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Constructing vector-valued automorphic forms
on unitary groups

Thomas Browning, Pavel éoupek, Ellen Eischen, Claire Frechette,
Serin Hong, Si Ying Lee, and David Marcil

Abstract. We introduce a method for producing vector-valued automorphic forms on unitary groups
from scalar-valued ones. As an application, we construct an explicit example. Our strategy employs
certain differential operators. It is inspired by work of Cléry and van der Geer in the setting of Siegel
modular forms, but it also requires overcoming challenges that do not arise in the Siegel setting.

1. Introduction

Automorphic forms play a key role in number theory. Automorphic forms on unitary
groups have proved to be particularly valuable, thanks to structures that arise in this
setting. Producing explicit examples of automorphic forms on unitary groups remains
challenging, though, and there are relatively few such examples in the literature.

In the setting of unitary groups, one must work with not only scalar-valued but also
vector-valued automorphic forms. We introduce a method for constructing vector-valued
automorphic forms on unitary groups from scalar-valued ones. As an application, we con-
struct an explicit example. Our strategy employs certain differential operators.

Our approach is inspired by the work Cléry and van der Geer carried out for Siegel
modular forms, i.e., automorphic forms on symplectic groups [5]. Their work extends a
strategy of Witt [32]. Unitary groups bear certain similarities to symplectic groups. The
setting of unitary groups also presents new challenges, though, which we overcome in this
paper. Related to this, the literature has many more explicit examples for Siegel modular
forms than for automorphic forms on unitary groups. This paper achieves three goals:

(1) Extend Cléry and van der Geer’s strategy using differential operators [5] to unitary
groups of all signatures (Proposition 2.13 and Theorem 2.15).

(2) Apply this approach in an explicit example (Theorem 3.7), which does not carry
over trivially from the Siegel case and illustrates challenges new to this setting.

(3) Provide a coordinate-free, geometric formulation of our construction (Theorem
5.5). While unnecessary for our other goals, this is a more intrinsic approach.
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1.1. Summary of main results and relationship with earlier work

We draw inspiration from the aforementioned methods that [5, 32] introduced for Siegel
modular forms for Sp(2g, Z). Those forms are defined on Siegel upper half-space

$¢ = {r € Maty»(C) | "t = 7 with Im(7) positive-definite}.

Consider the restriction of a Siegel modular form f for Sp(2g, Z) via the embedding

!/
DX Hge_j > H, givenby (',7") (B 3,)

for some 0 < j < g. We write an arbitrary element T € $, as

T x
T = .
tx .L,//

If f vanishes to order r on $; x $,_;, then a certain restricted differential form
d}, f|s,;x%,_; decomposes into tensor products of Siegel modular forms on $; and $z_;
[5, Propositions 2.2 and 2.3] and can be used to produce explicit vector-valued Siegel
modular forms from scalar-valued ones [5, Section 3].

How, if at all, does this extend to the setting of automorphic forms on a unitary
group G? When G is of signature (n, n), similarities with the case of symplectic groups
suggest a starting point. Working with other signatures is more complicated. (For example,
unlike in the setting of symplectic groups, one must work with Fourier—Jacobi expansions
whose coefficients are not constants but rather theta functions.) Our results are completely
general, in the sense that we handle all signatures. Given unitary groups U, and Ug with
an embedding U, x Ug < U for U a larger unitary group, we have a corresponding
embedding of symmetric spaces H#, x #Hg < J{ analogous to the embedding of Siegel
upper half-spaces above. In this case, T € J is given by

&2

T =

Yy 1B

with 74 € Hy and g € Hpg. Our first main result, Theorem 2.15, extends [5, Proposi-
tions 2.2 and 2.3] to unitary groups of all signatures and is summarized here.

Theorem A (Summary of Theorem 2.15). Suppose f is a scalar-valued automorphic
form on the unitary group U that vanishes to order r on Ho x Hp.

(1) Restricted differential forms d%, f'|s,x30, and d5, f'|g¢,x 3¢, decompose into sums
of tensor products of automorphic forms on the unitary groups Uy and Ug.

(2) If f is a cusp form, so are all automorphic forms appearing in (1).

It is straightforward to recover the approach in [5,32] as a special case of the more gen-
eral construction in this paper. The geometric reformulation of our operators (Section 5,
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which culminates with Theorem 5.5), also suggests that this general construction could be
extended still further. This would likely come at the cost, though, of not getting the sort of
explicit example we now describe.

As an application of Theorem 2.15, we produce an explicit example of a vector-valued
automorphic form for unitary groups. Inspiration comes from [5, Section 3], which pro-
duces vector-valued Siegel modular forms from derivatives of the Schottky form. The
Schottky form is a Siegel modular form J on $4, defined either as the Ikeda lift of the dis-
criminant modular form A, or as a difference between the theta series attached to the
unimodular lattices Eg @ Eg and Di%. Cléry and van der Geer explicitly describe the
Siegel modular forms d J |, x, and d% J [s,x&,:

(1) J vanishes to order 4 on $H, x $, with dj‘CJ|g32Xg,2 = x1 ® y1 for some (scalar-
valued) cusp form y; on $,.

(2) J vanishes to order 4 on $3 x 9 with dj‘cJ |$,x$, = X2 ® A for some (vector-
valued) cusp form y, on 3.

The scalar form y; generates the space of cusp forms on $, of weight 10. The vector-
valued form y, generates the space of cusp forms on $3 for a specified vector weight.

In this paper, we consider an analog of the Schottky form, namely the Hermitian Schot-
tky form that Hentschel and Krieg defined on a unitary group of signature (4, 4) [19]. For
the moment, to highlight the relationship with J, we denote this form by J . The restriction
of the form J to $y4 is J. It is tempting to assume all the results for the Siegel case will
carry over to this setting, but that does not quite turn out to be the case. We obtain Theorem
3.7, which concerns forms on Hermitian symmetric spaces #,, for unitary groups of sig-
nature (n,n) and relies on an embedding #; x #,_; — H, analogous to the embedding
of Siegel upper-half spaces above.

Theorem B (Summary of Theorem 3.7). The scalar form J vanishes to order 4 on H3 X
J1. Furthermore, the form d% J | ge,x3¢,, whose weight is specified in Expression (3.2), can
be written as M ® A for some (vector-valued) cusp form M on 3.

Remark 1.1. The Fourier coefficients of M ® A can be explicitly computed, as seen in
the proof of Proposition 3.6. However, this is only practical for the first few coefficients.

Key differences between Theorem 3.7 and the corresponding construction for the
Schottky form J include:

e The form J does not vanish at all on Ho X Hs.

*  We do not claim that M generates the entire space of (vector-valued) cusp forms on
H5 of its weight.

These differences reflect some new challenges that arise in the unitary setting. The first
point indicates that the order of vanishing for a modular form does not behave well under
the natural embedding of the Siegel space into the Hermitian space. The second point is
related to the fact that the dimension of the space parametrizing cusp forms of specified
weight currently remains unknown in the unitary setting, in contrast to the Siegel setting.
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Consequently, in contrast to the frequent reliance on dimension formulas for cusp forms in
the Siegel setting in [5], our proof of Theorem 3.7 does not use any dimension formulas.
Instead, we rely on the computation of Fourier coefficients for the derivatives of J.

Remark 1.2. It is natural to ask about the relationship between our differential opera-
tors and others. The condition that f vanishes to order r on $; x $¢_; ensures that our
operator is the same (up to a scalar multiple, depending on the normalization) as the oper-
ator obtained by applying a particular Maass—Shimura operator (that takes holomorphic
forms to nearly holomorphic forms of order r, as in, e.g. [15-17,29]) to f and restrict-
ing the resulting nearly holomorphic form to $; x $,_;. It would also be interesting to
explore the relationship between our differential operators and other holomorphic differ-
ential operators that have been constructed for symplectic and unitary groups, in particular
Rankin—Cohen brackets [1,6, 7,20, 26].

1.2. Organization of the paper

Section 2 introduces automorphic forms on unitary groups and certain differential oper-
ators. This section then presents our main results about differential operators, Proposi-
tion 2.13 and Theorem 2.15, producing vector-weight forms from scalar-weight ones. In
Section 3, we apply the operators in an explicit example. The main result of this section
is Theorem 3.7. Section 4 presents proofs of the results from Section 2. Finally, Sec-
tion 5 provides a geometric reformulation of the operators. While this geometric portion
is unnecessary for the results earlier in the paper, it is likely to be of interest to those
working with Shimura varieties or seeking an intrinsic, geometric understanding of the
operators from Section 2.

2. Automorphic forms and differential operators

We begin by introducing automorphic forms on unitary groups, and we construct cer-
tain differential operators that act on them. In this section, we state our main results in
a direct (coordinate-dependent) way, because this will be best suited to our application
concerning an explicit example in the following section. The proofs of the main assertions
(Proposition 2.13 and Theorem 2.15) will be postponed to Section 4, after an example in
Section 3. For a more comprehensive treatment of automorphic forms on unitary groups
from the perspectives employed in this paper, the reader might also consult [9].

2.1. Complex automorphic forms

Firstly, we specify notation and conventions for holomorphic automorphic forms on uni-
tary groups considered.

Let K/Q be an imaginary quadratic number field, and let ¢ be the unique non-trivial
element of Gal(K/Q). Given k € K, we set k := ¢(k). Consider a finite-dimensional
K-vector space V equipped with a non-degenerate Hermitian pairing (-,-): V x V — K.



Constructing vector-valued automorphic forms on unitary groups 5

Definition 2.1. The unitary group U(V) = U(V, (-, -)) is the algebraic group over Q
whose points are given by

U4 = {g eGL(V ®q A) | (gv,gw) = (v,w) forall v,w € V ®q A}, A€hlgg.
More generally, the similitude unitary group GU(V) = GU(V, (-, -)) is given by
GU(V)(A) = {(5.v(g)) € GL(V ®q 4) x A% | (gv.gw) = v(g)(v.w)}. A€ Algg.

The map v: GU(V) — Gy, given by (g, v(g)) — v(g) is a group homomorphism, with
Kerv = U(V). While GU(V') will play a role later in Section 5 for algebro-geometric
interpretation, for our present purposes it suffices to work with the group U(V') only.

Denote by A the ring of finite adeles of Q. A congruence subgroup I' € U(V)(Q)
is a subgroup of the form

r=u(mM@nu

for some open compact subgroup U < U(V')(A r). Equivalently, upon choosing an integral
model U(V) of U(V), T is a subgroup of U(V)(Q) that contains the principal congruence
subgroup

T(N)={geUWV)Z)| g+ 1de WV)Z/NZL)}

for some N as a finite-index subgroup (this property does not depend on a choice of
integral model, see e.g. [27, Section 4] for a detailed discussion).
Choosing a suitable basis of V' ®q R, the pairing (-, -) can be represented by the matrix

o d,, O
w0 —Id,

for some pair of integers (2, n). In this case, U(V)(R) can be identified with the Lie group
U(m,n) = {y € GLa(C) | "VImny = Imn}.

where d = m + n. We call the pair (m, n) the signature of U(V'). If n (resp. m) is zero,
we simply write U(m) (resp. U(n)).
The group U(m, n) naturally acts on the bounded Hermitian space

Homn = {T € Matyx, (C) | I1d, — 'T7 is positive-definite}

via linear fractional transformations, i.e.,
1 A B
yir=At+B)(Ct+ D)™, ve€Hnn v= c D € U(m,n),

(where the sizes of the blocks are determined by A being m x m and D being n x n).
Given y € U(V)(R), identified with U(m, n) as above, and v € #,, ,, we define the
automorphy factors A, (t) € GL,,(C), uy(7) € GL,(C) as follows:

Ay(v) = B(7) + A, wy(r)=Ct+D, y= |:A B] e U(m,n).

C D
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With this setup, we employ the following definition of automorphic forms.

Definition 2.2. Let U = U(V) be a unitary group of signature (m, n), let ' € U(Q) be
a congruence subgroup, and consider a representation (p, W) of GL,,(C) x GL,(C). An
automorphic form on U of level I and weight p is a holomorphic map f: Hpypn — W
satisfying

@ = flon) (@) = p(hy (@) iy () fT), T € Hopn, v €T (2.1)

When the signature is (1, 1) and U is quasi-split over QQ, we additionally require that f is
holomorphic at all cusps. Denote by M, (I") the space of all automorphic forms of weight
p and level T

Remark 2.3. We defer the discussion of holomorphicity at cusps to Remark 2.7, after
introducing a variant of automorphic forms (amounting to a coordinate change) that is
more suitable for the description of the condition. For now let us only remark that in all
the cases except of quasi-split unitary group over Q of signature (1, 1), the analog of the
condition is automatically satisfied by Koecher’s principle [24].

Remark 2.4. Using the transitive action of U(R) on #,, , and a point whose stabilizer is
K =U(m)(R) x U(n)(R) C U(R), one can view such amap f as a W-valued function
on U(R)/ K. Recall that I' = U(Q) N U for some open compact subgroup U € U(Ay).

As is well known, f can be extended adelically to a left-U(Q)-invariant W -valued
function ¢ on U(A)/Ky such that ¢ is right-invariant under U-translation and right-
equivariant under K -translation (and the natural p action of K, C GL,,(C) x GL,(C)
on W). One says that ¢ is an automorphic form on U of level U and weight p. For more
details, see [9, Section 3.4]

Lastly, using algebraicity of the associated Shimura variety, one can view ¢ as a
section of a certain automorphic vector bundle associated to p. We do not include pre-
cise details here to avoid introducing additional notation that is not necessary later. For
instance, one technically needs to address the passage from U to GU to make this last step
precise. For more details, see [11, Section 2.7].

In Section 5, we pass to this geometric point of view, assuming familiarity with the
connection between these two perspectives, to discuss algebraic properties of the differ-
ential operators constructed below.

Example 2.5. In the case of the representation
Ar; = det* Rdet: GL,,(C) x GL,(C) - C® C ~ C,

we denote the space of automorphic forms of weight p (and level I') also by M ("),
and refer to its elements as automorphic forms of weight (k, ).

Furthermore, we refer to such automorphic forms as scalar-valued, and to general
automorphic forms as vector-valued when emphasizing the distinction.

We sometimes write Ag; as Ay p),k,7) When we wish to emphasize the choice of
ranks for both general linear groups involved in the definition.
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2.2. Variant: Hermitian modular forms

Motivated by the example discussed in Section 3, we consider the following variant. Sup-
pose U = U(V) is of equal signature, i.e., m = n, and let us additionally assume that
U is quasi-split over Q. Then a suitable choice of basis of V ®g R (in fact, of V by the
quasi-splitness assumption) allows one to express the pairing (-, -) by the matrix i 7,, where

_ —Id,,
NMn = 1d, s

U(n) = {y € GL2a(C) | "0y = ).

identifying U(R) with

The group U(7,) then naturally acts on the unbounded Hermitian space
Hy = {r € Mat,,x,(C) | i(‘T — 1) is positive-deﬁnite}

again via fractional linear transformations, i.e.,

yt = (At +B)(Ct+ D), teH, y= [g g} € U(nn).

We then define, for y € U(R) viewed as an element of U(7,), the automorphy factors
Ay (1), py(7) € GL,(C) as follows:

Ay(©)=C(1)+ D, py(t)=Ct+D, y= [é g} € U(nn).

Definition 2.6. Let U = U(V) be a unitary group of signature (n, n) and quasi-split
over Q. Consider a congruence subgroup I' € U(Q) and a representation (p, W) of
GL,(C) x GL,,(C). A Hermitian modular form of level I and weight p is a holomor-
phic map f: J#, — W satisfying

F@ = ()@ = p(Ay (). 1y () f(y1). TEHy yET.

Moreover, when the signature is (1, 1), we additionally require that f is holomorphic at
every cusp.

Hermitian modular forms were first introduced by Hel Braun in [2-4].

Remark 2.7. Let us spell out the meaning of the holomorphicity condition along the lines
of [30, Section 5]. Given a Hermitian modular function f of level I and weight p (i.e.,
a function satisfying the modularity condition of Definition 2.6, but not necessarily the
holomorphicity at cusps), f admits a Fourier expansion of the form

f(@) = Y e(h)exp (2ni e(ht)) 2.2)

heMVY
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where

* M is a Z-lattice of complex Hermitian n X n matrices « with [IC('," 1, ] € T, ie., such

that f(t + o) = f(7) (existence of such lattice is guaranteed by the quasi-splitness
assumption),

e MYV is the Z-lattice of all complex Hermitian n x n matrices 1 with tr(ha) € Z for all
axeM,

* c(h) are vectors in the underlying vector space W, of p.

When n = 1, the Hermitian matrices & € MY and the coefficients ¢ (k) are just real and
complex numbers, respectively. In this case, we say that f is holomorphic at oo if ¢ (h) =0
whenever i < 0. We say that f is holomorphic at all cusps if for all 8 € SL,(Q), the
function f ||, (automorphic of level B~1T'B) is holomorphic at co.

We emphasize that for higher n, the analogous condition is automatic by Koecher’s
principle, which in the presence of Fourier coefficients can be stated as follows.

Proposition 2.8 (Koecher’s principle; [30, Proposition 5.7]). When n > 1 and f is a
Hermitian modular function of some weight p and level T' C U(ny,), in the expression
(2.2) one has c(h) # 0 only if h is positive-semidefinite.

Fourier expansions also allow us to conveniently define Hermitian cusp forms.

Definition 2.9. Given a Hermitian modular form f of level I" and weight p, f is called a
cusp form if for any B € U(Q), in the Fourier expansion (2.2) of f'||,8, one has ¢(h) =0
whenever / is not positive-definite.

We denote the space of all Hermitian modular forms of weight p and level I' again
by M,(I') (we hope that there is little potential for substantial confusion). Similarly, we
employ the notation M ;y(I') when p = det* X det’, and refer to Hermitian modular
forms of this type as scalar-valued. We denote the space of all Hermitian cusp forms by
S,(I) (and S 1y (T) if p = det* K det)).

Following Shimura’s notation from [30], when convenient to make the distinction,
we will refer to unitary groups and automorphic forms in the coordinates described in
Section 2.1 as the “case (UB)” (where “UB” stands for “unitary ball”) and to Hermitian
forms on U(#,) in the sense of this section as the “case (UT)” (i.e., “unitary tube”).

2.3. Further variants

Following [28], let us mention two further variants that will serve an auxiliary purpose
thanks to their convenience in expressing automorphic forms via Fourier expansions. Let
us fix a unitary group U of signature (m, n).

Firstly, we consider the case m # n. Without loss of generality, let us assume that
m > n. Then U(R) may also be realized as the group

G(m,n) = {g € GLy+m(C) | tgﬂm,ng = nm,n},
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where
1d,,

Nm,n = S
—Id,

with S diagonal skew-Hermitian and such that —i S is positive-definite. Then, U(R) natu-
rally acts on the symmetric space

J?m,n = {z = |:;i| | T € Matyxn(C), u € Matgn_nyxn(C), —i(t —'T) +i'uSu > 0}.
This is the convention taken in [28] (up to order of coordinates). The appropriate action

and automorphy factors A, (z), iy, () (in the notation of loc. cit., k (y, z) and u(y, z), resp.)
are given as follows. For a matrix

A1 By C
Yy = Ay By Cy| € U(m,n)
As B3 Cs

(with diagonal blocks square of sizes n, m — n and n, respectively) and z = [,Z] € Hmn,
one has

o =[5 B]le]+[6] e+ s o

At o) At R.C—1

A, (z) = [Eéi thJ;chz) Eéi :4;;35%_1)] . My(z2) = A3t + Bsu + Cs.

The corresponding automorphic forms are then defined as in Definition 2.6 and, as
explained in loc. cit., these admit Fourier—Jacobi expansions. That is, they can be written
in the form

f(xu) =" c(u:h)exp (2 te(ht)).
h

with & ranging over a suitable lattice of n x n Hermitian matrices and the coefficient
functions ¢(u; /) are certain theta functions. Similarly to the previous case, the Koecher’s
principle implies that ¢(u; #) = 0 unless / is non-negative (cf. [28, p. 570]).

Lastly, let us consider the case m = n > 1, but when U is not quasi-split over Q. By
[28, Section 6], the following form of the group can nonetheless be achieved:

UR) = U(n) = {g € GL2,(C) | tgﬁng = ﬁn},

with
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where s,¢ € K are pure imaginary elements whose product is positive. The associated
symmetric space is given as

-~ 5 ~ |z
Hy = {Z € Mat, x, (C) | i [tZ Idn] Mn |:Id ] > 0}.
n

Automorphic forms on J6, admit Fourier—Jacobi expansions of the form

fr) = Zc(u, v, w; h)exp (2i tr(ht")),

h
where we consider the coordinates

u v
Hyd1T= [w ‘E/i| , ueC, te Mat(n—l)x(n—l)((c)

and h ranges through a suitable lattice of (n — 1) x (n — 1) Hermitian matrices. Once
again, the coefficients ¢(u, v, w; h) vanish unless % is non-negative.

2.4. Restrictions of automorphic forms

Let us fix a choice of K, V, (-, -), the corresponding unitary group U = U(V) of signature
(m,n), and a choice of a congruence subgroup I" as in the previous section. Consider a
decomposition V =V} @ V, where V7, V5, are vector subspaces orthogonal for the pairing
(-, ). This induces a natural embedding

n:Up xUpy =< U

where U; = U(V;) and i = 1, 2. Additionally, let us choose congruence subgroups I'; €
U; (Q) such that n(I'y x I';) € T'. Let (m;, n;) be the corresponding signatures, so that
(m1,n1) + (ma,nz) = (m,n).

We fix a choice of one of the two versions of coordinates discussed in Sections 2.1
and 2.2, resp., the same for all groups U, U; and U,. Explicitly, we consider one of the
following two options:

(1) In the case (UB), we identify U(R) with U(m, n), U;(R) with U(m, ny) and
U,(R) with U(my, ny). In this case, we set H = Hpm n, g = Hm, n, and
HP = o, n,.

(2) When m = n, my; = n; and m, = n,, with all the groups Uy, U,, U quasi-split
over QQ, we may consider the case (UT), i.e., we identify U(R) with U(#,) and
U; (R) with U(7;), i = 1, 2. In this case, we set # = H,, ¥ = H,, and
HP = J,,

We will discuss both of these cases at once, in a unified way. To that end, from now
on we use the term “automorphic form” to refer both to automorphic forms in the sense
of Definition 2.2 in the case (UB), as well as to Hermitian modular forms (from Defini-
tion 2.6) in the case (UT).
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Regardless of which case occurs, the bases of (V;)r giving the chosen coordinates
may be chosen so that 7 becomes the map

aq bl
) ay by| [az by a, by
PO > () = DA, ([Cl dl] ’ [02 dz}) T di
(&) d2

The corresponding embedding of symmetric spaces is then given by the map
s HD x P < g, (‘L’],‘L’z)l—)[fl ],
2

which is clearly U; (R) x U, (R)-equivariant in the obvious sense.
We fix a notation for coordinates on J compatibly with the embeddings, that is,

71

J(Br=|:
y

x} L nedM nen?, 2.3)
2
where x = (x;7) and y = (y;;) are rectangular blocks whose dimensions are determined
by the blocks 71, 72. If needed, we will refer to the coordinates (x;;) as “x-coordinates”,
and similarly, to (y;;) as “y-coordinates”.

Observe that for y = n(y1,y2) € I' with y; € T and 7 = ((z1, 1) with 1; € H#D, we
have

— A I(Tl) _ |« 1(‘[1)
Ay (@) = [ ’ Ayz(TZ)iI’ oy (7) = [ ’ Myz(fz)]

It follows that, when k, [ are arbitrary integers, the restriction of a form f € M (') to
a function on H D x #? defines a map

Mg () = My n(T) ® Mg (I2). 2.4

In terms of the coordinates (2.3), the map is given by f — f|x=o, i.e., by restriction to
y=0

the locus where all x;; = y;; = 0.

2.5. The construction

Fix the notation for (k, 1), U;, U, J@ T;, T etc. as in Section 2.4. Our next goal is to
describe the desired differential operators on automorphic forms in coordinates. To for-
mulate the construction, the following calculus notation will be useful.

Notation 2.10. Given a function f(xy,...,x;), and an (ordered) tuple of indices o =
(i1,i2,...,ir), denote
aaf

8)6,‘1 ax,-z . ax,-, '

8xo¢ f
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For r > 1, d" f denotes the r-th total differential of f, that is, the (symmetric) r-linear
form on the tangent space given in coordinates as

d"f =) 0y, fdxe,

where o = (i1, iz, ...,i,) runs over all (ordered) r-tuples of indices for coordinates, and
dxq denotes dx;, dx;, ... dx;,.
When g = (g1, g2, ..., g;) is a vector function in variables y1, y», ..., ys, we denote

by d” g the tensor (d"g;,d" g2, ...,d"g;) (so that dg = d' g agrees with the usual meaning
of the tangent map).

Remark 2.11. In this notation, we have the following convenient forms of the chain rule:
d(fog)=df odg,
r
d(fog)=) > d*f o (d¥1g,dP2g, ... d"g).
a=1b1+by+-+bg=r

We are now ready to proceed with the construction. To make the construction more
transparent, we start by formulating the case of the first derivative separately.
For every pair of non-negative integers (m, n), define

p?r_n,n),(k,l) = A(m,n),(k,l) ® (psta ¥ 1): GL,, (C) x GL,(C) — GL,,(C)
(U, V) = det(U)* det(V)' U,
p(_m,n),(k,l) = Agnn), k1) ® (1 X pya): GLy (C) x GL, (C) — GL,(C)
(U, V) — det(U)* det(V)' v,
as representations of GL,,(C) x GL,(C). Here, Ay, n) (k1) is as in Example 2.5 and pgq
(resp. 1) denotes the standard (resp. trivial) representation of the appropriate dimension.
Remark 2.12. When (m,n) = (m;,n;) fori = 1 or 2, as in Section 2.4, we simply write
* | for pt
Pie.1y "OF Pimi mi), el
For a holomorphic function f: # — C, we denote the form dy f| 1) x g2 by

Xij =0>
Yji=0

af
A f gy xge@ = dxf|;zg = 12,: deij

that is, the form obtained from d f* by projection onto the span of differentials of the x-

coordinates, and then setting all x- and y-coordinates to 0.
Similarly, dy, f| 1)« g2 is defined as

af

dy flaexge@ = dyf|xfg =25, Vi |x;=0-
y= i Viji yji=0

i.e., the analogous form where we project d f onto dy-coordinates instead before restrict-
ingto HM x #@.
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Proposition 2.13. Ler f: H — C be an automorphic form of weight (k, 1), and assume
that the restriction f'| gq)y g vanishes.
Then, the differential form dy f| 3p0)x 32 is a tensor product of vector-valued auto-
morphic forms of level I'y and 1", respectively, and weight p?_,(k,l) and Pa. k1) respectively.
Similarly, the form dy f| ) x5 is a tensor product of vector-valued automorphic
forms of level Ty and T"; respectively, and weight PY (k) and p; .1y respectively.

Remark 2.14. To better understand the content of Proposition 2.13, let us be more explicit
about the expected modularity rule. By convention, we identify the space Maty,, xn, (C) of
my X np complex matrices with the GL,,, (C) x GL,, (C)-representation pyq X pgd, With
the action given by the formula

p(A,B)(X) = AX'B, (A, B) € GL;,,(C) x GL,,,(C), X € Maty, xn, (C).
The form d, f| 3= naturally takes values in the dual space Maty,, x», (C)Y, on which
GL,,, (C) x GL,, ((C) acts via
P4 B)@)(X) = a( AXB) (= a(p('A.'B)(X))).

and it is easy to see that the resulting action makes Maty,, x», (C)" into a representation
which is again isomorphic to pgg X pgg.

The modularity condition of Proposition 2.13 can then be rephrased as follows: assum-
ing the vanishing of f| )y, for an element y of the form

ap by

|4 B| _ az by |
J/—[C D]— o dy =n(y1.y2) €T,

c2 d>

_ aq bl an b2
(Vlv)’z)— ([Cl dl]’[cz dz}) EFIXF27

and (11, 12) € JHD x 3@ we have

("))
= 0 Con 00 13 ) (22 i) (e ([, ]))

Similar interpretation applies to the case of the form dy, f| (1) g2 (Where we instead
consider the space Maty,,x», (C), etc.).

Let us now describe the general case of higher order derivatives. Given a holomorphic
map f:H — C,the form d” f projected onto the dx-coordinates and restricted to F ) x
HP,

Ef ezer = &S |x=g = > 0x, f |x=gdxe 2.5)
o
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(where « runs over all 7-tuples of indices for the x-coordinates), is a map from ) x
H @ that naturally lands in the space of r-linear forms on 71 x n, complex matrices, that
is, in Sym” (Maty, xn, (C)).

As outlined in Remark 2.14, the left natural action of GL,, (C) x GL,,(C) on the
space Maty,, xn, (C) gives a right action * on Sym” (Maty,, xn, (C)"Y) via

[B* (A, B)](X1...X,) = B(AX,"B,AX,'B, ..., AX,"B),
where (4, B) € GLj, (C) x GL,, (C), which we make into left action by the rule
p'(A,B)(B) =B+ (A'B). (2.6)

On the collection of coefficients (Bxa fl x=0)a’ the corresponding action is the expected
y=0

action Sym” (psa X psia) Where pgq again stands for the standard representation of GL,,,
and GL,,,, respectively.
We have the decomposition

Sym’ (pua ®@ pua) = @D $* (psa) B $* (psa) @7
A

(e.g., by [14, Exercises 6.11 (b), 4.51(b)] or [31, Corollary 2.3.3]) where A runs over
partitions of 7 and S* denotes the Schur functor.
For each A, denote by

xS sz = dfc,/lf|§28

the map d’, f'| 7 1) g composed with the projection onto the S* ® S*-factor.

By a similar discussion, we define the forms d;’ 3 S 1w ge@ (the only difference
being the dimensions of the matrix space, which is in this case Maty,, x», (C)). The analog
of Proposition 2.13 for higher derivatives is the following.

Theorem 2.15. Assume that the forms &, f| zo)x ge vanish for all 0 < s < r, as in the
situation of Proposition 2.13. Then for every partition A &= r, the form d;’xf |2 x 30 IS
a tensor product of automorphic forms of weights

A
Pyl = Domvnn ey ® (SH(pua) B 1) = (det* ®S*(pua)) B det!

and
P2 ety = Dmamn) ety ® (18 S*(pya)) = det’ B(det’ ®S*(pua)).-

Similarly, if the forms d;fL]((])XJ((Z) vanish for all 0 < s < r, then d;jlflﬂ(l)xe]{(z) isa
tensor product of automorphic forms of weights

_’A’ .
P = Doman.kn) ® (185 (ou) = det” B(det’ ®5*(pua)

and
p;:’(i’l) 1= Ay, ted) ® (SH(psa) B 1) = (det” ®S*(pya)) X det’ .
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Remark 2.16. By convention, we identify both d? f and dg f with f itself, so that vanish-
ing of either of the forms d% f'| o) gp@ OF dg flaem @ is equivalent to the assumption
flawxg@ = 0 of Proposition 2.13.

Remark 2.17. The choices of coordinates used in this section, i.e., for cases (UB) and
(UT), are especially useful in describing our differential operators explicitly. However,
it will be a consequence of the discussion in Section 5 that the construction described
in this section is in fact coordinate-independent. In particular, the obvious statements for
automorphic forms as described in Section 2.3 remain valid.

Let us describe one particular case where the different variants of coordinates will
be useful later on. Suppose that m # n and that the factor Uy is quasi-split and of sig-
nature (1, 1). We may then consider the diagonal embedding of symmetric spaces #; x
J?m_l,n_l — J?m,n, and fix coordinates on J?m,, accordingly, i.e.,

1 X

~ T
J€m’n5|:i|= z 1|, rlee%l,[
u
w Up

‘[ ~
2} € Hm-1.n-1. (2.8)
Uz

Letting y denote the column vector ‘[z w ], the operators

r r
de (_)|J€1 X Hom—1,n—1 and dy,l =) |=7€1 X Hom—1,n—1

make sense and satisfy conclusions of Theorem 2.15 (producing Hermitian modular forms
for the first factor and automorphic forms in the sense of Section 2.3 for the second factor).

3. Example: Restricting a Hermitian analog of the Schottky form

Hentschel and Krieg construct a Hermitian analog of the Schottky form as a suitable linear
combination of Hermitian theta series of even unimodular Gaussian lattices [19]. We will
briefly review their construction, and then use it to construct a vector-valued automorphic
form.

The three Hermitian positive definite matrices

20 0 0 110 1 2 -1 0 —1—-1—-1—i1+i 2 0 14+4i i 0 0 0 O
02 0 0-11-10 -1 2 1-i0 0 0 0 —i 0 2 i 1-i 0 0 0 0
00 2 0 011 —1 0 14i 2 0 0 0 0 1 1-i =i 2 0 0 0 0 0
00 0 2-101 1 -1 0 0 2 1 1 i —1 —i14i 0 2 0 O 0 O
1-10-1200 0 [’ -1 0 0 12 1i -1 |10 0 0 0 2 0 1+i i
1110 020 0 -1 0 0 1 1 2 i —1 0 0 0 0 0 2 i 1-i
0-11 1 002 0 i 0 0 —i—i—i2 i 0 0 0 0 1-i —i 2 0
10-11 000 2 1—i i 1 —1—-1-1—i 4 0 0 0 0 —i1+i 0 2

will be denoted by S, S», and S3, respectively. Their exact values will not be important
to this discussion, but they arise as the Gram matrices of the three isometry classes of even
unimodular Gaussian lattices of rank 8 [19]. Each Hermitian positive definite matrix S;
gives rise to the Hermitian inner product (v, w); = w*S;v on Z[i]2.
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We can then define Hermitian theta series

0" (1) = > exp(mi w( MS;M1)) = Zai(")(h) exp (27i tr(ht))
MEeZ[i ]an h

with Fourier coefficients

a™(h) = #{M € Z[i]¥" "M S;M = 2h)
=#{v1,.... 00 € Z[i]*: (vj.vi)i = 2Dy} 3.1

Hentschel and Krieg consider the linear combination F® = 80 — 150 + 70"
and demonstrate that F* is a Hermitian analog of the Schottky form [19].

Lemma 3.1. The linear combination F® = 8@54) - 15@54) + 7@24) is a nonzero cusp

form of weight 8, and the restriction F |s, is a multiple of the Schottky form.
Proof. This is [19, Theorem 3.1 (c) and Corollary 3.4]. ]
In contrast, F (1), F (2), and F® all vanish.

Lemma 3.2. The linear combinations F™ = 8®(1n) - 15@;'1) + 7@gn) vanish forn < 3.
Forn = 1, we have ®(1) ®(1) ®(1)

Proof. From the combinatorial description of al(") (h) given in Equation (3.1), we have

al(n)(h) — al(n+l)( [h O:| )

In other words, each Fourier coefficient of @l(") appears as a singular Fourier coefficient
of ®§"+1). The same is true for the linear combination F . In particular, if all singular
Fourier coefficients of F*+1 vanish (i.e., if F®*+1D is a cusp form), then F must
vanish. Since F® is a cusp form, this shows that F () vanishes for n < 3.

Lemma 3.3 (¢) in [19] states that @g") ls, = @g") |s,, where §,, denotes the Siegel upper
half-space of degree n. In particular, we have ®(1) ®(1) since §; = J#;. But then the
relation 8@51) 15®(1) + 7®(1) = 0 forces ®(1) ®(1) ®(1) ]

Remark 3.3. Let us be explicit about the setup for our example. We fix the field K =
Q(+~/—1) = Q(i) and consider the groups U(1n,) treated as algebraic groups with the
obvious integral model U(1n,), i.e.,

U(n)(A) = {g € GLz, (A Rz Z[i]) | té’ﬂng = Tln}, A € Algy .

The form F® is then Hermitian modular of weight (0, 8) and full level I' = U(14)(Z).
To apply our construction, we consider the diagonal embedding of U(n3) x U(n1)
into U(n4). It is worth noting that the standard representation pyq associated with the sec-
ond factor as in Section 2.5 is one-dimensional. Consequently, the decomposition (Equa-
tion (2.7)) of Sym” (s X pga) in terms of Schur functors is trivial, i.e., the S* ® S* terms
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will vanish unless A = (r). That is, we have Sym” (psq X pga) > Sym” (pga) X Sym” (pga),
and there is no need to take any projection to a S* & S*-component in our construction.

We will show that F* vanishes to order 4 along J#3 x J#; and that the fourth deriva-
tive d F @) JesxJ¢, 18 a nonzero vector-valued automorphic cusp form. We will do this by
explicitly computing the Fourier expansion of the derivatives d’, F ® | 2, x ¢, and making
use of the combinatorial description of ai(")(h) given in Equation (3.1).

Remark 3.4. Using the notation of Section 2.1, the weight of F® is the 1-dimensional
representation Ag g =1KX det® on GL4(C) x GL4(C). Upon restriction to U(n3) x U(n1),
its weight is (1 X det®) & (det® X1) on (GL3(C) x GL3(C)) x (GL;(C) x GL{(C)).
The representation on GL; (C) x GL;(C) corresponds to the weight of modular forms
on U(n1) = SL,(C); in this case, modular forms of weight 8 on SL,(C).
Lastly, according to Theorem 2.15 (omitting any choice of partitions A of r = 4), the
weight of d F®| 3., 5, and d}F )] 3e,x 3¢, are the representations
(Sym*(pya) X det® ) X (det® K det*), (3.2)
(1 X (det® ® Sym*(pya))) & (det'? K1) 3.3)
of GL3(C) xGL3(C) xGL; (C) x GL{ (C) respectively. Once more, the GL; (C) x GL; (C)

part corresponds to the weight of modular forms on U(n;) = SL,(C). In both cases, we
obtain modular forms of weight 12 on SL, (C).

Setcy =8,cp =—15,and c3 = 7. Let 11 € J3 and 1, € H1. Then the Fourier expan-
sion of F®| .., is given by

F(4)( [fl TJ ) - Xi:ci(@f‘)_( [Tl T2:| ) B
S (| T (P )

f—
@[ |h h
= ch Z exp 2711 tr(hltl)) exp (2711 tr(hzrz) Za 4 < |:h; h;:| ) 3.4

i h1 hz h3

More generally, we can compute

o)zl )
- x ao([1 h;?exp(mr([z 2l )

@(|m h
vy ([

) exp (2i tr(hy Ty + hota + h3x + th_3)’)).
i hihahs
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Then the Fourier expansion of d’. F/ @) Jesx Je, 18 given by

wro([7 ) -2xa = a ([ ] )emrn

i hi,ha,h3
x exp (27i tr(h1 Ty + ha12)) dxg

= Q2ni)" Z Z exp (2i tr(hy7y)) exp (27i tr(ha 1))

o hyhy
t_
XZ Zh“ (4)([}13 212:|)dxa (3.5)

Proposition 3.5. The restriction F®| Foyx ¢, vanishes.

Proof. The combinatorial description of al-(")(h) given in Equation (3.1) tells us that

Za“)( [ _3} ) =a® (h)a{" (o).
3

2

Then Equation (3.4) and Lemma 3.2 give
F@® |:Tl :| = Zci@),@(n)@gl)(m) = FO(1)0W (1) = 0. L]
T2 ;

Proposition 3.6. The restrictions d', F @) Je;3x 3, vanish forr 0 (mod 4), but the restric-
tion &4 F®| 3, 3¢, does not vanish.

Proof. Equation (3.5) tells us that each Fourier coefficient of d/, F @) Jesx 3, 18 of the form

l‘_
h
2 r C: lla (4) 3
(i) Z : Z h3 s
for fixed k1, hy, and «. Equation (3.1) lets us rewrite this as

@ri)' Y e Y Z (V1. 4){" (V2. 04)? (V3. v4)

V1,V2,V3
(vj, vk )i =2(h1)g; (va, v4)1—2h2

where o = (o, a2, 03) withoy + o + a3 = 7.

If r # 0 (mod 4), then the values of the inner sum at v4, iv4, —v4, and —ivg will
cancel with each other, so every Fourier coefficient of d} I ®)] 30, 3¢, vanishes.

To show that the restriction d* F |z, 5, does not vanish, it is enough to find one
Fourier coefficient that does not vanish. Set h; = I3, h; = 1, and @ = (4,0, 0). Then the
Fourier coefficient in question is given by

(27Ti)4ZC,' Z Z (v, v4)*

v1,02,V3 vy
(vj,v)i=28x (va,v4)i=2
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For each i, the number of vectors v satisfying (v, v); = 2 is exactly 480. For each i, let
€; denote the set of these 480 vectors. Then we can write the sum as

Zci Z ( Z 1)( Z (01,1)4)4)

i v €€; v2,V3€€; v4€€;
(vj,ve)i =8k

which we can compute to be exactly 1981808640.

In order to enumerate the 480 elements of each €;, we found it helpful to use the
Cholesky decomposition S; = dl._1 tL_,-D,-L,-. Then, the problem of finding ‘vS;v = 2
becomes the simpler problem of finding tmDi (L;jv) = 2d;. [

Theorem 3.7. The restriction d*F®|g,x5, is a nonzero vector-valued automorphic
form. It can be written as a pure tensor M @ A.

Proof. Theorem 2.15 and Remark 3.3 show that if the restrictions d F®)| g, 5, vanish
for all s < r, then the restriction d”. F | s, , is a vector-valued automorphic form. Then
Propositions 3.5 and 3.6 tell us that d* F | 5, 5, is a nonzero vector-valued automorphic
form. It is a tensor product of vector-valued automorphic forms for U(n3) and scalar-
valued automorphic forms for U(n;) of weight 12. Then we can write d* F® |z, 3, =
Mo ® E12 + M ® A.But comparing Fourier expansions with Equation (3.5) forces My =
Oand d*F® | g0, = M ® A. .

In contrast, the restriction F |z, s, does not vanish.
Proposition 3.8. The restriction F™®| 3,3, does not vanish.

Proof. Recall from Lemma 3.2 that the theta series @EZ) satisfy the linear relation 8@52) -
15@&2) + 7®(32) = 0. There are no further relations since the theta series @Ez) span a vector
space of dimension 2. One way to see this is to observe that the theta series @lgz) are not
cusp forms, but [19, Theorem 3.1 (b)] states that the linear combination —8@22) + 3@52) +
5@52) is a nonzero cusp form.

Now suppose that the restriction F®| J6,x g, did vanish. Then, as in the proof of
Proposition 3.5, we would have

F(4)( [TI TJ ) =80 (11)0P (1) — 1508 (1) 0P (12) + 709 (11)OF (12) = 0.

For each fixed 15, this is a linear relation on the functions @t@) (1). This relation must be
a multiple of the relation 8@52) —15 @gz) + 7®g2) = 0. But this would require ®(12) (o) =
0P (1) = ©P () for all 75, which is false. -

4. Proofs of main results

We now prove the main assertion, Theorem 2.15 (as well as Proposition 2.13, which is a
special case). Fix all the notation ((k,/),U;, U, JD, I;,T...etc.)asin Sections 2.4 and 2.5.
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4.1. Modularity

Firstly, we prove that the functions resulting from our construction obey the expected
modularity rules. The key ingredient for this part of the proof is the following lemma on
the differential of the action of I" on .

Lemma 4.1 ([30, Lemma 3.4]). We have

d(yr) = tky(f)_ldfﬂy(f)_l

y=[A B}eU(R)

for all

C D
andt € H.

Corollary 4.2. Lety = n(y1, y2) be as in Remark 2.14. Then for every s > 0, d3.(y t)|x:8
Y=
is of the form

a3

that is, it is a matrix of symmetric forms with all forms outside of the x-coordinates equal
10 0. Similarly, d§ (yt) |x:8 is of the form
y=
0 o0
* 0f’

Proof. Let us argue for the case of x-coordinates only. The case s = 1 follows directly
from Lemma 4.1, since the identity

d(y7) = "4y () depy (1) @.1)

yields, after specializing to y = n(y1, y2), setting x = y = 0 and projecting onto the
dx-coordinates, the identity

s
dx(yr)|§28

where * is the block of y-coordinates.

0 t/\y (1) tdx py, ()}
dx(yt)’§28 = |:O 1 o 2 .
The case of s > 1 is similar, only starting with an identity obtained by differentiating
Equation (4.1) multiple times. ]

Proposition 4.3. In the situation of Theorem 2.15, if &3, f'| 3y ge2 vanishes for all s < r
then d;’kf | 2y x 302 satisfies the modularity rule

d;,/lfL}'((l)xJ((Z) (11, 12)
A —A -1
= (P;r,(k,l)()t)n (t1), iy, (11)) ®'02,(k,l)(11/2 (t2), Uy, (1-2))) d;,,lfL%’(l)xJ{(Z) (Y171, Y272)

where t; € WD, 1, € H P, y1 € Ty and y, € Ts.
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Similarly, assuming d3 f'| 5p()x ge vanishes for all s <'r, the form d7 ; f|zwx g
satisfies the analogous modularity rule with pt’(i’l) replaced by pl_,’(),i,l) and with p; ('}c N
+,A
replaced by p, kD)’
Proof. Let us argue for the operator d’, f| =0 only (the proof for dj, f | =0 is completely
= Y=

analogous). Fix the element y = n(y1,¥2) e I and related notation just as in Remark 2.14,
and note that for T = ((t1, 72), we have yt = ((y111, Y212) and

_ AJ/1(‘L'l) _ /Lm(fl)
wo=[ ] o= [ )]
Let us rewrite the modular identity
F(@) = det (hy (1) ™ det(ay ()~ £(y7) “2)

as

k I
det (4, (7)) det (1y (1)) f(2) = f(y7).
Applying the operator d’,(—) | x=0 then yields
Y=

det (1 ) ey ) e ([ ] ) =00 =g,

since all the remaining terms on the left-hand side coming from the product rule contain
d5 /([ ™+, ]) for some s < r and hence vanish. Rearranging the resulting equation then
yields

dy f ( [fl TZD = det (Ay(r))—k det (My(r))—ld;( f(yt))‘;zg
= det ()tyl (rl))_k det (/\yz (12))_k det (Myl (rl))—l det (Myz (Tz))_ld; (f(yf)) |§28'

By the chain rule for d"( f(y1)), we have

d"(f(yn) = Z Yo dfo(d(yr).d>(yo).....d"(yD).

a=1bi+by+-+bg=r

which gives

4 (f(yD)]|x =9 Z Z (daf|§§8) o (di’c1 (y1),d2(y7),.... db (yr))\iz%

bi+by+-+by=r

~

Y @S g o (@00, )|y

a=1bi+by+-~+bg=r
(drf|x 0) (dx()’t)7dx(yf)»~-7dx(VT))|;zg,
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where the second equality follows from Corollary 4.2 and the third one from the assump-
tion that d4 f| x=( = 0 when a < r. Lemma 4.1 now leads to the expression
y=

dy (f(Vf))|;;g
_ (d;_f)( [” o

Then, by definition of p’ as in (2.6), we further have

d;(f(yr))kc}zg — p’(kyl (‘L’l)l,ﬂyz(‘fz)l)(d;f( |:V11'1 y2t2i| )),

and altogether, we obtain

:| ) o ("Ayy (t1) 7 dx py, (12) 7 Ay (1) T iy, (12) 7).
V2T2

&, f( [“ sz = det (Ay, (21)) F det (A, (12)) ™ det (1ty, (11)) " det (4, (2))

X P/(Ayl ()™, My, (12)_1)d;f( |:y1 ! 72T2:| )

Finally, projecting onto the S* ) S*-component of p’ yields the desired result. ]

4.2. Holomorphicity at cusps and tensor product decomposition

Proposition 4.3 shows thatd’. ; f'| 51« ge@ yields a vector-valued function that transforms
the same way as the tensor product of automorphic forms in Theorem 2.15. To conclude
that d;’ 3 f lgexge@ is such a tensor product, we employ the following linear-algebraic
lemma, going back to Witt [32].

Lemma 4.4. Consideramap F: X xY — V Qc W where V, W are finite-dimensional
C-vector spaces and X, Y are arbitrary sets. Let Lx (Ly, resp.) be a chosen finite-
dimensional subspace of maps X — V (Y — W, resp.). Fix a choice of basis {b;}_,
of V and {c;}j_, of W, and assume that
(1) forally €Y andall j, the projection of F|xx{yy onto V & ¢; >~V belongs to Ly,
(2) forall xe X and all i, the projection of F |xyxy onto by @ W ~W belongsto Ly.

Then F can be written in the form

F=ZGk®Hka Gr € Ly, H. € Ly.
k

Before proceeding with the proof, we note that the assumptions of Lemma 4.4 are
independent of the choices of bases.

Proof. When V and W are one-dimensional, we may identify V, W and V ® W with C.
Then the claim is the content of [32, Satz A]. In general, expressing all the involved vector
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functions as coordinate functions with respect to the bases {b;}{_; of V, {¢;}L, of W
and {b; ® cj};,j of V ® W, resp., the vector-valued functions X — V (¥ — W and

X xY — V ® W, resp.) can be treated as scalar-valued functions X x {1,...,n} - C
Y x{l,....m} > Cand X xY x{1,...,n} x{1,...,m} — C, resp.) in the obvious
manner. This reduces the claim of the Lemma to the scalar-valued case. ]

Proposition 4.5. In the situation of Proposition 4.3, the form d_, Flamxgpq) satisfies
the assumptions of Lemma 4.4 with

X=H#D Ly = M (T) and Y = HP Ly = M (I2).
1,(k,0)

2,(k,0)

Similarly, the form d; 1S lgerxgey satisfies the assumptions of Lemma 4.4 with

X=HD Ly=M_, (T)) and Y =HP Ly =M 4, (I).
P1,k,1) P2, (k1)
Proof. As long as neither of the unitary groups Uy, U, is of signature (1, 1) or quasi-split
over Q, to verify whether the form d;’AfL;g(l)X!';g(l) or d;’/lflgg(l)xjg(l), after restriction
and projection as in Lemma 4.4, produces automorphic forms of the indicated level and
weight comes down to verifying the appropriate modularity rule. In this case, the conclu-
sion immediately follows from Proposition 4.3.

When U; or U; is of signature (1, 1) and is quasi-split over QQ, we additionally need
to verify the holomorphicity at cusps condition. Note that in this case, there is no need to
take any projection to S* components, and we therefore suppress A from the notation to
simplify from now on (cf. Remark 3.3).

Let us assume that Uy is of signature (1, 1) and is quasi-split over Q, fix 7, € #?® and
let us verify the holomorphicity at cusps in the case of d7. f| 51 x(r,} and d}, /[ 5 (r,}-
The arguments are the same in the remaining cases. Acting on f by 1(8) where 8 €
SL,(Q), it is enough to verify holomorphicity at co.

We consider first the case (UT), i.e., the situation when U(R) is identified with U(n;,)
and U is itself quasi-split. In this case, it is enough to even consider d}, f | 5(1)x(,) only,
as the reasoning for dj f| 5(1)x,} is completely symmetrical. We consider the Fourier
expansion of f written as follows,

F@ =" chyexp @nihyy + ' hzy + whax + tthaw)), 4.3)
h

P
where h = [21 :3] ranges over the appropriate lattice of Hermitian matrices, with /#; a

3 2
number and %, a block of size (n — 1,n — 1). Then we have

Al f(r) = @mi)" Y > e(hhg exp (2mi(trhyy + tr' ay + trhax + trhya))dxg,
h o

where o = (i, 2, ...,1,) is a multi-index and 4% denotes hgil)hgiZ) .. .hgi’), the product
of respective entries of the row vector /3.
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Consequently, we have

d;f}§28 = ri)" Y " c(h)h§dxy exp (27i(hi 1y + trhp1y))
h «a

o h s |\ e : .
= g% ((2m) hzzhsc([h; h;])h3 exp (Zﬂltr(l’lzl’Z))) exp(2mihyty)dxy, (4.4)

C(h1,0)

where for fixed 1, and «, the terms C (%1, o) are the Fourier coefficients for d’. f| )« (02}
projected onto dxg. It follows that such a coefficient indexed by /; can be nonzero only
if &1 fits into a positive-semidefinite Hermitian matrix [Z‘ 273] In particular, in this case
hq > 0, which proves the claim. 1

In the case (UB), we proceed similarly using Fourier—Jacobi expansions. Let us assume
m > n, and utilize a change of coordinates on U according to Section 2.3. That is, we may
treat f as a function f(z,u) on the symmetric space J?m,,, instead, and consider the
variant of the construction outlined in Remark 2.17. In the notation introduced therein, the
Fourier—Jacobi expansion takes the following form:

f(t,u) = Zc(w, Uy; h)exp (2m'(h111 + trth_g,z + trhsx + trhzrz)) 4.5)
h

(recall from Remark 2.17 that z, w are names for y-coordinates based on whether they
come from 7 or u). In the case of the operator d’.(—), the argument above applies almost
. . . — . t—
verbatim, replacing c¢(h) with c(w, uz; h), tr h3y with tr hsz, etc.
In the case of the operator d,(—), the same argument still applies, but the formula for
the resulting coefficients C (%, ®) is more involved; namely, we have

hi h
Chi,a,p) = Z 3wﬂc(0,u2; |:z ! 3:| )(Zﬂi)l"‘hg‘ exp (2ritr(ha12))dzedwg.

ha,h3 hs ha

Here «, B are again multi-indices with |«| + |8| = r, where |«|, || denotes their lengths.
The key point is that when the matrix / is not positive-semidefinite, the coefficient func-
tions ¢ (u; h) are identically zero functions of u, and therefore so are all the partial deriva-
tives dy, c(—; h) appearing in the formula.

Finally, the remaining case is when U is of equal signature (n, 1), but not itself quasi-
split. The argument in this case uses the second variant of coordinates listed in Section 2.3,
but otherwise goes along the same lines as the above two variants. To avoid excessive
repetition, we leave this case to the reader. ]

Proof of Theorem 2.15. Theorem 2.15 follows directly as a combination of Lemma 4.4
and Proposition 4.5. Let us only stress the point that the spaces Ly, Ly taken in Proposi-
tion 4.5 are finite-dimensional, so that Lemma 4.4 applies. ]
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We finish this section with the observation that our construction produces cusp forms
out of cusp forms.

Proposition 4.6. In the situation of Theorem 2.15, assume that we are in the case (UT)
and that fis a cusp form. Then the decomposition of d_ ; f| g xge@ can be written in
the form )" fr ® Fy, where all the forms fy, Fy are cusp forms of appropriate levels and
weights. Similarly, in the decomposition d;jkflﬂ(l)xe}((z) =Y gk ® Gy, all the forms
gk, G can be taken as cusp forms.

Proof. We may repeat the proofs of Proposition 4.5 and Theorem 2.15 almost verbatim,
with the following two adjustments:

(1) In the Fourier expansion for f (Equation (4.3)), one has c¢(h) # 0 only when
the Hermitian matrix 4 is positive-definite (rather than non-negative). As a result,

writing again
t—
he|M s
S

for hq, hy Hermitian matrices of the appropriate dimensions, the coefficients in
the analog of Equation (4.4) are nonzero only when /1, h; are positive-definite.

(2) As aresult, we conclude an analog of Proposition 4.5 (hence an analog of proof of
Theorem 2.15) with the choice of Ly and Ly as the spaces of cusp forms (of the
indicated level and weight) instead of the full spaces of automorphic forms. ]

5. Algebraic geometric differential operators

We now explain how to reformulate our differential operators algebraic geometrically.
While unnecessary for the explicit application above, this gives a coordinate-free descrip-
tion of the operators that could be seen as more intrinsic. It also shows that the construction
can be realized over a smaller ring than C. The idea for this formulation is based on the
geometric construction of the Maass—Shimura operators in [21] that was extended to sym-
plectic groups in [16] and unitary groups in [8, 12, 13].

This section is divided into two portions. First, in Section 5.1, we introduce the main
ingredients in a general setting, without specialization to automorphic forms or unitary
groups. Then, in Section 5.2, we specialize to the setting of certain Shimura varieties of
type A (unitary groups), noting that type C (symplectic groups) can be obtained simi-
larly. The main result of this section is Theorem 5.5, which reformulates the differential
operators from earlier in the paper algebraic geometrically.

5.1. Ingredients

In this section, we introduce ingredients for our geometric reformulation of the differential
operators. These ingredients are schemes and sheaves with particular properties (Sec-
tion 5.1.1), the Gauss—Manin connection and Kodaira—Spencer morphism (Section 5.1.2),
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algebraic differential operators on algebraic de Rham cohomology (Section 5.1.3), and
Maass—Shimura operators (Section 5.1.4). We will specialize to the setting of relevant
Shimura varieties in Section 5.2. To aid with clarity, Section 5.1.5 summarizes the key
takeaways from the present section that will enable us to efficiently construct the opera-
tors in our specific setting. For readers seeking a more detailed treatment of the ingredients
introduced in this section, we recommend [10, Section 3]; other possibilities include [12,
Section 5.1], [8, Section 3], and [16, Section 4].

5.1.1. Schemes and sheaves with particular properties. Given a smooth morphism of
schemes ¥ — T and a polarized abelian scheme 7: .o/ — Y, we consider the Hodge
bundle

W)y = Ty y (5.1)

and the algebraic de Rham cohomology HJ;(<//Y). When the data o7/ Y is clear from
context, we set w = w/y and Hle = Hle(;zf/ Y). Likewise, when the data Y/ T is clear
from context, we set Q2 := Qy/r = Q%, /T We identify » with its image in H j; under the
Hodge filtration

0— w< Hfg - R'7T.0., — 0.

Given a T-subscheme t: Y’ < Y, we have exact sequences of sheaves

0— NyY,y = *Qy/r > Qyyr =0,
i (5.2)
0— TY//T — L*Ty/T g NY’/Y —> O,

where Jy,7 = Q)V,/T and Ty /7 = Q;,/T are tangent sheaves and Ny//y denotes the
normal sheaf on Y’. The sheaf JVYV, Y is the conormal bundle. In general, these exact
sequences do not split. We will see in Section 5.2.4 that there is a canonical splitting,
however, for the particular embeddings of Shimura varieties of types A and C arising in
Section 5.1.3.

5.1.2. Gauss—Manin connection and Kodaira—Spencer morphism. We will construct
differential operators from the Gauss—Manin connection

V =Vyy:Hig —> Hi ® Qy )7
and the Kodaira—Spencer morphism o ® o — Q2 ; /T Since V is a connection, we have
V(fu)=u®df + fV(u) (5.3)

for all f in the structure sheaf of ¥ and sections u in H ;. As noted in Section 5.2.3, in
the setting of Shimura varieties of types A and C, the Kodaira—Spencer morphism induces
an isomorphism

ks: Q! S w2, (5.4)

where w? is a certain subsheaf of @®2. When we have such an isomorphism ks, we iden-

tify Q! and w? through ks.
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Via the Leibniz rule (product rule), V extends to a connection on tensor powers, sym-
metric powers, and exterior powers of w and of Hle. More generally, this also extends
further to include sheaves obtained by applying Schur functors, like in [10]. We will denote
such sheaves by # immediately below.

5.1.3. Algebraic differential operators on algebraic de Rham cohomology. When we
have an isomorphism ks as in (5.4), we compose V with 1 ® ks to obtain algebraic differ-
ential operators

D:H{i; — Hj; ® v

We can iterate the operator D, d times for each positive integer d, to obtain differential
operators D¢ = D o--- o D that are applied to H, 4r and, more generally, to sheaves #
formed from Hj; as described immediately above.

Given a T-subscheme (: Y’ < Y as above, we denote by %, the subsheaf of sections
of ¥ that vanish to order r on Y’, i.e., sections Zi fiu; with the u; a basis of nowhere
vanishing sections in ¥ and the f; elements of the structure sheaf such that f; vanishes
to order r on Y’ for all ;.

Lemma 5.1. Suppose we have the isomorphism ks on Y as above. For ¥ and 1 as imme-
diately above, we have 1*(D" ¥,) C *(¥ ® Sym” Qy/r).

Proof. This follows immediately from applying Equation (5.3) to a section of ¥ that
vanishes to order r on Y. |

Suppose we have the isomorphism ks on Y and an embedding ¢: Y’ < Y as above. If,
additionally, the exact sequence (5.2) splits, then we denote

JTZL*Qy/T - J\/v

the projection onto N mod Qy+/7. We also use the same notation for the induced pro-
jections on symmetric powers

w0t Sym? Qyyr — Sym? (MV).

Furthermore, we write 7 to mean the projection id,»# ® m, where id,» % denotes the iden-
tity on (* . This simplifies notation, and there will be no ambiguity about the meaning in
the contexts in which we will employ this notation. Under these conditions, we define an
operator

O :=moi*o(D"|g): Fr = *(F @ Sym” NV). (5.5)

Explicitly, if fu is a section of ¥, with u a non-vanishing differential and f in the struc-
ture sheaf, Z = {0; }1<i<m a basis for the tangent bundle, and &’ = {w; }1<i<m the dual
basis for the cotangent bundle, then

L*O(Dr|37r)(fu) =L*<M® Z av1"'av,(f)wv1"'wvr>- (5.6)

Isvi==vy=m
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5.1.4. Brief digression on Maass—Shimura operators. Although Maass—Shimura oper-
ators are not the main focus of this paper, it will be useful for us to recall their construction
briefly. (Much more detailed treatments are available in [8, 16, 21].) Suppose we, for
the moment, extend our consideration from the algebraic to the C°° setting and take
Y to be a manifold over which the Hodge decomposition H}, = H'* & H%! holds,
with @ = H!0. Still working in the C™ setting, the projection of Hj; onto w mod
H%1 induces projections from (Hle)®d to w®?, and we have analogous results for the
sheaves ¥ . Suppose we have the isomorphism ks as above. Let Z be the operator obtained
by composing the algebraic operator D from Section 5.1.3 with this projection. We have
that H%! is holomorphically horizontal, i.e., V(H 0’1) C H%! Thus, D commutes with
taking quotients mod H %!, and it makes sense to iterate the operator & d times to obtain
operators 2. In the setting of where % is a sheaf of automorphic forms on a Shimura
variety Y over C, this operator is called the Maass—Shimura operator. In general, sec-
tions in the image of 2¢ are merely C°°, not holomorphic. As a corollary of Lemma 5.1
concerning the operator D, we have the following result for an embedding ¢: Y’ <> Y of
manifolds analogous to the one for sheaves above.

Corollary 5.2. Suppose we have the isomorphism ks on Y as above. For ¥ and t as
immediately above, we have 1* (2" #,) = (*(D" ¥,) C *(¥ ® Sym" Qy/r).

Proof. This follows immediately from the proof of Lemma 5.1, together with the realiza-
tion of Z as the quotient of D mod H%1. n

5.1.5. Takeaways. In Section 5.2, we employ the above ingredients in a special setting:
automorphic forms on unitary Shimura varieties. The operator ®” and a variant we pro-
duce below will be our desired differential operators on automorphic forms. Thus, we
need to select specific instances of the following:

* Schemes #, Y, and T and an embedding of T-schemes t: Y’ < Y meeting the above
criteria

* Asheaf ¥ on Y meeting the above criteria

such that the following hold:

* The sections of ¥ can be identified with automorphic forms on unitary groups, and
the sections of * ¥ correspond to automorphic forms on the desired product of unitary
groups.

* Over C, t: Y’ < Y can be identified with the embeddings of Hermitian symmetric
spaces from the first part of this paper, and ¥ is identified with the space of auto-
morphic forms. (N.B. Over these Hermitian symmetric spaces, we have the Hodge
splitting of Hd1 g» 50 we do not need to check this criterion separately.)

* The exact sequence (5.2) splits.

Once we have all this, as well as an additional splitting of A, Equation (5.6) will enable
us to see that we have produced algebraic differential operators on algebraic geometric
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automorphic forms that agree, over C, with the differential operators produced earlier in
this paper.

5.2. Differential operators on algebraic automorphic forms

We now specialize the constructions and results from Section 5.1 to the setting of auto-
morphic forms on certain Shimura varieties of type A (unitary groups) and C (symplectic
groups). The first three portions of this section recall material that is already well cov-
ered in the existing literature (or straightforward to deduce from the existing literature):
Section 5.2.1 briefly recalls key properties of certain Shimura varieties of types A and
C (including those that will play the role of Y’ and Y from above in our setting), Sec-
tion 5.2.2 introduces some well-known sheaves, and Section 5.2.3 states the Kodaira—
Spencer isomorphism ks for such Shimura varieties. The only new material in this section
is covered in the last two portions: Section 5.2.4, which establishes splittings for the conor-
mal bundle NV, and Section 5.2.5, which completes the construction of our algebraic
geometric differential operators and proves that they coincide over C with the differential
operators defined earlier in the paper.

We keep the background on Shimura varieties concise, recalling only the details nec-
essary to move ahead. Without this approach, it would be easy for the reader to get lost
in well-established information about Shimura varieties and miss the main points about
what is actually new here, namely the differential operators. In case the reader would like
a more thorough treatment of the background material, though, we cite references that go
into much more detail and generality.

5.2.1. Some Shimura varieties. We introduce certain Shimura varieties of type A (uni-
tary) and C (symplectic), whose components over C can be identified with the Hermitian
symmetric spaces from earlier in the paper. Everything in this section is covered in more
detail and generality in the literature, e.g. [22, 23, 25]. The literature closest to the pre-
sentation here includes [9, Sections 2.2 and 4.4.1], [11, Sections 2.3 and 3.1], and [13,
Sections 2.1 and 2.2].

We shall handle the cases of unitary groups (the setting of the present paper) and
symplectic groups (the setting of Cléry and van der Geer’s work [5] upon which we build)
simultaneously. Following the usual conventions, we refer to the unitary case as type A
and the symplectic case as type C. For clarity and simplicity, we only introduce here the
particular instances of type A and C Shimura varieties whose connected components over
C correspond to the Hermitian symmetric spaces in our and Cléry—van der Geer’s work. It
is straightforward to extend our entire construction and results to all type A and C Shimura
varieties, though.

For the remainder of the paper, we fix a choice of setting: either unitary groups (where
our results earlier in the paper) or symplectic groups (like in [5]). We refer to these as type
A and C, respectively. Furthermore, we fix a field K, K-vector spaces V, and Vg, and
non-degenerate pairings (, )¢ and (, ) g on V,, and Vg, respectively, that meet the following
conditions:
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* For type A, we require that K is a quadratic imaginary extension of Q and that the
pairings are Hermitian.

* For type C, we require that K = Q and that the pairings are symplectic.

We set W =V, @ Vg and denote by (, ) the pairing on W defined by ((vq.,vg), (vl v:g)) =
(Va, Vo)a + {v8, vl/9>ﬁ for all vy, Ve € Vy and vg, 01/9 € V. From this data, we obtain PEL
Shimura data and associated schemes My, Mg, and My, which correspond to the (unitary
or symplectic) groups that fix the pairings on each of these vector spaces. Let E be the
compositum of the reflex fields here, so these schemes are all defined over Spec(E). The
field E is a subfield of K.

Shimura varieties in this context correspond to similitude groups. Given a K-vector
space V' and a pairing (, )y on V, we denote by G(V, (, )y) the subgroup of GL(V)
preserving (, )y up to similitude. We set Go = G(V, {, )a), Gg = G(Vg, (, )p), and
Gy = G(W,{,)). We denote by G, g the subgroup of G, x Gg consisting of elements
(8«,bp) with the same similitude on each of the two factors. There is an associated scheme
My g defined over Spec(E).

Associated to the canonical inclusions and projections of these groups, we have mor-
phisms of schemes

L:M‘x,ﬁ — My,
JiMgp > My XE Mg,
Mg XE Mg —> Mg,
My XE Mg —> Mg.

We denote the composition of j with the last two projections by

Da: Ma,g — Mg,
pgiMapg — Mg.

For each of the subscripts [J on M, we have universal abelian schemes
T o- AD — MD.

When it will not cause confusion, we drop the subscript.
We make three remarks about the relationship with the material earlier in this paper:

* The morphism ¢ is precisely the specialization to our setting of the morphism ¢ intro-
duced in general in Section 5.1, i.e., wetake Y = My and Y’ = Mg, . In the notation
of Section 5.1, we take T = Spec(E), or we extend scalars and work over a Spec(E)-
scheme 7.

*  My(C) is a finite union of disjoint copies of the Hermitian symmetric space hy for
the subgroup U of GL(W) preserving the pairing (, ). In type A, U is a unitary group
and hy = H := Hy;and in type C, U = Sp, and hy = H, for g = dim W.
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* Mgy g(C) is afinite union of disjoint copies of f x hg, with b, and hg the Hermitian
symmetric spaces for the subgroups U, of GL(V;) and Ug of GL(Vp) preserving the
pairings (, )o and (, )g, respectively. In type A, this corresponds to the embedding
Ho x Hg — H = Hy associated to the inclusion Uy x Ug < U, like in the first
part of this paper. In type B, this corresponds to the embedding $; X H,_; < Hg,
with j = dim Vy and g — j = dim V, associated to the inclusion Sp; X Sp,_ ; <> Sp,
like in [5].

5.2.2. Some sheaves. For each of the subscripts O on M, we set
w0 = WA/ Mos

where the right hand side employs the notation introduced for the Hodge bundle in Equa-
tion (5.1). When it will not cause confusion, we drop the subscript. We also set

H := Hy := Hj(Ay/My).
In type A, complex conjugation on K induces decompositions
w=w"® w,
H=H"®H",

with the £-submodules determined by the two possible actions of K (i.e., acting through
the involution or its square). We also have similar decompositions for any modules in the
setting of type A, and we denote the superscripts similarly.

Given a vector bundle ¢, we write AP for the top exterior power of G, i.e., A'PE =
ATg, where r denotes the rank of §. Let k and £ be integers. For type A, a scalar-valued
automorphic form of weight (k, £) is a global section of the line bundle

w(k,[) = (Atopa)+)k ® (/\topa)—)i'

For type C, a scalar-valued automorphic form of weight & is a global section of the line
bundle
o* i= (A Pw)k.

More generally, automorphic forms for type A and C are defined in, for example,
[9, Section 3.3] and [13, Section 2.2]. We briefly recall the definition now. When we
remove the requirement that we are working with scalar weight forms, the definition of
automorphic forms employs the sheaves & := Isomg , (@, OF,) for type C and & :=
&4 @ & with € := Isomg , (0, (93;:) for type A. (Here, @) denotes the structure
sheaf of M, a4 is the rank of w4, and a is the rank of w.) Given a representation (p, M)
of H = GL, or H = GL,, X GL,_ over E, we define

wP =8 :=&xH M,

to be the sheaf such that for each E-algebra R, w?(R) = (§(R) x M ® R)/ ~, with
the equivalence relation ~ given by (£,m) ~ (g, p(*g~')m) for all g € H. An auto-
morphic form is a global section of w? = &*. Motivation for this definition is provided
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in [9, Remark 3.2.8]. Note that this construction is compatible with extending scalars.
Over C, automorphic forms defined this way can be identified with automorphic forms
defined earlier in the paper. It is straightforward to see that the Maass—Shimura differential
operators defined in Section 5.1.4 also respect this compatibility (which is also addressed
in more detail [8, Remark 8.1]).

5.2.3. Kodaira-Spencer isomorphism. Over Shimura varieties of types A and C, the
Kodaira—Spencer morphism induces an isomorphism

ks: ©Q >~ w?,
where

5.7

) 0T ® ™ for type A (unitary groups),
)
Sym? w for type C (symplectic groups).

Going forward, we identify © with w? via ks. More details about the Kodaira—Spencer
isomorphism in our settings is available in, for example, [13, Section 3.1] and [23, Sec-
tion 2.3.5].

5.2.4. Splitting for conormal bundle. For our embeddings of Shimura varieties of type
A or C, the Kodaira—Spencer isomorphism induces a canonical splitting of the conormal
bundle introduced in Section 5.1.

Lemma 5.3. We have a canonical splitting

CQuty /T = Qo1 T D Ny, my
and furthermore,

N oty = { :N*J\r’ @ :N_V*, type A (unitary g‘roups),
@ Pa@a ® pgog, 1pe C (symplectic groups),
with
N = (pywg ® pywg),
N = (pyof ® pjoy).
Proof. We put w := w4, /m,, - Via the Kodaira-Spencer isomorphism from Section 5.2.3,
we have

~ 2
Quy/T =07,

~ 22
QMQ/T = a)a,
~ 22

QMﬁ/T = a)ﬂ.

We also have

QMyp/T = PaSMy/T © PRy T
o = pawa ® ppwp.
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For type A, we additionally have
ot = ploT o pzwg:
Putting this together and setting

fup= {(p;‘wi®P§w,§)@(p§w3®p2w;), type A,
g =

Pa®a @ Ppwg, type C,
we get
QT = (@07) = py(ef) @ ppwp) & Lap
= paQmy /T D PRy T © Lap (5.8)
= Qp, /T D La,p- "

Following the convention from Section 5.1.3, we denote by
T Quyr > NY
the projection onto N mod M, /T In the unitary setting (type A), we denote by
T Qg — NY

the projections onto N mod €2 4, 5/T ® NF. We also use the same notation for the
induced projections on symmetric powers

i Sym? Qe — Sym?(NY),  wai* Sym? Q7 — Symé (MY).

Furthermore, similarly to the convention we established for 7 in Section 5.1.3, we write
7+ to mean the projection id;x# ® 7y, where id;x# denotes the identity on (*¥ . This
simplifies notation, and there will be no ambiguity about the meaning in the contexts in
which we will employ this notation.

5.2.5. Algebraic differential operators on automorphic forms on unitary (and sym-
plectic) groups. For the remainder of the paper:
* k and /¢ are integers.

« ¥ is the sheaf w* or the sheaf w*-¥ on My, depending on whether My is of type A
or C.

* 1 Myp > My is the canonical embedding of Shimura varieties of type A (unitary
groups) or C (symplectic groups) introduced above.

* ¥, denotes the subsheaf of ¥ whose sections vanish to order r on M, .
We have the following algebraic differential operators that take automorphic forms that

vanish to order r on My to automorphic forms of higher weight on M, 5:

O F - *F ® Sym" NV, (5.9)
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which was defined in Equation (5.5) by ®" := 7 0(* o (D’ |f‘r) For type A, there is also
an algebraic differential operator

OL:F — *F @ Sym” NY (5.10)
defined by ®’, := mwx o1* o (D"|g,).

Remark 5.4. A reminder about notation: D denotes the algebraic differential operator
defined on de Rham cohomology in Section 5.1.3, and & denotes the Maass—Shimura
operator from Section 5.1.4.

Theorem 5.5. The algebraic differential operators ©" and ®', coincide over C with the
other differential operators defined in this paper, in the following sense:

(1) @ =moi*o(7']5,)

(2) O =m0 0 (7|7,.)

(3) On global sections of ¥, O, is the holomorphic operator defined in the first part
of this paper, and O is the holomorphic differential operator defined [5].

Remark 5.6. By “coincide over C”, we mean that the operators coincide when ® and
®4 are restricted to connected components of My (C).

Proof. The first and second equalities follow from Corollary 5.2, together with the defini-
tions ®" := 7 01 o (D"|g,) and O, := ;w4 o o (D"|g,). The final statement follows
from Equation (5.6), together with the definitions of the projections 7 and 4. As noted
above, over C, automorphic forms defined as global sections of a sheaf can be identified
with automorphic forms defined as holomorphic functions on Hermitian symmetric spaces
like in the first part of this paper, and the differential operators are also compatible with
this identification. u

Remark 5.7. The operators ® and ® 1 can be applied not only to scalar-valued automor-
phic forms but also to vector-valued ones. That is, it is straightforward to define them on
vector bundles of automorphic forms instead of just line bundles of automorphic forms.
Since the first part of the paper only handled scalar-valued ones, though, we emphasize
that case here.

Remark 5.8. Computation of the Maass—Shimura operators in coordinates shows that if
we replace ¥, by a larger submodule ¥’ of ¥, then the images of 7 o t* o (D"|#) and
74 ot* o (D"|) consist of C*-automorphic forms that are not in general holomorphic.
One can see this already in the simplest example, namely Sp, X Sp, <> Sp,. On the larger
modules of holomorphic forms merely vanishing to order r in the normal direction or
the £-direction, the holomorphic operators from earlier in the paper coincide with the
holomorphic projection of these C* Maass—Shimura operators. Similarly, the operators
©" and ®’_ do not extend to algebraic operators on a larger subsheaf of ¥ . Although
we shall not need it here, readers seeking an explicit treatment in terms of coordinates
might consult [16, Section 4] and [8, Sections 3.1.1 and 8.4]. Those wishing to investigate
holomorphic operators even further might consult [18].
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