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Costratification and actions of tensor-triangulated
categories

Charalampos Verasdanis

Abstract. We develop the theory of costratification in the setting of relative tensor-triangular geom-
etry, in the sense of Stevenson, providing a unified approach to classification results of Neeman
and Benson-Iyengar—Krause. In addition, we introduce and study prime localizing submodules
and prime colocalizing hom-submodules, in the first case, generalizing objectwise-prime localiz-
ing tensor-ideals. We apply our results to show that the derived category of quasi-coherent sheaves
over a noetherian separated scheme is costratified. An application of the results proved in this paper,
which appears in separate work, is that the singularity category of a locally hypersurface ring (more
generally a noetherian separated scheme with hypersurface singularities) is costratified.

Introduction

The theory of cosupport and costratification in tensor-triangulated categories was initiated
by Bensor-Iyengar—Krause [12], inspired by the classification of colocalizing subcate-
gories of the derived category of a commutative noetherian ring by Neeman [21]. Their
main application was the classification of Hom-closed colocalizing subcategories of the
stable module category of a finite group. Compared to the theory of support and stratifica-
tion [7,9—11] (which is related to the classification of localizing subcategories) the theory
of costratification has not been explored to the same extent. In this paper, we develop
the theory of costratification (in the more general context of relative tensor-triangular
geometry [22]) and thereby provide a unification of the aforementioned classifications.
In addition, we generalize Neeman’s classification [21] to derived categories of noethe-
rian separated schemes.

It should be noted that Barthel-Castellana—Heard—Sanders have independently devel-
oped a theory of costratification in tensor-triangular geometry [6]. On the one hand, our
results encompass a broader class of triangulated categories, i.e., those that are not nec-
essarily tensor-triangulated but are endowed with an action of a tensor-triangulated cate-
gory. Most importantly, singularity categories of commutative noetherian rings [15, 24].
Applications in this context appear separately in [31]. We also relate the concepts of
prime localizing submodules and prime colocalizing hom-submodules with stratification
and costratification. On the other hand, by focusing on the tensor-triangulated case, the
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article [6] establishes, for example, descent results for costratification and also provides a
variety of examples and applications.

Let T be a rigidly-compactly generated tensor-triangulated category and let X be a
compactly generated triangulated category endowed with an action of T see Section 1 for
details. A special case is KX = T with the action given by the tensor product of J.

Section | consists of preliminary material — including a very brief account of the
Balmer—Favi support [5] and the smashing spectrum and the small smashing support [1]
— and establishes concepts and basic lemmas that we will be using throughout the paper.

In Section 2, we introduce the notion of a good support—cosupport pair on T taking
values in a space S, which induces a support—cosupport pair on K. For example, one could
take the small smashing support—cosupport or the Balmer—Favi support—cosupport or the
BIK support—cosupport. The reason we do not fix a specific support—cosupport from the
above list is for conceptual clarity. The notion we will most be concerned with is that of
costratification. There are dual results regarding stratification but for brevity we will not
mention these in the introduction. We say that X is costratified (with respect to a specified
support—cosupport) if there is a bijective correspondence between subsets of a certain sub-
space of § and the collection of colocalizing hom-submodules of X; see Definition 2.13
for the precise statement. Our first main result is the following.

Theorem 2.22. Let (st, cr) be a good support-cosupport pair on T. Then X is costrati-
fied with respect to (st, cr) if and only if K satisfies the colocal-to-global principle and
cominimality.

These two conditions, the colocal-to-global principle and cominimality, are in a sense
dual to the more well-established local-to-global principle and minimality, with the two
latter introduced in [11] and studied further in [7,22, 25, 26]. In the generality of relative
tensor-triangular geometry, we are able to prove that the local-to-global principle implies
the colocal-to-global principle; see Corollary 2.28. If one restricts to the case K = 7, i.e.,
classical tensor-triangular geometry, then the converse has been shown to hold in [6]. In
our setting, their techniques cannot be reproduced and thus it remains unclear whether the
colocal-to-global principle implies the local-to-global principle.

In Section 3, we introduce and study prime localizing submodules and prime colo-
calizing hom-submodules of K, the former specializing to the class of objectwise-prime
localizing tensor-ideals when K = T7; see [1, 30]. Our main results are Theorem 3.11
and Theorem 3.12, where we prove that if X is (co)stratified, then there is a bijective
correspondence between points of a certain subspace of S and prime (co)localizing (hom-
)submodules of K, obtaining a complete description of the latter as precisely the kernels of
the associated action (relative internal-hom) functors. In addition, we analyze the relation
of prime localizing submodules and prime colocalizing hom-submodules with the Action
Formula (which generalizes the Tensor Product Formula) and the Internal-Hom Formula.

In Section 4, we show that checking costratification of X can be reduced to checking
costratification of certain smashing localizations of XK. In the highest generality, our result
is stated in Theorem 4.4 but in the case where X = T and one fixes the support—cosupport
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theory given by the Balmer spectrum Spc(7T°) and the Balmer—Favi support, we have the
following result which summarizes Corollaries 4.7 and 4.8.

Theorem. Assume that T satisfies the colocal-to-global principle.
(a) T is costratified if and only if T/ 1oc® (p) is costratified, for all p € Spc(T°).

(b) Suppose Spc(T¢) = | e Uj is a cover of Spe(T¢) by complements of Thomason
subsets. If T(U;) satisfies cominimality, for all j € J, then T is costratified.

We also obtain the following generalization of Corollary 4.8 by replacing T with a
J-module XK.

Theorem 4.9. Suppose that Spc(T¢) = e Uj is a cover of Spe(T€) by complements
of Thomason subsets. If K(U;) (as a T(Uj)-module) satisfies cominimality, for all j € J,
then X satisfies cominimality. If, moreover, X satisfies the colocal-to-global principle,
then K is costratified.

Finally, in Section 5, we present our application: Using the general machinery devel-
oped throughout, we first give in Theorem 5.5 a more streamlined proof of Neeman’s
classification of the colocalizing subcategories of the derived category of a commutative
noetherian ring and then we combine Theorem 5.5 with Corollary 4.8 to show the follow-

ing.

Theorem 5.9. Let X be a noetherian separated scheme. Then the derived category of
quasi-coherent sheaves D(X) is costratified.

1. Preliminaries

1.1. Actions and basic lemmas

Throughout, 7 = (7, ®, 1) will be a rigidly-compactly generated tensor-triangulated cat-
egory (big tt-category) as in [5], i.e., T is a tensor-triangulated category with arbitrary
coproducts and it is generated by its compact objects as a localizing subcategory. More-
over, the (essentially small) subcategory T¢ of compact objects of T is a tensor-triangulated
subcategory and the rigid objects of T coincide with the compact objects. The internal-
hom functor of T will be denoted by [—, —]: TP x T — T.

Let X be a compactly generated triangulated category and let *: T x KX — X be an
action of T on X, in the sense of [22]. In short, *: T x KX — X is a coproduct-preserving
triangulated functor in each variable such that there exist natural (in all variables) isomor-
phismsax y a: X * (Y * A)=>(X @ Y) *x Aand [4:1 x A—>A,VX,Y € T,VA € X. The
natural isomorphism « is called the associator and the natural isomorphism / is called the
unitor. There is also a host of coherence conditions that need to be satisfied; we refer the
reader to the aforementioned source for details. We call X = (X, *x) a T-module.

By definition, for every object X € 7, the functor X * — KX — X is a coproduct-
preserving triangulated functor. Hence, by Brown representability, X % — admits a right
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adjoint [X, —]«: K — K. Assembling these right adjoints yields a functor
[, —]«:TPxK—>XK

that we call the relative internal-hom. Since [1, —]. is the right adjoint of 1 % — = Id4, it
holds that [1, —],« = Id. Specifically, the composite

— Idge — [1, 15 =] 225 (1, .,

where the first map is the unit of adjunction, is a natural isomorphism (which we call the
hom-unitor).

Lemma 1.1. Let X, Y € T and A € XK. Then there exists a natural (in all variables)
isomorphism Bx y.a:[X ® Y, A« — [X,[Y, Al«]« called the hom-associator.

Proof. Let B € X. By the adjunction between the action and the relative internal-hom and
the relation (X @ V) * B = (Y ® X) * B = Y * (X * B), we have

Homy (B, X ®Y, A]*) ~ Homgc ((X ®Y)* B, A)
=~ Homy ((Y ® X) % B, A)
=~ Homg (Y * (X * B) A)
=~ Homy (X * B,[Y, Al)
=~ Homg (B [X,[Y, A] )

Consequently, for B = [X ® Y, A]«, the image of the identity morphism on [X ® Y, A]«
under the above series of isomorphisms gives a natural (in all variables) isomorphism

Bx.y.a:[X ® Y, Alx = [X.[Y. Alu]x. .

Notation 1.2. Let X; and KX, be two T-modules. For i = 1, 2, the relative internal-hom
of &; will be denoted by [—, —];. Let X, Y € T and A € X;. The associator and unitor
natural isomorphisms will be denoted by O‘;(,Y, 4and!/ i, respectively. The hom-associator
and hom-unitor natural isomorphisms will be denoted by §( y.4 @nd mil, respectively. The
unit and the counit of the action-hom adjunction will be denoted by u}'(’ 4 A~ [X X *
Al and ¢ 4: X *; [X, A]; — A, respectively. We denote by ox,y: X ® ¥ =Y ® X the
symmetry natural isomorphism. We denote by cx,—: X ® [X, —] — Idg the counit of the
adjunction X ® — - [X, —]. Set X := [X, 1] and define the morphism ev;'(’A: X% A—
[XV, A]; as the following composite:

Xv Xx*; A [xv aXVXA]

X#i A———[XV. XV % (X % A)], ———— [XV. (XY @ X) %; A],

[XY,0xv x*i Ali [XV,cx,1%i Ali XV,
ST L XY (X @ XY) g Al T (XY 1w A —— (XY, AL
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Definition 1.3. A functor F: K| — X,, between T-modules K; and XK,, is called action-
preserving if there is a natural isomorphism ¢: F(— %1 —) — — %, F(—) between the
functors F(— %1 —), — % F(—): T x X1 — K, such that, for all X,Y € T and for all
A € K1, the following diagrams commute:

DX, Y% 4 X*2¢y,4

F(X*l(Y*lA))—}X*gF(Y*lA)—>X*2(Y*2FA)

1 2
Fayy 4 Ox y,FA

PxX®Y.4

F((X ®Y) # A) y (X ®Y) %2 FA,

F(1%, 4) 24 14, FA

FI} 5
lFA

FA.

Definition 1.4. A functor G: K, — K, between T-modules X, and X, is called hom-
preserving if there is a natural isomorphism v: [—, G(—)]; — G[—, =], between the
functors [—, G(—)]1, G[—, —]2: T°? x K, — K such that, for all X,Y € T and for all
B € X, the following diagrams commute:

[X,¥y,5] ¥x,[v,B]
[X.[Y.GB],], —— [X.G[Y.B],], > G[X.[Y. Bl,],
ﬂ)%,Y,GB G'B)%,Y,B
[X ® Y, GB], Vxar.s s GIX ® 7Y, Bl,,

GB

. Gm%
mGp

[1.GBl; —— G[1.Bl,.

Lemma 1.5. Let T and K be triangulated categories with T compactly generated and
let F1, F5: T — X be coproduct-preserving triangulated functors (or contravariant tri-
angulated functors that send coproducts to products). If there is a natural transformation
0: F1 — F, such that 0 is an isomorphism, for all x € T¢, then 0 is a natural isomor-
phism.

Proof. The subcategory X = {X € T | Ogny is an isomorphism Vn € Z} is a localizing
subcategory of T that contains T¢. Consequently, X = T and this proves the statement. m
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Lemma 1.6. Let F: X, — K, be a coproduct and action-preserving triangulated functor
between T-modules and let G: Ko — Ky be the right adjoint to F. Then G is hom-
preserving. If G is coproduct-preserving, then G is action-preserving. If F is product-
preserving, then F is hom-preserving.

Proof. We denote by n:1dx, — GF and e: FG — Idy, the unit and the counit, respec-
tively, of the adjunction F 4 G.Let A € X, B € X, and X € T. Then

Homy, (A, X, GB]I) =~ Homyg, (X * A, GB)
=~ Homy, (F(X x A), B)
=~ Homg, (X * FA, B)
=~ Homy, (FA, [X, B]»)
=~ Homy, (A. G[X. B],).

For A = [X, GB];, the image of the identity morphism on [X, G B]; under the above series
of isomorphisms provides a natural (in both variables) isomorphism

WX,B: [Xv GB]I - G[X» B]2

that satisfies the conditions of Definition 1.4, showing that G is hom-preserving. More
precisely, ¥x, g is the following composite:

N[X,GB]; Gu)ZI,F[X,GB]l

GIX.b5ly ga 2 GIX,F(ch gp)]

— L G[X, F(X %1 [X, GB)], — "% G[X, FGB],
SWesk Gix, Bl

Now suppose that G preserves coproducts. We define a natural transformation
tx.8: X *1 GB — G(X %2 B)

as the composite

Go G(X *
X %, GB 2% GF(X %, GB) =2, G(X %, FGB) S22, G(X %, B).

We claim that the square

éx.B

(1.7)

1 2
evVx GB GevX,B

YxV.B

[XV,GB];, —=2 GIX",Bl,
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commutes. First, square (1.7) can be expanded as follows:

X %1 GB — 1% GF(X %, GB) —— 9%\ G(X %, FGB) — X" o Gix «, B)
vk gp (1) GFevy gp Gev} o (3 Gevg p
(XY, GB], —X™ s Grixv. G, @) GIXv. FGB], — X"k o Gy gy

G e om, GIXY.Fehy o)

G[XY, X %, F[XV,GB]|]l, — G[XV,F(X" %1 [XV.GB])],
GIXY957Y (v om, )2
where square (1) commutes by naturality of 7 and square (3) commutes by naturality of
evf(. Therefore, in order to show that (1.7) commutes, it suffices to show that diagram
(2) commutes. We will prove this slightly more generally. We claim that the following
diagram commutes:

Px.4

F(X %, A) . > X x5 FA

Fev)l(’A eV}(,FA

FIXY, Alx [XV, FA], (1.8)
2 v 1
YXV,FIXV, A1 [XY,F(eyv Pl

[XV. XY %y FIXV, Ali]l, —— > [XV, F(XY % [XY, 4])]2.

XYY v ay, 2

Set

fi= u?(V,F[XV,XV*l(X*lA)]l’ g1 =1

f=uxv v xvexman 82 = X050 xv (rvexyw a2

= u)z(V,F[XV,(X®XV)*1A]17 83 = [XV,¢§$,[Xv,(X®XV)*1A]1]2,

fa= u;(V,F[XV,l*IA]l’ ga=1|

fs = ugv pixvoap g5 = [XV, dxV (xv.ap, 20

hy = [XY, XY %2 dx.alz o [XY. dxv xu4]2 0 (XY, Fexoy, xxu, )2

ha = (XY, ¢xvex.al2 o [X7, FC)IKV,(XV®X)*1A]2»

hs = [XY, ¢xexv.al2 0 [X", Fexy (xpxvye al2

ha = [XY,$r.al2 0 [XY, Fexy 14, alas

hs = [XY. F(cxv 4],
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and expand diagram (1.8) as below:

£
N

F(X %1 A) S X %, FA

3

1 2
Fuyy xuya UXV X4y FA

FIXY. XY % (X %1 A)]; i) XV XY 4o FIXY. XY 5y (X %1 Alyly £ (XY F(XY 51 [XY. XY 5 (X 1 A hL) [XY, XY %2 (X %2 FA)],

FIXY [XY.XV0 FIXV.aky il XY, F(XV (XY aky D0k XY.a2y y il

3)

byl a

2

FIXV, (XY ® X) #1 A], i} [XV, XY % FIXV, (XY ® X) *1 Al;], &> [XV.F(XV*l[XV.(XV®X)*1A],)]2hi} [XV, (XY ® X) * FA],

FIXY.0xv x¥14h

)
4

FIXV.(X @ XY) %1 Al 25 (XY, XY 00 FIX. (X @ XY) w1 Al 5 (XY, FXY %0 (XY, (X ® XY) %1 A])], 225 (XY, (X ® XY) %3 FA

[XY, XV #2 F[XY,0xv x¥14h]2 [XY,F (XY [XY0xv x *14]D]2 [XY.oxv x*2F AL

(5) (6)

FIXY.exax1 4l [XV.XY*2 F[XY,cx 141 4N1]2 [XY.F (XY [X Y ex 01 410)]2 [XY.ex, %2 FA]

7 ®) ©)

FIXY 15y Ay —Z % (XY, XY 4 FIXV. 181 Al ——2—% (XY F(XY %y XY, 151 A])], —— S (XY 1%, FA]

FIXV.IiL (10) [XV.XV2 FIXV.I{ 1] an XY, F(XV[XV,1{0] 12) XY.13 412
FIXY Al ——L % (XY XY 0y FIXV A, ——E % (XY F(XY 5, (XY A])], —— % (XY, FA),.

It is clear that the squares (1), (2), ..., (12) commute. Thus, it remains to show that
”JZ(V,X*ZFA o¢x,a=h1ogio fio Fu)lfv,x*lA. Indeed,

hiogio fio Fuyy ye 4 =I[X". X" %2 ¢x.al2 0 [XV. ¢xv xx4l2

o[XY, FCJI(V*I(X*lA)]Z o[XY, ¢§3,[XV,XV*1(X*1A)]1]2
° u}(V,F[XV,XV*l(X*lA)]l © Fu;(V,X*lA

=XV, XV %2 ¢x al2 0 [XY, dxv x5, 4]2
o [XY, Fegvu, xm ml2 © (XY, 8% 1xv xv (om0, )2
o [XY, XY %2 Fuyy yu al2 © Uy p(xe,4)

= [XY, XY %2 dx,al2 0 [XY, pxv x5, ]2
o [XY, Fexvy xmyml2 0 (XY, F(XY 51 ugy x4l
o [XV.dx¥ xu,4)2 © URY £ (xes)

=[X", XY *2¢x,al2 0 [XY, dxv xx,4]2
o [XY. bxd xuya)2 © UZv F(xua)

= (X", X" %2 ¢x.4]2 © U3y p (x4, 4)

= URv Xy FA © XA

We conclude that diagram (1.8) commutes and, as a result, square (1.7) commutes. If

X €7°¢, then by [22, Lemma 4.6], ev}} _ is an isomorphism. Consequently, the restriction
of & p:— x; GB — G(— %2 B) to the compact objects of T is a natural isomorphism.



Costratification and actions of tensor-triangulated categories 9

Since the triangulated functors — %; GB and G(— *, B) are coproduct-preserving, it
follows by Lemma 1.5 that £&_ p is a natural isomorphism. It is easy to verify that the
conditions of Definition 1.3 are satisfied. We conclude that G is action-preserving.

The proof that if F' preserves products, then F is hom-preserving is similar and left to
the interested reader. ]

Let X be a T-module. A subcategory £ C X is called a localizing submodule if £ is a
localizing subcategory such that X x A € £, VX € T, VA € L. The collection of localizing
submodules of X is denoted by Loc*(X). A subcategory € C X is called a colocalizing
hom-submodule if C is a colocalizing subcategory such that [X, A], € C,VX € T,VA € C.
The collection of colocalizing hom-submodules of X is denoted by Coloc"™(X). Let A be
an object of K. The localizing (resp. colocalizing) submodule of K generated (resp. cogen-
erated) by A, i.e., the smallest localizing (resp. colocalizing) submodule of X that contains
A, is denoted by loc*(A) (resp. coloc™™(A)). Specializing to the case X = T and * = ®,
we obtain the notions of localizing tensor-ideal and colocalizing left hom-ideal.

We define the annihilator of X in T as the subcategory

Anng(K) ={X € T| X +xA=0, YVAe K} C T,

which is equal to () cq Ker(— * A) and hence a localizing tensor-ideal of T. In case
Anng(X) = 0 (for instance, when X = T and * = ®) X is called a conservative T-
module.

Lemma 1.9. Let K1, K, be two T-modules and let A € Ob(Ky) and B € Ob(XK,).

(@) If F:X1 — K5 is a coproduct and action-preserving triangulated functor, then
F(loc*(A)) C loc*(FA).

(b) IfF: iK?P — K is a triangulated functor that sends coproducts to products and
F(X x A) = [X, FA]+, VX € T, VA € Ky, then F(loc*(A)) C coloc™™(FA).

(©) If G: Xy — K1 is a product and hom-preserving triangulated functor, then it
holds that G(coloc™™(B)) C coloc™™(GB).

Proof. We will prove (a). The subcategory X = {4 € K1 | FA € loc*(F.A)} is alocalizing
submodule of X that contains A. Therefore, X contains loc*(A), proving the statement.
The proofs of (b) and (c) are similar. |

1.2. Balmer-Favi support

Let Spc(T°) be the Balmer spectrum; see [2]. Then a point p € Spc(T°) is called visible
(weakly visible in [7]) if there exist Thomason subsets V, W of Spc(7T¢) such that {p} =
V N0 (Spc(T¢) \ W) [5,22]. In particular, if Spc(T°) is noetherian, then every point of
Spc(T°) is visible. The subsets V and W correspond to thick tensor-ideals T5,, Ty, of
compact objects. Let Ty = 10c®(T%,) and Ty = 1oc®(T5;,). (It should be noted that the
localizing subcategories generated by T}, and T, are already tensor-ideals.) Since the
ideals Ty and Ty are compactly generated, they are smashing ideals [17]. Therefore, they
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have associated left and right idempotents ey, fy and ew, fw, respectively. Let g, =
ey ® fw. Then the objects {g, | p € Spc(T°) and p is visible} are pairwise-orthogonal
tensor-idempotents. Let X be an object of T and assume that all points of Spc(T°) are
visible. Then the Balmer—Favi support of X is Supp(X) = {p € Spc(T°) | gp ® X # 0}.

Lemma 1.10 ([5, Proposition 7.17]). Assuming that all points of Spc(T°) are visible, the
map

Supp(—): Ob(T) — P(Spc(T9)), X +> Supp(X)

satisfies the following properties:
(@) Supp(0) = & and Supp(1) = Spc(T°).
(b) Supp(Il;e; Xi) = U;er Supp(Xi).
(¢) Supp(XX) = Supp(X).
(d) Supp(Y) € Supp(X) U Supp(Z), for any triangle X — Y — Z.
(e) Supp(X ® Y) < Supp(X) N Supp(Y).
(f) Supp(x ® y) = Supp(x) N Supp(y). Vx,y € T

Let V' C Spc(T°) be a Thomason subset with complement U. The quotient T/Ty is
denoted by T(U). Since Ty is a smashing ideal, T(U) is a big tt-category and moreover,
Spc(T(U)°) = U, see [4, Proposition 1.11].

1.3. Smashing support

Following [1], we briefly recall some facts concerning the smashing spectrum of a big
tt-category T. We denote by S® (7)) the lattice of smashing tensor-ideals of 7. Then, under
the hypothesis that S®(7) is a spatial frame, there is a space Spc®(7) associated with
S®(T) via Stone duality, called the smashing spectrum of T that consists of the meet-prime
smashing ideals of T, i.e., those smashing ideals P suchthat$; N8, C P = §; C P or
8, C P, V81,8, € S®(T). The open subsets of Spc®(T) stand in bijection with the smash-
ing tensor-ideals and are of the form Us = {P € Spc’(7) | § € P}, where § € S®(7).
The closed subsets of Spc®(T) are of the form Vg = {P €Spc’(T) | SC P}. A point P €
Spc’(7) is called locally closed if {P} = Usg N Vg, for some smashing ideals 8, R. If P
is locally closed, then the ideal R can be replaced by P in the sense that {P}=Us N Vp.
Each smashing ideal 8 corresponds to a left idempotent eg and a right idempotent fs,
which are the images of the tensor-unit of J under the associated acyclization and local-
ization functors, respectively; see [5]. If P is locally closed and {P} = Us N Vp, then
the Rickard idempotent associated with P is I'p = es ® fp. If every point of Spc*(T)
is locally closed, then Spc®(7) is called Tp. Let X be an object of J. The big smashing
support of X is the subset supp®(X) = {P € Spc*(T) | X ¢ P}.If Spc*(7) is Tp, then the
small smashing support of X is Supp®(X) = {P € Spc*(7) | T'p ® X # 0}. It holds that
Supp®(X) € supp*(X), with the two being equal if X € T¢.
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Hypothesis 1.11. Throughout the paper, whenever we state results concerning the smash-
ing spectrum Spc®(T), we will always assume that the frame S® () of smashing ideals of
T is a spatial frame.

Lemma 1.12 ([1, Lemma 3.2.8]). The map

supp®(—): Ob(T) — P(Spc*(7)), X — supp*(X)

satisfies the following properties:

(a) supp®(0) = @ and supp*(1) = Spc*(7).

(b) supp*(Ljes Xi) = Uies supp®(Xi).

() supp*(XX) = supp*(X).

(d) supp®(Y) C supp®(X) U supp®(Z), for any triangle X — Y — Z.

(e) supp*(X ® Y) C supp®(X) N supp®(Y).

(f) supp*(x ® y) = supp®(x) N supp*(y), Vx,y € T
Assuming that Spc®(7) is Tp, the same properties are satisfied by the map

Supp®(—): Ob(T) — P(Spc’*(7)), X > Supp’(X).

The map v¥: Spc*(T) — Spc(T¢)Y, where Spc(T¢)Y denotes the Hochster dual of
Spc(T°), that sends P € Spc®(T) to P N T° is a surjective continuous map and according
to [1, Corollary 5.1.5], ¥ is a homeomorphism if and only if T satisfies the Telescope Con-
jecture (meaning that every smashing ideal is generated by compact objects). For further
discussion on the smashing spectrum and related concerns, see also [30].

2. Stratification—costratification

Fix a big tt-category T and a T-module K. We always assume that K is compactly gener-
ated. Let us recall some well-known facts concerning Brown—Comenetz duals of compact
objects. Let x be a compact object of T. Then Hy := Homz(Homs(x, —), Q/Z): T —
Ab is a cohomological functor that sends coproducts to products. So, by Brown Rep-
resentability, H, is representable. The representing object of H, is denoted by /x and
is called the Brown—Comenetz dual of x. The functor Homg(—, [ x)|. is an injective
object of Mod(7°), the abelian category of additive functors {T¢}° — Ab; see [20]. Hence,
by [13, Theorem 1.8] (see also [8, Theorem 8.6]) I x is pure-injective. Choosing a skeleton
for the subcategory of compact objects, the product of the associated Brown—Comenetz
duals is denoted by /. Being a product of pure-injective objects, I is also pure-injective.
Using the fact that T is compactly generated, one can easily check that / is a cogenera-
tor of T in the sense that Homs (X, X"71) = 0, Vn € Z implies that X = 0. It holds that
T = coloc(7). This follows from the fact that the Brown—Comenetz duals of the compact
objects form a perfect cogenerating set for T; see [14]. We use the symbol /s if there is
any possibility for confusion. Similarly, K has a pure-injective cogenerator /5.
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2.1. Support—cosupport
Fix a topological space S.
Definition 2.1 (See also [7, Definition 7.1]). A support data for T with values in S is a
map s: Ob(T) — P(S) that satisfies the following properties:
(a) s(0) =g ands(l) =S.
() s(LIX:) = Us(Xi).
(©) s(ZX) =s(X).
(d) s(Y) Cs(X)Us(Z), for any triangle X — Y — Z.
(&) s(X®Y)Cs(X)Ns().
Definition 2.2. A cosupport data for T with values in S is a map c: Ob(T) — P(S) that
satisfies the following properties:
(a) c(0)=gandc(l)=S.
®) c(IXi) = Uc(Xy).
©) c(2X) =c(X).
(d) c(Y) Cc(X)Uc(Z), for any triangle X — Y — Z.
(&) c([X.Y]) Sc([X,.I]) Ne(Y).
Remark 2.3. Let c: Ob(T) — P(S) be a cosupport data. It is a straightforward verifica-

tion, using the properties of [—, I], that setting s(X) = c([X, I]) gives rise to a support
data s: Ob(7) — P(S).

Definition 2.4. Let c: Ob(T) — P(S) be a cosupport data. The support data s: Ob(T) —
P(S) defined by s(X) = c([X, I]) is called the support data induced by c. We say that
(s, ¢) is a support—cosupport pair.

Lemma 2.5. Let I': S — Ob(T) be a map such that I'y := T'(s) # 0, Vs € S. Then the
maps

sr:Ob(T) —> P(S), sr(X)={se S| ®X #0},

cr:0b(7) = P(S), cr(X)={se S| [, X] #0}

are a support and cosupport data, respectively. Moreover, st is induced by cr.

Proof. That st and cr are a support and cosupport data, respectively, follows from the
fact that I’y ® — is a coproduct-preserving triangulated functor and [Ty, —] is a product-
preserving triangulated functor. Let X € TJ. The claim that st is induced by cr follows
from the isomorphism [y, [X, /]] = [I's ® X, I] and the fact that / is a cogenerator
of T. ]

Definition 2.6. A support—cosupport pair (st,cr) is called good if it is induced by a map
I''S - O0b(TM suchthat I'y T, =0,Vs #rand [ QI =Ty #0,Vs € S.
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Remark 2.7. An important feature of a good support—cosupport pair (sr, cr) is the fol-
lowing equality: sp(I's) = cr([[s, I]) = {s}, Vs € S.
Example 2.8. The following are good support—cosupport pairs on T

(a) Assuming that the frame of smashing ideals of 7 is a spatial frame, the big smash-
ing support—cosupport:

supp’(X) = {P € Spc*(7) | fp ® X # 0},
cosupp’(X) = {P € Spc*(7) | [fp. X] # 0}.
Since Ker(fp ® —) = P, itholds that P € supp®(X) if and only if X ¢ P. Using

the equality P+ = Im(fp ® —), one can deduce that Ker[ fp, —] = (P1)L, so
P € cosupp®(X) if and only if X ¢ (P1)*.

(b) Assuming further that Spc*(7) is Tp, the small smashing support—cosupport:

Supp*(X) ={P € Spc*(7) | Tp ® X # 0},
Cosupp™(X) = {P € Spc*(T) | [[p, X] # 0}.

(c) If every point of Spc(T°) is visible, the Balmer—Favi support—cosupport:

Supp(X) = {p € Spc(T°) | gp ® X # 0},
Cosupp(X) = {p € Spc(T°) | [gp. X] # 0}.

(d) If Ris agraded commutative noetherian ring and 7T is R-linear, the BIK support—
cosupport:

suppgr(X) = {p € Spec(R) | [,1 ® X # 0},
cosuppg(X) = {p € Spec(R) | [Tp1, X] # 0}.

See [11,12].

Remark 2.9. Suppose that Spc’(7) is Tp and let P € Spc®(7T) with associated idempotent
I'p = es ® fp.If X is an object of T such that P € Cosupp®(X), then 0 # [['p, X] =
les ® fp,X] = [es,[fp, X]]. Hence, [ fp, X] # 0. In other words, P € cosupp®(X). This
shows that Cosupp®(X) < cosupp®(X), VX € T.

Proposition 2.10. Assuming that Spc®(T) is Tp, the small and big smashing cosupports
coincide, i.e., Cosupp®(X) = cosupp®(X), VX € T, if and only if every point of Spc®(T)
is closed, i.e., Spc’(7) is Ty.

Proof. Since Supp®(—) = Cosupp®([—, /]) and supp®(—) = cosupp®([—, I]), if the small
and big smashing cosupports coincide, then so do the small and big smashing supports.
By [30, Lemma 4.28], it follows that Spc*(T) is T;. Conversely, if Spc*(T) is 77 and
P € Spc’(7), then Vp = {P}. This implies that 'p = fp. So, [['p, X] = 0 if and only if
[fp,X] =0, forall X € T. Hence, Cosupp® = cosupp®. |
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Remark 2.11. Assume that Spc®(7) is Tp and consider the small smashing support—
cosupport. Then Cosupp®(1) = {P € Spc®(7) | [['p, 1] # 0}. There are many cases where
Cosupp®(1) # Spc® (7). For instance,

Cosupp*(Z,) = {(p)} # Spc’(D(Z,)) = Spec(Z,) = {(0). (p)}-

For more examples and results concerning the cosupport in derived categories of commu-
tative noetherian rings, see [29].

Let (sr, cr) be a support—cosupport pair on T induced by a map I': S — Ob(7) and
define the maps
SEiOb(K) — P(S), sp(A)={seS| Iy*xA #0},
cr:Ob(K) — P(S), cf(A) ={s €S| [ A« # 0}.
Lemma 2.12. The maps s{. and cf. satisfy the following properties:
(@ sp(0)=@.
() sp(L1A:) = Usp(4)).
(©) sE(ZA) =sp(A).
(d) sp(B) S sp(A) Usp(C), for any triangle A — B — C of X.
(e) sp(X *x A) Csp(X) Nsf(A).
) cr(0) =2.
(@) (T4 = Ucf(4)).
(h) cr(ZA) = cf(A).
(i) cf(B) S cf(A) Uct(C), for any triangle A — B — C of K.
() (X, Als) C er([X, IT]) N cf(A).

Proof. The argument is essentially the same as the one given in Lemma 2.5. The property
cr([X, Als) S er([X, I7]) N cf(A) follows from Lemma 1.1. |

2.2. The (co)local-to-global principle and (co)minimality

We define two pairs of inclusion-preserving maps
2 Tex
P(S) Z— Loc*(X) and P(S) Z—= Coloch™(X)
USF CTCF

by the formulas
T (W) = {4 X |sp(A) S W} and o (L) = [ s7(A).
A€l

(W) ={AeX|ct(A) S W} and 0.(C) = | cf(A4).
AeC
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It is clear from the properties of sf. and cf. that the maps Tgk, Og, Tek, Ocx are well defined.
Moreover, Im ox < P (05 (X)) and Im ocx S P(oex (X)) In fact, ogx (X) = ocx (X)) =
¢t (Ix). The first equality follows from the adjunction Iy * — - [Ty, —]«. The second
equality is a special case of Lemma 2.19 using the fact that X = coloc™™ (/). If K is a
conservative T-module, then I’y x — £ 0, Vs € S. Hence, in this case, O (X) = S. For
X = T and * = ®, we obtain the maps Ty, Oy, Teps Ocp -

Definition 2.13. Let X be a T-module.

(a) Kis stratified by I if 75x and o, between P(cr (Ix)) and Loc™ (X), are mutually
inverse bijections.

(b) X is costratified by I' if 7cx and o, between P(cf(Ix)) and Coloch™(X), are
mutually inverse bijections.

Remark 2.14. Since we will always work with a fixed support—cosupport pair induced
by a map I': § — Ob(7), we will omit the reference to ' in Definition 2.13 and say
“X is stratified” and “K is costratified”, respectively. We will mention explicit support—
cosupport pairs where appropriate.

Example 2.15. Let R be a commutative noetherian ring. Then the singularity category
S(R) = K,.(Inj R), which is the homotopy category of acyclic complexes of injective R-
modules, is a compactly generated triangulated category; see [15]. In [24], it was shown
that the action *: D(R) x S(R) — S(R) defined by X x A = X ®r A, where X is a K-
flat resolution of X, stratifies S(R) when R is a locally hypersurface ring (more generally
a noetherian separated scheme with hypersurface singularities). Using the results proved
in the sequel, in [31] we prove that if R is a locally hypersurface ring (more generally a
noetherian separated scheme with hypersurface singularities) then S(R) is costratified.

Definition 2.16 (For (a), see [22, Definition 6.1]). Let X be a T-module.
(a) X satisfies the local-to-global principle if

loc*(A) =loc*(Iy x A|s€S), VAcX.

(b) X satisfies minimality if, for all s € S, loc*(I's * A | A € X) is a minimal element

of Loc*(XK) in the sense that it does not contain any non-zero proper localizing
submodule of XK.

(1) X satisfies the colocal-to-global principle if
coloc™™(A4) = coloc™™ ([[s, Al« | s € S), VAeX.

(i) K satisfies cominimality if, for all s € §, coloch"m([FS, I5]+) is a minimal
element of Coloc"™(X) in the sense that it does not contain any non-zero
proper colocalizing hom-submodule of XK.

Remark 2.17. Let X € 7. Since X = coloc(I5) = coloc™™ (1), by Lemma 1.9 for the
functor [X, —]«, we have coloc™™([X, Ix]«) = coloc™™([X, A]« | A € K). In particular,
coloc™™ ([T, Ix]+) = coloch™([T's, A]« | A € X), Vs € S.
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Remark 2.18. It is clear from the definition of s{. and c[: that

loc*(Ty x A | s € §) =loc* (Fy * A | s € sp(A4)),
coloc™™ ([Ty, Al | s € S) = coloc™™ ([T, Al« | s € cf(A)).

In addition, if X satisfies the local-to-global (resp. colocal-to-global) principle, then sp.
(resp. cg.) detects vanishing, i.e., sf.(4) = @ = A = 0 and similarly for cf. For the
case X = T and * = ®, it holds that codetection implies detection, since @ = sp(X) =
cr([X, I]) implies [X,I] = 0,s0 X = 0.

For the rest of the section, fix a good support—cosupport pair (sr, cr) on 7.

Lemma 2.19. Let A be a collection of objects of K. Then we have the following equalities
of subsets of S':

(a) O (loc*(A)) = Uen SE(A).

(6) 0z (coloc™(A)) = (Jgen ch(A).

Proof. We will prove the case of ¢ Let s be an element of S. Then

s¢ | cb(4) & A S Ker[Ty, .
AeA
& coloc™™(A) € Ker[Ty, —]«

&s¢ U et (A) = o (coloc™™(A)). n
Aecolochom(A)

Remark 2.20. If (st, cr) is a good support-cosupport pair on T, then ¢ft([Ts, A]«) € {s}.
Hence, if [[s, A« # 0 (ie., s € ¢f(A4)) then c¢f([Ts, Al«) = {s}. In particular, if s €
cr(Ix), then e ([T, Incl«) = {s}.

Lemma 2.21. It holds that O5x © Tgx = Id and Ock © Tet = Id, where both composites
are restricted to P(cf.(Ix)). In particular, the respective restrictions of Tsx and Tcx are
injective, while O and Ocy are surjective.

Proof. We will prove that o3 o 7.x = 1d (restricted to P(cf(Ix))). Let W be a subset of
cf(Ix). Clearly (0cx 0 Tex) (W) S W, since (o¢x 0 7ex) (W) = Uc;(A)gW cf(A). Let s
be an element of W. Then s € c[.([['s, I5xc]«) = {s} € W. Therefore, s € (acig ) tclf)(W),
completing the proof. ]

Theorem 2.22. Let (st, cr) be a good support-cosupport pair on 7.

(a) XK is stratified with respect to (st, cr) if and only if K satisfies the local-to-global
principle and minimality.

(b) X is costratified with respect to (st, cr) if and only if K satisfies the colocal-to-
global principle and cominimality.
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Proof. We will only prove (b), since (a) is proved analogously. Suppose that X is costrat-
ified. Then o, is injective. Let A be an object of K. Then

oc;(colochom ([Ts, Al« | s € cf(A))) = U cr ([T, Alx)

s€cf(4)
U

s€ci(A4)

= cr(4)

= 0Ocx (coloc™™(4)),

where the first and last equalities are due to Lemma 2.19. Since Oct is injective, it follows
that
coloc™™ ([Ty, Al | s € cf:(A)) = coloc™™(4).

Thus, X satisfies the colocal-to-global principle. In particular, ¢ detects vanishing.
Let s be an element of ¢ (I5) and A a non-zero object in coloch™ ([T, Ix]«). Then
@ # cr(A) S cf([Ts, Ixc]«) = {s}. Therefore, cf(A) = ¢ ([I's, Ix]«). Since o, is injec-
tive, coloch®™(4) = coloc™™([Ty, I5]+). Hence, coloc"™ ([T, I5]«) is minimal.
Suppose that K satisfies the colocal-to-global principle and cominimality. Let C €
Coloc™™(X). Clearly, € C (ch: o UCF)(G). Let A € (7. o O'le)(e), ie,cf(4) S 0 (C).
Then

coloc™™(A4) = coloc™™ ([T, A« | s € cf(A))
C coloc™™ ([Ty, Ixc]« | s € cf(A))
C colochom ([Fs, Ixl« | s € Ok ((3))

ccC.

The first equality is due to the colocal-to-global principle. The first containment relation
follows from Remark 2.17, while the second containment relation is clear. For the third
containment, if s € o,x (C), then there exists an object B € € such that [y, B]« # 0. Since
[Ty, Bl« € coloch™([T'y, I5]«) and the latter is minimal, we have coloc™™([Ts, I5c]+) =
coloc™™([Iy, B]«) C C. We infer that A € €, proving that (tcig ) ocf:)(@) = C. So, oy is
injective and thus, o, is bijective. This shows that X is costratified. ]

Remark 2.23. Theorem 2.22 (b) could be stated slightly more generally, replacing a good
support—cosupport pair (s, cr), in the sense of Definition 2.6, with one that satisfies the
property stated in Remark 2.20, i.e., if A4 is an object of X such that [y, A]« # 0, then
cf([T's, Alx) = {s}. Similarly, the analogous property for Theorem 2.22 (a) is: if A is an
object of X such that I's ¥ A # 0, then sf.(I's * A) = {s}. This observation will be useful
in Section 5, where we consider the support—cosupport for objects of the derived category
of a commutative noetherian ring defined by the residue fields.
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2.3. Local-to-global implies colocal-to-global

Let (s, cr) be a (not necessarily good) support—cosupport pair on T. For our next result,
we need an additional assumption.

Hypothesis 2.24. We further assume that the relative internal-hom of X is a triangulated
functor in the first variable, i.e., [—, A]«: T — X preserves triangles, for all A € K. This
is true, e.g., if X satisfies a formulation of May’s TC3 axiom [16] replacing the tensor
product of T with the action of T on K. The proof of [18, Theorem C.1] goes through
verbatim. Our assumption is satisfied by all known examples.

One could, of course, incorporate Hypothesis 2.24 in the definition of a T-module. We
decided to state it as an extra hypothesis because the abundance of examples satisfying it,
i.e., all known examples, indicate that it is a property satisfied by every T-module (even
though a proof has not been discovered yet).

Lemma 2.25. Suppose that T = 1oc®(G). Then the following hold:
(a) loc*(A) =loc*(G x A), VA e X.
(b) coloch®™(A4) = coloc™™([G, A]+), YA € K (under Hypothesis 2.24).

Proof. We will prove (b). The inclusion coloc™™([G, A]«) C coloc™™(A) is clear. Since
T =10c®(G), it holds that 1 € 1oc®(G). By Lemma 1.9 for the functor [—, A]x, it follows
that A = [1, A]« € coloc™™([G, A]+). Therefore, coloc™™(A) C coloc™™([G, A]«). The
proof of (a) is analogous. |

Remark 2.26. An easy generalization of Lemma 2.25 is the following: If T = loc®(S),
for a collection of objects G, then

VAeXK:loc*(A) =loc*(G * A | G€G) and coloc™™(A4) = coloc"™ ([G, A]« | G €9).

Proposition 2.27 (See also [22, Proposition 6.8]). If T satisfies the local-to-global princi-
ple, then X satisfies the local-to-global principle and (under Hypothesis 2.24) the colocal-
to-global principle.

Proof. Since T satisfies the local-to-global principle, it holds that T = 1oc® (T | s € S).
Hence, by Remark 2.26, it follows that loc* (4) = loc*(I'y * A | s € S) and coloc'™(4) =
coloc™™([I'y, Al« | s € S), for all A € K. This proves the statement. |

Corollary 2.28. Under Hypothesis 2.24 for the case KX = T, if T satisfies the local-to-
global principle, then T satisfies the colocal-to-global principle.

Example 2.29. Let R be a graded commutative noetherian ring such that T is R-linear and
consider the BIK support—cosupport (supp g, cosupp g ), which takes values in supp (1) <
Spec(R) — this may not be an equality. As explained in [7, Corollary 7.11], if T is stratified
in the sense of BIK, then suppg (1) is homeomorphic to Spc(T°) and the BIK support is
identified with the Balmer—Favi support under this homeomorphism. It then follows that
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T is stratified by the Balmer—Favi support. Now since the tensor-idempotents I'y 1 (defin-
ing the BIK support) and the tensor-idempotents g, (defining the Balmer—Favi support)
have the same support (which is {p}) it follows that loc®(I',1) = loc®(g,). Apply-
ing Lemma 1.9 for the functor [—, /] (taking into account Hypothesis 2.24) it follows
that coloc™™([Ty1, I]) = coloc"™™([gy, I]). By Corollary 2.28, T satisfies the colocal-
to-global principle with respect to the Balmer—Favi support. Taking into account The-
orem 2.22, we conclude that if T is BIK-stratified, then: T is Balmer—Favi-costratified
if and only if T is BIK-costratified if and only if coloc"™([I',1, /]) is minimal, for all
p € suppgr(1). If T = Mod(kG) is the stable module category of the group algebra of a
finite group G, then T is BIK-costratified by the canonical action of H*(G, k); see [12,
Theorem 11.13]. We infer that Mod(k G) is Balmer—Favi-costratified.

3. Prime submodules

In this section we introduce the classes of prime localizing submodules and hom-prime
colocalizing submodules of a given T-module K. The class of prime localizing submod-
ules generalizes the class of objectwise-prime localizing tensor-ideals [1,30] in the context
of relative tensor-triangular geometry, while the class of hom-prime colocalizing submod-
ules specializes to the class of hom-prime colocalizing left hom-ideals if X = 7.

3.1. Prime localizing and colocalizing submodules

As before, (sr, cr) will be a good support-cosupport pair on T with values in a space S.
Given £ € Loc*(X) and C € Coloc™™(X), we define two subcategories of T as follows:

L =(XeT| X*xKCL),
C¥C = (X e T|[X, K]« C €},
where X * K :=loc*(X * A | A € X) and [X, K]« := coloc™™([X, 4]+ | A € K), with

the latter also being equal to coloc™™([X, Ix]+). Evidently, if £; € £,, then L?L C L?L
and if €; C C,, then G?C - C’?C.

Remark 3.1. Clearly, £L®" is a localizing tensor-ideal of T and €®C is closed under
coproducts, suspensions and the tensor product. Under Hypothesis 2.24, G®C€ is also closed
under cones and so, C®C is a localizing tensor-ideal of T.

Remark 3.2. If X = 7 and * = ®, then £® = £. The inclusion L& C £ follows
from the equality X ® T = loc®(X), while the inclusion £ € £®" holds because £ is a
tensor-ideal.

Definition 3.3. Let X be a T-module.

(a) A proper localizing submodule £ € X is called prime if X x A € £ implies
X eL®orAedl.

(b) A proper colocalizing hom-submodule € € X is called hom-prime if [X, A]« € C
implies X € C®Cor 4 € C.
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Remark 3.4. If X = 7 and * = ®, then the notion of prime localizing submodule recovers
the notion of objectwise-prime localizing tensor-ideal; see Remark 3.2. The notion of
hom-prime colocalizing hom-submodule provides the notion of hom-prime colocalizing
left hom-ideal.

Lemma 3.5. Let £ be a prime localizing submodule of X and let C be a hom-prime
colocalizing submodule of X. Then LB and C®C are objectwise-prime, in the sense that
FXQY € LOY then X € LOY or Y € LO and similarly for C®C.

Proof. We will prove that C®C is objectwise-prime. The proof for £® is analogous.
Let X, Y be objects of T such that X ® ¥ € C®C. Then [X®Y, Al, € C, VA € K.
By Lemma 1.1, [X, [Y, Al«]« =[X ® Y, A]«. Since € is hom-prime, X eC®Cor [Y, A]« €C.
This proves that G®C is objectwise-prime since the statement [V, Al € C, YA € K is
equivalent to Y € C®C by definition. |

The main result of this section, i.e., Theorem 3.11, is a consequence of the following
series of lemmas.

Lemma 3.6. The following statements hold:
(a) Ker(l'y ® —) € Ker(T's % —)®" = Ker([['s, —]+)®C, Vs € S.
(b) If X is conservative, then Ker(I's ® —) = Ker(I'y + —)® Vs € S.

(c) IfKer(l'y ® —) = Ker(I'y x —)®L, Vs € S and sr detects vanishing, then X is
conservative.

Proof. Let X be an object of T. Then we have X € Ker(I's * —)®" if and only if Ty *
(X*xA) =Ty ® X)*A =0, VA € X, which is equivalent to (I ® X) x — = 0.
Similarly, using the isomorphism [I's ® X, —]« = [y, [X, —]«]«, one deduces that X €
Ker([Ty, —]«)®C if and only if [[s ® X, —]« = 0. Since (I'y ® X) * — 4 [[s ® X, —]«,
these two functors are either both the zero functor or none of them is the zero functor. So,
Ker(Ts * —)®" = Ker([I'y, —]«)®€. From the equality

Ker(Iy « —)® = {X € T| ([ ® X) x — = 0},

it immediately follows that Ker(I'y ® —) < Ker(I'y * —)®". This proves (a).

If K is conservative and (I's ® X) * — =0, then 'y ® X = 0. Hence, Ker(I'y ® —) =
Ker(T'y * —)®L. This proves (b).

Let X € T such that X * —=0. Then (I’ @ X) * —= X % ([ *—) =0, VseS§.
Therefore, X € Ker (T * —)®L. This implies that X eKer(I'y®—), Vs€ S, ie., [s®X =0,
Vs € S. Equivalently, sp(X) = @. Since sr detects vanishing, we have X = 0. This
proves (c). [ ]

Remark 3.7. The inclusion Ker(T'y ® —) < Ker(I'y * —)®" is not an equality in general.
Suppose that cf:(Ix) S S and let s ¢ cf:(Ix). Then Ker(I'y * —)®" = T and so equality
in the above inclusion would mean that Ker(I's ® —) = 7, i.e., [ = 0, which is false.
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Lemma 3.8. Let £ be a prime localizing submodule of X and let C be a hom-prime
colocalizing submodule of K.

(@) There is at most one s € cf-(Isc) such that L < Ker(I's * —).
(b) There is at most one s € Ci—’: (1) such that C C Ker[[s, —]«.
Proof. The proof of (a) is similar to the proof of (b), which we prove below.

Let s € cf(Ix) and suppose that € C Ker[I's, —]«. Let r € S such that r # s and let
A € K. Then [y, [['y, A]«]«+ = 0 € C. Since C is hom-prime,

Iy € €®€ C Ker[Iy, —]®€ = Ker([y * —)®" or [I,, A]« € € C Ker[T's, —]«.

For the equality Ker[T'y, —]®¢ = Ker(T's * —)®%, see Lemma 3.6. The former of the two
does not hold since I'y € Ker(I'y * —)®" if and only if I’y * — = 0, but s € cf-(I5) which
means that Iy x — # 0. It follows that C contains all objects [, A]«, for r # s and 4 € K.
So, if € C Ker[['y, —]«, forr # s and r € Ci:([gc), then [T, A]x € Ker[[,, —]«, VA € K.
It follows that [T, —]« = 0; thus, I, * — = 0, which is false since r € cl’f (Ix). [

Lemma 3.9. If X satisfies the colocal-to-global principle, then
Ker[T's, =]« = coloc™™™ (ITr. I« | 7 #5), VseS.
Analogously, if X satisfies the local-to-global principle, then
Ker(Ty x —) =loc*(T, x A |r #s, AeX), VseS.
Proof. Letr,s € S such that r # s. Then [, I5]« € Ker[['s, —]«. Therefore,
colochom ([T, Icl« | 7 # 5) € Ker[Ty, —]«.
Let A € Ker[I'y, —]«. Then s ¢ c[.(A). Since X satisfies the colocal-to-global principle,
coloc™™(A4) = coloc™™ ([T, Al« | 7 € cf(A))
= coloch*™ ([Tr Als | 7 #9)
C coloc™™ ([T, Ic]s | 7 # ).

See Remark 2.18 for the second equality and Remark 2.17 for the containment relation.
Hence, A € coloc™™ ([, Ixc]« | r # s), completing the proof. The case of Ker(I'y * —)
is similar and left to the reader. |

Lemma 3.10. Lez C € Coloc™™(X). Then
tx(0: @)= () Ker[ls, -]

CCKer[l's,—]«
SGCF (Ig{)
If X is costratified, then

e= () Kerly

CCKer[ly,—]«
SGCF (Ig(j)
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Analogously, if L € Loc*(X), then

Glog@) = () KexCoso)
LCKer(Tyx—)
sect(Ix)

If X is stratified, then
L= ﬂ Ker(Ts x —).
L CKer(Ty*—)
sect(Ix)

Proof. Let A € X. Then A ¢ (eckenr, -], Ker[l's, =]« if and only if there exists s € S
such that € € Ker[I'y, —]« and [I'y, A]« # 0. Equivalently, s ¢ o.x(C) and s € cf(A). In
other words, cf:(4) & Oct (©). Since Tex (UCF (©)) consists precisely of those A € K such
that c[:(4) C 0cx(C), it follows that .x (0.2 (C)) = Meckerr,,—1. Ker[ls, —]«. Finally, if
X is costratified, then € = 7.x (oclf (©)), which proves the statement (the indexing set of the
intersection involved in the claimed equalities can be considered to consist of points s €
cf(Ix) since if s ¢ cf(Ix), then [I'y, —]« = 0 and so Ker[I's, =]« = X so the intersection
is not affected). The rest is similar and left to the reader. ]

Theorem 3.11. Let X be a costratified T-module. Then there is a bijective correspon-
dence between hom-prime colocalizing submodules of X and points of cf.(Ix). A point
s € ci(Ix) is associated with Ker[Ts, —]« = coloc™™ ([T, Isc]« | r # 9).

Proof. Let € € Coloc"™™(X) be hom-prime. Then, by Lemma 3.10,

C= m Ker[Ts, —]«.

CCKer[[s,—]«
sect(Ix)

It follows by Lemma 3.8 that C must be contained in Ker[I's, —]«, for a unique s € ¢ (/x).
Conclusion: € = Ker[I'y, —]«, for a unique s € ¢ (/). The equality

Ker|[T's, =]« = coloc™™™ ([Fr, Icls | 7 s)
was proved in Lemma 3.9. ]

Using Lemmas 3.8, 3.9 and 3.10, one can prove with analogous arguments the follow-
ing.
Theorem 3.12. Let XK be a stratified T-module. Then there is a bijective correspondence

between prime localizing submodules of X and points of cf.(Ix). A point s € cp(Ix) is
associated with Ker(I's x —) = loc*(I', x A | r # 5, A € X).

The following observation, which is of independent interest and will not play a role
in the sequel, showcases a conceptual similarity between the theory of actions of tensor-
triangulated categories and the theory of associated primes of modules over rings. To see
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this, recall the following result: If R is a ring and M is a non-zero R-module such that for
every non-zero submodule N € M, it holds that Anng (M) = Anng(N), then Anng (M)
is a prime ideal of R.

Proposition 3.13. Let £ be a non-zero localizing submodule of X such that for every
non-zero localizing submodule L' of X with L' C L, it holds that Anng (L) = Anng(L').
Then Anng (L) is an objectwise-prime localizing ideal of 7.

Proof. Let X,Y € T such that X ® Y € Anng(£). This means that (X ® Y) %« £L = 0.
Suppose that X ¢ Anng (L), i.e., X % £ # 0. Then Anng(X * £) = Anng(L). Since
Y*(X*xL)=(X®Y)*xL=0,itfollows that Y € Anny(X * £),s0Y € Anny(L). =

3.2. The action and internal-hom formulas

Now we will explore the relation between prime (co)localizing (hom-)submodules and
(co)minimality and two properties (the Action Formula and the Internal-Hom Formula)
that a support—cosupport pair may or may not satisfy.
Definition 3.14. Let X be a T-module.

(a) X satisfies the Action Formula (AF) if

SE(X % A) =sp(X)Nsp(4), VX eT, VAeXK.
(b) X satisfies the Internal-Hom Formula (IHF) if
cl’i([X, Als) = cr([X. I7]) Nef(A), VX eT, VAe XK.
(Recall that cr ([ X, I7]) = sp(X).)
Lemma 3.15. Let X be a T-module.

(a) IfK satisfies the Action Formula, then Ker(I'y x —) is a prime localizing submod-
ule, Vs € S. If X is a conservative T-module, then the converse holds.

(b) If X satisfies the Internal-Hom Formula, then Ker[['s, —]« is a hom-prime colo-
calizing hom-submodule, ¥s € S. If X is a conservative T-module, then the
converse holds.

Proof. The proof of (a) is similar to the proof of (b), which we prove below.
The Internal-Hom Formula can be restated as follows:

[ ® X, Aly =0 = [,®X =0 or [[y,A]x=0.

The converse implication holds by the definition of cosupport. So, if [ X, A]« € Ker[[s, —]«,
then we have X € Ker(I'y ® —) C Ker[['s, —]®€ or 4 € Ker[I'y, —]«; for the first alter-
native, see Lemma 3.6. This means that Ker[['s, —]« is hom-prime. Now if Ker[[s, —]«
is hom-prime and X is a conservative T-module, then Ker(I'y ® —) = Ker[Iy, —]®°.
Therefore, if [I's ® X, Alx = 0, then I's ® X = 0 or [['s, A]x = 0, which is precisely
the statement of the Internal-Hom Formula. |
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Proposition 3.16. Let K be a T-module.

(a) If T satisfies minimality, then X satisfies the Action Formula and (under Hypoth-
esis 2.24) the Internal-Hom Formula.

(b) If X is a conservative T-module and K satisfies cominimality, then X satisfies the
Internal-Hom Formula.

(c) If T satisfies the Internal-Hom Formula, then T satisfies the Action Formula.

Proof. Lets e §,X e€T,AeX.

(@) Ifs esp(X)Nsp(A),then's ® X #0and I'y * A # 0. Since loc®(Ty) is minimal,
it follows that T’y € 1oc®(I's ® X). Hence, I's * 4 € loc*((T's ® X) * A). Since Iy *
A # 0, it holds that Ty * (X * A) = (I's ® X) * A # 0. In other words, 5 € s7.(X * A).
Conclusion: X satisfies AF.

Now suppose that s € cr ([X, I7]) N cf(A). Then I's ® X # 0 and [Ty, A]« # 0 (recall
that cr ([ X, I5]) = sr(X)). Since loc® (T'y) is minimal, it follows that I’y € 1oc®(I'y ® X).
Hence, [Ty, A« € coloc™™([Ty ® X, A]«). It follows that [['y ® X, A]« # 0, ie., s €
ci-([X, A]). Conclusion: X satisfies THF.

(b) Suppose that s € cr ([X, I7]) Ncf(A). Then I'y ® X # 0 and [y, A]« # 0. Aiming
for contradiction, assume that [['y ® X, A]« = 0. Then 4 € Ker[['; ® X, —]«. Since 0 #
[Ty, A« € coloc™™([Ty, Ix]«), it follows by cominimality of X that

colochom ([I‘s, Ig{]*) = coloc"™ ([FS, A]*) C coloc™™(A) C Ker[[s ® X, —]«.

Thus, [[s ® X, Ixc]« =[[s ® X, [Ty, Ixc]«]« =0.S0, [[s ® X,—]« =0. By the (I's ® X) *
— [y ® X, —]« adjunction, it follows that (I's ® X) x — =0, i.e., [y ® X € Anng(X).
Since X is a conservative T-module, I'y ® X = 0, which is a contradiction. Conclusion:
X satisfies IHF.

(c)Let X,Y € 7. Then

sTX®Y) = Cr([X ®Y, Ig’])
cr([X.[Y. I7]])

er([X. I7]) Ner([Y. 1)
st(X) Nsp(Y).

Conclusion: IHF implies AF. |
Remark 3.17. If X = T, then the statement of the Action Formula is the following:
sT(X®Y)=sr(X)Nspr(Y), VX,Y eT.

This is known as the Tensor Product Formula (which does not hold in general); see [5, 7].
See also [3] for a support theory that does satisfy the Tensor Product Formula. On the
other hand, the statement of the Internal-Hom Formula is the following:

er([X,Y]) = sr(X) Ner(Y), VXY eT.

For the BIK support, this is equivalent to stratification of T see [12, Theorem 9.5].
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4. Smashing submodules

Let X be a T-module. Recall our assumption that K is compactly generated. A smashing
submodule of X is a smashing subcategory M C X that is also a submodule. Specifically,
the quotient functor jy: K — /M is a coproduct-preserving and essentially surjective
triangulated functor that has a right adjoint ky¢: K/M — K (which is necessarily fully
faithful) that preserves coproducts — and products since it is a right adjoint. By Brown
representability, k¢ has a right adjoint £5¢: K — K /M (which is necessarily essentially
surjective) that preserves products. By the relations jyckye = Id = £y ko, it follows that
Jj and £y take the same values on the image of k»¢, which is M. The set of smashing
submodules of X is denoted by S*(X).

Next we describe the action of T on K/M induced by the action of T on K. The
category T x K /M is a triangulated category that is the quotient of T x K over 0 x M,
with the quotient functor 7 x K — T x K /M being Idy X jy¢. Since 0 x M is contained
in the kernel of jj¢ o *, it follows that jj( o * factors through T x /M via a functor
*: T x K/M — K /M. Tt is straightforward to check that this functor is an action of T
on K/M.If X € Tand A = jy(B) € X/M, then X * A = j» (X * B). The functor
Jae: K — K/M is action-preserving. We denote by [—, —]«: TP x /M — K/M the
relative internal-hom of /M. By Lemma 1.6, ks is action and hom-preserving and £
is hom-preserving. Moreover, since Ix (the product of the Brown—Comenetz duals of
the compact objects of K) is a pure-injective cogenerator of K and £y, is an essentially
surjective right adjoint, it follows that £y (/) is a pure-injective cogenerator of /M. In
particular, K/M = coloc({nc(Ix))-

Now we describe the colocalizing hom-submodules of K /M. The functor ky¢ gives
a bijective correspondence between the colocalizing subcategories of /M and the colo-
calizing subcategories of X contained in M. Since k» is hom-preserving, this bijection
restricts to colocalizing hom-submodules, i.e., the maps

ks
Coloc™™ (% /M) k;”: {€ € Coloc™™(X) | € € ML) 4.1)
M

are mutually inverse inclusion-preserving bijections. An observation that will be useful in
the sequel is that k¢ coloc™™(j(A4)) = coloc™™ (ka jac(A)), VA € K.

Let (sr, cr) be a good support—cosupport pair on J. We denote the induced support—
cosupport on K/M by (s, c). Specifically,

st (Jac(4)) = {s € S | jw(Ts * 4) # 0},
o (Jm(A) = {s € § | [Ty, jw(A)], # 0}
Then K /M satisfies the colocal-to-global principle if
coloc™™ (jat(A)) = coloc™™ ([T, jm(4)], s € S), VAeX

and & /M satisfies cominimality if coloc™™([Ts, £a(I5c)]«) is a minimal colocalizing
hom-submodule of K/M, for all s € S. Finally, let Sp; = {s € S | [T, Isc]« € ML}
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Proposition 4.2. Let M € S*(X). The following are equivalent:
(@) XK/M satisfies the colocal-to-global principle.
(b) coloc™(B) = coloc™™ ([T, Bl« | s € S), VB € M+
As a result, if K satisfies the colocal-to-global principle, then X /M satisfies the colocal-
to-global principle.
Proof. Let A be an object of K and set

€1 = coloc™™ (jnc(4)),

@, = colocM™ ([Fs,jM(A)]* |s € S),
D1 = coloc™™ (kxt jai(A)),

D, = coloc™™ ([I‘s,ijM(A)]* | s € S).

Under the bijection (4.1), C; corresponds to Dy, while C, corresponds to D, (recall that
ko is hom-preserving). So, if /M satisfies the colocal-to-global principle, then € = C,.
Hence, D; = D,. Since Im ky jac = ML, (b) follows. On the other hand, if (b) holds,
then D; = D,. As aresult, C; = Ca, i.e., K/M satisfies the colocal-to-global principle.
This proves (a).

If X satisfies the colocal-to-global principle, then

coloc™™(4) = coloc™™ ([T, Al« | s € §), VAeX,
so the equality certainly holds for A € M. Therefore, K /M satisfies the colocal-to-global
principle by the equivalence (a) < (b). L]

Proposition 4.3. Suppose that s € Syt. Then coloc™([Ty, Ix]«) is a minimal colocaliz-
ing hom-submodule of X if and only if coloc"®™([Ts, o (I5)]«) is a minimal colocalizing
hom-submodule of K /M.

Proof. Since s € Sy, it holds that [Ty, I5]« € M-L. Therefore,
[Ts. €t (I5)], = €at[Ts. Iacls = jou[Ts. Ixcl.

So, under the bijection (4.1), coloc"™([Ty, £nt(I5)]«) = coloc™™(je[Ts. I5c]«) corre-
sponds to coloc™™ (kyg ja[Ts. I5c]«) = coloc™™ ([T, I5]«), with the last equality again
because [y, 5]« € M*. Consequently, coloc™([I'y, Ix]«) is minimal if and only if
coloc™™ ([T, £nt (I5)]«) is minimal. n

Combining Proposition 4.2, Proposition 4.3 and Theorem 2.22, we obtain the follow-
ing result.

Theorem 4.4. Let {M}ses be a collection of smashing submodules of X such that s €
Swm,, forall s € S. Then:

(a) X satisfies cominimality if and only if K /M satisfies cominimality, for all s € S.
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(b) Suppose that X satisfies the colocal-to-global principle. Then X is costratified if
and only if X /M is costratified, for all s € S.

Proof. Since s € Sy, forall s € S, by Proposition 4.3 coloc™™([['y, I5]«) is a minimal
colocalizing hom-submodule of X if and only if coloc™™ ([T, £, (I5)]«) is a minimal
colocalizing hom-submodule of K /My, for all s € S. In other words, X satisfies comin-
imality if and only if /M, satisfies cominimality, for all s € S. This proves (a). If K
satisfies the colocal-to-global principle, then by Proposition 4.2, it follows that K /M sat-
isfies the colocal-to-global principle, for all s € S. Statement (b) now follows from (a)
and Theorem 2.22. n

We will apply Theorem 4.4 to the case X = T, * = ®, S = Spc*(7) and (s, cr) =
(Supp®, Cosupp®) (under Hypothesis 1.11 and provided that Spc*(7) is Tp). In this case, if
P € Spc’(7), then Sp ={Q € Spc*(T) | [Tp. 1] € PL}.Since T'p = es ® fp, for some
8 € S®(7), and P = Im[ fp, —], it follows that

[Tp.I]=les ® fp. 1] = [ fp.les.I]] € P
In other words, P € Sp. This leads to the following result.

Corollary 4.5. Suppose that Spc®(7T) is Tp. Then:
(a) T satisfies cominimality if and only if T/ P satisfies cominimality, for all P €
Spc* (7).
(b) Suppose that T satisfies the colocal-to-global principle. Then T is costratified if
and only if T/ P is costratified, for all P € Spc*(7).

Proof. The result is a direct consequence of Theorem 4.4, taking into account the preced-
ing discussion. ]

Corollary 4.6. Suppose that Spc®(T) is Tp and that Spc*(T) = | ies Vs; is a cover of
Spc(T) by closed subsets. If T/8; satisfies cominimality, for all j € J, then T satisfies
cominimality. If, moreover, T satisfies the colocal-to-global principle, then T is costrati-

fied.

Proof. Let P € Spc®(7). Then P € Vg, for some j € J. This means that §; C P.
Let js;: T — T/8; be the quotient functor. Then js,(P) is a smashing ideal of T/8;
such that (T/8;)/js,;(P) =~ T/ P. Since T/8; satisfies cominimality, it follows by Corol-
lary 4.5 that T/P satisfies cominimality. Since this is true for all P € Spc®(7), again
by Corollary 4.5, we conclude that T satisfies cominimality. The “moreover” part follows
by Theorem 2.22. ]

Essentially via the same arguments (left to the reader) one obtains the analogous
results for the Balmer spectrum and the Balmer—Favi support. What one needs to note
for Corollary 4.8 is that, compared to Spc®(T) where the smashing ideals stand in bijec-
tion with open subsets of Spc®(T) (thus closed covers of Spc®(T) are necessary) the thick
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ideals of T¢ — and by extension the compactly generated smashing ideals of T — stand in
bijection with Thomason subsets of Spc(7T°); hence, a cover by complements of Thomason
subsets is what is needed.

Corollary 4.7. Suppose that every point of Spc(T°) is visible. Then:
(a) T satisfies cominimality if and only if T/ loc®(p) satisfies cominimality, for all
p € Spc(T°).
(b) Suppose that T satisfies the colocal-to-global principle. Then T is costratified if
and only if T/ 1oc® (p) is costratified, for all p € Spc(T°).

Corollary 4.8. Suppose that every point of Spc(7T°) is visible and that Spc(T¢) = ies Uj
is a cover of Spc(T€) by complements of Thomason subsets. If T(U;) satisfies cominimal-
ity, for all j € J, then T satisfies cominimality. If, moreover, T satisfies the colocal-to-
global principle, then T is costratified.

In view of applications involving singularity categories of schemes [31], we need a
version of Corollary 4.8 for the more general case of a T-module K. Let & be a compactly
generated localizing tensor-ideal of T and set M = § % K. Then M is a compactly gen-
erated localizing submodule of KX; see [22, Section 4]. The action of T on X induces, as
already discussed previously, an action of T on /M. Because of the way M is defined,
it follows that there is an induced action of T/8 on /M and a colocalizing subcategory
of /M is a hom T-submodule if and only if it is a hom T/8-submodule.

Assuming that every point of Spc(T°) is visible, let V' be a Thomason subset of
Spc(T¢) and let U = Spc(T°) \ V and consider the localizing tensor-ideal Ty generated
by those compact objects of T whose support is contained in V. By definition, Ty is com-
pactly generated and hence smashing, so there are associated left and right (respectively)
idempotents ey and fy such that

Ty =loc®(ey) = Ker(fy ® —) = Im(ey @ —).

We denote by T(U) the category T/Ty . It holds that Spc(T(U)¢) =~ U and we will treat
this homeomorphism as an identification. Let Ky = Ty * K and let K(U) = K/Ky.
By the previous paragraph, KXy is a compactly generated localizing submodule of K
and there is an induced action of J(U) on X(U) such that a colocalizing subcategory
of X(U) is a hom T-submodule if and only if it is a hom T(U)-submodule. Further,
Ky = Im(ey * —) = Ker(fy * —) and K+ = Im[ey, —]« = Ker[fy, —]«. By this last
observation, it follows that Sk, := {p € Spc(T°) | [gp. Ix]+ € JC{;} =U.

The following result is the analogue of [22, Theorem 8.11] for colocalizing hom-
submodules.

Theorem 4.9. Suppose that every point of Spc(T°) is visible and that Spc(T¢) = ies Uj
is a cover of Spc(T°) by complements of Thomason subsets. Let V; be the complement
of U;. If K(U;) (as a T(U;)-module) satisfies cominimality, for all j € J, then X satisfies
cominimality. If, moreover, X satisfies the colocal-to-global principle, then X is costrati-

fied.
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Proof. 1f p € Spc(T¢), then there exists j, € J such that p € Uj,. Fix such a j, € J, for
each p € Spc(T¢). Then we have a collection {Ky;, }pespe(se) of smashing submodules
of X such that p € Sg<l,j . since the latter is equal to Uj,. The result now follows by an
immediate application of Theorem 4.4. ]

5. Derived categories of noetherian rings and schemes

Throughout, R will denote a commutative noetherian ring. In the article [21], Neeman
proved that there is a bijective correspondence between colocalizing subcategories of
D(R) and subsets of Spec(R). In this section, we give a more streamlined proof of Nee-
man’s theorem by using the general machinery we developed; specifically Theorem 2.22
and Corollary 2.28. As a direct consequence, we obtain a complete description of the
RHom-prime colocalizing subcategories of D(R) in terms of the residue fields. Further,
using Corollary 4.8, we prove that the derived category of quasi-coherent sheaves over a
noetherian separated scheme is costratified.

Remark 5.1. Let X be a quasi-compact separated scheme. By [18, Proposition C.13],
D(X) the derived category of quasi-coherent sheaves over X satisfies Hypothesis 2.24
(with D(R) being the special case X = Spec(R)). In particular, this allows us to apply
Corollary 2.28 later.

5.1. Noetherian rings

We will use the cosupport taking values in Spec(R) defined by the residue fields k(p).
More specifically, if X € D(R), then Cosupph(X) ={p € Spec(R) | RHomg (k(p), X) #0}.
We use the notation Cosupph to avoid conflict with the Balmer—Favi cosupport. Note that
since D(R) is generated by its tensor-unit, every colocalizing subcategory of D(R) is a
left RHom-ideal. We denote by Ir the cogenerator of D(R) that is the product of the
Brown-Comenetz duals of the compact objects.

Lemma 5.2. Let p € Spec(R). Then, for all X € D(R), there exist sets J; such that

RHompg (k(p)’ X) ~ @ Eik(p)(‘]i) ~ 1_[ Zik(p)(‘h),
i€Z ieZ

The same holds for the complex RHompg (X, k(p)).

Proof. Let E be a K-injective resolution of X. Then RHompg(k(p), X) is the Hom-
complex Hompg (k(p), E). This is a complex of k(p)-vector spaces, therefore it must be
quasi-isomorphic to its cohomology complex with zero differential (which also has k(p)-
vector spaces as terms; thus coproducts of copies of k(p)). For RHomg (X, k(p)), pick a
K-projective resolution of X instead of a K-injective resolution and argue in an identical
manner. The isomorphism between the coproduct and the product in the statement holds
because this is a coproduct of suspensions of stalk complexes. ]
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Lemma 5.3. Let X be an object of D(R) such that RHompg (k(p), X) # 0. Then it holds
that coloc(k(p)) = coloc(RHomg (k(p), X)) < coloc(X).

Proof. Tt holds that RHomg (k(p), X) = [[;cz Z'k(p)VD. Since k(p)VD) < k(p)’i is
a map of k(p)-vector spaces, it must split. So, k(p)“/?) is a summand of k(p)’i. This
implies that k(p)/") € coloc(k(p)) and consequently, [Liez Sik(p)UD) e coloc(k(p)).
Thus, coloc(RHomg (k(p), X)) C coloc(k(p)). By the fact that k(p) is a summand of
RHompg (k(p), X), it follows that coloc(k(p)) < coloc(RHompg (k(p), X)). Since D(R) is
generated by its tensor-unit, every colocalizing subcategory of D(R) is a left RHom-ideal.
Hence, RHompg (k(p), X) € coloc(X). This completes the proof. [

Proposition 5.4. The category D(R) satisfies the colocal-to-global principle (in particu-
lar, Cosupph detects vanishing) and Cosupph(k(p)) = {p}, for each p € Spec(R).

Proof. Since D(R) satisfies the local-to-global principle [19], by Corollary 2.28, D(R)
satisfies the colocal-to-global principle and, by Remark 2.18, Cosupph detects vanishing.
Hence, Cosupph(k(p)) # @. Let g € Spec(R) such that p # g. By Lemma 5.2, it holds
that RHomg (k(p), k(q)) is quasi-isomorphic to a complex whose terms are of the form
k(p)" = k(q)“) and these are both k(p) and k(q)-vector spaces. Since p # q, this can
only happen if the indexing sets / and J are empty. Hence, RHomg (k(p), k(g)) = 0.
Consequently, Cosupph(k(p)) = {p}. L]

Theorem 5.5 ([21]). Let R be a commutative noetherian ring. Then D(R) is costratified.

Proof. Let p € Spec(R) and let X be a non-zero object in coloc(k(p)). Then coloc(X) €
coloc(k(p)). By Proposition 5.4, D(R) satisfies the colocal-to-global principle, Cosupph
detects vanishing and Cosupph(k(p)) = {p}. By Lemma 2.19, it follows that Cosupph(X)
= {p}, i.e., RHompg (k(p), X) # 0. As a result, by Lemma 5.3, coloc(X) = coloc(k(p)).
So, coloc(k(p)) is a minimal colocalizing subcategory. Moreover, Lemma 5.3 implies that
coloc(k(p)) = coloc(RHomg (k(p), Ir)) and so, coloc(RHomg (k(p), Ir)) is minimal.
In conclusion, D(R) satisfies both the colocal-to-global principle and cominimality; so,
Theorem 2.22 implies that D(R) is costratified; see also Remark 2.23. ]

Theorem 5.6. The RHom-prime colocalizing subcategories of D(R) correspond to points
of Spec(R). The correspondence associates p € Spec(R) with Ker RHomg (k(p), —) =
coloc(k(q) | g # p).

Proof. Since D(R) is costratified, and clearly a conservative D(R)-module, Theorem 3.1 1
implies that the RHom-prime colocalizing subcategories of D(R) are precisely of the form
KerRHomg (k(p), —) = coloc(RHompg (k(q), Ir) | a # p) and the claimed equality is due
to Lemma 5.3. ]

Remark 5.7. One could also choose to work with the Balmer—Favi support (or the smash-
ing support since D(R) satisfies the Telescope Conjecture [19]; see also [30, Lemma 7.2]
and [1, Section 6]). There is a homeomorphism between Spc(DPf(R)) and Spec(R) [19]
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that we can use to express the Balmer—Favi support—cosupport via Spec(R). For each
p € Spec(R), the Balmer—Favi idempotent associated with p is g, = Koo (p) ® Ry, where
Koo (p) is the stable Koszul complex and R, is the localization of R at p. The objects
gp are orthogonal tensor-idempotents, so they define a support—cosupport pair: Let X €
D(R). Then

Supp(X) = {p € Spec(R) | gp ® X # 0},
Cosupp(X) = {p € Spec(R) | RHomg(gp, X) # 0}.

It holds that loc(gp) = loc(k(p)) [27, Lemma 3.22]. Therefore,
coloc (RHomR (g, X)) = coloc (RHomR (k(p), X)) = coloc (k(p)),

with the last equality by Lemma 5.3 (provided that RHomg (k(p), X') # 0). Since D(R) is
stratified by the Balmer—Favi support [7, Theorem 5.8], in particular it satisfies the local-
to-global principle, D(R) must also satisfy the colocal-to-global principle; see Corol-
lary 2.28. The equality coloc(RHomg(gp, X)) = coloc(k(p)) shows that D(R) satisfies
cominimality with respect to the Balmer—Favi support—cosupport. Therefore, by Theo-
rem 2.22, D(R) is costratified with respect to the Balmer—Favi support—cosupport.

Example 5.8 ([23]). We include an example of a category that is not costratified. Let R
be an absolutely flat ring that is not semi-artinian. Then there exists a superdecomposable
injective R-module E. Let p € Spec(R). Then RHomg (k(p), E) = Hompg(k(p), E). If
there was a non-zero map k(p) — E, then (as k(p) is simple and injective since R is
absolutely flat) k(p) would have to be a summand of E, which leads to a contradiction.
This shows that RHompg (k(p), E) = 0, for all p € Spec(R), i.e., Cosupph(E) = &; show-
casing the failure of the cosupport to detect vanishing and consequently, the failure of the
colocal-to-global principle. As a result, the local-to-global principle cannot hold either,
since it implies the colocal-to-global principle.

5.2. Noetherian schemes

Let X be a noetherian separated scheme and denote by D(X) the derived category of
quasi-coherent sheaves over X. Then D(X) is a big tt-category whose subcategory of
compact objects is DP*(X) the subcategory of perfect complexes. The Balmer spectrum
of D(X) is homeomorphic to the underlying space of X [28]. The notion of support we
consider is the Balmer—Favi support.

Theorem 5.9. Let X be a noetherian separated scheme. Then D(X) is costratified.

Proof. By [22, Corollary 8.13], D(X) is stratified. In particular, D(X) satisfies the local-
to-global principle. Hence, by Corollary 2.28, D(X) satisfies the colocal-to-global princi-
ple. So, it suffices to prove cominimality. Let {U; };e; be an open affine cover of X. As
X is noetherian, any open subset of X is quasi-compact, so its complement is Thomason.
The corresponding smashing localization D(X)(U;) is equivalent to D(U;). The latter is
costratified (in particular it satisfies cominimality) by Theorem 5.5. The result follows
by Corollary 4.8. |
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