of the twisted modules. Given an automorphism g of a VOA V
of finite order, the basic properties of g-twisted modules for V' are systematically
studied by Li [Li96] using twisted local systems. In particular, he showed that
Zo-twisted modules of the affine VOA mentioned above can be obtained from its
untwisted modules via Li’s A-operators. Later on, in the important work [DLMO0],
the authors showed that the trace functions of the g-twisted modules for the Cs-
cofinite rational VOA satisfy certain twisted modular linear differential equations
(MLDE) and possess some modular invariance properties. Li [Li23] generalized
some of the results obtained by Dong, Li, and Mason to the quasi-lisse vertex
operator (super)algebra case, as well as proved that characters of twisted modules
of quasi-lisse vertex algebras satisfy certain twisted MLDEs. Another generaliza-
tion is to consider the index in the presence of defects, which were identified with
the twisted modules using spectral flow [CS16, CGS16, CGS17]. The spectral flow
used in these works has a long history in the conformal field theory (see, e.g.,
[SS87, LMRS02, Rid09, Rid10, CR12, CR13, KRW22]).

As reviewed above, there is an increasing interest in understanding twisted
modules and spectral flowed modules of VOAs from the perspective of SCFT/VOA
correspondence, as it provides knowledge of lens space indices and defects of the
corresponding SCFTs. Especially if one can show that characters of these modules
are solutions of certain MLDEs, closed-form expression might also be within grasp
as in the ordinary module case. Since conventional methods in physics usually
give only power series, such closed-form expressions are valuable and may review
more interesting properties. Mathematically, people introduce the twisted modules
of V to study the module category of G invariants V¢, where G is the finite
automorphism group of V.

We start with simple affine vertex algebras Li(slz) at admissible level. It
is easy to see that the Dynkin labels (eigenvalues of h( on the highest weight
vector) of all Zs-twisted modules of Ly (sl) at admissible level in category O are
{r — st — %k |0 <r <p-2 0<s < q-—1}. And all irreducible highest
weight Zo-twisted modules of Lg(sly) at admissible level in category O can be
obtained by using o~2 spectral flow on the untwisted modules in category O.
In particular, all of those irreducible twisted modules are ordinary modules at
boundary admissible levels. The category of ordinary Zo-twisted modules of L (sl2)
at admissible level is semisimple, following from the property of Li’s delta operator
[Li97], and [AM95, GK11, Aral6].

Following the idea in [DLM97] we compute the dimension of intertwining
operators among modules of L (sly) at admissible level and their contragredient
modules.
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Theorem 1.1. For admissible weights j; = n; — 1 — (I — 1)t (i = 1,2) of the
vertez affine algebra Ly(sla), when ng —ny > 0, the dimension of the intertwining
operators of type ((L(Lk(fl;)llzﬁ)h)) or of type (L(lf;f)f(%(?;l)))*) is 1. The dimension
of the intertwining operators of type ((L(k’jl)?f L(k’h)) or of type (L(k’jz) ](Vi(k,jl))*)
for any other irreducible highest weight modules or their contragredient modules
is 0. For brevity, we write this as

(L(kv.h))* X L(k7]2) = L(k7]2) X (L(km?l))*

{L(/ﬁ —j1+J2)  ifna—mny >0,
(L(k,j1 —j2))*  if ng —n1 <O0.

We also show that

min{n; —1,no—1}

(LK, j1))" > (L(k, j2))" = > (L(k, j1 + j2 — 21))".

i=max{0,n1+n2—p}

Then, combining results in [DLM97] and [Li97, Theorem 2.15] (see also [AP19,
Proposition 3.1]), we read off the dimension of intertwining operators between
highest weight modules of Li(sly) (or its contragredient dual) and Z,-twisted
modules (see Section 3.5).

We derive specific twisted MLDEs satisfied by the normalized characters of
certain ordinary twisted modules over some quasi-lisse VOAs. For L_5/,(sl2)
(u = 3,5,7), if we only consider g-series, the normalized characters of their ordinary
Zo-twisted modules form a complete solutions of a (u+1)/2-order I'?(2)-MLDE (see
Section 4 for a definition). We also construct two ordinary Zs-twisted modules for
L_1/5(sl2), and show that the characters of these twisted modules form complete
solutions of a second-order I'?(2)-MLDE. For L_j5(sl3), we construct an ordinary
Zo-twisted module by the spectral flow on the vacuum module along %/_\\{ in the
weight lattice, whose normalized character satisfies a second-order I'°(2)-MLDE.
For the BPk—algebra with & = —9/4, we show that the character of one of its
Zo-twisted modules is a solution of a third-order MLDE in the full SL(2, Z) group.
Finally, we study the characters of the spectral flowed modules of the affine vertex
algebra L_s(sog). Since it is nonadmissible, one cannot use the Kac—Wakimoto
formula to write down the characters of simple modules directly. Fortunately, we
can get all simple modules of L_s(s0g) except for L(—A3) from the spectral flow
along certain directions on the vacuum module L(—2A¢). In [Aral9] it was proved
that the VOA corresponding to genus zero a; class S theory is L_o(s0g). By [PP22,
formula (4.45)], one can compute the full character of L(—2Ag) (the Schur index
of the genus one a; class S theory) rigorously. Then we obtain the full characters
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of all irreducible modules of L_s(s0s) except for L(—As) by using spectral flow
twist. We also get one ordinary Zs-twisted module, whose character satisfies a
second-order I'°(2)-MLDE. In general, for the simple affine vertex algebra Ly(g)
with g being a Lie algebra of DC series and k = —h" /6 — 1, we make the following
conjecture on the I'Y(2)-MLDEs of characters of its Zo-twisted modules.

Conjecture 1.2. Let V be a simple affine vertex algebras associated with the DC
series,

AiCcAy,cGyCc Dy, CFyCEgC E; C Eg

at level —hV /6 — 1. For each V, there exists an irreducible ordinary Zs-twisted
module M such that the normalized character chy[M](q) satisfies a second-order
I°(2)-MLDE

(D((IQ) +a100,2 + a201,1) ch[M](q) = 0,

where ay,as € Q.

Remark 1.3. The above conjecture is proved when g is a classical Lie algebra
in the DC series. The specific form of I'°(2)-MLDEs can be found in Sections 4
and 5.

Remark 1.4. For simple affine VOAs, L_,/3(sl2) and L_3/5(sl3), one has a distin-
guished ordinary Zs-twisted module 0_%A(Mvac), where M, is a vacuum module
and A is a specific weight. We believe that this should be true for all affine VOAs
L (g) at admissible level k. However, for general V', we do not have a systematic
approach to get the ordinary Zs-twisted modules from irreducible weak V-modules
in the category O.

In this work, the usage of the spectral flow is crucial, as we use it to obtain
twisted modules and new modules. In particular, we hope to prove Conjecture 1.2
and address some of the questions raised in the above Remark 1.3 in future work.

We summarize the main contents in this note. In Section 2 we recall some basic
notions of affine vertex algebras at the admissible level, their (twisted) characters,
and the modularity of their characters under the transformations 7 — —%. In
Section 3, we further calculate the dimensions of intertwining operators between
the highest weight modules and their contragredient modules for Ly(sly) at the
admissible level. In Section 4 we study the Zo-twisted modules of some affine VOAs
at the admissible level, then derive I'°(2)-MLDEs that their characters satisfy. In
Section 5 we discuss the generalization of the result in the previous section to
L_»(so03).
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§2. Character formulas at admissible level and their modularity

Let g be a finite-dimensional complex simple Lie algebra of rank r with the stan-
dard bilinear form (-, -) normalized by (f,6) = 2, where 6 is the highest root. Let
A, A, and II be roots, positive roots, and simple roots of g. Let {Al, .. .,AT}
be the fundamental weights for g. Let A" and p be the dual Coxeter number and
Weyl vector of g, respectively. Fix a triangular decomposition g = n_ ® h d ny
with a Cartan subalgebra b of g. Let § = g ®c C[t,t71] ® CK @ CD be the affine
Kac-Moody algebra associated with g. Let § = i_ ® b @ iy be the triangular
decomposition of g. Let 3, 3+, Ef be roots, positive roots, positive real roots
of g. Let the {Ay, ..., A} be the fundamental weights of g. Let p be the affine Weyl
vector. Given A € b*, the set of A-integral roots is A* i= {a € A™ | MaV) € Z}.
We define A to be an admissible weight if the following two properties hold:

e (A +p)(@Y) ¢ Zep for all a € ATE,
. QA* =QA.
If there exists a further isometry ¢ of h* such that (;5(3)‘) = ﬁ, A is called a

principal admissible weight.

Theorem 2.1 ([KW8S8]). Let § be a Kac—Moody Lie algebra with a symmetrizable
generalized Cartan matrixz, and \ € 6* be an admissible weight. Then the character
of L(\) is given by the following formula:

1 N
chL(\) = i Z E(w)ew()\JrP)’
weWw
where R == e’ [[°2 (1 — ¢")" Hangr(l —eq")(1 — e=®q" 1) is the Kac—Weyl

denominator, and W := {ra |a € ﬁk}

The normalized character of an irreducible highest weight g-module L(\) at
level k evaluated at h = 2mi(—7D + z + tK), is defined as

chy (T? Zy t) = anA trL()\) eh7
A +p)? __dimg

2(k+hY) 24 °
It is known that all admissible weights of Agl) are principal admissible. The

where z € h, 7,t € C, Im7 > 0, ¢ = ™7, my =

level A(K) =k = L of an admissible weight satisfies the following condition:

16—1—2:E with v,u € Z>1, (v,u) =1, v > 2.
U >
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All admissible weights at level k = L are given by [KWS8]

PP ={ M= (k—i+j(k+2)Ao+ (i —j(k+2)A1 | 0<i<v—2,

0<j<u-—1}
= {t_sa (A% = (u—1)(k +2)Ao)},
where A0 = (u(k +2) —2—i)Ao +iAq.
One can write down the normalized character chy, ; [KWS8S]:

Axtp(h)
chy, , (1,2,t) = —~+~
)\A,, ,J( ) Ap(h)
_ (@aJr,b - Ga*,b)(,ra
(1,2 = O_12)(r,

)
z,t)
o (®a+,b _Ga*,b)(’rv%v :

27)
—ie~ 4Tty (7, 2) ’

where theta functions Oy ; are defined in Appendix A and A) is defined as

Ax(h) = Z £(w)Ou(x) ().

weW»
Here,

at =u((i+1) - jk+2)),

a” =u(—(i—1)—j(k+2), b=u*k+2).
The modular S transformation property of ch) is

1 z |Z|2 (k)
B (_F’ L ?) = 2 Uy e, (120,
0<j' <u—1

0<i'<v—2
where

(k)

B 2
i), i, =

G (D)4 (1)) g—imif (b42) 5 i i+ +D)m
u?(k+2)

k+2
§2.1. Twisted modular transformation

Let N = bhr X hr X iR be the Heisenberg group with multiplication
(o, B,u) - (o, B ') = (a+ o/, B+ B u+ o' + 7il(a, ) = (o, B))),

where bgr is the set of all real linear combinations of the root vector h, corre-

sponding to « for all & € A. One defines the action of modular group SLy(Z) and
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Heisenberg group N on the space h* as follows:
ab ar+b  z c|z|?
. » < t) = ( ) ) t— ) )
<cd> (7,2,1) ct+d et +d 2(et 4+ d)

(v, B,u) - h == tgh + 2mia + (u — wi{a, 8))9,

where tg is the translation operator defined as

(8,8)
2

and

ta(h) == h+ <h,6),8—( (h,8) + (h,ﬂ))é.

One can check that the action of Heisenberg group N on h* is a group action, i.e.,

((a,ﬁ,u)(a',ﬁ’,u’)) ~h= (a,ﬁ,u) : ((0/7517ul) : h)'

Lemma 2.2 ([Wak01]). For (o, B,u) € N and h = (1,2,t) = 2wi(—7D+ 2z +tK),
the following holds:

(o, Byu) - (1, 2,t) = (T,Z—FO&—TB,t—l—%— (a,26> +%|6|2— (ﬁ,z>).

Proof. By direct calculation, one has

taho) = Ao+ 8~ 205

ta(d) =0,
tg(z) = z — (z,B)0.
Thus,
tg(h) = tg(f2’/TiA0 + 2miz + 27ri5t)

= —27m'7'(A0 + ‘/g|2 ) +27i(z — (z, B)9) + 2mitd

= —2miloT + 27Ti(z —7B) + 2mid(t — (z,B) + T@)

Furthermore,
(o, Byu) - h = =2mwiAoT + 2mi(z + o — 713)
, u (o f) 18/
+2m§(t+2m_ 5 (z,0)+ T 5 )
We are done. O



QUASI-LISSE VERTEX ALGEBRAS 423

The actions of groups SLy(Z) and N on h* are compatible.

Lemma 2.3. For (o, ,u) € N and h € b* and (24) € SLy(Z), the following
holds:

(ZZ) (o, Byu) - h = (ac + bB,ca+ dB,u) - (ZZ) - h.

The metaplectic group is defined as

Mpy(Z) = {(A,j) | A€ SLy(Z), j is a holomorphic function in 7 € H
such that j(7)* = cr + d}.

Given a holomorphic function F' on Y = H x C x C, one has the right action of
Mpy(Z) and N on F:

1
o

F‘(a7ﬁ7u)(T,Z,t) = F( CV,B7’LL) : (7—7Z7t>)~

Flag(m2,t) = ——= - F(A- (1,2,t)),

<

Then one defines very important functions for «, 8 € h*:
(2.1) FOP(r,2,t) = F((a, 8,0) - (7, 2,1)),

namely

Fa7ﬁ(7az7t) = F(T,Z—FOL—Tﬂ,t— <a72/6> - </87Z> =+ %|B|2)

Modular transformation of these functions are given as follows.

Lemma 2.4 ([Wak01]). Under the action of (A, j) € Mpy(Z),
o (Fliag)®” = Foottbeatds|, ,,
o FOPla ) = (Fl(a)eottoeetds
where A=t = (‘Z: gi).
§2.2. Twisted characters and twisted modules

Now we consider the normalized character of L(\) at level k. Then given a, 8 € bh*,
by letting

F(r,2,t) = chy(T, 2,t)
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in (2.1), one has

Chié'ﬂ(’r, Z,t) _ qu trL()\) ef27TiTD+27ri(z+a7‘rﬂ)+27rik:(t7<QT’B>7(z,ﬁ>+7’#)

_ p2mikt trren ezm((z+a)+k(—%—(zﬂ)))q—ﬂk@q—f?—%

(22) — 627rikt tI‘L()\) 627ri(z+a7km%fk&,ﬁ))qufﬁJrk@f%

)

where ¢(k) = k]:j_i;?vg. The twisted character (2.2) is very important. When z = 0,

multiplying (2.2) with 7(7)* produces the theta function defined on vertex algebra
by Miyamoto [Miy00, Definition 1]. When o = 0, (2.2) can be written as

c(k)
24

—2mi(z 182 Tz — —D—
(2:3) ch? (1, 2,1) = (ye 2P q 2P trp ) €2 PP

where y = €27,

2.2.1. Twisted modules of a vertex operator algebra. Let (V,w) be a Q-
graded VOA, where w is the conformal vector. The Fourier coefficients of the vertex
operator
Y(w,2) = Z Lyz" "2
ne”Z

satisfy the defining relations of the Virasoro algebra with central charge ¢. And we
let Ly = w(_1). Let g be the automorphism of V' of finite order T'. We first recall
the definition of a g-twisted module.

Definition 2.5. An ordinary g-twisted V-module is a C-linear space M equipped
with a linear map

V = End(V)[[z7,2"T]],

v Yy (v, 2) = Z v(n)z_"_l,
neQ

satisfying
e forveV and w e M, v,w = 0if m is large enough;

o Yn(1,2) =idy;
e forveVi={weV|gn=e v}, and 0<r <T -1,

Yu(v,2) = Z vz "
net+7
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o (Jacobi identity) For u € V",

21— 20—~
20_15< 120 2)YM(U,21)YM(U, 29) — (fl)M|w‘zo_16<u)YM(v,22)YM(u, 21)

—20

=2zt (%) _%5(%)3@1(3/(% 20)v, 22).

» (grading)
— M = @, cc M, where My = {w € M | Low = \w},
— M, is finite-dimensional,
— for a fixed A, Mz = 0 for all small enough integers n.

Remark 2.6. If the grading condition is dropped, one calls it the weak g-twisted
module.

Definition 2.7. Let M™ be a restricted dual of an ordinary g-twisted module M.
It has a standard g-twisted V-module structure, i.e., Y3,(-, 2), given by

(Vi (v, 2)w',w) = (W', Yar(e*" (—272) 0, 2 Hw),

forveV,w € M* and w € M. We call (M*,Y},(-,z)) the contragredient dual
of M or the contragredient module of M.

Now we review some basic facts about twisted modules under the vertex
algebra setting. Let v € V; be a weight-1 vector satisfying the Heisenberg A-bracket
relation

[vav] = kX, [wav] = (T + M)w.

Suppose further that v(g) acts semisimply on V' such that the eigenvalues of v g)
belong to +Z. Li’s A-operator is defined as [Li97]

T
A) =210 exp (Y (),
n=1

When g(v) = v, one can obtain a weak ge?™™© -twisted module from a weak
g-twisted V-module M by using Li’s A-operator as follows.

Proposition 2.8 ([Li96]). The module (M,Y(A(2)-, 2)) is a weak ge* ™ © -twisted
module.

When g = id, €?™© is an automorphism of V of order 7. Then (M,
Y (A(z)-,2)) is a weak ™) -twisted module. Let v' € V; satisfy v(g)v’ = 0.
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Define

Lo = Res. 2 (A(2)w, 2),
1/)\’(0) = Res, Yy (A(2)V, 2).

By direct calculation, one has
~ 1 ~
Lo = Lo + vy + 5(1}, vy, V()= ’UEO) + (v,0").

§2.3. Spectral flow

Let us give a brief introduction to the spectral flow automorphisms (see [Rid09,
CR12, CR13] for details). Let @ € A denote a root of g with root vector e® and
coroot . Each element w € W permutes the roots and induces an automorphism
of g via w(e®) = e®(®). This action can be generalized to an affine Lie algebra § as
follows. The corresponding root vectors of real roots are e, and the root vectors
corresponding to imaginary roots are denoted by h?,. Then one can identify h? with
the simple coroot o’ of g. The coroot lattice acts on the roots of § by translation in
the imaginary direction. Then each simple coroot o) of g defines an independent
transformation 7; on the root vector of an affine Lie algebra g via

N = (aayy (MEZL), Ti(h))=h), (n#0).

We finally obtain that the spectral flow automorphisms 7; act on generators of the
affine Lie algebra g and Ly as
Ti(ez) = eg—(a,aivw Ti(hgn) = hzn - 5",0<a;/7 O‘;‘/>K7
4 2
W(K)=K, 7(Lo)=Lo—hj+-—K.
T( ) T( 0) 0 O+<aiaai>

Let A = S 1 a;a) be a Welght vector of g. We let o =[]/ . For the affine

zlz

Lie algebra 5[27 let 0 = 7'1 ; the powers of o acts as

O-Z(en) = €n—¢, Ue(hn) = hn - g(sn,OKa Uz(fn) = fn+€;
1 1
o'(K)=K, o%(Lo)=Lo— 3ho+ 162[(.
One can use spectral flow automorphism to modify the action of 5/[; on any module

M, thereby obtaining new modules o*(M). Explicitly, the modified algebra action
defining these new modules is given by

X -o*v) =d* (e H(X)|v) (X €sly).
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For example, if |\, A) is a vector of weight A and conformal dimension A, then the
weight and conformal dimension of the vector (¢)*|\, A) € (¢©)* (M) becomes

(2.4) ho(a) [N, A) = (A + CK) (0Y)* |, A)
(2.5) Lo(a9)*|\, A) = (Lo + %fho + im{) (@) A, A)

From now on, we denote the new module by ¢(M). In order to obtain the character
of new module o*(M), we need to compute the character of module M.

Definition 2.9. The normalized character of a g-module is defined as

ho ,Lo—c/24
s

ch[M](y,z,q) = trar y*z"q

where y = 2™ 7z = €2™% and q = €77,

If M is an irreducible highest weight module L(\), then ch[L(\)](y,z,q) =
chy (7, z,t). In the following context, we use ch[M](q) to denote ch[M](1,1, ¢) when
M is an ordinary module.

The character of new module ¢“(M) can be written in terms of the character
of module M as

(2.6) cho’ (M)](y,2,q) = ch[M](yz'q"/*,2q"/, q).
One can check that the character of module M satisfies the relation
ch[oc"t (M))(y, 2,q) = chlo’ o 0" (M)](y, 2, q)
= ch[M](yz"+ g+ 5q+ /2 ),

2.3.1. Li’s delta operator, spectral flow, and twisted modules. Let M be
a highest weight g-module or its contragredient module. Let v € hj. We have

Az)e® 1 = 2" 11,
A(z)h! (1 =0 1+ (v, h?)kz"11.

Thus, it induces the spectral flow twist 7:

T(eg) = ngr(v,a)’

7(h}) = hfy+ (v, B )k o.

If (v,a) € £Z for all roots a, according to Proposition 2.8, (M, Y (A(2)-, 2)) is
a weak €2V _twisted (Zp-twisted) module. But the weak Zr-twisted modules
are not necessarily coming from spectral flow.

In the future, we shall call (M, Yy (A(z)-, 2)) the spectral flowed module or
20 twisted module. When T = 2, we call it the Zs-twisted module.
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Proposition 2.10. Let L(\) be a highest weight Ly (slz)-module, where k = —2+
% is an admissible level. Let A ;; and Ay ; be the highest weight and conformal
dimension of L(X). The highest weight and the conformal dimension of the Zs-
twisted o2 (L()\)) become

07 (M) = ( ( k+2]—7))Ao+( (k+2)j—E)A1
0,.

2
(: '1)72 ‘770 71)3
-3 1 : , 4—1+i+1—2+k'2
o 2(Ak,i,j)=E<k—4z+4(2+k)j+ ( ( 2+k( )7) ))
(= 0c=2, 5 =0, u—1).

Proof. The statement follows from (2.4), (2.5), and [AM95, Theorem (3.5.3)]. O

2.3.2. Half-integer spectral flow for Lg(sl2) at the boundary admissible
level. For sly, hY = 2, the boundary admissible levels are k = —2 + %, where
u = 2n+ 1 is a positive odd integer. All admissible weights are

2

2 2
Apj=t_, .(kAo):(kJr;j)AoijAl i=01,. . u—1,

where Ay and A are fundamental weights of 5/[\2 All characters of irreducible mod-
ules can be written in terms of the Jacobi theta function 6, (z; q) (see Appendix A
for the definition) as

Ch[L(Ak;))(y,2,q) = y*z~ 7 g “oEg (G=0,1,...,u—1).

We should emphasize that the normalized characters of L —sn (sl2) coincide with
superconformal indices of the 4d supersymmetric gauge thg&lies which are called
(A1, D2, 41) theories. In particular, when u = 3, level k = —4/3, L_,/3(sl2) coin-
cides with the a; DC series of simple Lie algebras. This example was also intensively
studied in detail from different perspectives in [Ada05] and [CR13]. One can gen-
eralize the integer flow parameter ¢ to a half-integer, (2.6) stays the same. For the
Ly(sl2) at boundary admissible levels k = —2 + 2, using (2.6), all characters of
these twisted modules take the form

-3 11 _1._2 201(z°q7 2 ¢4
chlo™2 (L(Ax 1)y, 2, q) = (yz 2qw)k(zq )T M
01(z%q~2;q)

(Gj=0,1,...,u—1).

Fix a boundary admissible level k; all o2 (L(Ag,;)) are ordinary Zs-twisted mod-
ules. The normalized characters of these modules satisfy a modular linear differ-
ential equation (see Section 4).
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2.3.3. Modular transformation. Applying (2.4) to (2.2), one has the following
S-transformation for twisted characters:
ch$P (1, 2,t)|s = (cha(T, 2, 1)|s)P 2,
_ (0 -1
where S = (1 o )

Example 2.11 (Boundary admissible level). We follow the same notation as in
Section 2.3.2. Let Spec(T') be the eigenvalues of T'. First, note that Spec((eh1))) €
2¢Z (e € Q). The twisted character (2.3) equals

4 . |—£aq)2 ) .
Ch(;’_%al(ﬂz,t) = (ye 2rilmzs—fon) g —Hrym gy e2mionzgson Lo 5
2 (k)
(27) = (yzzq%)k trL(A) (Zq%)(hl)(o) qLO*j7

where we identify (h1)o with «;. Equation (2.7) is the same as (2.6) by letting M
be an irreducible module of L(slz)-module, L()).
We split the discussion into two cases:

 Spec((eh1))) € Z, i.e., € = g, £ € Z. Let o be a spectral flow automorphism
on § (see Section 2.3). In this case, (2.7) is the character of o(L())).

o Spec((eh1)()) € 3Z, T € Lo, i.e., € = £, L € 27, T € Z~o. Equation (2.7)
now becomes the character of the e?™(<"1)) _twisted module ¢*(L()\)). The

. 0,—% .
S-transformation of chy (7, z,1) is
2J

0,—% _z
ChAk):al(T,Z,t)‘S = (cha, , (7, 2,t)|g) 72"

p— h—%al,O
- Z aAky]'7Ak,j’(C Akwj/ (T,Zﬂf)),
Ak’jlePk

where ;1
L 2mijj um
— (_\it ;
ANy, 0 = ( 1) € “ S1n

Nk

and ’
£
75&1,0 o -
chAW (1,2,t) = chAk’j, (T, z 5 t).

2mi(eh1)(0) twisted module

As one can see, the S transformation of the character of e
L(Ay ;) can be written as a linear combination of the characters of untwisted

modules with the same S-matrix as in the untwisted case.

§3. Contragredient modules of highest weight modules

First, we fix some notation. For brevity, we denote the irreducible module L(aAg+
bA1) of Li(sls) by L(k = a + b,b). Throughout this section we consider the
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admissible level ¥ = —2 + t, where t = %’ with p,q¢ € Z>1, (p,q) = 1,
p > 2. The set of all irreducible highest weight modules of Ly (sls) is then given by
{Lk,(n—=1)—(1—-1t) |1 <n<p-1, 1<1<q}. We use the notation e, f, h
to refer to both the standard generators of sly and their images e(—1)1, f(—1)1,
h(=1)1 in Ly(sly). This slight abuse of notation should not cause confusion, as
the intended meaning will be clear from the context. For clarity of exposition, we
occasionally write v(0) instead of v(g), where v belongs to some VOA.

§3.1. Motivation

Given an admissible irreducible highest weight L_4/3(sl2)-module L(—%, —%)7 one
can obtain the ordinary twisted modules and contragredient modules by taking
half-integer and integer spectral flow respectively (Figure 1). In general, let {M;}
be the collection of all highest weight modules for Lj(slz) at the admissible level,
one can obtain all the Zs-twisted modules of L (sly) at the admissible level either
from {0~ = (M;)} or {o= (M;)}. In this section, we shall calculate Zhu’s bimodules
of the contragredient modules of highest weight modules and the dimension of the

intertwining operators among them.

53 10,0)

Figure 1. The relations between admissible irreducible highest weight L_4/3(sl2)-
modules, contragredient modules, and ordinary Zs-twisted modules, where each
state is labeled by |A, A), its slo-weight A, and conformal dimension A.

§3.2. Zhu’s bimodules

Assume V is Z-graded. Denote the conformal weight of v € V' by wtv. Let M be
a V-module. Let O(M) be the linear span of elements

Res, (Y(a, z)(zt#mv),
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where a € V and v € M. In particular, for V' = L_,/3(slz), O(M) is spanned by

m+1
Res, ( (fs2) (z;i) )

Res, (Y(h, 2) (z + 1))

Zm+1

Res, (Y(e7 2) (z+1) )v =(e(—m — 1)+ e(—m))v,

(f(=m = 1) + f(=m))v,

(h(=m = 1) + h(=m))v,

v

<
Il

for any positive integer m and for v € M. Zhu’s algebra of V is defined as
A(V)=V/O(V),and A(M) = M/O(M) is an A(V')-bimodule called Zhu’s bimod-
ule [FZ92, Definitions (1.5.5), (1.5.6)].

In [DLM97, Section 3] the authors extended the definition Zhu’s algebra and
Zhu’s bimodule to any Q-graded vertex operator algebra V. Given the vertex
operator algebra V' with an automorphism g of finite order, the authors constructed

7rzh

the twisted Zhu algebra A,(V) [DLM98]. When V' = Ly(slz) and g = e - , there
is an isomorphism between (A(V),w + éh —2)1) and (A44(V),w), where w is the
Sugawara conformal vector. This isomorphism is given by

oo 1
21h) exp <Z 1hn) (—z)_">.
-n
n=1

The algebra (A(V),w + $h(_2)1) was calculated in [DLM97]. Then we have

(3.1) A, (V <H2qH1(a:+ kr+st)>

r=0 s=0

where t = k + 2.
Let M (k, j) be the Verma module of sl at level k with highest weight (k—j)Ao
+ jAy. By [FZ92], one has the following isomorphism F':

F:o®ay---ap+— [an(=1)---a1(=1)v],

whose inverse is given by

P~ A(M (K, §)) = L(j) ® Ulsly),
Flifar(—=1—iy) - an(—1 —ip)v] = (=) Fro®ay - ar,

where the tensor products are over U(sly). Here, aj(—i) means (a;) ).
Consider the example of L 4/3(sl2). Tt has three irreducible modules in
L

3(
category O, i.e., L(— 4,0)7 L(-% 3 %), (—7 —7) By [MFF86], the maximal
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submodule of the Verma module M (f%, f%) is generated by singular vectors v;
and vg,

2 1
v = (§€<72> —ze-nhen + 6?—1>f<0>)%2/3

10 b
vg = (_jf(ﬂ) —ghnfo + e(fl>f(20))”*2/3’

and the maximal submodule of M (f%,f%) is generated by singular vectors
6(_1)1}_2/3 and

280 70 10 9
(81 fen + 5= 2>f(o> 35 e-2/0)
140 5
+ 57 hen S +3 h<—1>f<o> - sheneen
70 10
(3.2) 5 - nf=nfo) — 36 hi-1) ) +e?,1)f(‘°’o))v,2/3,
where v_y/3 and v_y4/3 are highest weight vectors of M(f%, f%) and M(f%, f%),
respectively.
We next use the singular vectors to compute A(L(—3,—2)), A(L(—%,—3)).
For A(L(—3%,—2)), the preimages of equivalence classes of v1 and vy are
2 1 )
(3.3) —§v®e—§v®he+fv®e,
10 )
(3.4) —§v®f—§fv®h+f2v®e.
Thus

At (42) = (6(2) st

where I is generated by (3.3) and (3.4), and the tensor products are over U (slz).
For A(L(—3,—3%)), the preimage of equivalence classes of (3.2) is
280

140
TG ®f——fv®h+ f2 Re +2—7v®hf+ fv®h2

—§f2v®eh—jfv@)fe—?f?v@he—i—f?’v@e .

Denote by (—f)* and L(—4%)* the dual of highest weight sl-modules With
weights —2 and —4. We now consider the A(L(—3,0))-module L(—2)*® A(L(—3
—2)). Let v’ be the lowest weight vector of L(—2)*. Then I1 ®v' = (— v @ et/ —|—
fo® e, —1—90fv ®v' + f2v @ ev’). It is isomorphic to

A(4-2)) o2(-) =cwon)
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Thus by [FZ92], we have

(453 - o(-4).
Similarly, we also have
L(gg) < (+(g=3)) =2(50)
4 2 4 4\\* 4 2\\*
L(-3-3) < (£(-3-3)) = (t(5-3))"
4 4 4 2\\* 4 2
(-3-3)* (t(3-3) ~t(5-3)
§3.3. The contragredient modules of highest weight modules

As one can see from the above example, directly computing Zhu’s bimodules
depends on the explicit form of singular vectors. In practice, it is extremely tedious
to convert the singular vectors given in [MFF86] into their normal forms. It was
noted in [DLM97] that the dimension of intertwining operators among the mod-
ules at the admissible level remains the same after a shift of the conformal vector.
By a proper shift of the conformal vector, there are nice and compact projection
formulas for singular vectors ([Fuc89, DLM97]), which can help us to compute
the dimensions of intertwining operators by avoiding finding an explicit form of
singular vectors.
Since for v € Q, one has ([MFF86])

[£(0),e(0)7] = —(ve(0)" ™" + (v = 1)e(0)™1),
[1(0),€(0)7] = 27e(0),

then by using the same argument as in [MFF86] we have the following proposition.

Proposition 3.1. Let j = n —1— (I — 1)t, where n and | are positive integers
satisfyingl <n < p—1,1 <1< q. Let (M(k, j))" = U(sk) ®u(sieciecx) M (4)",
where M (j)* is the universal lowest weight module of sly with lowest weight jA;.
Let v be the lowest weight vector in M (j)*. Let v=1®v" in (M(k,j))*. Set

E; (n, l) — e(O)nJr(lf1)tf(71)n+(172)te(0)n+(l73)tf(71)n+(lf4)t
(=1 U=yt
Es(n,l) = f(f1)pfn+(qfl)te(o)pfnJr(q*l*l)tf(f1)pfnJr(qfl72)t6(0)p*n+(q*l*3)t
T (0) i Gt oL B B L

Then v_;1 = E1(n,l)v, v_j2 = Ea(n,l)v are singular vectors of (M (k,7))*.
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Next we consider the projection formula. Let P; be the projection § onto g
such that Py (a®t™) = a for any a € gand Pi(c) = 0. Let H, = fe—ah—a(a+1).

Proposition 3.2 ([MFF86]). The following projection formulas hold:

n [—1
Pi(Ey(n,1)) <HHH St)e

r=1s=1

p—n—1

q—1
Py (E3(n,l)) = ( H HH,.+St>fp_n.
r=0 s=1
Define a subalgebra of 572:

_ =Ce+t'Ct™ Y] @sl,.

Let B = (t7'+1)®Ce + (t72 +t71)C[t™!] ® g. Since By is an ideal of N_,
U(N_)By = BoU(N_) is an ideal of U(N_). Set Koy = N_/By. Define

T. =e(0)+ By, T- = f(=1) 4+ Bo,Tp = h(—1) + By.
They obey the following sly-relationships:
[To, Ty] = 2T, [To,T-]1=2T-, [T}, T-]=Top.
Define G, = T-T} — aTp + a(a + 1). They satisfy the following relationships:
GoGp = GGy, TV'Gy=Go-nTy", T"Go = GarmT™,
T"T" = GoGr- -Gy, TYVT" =G 1G g Gy,

for any complex numbers «, 8 and for any positive integer m.
Let P be the natural quotient map from U(N_) onto U(Kj). Using a similar
method to that suggested in [MFF86] we obtain the following proposition.

Proposition 3.3. The following formulas hold:

n -1

P(E1 n, l (H HGfr st)Tjrla
; iLSllq l

P(E5(n,1)) ( H HGHst)T p—n
r=0 s=1

§3.4. Dimensions of intertwining operators

For the contragredient modules of the highest weight modules, we choose the new
conformal vector w, = w — %zh(—Z)l, where 0 < z < 1. Let M be any weak
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Li/(slp)-module. Denote the conformal weight of v € M with respect to w, by
wtv. Since for v € M,

wth=1, wte=142 wtf=1-z2,

we have

(1 + z)bwtf]

Res. fyz2)u= f(-m)u,

(1 + Z)[wt e]

Res, Y(e, z)u = (e(—m) + e(1 — m))u,

Res, Y (h,z)u = (h(—=m — 1) + h(—m))u,

(1 + Z)wt h
Zm—i—l

for any positive integer m and for u € M, where [a] means the maximal integer
less than a. We shall compute Zhu’s bimodule for the Q-graded VOA (Lg(sl2),w;)
(see [DLMO7, Section 3] for general definitions).

Proposition 3.4. Let j = n—1— (I — 1)t be an admissible weight. Then the
A(Ly(slp))-bimodule A((L(k,7))*) is isomorphic to the quotient space of Clz, z]
modulo the subspace

(C[:E,Z}Zn + C[z]f{,o(% Z) + C[I}f/ 1(9:7 Z) +ot C[:C}f/',n—l(xa Z)a

J J» J

r=0

A(Ly(slz)) on A(L(k,5)*) are given by

where fj (x,2) = 2' [TPZ0 ' T2 (@ + 7 + i — st). The left and right actions of

ox flo) = (o4 =25 ) fa)s fop) s o= af(oy)
for any f(x,y) € Clz,y], where hgyv = jv.
Proof. First, (M(k,j))* 2 U(N_) as a vector space. We have
O((M(¢,5))) = f(=DU(N-) + BoU(N-).
Recall v_; 1, v_j 2 are two singular vectors of (M (k,7))*. Then we have

A((L(k, 5))")
= (M(k, )"/ (O((M(k, 5))") + UN-)v—j1 + U(N-)v_;2)
= U(N-)/(BoU(N-) + f(=1)U(N-) + U(N-)E1r(n, k) + U(N-) E(n, 1))

as A(Ly(sl2))-bimodules. Note that U(N_)/BoU(N_) = U(Ky). Thus

A((L(k, j))7) = U(Ko)/(U(Ko)P(Ex1(n,1)) + U(Ko)P(Ex(n, 1)) + T-U(Ko)).
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For any nonnegative integers a, b, d, using the above relationships, we have (see
Appendix B for the detail)

T*TYTE P(E;(n,1))

n -1
(3.5) :1”<III1w+m+dx%+m+ﬁ+d—n>ﬂwﬁﬂHmn1’UuQ)

r=1s=1

Noticing that 7+ st +d # 0 for any 1 <r <n, 1 <s<Il—1, d € Z; we obtain

U(Ko)P(Ex(n, 1)) + T_U (o)

e’} n—1101-1
:1Umm+§Xmm(ﬂjﬂ%+r+g+@>m”.
d=0 r=0 s=1

Similarly, let a, b, d be any nonnegative integers. If d < p — n, we have (see
Appendix B for details)

TUTYTLP(Ey(n,1))
=TT 4 2(p — n — d))°

p—n—1qg—k d

(36) X H H H G?"+st—p+nG—1i—p+n+d mod T_U(Ko)

r=0 s=1i=1
If d =m+ p—n for some m € Z,, we have
TOTYTE P(Ey(n, 1))
p—n q—l1

=17 [ [I(st = m—r)(~To + st —m — r + DTZTT mod T_U(Ky).

r=1 s=0

Since —st+m+7r—1#0forany 1 <r <p-—n, 0<s <q—k, we obtain

U(Ko)P(Ez(n, 1)) + T U(Ko)

0o p—n—1qg—I
:TUM@+§:QM(IIIﬂﬁ—ﬁ+m+ﬂyﬁ.

m=0 r=0 s=0

Thus

U(Ko)P(E1(n,1)) + U(Ko)P(E>(n, 1)) + T_U(Ko)

n—1 p—n—1qg—k

=0 r=0 s=0
On the other hand, since —r —st—d # s't' —m—r' forany 0 <r <n-—-1,1<s <
l—l,OSrSp—n—l,0§s§q—l,d,m€Z+,Hf;g_lng;é(x—st—&—m—i—r)
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and T[PZ0 7 T19ZL (2 — st + m + r) are relatively prime. Then we obtain
CITTI € U(Ko)P(Ey(n,1)) + U(Ko) P(Ea(n, 1)) + T_U(Ko)

for any ¢ € Z,. This shows that

U(Ko)P(E1(n,1)) + U(Ko)P(Ea(n,l)) + T_U(K )
D T_U(Ko) + U(Ko)T? + i(C[TO ( H H 0 — st +m+ 7")>T1
=0 r=0 s=0

Set « = Ty, y = T—. Then the proposition follows from a similar argument to that
in [DLM97, Proposition 4.3, Lemma 4.5]. O

Now we can prove the main theorem in this section.

Theorem 3.5. For admissible weight j;, =n; — 1 — (I; — 1)t (i =1,2), we have

min{n;—1,n2—1}

(3.7) L(k,j1) x L(k, j2) = > L4, 1 + jo — 2i),

i=max{0,n1+n2—p}
(L(k,j1))" x L(k, ja) = L(k, j2) x (L(k,j1))"
Lk,—j1+3] if ne —ny >0,
(3.8) _ ( ']1 .32) Z'f ng — Ny
(L(k,j1 —j2))" ifna—nq <0,

min{ni—1,no—1}

> (L€, 1 + j2 — 20))".

i=max{0,n1+nz—p}

(3.9) (L(k, j1))" > (L(k, j2))"

Proof. Equation (3.7) was proved in [DLM97]. We use a similar method to prove
(3.8) and (3.9).

We prove (3.8). For any admissible weight —j, let Cv_; be the one-dimen-
sional module for Lie algebra Ch such that hv_; = —jv_;. Then Cv_; is the
lowest weight space of L(k,—j). By Frenkel-Zhu’s theorem [FZ92, Li99], we need
to calculate the A(Ly(slz))-module A(L(k,—j1)) @ a(L(k,0)) Cvj,. Note evj, = 0.
We get

A(L(k, —j1)) ®a(Lk0)) Cvj, = Cla, 2]/ J,
where J is the subspace of C[z, z] spanned by

{x — jo, 2}

Thus, Clz, 2]/J Zv_j, ®v},. And @ * (v_j, ®V},) = ja — j1, as required.
For (3.9), let Cv_; be the one-dimensional module for Lie algebra Ch such
that hv_; = —jv_;. Using Proposition 3.4 we get

A(L(k, j1)) ® A(L(k,0)) Cv—j, = Clz, 2]/,
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where J is the subspace of C[z, z] spanned by

{z + j2, Clz, z]z"™, (—Ja, 1)(C[x]zi, 1=0,1,...,n; — 1}.

!/
J1,i
If jo does not satisfy the relation 0 <ly — 1 < g — [y, then

p—ni1—1lg—li

fii(=d2,1 H H Jot+r4+i—st)#0

for 0 <4 < ny — 1. Thus A(L(k, —j1)) ®a(L(k,0)) Cvj, = 0 so that all the corre-
sponding intertwining operators are zero.

Suppose 0 < ly—1 < g—1I1. As before Clz]2* = 0 in C[x, 2]/ J if £}, ;(j2,1) # 0.
Notice that f] ;(j2,1) = 0 if and only if —jo + 7 + i — st = 0 for some 0 <
r<p—n;—1and 0 < s < g —[;. This implies that » +i = ny — 1. Thus
n1 +ng —p <1 < ng — 1. Therefore

max{0,n1 +ng — p} < i <min{n; — 1,n — 1}.
If ny +ng — p < i < ny — 1, then C[z]2? is not zero in C[z, 2]/J. Thus

Clz,z]/J = @ Cy'.
max{0,n1+n2—p}
<i<min{n;—1,no—1}

We get @ % 2 = (—jo — j1 + 2i)2%, as required. O
§3.5. Intertwining operators among twisted modules

Combining Theorem 3.5 and [Li97, Theorem 2.15] (see also [AP19, Proposition
3.1]), we have the following corollary.

Corollary 3.6. Forn > 1,

min{n;—1,n2—1}

L(k, j1) x o= (L(k, j2)) = > o7 (L(k, j1 + j2 — 20)),
i=max{0,n1+n2—p}

min{ni—1,n2—1}

(L(k, 1))" x o= ((L(k, j2))") = > o= ((L(k, j1 + 52 — 20))*),

i=max{0,n1+n2—p}
(L(k,—j1+7j2))  ifnz —n1 =0,
) ifng—ny <0,

:‘»—l 3‘»—!

(L(k,§1))" x o~ % (L(k, j)) = {Z

7.71 7]2

§\>—‘

)
((Z )
(L(k,—jg1+3J2)) ifng —ny >0,
( )

L(k,]g) X U_%((L(k,]l))*) { ( k’ j —j ) *) an —n <0

:\H
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§4. Twisted modules from spectral flow and their MLDESs

In [Li23], we have the following result.

Theorem 4.1. IfV is a quasi-lisse vertex superalgebra and g is an automorphism
of V' of finite order, then the supercharacter of a simple ordinary g-twisted module
satisfies a twisted modular linear differential equation (see [Li23, Section 5] for
more details).

In this section and the next, we shall provide examples for this theorem. We
also discuss their applications in physics.

Firstly, let us review some useful facts about modular forms and modular
differential operators. See any standard reference, or [KNS13], for further details.
The ordinary Eisenstein series are modular forms for the full modular group I" of
weight 2k with £ > 2. We define our Eisenstein series, following the notation of
[BR18]:

Boy ) & n2k71qn

—+
26 T 2k — 1)l o 1

Ek(’r) = —

where By is the 2kth Bernoulli number. The ring of modular forms for the full
modular group T is freely generated by E4(7) and Eg(7), so we have

P M (I, C) = C[Ea(7), Eg(7)].
k=0

‘We also make use of a class of twisted Eisenstein series that are modular forms for
certain congruence subgroups of T,

’I"+)\k 1191r+/\

oy ()=~ kl 7112 1—9-1gr+r

9

where ¢ = 2™ with A € [0,1) and now By(w) is the kth Bernoulli polynomial.
The prime in the first summation means that the » = 0 term should be omitted
when ¢ = 1 = 1. The spaces of modular forms for I'(2), T°(2) all admit a simple
description in terms of theta functions. For example,

Mgk(Fo(2)) = spanc{ém(ﬂ ‘ r+s= k;},
where the @T,S take the form

O,,5(7) = Oa(1)*03(7)** + O2(7)03(7)", 1 < s,
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where 6;(7) are defined in Appendix A. We define the kth-order modular differen-
tial operators D((]k as

D x(g) = Oak—2) 0 -+ 0 D2y © Do X(q)-

Then the twisted modular linear differential operators that are holomorphic and
monic have the generic form

(k) (k) + Zf (k—r), fr(q) S M2k(f7(c)7

where I' denotes some congruence subgroup of I'. We call the corresponding twisted
MLDE, I'-MLDE; when T is the full SL(2,7Z), it is called MLDE.

§4.1. L (sl2) at boundary admissible levels k = —2 + %

In this section we give some specific I'’(2)-MLDEs satisfied by the characters of
irreducible ordinary Zs-twisted modules for L (sly) at boundary admissible level
k=-2+ % Suppose that M is an irreducible Zs-twisted V-module. We say M is a
simple object in category O if the top component M (0), i.e., the lowest conformal
weight vector space in M, is a simple module of the Zo-twisted Zhu algebra.
Following Proposition 2.10, and formula (3.1), we have the following theorem.

Theorem 4.2. All irreducible Zy-twisted modules of Ly (sla) at admissible level in
category O can be obtained by using { = —% spectral flow on the untwisted modules
in category O. In particular, for boundary admissible level, all of those irreducible
twisted modules are ordinary modules. We find that the q-series characters satisfy
the relation

ch[o™ % (L(Ar.;))](q) = chlo™ 2 (L(Agu—1-7))](a)-

Furthermore, the number of independent characters in the series q is “'H

Now let us give some concrete examples for small values of u.

Example 4.3. For L_,/3(sl2), the number of independent g-series characters of
all Zs-twisted modules in category O is two. We denote these two characters of
ordinary twisted modules as ch[o—2 (L(Ag))] and ch[o~2 (L(Ay1))]. They are
annihilated by a second-order I'°(2)-MLDE which we display here:

(4.1) (D)~ 581a(n)) chlo™* (L(Ak ) (0) = 0.
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Since the modular form May(I'°(2)) spanned by the ©,. 5 can be rewritten in terms
of twisted Eisenstein series, we can rewrite the above MLDE (4.1) as

—1] 28 1 28
+ S E + S E
1 ] 4 1] 4

-1

4
D@ 4+ _“E
( q tTgta 1

D chlo ™2 (L(Ax.0))](q) = 0.

Actually, the twisted module character chjo~ % (L(Ag.1))](1,2,¢) has two dif-
ferent physical interpretations. In [CGS17], the authors computed the defect Schur
indices of the (A1, A3) Argyres-Douglas theory,

, oo (_1)Zf:1(ki+ei)q% S (ki) (01 +Ls)
Ts(g. ) = (9% Y ;
£1,..l3, Hi:l(q)ki (q)zi
k1,...,k3=0
£y —ky ky—£1 L1 +kq

X (@) (@77 AT =G 7 ) Ok a0k kb

The corresponding VOA of the (A1, A3) AD theory is just L_4/3(sl2). One can com-
pare the above surface defect index with the ch[o~2 (L(Ax.1))](1, 2, ¢) by expanding
the expression in terms of g. We find that their corresponding coefficients for each
term are equal up to ¢'°. In [FS18], the authors compute the lens space index
of the (A41,As) AD theory which is the supersymmetric partition function on
St x L(r,1). For example, we have checked that ch[o’%(L(AkJ))](l,z,q) agrees
with the lens space index I(l\fl c 4q) (1,2, q) up to ¢'° and an overall factor by identi-
fying their “twisting parameter” with the spectral flow parameter. One advantage
of our expression is that the operator spectrum of the 4d theory is much easier to
read off, and modular properties are also apparent.

Example 4.4. For L_g/5(sl2), the number of independent g-series characters of
all Zo-twisted modules in category O is three. They satisfy a third-order I'(2)-
MLDE

7T = 1
D ~ (480 22 )D(lf— | ehloH (L)) = 0.
[DF) — ((L5Boa(r) + 1o5811(1)) DL — 155815(r)] chlo™ (L) a) = 0
Example 4.5. For L_;5,7(sl), the number of independent g-series characters of
all Zy-twisted modules in category O is four. They satisfy a fourth-order I'Y(2)-
MLDE

1 50 _ 883 _
@ _ (1 @) _ 1)
D, (1890’2( )+ 1008911( ))D + (92619 3(7) 4939291’2(7))1%

+ (To7501(7) = Tosarg@2a(r)))blo™H LAk )](@) = 0.
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§4.2. L_]_/z (5[2)

For L_/5(sl2), there are four admissible highest weight modules whose highest
weights are —%AO7 —%AO + A4, —%Al, and Ag — %Al. The characters of these
modules are

y i n(r) n(T)
2 L:(z:9) " Os(z0))

1)
o) - )t
)

: (y,2,9) =

2 L01(z;q)  Oa(z59))
Yy iroa(m) () g
2 L04(z;9)  Os(z;q))

3.0\ oy rp=in(r) () q
ch |:L<AO - 7A1>_ (y,Z,q) - 2 _91(Z;q) - 92(Z;q)_ '

Now, considering the action of ¢ = —% spectral flow on these irreducible highest

: (y,2,q9) =

weight modules, the characters become

ot (1)) - R [ )
o (1(-5))wn - G A - )
oot (p(-30+ 8,)) (rm) = R [l
et (2030 orm = G [ )

For the character ch[L(—42)], it is a solution of a third-order MLDE under the
full SL(2,Z) group,

[0~ 22,0~ Py en[£(-22)] (@) =0

There are two independent well-defined g¢-series characters,

7@ = efo~H (1(-22))] @)
f2(a) = ch[o~ (L(—%Ao +M))] ().
They satisfy a second-order I'°(2)-MLDE,

[0~ 280, (1D + (5aazBua(r) — 5a1sBua () | fita) =0
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§4.3. L_3/2 (5[3)

For L_3/9(sl3), there are four irreducible admissible highest weight modules in
category O [Aral6, Per(08|. Their characters can be written in terms of the Jacobi
theta function [KW88, KW17]:

ch[L<—§Ao>}<y,zl,zz,q>_y (20 st )

n(7) 01(21;q)01(22; q)01(z122; q)
3 _3(M ~101(2z2; ¢*)04(21; ¢*)04(2122; ¢*)
Ll—= — P)
[ ( 2 )] Y21, %2, 4 Y (77 ) 01(2z1;9)01(22; q)01(z122; q)
3 _3 77(27' ~161(21; ¢%)04(2122; ¢*)04(22; ¢*)
L{—=A P
Ch[ ( 2 2)i| Y21, 22,9 Y (77(7’) ) 01(Z1, )01(22;(])91(Z1Z2;q)

Ch[L( Ao+ Ay +A2)}(

y7Z17z27q)

wlw

— 3 3 27’ -14 Z_l _1; 2 0 Z_l —1; 2 0 Z—lz—l _2;q2
=y (Z1Z2)2q2( ((7_))) 1( 2 4 q ) 1( 1 4 q ) 1( 1 5 q )

n 01(z1; q)01(22; q)01(2122; q) ’

275 Now we consider the action of spectral flow

where z = 25:1 30\ and z; = ¢
twist on these irreducible highest weight modules. Firstly, we consider the spectral

flow along the %A}/ direction, and the character becomes

ch[o#h (L(—§A0)>] (y,21,22,4)

11*2)7% (77(27) ) ~10,(2197; ¢*)01 (22; ¢*)01 (212247 ; ¢°)
n(7) 01(2197; q)01 (22; )01 (212297 ; q)

This spectral flowed module is an ordinary module. It satisfies a second-order
I'(2)-modular linear differential equation,

(D((IQ) — %@0,2(7’) - %é1,1(7)> ch {U?Av( (—gAO))} (q) =0.

Ao +1\21 +As )]

Secondly, consider the spectral flow of the character ch[L(— along the

2(AY + AY) direction,

oty (p (Rt o gy g
)% (212207 ) 3¢ (757((2:)))1

o O1((z20)"'a 001 (210%) Y0P (21220 8) Mg %)
Hl(zlq%;Q)GI(ZQQ}‘,Q)Hl(Z1Z2q%;q)

This spectral flowed character matches with the lens space index of (A1, Dy) AD
theory [FS18] with a suitable change of variables.



444 B. L1, H. Lt AND W. YAN

§4.4. Bershadsky—Polyakov algebra BP* with k = —%

In previous examples, we consider the spectral flowed modules of affine VOA
Lk (g). Now we consider an example of the affine W-algebra [BS95, FF90a, FFI0b,
KRWO03], the W¥(sl3, fuin) which agrees with the BP*-algebra and was defined in
[Ber91], and previously studied in [AK21, FR22]. First, let us review the definition
of BPk—algebra.

Definition 4.6 ([AK21, FKR21]). Given k € C, k # —3, the level k universal
Bershadsky—Polyakov algebra BP¥ is the vertex operator algebra with vacuum 1
that is strongly and freely generated by fields J(z), GT(z), G~ (z), and L(z) satis-
fying the complicated operator product expansions. The conformal weights of the
generating fields J(z), G (z), G™(z), and L(z) are 1, 3, 3, and 2 respectively, and
the central charge is

B _ (2k+3)(3k+1)

wv k+3

The action of the spectral flow twist of, £ € %Z for the vertex algebra BP*
on the modes of the generating field J(z), G*(z), G~ (z), and L(z) is

2%k
o (Jn) = Jn ;3&57%01,
aGH=a6r,,

Ue(Gr_) = G;+£7

(L) = Ly — 0]y + 2"’; 325,01

Let |A, A) € M be a vector of weight A and conformal dimension A in any module
M. Then the state (0°)*|\, A) € (¢°)*(M) satisfies
2k +3 .
e [CORPWNS
2k+3
Lo(o")' A &) = (A+0x+ 6+

We consider the special case where the level £ = —

ho(a)* |\, A) = (A+e

52) (6))* |\, A).

9
1

conformal weight vector is |\, A) = |i, f%>. After the spectral flow twist o2, the

BP _ _ 23
and ¢, = —%, the lowest

weight and conformal dimension become

11 1 3 1 1 1 1 5
/:— — —— = A/:—— — _— = _ = ——,
A 4+2X(2) 0, 8§31 1717 16

According to [CGS17], the character of a spectral flowed module can be written
as

ol

ch[o? (L(A)](q) = ¢ (1 + 4¢ + 10¢% + 24¢° + 51¢* + 100¢° + O(¢%)).
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This character satisfies a third-order MLDE under the full SL(2,Z) group,

[D§) — 25B4(r) DM — 175 ()] chlo® (L(A))](g) = 0.

§5. L_2(508)

In this section we prove a relation between simple modules and spectral flowed
modules of L_(s0g). We also find an ordinary module 0222 (L(—A5)), whose char-
acter satisfies a second-order I'°(2)-MLDE.

Firstly, recall the result for the simple modules of L_s(s0g).

Theorem 5.1 ([Perl3]). The set {L(—2Ag), L(—2A1), L(—2A3), L(—2A4), L(—A2)}
provides a complete list of irreducible weak L_o(s0g)-modules from the category O.
Among these, L(—2\g) is the unique irreducible ordinary module for L_o(sog).
And every ordinary L_s(sog)-module is completely reducible.

We consider the vacuum module with a spectral flow twist. The fundamental
weights A; of the Lie algebra sog can be written in terms of the linear combination
of simple roots a;:

_ 1 1 _
A1=041+042+§O£3+§064, Ao = a1 + 20 + a3 + ay,

1 1 - 1 1
A3:§a1+a2+a3+§a4, A4:§a1+a2+§a3+a4.

Since sog is simply laced, a; = o and A = /_\z\/, and we shall use roots (weights)
or coroots (coweights) without distinction. The highest root of finite Lie algebra
s0g is 0 = Ao; therefore, the marks and comarks of affine Lie algebra sog are
(a;) = (a)) = (1,1,2,1,1), and the level of affine weight A = Z?:o Ail\; is then
given by

k=MX+ A +2 2+ A3+ Ay

Theorem 5.2. The L(—2A;) with i = 1,3,4 are the same as the spectral flowed
modules o™ (L(—2Ay)).

Proof. The powers of 7; acts as
mH(hd) = hd, — (o, )0 0 K.
We can compute the action of this automorphism along A; on hi:

1 1 1 1
3 31 1 3 3.2 2
TiTeTs T4 (hg) = hg + K, mimets 72 (hg) = hg,

-
=
|
|

nimeTs 77 (h3) = hY, nimets 77 (hg) = hy,
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11
A= T17o74 T4 . This means the spectral flow automorphism changes the

where o
highest weight —2A into another highest weight —2A;. One can get highest weight
—2A3 and —2A4 in the same way. According to [DLM96], the spectral flow twist
along the A; direction preserves the irreducibility of the module L(—2A;). The

result follows. O

In fact, the closed form expressions of characters of all simple modules of
L_5(sog) are conjectured from the SCFT/VOA correspondence ([PP22, ZPW22])
as

ch[L(—2A0)] = Zo.4,
ch[L(—2Ay)] = Zo 4 — 2Ry,

(5.1) ch[L(—A2)] = —2Zo 4 + 2Ry + 2Ry,
ch[L(—-2A3)] = Zp4 — R1 — R2 — R3 — Ry,
ch[L(~2A4)] = Tos — Ry — Ro — Rs + Ra,

where Z 4 is the Schur index of an SU(2) gauge theory with four hypermultiplets,
which is equal to
ch[L(=2A0)](g; , 21, 22, 23, 24)

1 n(r)?
201(2123%3%4;9)01(21;9)01 (243 9)01(Z3; )

(5.2) x> (ﬁa) Es

A==+

Ll N R

1 1 1
535 2252\a1(3
(2 2025 27 )1 (2
and the R; functions are

__ 1 601(2m;; q T T )
Ry, ) = & 12 )H9 (mﬁ( ) () G=1,...,4.
1A

—~ —~ —~ )
2 () +my; q) 61(my; — my; q)
Here, m; = e2™"% are related to the Cartan element 3; = e2™*%: of sog as
_ mi . mo . - . ms
1= =, Za=—=—, Z3=M3M4, Z24= —.
mao ms my

Proposition 5.3. The characters of simple modules of L_5(sog) are

Ch[L(_2A1)](q7 ) 217 22) 537 24)
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ch[L(—2A3)|(q;, 21, 22, 23, 24)

P S n(r)?
= —(yZ{ 222327 q2 ___ - = p
g WA 22570 0% 01 (%173 23q%4; q)01 (215 9)01 (245 0)61 (2345 q)

<X (IIw)=

Ch[L(_2A4)](Q7 ’ 217 223 237 24)

1 O U S 7’](7‘)2
= —(y32353234q7) 2 — n _ -
2 WA B ) B s 0 G 001 a0 i )
4
1
X a; | E 111 1 1 1
52(}1 Z) ’ (51"'5253?542115)0‘1(512)“2(542115)“3(53?)“41

Proof. According to [Aral9], L_o(so0g) is the vertex algebra associated to the genus
zero ay class S theory, whose Schur index was given by [PP22, formula (1.2)]. It is
essentially the same as the formula in [Aral9, Proposition 10.5] by taking G = SLy
and b = 4. The contour integral in [PP22, formula (1.2)] was computed in [PP22,
Section 4.45], which implies that [PP22, formula (1.2)] equals (5.2). The result
follows from Theorem 5.2. O

We can also check that the characters of vacuum modules L(—2Ag) and the
partition function of the curved By system [ELS20] are equal up to ¢'° after
expanding the expression in terms of the parameter g. The partition function of
the curved v system on complex Grassmannian Gr(2,4) is given by

in(7)6:1(20,7)

Zgog (t, m*" 1) =
s05(t, M4, 7) Hwepel(a—i_(msu’w)’T)’

where t = 2™ g = 2™ and m? € by, the Cartan subalgebra of Lie algebra g.
The product in the denominator is over the weights in the representation p of sly
with highest weight Ag(,. The authors of [ELS20] found that this partition function
is also given by

Zsos (t, m*" 1) = ch[L(—2Ao)](m*°%, 7) — ch[L(—2A4)](m*°%, 7),

with the following identifications of parameters:

sly sly
. m m

m® =m" fori=1,2,3, m{ =0 - —— —mj" - —_
2 2

Using the expression for ch[L(—2Ag)], one also sees that

Zsgog (t, M 7) = ch[L(—2A0)](m*°%, 7) — ch[o™ (L(—2A))] (m*°%, 7).
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Therefore, we have
ch[L(—2A4)](m®%®, 1) = ch[o™ (L(—2A0))](m™*, 7).

Triality gives similar results for ¢ = 1 and 2.
Now let us consider the character of the spectral flowed module of L(—As)
along the 1A, direction based on the third formula in (5.1):

chlo#2 (L(=A)))(g; 21, 22, 5, 7a)
111
= (Y27 2223 2] ¢7) 2 ch[L(—A2))(q: 21, 2q ™ 2, 23, 24).
Moreover, ch[o282(L(—A,))] is the character of an ordinary Zy-twisted module as

it converges under the limit Z; — 1. It equals the defect index Z§%e*(k = 1) of
[ZPW22], which satisfies the second-order I'°(2)-MLDE
37

(D(2 + m@o 2(7) — @é1,1(7)> Ch[‘féj\z (L(=A2))](q) =0,

without Dél) term.

Appendix A. Theta functions

One can use classical theta functions to define Jacobi theta functions of degree
two:

03(z;q) = Yoo(T,2) = O22(7, 2) + Op2(7, 2)

n2
— Z Z2(n+%)q2(n+ )2 + Z2nq2n — Z an77
ne neL

04(z; q) = Vo1(7, 2) = —O2,2(7, 2) + Op 2(T, 2)
L e g - g

nez nez
02(2z; q) = V10(T,2) = O1,2(7,2) + O_1 2(7, 2)

:Zzz(n+ 2(n+1)? +z (n74) 2(n Z (n+1 )

nez nez
01 (Z; q) = —1911(7', Z) = i®172(T, Z) — i@_Lz(T, Z)
= 3 i) 2?2 ) g2(n—h)?
nez

— Z e7r1(n+ (nJr )

nez

(n+3)° + )

(77+ )2
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Using n(q) = g 152, (1 — g™), one can get the following infinite product

n=1
identities:

= 1 1 a1 1 Yoo(T, 2)
(1+an 2)(1+Z 1qn 2):q2477

};[1 n(q)

S 1 1 a1 1 Uo1(7, 2)
(1_an E)(l_z 1qn é):q214 s

};[1 n(q)
o0
H(l +z¢g")(1+z ") = q*ﬁzféw7
ne1 n(q)
e 1o c_a _10911(7,2)

(1—2q")(1 -z 'q" ") = —ig Pz 2 22,

ngl n(q)

where ¢ is, as always, €277,

We summarize some basic facts about the affine Lie algebra of 5’[;

Cartan matrix (%7)
Simple roots {ag, 1}
h* Spanc{ag, a1, Ag}
Bilinear form on h* (g, ) =2

(a1,01) =2

(o1, ap) = (g, 1) = —2

(g, Ag) =1

(Ao, Ag) = (a1,M0) =0
Basic imaginary root 0 =ay+ aq
) Spanc{ay = h1,ay = ho,d}
Central element c=af +af
Fundamental weights {Ao, A1}

(Aisaf) =i, Ai(d) = 0,7 =0,1
Lattice M Zhy
Lattice M* %Zal
Integral forms P Mebp* | Noy) ez, i=0,1}
Positive integral forms Py {\ € b* | M) € Z>p, i = 0,1}
Weyl group tM)x W, t(M) = {t,, | me M}, W= {s1}
Lacing number 1

Coxeter dual number 2
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Appendix B. Proof in Proposition 3.4
The calculation of (3.5):
TTETE P (B (n,1))
n [—1
=117 T ] Gmt) T}
r=1s=1
n [—1
=T < H H G—r—st—d) TgTﬁ-‘rn
r=1s=1

n -1
:T“(H (TT+—(—r—st—d)TO—i—(—r—st—d)(—r—st—d+1))>T5’Tﬁ+"

r=1

~ »
==

Tf<HH (r+ st +d)( Tg+r+st+d1))Té’Ti+d mod T_U (Ky).

The calculation of (3.6):

TTYTE P(Es(n, 1))
n

p— p—n—1gq—I
= T(_ngTf< H G—z) H H GT‘+St—p+7l
i=1 r=0 s=1
p—n—1qg—1
=117 [[ ] Grast-pin
r=0 s=0
p—n—1qg—1
H H Gr+st7p+n7mT(§)T;n
r=0 s=0
p—n q—l1
=1 [[ I Gst=m-rT8TT"
r=1 s=0
p—n q—1
=T ] [ (st = m—r)(~To + st —m —r + VIZTY mod T_U(Ky).
r=1s=0
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