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Base change conductors through intersection theory
and quotient singularities

Dennis Eriksson, Lars Halvard Halle, and Johannes Nicaise

Abstract. We perform a systematic study of the base change conductor for Jacobians. Through the
lens of intersection theory and Deligne’s Riemann–Roch theorem, we present novel computational
approaches for both the tame and wild parts of the base change conductor. Our key results include
a general formula of the tame part, as well as a computation of the wild part in terms of Galois
quotients of semi-stable models of the curves. We treat in detail the case of potential good reduction
when the quotient only has weak wild quotient singularities, relying on recent advances by Obus
and Wewers.
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1. Introduction

1.1. The base change conductor for abelian varieties

An algebraic family of varieties over a punctured curve can be completed into a family
over the whole curve. Such models of the family are not unique, and some are better
behaved than others, for instance smooth and proper models. In the setting of an abelian
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variety A defined over the fraction fieldK of a Dedekind domain R, one can ask for mod-
els over R that also extend the group structure. By Grothendieck’s semi-abelian reduction
theorem (cf. [19, IX.3.6]) it is in fact possible to find a model of A that forms a semi-
abelian scheme over the base, if one allows a finite ramified extension. This turns out to
be the best one can hope for in general.

In this article, we study an invariant called the base change conductor, which, for a
given abelian K-variety A, is a rational number c.A/ that measures the failure of A to
have semi-abelian reduction over R. Roughly, the value c.A/ is obtained by comparing
the Lie algebra of the Néron model (which is not compatible with base change in general)
before and after semi-abelian reduction.

The base change conductor was first introduced by Chai and Yu in the context of tori
[6], and more generally for (semi-)abelian varieties by Chai in [4]. See Section 3.2 for
the definition. It shows up, directly or indirectly, in many arithmetic problems of abelian
varieties. For instance, if A is an abelian variety over a number field, the base change
conductor appears as a correction factor when comparing the Faltings height (which is
defined in terms of the Lie algebra of the Néron model, cf. [16]) computed before and
after making an extension over which A acquires semi-abelian reduction.

The base change conductor was further studied by the last two authors in the context
of their work on motivic zeta functions (cf. e.g. [23, 24]). For an abelian variety A defined
over a strictly Henselian discretely valued field K, the motivic zeta function ZA.T / is a
formal power series which encodes the asymptotic behavior of the set of rational points of
A under ramified extensions of K. In particular, the last two authors introduced a natural
decomposition

c.A/ D ctame.A/C cwild.A/

where both ctame.A/ and cwild.A/ are non-negative numbers. They moreover showed that
if either A acquires semi-abelian reduction after a tame extension of K (in which case
cwild.A/ D 0), or if A is a Jacobian, the invariant ctame.A/ is the unique pole of ZA.T /.

1.2. The base change conductor for Jacobians

The aim of this paper is to study the base change conductor of a Jacobian variety, and
to find effective ways to compute it from the input provided by suitable proper models of
the curve over the ring of integers. The problem is local on the base, so for the rest of the
introduction we let R denote a complete discrete valuation ring with algebraically closed
residue field k.

Let C be a smooth projective curve over K of index 1, and C any regular model of
C over R. Then the relative Picard scheme Pic0C=S can be identified with the identity
component of the Néron model of Jac.C / and the Lie algebra in question is dual to the
Hodge bundle H 0.C; !C=S /. To study the base change conductor for a Jacobian one can
therefore equivalently investigate how the determinant of the Hodge bundle changes under
semi-stable reduction of the curve C , see Section 3.3 for details.
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At this stage, it might be useful to remark that in the complex geometric setting, the
base change conductor is essentially given by the logarithm of the eigenvalues of the
semi-simple part of the monodromy acting on H 0.C; !C / (cf. [13, Theorem A], [14,
Proposition 2.10], [22]).

1.3. Deligne’s Riemann–Roch theorem

In order to study how the determinant of the Hodge bundle behaves under semi-stable
reduction, we use tools from intersection theory. One of the central ingredients in this en-
deavor is Deligne’s Riemann–Roch theorem. This was first introduced in [8], and together
with further developments provides a canonical isomorphism between a power of the
determinant of the Hodge bundle with certain bundles that encode local intersection num-
bers, modified with some further invariants of singularities (cf. [10,11,41]). This theorem
allows us to replace the questions about determinants of Hodge bundles with questions
about local intersection theory and singularity invariants.

One of the invariants that contribute is the Artin conductor ArtC=S (cf. (2.1)). When
the total space C is only assumed normal and Q-Gorenstein, one obtains further contribu-
tions from an invariant �C;x attached to each non-regular point x 2 C. The definition of
�C;x generalizes the formula of Laufer [31] of the Milnor number of an isolated surface
singularity in the complex setting. We also call it the Milnor number. This invariant can,
in our generality, take rational values. It seems like an interesting problem to study �C;x ,
and the related discrepancy number �C;x , in further detail (cf. Definition 4.2 for a precise
definition).

We highlight the following consequence of the above intersection theoretic construc-
tions, which can be found in Corollary 5.5 (1) and (3). Below, the sum of the invariants
�C;x will be denoted �C.

Proposition 1.1. Suppose that K 0=K realizes semi-stable reduction for C , that C is a
model of C over R and that � W C0 ! C is a model of C �K K 0 dominating C �R R

0.

(1) Suppose that C and C0 are both regular models. Then

�12c.J / D
1

e
.�2 C 2� � ��!C=S � ArtC0=S 0 C e � ArtC=S /:

(2) Suppose that C is normal and Q-Gorenstein with at most rational singularities,
and that its normalized base change C0 is smooth over R0. Then

�12c.J / D
2

e
� � ��!C=S C ArtC=S � �C:

Here we have denoted by � D !C0=S 0 � �
�!C=S the discrepancy divisor and by e the

ramification index of K 0=K.

These two conclusions will be the central starting points for the main applications.
Let us also mention that in the complex geometric setting similar invariants were stud-

ied when the base is a smooth projective curve in e.g. [44, 45]. There, analogs of c.J /
were studied in the context of slopes.
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1.4. The tame part

Our first application of Proposition 1.1 appears in the computation of the tame part of the
base change conductor. Using tools from logarithmic geometry, the authors showed pre-
viously in [15] that ctame.J / can be computed from any sncd-model C (see Section 2.3 for
this terminology). More precisely, we proved that ctame.J / equals the sum of Edixhoven’s
jumps, which are non-negative rational numbers j1; : : : ; jg.C/ (see [9] for the definition).
We furthermore gave an explicit formula for each ji solely in terms of combinatorial data,
by which we mean the dual graph of Ck where each vertex is labeled with the multiplicity
and the genus of the corresponding component [15, Theorem 5.4.1].

As a consequence of these results, a fundamental result of Winters [48, Corollary 4.3]
allows us to reduce the computation of ctame.J / to the case of equal characteristic 0. Under
this assumption, both the extension K 0=K and the model C0 as in the first part of Propo-
sition 1.1 can be explicitly constructed by hand, rendering all terms explicit. This gives
a much more compact formula, Theorem 1.2 below, for the tame part of the base change
conductor, avoiding the complicated expressions for the individual jumps.

To state this result precisely, we introduce some notation. We denote by E.C/ the
number of nodes in the semi-stable curve Ck;red. The virtual number of nodes (cf. Defini-
tion 6.1) is defined as

R.C/ D
1

3

X
x2Sing.Ck;red/

n2x C n
02
x C .nx ; n

0
x/
2

nxn0x

where nx and n0x denote the multiplicities of the components intersecting in x and .nx ;n0x/
denotes the greatest common divisor.

We find the following expression (cf. Corollary 6.5).

Theorem 1.2. The tame part of the base change conductor is given by

ctame.J / D
u

2
�
1

4

�
R.C/ �E.C/

�
;

where u is the unipotent rank of the Néron model of J .

In certain situations, one can show independently of these methods that ctame.J / D
u
2

.
Our formula therefore yields an interesting combinatorial obstruction to some potential
reduction types. As a (non-exhaustive) illustration, we obtain the following consequence
of Theorem 6.8 and Theorem 11.1 in combination with Proposition 9.6, respectively.

Corollary 1.3. Suppose that Jac.C / either has potential multiplicative reduction, or ac-
quires good ordinary reduction after a purely wild extension. Then

R.C/ D E.C/

for any sncd-model C of C .
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1.5. The wild part

To compute the wild part cwild.J / of the base change conductor is more challenging. We
focus on the case where C has potential good reduction, i.e., when C admits a smooth
model C0 after a finite Galois extension K 0=K. In this case the most obvious choice for
the R-model C is the quotient of C0 by G D Gal.K 0=K/. This satisfies a version of the
second part of Proposition 1.1, which is the starting point for the computation of c.J / in
this situation.

We assume that K 0=K is purely wild, in which case the quotient C will have wild
quotient surface singularities. Such singularities remain poorly understood in general,
though important progress has been made in recent years. We analyze in detail the case
when the quotient has weak wild quotient singularities. This class was introduced and
studied in depth by Obus and Wewers [39] generalizing earlier work by Lorenzini [35]
when G D Z=p. Further developments have appeared in the recent PhD thesis of Waeter-
schoot [47].

For our purposes, the key feature of a weak wild quotient singularity x 2 C is that it
is formally isomorphic to the unique singularity of a certain proper model Y of P1. This
model is moreover obtained as a global quotient of a smooth and proper R0-scheme Z,
by a subgroup H � Gal.K 0=K/. This fact allows many local properties of a weak wild
quotient singularity to be computed globally on Y.

In particular, we compute the Milnor number of a weak wild quotient singularity (The-
orem 10.1).

Theorem 1.4. We keep the notation above, and write L D .K 0/H . Then

�Y;x D 4

�
1 �

1

jH j
C

swK0=L
jH j

�
:

See Sections 2.2 and 2.3 for notation concerning the Swan conductor of an `-adic
representation. Concerning the base change conductor, applying Proposition 1.1 we find
the following description.

Theorem 1.5. Assume that C has potential good reduction and that C has only weak wild
quotient singularities. Then

ctame D
u

2
and cwild D

1

4
Sw.C /:

The condition in the statement of the theorem holds for instance when the special fiber
C0
k

of the smooth model is an ordinary curve. The potential ordinary case, for abelian
varieties in general, has been studied in depth by Chai and Kappen using sophisticated
methods from rigid analytic geometry [5]. In particular, they found a representation theo-
retic formula for the base change conductor of an abelian variety with potential ordinary
reduction.
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1.6. Organization of the article

The article is structured as follows. In Section 2, we include preliminaries and set notation
for the rest of the article. In Section 3, we define the base change conductor and list a few
of its fundamental properties. In Section 4, we introduce and study some local intersection
theory on models of curves, including Milnor numbers and localized Chern classes. In
Section 5, we recall and extend formulations of Deligne’s Riemann–Roch theorem. In
Section 6, we apply this theorem to provide formulas for the tame part of the base change
conductor, using an explicit description of semi-stable reduction for curves with tame
reduction. In Section 7, we assume that C has potential good reduction, and establish,
for use later in the article, several results on the Galois-quotient of the smooth model. In
Section 8, we compute the base change conductor for a curve with tame potential good
reduction. The last three sections are devoted to the wild case. In Section 9, we give some
preliminaries on weak wild quotient singularities, and we compute the tame part of the
base change conductor when these are the only singularities on the Galois-quotient. In
Section 10, we compute explicitly the Milnor number of a weak wild quotient singularity.
In Section 11, we compute the wild part of the base change conductor again assuming
only weak wild quotient singularities occur.

1.7. Future directions

The base change conductor can be computed in terms of quotients in general, also for
semi-stable reduction admitting nodes, as follows from Corollary 5.5 (2). Although in
this paper we have chosen to focus on the case of potential good reduction, most of the
technical ingredients remain available, either directly or with suitable modifications. This
is especially evident for those of local nature, such as singularity and local intersection
invariants. In future work, we plan to perform a systematic study of the base change con-
ductor for Jacobians more generally, as well as to consider various related questions.

2. Preliminaries

2.1. Discretely valued fields

Throughout this paper, we denote by K a complete discretely valued field with ring of
integersR and residue field k. We assume that k is algebraically closed with characteristic
p � 0. By ` we shall always mean a prime number different from p. Throughout we only
consider separable field extensions of K, and we also fix a separable closure Ks of K.

For a schemeX overK, we writeXKs DX �K Ks . Similarly, for a scheme X overR,
we denote by Xk the special fiber X �R k and by XK the generic fiber X �R K.

Let K 0=K be a finite Galois extension of degree e D ŒK 0WK� and denote by R0 the
integral closure of R in K 0. Then R0 is again a complete discrete valuation ring, and the
extension R � R0 is ramified of index e and induces an isomorphism of residue fields.



Base change conductors through intersection theory and quotient singularities 7

We recall that G D Gal.K 0=K/ has the lower ramification filtration

G D G0 � G1 � � � � � Gi � � � �

by normal subgroups Gi of G (see e.g. [42, Chapter IV]). The group G1 is called the wild
ramification subgroup of G. It is a p-group and G=G1 has cardinality prime to p. The
group Gi , i � 1, is called the i -th ramification group.

2.2. Artin conductor and Swan conductor

Let V be a finite-dimensional `-adic representation of G. The Swan conductor of V is
defined as the sum

Sw.V / D
X
i�1

1

ŒGWGi �
dim.V=V Gi /:

The Artin conductor of V is defined as

Art.V / D dim.V / � dim.V G/C Sw.V /:

Let V be a continuous, finite-dimensional and quasi-unipotent `-adic representation
of Gal.Ks=K/. Then the action on the semi-simplification V ss factors through G D
Gal.K 0=K/ for some finite Galois extension K 0=K, and we set Art.V / D Art.V ss/ and
Sw.V / D Sw.V ss/, respectively.

If V is the representation defined by the finite field extension K 0=K, we write for
simplicity

Sw.V / D swK0=K :

Simplifying further, we will frequently write sw for this term if no confusion can occur.
We record the following well-known description of the canonical sheaf of the finite

morphism

S 0 D Spec.R0/! S D Spec.R/:

Proposition 2.1. Let s0 denote the closed point of S 0. Then

!S 0=S D OS 0
�
.e � 1C sw/ s0

�
:

Proof. This formulation amounts to computing the valuation of the different ideal of
K 0=K, see e.g. [42, Chapter IV, Proposition 4], and the fact that in this setting the deter-
minant of the relative Kähler differentials is given in terms of the different ideal (cf. [42,
Chapter III, Section 7]).

2.3. Models of curves and abelian varieties

We let C denote a smooth projective and geometrically irreducible curve overK, of genus
g > 0. We shall assume that C has index one, i.e., that there exists a zero cycle of degree 1.
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A model of C is a flat R-scheme C, endowed with an isomorphism of K-schemes

C �R K Š C:

Note that C is automatically integral. Unless otherwise mentioned, the scheme C will be
assumed proper over S . In these cases, we define the Artin conductor of the model as the
difference of `-adic Euler characteristics modified with the Swan conductor:

ArtC=S D �.CKs / � �.Ck/ � SwH 1.CKs ;Q`/: (2.1)

This is related to, but not the same thing as, the Artin conductor, defined in the previous
section, of the virtual Galois representation

P
i .�1/

iH i .CKs ;Q`/.
We say that C is an sncd-model if C is regular and if the special fiber Ck D

P
i2I niEi

is a divisor with strict normal crossings on C. This is equivalent to demanding that Ei is
smooth for all i and that Ei intersects Ej transversally whenever i ¤ j .

When C is an sncd-model, we denote by �.C/ the dual graph of the semi-stable curve
Ck;red. The vertex set ¹viºi2I corresponds bijectively to the set ¹Eiºi2I of irreducible com-
ponents of Ck , and whenever i ¤ j there are jEi \Ej j distinct edges joining vi and vj .

We put V.C/ D jI j and E.C/ D j Sing.Ck;red/j. Then the first Betti number of �.C/
can be computed as

b1
�
�.C/

�
D 1 � V.C/CE.C/: (2.2)

To each irreducible component Ei one can associate the numerical data .ni ; g.Ei //,
where g.Ei / denotes the genus of Ei . By the labeled dual graph z�.C/, we shall mean the
data .�.C/; ¹.g.Ei /; ni /ºi2I /.

Assume that C acquires semi-stable reduction over K 0=K. If Vr denotes the semi-
simplification of the Gal.Ks=K/-representation

Hr .CKs ;Q`/;

we can also view Vr as a G D Gal.K 0=K/-representation. Then Sw.Vr / is zero unless
r D 1, in which case we set

Sw.C / D Sw.V1/:

Assume that C has genus g > 1, or is an elliptic curve. In [40], T. Saito proved the
following cohomological criterion: C has semi-stable reduction over the valuation ring R
of K if and only if Gal.Ks=K/ acts unipotently on H1.CKs ;Q`/. T. Saito also proved in
loc. cit. a tameness criterion, which can be formulated as follows: C acquires semi-stable
reduction over a tame extension of K if and only if Sw.C / D 0.

Let A be a semi-abelian variety over K and denote by A its Néron lft-model over R.
We shall write Aı for the identity component of A.

The identity component Aı
k

of the special fiber is canonically an extension of an
abelian variety Bk by the product of a torus Tk and a unipotent group Uk . We define
the abelian rank a, the toric rank t and the unipotent rank u of the abelian variety A to be
the dimensions of the k-groups Bk , Tk and Uk , respectively.
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Let C be a smooth projective geometrically integral curve of index 1 and let C be a
regular model of C . Then the Néron model J of J D Jac.C / is related to C via a natural
isomorphism

Pic0C=R Š Jı

(cf. [3, Theorem 9.5/4]).

3. Definitions and basic properties

In this section, we recall the definition of the base change conductor and its basic proper-
ties, with a particular emphasis on the case of Jacobians.

3.1. Preliminaries on models

Let L be a line bundle on a scheme X over K. If X is a model of X over R and L

and L0 are line bundles on X which are isomorphic to L on X , we can canonically write
L0 ' L C O.D/ for a Cartier divisor D supported on the special fiber. This extends to
Q-line bundles, and in either case we additively write that:

L0 � L D D or L0 D LCD:

This writing implicitly includes identifications of LjX and L0jX with L, but is omitted
from notation.

In the case that X D S , any divisor is a multiple of the special point, and we simply
write the multiple and omit writing the special point.

3.2. The base change conductor

Let A be an abelian K-variety of dimension g and let A denote its Néron model over R.
Let moreover K 0=K be a finite separable field extension of ramification index e.K 0=K/.
We let A0 denote the Néron model of A �K K 0 over R0, the integral closure of R in K 0.
Since A0 is a Néron model, there exists a unique morphism

hWA �R R
0
! A0

extending the canonical isomorphism on the generic fibers.
The base change map h yields a canonical map

�1A0=R0 ! �1A=R ˝R R
0:

Pulling back along the unit section eA0 of A0, one obtains an injective homomorphism

� W !A0=R0 ! !A=R ˝R R
0 (3.1)

of free R0-modules of rank g. We recall the following definition [4, Section 2.4].
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Definition 3.1. Assume that A �K K 0 has semi-abelian reduction over R0. Then we call
the rational number

c.A/ D
1

e.K 0=K/
� lengthR0

�
coker.�/

�
the base change conductor of A.

The definition of c.A/ is independent of choice of extension K 0=K over which A has
semi-abelian reduction. The key property of c.A/ is that it vanishes precisely when A has
semi-abelian reduction over R (see e.g. [23, Proposition 4.16]).

In [24, Chapter 6], the base change conductor was refined as a sum of a tame and a
wild part

c.A/ D ctame.A/C cwild.A/:

Both terms are non-negative, and cwild.A/ is zero if A is tamely ramified.
If A is the Jacobian of a curve C , more is known (see e.g. [15]). In particular, the tame

part ctame.A/ is a rational number, and depends only on the labeled dual graph z�.C/ of the
minimal sncd-model C ofC . Even in this case, however, it is not known in general whether
cwild.A/ D 0 implies that A is tamely ramified. It is true in every case where cwild.A/ has
been explicitly computed.

3.3. The Jacobian case

Let
f WC! S D Spec.R/

be a regular model of C with relative dualizing sheaf !C=S . Let eJW S ! J be the unit
section of the Néron model of J D Jac.C /. Recall that the module of invariant differentials

!J=S WD e
�
J�

1
J=S

is a locally free sheaf on S of rank equal to g, the relative dimension of J=S .
We recall the following useful identification [15, Proposition 2.4.4].

Proposition 3.2. There is an OS -module isomorphism

˛CW!J=S ! f�!C=S :

Lastly, assume that C acquires semi-stable reduction after a finite separable extension
K 0=K of ramification index e. Then, for any regular model C0 of CK0 over the ring of
integers R0, Proposition 3.2 allows us to identify the map � in (3.1), with the natural map

H 0.C0; !C0=S 0/! H 0.C; !C=S /˝R R
0:

By elementary lattice theory, the determinants of the two Hodge bundles above differ
by �n, where n D lengthR0.coker.�//. For our purposes, this gives the most convenient
way to compute the base change conductor from the input of models of curves.
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4. Some local intersection theory

4.1. Relative intersection theory

In this section, we review the aspects of intersection theory relevant to this article. We
remark that while several results are valid in greater generality, we only announce them in
the setting described in the preliminaries.

Suppose f W C ! S is a model of a curve C ! SpecK. If L, M are line bundles
on C! S , there is a canonically defined line bundle over S , denoted by hL;Mi. It is a
bimultiplicative functor in line bundles on C and commutes with base changes S 0 ! S .
We refer the reader to [8, Sections 6–7] for a treatment in this generality. In this reference,
one approach to these constructions is via determinants of the cohomology:

hL;Mi D detRf�
�
.L � OC/˝ .M � OC/

�
: (4.1)

We refer to the original article for the formalism of virtual bundles, which plays little role
here except for in the proof of Proposition 4.1 below. Since the derived pushforward of a
proper fppf morphism sends perfect complexes to perfect complexes [43, 0B91], one can
apply the formalism of determinants of such complexes, as developed in [29].

Suppose C! S is a model of a curve C ! SpecK. Let D be a Cartier divisor sup-
ported on the special fiber. There is a well-defined intersection productD �L WD degLjD 2
Z with line bundles L on C.

Moreover, if L D O.D0/ for a Cartier divisorD0, supported over the special fiber, one
has an equalityD �O.D0/ DD0 �O.D/, and we denote the symmetric product byD �D0.
The reference [7] supposes that C is regular to identify Weil divisors and Cartier divisors,
but the construction extends to Cartier divisors or even Q-Cartier divisors. Given this, let
us recall how these intersection numbers relate to the pairings of line bundles.

Proposition 4.1. Let C! S be a model of C ! SpecK, and suppose we are given two
Q-line bundles L, M, isomorphic to line bundles L;M over C . Then:

(1) there is a well-defined Q-line bundle hL;Mi on S , isomorphic to hL;M i over
SpecK.

(2) If L0 D LCD for a Q-Cartier divisor D supported on the special fiber, then

hL0;Mi D hL;Mi C .D �M/;

and symmetrically in the second variable.

Proof. This is essentially [10, Proposition 4.2]. Since the statement is slightly more gen-
eral than what the reference states, we recall the proof for the convenience of the reader.

The construction underlying the first statement is clear from the bilinearity of the pair-
ings.

For the second point, by bilinearity we reduce to the case when L is trivial, L0 DO.D/

and M is an actual line bundle. Then the virtual bundle, already used in the definition (4.1),

Rf�
�
.O.D/ � OC/˝ .M � OC/

�
(4.2)

https://stacks.math.columbia.edu/tag/0B91
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is generically trivial, and its finite length as a virtual R-module corresponds to the number
in (2), claimed to be .D �M/.

We first prove the claim for the case when D is the special fiber Ck . In this case,
the standard sequence 0! OC ! OC.Ck/! OCk .Ck/! 0 shows that OC.Ck/ � OC '

OCk .Ck/. Then the length of (4.2) reduces to the Riemann–Roch type equality, cf. [17,
Example 18.3.4 (a)],

�.MjCk / � �.OCk / D Ck �M:

In the general case, by bilinearity one reduces to the case when D is an actual Cartier
divisor. By the already treated case and bilinearity, we can suppose D is effective. In this
case, the rest of the argument is a repetition of the previous case:

�.MjD/ � �.OD/ D D �M:

4.2. Milnor numbers

We continue to study a model C ! S of a curve C ! SpecK. We assume that C is
smooth, and that C is normal and Q-Gorenstein. If P 2 C is a closed point, we consider
an arbitrary strict normal crossings resolution � W C0 ! C. Denote by E D ��1.P / the
exceptional divisor, by �C0;E the dual graph of E, and by gP D

P
i gi the sum of the

genera of the irreducible components of E. Let V.C0; E/ be the number of irreducible
components in E. We define b1.�C0;E / as the first Betti number of the dual graph (cf.
(2.2)). This only depends on .C; P /, and we also denote it by b1.�C;P /.

We define �� as the discrepancy Q-Cartier divisor of � . Finally, consider the coherent
sheaf R1��OC0 . It is an OC;P -module of finite length, and automatically then also an R-
module of finite length, denoted pg;P .

With these preliminaries in mind, we are ready to define the following invariants:

Definition 4.2. We define the Milnor number of P , in C, as:

�C;P D 12pg;P C �
2
� � 2gP � b1.�C;P /C V.C

0; E/;

and the discrepancy number as

�C;P D �
2
� � 2gP � b1.�C;P /C V.C

0; E/:

The definitions are independent of the choice of the resolution � . Indeed, all expres-
sions except �2� and V.C0; E/ are independent of the resolution. However, the expression
�2� C V.C

0; E/ is invariant under blow-up in closed regular points and hence independent
of the choice of resolution.

Lemma 4.3. The Milnor number and the discrepancy number only depend on the formal
isomorphism type of .C; P /.

Proof. The proof is standard, and we include it because of its central importance in later
sections. Moreover, the proof for the Milnor numbers also covers the discrepancy num-
bers, and we hence focus on former.
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Denote by A the local ring OC;P and by yA the completion of A along the maximal
ideal m. The map A! yA is faithfully flat. We first address that pg;P only depends on the
corresponding formation above yA.

Given a resolution C0 ! SpecA, the base change C0 �A yA is a resolution of Spec yA
by [43, 0BG6]. Since A ! yA is faithfully flat, we find that the formation of the sheaf
R1��OC0 commutes with the flat base change. The fact that pg;P only depends on the
completion yA now follows from the following statement: Suppose we are given an A-
module M , of finite R-length. Then M ˝A yA is also an R-module of the same R-finite
length. This follows from the fact that R ! A is a local homomorphism of local rings,
with the same residue fields. This reduces the statement to the case when M D A=m.
Since A=m˝A yA ' A=m the statement follows.

For the invariance of the discrepancy under the base change to the completion, write
�� D

P
i kiEi for ki 2Q. Since the intersection forms on both C0 and C0 �A yA are negative

definite, it is determined by the equation �� �Ei D 2gi � 2�E2i , andE2i is computed via
the intersections of Ei and Ej ; j ¤ i , in E as in [7, Corollaire 1.8]. Since the exceptional
divisor is the same in both cases we conclude that �� and hence �2� is invariant upon
completion.

Finally, since the exceptional divisors are in fact the same before and after the com-
pletion, so are the genera and Betti number of the dual graph.

We have the following corollary which we include for future reference.

Corollary 4.4. If P 2 C is either a rational double point, or formally isomorphic to a quo-
tient singularity arising from a finite group acting on a regular two-dimensional scheme,
then gP D b1.�C;P / D 0.

In particular for such singularities, if supposed moreover rational, we have:

�C;P D �C;P D �
2
� C V.C

0; E/:

Proof. If x 2 C would be a rational double point, it follows from [32, Section 24] that
gP D b1.�C;P / D 0.

If P 2 C is formally isomorphic to a quotient singularity arising from a finite group
acting on a regular two-dimensional scheme, it is known that the values gP and b1.�C;P /

are zero for any resolution, see e.g. [34, Theorem 2.8].

4.3. Localized Chern classes

In this section, X ! S denotes a regular scheme X over the spectrum S of a discrete
valuation ring, R, such that X ! S is faithfully flat of constant relative dimension d � 1,
and the generic fiber is smooth.

In this case, any coherent sheaf F is a perfect complex of finite tor dimension. Suppose
F is locally free of rank r outside of a closed subset Z � Xk � X , with Z of finite type
over k. Then for i > r the localized Chern class cZi .F/ \ ŒX� 2 AdC1�i .Z/ is defined,
as detailed below. Here Aj .Z/ denotes the Chow group of dimension j -cycles on the
variety Z.

https://stacks.math.columbia.edu/tag/0BG6
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We will at most have two-dimensional regular schemes, in which case coherent sheaves
are resolved by a 2-term complex. We only give, as in [2], the definition in this case. So
let 0! E1

d1
�! E0 ! F be a length 2-resolution of a coherent sheaf F in terms of vector

bundles, Ei , of ranks ei . Consider p W G ! X , where G is the Grassmannian of rank e1
subbundles ofE1˚E0. Denote by �Dp�E0 � �1, where �1 is the universal subbundle of
G. Consider the scheme theoretic image ˛0 ofX �A1 inG �P1 via the graph embedding
.x; �/ 7! .Graph.�d1.x//; �/. Also consider the scheme theoretic image ˛00 of the map
.X nZ/�A1!G�P1 determined by the map x 7! .E1.x/

d1
�!E0.x/� 0˚E0.x/; x/.

With the map i1 W G D G � ¹1º ! G � P1, one can define 
 D i�1.˛
0 � ˛00/ as a cycle

on G, with support on GZ D G �X Z. Denote by � W GZ ! Z the projection. Then, for
i > d , one defines:

cZi .F/ \ ŒX� D ��
�
ci .�/ \ 


�
2 AdC1�i .Z/: (4.3)

We remark that the scheme theoretic image of a reduced scheme is simply the reduced
structure on the closure of its image, and since all the involved schemes are reduced the
above images are in fact topological notions. We recall a few standard properties of these
classes.

Proposition 4.5. Let X ! S; F and i be as above. Then the following holds for the
localized Chern classes cZi .F/ \ ŒX�.

(1) If Z D
F
j Zj , and for each j , there is an open neighborhood Uj of Zj , which

does not intersect any of the other Zj 0 , then

cZi .F/ \ ŒX� D
X
j

c
Zj
i .FjUj / \ ŒUj �

in
AdC1�i .Z/ D

M
j

AdC1�i .Zj /:

(2) If � W Z � Z0, then
��c

Z
i .F/ \ ŒX� D c

Z0

i .F/ \ ŒX�:

(3) If Z D P is a closed point, the localized Chern class only depends on the local-
ization OX;P .

(4) IfZ D P is a closed point and FD�1
X=S

, the localized Chern class only depends

on the completion yOX;P of the local ring OX;P along its maximal ideal.

Proof. The first two properties are essentially in the definition of the localized Chern
classes, cf. [2, Proposition 1.1]. For the last two points, we first record the following
general observation.

Suppose q W U !X is a flat morphism, with the natural map q�1Z!Z being an iso-
morphism. Since the scheme theoretic images commute with flat base change, [43, 081I],

https://stacks.math.columbia.edu/tag/081I
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and Œq�E1 ! q�E0� D Lq�F ' q�F, the formation of ˛0; ˛00 commute with restric-
tion along the maps induced by q. Since there is an identification of the spaces GZ and
Gq�1.Z/, both F on X and q�F on U define the same cycle 
 . This is the only ingredient
in (4.3) which depends on data outside of Z.

From this we can conclude that we have the equality

cZi .q
�F/ \ ŒU � D cZi .F/ \ ŒX�:

Now, if U is the localization at P , it satisfies the above assumption, and hence q�F
only depends on U ! S . In the case when F D �1

X=S
and q W U ! X is the completion

at P , we additionally use the fact that

�1A=R ˝A
yA ' lim
 �
n

�1
yA=R
=mn;

where m is the maximal ideal of A, see e.g. [33, Chapter 6.1, Exercise 1.3]. This latter
isomorphism shows that the relative cotangent bundle only depends on the formal com-
pletion.

5. Deligne–Riemann–Roch and base change conductors

5.1. The Deligne–Riemann–Roch isomorphism

Consider a smooth curve C ! SpecK. For a line bundle L on C , we consider the deter-
minant detR�.C; L/ of the cohomology of L over K. This was already considered in
Section 4.1 in (4.1). We denote it by �.L/. If !C denotes the (relative) dualizing sheaf, as
shown by Deligne in [8], there is a canonical isomorphism

12�.L/ ' h!C ; !C i C 6hL;L � !C i: (5.1)

This isomorphism, and similar variants, are sometimes referred to as the theorem of
Deligne–Riemann–Roch.

Consider a model C! S of C=K. We suppose that C is normal and Q-Gorenstein. If
L is a line bundle on C, generically isomorphic toL, both sides of (5.1) can still be defined
over S as Q-Cartier divisors. Here we use the dualizing sheaf, or equivalently the canon-
ical divisor, !C=S , to extend the right-hand side, via the discussion in Proposition 4.1.
Using the convention introduced in Section 3.1, we can write

12�.L/ D h!C=S ; !C=S i C 6hL;L � !C=S i C�; (5.2)

for some integer � D �C=R. If C is regular, it was proven in [41] that � D �ArtC=S . In
[10, 11], this was extended to normal models that are local complete intersections over
S , with a correction term. The correction term is given by a sum of Milnor numbers, cf.
Section 4.2, of the non-regular points:

�C D

X
x2Ck

�C;x :

We analogously define �C.
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5.2. Consequences for the Hodge bundle

We are in particular interested in the situation when we can choose C and L so that

�.L/ D det!J=S ;

in which case questions about the base change conductor can be translated into questions
about the right-hand side of (5.2).

Proposition 5.1. Let f W C! S be a normal Q-Gorenstein model of C ! SpecK, and
L any line bundle on C. Then there are canonical isomorphisms

12�.L/ D h!C=S ; !C=S i C 6hL;L � !C=S i � ArtC=S C�C (5.3)

and
12 det!J=S ' h!C=S ; !C=S i � ArtC=S C�C: (5.4)

Proof. This is essentially a reformulation of the main theorem of [10,11]. The same proof
carries over to this context, but for the sake of completeness, we include the main lines of
the argument.

We address first the first isomorphism, by reducing to the case when C is regular,
in which case the result was known. One hence considers a resolution C0 ! C. When
comparing the left-hand sides of (5.2) the factor corresponding to 12pg in Definition 4.2
of the Milnor number appears. The factor in the same formula corresponding to �2 appears
when comparing the terms involving the canonical bundles !C0=S and !C=S , and relating
this comparison to intersection theory via Proposition 4.1. Finally, the other terms appear
in the comparison of topological Euler characteristics and is valid as long as C is normal.

The second isomorphism follows from these considerations. Here we use the statement
for OC0 on the level of C0. By Proposition 3.2, it follows that we have �.OC0/ ' det!J=S .
When rewriting the terms as described for the first isomorphism, we do not perform a com-
parison of �.OC0/ with �.OC/. This has the effect that there is no factor 12pg appearing.

Remark 5.2. One of the main applications of the above proposition we have in mind is a
model C obtained as a quotient C0=G, where C0 is a regular model over the valuation ring
of a Galois extension L=K realizing semi-stable reduction of C=K, and where G is the
Galois group of L=K.

Suppose now that C! S is a log-regular model of C , where we equip C with the divi-
sorial logarithmic structure induced from elements of OC which are invertible on C . It is
automatically normal by [26, (4.1)]. Let ! log

C=S
be the relative logarithmic canonical bundle,

as defined in e.g. [15, Section 3.3.3]. It is invertible, and we moreover have an identifica-
tion

!
log
C=S
D !C=S .Ck;red � Ck/; (5.5)

by [15, Propositions 3.3.4 and 3.3.6]. Here the right-hand side is defined in terms of push-
forward from the regular locus. Since Ck;red is Q-Cartier, cf. [1, Lemma 3.3.5], it follows
that !C=S itself is Q-Cartier.
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Log-regularity implies that C has only rational singularities: indeed, it is well known
that the exceptional locus in the minimal resolution of singularities forms a chain of smooth
rational curves, hence the argument is the same as in [25, Proposition 3.1]. Moreover, it
follows by Grauert–Riemenschneider for normal 2-dimensional schemes [43, 0AXD] that
for a desingularization � W C0 ! C, we have R1��!C0=S D 0. It then follows from [30,
Proposition 11.9] that ��!C0=S D !C=S and ��OC0 D OC; R

1��OC0 D 0. We conclude
that there are natural isomorphisms

�.!C=S / ' �.!C0=S / ' �.OC0/ ' �.OC/; (5.6)

where we have used Grothendieck–Serre duality in the middle. The whole composition is
also given by Grothendieck–Serre duality. We then have, combining (5.6) with Proposi-
tion 3.2:

det!J=S ' �.OC/;

where J denotes the Néron model of the Jacobian of C .
We summarize these observations with the following proposition.

Proposition 5.3. Let C ! S be a log-regular model of C ! SpecK. Then there is a
canonical isomorphism of Q-Cartier divisors on S :

12 det!J=S ' h!C=S ; !C=S i � ArtC=S C�C:

Notice that since C has rational singularities, we have �C D �C.

5.3. A formula for the base change conductor of the Jacobian

We summarize the above sections in the following theorem.

Theorem 5.4. Let K 0=K be a finite extension of fields, and let C be a regular model over
R of a curve C . Let � W C0 ! C �S S

0 be a desingularization. Denote by � D !C0=S 0 �

��!C=S the discrepancy. Then, with e D ŒK 0 W K�, the following formula holds:

12
�
�.OC0/ �R

0
˝R �.OC/

�
D �2 C 2� � ��!C=S � ArtC0=S 0 C e � ArtC=S :

The above theorem provides a formula for the change of determinants of cohomolo-
gies, and hence an expression for the base change conductor of the Jacobian in this setting.
We record this as a corollary below. It is however useful to allow some singularities of the
total space, and we also include some cases which affords that assumption, relying on the
results of the previous section.

Corollary 5.5. Suppose that the extensionK 0=K realizes semi-stable reduction for C=K.
Then:

(1) With the notation as in Theorem 5.4, we have

�12c.J / D
1

e
.�2 C 2� � ��!C=S � ArtC0=S 0 C e � ArtC=S /:

https://stacks.math.columbia.edu/tag/0AXD
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(2) If C is normal Q-Gorenstein, and the normalized base change C0 is a regular
model over S 0, then we have

�12c.J / D
1

e
.�2 C 2� � ��!C=S � ArtC0=S 0/C ArtC=S � �C:

(3) If C is Q-Gorenstein with at most rational singularities, and the normalized base
change C0 is smooth over S 0, then we have

�12c.J / D
2

e
� � ��!C=S C ArtC=S � �C:

Proof. The first part is immediate from Theorem 5.4. The second one is a consequence of
the same logic as the first part, but utilizing Proposition 5.1, in particular (5.4). The third
is a special case of the second one and the following facts: We have ArtC0=S 0 D 0 for a
smooth model, �C D �C for rational singularities, and �2 D 0 since � is necessarily a
multiple of the special fiber.

6. The tame part of the base change conductor

In this section, we derive formulas for the tame part of the base change conductor of the
Jacobian of a curve in terms of the geometry of models of the curve. We let C! S be a
regular sncd-model of C , with special fiber Ck D

P
i2I niEi .

6.1. Preliminaries on sncd-models

Recall that E.C/ denotes the number of nodes of Ck;red. We next introduce a related value,
which also takes into account the multiplicities of the components of Ck .

Definition 6.1. By the virtual number of nodes we mean the value

R.C/ D
1

3
�

X
x2Sing.Ck;red/

n2x C n
02
x C .nx ; n

0
x/
2

nxn0x
;

where nx and n0x denote the multiplicities of the two formal branches of the special fiber
crossing transversally at x.

Here .nx ; n0x/ denotes the gcd of nx ; n0x . In the case of a “classical node” we have
nx D n

0
x D 1, and because of the factor 1=3, the contribution of the node in the sum is 1.

We will see below that the expression R.C/ appears naturally in our formulas.

6.2. The tame part of the Artin conductor

We define the tame part of the Artin conductor of C=S to be (compare with (2.1))

Arttame.C/ D �.CKs / � �.Ck/:
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It can be computed entirely in terms of the labeled dual graph z�.C/. Indeed, we have

�.Ck/ D �.Ck;red/ D
X
i

�.Ei / �E.C/ D
X
i

�.Ei / �
X
i<j

Ei �Ej ; (6.1)

and (cf. [38, Corollary 2.6.3])

�.CKs / D
X
i

ni�.E
ı
i /:

Here the intersection product is the one explained in Section 4.1.

Lemma 6.2. Let u be the unipotent rank of J . The following formula holds:

Arttame.C/ D �2u �E.C/:

Proof. The toric rank t equals the first Betti number of the dual graph of C (see (2.2)), and
the abelian rank a equals the sum of the genera of the irreducible components Ei of the
special fiber. We moreover have g D a C t C u. Combining with (6.1) we therefore find
the sequence of identities

Arttame.C/ D �.CKs / � �.Ck/ D .2 � 2g/ �
�X

i

�
2 � 2g.Ei /

�
�E.C/

�
D 2

�
1 � V.C/CE.C/

�
C 2

�X
i

g.Ei / � g
�
�E.C/

D 2.t C a � g/ �E.C/ D �2u �E.C/:

6.3. The formula for the base change conductor for Jacobians

We will exploit the second formula in Proposition 5.1 to derive a formula for the base
change conductor.

Proposition 6.3. Let C and C=S be as at the start of this section, and assume in addition
that .p; ni / D 1 for all i 2 I . Then

c.J / D �
1

4
�
�
ArtC=S CR.C/

�
:

Proof. First of all, note that our assumption implies that C is tamely ramified. We fix
an extension K 0=K (of sufficiently divisible degree) that realizes semi-stable reduction
for C . We denote the composition of normalized base change zC! C and minimal desin-
gularization C0 ! zC by � WC0 ! C. Then

��!
log
C=S
D !

log
C0=S 0

;

where one can take as definition of the logarithmic canonical bundles the expression in
(5.5). To see this, use that the logarithmic differentials pullback to the logarithmic differ-
entials along the pullback to the normalized base change, cf. [15, Section 3.3.5]. Since zCk
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is reduced, we have ! log
zC=S 0
D !zC=S 0 . The analog property holds for C0=S 0. The statement

therefore follows from the fact that the minimal desingularization is a crepant resolution.
From this identity, one easily derives that � D ��.Ck;red � Ck/, since C0=S 0 is semi-

stable. Using adjunction and the projection formula, we therefore compute

�2 D .��Ck;red/
2
D e � C2k;red

and
� � ��!C=S D e � Ck;red � !C=S C e � �.CKs /:

By adjunction �.Ei / D �E2i �Ei � !C=S , hence

Ck;red � !C=S D

X
i

�
� �.Ei / �E

2
i

�
:

It follows that

e�1.�2 C 2� � ��!C=S / D 2
X
i<j

Ei �Ej �
X
i

E2i � 2
X
i

�.Ei /C 2�.CKs /:

Using that Ck D
P
i niEi has trivial intersection with any divisor in the special fiber

it follows that
E2i D �

X
i¤j

nj

ni
Ei �Ej

so that X
i

E2i D �
X
i<j

n2i C n
2
j

ninj
Ei �Ej :

Now we compute ArtC0=S 0 . In order to do this, we use the explicit description provided
in [21] of the natural map pW zC! C and the minimal desingularization �W C0 ! zC. For
each Ei , let us denote by fEi ı the inverse image of Eıi under p. Then the induced map

fEi ı ! Eıi

is étale of degree ni , hence
�.fEi ı/ D ni�.Eıi /:

Consider now a point x 2 Ei \ Ej , where i ¤ j . The inverse image of x under p
consists of .ni ; nj / distinct points, each of them being a transversal intersection of distinct
branches of zCk . Moreover, the formal structure of zC at any of these points is that of an Anx
singularity, where

nx D
e � .ni ; nj /

ninj
:

The exceptional locus of this singularity consists of a chain of nx � 1 smooth rational
curves F˛ . In particular, we find that �.F ı˛ / D 0 and that each of the .ni ; nj / preimages



Base change conductors through intersection theory and quotient singularities 21

of x give rise to nx singular points in the special fiber of C0. By Lemma 6.2 we conclude
that

ArtC0=S 0 D �e �
X
i<j

.Ei �Ej /
.ni ; nj /

2

ninj
:

Now we use Theorem 5.4. After dividing by e, we find that

�12 � c.J / D 2
X
i<j

Ei �Ej �
X
i

E2i � 2
X
i

�.Ei /

C 2�.CKs /C
X
i<j

.Ei �Ej /
.ni ; nj /

2

ninj
C �.CKs / � �.Ck/

D 3
�
�.CKs / � �.Ck/

�
C

X
i<j

.Ei �Ej /
n2i C n

2
j C .ni ; nj /

2

ninj
;

which easily yields the desired formula.

In fact, Proposition 6.3 holds for any curve C=K and any strict normal crossings
model C=S of C , provided that we replace c.Jac.C // and ArtC=S by their tame coun-
terparts ctame.J / and Arttame.C/. Indeed, our next result shows that the formula can be
“transported” from characteristic zero.

Theorem 6.4. Let C=S be an sncd-model of C . Then

ctame.J / D �
1

4
�
�
Arttame.C/CR.C/

�
:

Proof. By [20, 23], the value ctame.Jac.C // only depends on the labeled dual graph z�.C/,
and we have already observed that the same is true for Arttame.C/.

By [48, Corollary 4.3], we can find a smooth geometrically connected curve B=C..t//
and an sncd-model Y of B such that

z�.C/ D z�.Y/:

This implies that

ctame
�

Jac.C /
�
D ctame

�
Jac.B/

�
D c

�
Jac.B/

�
and that

Arttame.C/ D Arttame.Y/ D ArtY=CJtK:

Obviously, we also have that R.C/ D R.Y/. Now the result follows from Proposition 6.3,
which states that

c
�

Jac.B/
�
D �

1

4
�
�
ArtY=CJtK CR.Y/

�
:

We record also a different formulation of the above formula, which follows immedi-
ately from combining Theorem 6.4 and Lemma 6.2.
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Corollary 6.5. Let C and C be as above. Then

ctame.J / D
u

2
�
1

4
�
�
R.C/ �E.C/

�
:

Remark 6.6. The term R.C/ �E.C/ does not depend on C, but can be hard to control in
general – explicit examples show that it can take both positive and negative values. For
instance, if C is the minimal sncd-model of an elliptic curve with reduction type IV , one
computes that R.C/�E.C/D 2

3
, whereas for reduction type IV � one finds that the value

is �2
3

.

6.4. An inequality

All the terms appearing in Theorem 6.4 have a definite sign. This is clear except possibly
for Arttame.C/, for which it holds that

�Arttame.C/ � 0:

The above inequality is well known, and follows from the fact that, in this setting,

H 1.Ck ;Q`/ D H
1.CKs ;Q`/

I ;

where I D Gal.Ks=K/ denotes the inertia group, so b1.Ck/ � b1.CKs /.
In this direction, notice that the formula in Theorem 6.4 implies the stronger inequality

1

4

�
� Arttame.C/

�
� ctame.J / D

1

4
R.C/ � 0: (6.2)

These types of inequalities were studied in [12], in the setting of germs of isolated
complex hypersurface singularities, determined by f W .C2; 0/! .C; 0/. We suppose in
the remainder of this paragraph that 0 2 f �1.0/ is actually a singularity. This germ can be
globalized to a family of hypersurfaces in P2, C! .C; 0/, with a single isolated singular
point over the origin, so it is in fact of algebraic nature.

The inequality in question is given in terms of �, the Milnor number of f �1.0/, and
the so-called spectral genus Qpg of the singularity. For families of hypersurfaces, one has

� D �Arttame.C/; Qpg D ctame.J /:

The result in [12, Theorem B] provides us with the inequality

1

6

�
� Arttame.C/

�
� ctame.J / > 0: (6.3)

This is of the same type as (6.2), but the latter is for an isolated singularity. In what
follows, we show how it provides an inequality for the Milnor number in terms of the
combinatorics of the resolution graphs. For this we need to compare with a normal cross-
ings model. We pick any embedded resolution with normal crossings C0 ! C, and denote
by E the exceptional divisor. Then ctame.J / remains unchanged, but

�Arttame.C
0/ D �C e;
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where e WD #irreducible components .E/. As in (2.2), we find that

e D E.C0/C 1 � t � n

where n is the number of irreducible components of Ck , and t is the first Betti number of
the dual graph, or likewise the toric rank.

Hence Theorem 6.4 can be written as:

ctame.J / D
1

4

�
�CE.C0/ �R.C0/C 1 � t � n

�
: (6.4)

Inserting (6.4) into the inequality (6.3), and using the definition ofR.C0/ in Definition 6.1,
we find the following.

Proposition 6.7. Suppose that f W C! Spec CJtK is a regular model of a smooth curve,
with a single isolated singularity in the special fiber. With the notation as above, we have
the strict inequality:

� <
X

x2Sing.C0
k;red/

�
n2x C n

02
x C .nx ; n

0
x/
2

nxn0x
� 3

�
C 3.t C n � 1/:

We remark that even stronger inequalities than (6.3) are known for many models of
curves, and are expected more generally. We refer to [12] for a further discussion. This
bound seems to resist being classified as merely a formal estimate.

One could consider the same type of possible inequality over a complete DVR not
necessarily of characteristic 0. The inequality in the proposition does not seem to be trans-
portable from characteristic 0 via a Winters’ type argument as in the proof of Theorem 6.4.
It hence remains an intriguing open question whether this inequality extends to character-
istic p.

6.5. Chai and Yu’s formula

Lastly in this section, we demonstrate how Chai and Yu’s formula for the base change con-
ductor of an algebraic torus [6] can be used to show that the term R.C/ � E.C/ vanishes
in many cases of interest.

We denote by T`.J / the `-adic Tate module of J D Jac.C /, and we put V`.J / D
T`.J /˝Q`. The inertia group I D Gal.Ks=K/ acts on V`.J /, we write V for the semi-
simplification of this representation.

Recall that there exists a semi-abelian K-variety E such that J an is uniformized
by Ean. I.e., there exists an exact sequence

0!M ! Ean
! J an

! 0

with M a K-lattice of rank equal to the dimension of the maximal subtorus T of E.
We denote by E the Néron lft-model ofE. Then E0

k
is isomorphic to J0

k
, which implies

that the abelian, toric and unipotent ranks of J and E coincide.
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Let us write B D E=T for the abelian part of E. If B is trivial, the main result in [6]
implies that

c.J / D
1

4
� Art.V /:

The formula continues to hold in the more general case where B has good reduction over
R by [4, Proposition 7.8]. Since dim.V / � dim.V I / D 2u, Chai and Yu’s formula can
also be written as

c.J / D
u

2
C
1

4
� Sw.V /:

Theorem 6.8. Assume that B has good reduction over R, and let C=S be an arbitrary
sncd-model of C . Then

(1) ctame.J / D
u
2

.

(2) E.C/ D R.C/.

Proof. Observe first that c.J /Dc.E/ and ctame.J /Dctame.E/ by [24, Proposition 6.2.3.2].
Moreover, by [24, Proposition 7.1.1.3], we have ctame.E/D

u.E/
2

. To be precise, the latter
result is formulated under the assumption that E is a torus, but the argument generalizes
immediately to the case where B has good reduction over R. Thus, as u.J / D u.E/,
(1) follows. Statement (2) is immediate from (1), by Corollary 6.5.

Remark 6.9. Part (2) of the above theorem gives an interesting necessary condition for
C to have potential purely multiplicative reduction.

7. The quotient construction

In this section C denotes a smooth projective and geometrically integral curve over K.
We assume there exists a finite Galois extension K 0=K such that C �K K 0 admits a G D
Gal.K 0=K/-equivariant smooth and proper model Z over the integral closure of R in K 0.

Our goal is to establish some fundamental properties for the quotient map Z! Y WD

Z=G, that will be used frequently in later sections.
If either g.C / � 2 or C is an elliptic curve, we always take K 0=K to be the mini-

mal extension over which C acquires good reduction. However, we avoid making this an
assumption, as some of the results in this section are also needed when C Š P1K (and
hence a smooth proper model exists already over S D Spec.R/) and K 0=K is non-trivial.

7.1. Preliminaries

We recall that K is a complete discretely valued field with ring of integers R and alge-
braically closed residue field k. We denote by p � 0 the residue characteristic.

We let K 0=K be a finite Galois extension of degree e D ŒK 0 W K� with group G. We
denote by R0 the integral closure of R in K 0 and set S 0 D Spec.R0/.

We denote by$ a uniformizer of R and$ 0 a uniformizer of R0, so that$ D u.$ 0/e

for some unit u 2 R0.
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Throughout this section, we assume that the natural action of G on C �K K 0 extends
to the smooth model such that Z! S 0 is equivariant and such thatG acts faithfully on Zk .

Remark 7.1. If g.C / � 2 or if C is elliptic, and K 0=K is the minimal extension over
whichC acquires stable reduction, the smooth model Z coincides with the minimal regular
model, and is thereforeG-equivariant. It is moreover known that Gal.K 0=K/ ,!Aut.Zk/,
see for instance [33, Theorem 10.4.44].

If however C Š P1K and K 0=K is non-trivial, our assumption imposes a restriction in
general (but it is automatically verified in our applications).

7.2. The quotient map

We now consider the quotient
� WZ! Y WD Z=G:

It is well known that Y is normal, flat and projective over S . Since it is a global quotient
of a regular two-dimensional scheme by a finite group, it is also Q-factorial (using e.g. the
existence of the norm [43, 0BCX] and standard properties of reflexive sheaves). We denote
by !Y=S (see [15, Section 3.3.2] for the definition) the Q-Cartier divisor corresponding to
the canonical divisor.

In our main applications, we shall impose stronger assumptions to ensure that Y has
rational singularities. More precisely, this will hold, e.g., if either K 0=K is tame, or if Y
has only weak wild quotient singularities.

In the next lemma, we write F D Zk and E D Yk;red, as well as �F and �E , respec-
tively, for their generic points.

Lemma 7.2. Let K 0=K and � WZ! Y be as above.

(1) The homomorphism O�E ! O�F is unramified.

(2) The quotient map induces a composition

Zk ! Zk=G ! Yk;red

where the latter morphism is the normalization.

(3) The special fiber Yk has multiplicity e along E.

Proof. We first recall two useful facts. First, because C=K is geometrically integral, we
have that K.C �K K 0/ D K.C/˝K K 0. Second, since � WZ! Y is a finite group quo-
tient of the normal scheme Z, we know that Z equals the normalization of Y �S S 0 in
K.C �K K

0/ [34, Lemma 2.10].
Because � WZ! Y is finite, the same is true for the flat pullback

Z �Y Spec.O�E /! Spec.O�E /:

In fact, we have
Z �Y Spec.O�E / D Spec.O�F /

https://stacks.math.columbia.edu/tag/0BCX
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because normalization commutes with localization, and �F is the only point over �E by
smoothness of Z=S 0. This means that the natural map

O�E ! O�F

is a finite local homomorphism of discrete valuation rings, hence also flat. On fraction
fields we recover

K.C/ � K.C �K K
0/

which is separable (since K � K 0 is separable) of degree e.
By flatness, also the fiber over the residue field has degree e, thus the extension

k.E/ D O�E =m�E ! O�F =m�E ! O�F =m�F D k.F /

on residue fields is of degree at most e. On the other hand, by our assumptions G acts
faithfully on k.F / and trivially on k.E/, so the above extension factors as

k.E/ � k.F /G � k.F /:

Since k.F /G � k.F / is Galois of degree e, it follows that k.E/ D k.F /G . This implies
that

m�EO�F D m�F :

The first two assertions follow immediately.
To prove (3), we shall use the identity (of cycles)

f�f
�D D eD

which holds for any Cartier divisorD on Y (see e.g. [33, Theorem 7.2.18]). For the proof,
we may replace Y with its regular locus. Obviously, we can write

div.$/ D Yk D aE

for some integer a. We will show that a D e.
First we compute

��.aE/ D ��
�

div.$/
�
D div

�
u.$ 0/e

�
D eF;

with u 2 R0 a unit. This gives

eaE D ���
�.aE/ D e

�
k.F / W k.E/

�
E D e2E;

since �.F / D E and we proved above that e D Œk.F / W k.E/�. This gives that e D a.

The discrepancy divisor. Let � denote the (Q-)divisor corresponding to the difference
!Z=S 0 � �

�!Y=S . We shall refer to � as the discrepancy divisor of � .
By the results of the previous section, !Z=Y is trivial over the complement of finitely

many closed points of Z. The computation of !S 0=S in Proposition 2.1 then implies the
next result.

Corollary 7.3. The discrepancy divisor of � is given by

� D .1 � e � sw/Zk :
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7.3. The quotient map on the special fiber

We now consider the quotient

Zk ! Zk D Zk=G:

The Euler characteristic of Yk. We next relate �.Zk/ to �.Yk;red/ via the map

˛WZk ! Yk;red;

which by Lemma 7.2 can also be identified with the normalization map.

Lemma 7.4. Let Q � Y denote the image of the set of points in Zk with non-trivial stabi-
lizer.

(1) ˛ restricts to an isomorphism over Yk;red n Q.

(2) For any point Q 2 Yk;red, the preimage ˛�1.Q/ is reduced to a point.

(3) ˛ induces equality �.Zk/ D �.Yk/.

Proof. If P has trivial stabilizer, the quotient map � is étale at P and hence yields an
isomorphism between the completed local rings at P and its image Q. One easily derives
smoothness of Yk;red at Q from the smoothness of Zk at P , which gives (1).

Let Q be the image of P 2 Zk . The (reduced) preimage of Q under � consists pre-
cisely of the G orbit of P . The same statement is true for the image xP of P under
Zk ! Zk . Assertion (2) is therefore easily obtained from considering the factorization

Zk ! Zk ! Yk;red:

Assertion (3) follows from the previous two properties, using the scissor rule for the
Euler characteristic.

The Artin conductor of Y. From Lemma 7.4 we immediately derive a useful statement
concerning the Artin conductor of Y=S .

Corollary 7.5. The Artin conductor of Y=S is given by

ArtY=S D �.Zk/ � �.Zk/ � Sw.C /:

7.4. A comment on a result by Lorenzini

Lemma 7.2 allows us to derive an interesting structural result for the minimal resolution
with strict normal crossings of Y. This result, which we will not use directly in the sequel,
generalizes (a part of) [35, Theorem 5.3], which is formulated under the assumption that
K 0=K is precisely of degree p.

The quotient Y has finitely many isolated singularities Q1; : : : ;Qm. We let �WC! Y

denote the minimal resolution with strict normal crossings; by construction � restricts to
an isomorphism over Y n

S
i Qi .
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We let zE denote the strict transform of Yk;red on C. Then zE intersects finitely many
exceptional prime divisors E1; : : : ; En non-trivially. The multiplicity of each Ei in the
special fiber Ck will be denoted Ni .

In the proof, we freely use results and notation from [15, 37]. In particular, for any
scheme V flat over a discrete valuation ring, we write V C for the divisorial log structure
induced by the special fiber Vk .

Proposition 7.6. Assume that p divides e. Then p divides Ni for every i 2 ¹1; : : : ; nº.

Proof. Assume for contradiction that one of the Ni is prime-to-p. After re-indexing, we
can assume that this holds for N1. Let Q be a point in the support of E1 \ zE. Since p
does not divide N1, the morphism CC ! SC of log schemes is log smooth in a Zariski
neighborhood U of Q. Then U \ zE is an open non-empty subset of zE, hence the generic
point � zE of zE is contained in the log smooth locus of CC ! SC.

This implies that YC ! SC itself is log smooth after we remove finitely many closed
points in the special fiber Yk . We write Yı for the corresponding open subscheme of Y.

Since � is a multiple of Zk , we can compute its coefficient after replacing Y by Yı.
Hence in the remainder of this proof we may suppose that YC! SC is log smooth. Then,
by [15, Section 3.1.4], � WZ! Y can be identified with the underlying map of schemes
for the projection map

ZC D YC �
fs

SC
.S 0/C ! YC

induced by f s-base change along .S 0/C ! SC. In particular, the formation of the log
canonical sheaf commutes with pullback along � .

This now gives us identities

!Z=S 0 D !
log
Z=S 0
D ��!

log
Y=S
D ��!Y=S ˝ �

�OY.Yk;red � Yk/:

On the level of divisors, and using some computations from (the proof of) Lemma 7.2
above, we get

� D !Z=S 0 � �
�!Y=S D .1 � e/Zk :

Intersecting with a section of Z! S 0 we obtain a contradiction, because sw D 0 if and
only if K 0=K is tamely ramified.

8. Curves with tame potential good reduction

In this section we investigate the case where C acquires good reduction after a finite tame
extension L=K of degree e. As usual, we assume that the extension L=K is minimal with
this property. This implies that the singularities of the quotient of the good model for the
Galois action are tame cyclic quotient singularities.

8.1. Tame cyclic quotient singularities

We start out by recalling a few facts on tame cyclic quotient singularities, and set some
notation. We refer to [46] for details. Note that in ibid., it is assumed that R is of equal
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characteristic, but, as explained in [36, Section 1], this is not needed for the properties we
use.

The singularities of the quotient. We consider again the factorization

Zk ! Zk=G ! Yk;red (8.1)

induced by the quotient map
� WZ! Y D Z=G:

Then, since L=K is tame, one can show that the second map in (8.1) is an isomorphism,
hence Yk;red is regular.

The singularities of Y are, however, controlled by the first map in (8.1). To explain
this, let Q be a branch point for Zk ! Zk=G. We say that Q is of type d if the Galois
orbit of points in Zk mapping toQ has cardinality d . Then d is necessarily a divisor of e,
and for each P in the orbit, the ramification index at P equals eQ D e=d .

A point Q 2 Y is singular if and only if Q is of type d for some 1 � d < e. It is then
a tame cyclic quotient singularity with numerical data .eQ; rQ/, where 0 < rQ < eQ is
prime to eQ and depends only on the local action at (any) P 2 Z mapping to Q.

The minimal resolution. The minimal resolution �W CQ ! .Y; Q/ is described in [46,
Lemma 6.8] and depends only on the numerical data .eQ; rQ/. In fact, write

eQ

rQ
D Œa1; : : : ; alQ �

for the Jung–Hirzebruch continued fraction expansion. Then the exceptional locus of �
consists of a normal crossing chain E1; : : : ; ElQ of smooth rational curves with self-
intersections E2i D �ai . The first curve E1 intersects the strict transform of Yk;red trans-
versely in a point.

8.2. Milnor numbers

We will now give a formula for the Milnor number �Q of a tame cyclic quotient singular-
ity. We do not include proofs, since these results are not needed elsewhere in the paper.

Since tame cyclic quotient singularities are rational (by a similar argument as in the
log-regular case explained in Section 5.2), Corollary 4.4 implies that the Milnor number
of Q is given by

�Q D �
2
Q C lQ;

where �Q denotes the discrepancy divisor for the resolution � discussed above. In order to
give an expression for this divisor, we first need to recall some numerical data associated
to the singularity Q.

Put r0 WD eQ, r1 WD rQ and define riC1 inductively by

riC1 D airi � ri�1:
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It is easily verified that
r0 > r1 > � � � > rlQ D 1:

Next, we define universal polynomials P0; : : : ; PlQC1 in the ai -s. To do this, put
P0 D 0, P1 D 1 and define PiC1 inductively by

PiC1 D Pi � ai � Pi�1:

Now, if we set

xi D
1

r0
.Pi C ri /

for each i , it is not hard to check that the discrepancy divisor is equal to the Q-divisor

�Q D

lQX
iD1

.xi � 1/Ei :

A direct computation then yields the following formula.

Proposition 8.1. The Milnor number of Q is given by

�Q D 3lQ �

�
Œa1; : : : ; alQ �

�1
C

lQX
iD1

ai C ŒalQ ; : : : ; a1�
�1

�
C 2

�
1 �

1

eQ

�
:

8.3. The main result

We now apply the above considerations in order to obtain a formula for the base change
conductor in terms of the unipotent rank and singularity invariants of Y.

In the proof below, we shall use the notation � D �.Zk/ and x� D �.Yk;red/.

Theorem 8.2. Assume that C acquires good reduction after a tame extension. Then

c.J / D
u

2
C

1

12

X
Q2Sing.Y/

�
�Q � 2

�
1 �

1

eQ

��
:

Proof. By Corollary 5.5 we have

�12c.J / D
2

e
� � ��!Y=S C .ArtY=S � �/;

where � is the discrepancy divisor for � WZ! Y and �D
P
Q2Sing.Y/�Q is the sum of the

Milnor numbers. By Corollary 7.3 and Corollary 7.5, the right-hand side can be written

2�

�
1 �

1

e

�
C � � x� � �:

For each divisor d je, let md denote the number of branch points of type d . Then we
derive from the Riemann–Hurwitz formula the identity

�2
�

e
D �2x�C 2

X
d je

md

�
1 �

d

e

�
:
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From this we obtain

�12c.J / D 3.� � x�/ �
X
d je

md

�
�d � 2

�
1 �

d

e

��
;

which immediately yields the asserted expression for c.J /.

By combining Proposition 8.1 and Theorem 8.2, we can also write the base change
conductor as

c.J / D
u

2
C

1

12

X
Q2Sing.Y/

z�Q;

where

z�Q D 3lQ �

�
Œa1; : : : ; alQ �

�1
C

lQX
iD1

ai C ŒalQ ; : : : ; a1�
�1

�
:

Remark 8.3. The Milnor number �Q, as well as z�Q, can take both positive and neg-
ative values depending on the parameters .r0; r1/ for the singularity. For instance, when
.r0; r1/D .6; 1/, one computes that z�Q D�103 and �Q D�53 , whereas for the parameters
.3; 2/ the values are z�Q D 2

3
and �Q D 2. We moreover have that z�Q, resp. �Q, vanishes

for the parameters .2; 1/, resp. .4; 1/.

9. Curves with wild potential good reduction

In this section, we assume that the curveC acquires good reduction after a finite (minimal)
extension K 0=K that is purely wild. In particular, it is of degree e D pr for some integer
r > 0.

In order to control the singularities of the quotient Y of the good model Z, we need to
impose further assumptions. This will ensure that Y has weak wild quotient singularities.
This class of singularities was introduced, and studied in detail, by Obus and Wewers
in [39].

9.1. Weak wild quotient singularities

We first recall some definitions and fundamental facts, following [39] closely.
For any point P 2 Z, we let GP � G denote the stabilizer group of P . If moreover

P 2 Zk , the group GP acts on
yOZk ;P Š kJ�K:

This action is called weakly ramified if the higher ramification groupsGP;i are zero when-
ever i � 2.

Definition 9.1. We say the action of G on Zk is weakly ramified if for every closed point
P the action of GP on yOZk ;P is weakly ramified.



D. Eriksson, L. H. Halle, and J. Nicaise 32

From now on, unless otherwise mentioned, we shall always assume that the G-action
on Zk is weakly ramified.

Given P 2 Zk we write KP D .K 0/GP for the fixed field, and denote by RP its ring
of integers.

Lemma 9.2. Assume that GP is non-trivial. Then the Spec.RP /-scheme Z=GP has a
weak wild quotient singularity at the image zQ of P .

Proof. First of all, we observe that all three conditions in [39, Definition 3.7] are verified:
(a) the normalization of Z=GP �RP R

0 is smooth; (b) GP acts faithfully on Zk ; (c) the
action is weakly ramified at P .

Strictly speaking, we also need to check that zQ 2 Z=GP is indeed singular. However,
this holds due to our assumption of weak ramification. Indeed, the arguments in [39, Sec-
tion 4] show that .Z=GP ; zQ/ is formally isomorphic to .Y zQ; zQ/, where Y zQ is a normal
model of P1KP obtained as aGP -quotient of a smooth proper model ZP of P1K0 . The action
on ZP extends the one on the generic fiber given purely by the action on K 0, and P is the
unique point with non-trivial stabilizer in the special fiber.

Assume that Y zQ is regular at zQ, and hence regular everywhere. Then, since the generic
fiber is P1KP , we can find a rational point, which by properness extends to a section S. By
standard intersection theory S would intersect .Y zQ/k transversely in a smooth point. But
this contradicts that .Y zQ/k has multiplicity jGP j > 1.

The fact that our singularity is formally isomorphic to a singularity arising from the
action by GP on a smooth proper model of P1K0 will be crucial for the applications in
later sections. Some other important facts concerning the singularity .Z=GP ; zQ/ are listed
below.

(1) The extension K 0=KP is the unique Galois extension which faithfully resolves
.Z=GP ; zQ/ [39, Remark 3.8].

(2) The singularity .Z=GP ; zQ/ is rational [39, Corollary 4.13].

Resolution of weak wild quotient singularities. Let Q 2 Y be the image of a point
P 2 Zk with non-trivial stabilizer GP . Then the quotient map � WZ! Y factors through
the finite map

Z=GP ! Y

which is étale at the image zQ of P . Hence the natural map

yOQ ! yO zQ

is an isomorphism.
Since the minimal resolution .Y;Q/0! Spec.yOQ/ only depends on yOQ (and similarly

for zQ) the above isomorphism is covered by an isomorphism

.Z=GP ; zQ/
0
! .Y;Q/0: (9.1)

Note that the source of (9.1) is the minimal resolution of a weak wild quotient singularity.
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A detailed description of the minimal resolution of a weak wild quotient singularity is
given in [39, Theorem 7.8 and Figure 1]. We will not need the finer details of loc. cit., but
we record some noteworthy consequences.

Proposition 9.3. If the action of G on Zk is weakly ramified, there exists a point with full
stabilizer group GP D G. In particular, the group G is elementary abelian, and the curve
C has a rational point.

Proof. It suffices to show that there exists a point P with stabilizer GP D G, by [39,
Proposition 2.1]. Assume first that P is a point with stabilizerGP ¤ G. Then the quotient
map factors as

Z! Z=GP ! Y;

where the latter map is étale in a neighborhood of the image zQ of P . Moreover, the
extension KP =K has degree pm for some m � 1.

Using the isomorphism (9.1) between the minimal desingularizations, we conclude
that each exceptional component over Q has multiplicity divisible by p. Hence, if no
point P has full stabilizer group, the special fiber Y0

k
itself is divisible by p (recall that we

already know that this holds for Yk). But this contradicts our assumption that C has index
one.

Let thereforeP be a point withGPDG. Then [39, Proposition 2.1] implies thatG is ele-
mentary abelian. By [39, Corollary 7.16], we can also conclude that in fact C.K/ ¤ ;.

9.2. Computation of ctame.J /

We let Y0! Y denote the minimal resolution of singularities. It is an isomorphism outside
of Sing.Y/ D ¹Q1; : : : ; Qmº. We also know that Yk;red is irreducible, and smooth away
from the Qi -s. By [39, Theorem 7.8] then, Y0 is an sncd-model of C , so the number of
nodes E.Y0/ as well as the virtual number of nodes R.Y0/ introduced in Section 6.1 are
defined.

Theorem 9.4. For the minimal resolution Y0 of Y, the equality

R.Y0/ D E.Y0/

holds. In particular,

ctame.J / D
u

2
:

Proof. The expressions R.Y0/ and E.Y0/ are in an obvious way sums of local expressions
RQ and EQ associated with the minimal resolution

.Y;Q/0 ! Spec.yOQ/

at each singular point Q. It therefore suffices to show that RQ D EQ.
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The isomorphism .Z=GP ; zQ/
0 ! .Y; Q/0 allows us to instead compute R zQ and E zQ.

To be clear, .Z=GP ; zQ/0 is an RP -scheme, so the multiplicities in the special fibers of the
source and target differ by a factor jG=GP j. But an elementary computation shows that
this factor cancels out and we find R zQ D RQ.

We can therefore replace .Z=GP ; zQ/ by .Y zQ; zQ/, where we use the notation intro-
duced in the proof of Lemma 9.2. Recall that Y zQ is a normal proper RP -model of P1KP
with zQ the unique singular point (and .Y zQ/k;red is smooth outside zQ as well). Then the
minimal resolution Y0

zQ
! Y zQ yields a proper regular sncd-model of P1KP . We claim that

this fact implies that R zQ D E zQ.
Indeed, we can find a successive contraction

�WY0
zQ
! .Y zQ/min

of .�1/-curves intersecting the other components in at most two points, with .Y zQ/min a
relatively minimal model. Its special fiber is reduced and irreducible and moreover iso-
morphic to P1

k
. The identity R..Y zQ/min/ D E..Y zQ/min/ therefore trivially holds. Since �

is a composition of blow-ups in closed points in the special fiber, the analogous identity
holds also for Y zQ, since the difference

R.Y zQ/ �E.Y zQ/

is independent of the choice of sncd-model.
The second statement now follows from Corollary 6.5.

9.3. Potential ordinary reduction

In this section, we keep the assumptions at the beginning of the section, but we do not
assume that the G-action on Zk is weakly ramified. Rather, we shall prove that this prop-
erty holds when we assume that Zk is ordinary, i.e., when Jac.Zk/ has maximal p-rank.

Riemann–Hurwitz formula. For simplicity, we write D D Zk and xD D Zk=G, and
consider the quotient map

�WD ! xD:

For any (closed) point P 2 D, the stabilizer GP acts on yOD;P Š kJxK, with associated
filtration of higher ramification groups

GP D GP;0 D GP;1 � � � � � GP;i � � � � :

We put
dP D

X
i�0

�
jGP;i j � 1

�
:

Since GP is a p-group, we can write

dP D 2jGP j � 2C "P ;
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where "P � 0. In this notation, the Riemann–Hurwitz formula can be written

2g � 2 D jGj.2 Ng � 2/C
X
P2D

dP : (9.2)

Clearly, the action is weakly ramified at P if and only if "P D 0. If this holds for each
point, i.e., the action of G on D is weakly ramified, the formula (9.2) takes the simpler
form

2g � 2 D jGj.2 Ng � 2/C
X
P2E

�
2jGP j � 2

�
: (9.3)

Deuring–Shafarevich formula. LetOP be the orbit ofP . Then jGj D jGP j � jOP j by the
orbit-stabilizer theorem. Moreover, for any P 0 2 OP , it is elementary that jGP j D jGP 0 j.

We denote by 
 the p-rank of (the Jacobian of) D, and by x
 the p-rank of xD. In this
notation, the Deuring–Shafarevich formula (cf. e.g. [18, Section 2]) states that


 � 1 D jGj.x
 � 1/C
X
i

�
jGj � jOi j

�
; (9.4)

where the sum runs over the small orbits Oi (i.e., jGj � jOi j > 0).

Potential ordinary reduction. The next lemma generalizes a result by Lorenzini [35,
Section 2.2].

Lemma 9.5. Assume that D is ordinary, i.e., that g D 
 . Then "P D 0 for all points
P 2 D.

Proof. Let Oi be a small orbit. Since jGP j is constant for every P 2 Oi , say, equal to the
value jG.i/j, we can write X

P2Oi

dP D
�
2jG.i/j � 2

�
jOi j C "i

for some "i � 0. Combining the formulas (9.3) and (9.4), we therefore find (since jGj D
jG.i/j � jOi j) that

jGj.2 Ng � 2/C 2
X
i

�
jGj � jOi j

�
C

X
i

"i D jGj.2x
 � 2/C 2
X
i

�
jGj � jOi j

�
:

In conclusion "i D 0 for every i , and hence "P D 0 for every p 2 D.

As an immediate consequence of Lemma 9.5, we see that a curve that acquires poten-
tial good ordinary reduction after a purely wild (minimal) extension provides an example
of weakly ramified action.

Proposition 9.6. If Zk is ordinary, the G-action on Zk is weakly ramified.

Explicit examples are easy to produce for elliptic curves, see [34, Theorem 4.2] for a
discussion. For the higher genus case, see [35, Theorem 6.8] for a detailed treatment when
ŒK 0 W K� D p.
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10. Milnor numbers of weak wild quotient singularities

In this section, we keep the assumptions, and continue to use the notation, from Sec-
tion 9.1. In particular, the extension K 0=K is purely wild, and the Galois action on the
special fiber of the good model Z is weakly ramified.

In Theorem 10.1 below we explicitly compute the Milnor number of a weak wild
quotient singularity. Since these are the only singularities that can occur on the quotient
Y, we obtain an expression for the term � D

P
Q2Y �Q appearing in the formula for the

base change conductor in Corollary 5.5.

10.1. Computation of Milnor numbers

Let Q 2 Y be the image of a point P 2 Z with non-trivial stabilizer GP . By Lemma 4.3
the Milnor number �Q only depends on yOY;Q. For the purpose of computing �Q, we
can therefore replace Y with the normal proper model Y zQ (notation as in Theorem 9.4)

of P1KP , which is singular only at zQ.
We next present an explicit formula for � zQ. We use the notation eP D ŒK 0 W KP � and

SP D Spec.RP /.

Theorem 10.1. The Milnor number of zQ is

� zQ D 4

�
1 �

1

eP
C

swK0=KP
eP

�
:

Proof. Write J zQ for the Jacobian of P1KP . Then c.J zQ/ D 0 and the formula in Corol-
lary 5.5 takes the form

0 D
2

eP
� � ��KY zQ=SP

C .ArtY zQ=SP � � zQ/:

Using Corollary 7.3, we compute

2

eP
� � ��KY zQ=SP

D 4

�
1 �

1

eP
C

swK0=KP
eP

�
:

We moreover have that ArtY zQ=SP D 0, since .Y zQ/k;red is rational.

Remark 10.2. The above formula for the Milnor number can also be established more
directly, without Corollary 5.5. In fact, an alternative proof can be obtained by combining
certain fundamental properties of the Deligne bracket (behavior under base change and
birational maps, respectively) with standard results on proper and normal models of P1.

Now we return to the global situation � WZ! Y.

Definition 10.3. We say that a singular point Q is of type i if jGP j D pr�i for every
P 2 Z mapping to Q.
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For each i 2 ¹0; : : : ; r � 1º, letQi;j be the points of type i , where 1� j �mi . If P 7!
Qi;j , the extensionK 0 � KP depends only onQi;j as G is abelian by Proposition 9.3, so
the stabilizers coincide for all points in the same G-orbit. In particular, the corresponding
Swan conductor SwK0=KP will be denoted swQi;j .

In this notation, Theorem 10.1 therefore yields the following.

Proposition 10.4. The sum of all Milnor numbers of the singularities of Y is

� D 4

r�1X
iD0

mi

�
1 �

1

pr�i

�
C 4

r�1X
iD0

miX
jD1

swQi;j
pr�i

:

Our strategy in the weak wild case can be pursued for computing �Q and �Q also
for other types of wild quotient singularities that are formally isomorphic to the unique
singularity of a proper normal model. We provide below an example in the setting of
elliptic curves.

Example 10.5. In this example, p D 3, and E will be an elliptic curve with additive
reduction that acquires good reduction after an extension K 0=K of degree 3. Then G D
Z=3 acts on the good model E0 ofE �K K 0. Since pD 3 and .E0/k is an elliptic curve with
an order 3 automorphism, it has j -invariant 0 and there is a unique fixed point, denoted P .

The quotient E is regular except for (possibly) at the imageQ of P . Note that Ek;red is
necessarily rational since E has additive reduction, so consequently

ArtE=R D �2 � Sw.E/:

We, therefore, obtain from Proposition 5.1 the formula

c.E/ D
1

6
C

1

12
Sw.E/C

1

12
�Q:

For elliptic curves the base change conductor has been computed in full generality
(see [24, Section 7.2]). Since E has wild potential good reduction, and p D 3, it is known
that cwild.E/ D

1
12

Sw.E/. Thus we find

�Q D 12ctame.E/ � 2:

The exact value of ctame.E/ depends on the reduction type of the minimal regular
model of E. Since E is wildly ramified, only II , II �, IV or IV � in the Kodaira classi-
fication could occur, in which case �Q would have value 0, 8, 2 or 6, respectively.

10.2. The discrepancy divisor

It is a remarkable fact that in our computation of �Q in Theorem 10.1, we never needed to
explicitly know the discrepancy divisor �Q. However, for other applications, it might be
desirable to have an expression for �Q. For the sake of context, we discuss what happens
in the p-cyclic case. We do not include proofs, as these results are not needed later in the
paper.



D. Eriksson, L. H. Halle, and J. Nicaise 38

Assume that e D p, and let Q be a weak wild quotient singularity. Then, in the ter-
minology of [39], Q is of type .r; s/ and the minimal resolution of Q can be described as
follows. There is a unique node, i.e., a vertex of valency 3, with three chains emanating
from it:

(1) There is one chain of (�2)-curves Dj for j 2 ¹2; : : : ; spº.

(2) There is one chain of curves, denoted Ei , of cyclic quotient singularity type (as
discussed in Section 8), corresponding to the numerical data r0 D p, a certain
0 < r1 < r0 and

r0

r1
D Œa1; : : : ; al �:

We denote by Pi the universal polynomials in the ai -s introduced in Section 8.2.

(3) The last chain of curves, denoted E�i is also of cyclic quotient singularity type,
corresponding to the numerical data r0 D p, a certain 0 < r�1 < r0 and

r0

r�1
D Œa�1; : : : ; a�m�:

We denote by P�i the universal polynomials for this chain.

The unique node will be labeled D1 D E0. The three vertices at the end of the chains are
denoted Dps , El , and E�m:

E0

E�m

El

Dps

Now we give the formula for �Q. To simplify notation, write ˛ D ps and � D

p.1 � ˛/C 2˛.
Define rational numbers

xi D
pPi C �ri

p2

for each i D �m; : : : ; 0; : : : ; l . One easily checks that x0 D �=p. We furthermore put
ki D xi � 1 and yj D

˛�jC1
˛

k0.

Proposition 10.6. The discrepancy divisor of Q is given by

�Q D

lX
iD�m

kiEi C
X̨
jD2

yjDj :

In fact, the value s above has a deeper meaning; it is the unique ramification jump s D
sK0=K ofK 0=K [39, Corollaries 6.5 and 7.13]. This means that SwK0=K D .s � 1/.p � 1/,
and we therefore obtain

�Q D 4sK0=K

�
1 �

1

p

�
:
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Some concluding remarks. One can in principle compute �Q explicitly for any weak
wild quotient singularity, using the detailed information provided in [39]. We have not
attempted to do this beyond the p-cyclic case.

It is interesting to compare the expression of �Q in the tame cyclic case and the weak
wild case. In the latter, the self-intersection numbers disappear completely, and one is
left with a compact expression. In view of the formula for �Q above, this might at first
sight seem curious, but is due to the fact that the two chains indexed by (2) and (3) in the
discussion above are, in some sense, dual, which causes cancelation (the essential identity
relating the two sets of numerical data can be found in [28, (3.10)]).

11. The base change conductor in the weakly wild case

We keep the notation and assumptions from the previous section. In particular, we assume
that C acquires good reduction after a purely wild extension K 0=K, we denote by Z the
good model over R0, and we assume that the Galois action on Zk is weakly ramified.

To simplify the notation in this section, we shall write � D �.Zk/ and x� D �.Yk;red/.
We moreover write Sw.C / for Sw.H1.CKs ;Q`// and sw for swK0=K .

11.1. The main result

The following provides a closed formula for the base change conductor in terms of well-
known invariants:

Theorem 11.1. Assume that the action of G D Gal.K 0=K/ on Zk is weakly ramified.
Then

ctame D
u

2
and cwild D

1

4
Sw.C /:

Proof. Corollary 5.5 states that

�12c.J / D
2

e
� � ��KY=S C .ArtY=S � �/

where e as usual denotes the degree of K 0=K. The discrepancy divisor � was computed
in Corollary 7.3, the Artin conductor ArtY=S was computed in Corollary 7.5 and in Propo-
sition 10.4 we computed the sum � of the Milnor numbers of Y. Substituting accordingly,
we find

�12c.J / D 2�

�
1 �

1

e

�
C 2

�

e
swC � � x� � Sw.C /

�

�
4

r�1X
iD0

mi

�
1 �

1

pr�i

�
C 4

r�1X
iD0

miX
jD1

swQi;j
pr�i

�
:
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By the Riemann–Hurwitz formula (9.2), this can be written

�12c.J / D 2�C

�
� 2x�C 4

r�1X
iD0

mi

�
1 �

1

pr�i

��
C 2

�

e
swC � � x� � Sw.C /

�

�
4

r�1X
iD0

mi

�
1 �

1

pr�i

�
C 4

r�1X
iD0

miX
jD1

swQi;j
pr�i

�
:

The above expression simplifies to

�12c.J / D 3.� � x�/C 2
�

e
sw � 4

r�1X
iD0

miX
jD1

swQi;j
pr�i

� Sw.C /:

Applying again the Riemann–Hurwitz formula, we can therefore write

�12c.J / D �6uC

�
2x� � 4

r�1X
iD0

mi

�
1 �

1

pr�i

��
sw � 4

r�1X
iD0

miX
jD1

swQi;j
pr�i

� Sw.C /:

Here we have, suggestively, split out the “wild part” on the last line. Therefore, to complete
the proof we can apply Proposition 11.2 below.

Proposition 11.2. The following identity holds:�
x� � 2

r�1X
iD0

mi

�
1 �

1

pr�i

��
sw � 2

r�1X
iD0

miX
jD1

swQi;j
pr�i

D � Sw.C /:

The proof of Proposition 11.2 we shall present uses the theory of localized Chern
classes as developed in [2, 27] in the context of Bloch’s conductor conjecture. We believe
that this is the most conceptual approach; indeed, the assumption that C has potential
good reduction is not used in an essential way. We remark that it is also possible to prove
the identity in a more direct way, through (somewhat lengthy) explicit computations. In
this approach, the assumption of potential good reduction is essential. We provide a brief
explanation at the end.

11.2. Preliminaries for the proof

Let P be a closed point in the special fiber of Z. Then we have a factorization S 0 !
SP ! S corresponding to the fixed field KP D .K 0/GP of the stabilizer group. Given a
map W ! T , where T is either S or SP , we write B.W / for the base change W �T S 0,
and NB.W / for the normalization of B.W /.

The geometric construction. Let 'WY0! Y be the minimal desingularization. Let more-
over

Z0 ! NB.Y0/
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be the minimal resolution with strict normal crossings. Then Z0 is regular and proper
over S 0, and fits into a commutative diagram

Z0
� 0 //

�

��

Y0

'

��

Z
� // Y:

(11.1)

The proper birational morphism

�WZ0 ! Z

can be factored into a composition of blow-ups at closed points in the special fiber and is
the identity away from the finitely many (closed) points P 2 Zk with non-trivial stabilizer
GP � G. In particular, Z0 is an sncd-model.

Let gW Z0 ! S 0 denote the structural map. By (the proof of) [2, Corollary 1.2] and
[2, Lemma 7.2], there are short exact sequences

0! g��1S 0=S ! �1Z0=S ! �1Z0=S 0 ! 0; (11.2)

0! .� 0/��1Y0=S ! �1Z0=S ! �1Z0=Y0 ! 0: (11.3)

As is part of these references, one has that, in the derived category,

L� 0
�
�1Y0=S D �

0��1Y0=S : (11.4)

The local situation. Assume that P 2 Zk has non-trivial stabilizer GP and denote by Q
its image in Z=GP . Recall from Section 9.1 that there is an associated local situation

�P WZP ! ZP =GP D YQ;

with ZP a smooth S 0-model of P1K0 and YQ a scheme over SP .
We again have minimal resolutions with strict normal crossings Y0Q ! YQ and Z0P !

NB.Y0Q/, respectively. The exact sequences (11.2) and (11.3) above are also valid in this
situation.

Formal completion. For some of the later technical results, we need to clarify the relation
between the maps Z0 ! Y0 and Z0P ! Y0Q. Replacing Y by Z=GP if necessary, we can

and will assume that G D GP to simplify notation. We write yYQ D Spec.yOY;Q/ and
yZP D Spec.yOZ;P /.

Recall that the minimal desingularization yY0Q! yYQ is the base change of Y0! Y. We
explain next that a similar statement holds for the minimal desingularization

yZ0P ! NB.yY0Q/:



D. Eriksson, L. H. Halle, and J. Nicaise 42

Lemma 11.3. The following identities hold:

(1) yZP D Z �Y yYQ, and

(2) yZ0P D Z0 �Y yYQ.

The analogous statements hold also when replacing Y and Z with YQ and ZP , respectively,
in the local situation.

Proof. For both statements of the lemma, by standard arguments, we can and will replace
Y by Spec.OY;Q/.

In order to prove (1), recall that ZDNB.Y/. Since Z! Y is finite, and P is the unique
point in the preimage of Q, the statement follows from the identity

N.yOY;Q ˝R R
0/ D yOZ;P

(cf. e.g. [21, Section 2.2]).
We next claim that NB.yY0Q/ D NB.Y

0/ �Y yYQ. Indeed, NB.Y0/! Y is of finite type,
and coincides with Z n P over Y nQ by what we have already proved. This implies that
NB.Y0/ �Y yYQ is regular (and hence normal) on the complement of the fiber over Q. It is
therefore normal by [43, 0BG9], and necessarily coincides with NB.yY0Q/.

By [43, 0BG5], the projection yY0Q ! Y0 induces an isomorphism on the level of com-
pleted local rings at any point x mapping to Q. This fact, together with the finiteness of
the respective normalization maps, implies that NB.yY0Q/! NB.Y0/ also induces an iso-
morphism at the level of completed local rings at any point mapping to Q (again arguing
as in [21, Section 2.2]). Therefore the pullback of Z0 yields yZ0P proving (2).

From Lemma 11.3 we immediately derive that yZ0PDZ0�Z yZP and that yZ0P DZ0�Y0 yY
0
Q.

In particular, the pullback of Z0! Y0 to yY0Q only depends on yYQ. The analogous statement
is true for Z0P ! Y0Q.

Comparing Euler characteristics. First we apply the above lemma to relate the Euler
characteristics of Z0

k
and Z0

P;k
. We will use the fact that, if ' W C0!C is a desingularization

of a normal model C, then

�.C0k/ D �.Ck/C
X
i

�
�.Ei / � 1

�
; (11.5)

where the sum is over the exceptional divisors Ei (cf. e.g. the proof of [10, Proposi-
tion 4.2]).

We find that
�.Y0k/ D x�C

X
Q

aQ;

where aQ is an integer which only depends on yOY;Q. A similar argument for Y0Q ! YQ
therefore yields

�.Y0Q;k/ D 2C aQ:

https://stacks.math.columbia.edu/tag/0BG9
https://stacks.math.columbia.edu/tag/0BG5
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Let bP denote the number of exceptional curves in �WZ0 ! Z mapping to P . Then if
we write

�.Z0k/ D �C
X
P

bP ;

it follows from Lemma 11.3 that

�.Z0P;k/ D 2C bP

in the local case.

11.3. Computations with localized Chern classes

We shall write the localized Chern classes without the capping with the fundamental class
cZi .F/ D c

Z
i .F/ \ ŒC� for the degree of the i -th localized Chern class of a coherent sheaf

of finite homological dimension on a scheme C! S , locally free away from Z � Ck , as
in Section 4.3. Since we will always work on regular schemes, all coherent sheaves have
finite homological dimensions. For top degree classes we also confuse them implicitly
with their degrees.

Below we shall frequently use [2, Theorem] which states that if C is regular, flat,
proper and of relative dimension d � 1 over S , then

c
Ck
dC1

.�1C=S / D .�1/
dArtC=S : (11.6)

We record the following identities, where the notation is as in the previous sections.

Lemma 11.4. The following identities hold:

(1) c
Z0
k

2 .�1
Z0=S

/ D �.e � 1C sw/ � �C
P
P bP , and

(2) c
Z0
P;k

2 .�1
Z0P =SP

/ D �.eP � 1C swQ/ � 2C bP .

Proof. We claim that Bloch’s theorem recalled above yields cs
0

1 .�
1
S 0=S

/ D .e � 1C sw/
and c

Z0
k

2 .�1
Z0=S 0

/D
P
P bP , respectively. Indeed, in the former case it follows from Propo-

sition 2.1, and in the latter case, we use that Z=S 0 is smooth and that

�.Z0k/ D �.Zk/C
X
P

bP :

Identity (1) therefore follows immediately from applying [2, Proposition 1.1 (iii)] to se-
quence (11.2). The proof of (2) is similar.

Lemma 11.5. The following identities hold:

(1) c
Z0
k

2 ..� 0/��1
Y0=S

/ D e � .
P
Q aQ C x� � �C Sw.C //, and

(2) c
Z0
P;k

2 ..� 0P /
��1

Y0Q=SP
/ D eP � aQ.
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Proof. We only prove the first assertion, the second follows the same line of reasoning. It
is deduced from the identity

deg c
Z0
k

2

�
.� 0/��1Y0=S

�
\ ŒZ0� D deg c

Y0
k

2 .�1Y0=S / \ e � ŒY
0�;

where the latter term equals e � ArtY0=S by (11.6). By (11.4) we have L� 0��1
Y0=S
D

.� 0/��1
Y0=S

, so this follows from the projection formula and the fact that � 0 is generi-
cally finite of degree e.

By the Whitney formula in [2, Proposition 1.1], sequence (11.3) gives the identity

c
Z0
k

2 .�1Z0=S / D c
Z0
k

2

�
.� 0/��1Y0=S

�
C c

Z0
k

2 .�1Z0=Y0/

C c1
�
.� 0/��1Y0=S

�
� c

Z0
k

1 .�1Z0=Y0/: (11.7)

The last two terms in the above expression are difficult to control in general. We will
need the following crucial computation of these in terms of local contributions over the
standard weak wild models, as discussed in Section 11.2:

Proposition 11.6. Let P run over the points in Z with non-trivial stabilizer. Then the sum

c
Z0
k

2 .�1Z0=S / � c
Z0
k

2

�
.� 0/��1Y0=S

�
equals the corresponding sum over the weak wild models as follows:X

P

�
c
Z0
P;k

2

�
�1

Z0P =SP

�
� c

Z0
P;k

2

�
.� 0P /

��1
Y0Q=SP

��
:

Proof. Let us denote by EP the exceptional locus over P in �WZ0 ! Z. As explained in
Lemma 11.3, this is also the exceptional locus of yZ0P ! yZP , which is moreover obtained
by base change of � to the completion at P . The sheaf�1

Z0=Y0
is trivial on the complement

of
F
P EP .

For each P , there exists a suitable open UP � Z0 containing EP and having empty
intersection with any otherEP 0 . Then by the first two properties recalled in Proposition 4.5

c
Z0
k

i .�1Z0=Y0/ D
X
P

c
EP
i .�1Z0=Y0/ \ ŒUP �;

and we claim that

ˇi;P WD c
EP
i

�
�1Z0=Y0

�
\ ŒUP � D c

EP
i

�
�1

Z0P =Y
0
Q

�
: (11.8)

Because the diagram
yZ0P

//

��

yY0Q

��

Z0 // Y0

(11.9)
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is Cartesian by Lemma 11.3, we have

j �P�
1
Z0=Y0 D �

1
yZ0P =
yY0Q
; (11.10)

where jP W yZ0P ! Z0 is the natural map. An argument analogous to that of the proof of
Proposition 4.5 (4) shows that the ˇi;P only depend on the completions. Since the same
argument applies to �1

Z0P =Y
0
Q

which also base changes to �1
yZ0P =
yY0Q

the formula in (11.8) is
proven.

For the rest of the proof, note that the sum we want to relate to the weak wild models,
by (11.7), consists of the sum over P of the terms

ˇ2;P C c1
�
.� 0/��1Y0=S

�
\ ˇ1;P :

We have already proven part of the statement for the ˇi;P . To finish, we must show
that the term

c1
�
.� 0/��1Y0=S

�
\ ˇ1;P

only depends on the completion. For this, we first note that from sequences (11.2) and
(11.3), together with the exact sequence

0! ��1Z=S 0 ! �1Z0=S 0 ! �1Z0=Z ! 0;

we derive the identity

c1
�
.� 0/��1Y0=S

�
D c1.�

1
Z0=Y0/ � c1.�

��1Z=S 0/C c1.�
1
Z0=Z/: (11.11)

Indeed, this follows from additivity of the first Chern class, together with the fact that
c1.g

��1
S 0=S

/ D 0, since �1
S 0=S

has a finite free resolution by modules of rank one on S 0.
We show that the right-hand side of (11.11), when restricted to a neighborhood of EP ,
only depends on the formal completion.

The inclusion k W EP ! Z0 factors via Ok W EP ! yZ0P and jP W yZ0P ! Z0. Since jP is
flat, Lk� D L Ok�Lj �P D L Ok

�j �P . Also, for a coherent sheaf F on Z0, one has

c1.F/ \ ˇ1;P D c1.Lk
�F/ \ ˇ1;P D c1.L Ok

�j �PF/ \ ˇ1;P D c1.j
�
PF/ \ ˇ1;P :

This reduces the statement to prove that the application of j �P to each of the three sheaves
appearing in the right-hand side of (11.11) only depends on yZ0P . For �1

Z0=Y0
, this was

already noted in the discussion surrounding (11.10). A similar argument shows that

j �P�
1
Z0=Z D �

1
yZ0P =
yZP
:

For ���1
Z=S 0

, this is because the pullback of�1
Z=S 0

to yZP only depends on the completion,
as in the proof of Proposition 4.5.

Repeating the argument for .� 0P /
��1

Y0Q=SP
therefore yields exactly the same descrip-

tion.
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11.4. Proof of Proposition 11.2

Proof. Using Proposition 11.6 and Lemma 11.5 we can write

c
Z0
k

2 .�1Z0=S / � e �
�X
Q

aQ C x� � �C Sw.C /
�
D

X
P

�
c
Z0
P;k

2

�
�1

Z0P =SP

�
� eP � aQ

�
:

Combining with Lemma 11.4, this becomesX
P

bP � .e � 1C sw/ � � � e �
�X
Q

aQ C x� � �C Sw.C /
�

D

X
P

�
bP � .eP � 1C swQ/ � 2 � eP � aQ

�
:

For every P mapping to a singular point Q there are e=eP points in the G-orbit of P ,
hence all terms involving the numbers aQ cancel. Therefore the identity becomes (after
also dividing by e on both sides)

�.e � 1C sw/ �
�

e
�
�
x� � �C Sw.C /

�
D �2

X
P

�
eP

e
�
1

e
C

swQ
e

�
: (11.12)

In the sequel we use the notation for points of type i introduced in Definition 10.3.
The right-hand side of (11.12) can be written

�2

r�1X
iD0

miX
jD1

pi
�
pr�i

pr
�
1

pr
C

swQi;j
pr

�
D �2

r�1X
iD0

mi

�
1 �

1

pr�i

�
� 2

r�1X
iD0

miX
jD1

swQi;j
pr�i

:

Recall that the Riemann–Hurwitz formula for Zk ! Zk=G states that

�
�

e
D �x�C 2

r�1X
iD0

mi

�
1 �

1

pr�i

�
:

Using this relation, we compute the left-hand side of (11.12) as follows:�
�

e
� x�

�
C sw �

�
� x�C 2

r�1X
iD0

mi

�
1 �

1

pr�i

��
� Sw.C /

D �2

r�1X
iD0

mi

�
1 �

1

pr�i

�
C sw �

�
� x�C 2

r�1X
iD0

mi

�
1 �

1

pr�i

��
� Sw.C /:

We can now immediately derive the identity

� Sw.C / D �2
r�1X
iD0

miX
jD1

swQi;j
pr�i

C sw �
�
x� � 2

r�1X
iD0

mi

�
1 �

1

pr�i

��
;

which is what we needed to prove.
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11.5. Direct argument

We briefly explain a different approach to Proposition 11.2. The key ingredients are:

(1) The Swan conductor Sw.C / can formally be expressed in terms of data associated
with the filtration by the higher ramification subgroups Gi � G, and the abelian
rank ai of C �K .K 0/Gi , for each i .

(2) The same data also appears in the Riemann–Hurwitz formula for each of the two
maps in the factorization

Zk ! Zk=Gi ! Zk=G

(one checks that the action of G=Gi is again weakly ramified), in addition to
ramification data for the actions of G and Gi , respectively.

(3) The latter is linked to the “local” Swan conductors swQ, which can be formally
expressed in terms of the ramification filtration associated to K 0=.K 0/GP , where
P is a preimage of Q.

With this input, it is possible to verify the identity in Proposition 11.2 through a lengthy
direct computation.
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