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The Zappa-Szép product of twisted groupoids
Anna Duwenig and Boyu Li

Abstract. We define and study the external and the internal Zappa—Szép product of twists over
groupoids. We determine when a pair (X1, X5) of twists over a matched pair (97, §>) of groupoids
gives rise to a Zappa—Szép twist ¥ over the Zappa—-SzEép product &1 <1 §. We prove that the
resulting (reduced and full) twisted groupoid C*-algebra of the Zappa—Szép twist T — §1 < &5
is a C*-blend of its subalgebras corresponding to the subtwists ¥; — §;. Using Kumjian—Renault
theory, we then prove a converse: Any C*-blend in which the intersection of the three algebras is
a Cartan subalgebra in all of them, arises as the reduced twisted groupoid C*-algebras from such a
Zappa—Szép twist ¥ — §; > 9, of two twists ¥ — 1 and Xy — 6.

1. Introduction

The Zappa—Szép product originated from the study of composition and decomposition of
groups [36]. A group K is called an internal Zappa—Szép product of its two subgroups G
and H if

(1) K=G-H, and (2)G N H is the trivial group {e}.

In this case, every element in K can be written uniquely as a product gh for some g € G
and h € H. In particular, if we take any pair (%', g’) € H x G, then there must exist a
unique pair (g, /%) € G x H such that h’g’ = gh in K. This induces a right group action
by G on the space H by (h',g") + h’ < g’ := h and a left group action of H on the space
G by (W, g')— k' > g’ := g. Since the group multiplication of K is associative, these two
actions of its subgroups G and H on each other interact with one-another ‘in a compatible
way’. For example, if 4 € H acts on a product g1 g> of elements of G, then

hv(g182) = (h> g1)([h < g1]> g2). (1.1)

and likewise for the action (h1h,) < g of g € G on a product h1h, € H. Conversely, any
pair of such compatible actions of two groups G and H on one-another, allows us to equip
the Cartesian product G x H with a group multiplication that encodes these actions; this
group is denoted G <1 H and is called the external Zappa—Szép product. A semi-direct
product G x H is a special case of a Zappa—Szép product: in this instance, the subgroup
G is normal in the product, it acts trivially on the subgroup H, and the action of H on G
is by group homomorphisms.
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We are interested in extending the notion of Zappa—Szép products to operator algebras.
There is a long history in the study of operator algebras of encoding group actions and their
dynamics as linear operators on Hilbert spaces. For example, to the continuous action of
a topological group G on a space X, one can associate a crossed product C*-algebra
Co(X) x G which can be understood as a non-commutative replacement of the quotient
space X /G which, as a topological space, might be rather ill-behaved. Properties of the
group dynamics are often reflected in the properties of the corresponding operator algebra
and vice versa. Zappa—Szép products encode two-way actions between two structures, and
they have been studied in various algebraic contexts [1,3,7,8, 16, 19-23,27,28,35]. Our
recent study of the Zappa—Szép product of Fell bundles by a groupoid [12] has resulted in
vastly general imprimitivity theorems [14] that extend many classical results arising from
group dynamics.

This paper continues our quest to study Zappa—-Szép products in C*-algebras. Our
main goal is to define the Zappa—Szép product of twisted groupoids. Such groupoids
arise naturally in the study of C*-algebras. For instance, Renault [33] showed that any
C*-algebra with a Cartan subalgebra can be realized as a twisted groupoid C*-algebra,
and recent work of X. Li [24] showed that every simple classifiable C*-algebra in Elliot’s
classification program has such a Cartan subalgebra and hence a twisted groupoid model.

Let us now explain the content of this paper in more detail. Suppose we are given
two groupoids §; and &, that share the same unit space U, and suppose these groupoids
act on one another in a ‘compatible way’ akin to the compatibility assumption at (1.1)
in the group case; to be precise, they satisfy conditions (ZS1)—(ZS9) in our preliminary
Section 2.2. The pair (&1, §>) is called a matched pair in this situation. Then it is well
known that their fibred product

G %, G ={(x,8) € 61 x & 1 5(x) =71(g)}

can be given the structure of a groupoid whose multiplication encodes both actions and
with respect to which the canonical maps §; — §; (%, &, (i = 1,2) are injective groupoid
homomorphisms. The resulting groupoid is called the Zappa—Szép product of §; and §,
and is denoted by §; < §,. The conditions that need to be satisfied for this to work boil
down to the existence of a certain type of homeomorphism

G X, 5 > G X, 5, (g.x)—(g>x,gax). (1.2)

The question we are concerned with in Section 3 is the following. Suppose ¥ and X, are
twists over §; and §,, respectively; that is, we have central groupoid extensions

TxUL sy 5 g,

which, by abuse of notation, we often simply write as ¥; — §;. Under what conditions
can one build a twist over §; > §, out of them?

Clearly, the space ¥ (x, X, will not be the right candidate: since ¥; is locally
homeomorphic to T x §;, the fibred product X; (X, X, is locally homeomorphic to
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(T x &) X, (T x &) =T?x (& < 5,) instead of T x (&) > §,). This crude argu-
ment already shows that one has to quotient out a copy of T of the fibred product of ¥
and X, in order to have hopes of obtaining a twist over §; <t §,. So let us denote the
quotient of X (x, 3, by the canonical diagonal T -action by £ *1 X,.

To be able to give X *T X, the structure of a groupoid, we must assume the existence
of a so-called factorization rule: a certain type of homeomorphism

o: 22 *T El g 21 *T 22.

As is visible from (1.2), @ is, in its essence, a replacement for two-way actions of 3; and
3, on each other. In the presence of such a factorization rule, the space ¥, *1 X, can
be given the structure of a topological groupoid which depends on ® (Proposition 3.14);
we denote the groupoid by ¥; b 5. Itis a twist over §; b<t 9, (Theorem 3.18) and we
hence call it the external Zappa—Szép twist. We prove that, in the case that one of the two
twists is trivial, then ¥; ><g 3, is canonically isomorphic to the Zappa—Szép product of
a Fell line bundle by a groupoid as constructed in [12] (Example 3.21), which shows that
our construction behaves as expected with regard to known constructions in the literature.

In Section 4, we introduce a notion of internal Zappa—Szép product of twists. Suppose
we are given a twist X — §, and let X1, X, be subgroupoids of X. The obvious twist
analogue of Condition (1) in the setting of group Zappa—SzEép products, is the condition
that ¥ = ¥, - 5. If we understand Condition (2) as the intersection of G and H being as
small as possible, then in the case of twists, it translates to X1 N X, = T x U. Given both
of these assumptions and that the subgroupoids ¥; and X, are closed, then we say that
¥ is an internal Zappa—Szép product of 31 and X,. It turns out that every such internal
Zappa—SzEp twist X gives rise to a factorization rule ®, meaning that it is also an external
Zappa—Sz€p twist. Moreover, the converse is also true: every external Zappa—Szép twist
is an internal Zappa—Szép twist (Theorem 4.3).

The Zappa—Szép product of twisted groupoids occurs naturally in many contexts. In
Section 5, we study the setting of twists induced by continuous, normalized, T -valued
2-cocycles. Any such map ¢ on a groupoid § gives rise to a twist X, over § in a canon-
ical way. Given 2-cocycles c1, ¢ on the matched pair (91, §,) of groupoids, the pair
(2¢,, X¢,) of twists allows a factorization rule if and only if the pair (c1, ¢2) of 2-cocycles
allows what we call cocycle connector, and in this situation, the external Zappa—Szép
twist is also induced by a 2-cocycle (Proposition 5.5). We then briefly study the internal
Zappa—Szép product of 2-cocycles (Proposition 5.8).

In our final Section 6, we move our results into the realm of C*-algebras. We first
show that the (reduced or full) groupoid C*-algebra of the Zappa—-Szép groupoid §; >< §,
twisted by the Zappa—-Szép twist | t<igp X5, is a C*-blend of the twisted C*-algebras of
its components ¥; — §; and X, — &, (Theorem 6.6). This result, applied to effective
groupoids, then motivates the following converse: suppose A is a C*-algebra that has two
subalgebras A;, A, such that

(a) A; - Az isdensein A, and (b) A; N A, is a Cartan subalgebrain A;, A,, and A.



A. Duwenig and B. Li 4

Kumjian—Renault theory then tells us that each of the three algebras 4, A; (j = 1,2)
corresponds to a twisted groupoid ¥ —§ and X; —§;, respectively, with &, §; effective.
We prove that ¥ —§ is precisely an internal Zappa—Szép product of ¥ —¥; and X, — 9,
(Theorem 6.14). We would like to point out that Conditions (a) and (b) closely resemble
Conditions (1) and (2), respectively, in an internal Zappa—Szép product. Therefore, this
can be viewed as an intrinsic notion of internal Zappa—Szép product of C*-algebras.

Our work extends the Zappa—Szép product construction to the much broader twisted
groupoid context, which is applicable to a wider range of C*-algebras. Our notion of
factorization rule brings a key insight that allows us to define the external Zappa—Szép
product without using actions. This is a crucial step towards our ongoing research on the
Zappa—Szép product of Fell bundles.

2. Preliminaries

2.1. Groupoid and twists

Throughout this paper, we assume that our groupoids, denoted by letters such as &, are
locally compact and Hausdorff. We often denote its unit space €@ by U. A groupoid
is called r-discrete if the unit space U is open in §. The range and source maps of §
are denoted by r, s: 9 — U, respectively, and § is called érale if these maps are local
homeomorphisms.

Givenu € U,denote Su = {g€§ :5(g) =u}andug ={g €9 :r(g) = u}. The
isotropy group at u is defined by § = u§ N Gu, and the isotropy bundle by Iso(G) =
Uneu &Y. A groupoid is called principal if Iso(G) = U, and effective if the interior of
Iso(G) is U.

Twists over groupoids were first introduced in [17]. Here, we will give the definition
as stated in [9, Definition 2.1].

Definition 2.1. Let § be a (locally compact Hausdorff) groupoid with unit space U, and
regard T x U as a trivial group bundle with fibres T. A twist (X, j, ) over § consists of
a locally compact Hausdorff groupoid % and groupoid homomorphisms j, 7 such that

TxULsSg

is a central groupoid extension, which means that

(T1) j:T x U — 7~ '(U) is a homeomorphism, where 7~!(U) has the subspace
topology from X, and the map  satisfies 7 (1, 7 (u)) = u for allu € ©;

(T2) m is a continuous, open surjection; and
(T3) z-e:= j(z,m(r(e)))eequalsej(z,m(s(e))) foralle € Y andz € T.

As explained in [9, p. 5], it follows that ¥ is locally trivial, that  is proper, and that
we can identify £© with U via 7.
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2.2. Zappa-Szép products of groupoids

The Zappa—SzEp product of groupoids was first introduced in [2] and its application in
groupoid C*-algebras was further explored in [7]. Here, we will recall its construction.
Given two groupoids 9, §, with the same unit space ‘51(0) = ;92(0) = U, define

G %, 61 ={(g.x) € G2 x G :5(g) = r(x)}.
We say that (61, 9,) is a matched pair of groupoids if there are two continuous maps

> X, 8 = 8§, (g.x)—gpx,

.8 X, 8 =&, (g.x)—g<x,

satisfying the following properties (ZS1)—(7ZS9)," where (h, g) € 2?2(2) and (x, y) € ﬁl(z)
are such that s(g) = r(x).

(ZS1) (hg)>x =h> (g > x).

(ZS2) r(gr>x) =r(g).

(ZS3) r(x)>x = x.

(Z84) g a(xy) = (g <1x)qy.

(ZS5) s(g <x) = s(x).

(Z56) g <as(g) = g.

(ZS7) s(gr>x) =r(g<x).

(ZS8) g (xy) = (g>x)([g ax]> y).

(ZS9) (hg) <x = (h<[g> x])(g < x).
Properties (ZS1)—(ZS3) mean that > is a left §, action on the space §; with momentum
mapr:§ — U= ﬁz(o); properties (ZS4)—(ZS6) mean that < is a right ¥; action on the
space ¥, with momentum map s: 9, — U = 51(0); and the remaining properties (ZS7)-

(ZS9) are needed to turn §; (X, &, into a groupoid, explained in more detail below. By
[7, Lemma 4], the following additional properties hold:

(Z510) g s(g) = r(g).
(ZS11) r(x) <ax = s(x).
(ZS12) (grx) ' =(g<x)>xL.
(ZS13) (g<1x) ' =g l<a(gpx).

In [7], the maps > and < are called the action map and the restriction map, respectively.
We have adopted the notation g > x and g < x from [2] in place of writing g - x and g|y,
respectively, to avoid confusion in many computations.

"We point out that we are following the numbering in [12], which does not agree with that in [7].
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With these assumptions, one can put a groupoid structure on the fibred product space
91 (X, G, by defining the multiplication

(v.&)(x.h) = (y(g>x).(g<x)h), ifs(g)=r(x), 2.1

and inverse

1 1

o) = ey g ay™h.
This is called the Zappa—Szép product groupoid, which is denoted by §; < §,.
Recall from [7, Corollary 8] that the pair (§,, &) is also matched and that the map

V6, X, 6 =8 X, 9, (gx)—>(@grxg<dx) 2.2)

is a groupoid isomorphism 9, >< §; = §; < §,. The map W is called a factorization
rule in [25, Definition 3.3] where such maps are used to define the Zappa—Szép product
of matched categories since one can phrase conditions (ZS1)—(ZS9) entirely in terms of
this map (Lemma 2.2 below). While this rephrasing is a bit unwieldy, it serves as our
motivation for Definition 3.5 later. In the following, we let ® denote the left-action of
(resp. right-action of ,) on the space §; (X, &, given by translation, and we let m; denote
the multiplication map of the groupoid ¥;.

Lemma 2.2 (cf. [25, Lemma 3.4]). Suppose §, and §, are two groupoids with the same
unit space U. Then (61, G,) is a matched pair of groupoids if and only if there exists a
homeomorphism
\I»’Igz sXr ‘51 —> ‘51 sXr ‘52

satisfying the following properties, where (g, x) € §, (X, § is arbitrary, where we write
the element W(g, x) as (y, h), and where the letters “FG” stand for “factorization of
groupoids.”

(FG1) r(g) = r(y) and s(x) = s(h).

(FG2) W(r(x),x) = (x,s(x)) and ¥(g.5(g)) = (r(g). 8)-

(FG3) Ifx' € s(x)§1, then V(g,xx') = y @ W(h, x'). In other words, the diagram

2 idxm v
% %, 82 ! S G X, G —2 5 G X, 6
Wxid ?91 er ?92 er ‘51 idxW¥ §1(2) sxr 52 mlxidl

commutes.

(FG4) If g’ € Gor(g), then ¥(g'g, x) = W(g', y)  h. In other words, the diagram

mypxid

82 x. 6 G2 X, G ————— G X, G

idx W gz X, ‘51 X, 52 Wxid §1 X, g2(2) idxmzl

commutes.
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In this setting, V is called a factorization rule, and the relationship between the groupoid
multiplication of §1 >< 9, and the map WV is determined by

(v.8)(x,h) =y eW(g,x)eh. (2.3)

In other words, if m denotes the multiplication map of §1 <1 '§,, then the diagram

(61 >4 6,)@ i s G > G,

idx W xid mixXmy
(%1 X 1) X, (%2 X 2)
commutes.

Proof. 1f (61, 9,) is a matched pair and we let ¥ be the map in (2.2), then
e (ZS2) and (ZS5) imply (FG1);

e (ZS3) and (ZS11) imply the first equality in (FG2);

* (ZS6) and (ZS10) imply the second equality in (FG2);

e (ZS4) and (ZS8) imply (FG3); and

* (ZS1) and (ZS9) imply (FG4).

Conversely, assume we have a map W satisfying the factorization rules above. We then let
g>x € 8 and g < x € 9, be the unique elements such that ¥(g, x) = (g > x, g < X).
Since W is a homeomorphism, the maps > and < are well defined and continuous, and the
fact that §; (x, 9, is the codomain of W implies (ZS7). The other properties (ZS1)—(2S6),
(ZS8), (ZS9) follow as in the list above, just with reverse implication. Equation (2.3) now
follows immediately from Equation (2.1). |

Using [7, Proposition 7] (see also [25, Proposition 3.9]), we can furthermore conclude:

Lemma 2.3. If (6, 9,) is a matched pair of groupoids, then for i # j, the multiplication
maps §; (X, §; — § >19, are bijections, and if (g, x) € & X, &1, then
gx = (grx)(g <x). (24)
The groupoids §; embed naturally inside their Zappa—Szép product §; ><t §;:

Lemma 2.4 (cf. [25, Lemma 3.5]). Suppose (61, 8>) is a matched pair of groupoids. The
maps

§1—>§1[><]‘§2 §2—>§11><1g2
an
x> (xs(2) g (r(2).2)

are injective, continuous, closed groupoid homomorphisms; in particular, their images are
closed subgroupoids of §1 >< §,. If one of §1, &, is r-discrete, then the image of the other
is open in &1 <1 G,. The Zappa—Szép product G, > &, is r-discrete (respectively étale) if
and only if both §; and §, are r-discrete (respectively étale), in which case both of their
images are open in §1 > G,.

(2.5)
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Proof. 1Itis clear that the maps are injective, continuous, and homomorphic. To see that the
maps are closed, note that the image of X C & isexactly X ;x, U and thatof ¥ C &, is
U ;x, Y. Since U is closed in §, and G, it follows that the homomorphisms map closed
sets to closed sets. In particular, the maps are homeomorphisms onto their images.

Let us prove that §; is open if §, is r-discrete; one proves the other case analogously.
Assume that {k,} is a net in §; p< G, that converges to (x, s(x)). By continuity of the
projection map p,: §; <t g, — G, this implies that p,(k)) — s(x). Since G, is r-discrete,
there exists Ao such that p,(ky) € ﬁz(o) for all A > A¢; in particular, k) = (x,,s(xy)) for
some X, € §;.

The claim about étaleness was already proven in [7, Proposition 9]. For r-discreteness,
note that (§; <1 9,)© = (U x U) N §; <1 &>, so if both §; and ¥, are r-discrete, then so
is their Zappa—Szép product. Conversely, suppose §; <1 G, is r-discrete. If {x, } is a net in,
say, §; that converges to u € U, then {(x,,s(x))} converges to the unit (u,s(u)) = (u, u)
in €, ><1 6. Since (§; <1 )@ is open, the net {(x.,s(x;))} must then eventually be
contained in it, meaning that x; € U, proving that U is open in §;. The proof for G, is
identical. ]

We therefore may identify §; with its image in §; >< 9, and usually, we simply write
x and g instead of (x, s(x)) and (r(g), g), respectively.

Corollary 2.5. Suppose (61, 5>) is a matched pair of groupoids. If §, >< G, is effective
and r-discrete, then so are §1 and G,. If §1 >< G, is principal, then so are §, and §,.

Proof. Principality is inherited by any subgroupoid, and effectiveness by any open sub-
groupoid. ]

Note that a converse of Corollary 2.5 is clearly false: if, say, both §; and G, are the full
equivalence relation on a set X with at least two distinct elements x, y (so the groupoids
are principal), then the Zappa—Szép product for the trivial actions, i.e., §; (X, &, contains
((x, ), (¥, x)), which is a non-unit isotropy point.

3. The external Zappa—Szép product of two twists

For this section, we assume that §; and &, are two groupoids with the same unit space U
and that, over each of these groupoids, we have a twist

TxULy 5Bg.

We identify EEO) with U via ;.

We will prove that certain conditions on the pair (X1, X5) of twists imply that (§;,9,)
is a matched pair of groupoids as in Section 2.2 and that they allow us to define a new twist
31 g X, over the Zappa—SzéEp product groupoid §; <t §,. Notice that each X; carries a
copy of T, so their product X; (X, X; has one too many copies of T in order to be a twist
over §; <1 §,. We thus first need to quotient out a copy of T from X; (X, 3;: We define a

is%r
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T-actionon X; (x, Xjbyz-(e, f):=(z-e,z- f), and we denote the resulting quotient
space by X; *1 X; whose elements are written as e ;*; f. Notice that the balancing from
the T-action means that e *; f = (ze) *; (Z f).

A very convenient tool in the proofs to come is the following.

Lemma 3.1. Fori, j € {1,2} withi # j, the quotient map q; j: %; (X, X; = Xj *T X;
is open and the space ¥; x1 X is locally compact Hausdorff with a T -action given by

z-(ex; f)i=(z-e)x, f.

Proof. A basic open set of 3; ;x, X; is of the form
U, V={ f)eSix,Tj:ecl feV}
foropensets U C X;, V C X;. We have
4 (qi (U x, V) ={(z-e.2- /) €S x,Zj:ecU feV zeT}
= U) % EV).

zeT

Since T acts by homeomorphisms on X; and X;, each of the sets z - U and Z - V' is open,
proving that ¢, ]1 (qi,; (U ¢x, V)) is the union of basic open sets and hence itself open.
Since X; *7 X; carries the quotient space topology induced by the quotient map g; ;, this
proves that ¢; j (U ;x, V) is openin X; *1 X;. As U, V were arbitrary, this proves that
qi,j is open.

Since T is compact and ¥; ;x, ¥; is locally compact Hausdorff, the quotient space
is locally compact Hausdorff [26, Chapter 4, Section 31, Example §].

Since T -acts continuously on X and since the quotient map is continuous and open,

it is immediate that T acts continuously on X1 *1 3. [

Next, we show that the twists ¥ and X, that we started with naturally embed into the
quotient space X *T X, so that we can think of them as subspaces.

Lemma 3.2. The maps

til’zt 3 — X1 %7 X and L;QIZ Y — X kT X
given by

Li,Z(e) =e 1*23(6), L;,l(e) = r(e) 2*167

G2() =r(f) %, f. 51() = fox5(f)
are embeddings whose images are closed.

Proof. We will do the proof for ¢} , only. If 1] , (¢) = ¢] ,(e), then there exists z € T such
that

(¢'.s(") = (z-e.Z-5(e)).
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Bute’ = z - e implies s(e’) = s(z - €) = s(e), so the fact that we also have s(e’) = Z - s(e)
implies z = 1 and hence e’ = e, which proves that L%’Z is injective. Continuity is obvious,
seeing that the map is a concatenation of continuous maps.

To see that the image is closed, assume that a net {Lb(e 2)} converges in Xq x X5 to,
say, g12(e, f) = e x, f. Since the quotient map ¢ » is open (Lemma 3.1) and since we
can without loss of generality pass to a subnet, there exists a net {(e}, f1)} in X1 (X, X
such that ei s o= L}’z(ek), e) —e,and f} — f.Frome) *, f = Liz(ek) we con-
clude that there exists z; € T such that (z - e}, Z3 - fi) = (e, s(ex)) in Xy (X, Xp.
Since T is compact and since we can pass to a subnet, we can without loss of generality
assume that {z, } converges to some z € T. Since ejl — e, this means that

fa=z)-5(ep) =z5-5(zp-€;) > z-s(z-e) =z-5(e).
Since limits are unique and f) — f, we conclude that f = z - s(e), and so

e, f=(z-€) %, (- f)=(z-¢) %,5(e) = 11 ,(z - €) € 1] ,(Z1).

We have shown that the limit e *, f of the net {{ ,(e3)} lies in t{ ,(Z1), i.e., the image
of 1] , is closed.

To see that tiyz is open onto its image, we can adjust the above proof: this time, the
limit of {L{,z(ek)} is allowed to be chosen of the form e *, s(e), i.e., the above scalar z
can be setto 1, so that e; = z; - e} — z -e = e, proving that LLZ is open onto its image
by Fell’s criterion [37, Proposition 1.1]. ]

If (6,1, %,) is a matched pair, so that the set §; (X, §, can be regarded as the Zappa—
Szép product groupoid §; ><t G,, then in order for X1 1 3, to have any hopes of becom-
ing a twist over §; > §,, we need there to be a projection map. That is the content of the
following lemma.

Lemma 3.3. The maps

Hlyzi 21 *T 22 — gl s Xy gz and 22 X 21 — §2 s X7 ‘91
ek, f = (mi(e), ma(f)) fox e (m2(f), mile)),
are well-defined, continuous, open surjections.

Proof. We will do the proof for IT; »; by symmetry, the claim for the other map will then
follow.

Since 71, m, are T-invariant and since s(e) = r(f'), the map I1; , is well defined.
Surjectivity follows from surjectivity of 77y and 5.

Fell’s criterion [37, Proposition 1.1] can be used to show that the map II; 5 is con-
tinuous, using that the quotient map is open by Lemma 3.1 and that the maps m, 7, are
continuous. Likewise, I1; > is open since the quotient map is continuous and the maps
71, T are open. |
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Note that each X; acts continuously on itself by multiplication on both the left and
right. Consequently, ¥ acts continuously on the left of the space X1 (X, X5 and X, acts
on the right. These actions factor through the quotient as follows.

Lemma 3.4. The maps p,0: X *T Xy — U given by

plex, f) =r(e) and alex,[f)=s(f)

are continuous surjections; if the groupoids §; are étale, then these maps are open. On
3y *T 2o, we define a left ¥1-action with anchor map p and a right ¥,-action with
anchor map o by

e/.(el*Zf) = (e/e) 1*2f respeCIZ‘}ely (el*Zf).f/ :el*Z(ff/)'
This makes 31 *T X2 a left ¥1-space and a right Z,-space.
Similarly, ¥, %1 X becomes a left 3,-space and a right ¥;-space.

Proof. We will do the proof for the left action; the proof for the right action is analogous.
Since the T -actions on X;, X, leave range and source invariant, p is well defined. It is
surjective as p(u ,*,u) = u for any u € U. Since the quotient map

El sxr 22 —> El X 22

is open and the map ¥; (x, X, — U, (e, f) > r(e), is continuous, the map p is likewise
continuous. If §; and §, are étale, then their range maps are open; since 71, 77, are open,
an easy application Fell’s criterion [37, Proposition 1.1] then proves that p is open.

It is clear that 3; T X, is algebraically a left 3;-space in the sense of [37, Defini-
tion 2.1]. The action is continuous because the action of ¥ on X1 (X, ¥ is continuous
and because the quotient map ¥; (X, X5 — X *T X, is open by Lemma 3.1. [

We are now ready to make a key definition: if the pair (X1, ¥,) of twists allows a
factorization rule as in Definition 3.5, then the pair (§;, §2) of groupoids is matched in
the sense of Section 2.2 (Lemma 3.8). Moreover, we can equip X; *1 2; with the structure
of a groupoid (Proposition 3.14) with respect to which it is a twist over the Zappa—Szép
product groupoid §; >< &, (Theorem 3.18).

Definition 3.5. A factorization rule for the pair (X1, ¥,) of twists is a homeomorphism
O:3p kT X1 — X *xT 2o

satisfying the following, where we write the arbitrary element ®( f ,*, ) as e’ ;*, ', and
where the letters “FT” stand for “factorization of twists.”

(FTO) @ is T-equivariant: ((z - f) *,e) = (z-¢€') %, f'forallz € T.
(FT1) r(f) =r(e’) and s(e) = s(f').
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(FT2) Foralle € X and f € ¥,, we have ®(f ,*,s(f)) = r(f) ,*, f and
D(r(e) ,*x,e) = e x,s(e).
(FT3) Foré € s(e)Xq, we have O(f ,x, (e€)) = ¢’ @ D(f' %, é).
(FT4) For f € Xor(f), we have CID((ff) gk e) = q)(fz*le’) o f.
If such a factorization rule exists, we will call (21, X,) a matched pair of twists.

Remark 3.6. (i)  One can verify that, courtesy of Condition (FT0), Conditions
(FT3) and (FT4) are well defined.

(i)  Condition (FT2) in particular implies foru € U = ﬁi(o) that ®(u %, u) =u *,u.

(iii)) In contrast to the factorization rule in [25, Definition 3.3], our map is defined on
the quotient space X *1 X instead of the fibred product X, x, Xj.

(iv) We will see that twist factorization rules are not unique; see Remark 5.6.

The following lemma is just a restatement of Definition 3.5. In the below diagrams, we
write M; for the map ¥; 1 ¥; — X; induced by the multiplication of the groupoid X;.
We furthermore abuse notation by writing ¢ for each of the maps tfi ; defined in Lemma 3.2,
and by using the symbols p and o from Lemma 3.4 also for the maps ¥, x ¥; — U
given by p: f ,x, e = r(f)ando: f %, e — s(e).

Lemma 3.7. Suppose we are given a pair (X1, X) of twists and a homeomorphism
O: 3y x7 X1 — Xq *1 Xo. Then O is a factorization rule if and only if it satisfies Con-
dition (FT0) and the following diagrams commute:

( “ > U
2 /
Yo xT X1 i} 1 kT 2o (FTT')
| P
- > U

2 \\ L l
L D ;
E2 T El 7 E] T E2 ( /)

7 )

PP ,
idx My [}]
So*T (7 X)) —————— Ta*T X > X *T X2
(FT3/)
Py 5 ok B — X2 (B #7 By) kp Ty X
(Soxr Do) #1 B —— 22 Sor 3, e SRS N

(FT4)
e, Syxr Brar By — 0 Tiwp (Sp¥r zz)i"JXMz
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Lemma 3.8. If © is a twist factorization rule for (X1, X,), then there is a unique map
V: 8, X, G — § (X, G that makes the diagram

P

22 XxT 21 > 21 *T 22
S 2
fZ*le e/ I*Zf/
A I M2 (3.1
(m2(f). 1(e)) (m1(e). ma(f")
G (X, 61 . > 91 X, G
commute. That is,

W(m2(f).mi(e)) = (M0 P)(f ,*,e). (3.2)

Moreover, WV is a factorization rule for (§1,8,) as in Lemma 2.2.

Proof. First, we must check that Equation (3.2) determines a well-defined map W. If f €
3, and € € ¥ are such that 7w, ( /) = 72 (f) and 71 (€) = 71 (e), then there exist z,w € T
such that f =z - f and € = w - e. By Condition (FT0), this means that

(D(fz*lé) =ZWw- cD(f 2*16).
Forany a € ¥1,b € X,, we have

Mi2((z - a) %, (w-b)) = (n1(z - a), ma(w - b)) = (w1(a), m2(b)) = My2(a *,b).

so that
Hl,Z(q)(f 2%1 é)) = Hl,Z(q)(f 2*) e))
Thus, W only depends on (72 ( f), 71(e)), not on f and e.

Since ® is a homeomorphism, we can exchange the roles of 3; and ¥, and conclude
that the above argument yields a map §; (X, 9, — &, (X, §; that is clearly inverse to W.
Since all maps of Diagram (3.1) are open and continuous (see Lemma 3.3), we conclude
that W is continuous and open (by an application of Fell’s criterion [37, Proposition 1.1]).

Now fix (m2(f), m1(e)) = (g,Xx) € G2 (X, G1. If welete’ %, f' € 1 T 5 be such
that ®(f ,*,e) = e’ %, f’, then ¥(g,x) = (71(e'), m2(f’)). Since

(FTI) (FT1)

r(@ =r(f) = r() and s(x)=s() = s(f),
Condition (FG1) holds. We have
W(r(e), mi(e)) = (M2 0 B)(r(e) ,,¢) "= Mia(e %, 5(e)) = (1(e), s(e))

and

(FT2)

W(m2(f)s(f)) = (M2 0 @) (f %,5(f)) = Mia(r(f) %, f) = (r(f). m2(f)),
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so W satisfies Condition (FG2). If 771 (€) € s(e)%;, then

W(ma(f), 11(€)) = (T2 0 B)(f %, (¢8)) ‘T T1o(c” @ D(f ,%,8))
= 7T1(€/) ° (Hl,z o ©)(f/2*lé) = ”1(6/) b ‘I’(ﬂz(f,), ﬂl(é)),

proving that Condition (FG3) holds. Likewise, Condition (FT4) implies Condition (FG4).
Therefore, W is a factorization rule for (6, 5,). [

Remark 3.9. Since VW is a factorization rule, it follows from Lemma 2.2 that (&1, §,) is
a matched pair and from Equation (2.2) that the two-way actions > and < are encoded in
the formula

Y(g,x) =(g>x,g<Xx). 3.3)

If we think of §; < §, as an internal Zappa—Szép product, then the map II;, from
Lemma 3.3 can now be written as

M 2: 21 %7 Zp = §1 G, e x, f—m(e)m(f),
and we furthermore get a second map
My 1: X %7 21 > G185, [ x e m(f)mi(e).
Considering how W was defined (Equation (3.2)), we can thus rewrite Equation (3.3) as

(M2 0 @) (f ,%,€) = (m2(f) > mi(e)) (m2(f) <mi(e)) = Mo (f %, €).  (3.4)

so that IT, ; is a continuous, open surjection.

Since multiplication in §; >< &, entirely captures the factorization rule W (see Equa-
tion (2.3)), we can now deduce the following.

Corollary 3.10. Suppose we are given a matched pair (61, 9) of groupoids with factor-
ization rule W, and a matched pair (21, X,) of twists with factorization rule ®. Then ®
induces V (via Lemma 3.8) if and only if I11 5 o ® = I ;.

The above leads to the following definition.

Definition 3.11. Given a matched pair (§;, §,) of groupoids and two twists X; — §;, we
say that a twist factorization rule ® covers §; >< 9, if ® satisfies Equation (3.4); in other
words, the given factorization rule for (§;, §,) coincides with the rule constructed from
® in Lemma 3.8.

Even though it is not defined as a two-way action as in the case of the external Zappa—
Szép product of groupoids, a twist factorization rule ® captures the essence of a Zappa—
Szép product structure, in full analogy to how the map W defined at (2.2) and its properties
entirely capture the data needed for the Zappa—Szép product §; >< §, (see Lemma 2.2).
The following example makes this more precise.



The Zappa—Szép product of twisted groupoids 15

Example 3.12. Consider the trivial twists X; = T x §; and assume that (§;, 5,) is a
matched pair of groupoids. We want to find a factorization rule ®: X5 *1 X1 — X; *1 2>
for the pair (X1, X5) that covers §; < G,. Let us denote the given factorization rule of
G > §, by W. Since ® must satisfy (FT0) (T-equivariance) and Equation (3.4) (see
Corollary 3.10 and Remark 3.9), there is not that much choice: ® must be of the form

D((z,8) ,*, (w, X)) = (w,y) *, (z¢(g.x),h) where (y,h) = ¥(g,x) (3.5)

for some map ¢: 9, (X, § — T. We will quickly argue here that ¢ = 1 does the trick.
(In Section 5, we will study the more general but still special case where the twists ¥; are
induced by 2-cocycles, and we will see in Proposition 5.5 that the choice ¢ = 1 is not the
only one.)

Recall that ¥ satisfies (FG2), i.e., U(r(x),x) = (x,s(x)) and (g, s(g)) = (r(g), g)
for all x € §; and g € §,; this means exactly that ® satisfies Condition (FT2). Clearly,
Condition (FG3) of W corresponds to (FT3) of @, and likewise (FG4) to (FT4).

Example 3.13 (One Fell line bundle). Suppose (91, §>) is a matched pair of groupoids
with unit space U and that X is a twist over §1; let L; = C x1 X7 be the associated line
bundle whose elements we write as

[A.e] = {(zA,Z-e):zeT}. 3.6)

Recall that L is a Fell bundle over the groupoid §; with projection map ¢1:[A, e] — 7 (e);
weletrp, = rg, oqq and p: LT — X the map that sends [A, e] for A > 0 to e or, more
generally, p([A, e]) = Ph(A) - e, where Ph(1) := A/|A| is the phase of A # 0.

If we equip &, with the trivial twist X, = T x &, then a factorization rule

[OX 22 *T El — El *T 22
as in Definition 3.5 contains the same data as a (&, 9,)-compatible §,-action on L
G ok Ly — Ly, (g.[A.e]) = g e],

in the sense of [12, Definition 3.1] (which also can be defined for non-étale groupoids; see
[14, Definition 4.1]). Indeed, given ®, we let

g™ [A.e]:=[A, f] where fissuchthat f x,(1,g <mi(e)) = ®((1.g),*,e),
and conversely, given a (97, §,)-compatible ¥,-action - on L, we let
O: Zykr Ty > Ty *T T, (2, 8),x,e > p(g[1.e]) %, (z, g <mi(e)).

A detailed proof of these claims can be found in Appendix A.

‘We now put a groupoid structure on the quotient space ¥ *T 3, using the factoriza-
tion rule .
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Proposition 3.14. Given a pair (X1, X,) of matched twists as in Definition 3.5 with fac-
torization rule ®, the following makes X1 x1 X, a locally compact Hausdorff groupoid
which we will denote by X1 ><i¢p Xp: with p and o as in Lemma 3.4, we declare the com-
posable pairs to be

(219 22)@ = {(€. 1) : 0(§) = p(n)}.

For an element e \*, [, we define its inverse as

(e, )T = @(f 7 xe7h). 3.7
Given a second element e’ x, f’ such that o (e *, f) = p(e’ *, '), define
(ex, ) %, f)=eod(f % e)e [ (3.3

The reader should compare Equation (3.8) with Equation (2.3), which shows the rela-
tionship between the product in §; >< §, and the factorization rule W.

Remark 3.15. We chose the notation X; t<i¢ X5 in place of ¥ > ¥ since the latter
notation could be confused with a Zappa—SzEép product of the groupoids ¥ and >,
forgetting their additional structure as twists over 1, §,, and since the groupoid structure
highly depends on ® (see Remark 5.6).

Before we prove Proposition 3.14, we first show that the multiplication map in Equa-
tion (3.8) can be written in some other forms.

Lemma 3.16. The multiplication map in Equation (3.8) can also be written as
(e, )€ %, [1) = e e O(f 0 @7(e' %, "))
=®(d 7 (e,x, f)ee)e [
Proof. Suppose ®~!(e’ *, f') = a ,*, b. We have by Condition (FT3) that

<I)(f 2% 8/) d f/ = <I>(fa 2*1b)-

Therefore,
ee (I)(f 2*161) i f/ =ee q)(f ° (az*lb)) =ee q)(f ° q)_l(e/z*l f,))
The other equality follows similarly. ]

Proof of Proposition 3.14. It is clear that the inversion formula at (3.7) is well defined. To
see that the multiplication formula at (3.8) is well defined, just note that Condition (FTO0)
implies that forall z,w € T,

[Z-e]o@([i-f]z*le/)of/

eod(f xe)e [
eo®(f k [w-e)e[w- f].
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Moreover, we can recover the range of an element e ;*, f € ¥ b<igp X5 as
(e %, [)(e %, /)71 = (e %, HP(f T, e7h)
=coe®(fed 'd(f ! x e ")) byLemma3.l6
=ece®(ff 7 % e7h)

:e.¢(s(e)2*1e_l) since s(e) = r(f)
=ce (e yxr(e) by Condition (FT2)
=r(e) *x,r(e), 3.9

and its source as

(€%, /)7 He x, /) = (7! %, 67D (e 1, f)
= ®(d7'D(f ! ,x,e7 ) ee) o f byLemma3.16

= q)(f_l 2*1r(f)).f since s(e) :r(f)
= () fT) e f by Condition (FT2)
=5(f)1*2s(f)~ (3.10)

In other words, the unit space of ¥; > X5 is given by
(Z1 40 £2)@ = {r(e),*,7(e) : e %, f € Ty *1 T2}
={s(f) *,8(f) 1e *, f € Ty x7 Ta}.
To prove that multiplication is associative, we take ej, e2,e3 € X1 and f1, f>, f3 € 2o

with appropriate ranges and sources so that the product (eq *, f1)(ez2 ,*, f2)(e3 *, f3)
makes sense. Denote ®( f1 ,*,e2) = ay *,b1 and O(f> %, e3) = a» ,*,b,. We have that

(Cex %, f1)(e2 %, f2))(e3 %, f3) = (e1a1 %, b1 f2)(e3 ,*, f3)
=e1ay e @(blfz PO 63) ° f3
=e1az e (@(bl 2*1612) [ bz) [ f3 by (FT4),

where the last equality follows from Condition (FT4) using ®(f2 ,*, e3) = az * b,. On
the other hand, a similar computation shows that

(e1 %, f)((e2 %, fa) (€3 %, 1)) = (1%, fi)(e2aa %, b2 f3)
=e1 @ D(f1 %, e2a2) @by f3
=e (a2 o O(by 2>I<1az)) ® by f3.

Both of these equal (ejaz) ® ©(by ,*,az) e (b2 f3), and thus the multiplication is associa-
tive.

We have already seen in Lemma 3.1 that the space is locally compact Hausdorff.
Continuity of the inversion and multiplication maps follows directly from openness and
continuity of the quotient map, from continuity of the inversion in 3; and 3, respectively
of the actions in Lemma 3.4, and from continuity of ®. [
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Now that we have a groupoid structure on ¥ ><i¢ X5, we must check that our inclu-
sion maps of Lemma 3.2 are homomorphisms.

Lemma 3.17. In the setting of Proposition 3.14, the maps L%,z and Liz of Lemma 3.2 are
groupoid homomorphisms and the unit space of the groupoid X1 <l X, is homeomor-
phic to U. With this identification, range and source map are given by the maps from
Lemma 3.4, i.e.,

r(e *, f)=r(e) and s(e *,f)=s(f). (3.11)
Proof. If (e, e') € 2(2), then

L{,z(e)t},z(e’) = (e ,*,5(e)) (¢ ,*,5(e")) D, D(s(e) %, €') o s(e)

=ce QD(Lé,l(e’)) ) DL (e' 1>i<2s(e/)) es(e) = L}’z(ee/),

and
1 -1 -1 (3.7) —1\ (FT2) 1 -1
Ha(e) ™= (e ,%,5(0)) = B(s(e) k") = ],
One likewise proves that Liz is a homomorphism.

The maps Lil,zi Y; — X1 e X clearly coincide on U = 25") = Ego)' The resulting
map u — u *,u € X1 Mg X has inverse the map I1; » from Lemma 3.3 restricted to
(X1 <19 22)(0), which is continuous. This proves that u — u *,u € X1 < Xy iS an
embedding, i.e., a homeomorphism onto its image; we can henceforth identify the unit

space of X1 g X with U. The claim about the range and source maps now follows
from Equations (3.9) and (3.10). [

We now prove that 31 ><igp X5 is a twist over the Zappa—Szép product §; < G,.

Theorem 3.18. Given a pair (X1, X3) of matched twists with factorization rule ® as in
Definition 3.5 over a pair (81, 9,), the sequence

J I
Tx‘ll—>211><1q>22—>§11><1§2,
where

Jzou) =z (uxu) = j1(Lu) x, 2(z,u) = j1(z,u) %, 72(1,u),

makes the groupoid X1 <l¢ X5 a twist over § <1 §,. We call it the external Zappa—Szép
twist.

Remark 3.19. In the setting where ¥ and X, are both trivial and the factorization rule is
the map at (3.5) (see Example 3.12), the groupoid we recover is (canonically isomorphic
to) the Cartesian product T X (§; < 9,).

Remark 3.20. By construction, the restriction (2 b<ig X2)|g; 1= 1'[1_12 (§;) of the exter-
nal Zappa—Szép twist to one of the closed subgroupoids §; of §; < &, is canonically
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isomorphic to X;. To be precise, in the following diagram, the dashed arrow is the obvious
map onto the i-th component, it is a groupoid isomorphism, and the diagram commutes.

(Z1 <9 X2)lyg,
% : H1,2|
T x U i~> 5.
X} E T

1

In particular, even though §; does not need to be open in §; >< &, (see Lemma 2.4), the
restriction of the Zappa—Szép twist to §; is a twist.

Proof of Theorem 3.18. We have seen in Proposition 3.14 that X; t<ip X, is a locally
compact Hausdorff groupoid and in Lemma 3.3 that IT; » is a continuous, open surjection.
To see that it is a homomorphism, note first that since 7, 7, are homomorphisms, we have

Mi2(ae (e, f)eb) =Tiz((ae) *,(fb)) = mi(ae) m2(fb)
= m(a)mi(e) ma(f)m2(b) = mi(a) M1 z(e %, f) ma (D),

which implies

My z(e *, f)nl,Z(e/l*zf/)

= [mi(e)ma(f)][m1(e)m2 ()] by definition of IT; »
= mi(e) Ma,1 (f ,*,€) ma(f") by definition of T,
= mi(e) (12 0 ®)(f ,*,€) m2(f') by (3.4)

= Hl,2(e o O(f %, ¢)e f/) by the above

= Mi2((e,*, ) %, /) by (3.8),

as needed.

Since the T -action on ¥ > X, is continuous (Lemma 3.1), the injective map J is
continuous. To see that j is a homomorphism, we first note that for appropriate u,v € U
andallz e T,

Ji(z,u)e (61*2f) = (]l(z,u)e) 1*2f =(z 'e)l*zf
=e %, (z- f) = e %, (f2(2,0)) = (e %, f) ® j2(2,0),

which are all equal to z - (e ;*, f) as defined in Lemma 3.1. Therefore,

([21 - u] 1*Zu)([zz - u] 1*2”) = j1(z1,u) @ <I>(u %[22+ u]) e 1o(1,u)
= z1 - ®(u,x, [22-u]) by the above
=z [22 - D(u %, u)] by (FT0)
= [z122] - (u %, u) by (FT2).
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Next, we show that the range of ; is Hilz(?l). Since I 5 (7 (z,u)) = 1 2([z - u] *,u) =
m1(z - u)ma(u) =u, wesee that j(T x U) < HIIZ(U). Conversely, ife ;x, f € HI_’IZ(U),
then 11 (e)m2(f) € U, so 1 (e) = m2(f)~!. Since §; N G, = U in §; ><1 G,, this implies
mw1(e) = ma(f) = u € U. Since X1, X, are twists, this implies that there exist z;,z, € T
such thate = j1(z1,u) and f = jo(z2,u). Therefore, e ;*, f = j(z1z2,u), which proves
that (T x U) 2 HIIZ(U).

It remains to show that the injective map ; is a homeomorphism onto its image. So
suppose {J(z,,uy)} is a net converging to j(z,u) in X1 b<ip X5; since it suffices for us to
show that a subnet of {(z,,u )} converges to (z,u) in T x U, we will frequently pass to
subnets in the following argument (or, in other words, without loss of generality assume
that the subnet we pass to is the net we started with). Since the quotient map is open
(Lemma 3.1), (a subnet of) {j(z,u,)} allows alift to anet {(e,, f3)} in X (X, X5 such
that ey — j1(z,u) and f — j»(1,u). Being a lift means that

ex %, fo = J(zaua) = j1(za,un) %, ja(1,up)

for all A, so the definition of the equivalence relation says that there exists w) € T such
that

ep = 1(Wrza,up) and  fi = ja(wp,up).
Since j; and j, are embeddings, the convergences f — j>(1,u) and ey — j1(z,u) thus
imply that (wy,u;) — (1,u) and (wyzy,uy) — (z,u) in T x U. We conclude that (a
subnet of) {(z,,u,)} converges to (z, u), proving that ; is an embedding. L]

Example 3.21 (One Fell line bundle; continuation of Example 3.13). Suppose again that
(%1, 6>) is a matched pair of groupoids with unit space U, and that X; is a twist over
g, with associated Fell line bundle L; = C x7 X;.If welet ¥, = T x &, be the trivial
twist, then we have seen that a factorization rule ® for (X1, X,) can be translated into
a (91, §)-compatible §,-action I on L;. By [12, Proposition 3.5], such an action gives
rise to a Zappa—Szép product Fell bundle B = (g5: L1 b<t &, — §; <1 §,) that encodes
the action; we claim that this bundle B is (canonically isomorphic to) the Fell line bundle
L that is associated to the Zappa—Szép twist X t<ip X,, whose elements are of the form
[A,e *x,(z,g)]for e C,e e ¥,z T,and g € %>.

If we denote the elements of L by [A, e], as before in Equation (3.6), then the total
space of B is defined as

L8, = {([)&,e],g) €L x8: le(e) = rﬁz(g)}

with the subspace topology of L x%,; the projection map g¢ maps ([, e], g) to (71 (e), g)
€ 91 > 9; the Fell bundle multiplication is given by

(A.el.g)([V.e.g") == ([r.el(g 1. €). (g < mi(e))g). (3.12)

where sg, () = rx, (¢/); and the *-operation is given by

(Aelg)” = (g7 Ael* gt amie)™).
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We show in Appendix A that the map
QL =Cxr (Z1<9 52) > L1 <G, [Le*,(z.8)] ([Az.e]l.g). (3.13)
is an isomorphism of Fell bundles.

We would like to point out that the paper at hand was motivated by our pursuit of the
Zappa—Szép product of two Fell bundles. Definition 3.5 suggests that an external Zappa—
Szép product should be thought of in terms of the factorization rule. An analogous map
can be defined in the more general setting of Fell bundles. We shall leave the construction
of the Zappa—Sz€p product of two Fell bundles to future work.

4. The internal Zappa—-Szép product of two twists

We now turn our attention to the other face of a Zappa—Szép product: the internal product.
Definition 4.1. An internal Zappa—Szép structure for a twist (X, j, ) over a groupoid §
with unit space U is a tuple (X1, X,) of two closed subgroupoids of X such that

1) ¥=%;-%;and

I2) 1N Zy = (T xU).

Compared with the internal Zappa—Szép product of groups (see also [7] for groupoids),
Condition (I1) is a natural replacement of the condition that a group is a product of its two
subgroups (see Condition (1) in the introduction), and Condition (I2) is the analogue of
the intersection of the subgroups being trivial (Condition (2) loc. cit.). Indeed, in order for
each X; to be a twist itself, it must contain a copy of j(T x U), so this is the smallest

intersection one can impose on these two subgroupoids ;.
We first outline several properties of the internal Zappa—Sz€p structure.

Lemma 4.2. Suppose (X1, X») is an internal Zappa—Szép structure for a twist (X, j, )
over a groupoid §. Then the following hold fori = 1,2.

(13) (X2, X1) is also an internal Zappa—Szép structure for (X, j, 7);

14) 3 = 7717 (%,)) and ¥ = U;

(I5) & := n(%;) is a closed subgroupoid of §;

16) & =6, < G,;

(I7) the triple (%;, j, |x,) is a twist over §;;

(I8) the map X; ;x, Xj — X, (e, f) > ef, is open.
For (f,e) € 3y (x, X1, we further have the following.

(19) There exist (¢/, f') € 1 (X, X such that fe = ¢’ f'.

(I10) The choice of (¢’, f') in (19) has only one degree of freedom, to be more precise,

{(". f eSS, Tt fe=e"f"y ={(z-¢.Z- f'):z €T}
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1,-1

Proof. (13) Fore € X, use (I1) to write el =eje, forsomee; € ;, sothate = ey
and hence ¥ = X5, - X4.

(I4) The containment ¥; € 7~ (7 (Z;)) is obvious. For the reverse containment, note
that (12) implies 7 (T x U) € %;, so in particular, 21(0) =X Since ¥; is a subgroupoid,
we further conclude forany e € ¥; and z € T thatz - e = j(z,r(e))e € X;, which proves
i 2w (@ (Z))).

(I5) Since 7 is a groupoid homomorphism, §; is a subgroupoid. Now suppose {g}
is a net in §; that converges to w(e) = g in §. Since 7 is open, Fell’s criterion [37,
Proposition 1.1] says that (a subnet of) {g,} can be lifted under 7 to a net {e;} in X
such that e — e. As (e;) = g € &, we have ej € 771(§;) = X; by (14). Since X;
is closed by assumption, the limit e of the net must be contained in X;, which proves that
7(e) = g is contained in 7 (X;) = §;, as claimed. (Coincidentally, this proof also shows
that 7; := r|xg;: ¥; — §; is an open map, which we require for (17).)

(I6) Since §; is a closed subgroupoid of the locally compact Hausdorff groupoid ¥
by (I5), it is itself locally compact Hausdorff. Since  is a groupoid homomorphism, it
follows from Condition (I1) that

€

§=n(Z) =n(Z1 %) =7(Z1) 7(%2) =% %.

Note that

GHNG=m(E)Nr(T2) =7 NZ) Zr((TxW) 2 U @)
This implies that every element k € § has a unique decomposition as a product k = xg
with x € §1, g € §,. By [7, Proposition 7], § is therefore the internal Zappa—Szép product
g = gl > gz.
(I7) By the same argument as in (16), ¥; is a locally compact Hausdorff groupoid. The
maps j; := j: T x U — X; € X and &; are clearly continuous groupoid homomorphisms.
Since

AW =2 WnE 2T xwns Erxu) 'S W),

we conclude that the subspace topology that 7, L(U) = 7~ 1(U) inherits from X; is iden-
tical to the topology that it inherits from X. In other words, j; satisfies (T'1) because j does.
Furthermore, (T3) clearly holds as well by assumption on (X, 7, 7). Since we have seen
in the proof of (I5) that m; is open, we have shown all conditions listed in Definition 2.1.

(I8) Suppose that {0} } is a net in X that converges to e f fore € X;, f € X;; it suffices
to lift a subnet of {01} under the multiplication map to nets {e}} in X1 and {f]} in X,
such that ¢; — e and f; — f. By (I1) (applied to either (X1, X5) or (X2, X1), using
(I3)), for every A, there exists e; € X; and fj € X; such that o) = e, f). Since 7 is a
continuous groupoid homomorphism, we have

n(ep)n(fa) = m(oa) = w(ef) = n(e)n(f)
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ing. Asm(ey) € G and 7 (f)) € G, this implies together with (16) that

w(ey) = n(e) and n(fy) — 7 (f).

Since 7 is open and since we can pass to a subnet, there exist without loss of generality
z),wy € T such that
zp-ey —e and wy - f > f

By compactness of T (and since we can pass to subnets), we can without loss of generality
assume that z; — z and w) — w for some z, w € T; in particular,

ey i=z-¢,=(27;) (zy-ex) > (zZ)-e=e
and
Li=we fi = (wwy) - (wy - fi) > (ww) - f = f,

so that
ef < (z-ep)(w- f1) = (zw) -0y — (zw) -ef.

In particular, zw = 1 as ¥ is Hausdorff. By (I4), the net {(e}, f})} is in X; (x, X,
converges to (e, f), and since zw = 1, it satisfies

esfi=(z-ep)(w- fo) = (zw) - (es fo) = oa.

This proves that the surjective map X; (x, X; — X, (e, f) — ef, is open.

(19) Since (f,e) € X, (X, X1, we see that w(fe) is an element of &, - §;. Since
§ = &) < G,, there exist unique g; € §; such that 7 (fe) = g1g2. Wecan let f; € &;
be any lifts under 7; of g;. Since 7 (fe) = g1g2 = 7 (f1 f2), there exists a unique z € T
such that fe = (z- f1) f>. Note that e’ :=z - f; € X1 and f' := f, € X5, so we have
written fe as a product of an element in X and X5, as claimed.

(T110) We clearly have 2. For the converse containment, assume fe = e” f”. Then
e"f" =¢ f', sothate’ 'e” = f'f”"!is an element of £; N =,. By (12), this means
that there exists z € T such that z - ¢’ = e¢” and z - f" = f’. [

As in the case of any construction of a Zappa—Szép product (e.g., [7, Proposition 7]
and [25, Proposition 3.13]), the external and internal Zappa—Szép structures are, in fact,
two sides of the same coin. The same is true for our Zappa—Sz€p twists, as is summarized
in the following main theorem of this section.

Theorem 4.3. There is a one-to-one correspondence between internal Zappa—Szép struc-
tures (Definition 4.1) and matched twists (Definition 3.5). To be more precise:

(1) A pair (21, X2) of matched twists with factorization rule ® is an internal Zappa—
Szép structure for the external Zappa—Szép twist (X1 ™o X2, J, [11,2) of Theo-
rem 3.18.
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(2) Forany internal Zappa—Szép structure (X1, %5) of a twist (X, J, ) over a groupoid
G, the map ®: X5 xT X1 — X1 *T X5 determined by

O(f yx,e) =¢ *,f whenever fe =¢'f"in X,

is well defined. It is furthermore the unique factorization rule for (X1, ¥,) that
covers § = m(X1) > w(X,) such that the map

Yi<g Xy —> X, ek, fef.

is an isomorphism of twists, meaning that the following diagram commutes.

I
1 <gp 2o #) ﬂ(E])MT[(Ez) > ()C,g)

/
\)

In Part (1), one could be pedantic and say that (t] ,(X1), (7 ,(22)) is the internal
Zappa—Szép structure for (X b<g X2, 7, I11,2), but courtesy of Lemmas 3.2 and 3.17, we
can identify ¥; with its homeomorphic, closed image L’II,Z(E,-).

T xU

M 4------
%

— > xg

Proof. (1) Suppose (X1, ¥,) is a matched pair of twists with factorization rule ®. By
Lemmas 3.2 and 3.17, 3¥;, ¥, are (homeomorphic to) closed subgroupoids of A :=
Y1 g Xa. Since

e, f=ce (s(e) 1*2V(f)) ef=ce <I>(s(e) % r(f)) e /' by Remark 3.6
= (e #,5)(r(f) %, f) = L},z(e)‘%,z(f),

we see that A = 11,2(21)1%32(22), i.e., Condition (I1) is satisfied. Moreover, an element
of A is in L%’Z(Zl) N L%’z(zz) if it can be written both as e *,s(e) for some e € X
and as r(e) ,*, f for some f € X,; in particular, there exists z € T such that (e, s(e)) =
(z-r(e),z- f). We conclude that the ranges and sources of e and f are all the same element,
say u, so that we can write e = z - u = f and conclude that the element we started with
can be written as e ;*,s(e) = z - (u *,u) = j(z,u). This proves 1%52(21) N Liz(Ez) C
J(T x W), i.e., Condition (12).

(2) Suppose (X1, X») is an internal Zappa—Szép structure of a twist (X, 7, 7). Because
of (I9), we may use the Axiom of Choice to define a map $p: Xy (X, X1 — X1 (X, Zp
by letting it send a tuple ( f; ¢) to any element (¢’, f”) for which fe = ¢’ f/ in X. Now, if
®d(z- f,z-e) = (01,02), then

G162 =(z- )(Z-e)= fe=¢'f",

so that /715, = /651 € 1 N ;. By (12), this means there exists w € T such that
w-e =01 and w- 62 = f'. In other words, &7 *,02 = €’ %, f’ in E1 *T X5. This
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proves that ®( induces a map
o: 22 *T El —> 21 *T 22.

Thanks to (I9), this map is injective. And while &, was not unique, this map is.

To see that @ is continuous, assume that {£,} is a net in X, 7 X that converges
to &; it suffices to show that a subnet of {®(&;)} converges to ®(§). Pick any (e, f) €
¥, (%, X such that £ = e %, f. Since the quotient map ¢, ,; is open (Lemma 3.1) and
since we can pass to subnets, we can without loss of generality assume that there exists
anet {(e;, fa)} in Xy (%, X; such that £, = e, ,*, f1 and (es, f1) — (e, f); in par-
ticular e; f; — ef. Now pick any (o, u) € X1 (X, X, such that ef = opu. Since the
multiplication map X (X, ¥, — X is surjective by (I1) and open by (I8) and since
we can, again, pass to subnets, can without loss of generality lift the convergent net
{ex f2}, i.e., there exists a net {(o, 1p)} in Xy (X, Xy such that (o3, uy) — (o, ) and
oapx = ey fi. The latter means exactly that ®(§;) = o0 ,*, (2, and the former implies
that ®(§)) — o ,*, u = ®(§). This proves that ® is continuous.

Since (X5, 1) is also a matched pair by (I3), the same argument yields an injective
continuous map X; *T X, — X *T 21 which, by construction, is inverse to ®, so P is
a homeomorphism. We claim that @ is a factorization rule, i.e., satisfies the conditions in
Definition 3.5.

If @ (e, ,*,e1) =01 ,*,02, then exe; =07 07 by definition of ®. This implies (z-e3)e; =
(z - 01)02, so that ®((z - e2) ,*,e1) = (z - 01) ;*,02 = z - P(ez ,*, e1), proving Condi-
tion (FTO0). Condition (FT1) follows from r(f) = r(fe) = r(e’' f’) = r(e’) and s(e) =
s(fe) = s(e’ f') = s(f’). Since es(e) = e = r(e)e, we further get Condition (FT2).
Lastly, if f; € 3; with appropriate range and source, then since (ee;) fi = 01(02 f1) and
fa(eaer) = (f201)02, we conclude that

D(ez,%,e1 /1) = 01 0 P(02,%, f1) and D(frez,% e1) = O(f2,%,01) @02,

which proves Conditions (FT3) and (FT4), so that ® is indeed a factorization rule and
(24, ¥p) is a matched pair of twists.

It remains to prove the claim about the map e *, f +> ef". It is well defined since cen-
trality of the T -action on X implies e;e; = (z - e1)(Z - e3). It is now easy to check that the
map is a groupoid homomorphism. It is a bijection by Lemma 4.2 (I10) (the only degree
of freedom was the choice of T). The isomorphism is continuous (respectively open)
since the quotient map is open (respectively continuous) and the map X X, ¥, — X,
(e, f) — ef, is continuous (respectively open by (I8)). It is obvious that the diagram
commutes since 7 is a homomorphism. ]

As mentioned earlier, the Zappa—Szép product §; >< G, of two groupoids is canoni-
cally isomorphic to &, < §;. A similar results holds for twists:

Corollary 4.4 (cf. [7, Corollary 9]). Suppose (X1, X2) is a matched pair of twists with
factorization rule ®: Xy x7 X1 — X1 *xT Xp. Then (X5, X1) is a matched pair of twists
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with factorization rule ®=1. Moreover, ® and ®~' are groupoid isomorphisms that make
the diagram

X g Xo -
o T
T x U o 1ot 91 09,
22 Dgp-1 21

commute. In other words, the associated external Zappa—Szép twists are isomorphic as
IWists.

Proof. Letus write X := X b<ip 2. Since (X1, X5) is a matched pair of twists, it follows
from Theorem 4.3 (1) that (X, X) is an internal Zappa—Szép structure for (X, j, I1; ).
Thus by (I3), (X2, X1) is also an internal Zappa—Szép structure for (X, 7, I1 ). By Theo-
rem 4.3 (2), this implies that (X,, X;) is a matched pair; it remains to find its factorization
rule.

Since the multiplication of X given at (3.8) is constructed exactly such that

L%,z(f)L},z(el) = (r(f) 1%, f)(e 1*2S(e)) = @(f 2*16)’

we can conclude two things: Since the factorization rule ®": Xy *1 Iy — X5 *T X
associated to the matched pair (2, X1) is determined by sending ¢ %, € X *1 X,
to the unique element f *,e € X, 1 X; for which o = fe in X, it follows from
opu = fe = ®(f %, e) that & must indeed be given by ®!. Secondly, the isomorphism
from ¥, 1 X; to ¥ = X b<dg X, that Theorem 4.3 (2) gives us, is exactly the map ©. m

5. Zappa-Szép product of 2-cocycles

One natural way of constructing twists over groupoids is via 2-cocycles. Recall that a
(normalized, T -valued) 2-cocycle on a groupoid § is a continuous map ¢: €@ — T such
that c(r(g),g) = 1 = c(g, s(g)) and such that the cocycle identity holds:

c(g. hk)e(h, k) = c(gh,k)c(g, h) forall (g,h, k) € €. (5.1

Such a 2-cocycle defines a twist X, as follows. As a topological space, X, is just T x &,
and its composition and inversion is defined for (g, /) € §® and z,w € T by

(z.8)(w.h) = (c(g.h)zw,gh) and (z,g) ' = (zc(g.g71).g").

If we let U = ¢, then the central groupoid extension is given by
Txu s g
In this section, we study the Zappa—Szép product of two twisted groupoids arising
from 2-cocycles. We start with a matched pair (67, 9,) of groupoids, each of which carries
a continuous 2-cocycle ¢;.
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Definition 5.1. We call a continuous map ¢: §, (x, § — T a cocycle connector for the
pair (c1, cz) if the following hold.

(CCl1) Forall g € G, and x € &1, p(r(x),x) =1 = ¢(g,s(g)).
(CC2) Forall g € §, and (x, y) € 91(2) such that s(g) = r(x), we have

p(g.xy)e1(x.y) = @(g. x)p(g < x. y)er(g > x. (g 9x) > y).
(CC3) Forall (g,h) € ﬁz(z) and x € §; such that s(h) = r(x), we have

@(gh,x)c2(g. h) = @(h, x)p(g. h > x)ca(g < (h > x), h < x).

Definition 5.1 should be compared to [25, Definition 7.12]; a cocycle connector ¢
corresponds in spirit exactly to their map ¢;,1, even if their set-up is rather different from
ours.

Remark 5.2 (Sanity checks). The reader is encouraged to check that the components in
Conditions (CC2) and (CC3) make sense. For (CC2), for example, one requires Condi-
tions (ZS8), (ZS2), and (ZS7) of the matched pair (&1, §,) as listed in Section 2.2.

Example 5.3. If c;, ¢, are the trivial 2-cocycles, so constant 1, then the constant map
(g, x) = 1 is always a cocycle connector.

Example 5.4. Let §; = §, = Z act trivially on each other, and fix § € R. The map
¢: 6 x G — T given by (m, n) — e*¥9™" js a cocycle connector for the trivial
2-cocycles on §; and §,.

‘We now prove that matched twists from 2-cocycles come precisely from cocycle con-
nectors.

Proposition 5.5 (External Zappa—Szép twist for 2-cocycles). Suppose (61,9,) is a matched
pair of groupoids with continuous 2-cocycles c;. Then (Z.,, Z,) is a matched pair of
twists (Definition 3.5) if and only if there exists a cocycle connector for (c1, c2) (Defini-
tion 5.1). Indeed, the factorization rule ®: X, *1 Lo, — X¢, *T X, that covers §; 1§,
and the cocycle connector ¢: 9, (X, § — T are related by the formula

D((1,8) %, (1,x)) = (1, g > x) %, (p(g. x), g <x) (5.2)

forall (g,x) € & (x, §. In this case, the map

c:(6109)@ 5T, c((x1,81), (x2,82)) = c1(xX1, 81> x2) (g1, X2) ¢2(g1 <1 X2, g2),

is a 2-cocycle on Gy <1 &, and the twist X, it induces is canonically isomorphic to the
external Zappa—Szép twist X, <o X, from Theorem 3.18.

Remark 5.6. Example 5.3 shows that cocycle connectors are very much not unique, and
that different choices of cocycle connectors can lead to non-isomorphic twists. Conse-
quently, Proposition 5.5 shows that there is likewise no uniqueness of twist factorization
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rules, even if the twists X, X, are trivial and even if the two-way actions of §; and §, on
one another are fixed.

Proof. Write X; = X, , and suppose first that ®: X, *1 X1 — X *T X5 is a factorization
rule for the pair (21, 2,). For any fixed (g, x) € 9, (%, %, it follows from Equation (3.4)
in Remark 3.9 (see also Example 3.12) that there exist zq,z; € T such that

D((1,8) *, (1,x)) = (21,8 > X) ¥, (22,8 4 X). (5:3)

Since (z1,g > x) = z1 - (1, g > x), the balancing in ¥ %1 X, allows us to turn Equa-
tion (5.2) into Equation (5.3) by defining ¢(g, x) := z;z,. Note that ¢ is well defined:
the elements (1, x) and (1, g > x) of &; have no other representatives with 1 in the first
component, so that g, x and the product z; z, are uniquely determined.

Observe that, because of Condition (FT0), we can generalize Equation (5.2) to

D((z,8) %, (w,x)) = (z,g > x) *, (¢(g, X)w, g <x) (5.4)

To see that ¢ is continuous, let

U= Ty ez, (18 > x) %, (1, g <x)).

Using that X1 p<g X5 is a twist over §; <1 §,, we rewrite Equation (5.3) to

(g, x),u) = D((1, 8) %, (1,x))[(1,g > x) %, (1, g ax)] .

In other words, if prp: T x U — T denotes the map (z, u) +— z, then

0(g.x) = (prp o ;") (@((1. g) %, (L. X))[(1. g b x) %, (1, g <x)] ).

This shows that ¢ is built from an array of continuous maps (multiplication and inver-
sion of ¥; ><p X, are continuous and j is a homeomorphism onto its image; Proposi-
tion 3.14), so that ¢ is itself continuous.

Now take g € (§,);. Then

o(u.g) =1 < O((1.8) y*, (L.u) = (1. g>u) *,(1,g qu).

With (ZS10) and (ZS6), we rewrite the right-hand condition to arrive at:

pu,g) =1 <= O((1,2),* (1,w) = (1,v) *,(1, ). (5.5)

The right-hand equality is indeed satisfied by Condition (FT2) for i = 2, so the first half
of (CC1) holds. The second half follows analogously from Condition (FT2) fori = 1.

To see that (CC2) holds, fix g € 9, and (x, y) € ﬁl(z) such that s(g) = r(x); if we
let z :=c1(g > x,[g <x]>y)and w := cq(x, y), then we must verify that ¢(g, xy)w =
(g, x)p(g < x,y)z. By Equation (5.4), we have

D((1,8) %, (1,x)) = (1, g > x) %, (p(g. x), g < x),
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so it follows from Condition (FT3) that

D((1,8) %, (1,x)(1.y)) = (1,g > x) e D((p(g. x). g <x) %, (1, y)). (5.6)

We will compute both sides of this equation. For the left-hand side, we use in the first step
that w € T is such that (1, x)(1, y) = (w, xy) and we use (ZS8) in the last step:

D((1.8) %, (1,x)(1,y)) = ((1.8) ,*, (w, xy))
= (1.g>xy) *, (p(g. xy)w, g <xy) by (5.2)
= (L (g x)([g ax]>y)) %, (p(g. xy)w, g <xy). (5.7)

For right-hand side of Equation (5.6), we first write

o~

(5.4)

(g <x]>y) %, (p(g ax.y).[g<x]ay)
(Zé:l)(

D((1, g <x) %, (1,))
Llgax]>y) %, (p(g <x, ), g <xy),
so that
D((p(g. %), g <x) %, (1,9) = (p(g. %), [g 9x]> ) %, (p(g <X, ¥), g axy). (5.8)
The definition of the multiplication in ¥, = X, and the definition of z tell us that
(Lg>x)(e(g, x),[g <x] > y) = (z0(g. x), (g > x)([g < x] > y)).

Combining this with Equation (5.8), the right-hand side of Equation (5.6) becomes

(z0(g.x). (g > x)([g <x] > y)) *, ((g < x.¥). g < xY)
= (1, (g>x)([g ax]>y)) %, (z0(g, V)p(g <X, ), g < xy).

Comparing this to the left-hand side of Equation (5.6), which we have computed in line
(5.7), we conclude that we must have

(g, xy)w = zp(g, x)p(g <x,y),

which is exactly Condition (CC2). One shows Condition (CC3) analogously, invoking
Condition (FT4) in place of (FT3).

Conversely, assume that we have a cocycle connector ¢. We define ® by the formula
at (5.4); we get Condition (FTO0) (T -equivariance) for free. The map

G X, G > G X, 5, (g.x)—(grx,g<ax),
has inverse given by

f161 X, 8 > X, 5, (.h— ([h_1 < y_l]_l, [h_1 > y_l]_l).
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If we let prg, denote the projection map 91 <18, — §;, then it is easy to check that

O ((z.y) %, (w, b)) = (z.prg, (f(y. 1)) %, (0 (f (v. W) w. prg, (f (. h))).

As a concatenation of continuous maps, we see that ® and &1 are continuous, so ® is a
homeomorphism.

Condition (FT1) follows directly from the definition of ® from ¢ (Equation (5.4)) and
from the Zappa—Szép product conditions on §; ><1 5:

(ZS2)
r,(2,8) =rg,(g) = rg(grx)=rg(z,g>x)

and
(Z85)
55, (0, x) = 55,(X) = 56,(8 <x) = 55, (p(g. Y)w, g < x).

For (FT2), we compute

(Po Lé,l)(w,x) = ®((1,r(x)) ,, (w, x))
= (1, r(x)> x) N (go(r(x),x)w, r(x) < x)
) (1,x) %, (w,s(x)) = (w,Xx) *, (l,s(x)) = L{,z(w,x),

where (F) follows from (ZS3), (CC1), (ZS11). Likewise

((D o L%,l)(zv g) = L%,Z(Z, g)

For (FT3), we must prove that Equation (5.6) holds. We amend the computation we
have done in Equation (5.7), where as before w :=c;(x,y) and z :=c1(g > x,[g <x] > y):

O((1.8) %, (1L.x)(1.y) Z (1. (g & x)([g <x] > ¥)) %, (9(g. xp)w. g <xy)
= (l,g>x) e (Z,[gax] > y) *x, (p(g, xy)w, g <xY).
To conclude Condition (FT3), it now suffices to prove
D((p(g. %), g <x) %, (1, ) = (2, [g 9 x] > y) 1%, (p(g, xy)w, g < xy).

Since (g, x)p(g < x,y) = (g, xy)wz by (CC2) and since & is T -equivariant, this is
equivalent to showing

D((1.g <ax) %, (1,y) = (L.[g ax] > y) %, (p(g < x, ), g 9xY).

But this is exactly the definition of ® at (5.4) once one realizes that g <xy = (g <x) <y
by (ZS4). Condition (FT4) is shown analogously, using (CC3). This concludes our proof
that @ is a factorization rule.

Since the continuous map

51915, > X e Xp,  (x,8) > (1,x) *,(1, ),
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satisfies (IT12 0 $)(x, g) = (x, g), it is a continuous section of the twist X1 ><ip 27, SO
this means that the function ¢’: (§; <1 §,)® — T given for (£, &) € (81 > §)@ by

c(€1.6) = s(51) 5(62) 5(6262) 7"

is a 2-cocycle on & >< G, and that X t<ip Xy = X, (cf. [17, Fact 4.1], [31, Proposi-
tion 1.1.14], [34, Remark 11.1.6]). We compute for & = (x;, g;):

s(€1)5(52) = (1,x1) e D((1, g1) ,*, (1, x2)) o (1. &2)
= (L,x1) o (1,81 > x2) *, (¢(g1,%2), 81 < x2) o (1,82) by (5.2)
= c1(x1, 81> x2) 9(g1, x2) €2(g1 < x2, 2)
(L x1[g1 > x2]) 1, (1, [g1 < x2]82)
= c1(x1, 81> x2) 9(81, x2) c2(g1 < x2, 82) - 5(£162).

which proves that ¢ has the claimed form. ]

Example 5.7. Using Example 5.4, we recover a very famous twisted group: By Proposi-
tion 5.5, it follows that

;22 x 2% > T, c(h, i) = e ifmm

is a 2-cocycle on Z?2. It is well known that the twisted group C*-algebra associated to this
2-cocycle is the rotation algebra, Ag.

In the case of an internal Zappa—Szép twist, the cocycle connector can be recovered
from the 2-cocycle directly:

Proposition 5.8 (Internal Zappa—Szép twist for 2-cocycles). Suppose c is a 2-cocycle on
a groupoid '§ such that (2., §) has an internal Zappa—Szép product structure (31, X7)
as in Definition 4.1; let §; := pr,(X;) < §. Then ¢; := c|g, is a 2-cocycle on ;, and the
map ¢: 9 X, § — T given by

p(g,x) = c(g, x)c(gr x,g <x)

is a cocycle connector for the pair (c1, c3).

If we want to think of ¥ < §, as an external Zappa—Szép product, then the above
displayed equation should be written as

0(g.x) = c((r(2).8). (x.5(1)))e((g > x.5(2)). (r(x). g 9 x)).

Proof. The fact that ¢; is a 2-cocycle on §; is obvious. The map ¢ is continuous as
concatenation of continuous maps; it remains to show the algebraic conditions listed in
Definition 5.1.

(CC1) Follows immediately since ¢ is normalized and since r (x) < x = s(x) by (ZS11)
and g > s(g) = r(g) by (ZS10).
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(CC2)Fix g € 8 and (x,y) € §1(2) such that s(g) = r(x). We compute

c1(x,y)p(g. xy) = c(x, y)e(g. xy)e(g > [xy]. g < [xy])

which, by the cocycle identity (5.1) (applied to the first two factors) and by (ZS8) (applied
to the third factor) equals

= [c(g. x)c(gx. y)]e((g > x)([g <x] > y), g < [xy]).

We compute the last factor, using the cocycle identity yet again:

c((grx)([g<x]>y). g <[xy])

=c(grx.(gaxI>y)(g<axy]))e(lg ax]>y. g alxyl)e(g>x.[g<x]>y)

which, since g < [xy] = (g < x) < y and thus ([g <x]> y)(g < [xy]) = [g < x]y by
Lemma 2.3, equals

= c(g > X, [g <1x]y)c([g ax]>y,g< [xy])c(g >x,[g<x]> y).

Again, we take the very first factor and apply the cocycle identity, followed by Lemma 2.3:

c(grx.[gax]y) =c((g>x)gax].y)c(grx,gax)c(g <ax,y)
=c(gx,y)c(grx,gax)c(g<x,y).

Combining all of these computations, we arrive at:

c1(x, y)e(g, xy) = c(g,x)c(gx, y)e(gx, y)c(g > x, g <x)

ce(gax.y)e(lgax]ey. g <fxyl)e(gr>x.[gax]>y).

The first row collapses to ¢(g, x), so that

c1(x,y)p(g. xy) = ¢(g.x)c(g ax,y)c([g < x>y, g <[xy])c(g > x.[g < x]> y)
= ¢(g. x)p(g 9x,y)c1(g > x, (g 4x) > y),

as needed. One proves (CC3) analogously. ]

6. Cartan pairs and C*-blends

Twisted groupoid algebras arise naturally from C*-algebras with Cartan subalgebras due
to the work of Renault [33]. There is an abundance of C*-algebras with Cartan subalgebras
thanks to the recent work of Xin Li [24], where he proved that every simple classifiable
C*-algebra has a Cartan subalgebra. In this section, we will apply our results to twisted
groupoids arising from Cartan pairs.
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One of our original motivations for this paper was to explore an internal Zappa—Szép
product structure of C*-algebras, similar to the internal Zappa—Szép product of groups.
The reader should recall the two ingredients (1) and (2) from the introduction for a group
K to be the internal Zappa-Szép product of two subgroups G, H. Given a C*-algebra
A with two subalgebras A;, A;, a good C*-analogue for A being “a product of A; and
A,” is precisely the notion of a C*-blend due to Exel [15, Definition 2.1]. Viewed this
way, [7, Theorem 13] is not surprising: the full groupoid C*-algebra C*(§; < §,) of
the Zappa—Szép product of a matched pair (§;, §,) is a C*-blend of the individual full
C*-algebras C*(%;) and C*(&,). In our first result of this section, Theorem 6.6, we gen-
eralize this result to twisted groupoid C*-algebras, both full and reduced.

In the last part of this section, we are then concerned with a partial converse: Given
a C*-blend, what properties are needed to realize the large algebra A as “a Zappa—-Szép
product” of its two subalgebras A, A>? At least if we want the algebras in question to
be (reduced twisted) groupoid C*-algebras, then in view of Kumjian—Renault theory, a
natural replacement of Condition (2) in this setting is that D = A; N A, be a Cartan
subalgebra in all of 4}, A5, A. Consequently, in Theorem 6.14, we prove that the twisted
Weyl groupoid associated to the Cartan pair (4, D) is exactly the Zappa—Szép product of
the twisted Weyl groupoids associated to (A1, D) and (A4,, D). We shall start with a brief
review of twisted groupoid C*-algebras and C*-blends. We refer the reader to [37] for a
detailed discussion on groupoid C*-algebras, and to [15] for more information regarding
C*-blends.

6.1. Twisted groupoid C*-algebras

Suppose § is a (locally compact Hausdorff) étale groupoid, and let X be a twist over § as
in Definition 2.1. Then we can give X a canonical Haar system induced by the system of
counting measures on § and the Lebesgue measure on T. On

C.(8:%) = {f €C.(X): f(z-e)=1zf(g), forallzeT, ec€ E},
this allows us to define a x-algebra structure by the convolution formula

fxgleh= > fleleTHgle)
m(e): s(e’)=s(e)
and the involution f*(e) = f(e™1).
Aside from the supremum norm || - ||, there are two other natural choices of norms

on C.(¢; £): For the reduced norm || - ||;, we first define for u € §© the representation
0, of C.(; ) on L%(§u; Tu) by

(Bu(NENE) = Y fleleTHE(e).
w(e): s(e’)=s(e)

and we then let

I fll::= sup Heu(f)H

uecg©
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Completing C.(§; X) in || - ||; yields the reduced twisted groupoid C*-algebra C}(§; X).
The other norm we consider is the universal or full norm || - ||, on C.(§; X):

Il flu := sup {HO(f) || : 6 is a x-representation of C,(§; Z)}.

The completion of C.(§;X) in || - ||, yields the full twisted groupoid C*-algebra C*(§; X).

Many of our arguments in this section will happen on the level of the dense *-subalge-
bra C.(G; X). The following lemma gives a (well-known) description of it. In the follow-
ing, we write

supp®(f) 1= fe € 3¢ f(e) # 0}

for the open support of a function f: 3 — C.

Lemma 6.1. Suppose X is a twist over a groupoid § and suppose that U is a base for the
topology of §. Then

Cc(§:3) =span{f € Cc(§: %) : w(supp®(f)) € U for some U € U}.

In particular, the span of such functions f is dense both in the reduced C*(§;X) and in
the full C*(§; X) twisted groupoid C*-algebra.

Proof. Our proof is similar to that in [34, Lemma 9.1.3], with changes accounting for
the twist. For any f € C.(§;X), we can cover the compact set 7z (supp( f)) with finitely
many elements Uy, ..., U, of U. Let {h; }}1=1 C C.(9) be a partition of unity subordi-
nate to {U; };’Zl and define f/(e) := h;(w(e)) f(e). As a pointwise product of contin-
uous, compactly supported functions, £/ is continuous and compactly supported. Since
w(supp®(f’)) € supp®(h;) € U; € U, and since f is T-equivariant and h; o 7 is
T -invariant, we conclude f/ € C.(§; X). Lastly, since we picked a partition of unity,
we have Y 7 f; = f, which finishes our claim. [

One reason why the above is so helpful is when it is used in conjunction with the
following, which greatly simplifies some computations.

Lemma 6.2 (see [34, Theorem 11.1.11]). Suppose X is a twist over an étale groupoid §.
If f € C.(8;X) is such that (supp®(f)) is a bisection, then

[f oo = 1A 1le = 1S llu-

There is one last tool that we will need later to be able to turn elements of C,.(X) into
elements of C.(¥; X); we thank Dana P. Williams for pointing us to this lemma which is
readily checked.

Lemma 6.3 (cf. [32, Lemme 3.3]). Suppose X is a twist over a groupoid §. For f €
C.(X), define T(f): X — C by

T(f)(e) = fT Zf(z-e)dz.

Then T is a || - ||co-decreasing, linear, idempotent, surjective map C.(X) — C.(§; X).
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6.2. C*-blend

We begin with some basic background on C*-blends and prove that the “Zappa—Szép-
twisted” C*-algebra of X1 t<ip Xp — &) > &, can naturally be realized as a C*-blend
of the twisted C*-algebras of the individual twists X; — §;. In the following, we use the
symbol © to denote the algebraic tensor product.

Definition 6.4 ([15, Definition 3.1]). A quintuple (B1,t1; B2, t2; A) is a C*-blend if
(B1) A, By, B, are C*-algebras;
(B2) eachj: Bj — M(A) is a *-homomorphism; and
(B3) the range of the map

11 ®t2: B ® By — M(A), b1 © by —~ L](b])tz(bz),

is contained and dense in A.

If 11 © (5 is injective, the C*-blend is called a C*-alloy. We call the C*-blend austere
if both maps ¢;, ¢, are injective with image contained in A. When the maps ¢, 1, are
understood, we may drop them and write the quintuple simply as a triple (By; Bz; A).

If (61, 9,) is a pair of matched r-discrete groupoids, then it follows from Lemma 2.4
that the subgroupoid §; of §; < &, is not only closed but also open; in particular, we
have a well-defined map C.(§;) — C.(§; < §,) that extends functions by 0 outside of
;. In the case of étale groupoids, this inclusion can be extended to the associated reduced
groupoid C*-algebras, even in the twisted setting:

Lemma 6.5. Suppose (61, 5,) is a pair of matched étale groupoids. Suppose further that
(X1, X») is a matched pair of twists with factorization rule ® that covers § = §; <1 §,;
let ¥ = ¥ 019 Yo be the external Zappa—Szép twist (Theorem 3.18). For i = 1,2, the
map

Ce(§i:Xi) — Ce(9:5)

that extends functions by 0, extends to an injective x-homomorphism
45:CX (5 %) > Cr (8 2)

of reduced twisted groupoid C*-algebras and to a *-homomorphism
$:C* (5 %) > C*(9; %)

of their full counterparts.

Proof. Lemma 2.4 implies that ; is an open subgroupoid of ¥ since §; is r-discrete.
Furthermore, by Condition (I4), we know that ¥; = 7 ~!(§;). The claim about reduced
C*-algebras now follows from an application of [5, Lemma 2.7]. For the full C*-algebras,
the claim follows directly from the universal property of C*(§;; X;) with respect to
x-representations of C.(§;; X;). [ ]
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Theorem 6.6. Suppose (61, 5,) is a pair of matched étale groupoids and that (X1, X5)
is a matched pair of twists with factorization rule ® that covers § = Gy <1 G,. With 1}, 1},
and 1y, 15 the maps from Lemma 6.5, the quintuples

(CH(£1:21),11: CL (£2: 22), 15: CL (61 1 65 T4 <o X))
and

(C*($1:21).11: C* (62: ). 15: C* (61 < 62 T p<ig )
are C*-blends. Moreover, the blend of reduced C*-algebras is austere.

Remark 6.7. Because of Theorem 4.3, we could have likewise said that any infernal
Zappa—Szép structure (X1, X») of a twist X gives rise to a C*-blend.

Remark 6.8. Applying Theorem 6.6 to the situation of trivial twists (see Remark 3.19),
we recover [7, Theorem 13]: the quintuple

(C*(gl), tli; c* (gz), L;; C*(gl > gz))
is a C*-blend.

Remark 6.9. If the unit space U is not a point, then the C*-blend of Theorem 6.6 is
not a C*-alloy. Indeed, take two distinct points u1, u» in U. Use Urysohn’s lemma to get
functions f1, f> € Co(U) with f;(u;) = 1 and f;(u;) =O0for j #i.Then fi f> = f2/1
in CX(§; X) even though f1 © f> # /> © f1in C!(§1; Z1) © C! (62; X2).

Example 6.10. One of the motivating examples of a C*-blend is the crossed product: if
(A,«, ) is a C*-dynamical system, i.e., & denotes an action of a locally compact group
I' on a C*-algebra A, then

(A;CI(T):Axg,T) and (A4;C*(T); A% ) (6.1)

are C*-blends. See [15, Proposition 3.4] for more details. (Exel proves it for the full
C*-algebras but points out that it likewise holds for the reduced.)

We can, of course, see some subexamples of this appear in our Theorem 6.6. For
instance, for a fixed 6 € R, define the 2-cocycle cg on the group § = Z? by

co ((mlva)s (nlvn2)) — e27ri9mzn1_

Using Examples 5.4 and 5.7, Theorem 6.6 yields that
(C*(Z x {0}); C* ({0} x Z); C*(Z?, cy))

is a C*-blend. To put this into the framework of crossed products, we identify C*(Z2, cy)
with the crossed product C(T') xg Z of Z acting on C(T') by rotation by 8: the *-isomor-
phism is determined by mapping the generators 81 g and §(o,1) of C¥(Z2 cg) =C*(Z? cg)
to the generators z38g and const; §; of C(T') %y Z, respectively. The above C*-blend then
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turns into
(C(T):C*(Z): C(T) xg Z),

which is an example of a C*-blend as in (6.1).

Proof of Theorem 6.6. Our proof will follow the ideas in [7, Theorem 13], making the
necessary (and quite subtle) adjustments to account for the twist.

Write § = §; > 9, and ¥ = X g Y. By definition, the maps ¢} and ¢} coincide
when restricted to the subalgebra of compactly supported functions: they extend functions
on the subgroupoid %; by 0 to functions on X. Let us therefore simply write

t = ez = tlcegizn: Ce(Gii i) — Ce(9: B),

independently of whether we regard its codomain C,(§; ¥) as a subalgebra of C (§; X) or
of C*(¥; X). We have seen in Lemma 6.5 that the maps ¢}, 5, are injective with codomain
C!(§; X), and that the codomain of ¢{, 5 is C*(§; X). Thus, it suffices to show that the
range of t; O (5 is dense in C (§; ¥) and in C*(¢; X).

By construction, the element f; ® f> := (i1 © 1)(f1 © f2) for f; € C.(G;; %)) is
given by

f1® for erex > fi(er) fa(e2)
of C.(9; X). We will bootstrap this to more general functions than equivariant ones:

For n € N*, let C.(§;; Zi; n) be the subspace of C.(X;) consisting of elements f;
for which fi(z-e) = z" fi(e) for all z € T and all e € X;. Given f; € C.(§;; X;;n)
(for i = 1, 2 and the same n), consider the continuous and compactly supported function
X1 (X, Xy — C defined by (eq, e2) — fi(e1) f2(e2). Since

fi(z-e1) f2(Z - e2) = 2" fi(er) 2" falez) = fi(er) fa(e2),

the function factors through a map ¥; *1 X, — C; it is continuous and compactly sup-
ported since the quotient map X (X, X, — X *T 2 is open and continuous. Since
the space X *T X, is homeomorphic to ¥ by Theorem 4.3 (1), we conclude that the
map f1 ® f2: X — T given by eje; — fi(e1) f2(e2) is an element of C,(X). We claim
that these elements form a uniformly dense spanning set of the commutative C*-algebra
Co(2).

Pick any e € X¥. By Theorem 4.3 (1) and Condition (I1), we know that e = eje; for
some ¢; € X;. Thanks to Lemma 6.3, we may pick f; € C.(;; X;) with f;(e;) # 0. Then
f1 ® frsatisfies (f1 ® f2)(e) = fi(e1) f2(e2) # 0, meaning that these functions separate
the points of ¥. By Stone—Weierstrass, they thus generate a uniformly dense *-subalgebra
of Co(X). For f;, f/ € Cc(%i: Zi), we have

(i@ f)-(fi®ef)=0U1-fHe(fafr)
As f; - fi’ € C.(%;; X;;2), we conclude by induction that the set

X:= |J {/i®Lf:fi € Ccl@iiZisn)

neNXx
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is closed not just under the involution but also under the (pointwise) multiplication of
Co(X), soits span is a uniformly dense *-subalgebra of Cy(X). To use span(X) to approx-
imate elements of C(§; ¥) in the reduced norm and elements of C*(¥; X) in the full
norm, we next must argue that it suffices to consider elements supported in preimages of
bisections.

Since §; is locally compact Hausdorff and étale, its topology has a basis of precompact
open bisections. In particular,

U = {U,U,:U; CV; €% and U;, V; are precompact open bisections} 6.2)
is a base for the topology of §. Thus, by Lemma 6.1,
span {f € C.(6:%): n(supp°(f)) C U forsome U € U}

is dense in C*(§; ¥) and in C*(§; ). To prove that ran(t; © t2) is dense in C*(§; X)
and in C*(§; X), it therefore suffices to approximate such dense spanning elements in the
reduced, respectively full, norm.

So suppose we are given f € C.(§; X) with m(supp°(f)) C UU,, where U; is
an open bisection of §; whose closure is contained in another open bisection V;. Fix
e > 0. If an element g € C.(§; X) satisfies m(supp°(g)) € V1 V2 and || f — glleo < &,
then Lemma 6.2 implies both || f — g||; < ¢ and || f — g[lu < &; thus, if we can find such
a g in the range of (; © (,, we are done.

Since span(X) is uniformly dense in Co(X), there exist finitely many n; € N* and
finite collections {f:j }i € Ce(8;; X5 nj) fori = 1,2 such that

Hf—Zflj@f;jHoo<8. 6.3)
J

To construct the element g € ran(t; © t3), we will now cut down the functions fij so that
they are supported in 771 (V; V3).

Let h; € C.(%;, [0, 1]) be identically 1 on U; and zero outside of V;, and consider
the pointwise product fl.j = (h; o) - flj . By construction, the open support of this
continuous function satisfies

SuPPO(f,'j) ca ' )N supp°(fl.j),

and is hence precompact by compactness of supp( f:’ ). Since h; o m; is T-invariant, we
conclude that fi] is, like fl.j , an element of C(¥;; X;; n;). Lastly, since 7 (supp®(f)) <
U, U,, it is easy to see that Equation (6.3) implies

Jj J
— . 4
lr-St e s, <o o
J
Now that we have adjusted the supports, the next step in our hunt for g in the range of

11 O Ly is to make the functions fi" T-equivariant. To this end, we will use the map T
from Lemma 6.3.
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Since f is T-equivariant, we have f = T'(f), so that for any e = eje; € X,

(F=21uh e )@ = [THe =Y T f @)
J J

- ‘ [ om-( [ e ee)te

J

< [re-a-Y R enfie)a
J

=/T\[f—ZfK@fzf](z-e)\dzq by (6.4).
J

and a second application of the same trick then shows that we have

lr=->ruhe T(.f;))jw <s.
J

AsT(f) € Cc(%i; i), the element
g:=> T(HHeT()
J

is in the range of ¢; © (5. Since

supp (T(f)) € T -supp®(f;)) € 2~ (Vh),
we have 7 (supp®(g)) € V113, and so as argued earlier, it follows from || f — glleo < €
that || f — g|l: < eand || f — g|lu < & which finishes our proof that the range of t; © (5 is
dense, both in C}(§; X) and in C*(§; X). L]
Consider the statement in Theorem 6.6 about reduced twisted groupoid C*-algebras
in the situation where §; < G, is effective. By Corollary 2.5, §;, 9, are effective as
well, so by Theorem 5.2 of [33], the three C*-algebras C}(%;; £1), C;($2; X2), and
C! (61 > §2; E1 g Xp) all share the same Cartan subalgebra, Co(U). Note that this
Cartan is exactly the intersection of the two subalgebras C}(&;; £1) and C}(&,; X7). It
turns out that this is no coincidence, as we will see in Theorem 6.14.

6.3. Cartan subalgebras and Weyl groupoids

Let us start by recalling some basic definitions of Cartan subalgebras and the associated
Weyl groupoid and twist.

Definition 6.11 ([33, Definition 5.1], [29, Definition 2.8]). Let A be a C*-algebra. A
subalgebra D is called a Cartan subalgebra if

(1) D is maximal abelian inside A;
(2) there exists a faithful conditional expectation from A4 to D; and

(3) the normalizer Ngy(D) = {n € A : ndn*,n*dn € D foralld € D} generates A
as a C*-algebra.
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By [33, Theorem 5.2] (see also [30, Theorem 1.2] or [18, Corollary 7.6] for the non-
separable case), any Cartan pair (A4, D) can be realized as (C,*(§; ), Co(U)), where
¥ — ¢ is a twisted groupoid with unit space U and § is étale and effective. Note that,
in particular, the space U is exactly the Gelfand spectrum U = D. The groupoids § and
% are called the Weyl groupoid and the Weyl twist, respectively. We will recall how to
construct this Weyl pair ¥ — § from (A4, D); one can refer to [33] for more detailed
discussions.

Fixn € Ny (D) Since D contains an approx1mate identity for A [29 Theorem 2.6]
and is closed, n*n is an element of D =~ Cy (D) In particular, for x € D, we may consider
n*n(x) € C and define

dom(n) := {x € D :n*n(x) > 0}.

By [17], there exists a unique homeomorphism «;,: dom(n) — dom(n*) such that for all
d € D and x € dom(n),

n*dn(x) = d(on(x))n*n(x).

Write
E = {(n,x) :n € Ngy(D), x € dom(n)} (6.5)

and define the following equivalence relations” ~ and ~ on E:

(n,x) ~ (m,y) ifx =y and there existd,d’ € D such that

d(x),d'(x) # 0and nd = md’;
(n,x) ~ (m,y) ifx =y andthereexistd,d’ ¢ D such that

d(x),d’(x) > 0and nd = md’.

The Weyl twist X of (A4, D) is defined as the quotient space E/=<. We denote the equiva-
lence class of (n,x) € E under = by [n, x]], and give X the structure maps

[m.oan()][n.x] = [mn,x] and [n.x]7" = [n* a.(x)].

The basic open sets for the topology are the sets Wy (n, U, V), indexed by n € Ng(D) and
opensets U € T and V' C D and defined by

Ws(n,U,V) = {ﬂzn,x]] zelU, xeVnN dom(n)}.

Similarly, the Weyl groupoid § is defined as the quotient space E/~; its elements are
denoted [n, x], and its structure maps are given by the same formulas as those for X,
replacing double-brackets with regular brackets. We give § the topology that makes the

2See [10, Proposition 2.2], which proves that the definition of ~ given here indeed coincides with that
given in [33].
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surjective map
» 5 g, [n,x][n,x],

continuous; it is automatically open. Note that the source of an element [, x] of X is
given by
s([n,x]) = [n*n,x].

As n*n(x) > 0, we see that the unit space U of X can be identified with D. More pre-
cisely, for x € D, choose any fy € D with f;(x) > 0. Then the map x — [ fx, x] is a
homeomorphism D — U. To realize X as a twist

TxU#Eig

over §, we let j(z,x) = [[f, x] where f € D is any element such that f(x) = z.

Remark 6.12. When describing a topology base for X, we do not actually need the lee-
way of an open neighborhood V around x € dom(n), as long as n is allowed to vary over
all of N4(D). Indeed, for any f € D and n € Ny(D), the element fn is also a normalizer.
Since [zn, x] = [z(nf).x] forany f € D with f(x) > 0, any element f € Co(D, [0, 1])
with supp®(f) = V yields

Ws(n,U,V) = {[z(nf).x] : z € U, x € V Ndom(n) = dom(nf)} = Wx(nf.U, D).

We will soon need the following easy corollary of [11, Proposition 4.1].

Lemma 6.13. If (A, D) is a Cartan pair and a set N € N4(D) densely spans A, then
every element of the Weyl twist can be written as [zn, x| for some z € T, n € N, and
x € dom(n).

Proof. Take any element e of the Weyl twist. It was shown in [6] that the element 7 (e) of
the associated Weyl groupoid can be written as [r, x] for some n € N. As w(e) = [n,x] =
7([n, x]), there exists z € T such thate = z - [n, x] = [zn, x]. L]

The main goal of this section is to prove the following theorem which can be under-
stood as a partial converse to Theorem 6.6.

Theorem 6.14. Suppose that (A1; Ay; A) is an austere C*-blend. Assume that D =
A1 N Ay is a Cartan subalgebra of Ay, Ay, and A; let ; — §; denote the Weyl pair
of the Cartan pair (A;, D), and ¥ — § that of (A, D). Then (X1, X3) is an internal
Zappa—Szép structure for 3. Moreover, the map ®: X x1 X1 — X1 *T 2o given for
m; € N; and x € dom(mamy) by

@([[mz,oeml(x)]] %, [[ml,xﬂ) = [[nl,anz(x)ﬂ %, [n2,x]  where mamyg = nins

for some nj € N;j and g € D with g(x) > 0, is the unique factorization rule such that
Y =~ X g 2o as twists.
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Notation. In the following, we will work in the setting of Theorem 6.14. We will let U =
D denote the Gelfand spectrum of D. As in (6.5), we let E be the set of representatives
for the elements of the Weyl pair

TxUSLsDg

associated to the specific Cartan pair (4, D) from Theorem 6.14.

If we add a subscript-j (j = 1,2) to any item, then we mean the corresponding item
for the Cartan pair (A, D). Lastly, we let Nj = Ny; (D) be the normalizers in A;. Note
that for all six groupoids that we are considering, the unit space can be identified with U.

Since the C*-blend is assumed to be austere, we can without loss of generality identify
A; with a sub-C*-algebra of 4. Thus N; € N4(D), and so E; € E. We will prove that
this implies that the Weyl groupoid and twist of (4;, D) are canonically isomorphic to
clopen subgroupoids of the Weyl groupoid § respectively the Weyl twist X of (4, D).

Lemma 6.15. In the setting of Theorem 6.14, the inclusion E; C E (j = 1,2) factors
through injective, continuous, open groupoid homomorphisms L]-ZI Y —Xand L}g: g, =8,
and we have L]-E(Ej) = n_l(tjg(‘gj)).

Proof. From the definition of the equivalence relation that gives rise to X and X;, it is
clear that two elements of E; are equivalent in E if and only if they are equivalent in E;.
In other words, the inclusion E; C E factors through a map

L= LJZ: Xi =%, [n.x]jv~ [nx].

Since Nj € N4(D), we have [n, x]; < [n, x]; the map ¢ is nevertheless injective. Since
the product and inversion of X; is exactly the product resp. inversion of X when restricted
to X, we conclude that ¢ is a homomorphism.

To see continuity, fix a basic open set W = Wx(n, U, 13) of ¥ (see Remark 6.12), i.e.,

W ={[zn,x] : z € U,x € dom(n)}

for some fixed n € N4(D), U C T open. Suppose that [m, xo]; € "1 (W), som € N;
and x¢ € dom(n) N dom(m), and there exist zg € U and f, g € D with

f(x0),g(x0) >0 and (zon)f = mg. (6.6)

By replacing g with gg* and f with fg*, we can without loss of generality assume that
g > 0 everywhere.
Since the function

T xsupp®(f) = T, (z,x) = zz0 f(x)/| ().

is continuous, the set

{(z.x) € T xsupp°(f) : zzo f(x)/| f(x)| € U} N'T x (supp°(g) N dom(n))
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is open. It furthermore contains (1, xo), as f(xo) > 0 and z¢ € U; in particular, there exist
open neighborhoods U’ € T of 1 and

V' < supp®(f) N supp®(g) N dom(n) € U

of x¢ such that, whenever (z,x) € U’ x V’, then zzo f(x)/| f(x)| € U. Fix any such (z, x)

and let f/ := (f(x)/|f(x)|) f and z; := zzo f(x)/| f(x)]. By choice of U’ x V', zq is
an element of U. We have

zinf’ = (220 f@)/| F ) (FR/ | f@)]) f = Gzonf L zmeg.

and since g(x), f'(x) > 0, this implies

[zm,x] = [z1n, x].
As zy € U, this shows that [zm, x] € W. In summary, we have shown that
{[zm.x]; :z € U',x € V' Ndom(m)} < " (W).

The set on the left-hand side is a basic open set of X;, and since U’ is a neighborhood of
1 €T and V' is one for xo € D, this basic open set contains [, Xo]lj. Since [m, xo]; was
arbitrary in .~ ! (W), this proves that .~ (W) is open in X;, i.e., ¢ is continuous.

To see that ¢ is an open map, just note that

t(({[zn.x]j : z € U,x € dom(n)}) = {[zn,x] : z € U, x € dom(n)},

meaning that basic open sets are mapped to basic open sets.

The same proofs go through for the map [, x]; — [n, x] on the level of Weyl groupoids,
so this map is likewise an injective, continuous, open groupoid homomorphism. (Alter-
natively, one can use that the surjective maps from the Weyl twists down to the Weyl
groupoids are open maps, and then invoke the above.)

For the last claim, take an arbitrary element [n, x] of 7' (:¥ (9;)). Then there exist
meN; and f,ge D with f(x)#07#g(x)suchthatnf =mg.If weletm’'=g(x)/f(x)m,
then

8 z(g(X)m) & . & _. [
g S Jelx) S fx)

Since N; is closed under scalar multiplication, we have m’ € Nj, so that Equation (6.7)
implies [r, x] = [m’, x] € «(X;) which proves n_l(tf (%)) < L].E (X;). The other inclu-
sion is obvious. |

6.7)

Since (¥ and (¥ are embeddings of topological groupoids, we will from now on iden-
tify §; and X; with their images in § and X, respectively. To see that § is indeed the
Zappa—Szép product of its subgroupoids §; and §,, we first check that their intersection
is trivial.
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Lemma 6.16. In the setting of Theorem 6.14, the intersection of the subgroupoids §, and
G, of § is the unit space U.

Proof. Assume that y € §; N 9, so we may write y = [n1, x] = [n2, x] withn; € N;
and x € dom(n;) N dom(n,). The equality says that there exists f; € D with fj(x) # 0
and ny fi = n, f>. Note that the left-hand side is an element of A, and the right-hand side
is an element of A, son; f; € Ay N Ay = D, and since x € dom(ny), this element of D
satisfies |(n1 f1)(x)|> = (n¥n1)(x)] f1(x)|*> # 0. To sum up, we have found an element
f1 € D with fi(x) # 0 and such that n; f; € D does not vanish at x, which means exactly
that y = [ny,x] € U. |

Proof of Theorem 6.14. Since the inclusion maps are open by Lemma 6.15, the sub-
groupoids §; of § are open. Since 771 (§;) = X, by Lemma 6.15, we conclude that
X; is likewise open. Once we have shown that (X1, X5) is an internal Zappa—Szép struc-
ture for X, then the remaining claims of Theorem 6.14 follow from an application of
Theorem 4.3 (2).

Since D is Cartan in A;, we know that N; densely spans A;. Combining this with
Assumption (B3) and a (finicky but easy) ¢/ k-argument, we conclude that the set

N :={nn, :m e N;}

densely spans A. Since N; € N4(D) and since Nq(D) is closed under multiplication,
we conclude that N € Ng4(D). Since N; is closed under scalar multiplication, it now
follows from Lemma 6.13 that any element of ¥ can be represented as [n175, x| for some
nj € N;. Fix one such element.

Since 17 and n, are both normalizers of D, the fact that [nin;, x] € X in particular
means that

x € dom(nyny) = {y € dom(ny) : au,(y) € dom(nl)}, (6.8)
SO we can write

[nin2,x] = [n1.0m,(x)] [n2. x].

This shows that we can decompose the arbitrary element [r17,, x]] of X into the product
of elements [n1, oy, (x)] € X1 and [n,, x]] € Xy, i.e., Condition (I1) holds.

Since (X, 7, ) is a short exact sequence, Condition (I12) is equivalent to showing that
m(21) Nw(XZ,) € U, which we have done in Lemma 6.16. It remains to show that 3; is
closed in X; we will do so for i = 1, as the other proof is analogous. In a nutshell, our
proof uses Condition (12) and the fact that 7 (T x U) = 7~ 1(U) is closed in .

Assume {[n;, x, ]} is a net of elements in ¥ that converges to an element [n1n,, x|
in X, where n; € N;. Then for any fixed neighborhoods U C T of 1 and W C dom(nn5)
of x, we must have for large A that

[na.x:] € {lzninz,y] :z € U,y € W}. (6.9)
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In particular, x; — x € dom(n1ny), so without loss of generality we have x; € W C
dom(nns) for all A; in particular by (6.8),

x3.x € dom(nz) Na;, ' (dom(ny)). (6.10)

By (6.9), there exist f;, g, € D with f;(x3) > 0, g,(xy) € U and n) f), = ninag,.
Choose an open set V' around o, (x) whose closure is contained entirely in dom(n3); in
particular, a;zl (V) is a neighborhood around x, so without loss of generality, the entire
net {x,} lies in a;zl(V). Let & € D be a [0, 1]-valued function such that 4|y = 1 and
supp®(h) € dom(n3). By choice of f} and g;, we have

hni(ny f3) = hni(ninagy) = (hnini)nagy. (6.11)

Since hnini € D has support in V' € dom(n}), it follows from [11, Lemma 4.2] that
k := (hniny) o ap, is a well-defined element of D and that (hnjni)n, = npk. Since
X) € a;zl(V N dom(n)), we have

h(otn, (x2)) = 1 (6.12)

and (nTn1)(an,(xy)) > 1, so that k(xy) > 0. As ny € Ny, the element m, := hnin; is
in Ny, and we have

dom(my) = {y € dom(ny) : an, (y) € dom(ny) Noy, (supp°(h))}.
Note that x; € dom(n,) satisfies by Equations (6.10) and (6.12)
anlnz (xl) = O‘nl (Oll’lz (XA)) € dom(n’f) N O‘nl ( Suppo (h))

Furthermore, it follows from n; f) = ninagy and f3(x;) # 0 # ga(x;) that oy, (x3) =
On,ny(x3). We thus conclude that x, € dom(m,). By Equation (6.11) and choice of k,

my, fo, = hnin; fr, = (hnini)nagy = nakgy.
Since f; (x;) > 0 and k(x,) > 0 and since g, (x,) € U, this shows that
Er = [ma, 2] = [gaCea)nz, x2] € {[zna,y] 1z € U,y e W}.

Since U and W were arbitrary neighborhoods around 1 and x, respectively, we have
shown that the net {£, } converges to [n5, x], an element of 5. Since we have shown that
3, is open (see the first paragraph of this proof), we must eventually have that &, € X,.
Since £, also lies in X1 by construction, it follows from (12) that §; € ;(T x U). Since
J(T x U) = 7~ 1(W) is closed in X, we conclude that 12, x] = lim; &, liesin 7 (T x U).
This means that o, (x) = x and

liill[[nx,xk]] = [ninz.x] = [n1. 0, (x)][n2.x] = [n1.x] € =1,

as claimed.



A. Duwenig and B. Li 46

Thus, (X4, ;) is an internal Zappa—Szép structure for X. It now follows from (I6)
that § = §; <1 §, and from Theorem 4.3 (2) that the map X, p<ip Xy — X given by
e %, f — ef is an isomorphism of twists for a unique factorization rule . It remains to
check that @ is as claimed.

By Theorem 4.3 (2), we have ®(f %, e) = e’ *, f' whenever fe =¢’ f’in X for some
¢’ € Xy and f’ € Z,. Now, let us write the elements explicitly, say f = [ma2, am, (x)],
e=[my,x],e =[ni,on,(x)],and f’ = [n,,x] for some m;,n; € N;. Then the equality
fe=e¢' ' means that there exists g, g’ € D such that g(x), g’(x)>0and mom;g=nnyg’.
By construction, n)y, := n,g’ € N, satisfies /' = [n}, x], and so @ is as claimed. ]

Corollary 6.17. Suppose that (Ay; Aa; A) is an austere C*-blend and assume that D =
A1 N Ay is a Cartan subalgebra of A. Then D is Cartan in both Ay and A if and only if
there exist conditional expectations A — Ay and A — As.

Proof. 1f there exist conditional expectations A — A;, then D is Cartan in A; by [4,
Theorem 3.5].

Conversely, suppose D is Cartan in A; and A,. By Theorem 6.14, the associated Weyl
groupoids 91, 9, are subgroupoids of the Weyl groupoid § of the Cartan pair (A4, D), and
the Weyl twists X1, X, are the restrictions X|g, , X|g, of the Weyl twist X of (4, D). These
subgroupoids are clopen by étaleness of §; see Lemma 2.4. By [4, Lemma 3.4], there
therefore exist conditional expectations C; (§; X) — C}(¥;; X;) which, by [33, Theorem
5.9], are conditional expectations A — A4;. [

Remark 6.18. Given a discrete (abelian) group I', we suspect that a I"-graded version of
Theorem 6.14 can be proved, where Cartan subalgebras are replaced with I'-Cartan sub-
algebras in the sense of [5, Definition 3.9], and groupoids with I'-graded groupoids. (See
[5, Proposition 5.3. Theorems 4.19 and 6.2] for the correspondence between I'-graded
twists and I'-Cartan pairs of C*-algebras.)

On the groupoid level, it is easy to check that a pair of I'-gradings 9;:§; — T" gives
rise to a (necessarily unique) I'-grading of &; >< &, that makes the diagram

G — > GG +— 5

\ ¥ / 6.13)
191 | 192

\I/
r
commute, if and only if the pair of gradings satisfies

D2(g)01(y) = (g > y)a(g ay) (6.14)

in T for all (g,y) € G, (%, §1. On the level of a ‘T'-graded C*-blend’, the grading o
is known to correspond to a I'-grading {A4”},er of A, but we are unsure what Equa-
tion (6.14) translates to in terms of the subalgebras A, A, of A. Since the current setting
of our theorem is rather technical as-is, we refrained from investigating this idea further.
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A. The Zappa-Szép product of a Fell line bundle and a groupoid

We still owe the reader a proof of the claims in Examples 3.13 and 3.21. Recall that we
are in the following setting in both examples: (§;, §;) is a matched pair of groupoids
with unit space U, Xp = T X &, is the trivial twist, and X is a twist over §;. We let
L1 = C xT X1 be the associated line bundle.

A.1. Regarding Example 3.13

We claim that a factorization rule ®: X, 1 X1 — X1 *T X, that covers §; <1 §, contains
the same data as a (§;, 9, )-compatible §,-action on L

8 x, L1 — L1, (g.[A.e]) > gh[A.e].

So assume first that we are given a factorization rule ®: ¥, 1 ¥; — 3; 1 ¥5. Given
an arbitrary (g, [A,e]) € G *, L1, the element ®((1, g) ,*, €) of £1 *1 X can be written
uniquely as f *, (1, h) for some f € X; and i € §, thanks to the T -balancing. We may
thus let

g™ [A.e]:=[A, f] where fissuchthat f *,(1,h) = ®((1,g),*,¢). (App.])
It follows from T -equivariance of & that - is well defined: given another representative
(ZA,z-e) of [A,e] in Ly, we have

(FT0)

D((1,8) %, (z-€)) = z-(f ¥, (1) = (z- f) %, (1, D),
so that the equality [A, f] = [ZA,z - f]in L proves that indeed
gh[zZA,z-e] =gk [A,e].
Continuity of ® implies continuity of p-.

Claim 1. b satisfies Conditions (A1)—(AS5) of [12, Definition 3.1], so that it is a (61, 5>)-
compatible §>-action on the Fell bundle L.

Proof of the claim. Assume throughout that ®((1, g) ,*,e) = f ,*, (1, /). Roughly speak-
ing, the reader can expect the dictionary to be as follows:
e (FTO) makes > well defined, as we have seen earlier;

 Equation (3.4) yields (Al), i.e., g > — is a map from (L), to (L1)gy, (linearity
comes for free);

o (FT4)yields (A2),ie.,g' (g _)=g'gh _;

» (FT2) yields (A3), i.e., units act trivially;

e (FT3) yields (A4), i.e., g acts as expected on a product in L;; and lastly

* (FT2) and (FT3) combined yield (AS5), i.e., the involution of g - [A, e] is as expected.
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(Al) Take (g, e) € §, (X, 2. Because of Equation (3.4), we have for f *,(1,h) =
d((1, g) ,*, e) that

(NS gmie) E (g5 mi(e) (g <mi(e)).

Since w1 (f),g> m(e) € §; and h, g < 71 (e) € &, the uniqueness of the decomposition
of elements in §; <1 &, implies that

mi(f)=g>m(e) and h=g<am(e) ()

meaning that g >[4, e] is an element of (L1) gy, (¢)- In other words, g - . is indeed a
map (L1)z, ) = (L1)gorm, (e)- Since g b — only multiplies the C-component by a scalar,
it is a linear map, proving Condition (A1).

(A2) Suppose (g’,¢) € ‘52(2). Because of Condition (FT4), it follows from the equality
O((1,8) ,%,€) = f *, (1, h) that

D((1.8'8) *, ) = D((1.g") %, f) o (1, h).

Assume that f” is such that ®((1, g’) ., f) = f’,*,(1,h'), so that

g/|>- (g}[k,e]) = g’}[k7f] — [/'\’f/]
and
((1,8'8) %, €) = f %, (1, W'h).
The latter implies

E+Rel=[A f1=¢ k(g e]).

which proves that g’ - (g > _) = (g'g) > _.
(A3) Assume g = u € U. Then since @ is compatible with the inclusion maps, we

have
(FT2)
O((1u) %, u) = u*,(1u),

so that u - [A, u] = [A, u], which proves that u I~ _ is the identity map.
(A4) Suppose that (e, e’) € E;Z). Because of Condition (FT3), it follows from

D((1.g),%,€) = f %, (1,h)
that
D((1,8) %, ee’) = - D((1,h) %, €).
Assume that ®((1, h) ,x,¢’) = f' %, (1, h'), so that

(g<am(@) .1 E -, e1=N. f]

and

d((1.¢) 2*1ee’) = (ff") %, (1,K).
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The latter implies

g ee'] = [AA ff]=[A fIX. ],

so that we have shown

g ee) = (g [1.e]) (g ami(e)) 12, €)).
as needed.
(AS5) We have

(FT2) (FT3)

r(g) %, (1,g) = 0((1,8) %, ee™!) "= f o ®((1,h) x,e7"),
or in other words
f_l %2 (1’ g) = @((1,]’1) 2*16_1)'
This explains () in the following:

* (4) ®

(g<ami(e)) M. e] D= ST = (g [Ae])

This concludes the proof of the claim. ]

hb-[A,e ] =E

Conversely, suppose we are given a (;, §»)-compatible §,-action on L;, and let
p: L1* — X1 be given by p([A, e]) = Ph()) - e. Note that, in particular, p(u€) =
Ph(u) - p(§) = p(Ph(n)§) for all £ € Ly and all u € C*, so that linearity of g > _
implies for § = [A, e] that

p(g+8 = p(A(g>T[l.e])) = p(Ph(M)(g - [1.¢])) = p(g = [1. p(®)]). (W
We will furthermore need that
g>mi(e) =gvqi(i2.el) = qi(g - [r.el) = 1 (p(g - [A. ). ©)
Define ®o: 5 ,x, £; — % #1 Z, by
Do((z.8).€) = p(g>[1.€]) %, (z. g am1(e)).

Note that, since sg,(g) = sx,(z,8) = rx,(e) = p([1, €]), the element g > [1,e] of L; is
defined and lies in the fibre over g > 1 (e). In particular,

sz (p(g>[1.e])) = sg (g> mi(e)) = rg, (g amie)) = rz,(z, g <mi(e)),

so that ®( indeed takes values in X T X,. Since > is linear, (1) in the following holds:

w-p(gt[1.el) = p(w(g+[1.el) L p(g[w.el) = p(g [l w-e]).
This explains (f) in

Do((wz,8).e) = p(g[1.e]) x, (wz, g ami(e))

i p(g > [19w e]) 1% (Z9g <17t1(€)) = CDO((ng)’w ’8).

~
~
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This proves that @ is constant on T -equivalence classes, i.e., it factors through a map
O Toar Iy > Zykr o, (2,8) %, e > p(g[Le]) x, (2. g ami(e)).

Since the quotient map ¥, (X, X1 — X, *7 X is open, ® is continuous. Moreover, its
inverse is given by the unwieldy, but clearly continuous,

foe o) e (woh < (e m (7)) o4, p(( < (7)) &1L £]).

Claim 2. © satisfies Conditions (FT0)—(FT4), so that (X1, X5) is a matched pair of twists
with factorization rule ®.

Proof of the claim. The dictionary is similar to that in the proof of Claim 1.
(FTO) @ is T-equivariant because

w-®((z.8),x,¢) =w-(p(g>[1.e]) *,(z. g am1(e)))
= pg[Lw-e]) *,(z.g am(e))
= &((z,8) %, (w-e)).
(FT1) We compute

rs, (p(g > [1.e])) = (rg o) (p(g [, ) € rg, (g 71(0) 2 r(9) = r(z. )

and
53,(2, 8 ami(e)) = sg,(g ami(e)) 2 56, (1 () = s34 (0).

(FT2) For v := s(g) = r(e), we have g b-[1,v] = [1,r(g)] by (Al) and by linearity,
so that

CD((Z,g) 2*lv) = p(g > [l,v]) N (z,g < nl(v))
= p([l»r(g)]) 12 (z,g<v) =r(g) 1*2(ng)»

proving that Liz =do L%’l. Likewise, v <y (e) = s(e) by (ZS11)and v [1,e] = [1, €]
by (A3), so that

D((1,v) ,%,€) = p(v > [1,e]) x, (z, v ami(e))
= p([l,e]) N (Z,s(e)) =e *, (Z,s(e)),

proving that ¢} , = ® o] ;.
(FT3) We have

D((z, g ami(e)) ,x,€") = p((g <mi(e)) B-[1.€]) %, (z. (g < m1(e)) 2 mi(e)).
Since (A4) says that

(g>1[l.e])((g ami(e) H[1.€]) = g1, e€],
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we conclude

plg[l.e]) o d((z.g ami(e)) ,x,€) = p(g>[1.e€’]) *,(z. g <mi(ee”))
= @((z,g)z*lee’),

as needed.
(FT4) We have

CID((w,g’)(z, g) 2>s<le) = @((wz,g’g) 2*16)
= p((g'g) M1 e]) ;x, (wz. (g'g) < mi(e)).

On the other hand, since 71 (p(g b [1, ¢])) = g > 71 (e) by Equation (<), we get

P((w, ") *, p(g-1[1.el)) = p(¢' +[1. p(g ™= [1.e])]) %, (w.g" < (g > m1(e)))

which by Equation (#) equals

=p(g' = (g™ [1.e]) *, (w, g’ < (g > mi(e))).
Thus, with (ZS9),
(D((U), g/) 2% p(g > [lve])) hd (Z’ gb 7T1(€))

= p((g'e) >+ 1. e]) x, (wz, (g'g) <m1(e))
= d((w.g)(z.8) % ¢€).

as needed. [

This finishes the proof of the claims made in Example 3.13.

A.2. Regarding Example 3.21

We next consider the Fell line bundle L := C xT (X t<i¢p X5) associated to the Zappa—
Szép twist X1 p<igp 2o, and the Zappa—Szép product L ><t &, of the Fell bundle L, and
the groupoid §,. We claim that the map 2 given in Equation (3.13) exists and is the
claimed isomorphism.

To construct €2, consider the map

Qo: Cx(T1 4%, 52) = Li <%, (Le(z,0) (Az.el.g),
which clearly satisfies forw € T,
Qo(A.e. (wz,g)) = Qo(wh,e.(z.8) = QoA w-e,(z.9)).
so it factors through a map

Q: L=Cxy (310 X)) > L1 <%, [Lex (28] (Az.e].g).
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An application of [13, Propositions A.7 and A.8] shows that €2 is an isomorphism of
upper semi-continuous Banach bundles. To see that € is multiplicative, let & = [A;,
e; *,(zi, gi)] € L be such that sg,(g1) = rx, (e2), so that

£16 = [Allz,el L4 CD((ZLgl)z*lez) b (22,82)]

If f € Xyissuchthat f *,(1,g1 <m(e2)) = D((1, g1) ,%, e2), then the definition of
at (App.1) gives

[z1A1. e1](g1 B [2222. €2]) LV a0 ellzaha, f] = 1zl As, e fT. (App.2)

Furthermore,

e1 @ D((z1,81) ,%,€2) ® (22, 82) = (e1 /) 1%, ((z1. &1 < 1 (€2))(22. 82))
= (e1f) %, (z122. (g1 9 1(e2))g2).
so that
Q(£16) = Q([A1h2. (e1 /) %, (2122, (g1 < m1(e2))g2)])
= ([21221112, e1f]. (gl < 7T1(€2))g2)
= ([z1A1. e1](g1 > [z242. €2]). (g1 < 71 (e2))g2) by Eq. (App.2)
= ([21/\1, e1], gl)([zzkz, es], gz) by definition of L, <t G, (Eq. (3.12))
= Q(§1)2(62).
To see that €2 is *-preserving, we compute
[A.e x, (Z,g)]* = [X, (e %, (Z,g))_l] = [X, O((z.g) 7" ke )]
Thus, if & € X1 is such that & x, (1, g7 <my(e71)) = D((1, g71) ,*, e 1), then again
by the definition of b~ at (App.1), we have
g [zh.e]* = g - [zh, e = [zA, A). (App.3)
Lastly,

Q([rex,(z.9)]) = QA7 *, (2. g7 amie™)])
([z)L hl,g” <1n1(e_1))
( 1[>[ZA e]*, <1n1(e) ) by Eq. (App.3)
([Z)L el, g) = Q([A,el*z(z,g)])*.

This concludes our proof that Q: L. — B is an isomorphism of Fell bundles.
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