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Abstract. We define a nontrivial modulo 2 valued additive concordance invariant defined on the
torsion subgroup of the knot concordance group using involutive knot Floer package. For knots
not contained in its kernel, we prove that their iterated (odd, 1)-cables have infinite order in the
concordance group and, among them, infinitely many are linearly independent. Furthermore, by
taking (2, 1)-cables of the aforementioned knots, we present an infinite family of knots which are
strongly rationally slice but not slice.
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1. Introduction

Given a knot K and relatively prime integers p and g, let K, ; be the (p, q)-cable of K,
where p denotes the longitudinal winding. Throughout the paper, we assume that | p| > 1
since K 4 is isotopic to K. Recall that a knot is called slice if it bounds a smoothly
embedded disk in B* and the fact that (p, 1)- and (p, —1)-cables of a slice knot are
both slice. Miyazaki [32, Question 3] asked if the converse of this fact holds (see also
[31, Conjecture 1.3] and [7, Section 1]). In fact, we go one step further and focus on the
following stronger conjecture. Let € denote the smooth knot concordance group.

Conjecture 1.1. The (p,q)-cable of K is torsion in € if and only if K is slice and |q| = 1.

It can be easily seen that if |¢| > 1, then K, 4 has infinite order in €. (One way to prove
this is to use the cabling formulae for the Ozsvath—Szabé concordance invariant t [33]
and the Ozsvath—Stipsicz—Szabé concordance invariant Y [35]; see, e.g., [16, Theorem 1]
for v and [12, Proposition 5.3] for Y'.) Therefore, for the rest of the paper we only consider
the case when K is not slice and |¢| = 1. In fact, since K}, 4 is isotopic to K_, _,, we will
further assume that g = 1.

Sungkyung Kang: Center for Geometry and Physics, Institute for Basic Science, 77 Cheongam-ro,
Nam-gu, 37673 Pohang, South Korea; Mathematical Institute, University of Oxford, Andrew
Wiles Building, Radcliffe Observatory Quarter (550), Woodstock Road, Oxford OX2 6GG, UK;
sungkyung38 @icloud.com

JungHwan Park: Department of Mathematical Sciences, Korea Advanced Institute for Science and
Technology, 291 Daehak-ro, Yuseong-gu, 34141 Daejeon, South Korea; jungpark0817 @kaist.ac.kr

Mathematics Subject Classification 2020: 57K 10 (primary); 57K 18 (secondary).


https://creativecommons.org/licenses/by/4.0/
mailto:sungkyung38@icloud.com
mailto:jungpark0817@kaist.ac.kr

S. Kang, J. Park 3012

There are many nonslice knots whose (p, 1)-cables have infinite order in €. For exam-
ple, if K has a nontrivial signature function [26, 36], then a formula of Litherland [30]
implies that K, | has infinite order in €. In fact, the same formula implies that the set of
cables {Kp,1}p>1 is linearly independent in €. Similar conclusions obtained by various
other techniques can be found in [6, 11, 12,24]. These results crucially use the fact that
the starting knot K has infinite order in € (e.g., a knot with nontrivial signature function
has infinite order in €).

On the other hand, determining the order of (p, 1)-cables of a forsion knot is much
harder. The only known result of this kind is given recently in [19]. In that paper, the
authors showed that when K is the figure-eight knot, the set of cables {K2,+1,1}n>0 i8
linearly independent in € using involutive knot Floer homology [15]. (This also gave
a first example of an infinite order rationally slice knot.) In this paper, we expand this
result to a much larger family. Roughly, we show that “half” of all torsion knots have
infinite order once cabled (compare to [32, Theorem 8.5], where the author considers

.....

Theorem 1.2. Denote by €1 the torsion subgroup of the knot concordance group €. Then
there is a nontrivial group homomorphism

%: € — 7./27.

Moreover, if K is torsion in € with W(K) = 1, then for any sequence of positive integers
Ny, N2, ..., Ny, the iterated cable Ky, +1,1:2n,41,1:...;2nm+1,1 has infinite order in €.

.....

In particular, for any nonzero integer n, the cable K, 41,1 has infinite order in €.

We also show that knots obtained by certain cables on K with 2[(K) = 1 are linearly
independent.

Theorem 1.3. If K is torsion in € with A(K) = 1, then the set of cables {K2n41,1}n>0
contains an infinite subset which is linearly independent in €.

For the nontrivial group homomorphism 2I, we first define the almost local (g -equiva-
lence group I Il(] of horizontal almost (g -complexes (see Section 2 for more details). Note
that the tg-local equivalence group Sk and the almost (x-local equivalence group 3 X
were defined previously in [38] and [19], respectively. Moreover, we show that 2 is the
composition of the following sequence of the natural “forgetful maps” preceded by the
involutive knot Floer homology map € — 3k:

3 K — §S K — R U.
In other words, involutive knot Floer theory gives a well-defined homomorphism 2I:
€ -3 Il(] .

It turns out that 3 I((J is totally ordered modulo the figure-eight knot E, so that its torsion
subgroup is generated by E. This allows us to consider its restriction %A: € — Z /27,
where we have that 2[(E) = 1. Therefore, the above theorems can be thought of it as
generalizations of [19]. Moreover, note that “half” of the torsion knots satisfy 2 = 1, i.e.,
if A(K) = 0, then A(K#E) = 1.
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The phenomenon of total orderings of algebraic structures arising from Heegaard
Floer theory and its variants occurs in other settings as well. For instance, the almost local
equivalence group of (-complexes is totally ordered [10], and the almost local equivalence
group of knot-like complexes over Fo[U, V]/(U V) is also totally ordered [9]. A notable
difference in our case is that our group ¥ I((] contains a torsion element, and one has to take
a quotient by that element to obtain a total ordering.

Now, we restrict our attention to the case when K allows a special symmetry and
p = 2. Note that, so far, we have only considered (odd, 1)-cables, but by considering
(2, 1)-cables we will obtain an interesting application to rational knot concordance. We
say a knot K is rationally slice if it bounds a smoothly embedded disk A in a rational
homology ball X. Moreover, if the inclusion induces an isomorphism

Hi(S*~ K;Z) = H\(X ~ A; Z)/torsion,

then we say K is strongly rationally slice." Following the proof in [26], it can be veri-
fied that every strongly rationally slice knot is algebraically slice, which appears in [5,
Lemma 3.3] and [3, Corollary 2.24], the latter of which deals with a more general setting.
Moreover, slice obstructions such as t-invariant [33], e-invariant [17], Y -invariant [35],
Y 2-invariant [25], v*-invariant [20], and @;-invariants [9] all vanish for strongly ratio-
nally slice knots. These facts make it difficult to find an example of a strongly ratio-
nally slice knot that is not slice. The question of existence of such knots was explicitly
asked several times, for example, in [4]. In this paper, we present the first such exam-
ples.

Theorem 1.4. There are infinitely many pairwise nonconcordant knots which are strongly
rationally slice but not slice.

The examples are constructed in the following way. Recall that a knot K is called
strongly negative amphichiral if there is an orientation-preserving involution ¢: §3 — §3
such that ¢(K) = K and the fixed point set of ¢ is a copy of S° contained in K.
Kawauchi [23] showed that every strongly negative amphichiral knot K is rationally slice;
that is, K bounds a smoothly embedded disk A in a rational homology ball X. More-
over, he showed that the homomorphism induced by the inclusion sends the generator of
H,(S3~ K;Z) to twice the generator of H;(X ~ A;Z)/torsion. Combined with Mayer—
Vietoris sequence (see Lemma 6.2), this implies that the iterated cable Kp, 1;p,.1;...: pim.1
of a strongly negative amphichiral knot K is strongly rationally slice if p; is even for
some 7. Hence the following theorem immediately implies Theorem 1.4.

Theorem 1.5. If K is torsion in € with A(K) = 1, then for any sequence of positive
integers ny, Ny, ..., N, the (2, 1)-cable of the iterated cable Ky, +1,1:2n5+1,1;....2nm+1,1
has infinite order in €.

I'Strongly rationally slice knots are rationally slice knots with complexity one. See Section 6 for
the notion of complexity and [3, 5, 8] for related works.
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Organization and proof outline

We briefly sketch the ideas for the proofs of above theorems as follows. In Section 2,
we define the concept of horizontal almost (x-complexes, which provides an algebraic
model for CFK ™ of knots in S* considered together with the action of tx on CFK. This
allows us to define the almost (g-local equivalence group 3 I[(J of horizontal almost (g-
complexes, which is equipped with a canonically defined partial order. Then we prove
that this group is totally ordered modulo the figure-eight knot, from which the definition
of the invariant 2 in Theorem 1.2 follows.

In Section 3, we show that the bordered involution on a 0-framed knot complement
naturally induces a horizontal almost ¢x-complex, which is defined uniquely up to almost
tx-local equivalence. Then, in Section 4, we prove a first case of Theorem 1.2 which states
that K»,+1,1 has infinite order in €, by comparing the horizontal ¢ g -complex induced by
(—K)2n+1,—1 with the complex induced by the (2n + 1, —1)-cable of the figure-eight
knot. The comparison is done by passing to the bordered setting and then applying invo-
lutive bordered Heegaard Floer theory of knot complements, developed by the first author
in [22]. Then we develop the arguments used in its proof to prove Theorem 1.3.

Finally, in Section 5, we present a full proof of Theorem 1.2 by finding an inductive
step which allows us to deal with iterated cables. We then use Theorem 1.2 in Section 6 to
prove Theorem 1.5 by considering the 2-fold cyclic branched double covers of S along
the given knots.

Questions

We end this section with few questions. It can be easily verified that for each alternating
knot K which is torsion in €, we have that

A(K) = Arf(K).
Naturally, we ask if the equality holds in general.

Question 1.6. If K is torsion in €, then is A(K) = Arf(K)?

Also, since the almost local equivalence group of (-complexes and the almost local
equivalence group of knot-like complexes over F,[U, V]/(U V') are known to be totally
ordered and isomorphic to Z*° [9, 10], we ask the following question.

Question 1.7. Is 3 isomorphic to Z®° & Z /277

Lastly, related to Theorem 1.4 and topological knot concordance, the following ques-
tions were suggested by Jae Choon Cha and Jennifer Hom.

Question 1.8. Does there exist a strongly rationally slice knot which is not topologically
slice? Does there exist a topologically slice and rationally slice (or even strongly rationally
slice) knot which is not smoothly slice?
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Notation and conventions

Throughout the paper, the unknot is denoted by O and the figure-eight knot is denoted
by E. Given a knot K and a positive integer 7, the connected sum of n copies of K is
denoted by nK, the reverse of the mirror image of K is denoted by —K, and the reverse
of K is denoted by K”. Also, given a closed 3-manifold Y, the connected sum of n
copies of Y is denoted by nY . Lastly, if two morphisms (chain maps, type-D morphisms,
etc.) f and g are homotopic, we write f ~ g. In contrast, when two objects A and B are
homotopy equivalent, we write A >~ B instead.

2. The horizontal almost  x -local equivalence group

We briefly recall the theory of involutive knot Floer homology and tg-local equivalences.
Given an oriented knot K in S3 (or in general, a rationally nullhomologous knot in
a rational homology sphere with a prescribed self-conjugate Spin® structure), one starts
by representing it by a doubly-pointed Heegaard diagram H = (X, «, 8, z, w). Note that
one can recover K from H in the following way. The given sets of «-curves and B-curves
define handlebodies H, and Hg (in which the given sets of curves bound disks, respec-
tively) such that H, U Hg = § 3. Choose directed paths K, C H, and K g C Hpg, such
that K goes from z to w and Kg goes from w to z. Then we have K = K, U Kg.

Then we consider the 2g-dimensional smooth manifold Sym& (%), where g denotes
the genus of X. This manifold contains two g-dimensional tori, Ty and Tg, defined by
the product of all a-curves and B-curves, respectively, and two 2-codimensional subman-
ifolds D, and D, defined by the images of the natural maps

Sym#~H(Z) x {z} — Sym?#(Z),
Symé~1(Z) x {w} — Symé# ().

Then a standard Floer-theoretic argument can be applied to construct the chain complex

CFKyy(S3, K) :=< D IFZ[U,V]-X,B)
xGTamTﬁ

by counting pseudoholomorphic disks of Maslov index 0 with boundary conditions given
by Ty and Tg, while recording their algebraic intersection numbers with D, and D, by
formal variables U and V. This complex also comes equipped with a bigrading (A, M)
by a pair of integers A and M, called the Alexander and Maslov gradings. It turns out that
Heegaard moves induce homotopy equivalences between the chain complexes constructed
from the two diagrams related by the Heegaard move, and thus the homotopy type of
CFKyy(S3, K) depends only on the isotopy class of K [34,37]. Furthermore, we have
the following localization formula:

(U, V) 'CFKyy(S3. K) ~ (U, V) 'F,[U, V].
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We will consider several truncations of the two-variable complex CFKyy (S3, K).
First of all, consider the ring R := F»[U, V]/(UV'). The R-coefficient chain complex

CFKg(S* K) := CFKyy (S K) ®r,[v.v] R,

which can be seen as ignoring all “diagonal” terms in the differential of CFKyy (S3, K),
will be used in this paper. We will also use the V' = 0 truncation, namely

CFK (S*,K) := CFKyv(S?, K) ®p, vy F2[U. V]/(V),
and the hat-flavored truncation
CFK(S? K) := CFKyv(S?, K) ®p,w.v) F2lU, V1/(U, V).

The above truncations, except for the hat-flavored version, admit localization formulae
as well

(U, V)'CFK&(S>.K) ~ (U, V) 'R,
U'CFK=(S3,K) ~ F,[U, U1].

Now, given a doubly-pointed Heegaard diagram H = (X, o, 8, z, w) representing
(83, K), we consider its conjugate diagram H = (—%,B8,a,w, z), where —X denotes X
with the opposite orientation. The oriented (and doubly-basepointed) knot represented
by H is (K, w, z), i.e., the same oriented knot K with the positions of basepoints ex-
changed. Since the holomorphic disk counts in H are the same as those in H while the
role of U and V are exchanged, the identity map

conj: CFKyy(K,z,w) - CFKyy (K, w,z)

is a chain homotopy skew-equivalence. Choose a self-diffeomorphism ¢ of S which is
supported in a tubular neighborhood of K and exchanges z and w. This map induces
a homotopy equivalence

¢*Z CFKU(/(K, w,z) — CFKyv(K,Z, w).

Then we define tx = ¢« o conj, which is again a homotopy skew-equivalence. Note that (g
is defined up to ambiguities given by monodromies along loops of Heegaard moves;
since homotopy equivalences induced by those loops are homotopic to identity due to the
first-order naturality of Heegaard Floer theory [21], (x is defined uniquely up to homo-
topy. Since (g exchanges the actions of U and V/, it descends to CFK g and CFK, but
not CFK™.

The involution tx satisfies the following properties, as shown in [15,38]:

° L%( ~ 14+ O¥Y ~ 1+ WP, where ® and ¥ are the formal derivatives of the differen-
tial of CFKyy (S3, K) with respect to U and V, respectively. Note that this implies
o~ id.

[ ] q)LK ~ LK\IJ.
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e g is skew-graded, i.e., it maps an element of bidegree (A, M) to an element of bide-
gree (—A, M).

Using these properties, the concepts of tx-complexes and tx-local maps are defined

in [19] as follows. A free bigraded chain complex C over F,[U, V], together with a chain

homotopy skew-equivalence : C — C, is an (g -complex if it satisfies the following con-

ditions:

o (U V)IC ~(UV)'FU,V].

e 2~ 1+ ®V, where ® and W are the formal derivatives of the differential of C with
respect to U and V/, respectively.

Furthermore, a chain map f:C — D between (g-complexes (C, (c) and (D, tp) is an
tx -local map if the following conditions are satisfied:

e (U,V)™! f is a homotopy equivalence.

o fic~uipf.
If there exists an tg-local map from C to D and also from D to C, then we say that C
and D are ig-locally equivalent and f is an tg-local equivalence.

Remark 2.1. In this paper, we will sometimes use the notion of tg-local maps for chain
maps between complexes over . The definition of (g-local maps in such a setting is
identical to the original definition.

The concept of almost local tg-complexes is also defined in [19] by considering
instead the hat-flavored involution.

Definition 2.2. A free bigraded chain complex C over F,[U, V], together with a skew-

graded homotopy equivalence t: C — C, where C = C ®p,[y,v] F2[U, V]/(U, V), is an

almost 1g-complex if the following conditions are satisfied:

o (UV)IC ~ (U V) 'F(U, V]

o 2~ 14 ®V as skew-graded chain endomorphisms of C, where ® and W are the
formal derivatives of the differential of C with respect to U and V, respectively.

Furthermore, a chain map f:C — D between almost (g -complexes (C, ¢c) and (D, tp)

is an almost tg -local map if the following conditions are satisfied:

e (U,V)~!f is a homotopy equivalence.

e The induced map f :C — D, where C and D are the truncations of C and D by
U =V =0,satisfies fic ~ipf.

If almost t g -local maps exist between two almost ¢ g -complexes in both directions, we say

that they are almost (g -locally equivalent.

Given a knot K, its knot Floer complex CFKyy (S 3 K), together with the action
of (g, defines an tx-complex. If one only considers the action of tx on CFK (S 3 K),
one then obtains an almost tx-complex. It is shown in [38] that the (almost) tx-local
equivalence class of the resulting (almost) ¢x-complex depends only on the concordance
class of K.
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Motivated by the definitions of tx-complexes and almost tg-complexes, we now
develop a similar framework by mimicking the structure of CFK~(S3, K) of knots K
in S3, together with the action of (¢ on 677{ (S 3 K ). For simplicity, we make the fol-
lowing definitions. Given a chain complex C over [F,[U], we say that the chain complex
c=cC ®r,[v] F2[U]/(U) induced by taking U = 0 is the hat-flavored truncation of C.
Also, glven a chain map f C — D between chain complexes over 5 [U], the induced
map f C — D between C and D is called the hat -flavored truncation of f. Sometimes
we will confuse f and f to reduce the amount of symbols used.

Definition 2.3. A horizontal almost tx-complex is a pair (C, t) of a bigraded complex C
of ﬁmtely generated free modules over F,[U] and a chain homotopy equivalence
1:C — C, where C is the hat-flavored truncation of C, such that the following condi-
tions are satisfied:

e The formal variable U has bigrading (-2, 0), and the differential has bigrading
(—1,-1).

o UT'C~FUU.

e (is skew-graded.

o DD~ 1 DD,

o 2~ 1+ DidL

e There exists a chain map f:C — C whose hat-flavored truncation is homotopic
to tPr.

Here, ® denotes the formal derivative of the differential of C with respect to the formal
variable U, which is a chain map which is well defined up to homotopy.

Remark 2.4. Since we do not have the formal variable V' anymore, we had to represent ¥
in terms of ® and ¢. Luckily, we have &t ~ (¥, 2~ 14 ®Y,and * ~id, so we replaced W
using the formula

UMD~ ro(14+ WD) o dr
~1o(®+ VD)oL~ 1D

Note that, in the last line of the above equation, we used the fact that P2 is nullhomotopic,
which follows from the observation that the value of ® vanishes on cycles. Also, since @
and ¥ commute up to homotopy, we can use 1 =2 ~ 1 + W® instead of 1 + ®W. The last
condition in Definition 2.3 requires that one can find W as an [F, [U]-linear chain map. This
condition is crucial in the proof that the tensor product operation between two horizontal
almost (g -complexes is commutative.

Definition 2.5. A degree-preserving chain map f: C — D between horizontal almost
tx-complexes (C, (c) and (D, tp) is almost tx-local map if it satisfies the following
conditions:

e fislocal,i.e., the localized map U~! f:U~'C — U~! D is a homotopy equivalence.

e fic ~tpf,where f is the hat-flavored truncation of f.
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Furthermore, if there exist almost tx-local maps f:C — D and g: D — C, then we say
that (C,tc) and (D, tp) are almost ik -locally equivalent.

We denote the almost ¢ -local equivalence classes of horizontal almost ¢ x-complexes
by ¥ I[(J . We endow this set with a tensor product operation ® as

(C.tc) ® (D,tp) = (C ® D,iceD),

where (cgp is defined as
tcgp =tc ®tp + Pic Rip?.

Note that this operation is modeled after the connected sum formula for involutive knot
Floer homology [38, Theorem 1.1], which reads

LK]#Kz = LK] ® LK2 + (DLKl ® lIILI(2~
Proposition 2.6. The almost 1k -local equivalence classes with the tensor product opera-
tion (S}(J, ®) is an abelian group.
Proof. We first prove that the group operation is well defined. Given C, D € ¥ I((J , formally
differentiating both sides of

dcop =0c ®1+1®dp

with respect to U gives @cgp = 1 ® & 4+ ® ® 1. From now on, we drop the subscripts
when the meaning is clear from context.
Thus we have

Pcopicep ~(1P+DPR1)o(1Qt+ Ot ® D)
~DIRU+ IR D+ DR DD,
which squares to
PcoptcepPcopiceop ~ PP ® P+ P2QR:D+ DD R DD+ (DL Q@ D
+2Q PP+ DD ® Pide
~PoiR(N+DP)+ PR 1D+ 1D ® D
+ (1 + D) @ Otde
~1PP1+ P PRI+ PR DL+ 1D Q D,
since (2P ~ ® + (P P2 ~ ® and similarly ®(2 ~ ®. On the other hand, since
tceopPceop = (@1 + P @ P)o (1P +P® 1)
~RIPH PRI+ DD R D+ D ® (D
~1QIP+1PR 1+ PP R 1D,

we have

tcepPcepicepPceop ~1 QPP+ PP RTI+DPRIPL+ 1P ® O
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as well, which implies that

PcepicepPcenicep ~ tcepPcenicepPcen-
Also, we have
leep ~ Q1 +1P1® PO+ D @ 1D+ P1d @ 11D
~(14+PP)Q@ (1 +1DiD)+1 PRI+ PR DL+ OtDt R 1D
~1®14+0diRQ1+1Q3PP1 4+ PR 1P+ 1P P
~ 1+ @cepicepPcenicon:
and furthermore, if f:C — C and g: D — D are chain maps such that their hat-flavored
truncations f and g are homotopic to ¢®¢, then we have
lcep®Pcepicep = 1PL® 2 +1D% @ 12D + di1dL @ 1Dt + Pid% @ 1 DLD
+2QuPi+ 1P RIDID + P QD%+ DDl ® 1 DD
~1DR(14+1PtP) + PP QD+ (1 + Ditdr) ® 1D
+1 P RUPIP~ 1P R +1R 1D,
which is represented by the chainmap f ® 1 + 1 ® g. So we deduce that C ® D is also
an element of ¥ Il(] , and thus the group operation is well defined.
U

Next, we show that the group operation is associative. Choose any A4, B, C € 3¢ .
Since we have

1BecPoc = (1R 1+ DR P)o (PR 1+1Q D)
=Ld>®L+CI>L<D®LCI>2+L®Ld>+<DL®LCI>2=L<D®L+L®L<D,

we get
LUeBeC) ~ LA UL+ Pi@IP)+ @ (PRt +1®:1D)
~IRQIRALF+IQRDPIRUP+DPIRIPR L+ DR LR 1D,
On the other hand, since Ppgcipgc ~ Pt @t + 1 ® dt, we have
taeB)eCc ~ Q1+ P @1P) Q1+ (Pt R+ 1@ 1) ® 1P
~IRQIRIL+DPRIPR/IIL+DPIRIRIDP+1RQ DR 1D.

Hence t4g(BeC) ~ (A9 B)oC» and thus the group operation is associative.

Now we show that every element of ¥ Il<] admits an inverse. Given any C € J Il{/ , endow
its dual complex C* with the dual involution *, and note that ®c+ = ®F.. Consider the
trace map tr: C ® C* — F[U] and its dual cotr: F[U] — C ® C*. Then, by the tensor-
hom adjunction, we have

troicgcs ~tro(t ® 1* + L@ *®*) ~tro(> ® 1 + D1dL® 1) ~ tr
and also

lcgc+ ocotr ~ (1 ® ¥ + 1 ® *P*) ocotr ~ (2@ 1 4+ 1Dt ® 1) o cotr ~ cotr.
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Hence C ® C* is almost tg-locally trivial, and hence C*, endowed with ¢*, is the inverse
of C in Sg Thus 3}(] is a group.

It remains to show that the group operation is commutative. Given two elements C,
Din% Il(] , consider two horizontal almost tg-complexes (C ® D, 1) and (C ® D, 1),
where (1 and (, are defined as

H=tR® +dP®:P and L =11+ 1P R Py,

respectively. We claim that they are almost (g -locally equivalent. To prove this, define an
[F5[U]-linear chainmap f:C ® D - C ® D by

F=id®id+/f ® o,

where f:C — C is a chain map whose hat-flavored truncation f is homotopic to (®t.
Then F satisfies U™ F ~ id since

F?=id®id+ /% ® ¢* ~id®id,
and we also have
L1F~t®L+<I>L®Ld>+L2CI>L®LCI>+d>12<I>L®L<D2 ~1®L.
Note that we have used again the fact that &> ~ (>® ~ ®. Similarly, we also have
FL2NL®L+Lq>®q)t—|—l<bl2®q>L+Lq)L2(D®q)2L~L®L.

Sot; F 4+ Fiy ~0, and thus F is an almost tg -local map from (C ® D, 1) to (C ® D, (5).
However, the same argument also shows that F' also works as an almost ¢ g -local map from
(C ® D,1y) to (C ® D,t1). Therefore, we deduce that SIL{’ is an abelian group. |

Remark 2.7. As in the case of (almost) (g -local maps, given a knot K, its minus-flavored
knot Floer complex CFK~(S3, K), together with the action of tx on CFK(S3, K),
defines an element of 3 Ilg , which depends only on the concordance class of K. This gives
a well-defined map

A€ — Y.

It follows from [38] that 2l is a group homomorphism.

We define a partial order on the group 3 I[(J in the following way. Given two elements C
and D of 3 I((] , we define C < D if there exists an almost tg-local map from C to D.
It is clear that the relation < on I[(] is indeed a partial order, since C; < C, implies
that Ci; ® D < C, ® D forany D € 3}(] If neither C < D nor D < C holds, we say that
C and D are incomparable.

Example 2.8. The trivial complex Cp is defined as the trivial complex F,[U], whose
generator 1 has bidegree (0, 0), together with the trivial involution on its hat-flavored
truncation. It is clear that Co represents the identity element of ¥ I((/ , and this complex is
represented by the involutive knot Floer homology of the unknot O.
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Example 2.9. Consider the chain complex Cg, generated over F,[U] by elements a, b,
¢, d, x, where a and x have bidegree (0, 0). The differential is given by

da=Ub, 0dc=Ud, 0b=09d =0dx=0.

Its hat-flavored truncation C g is still generated by a, b, ¢, d, x, but has zero differential.
We define an involution (g on Cg by

tg(@)=a+x, tgb)=c, tg(c)=b, 1g(d)=d, tg(x)=x+4d.

Then Cg = (CEg, tg) is an element of J 11(] . Note that this complex is represented by the
involutive knot Floer homology of the figure-eight knot E.

To see that Cg is incomparable to Cp in 3 Il<] , suppose on the contrary that it is. Since
the figure-eight knot is negative amphichiral, we have —[Cg] = [Cg] € J Il<] . Therefore,
we should have an almost tg-local map f: Cg — Cp. Since x generates the homology
of U~1Cg, we should have f(x) = 1. However, since C £ has zero differential and Cp
has trivial involution, we should also have

f(x) = fla+g(a)) = f(a) + fe(a) = f(a) +o(f(a)) =0,
a contradiction. Therefore, Cg and Cop are incomparable.

Example 2.9 already shows that ¥ I[(J is not totally ordered. However, we will see that,
after taking quotient by the order 2 subgroup generated by Cg, the induced partial order
on the quotient group is a total ordering. In other words, ¥ I((] is totally ordered modulo Cg.

Lemma 2.10. Let (C,t) be a horizontal almost tg-complex. Suppose that there exist an
element a’ and a cycle x’ in C such that the homology class of x' generates the homology
of UT'C and a’ + 1(a’) = x’ in C. Then there exists an almost 1x-local map from Cg
to C.

Proof. We may assume without loss of generality that the differential d of C is reduced,
i.e., the induced differential on C is zero. Then there exists an element 5’ € C such that
da’ = Ub'. Choose a lift ¢’ € C of ¢(b’) € C, and choose again an element d’ € C such
that d¢’ = Ud’. Then we have in C that

PiPi(a’) = Di®(a’ +x') = Pu(d) = D(c) =d’
since x’ is a cycle. Since ®t®: ~ 1 + (2 and C is reduced, we have
d' = odi(d) =1+ 32)d)=0+0)%*d) =x" +(x)).

Therefore, the map from Cg to C which mapsa, b,c,d,xtoa’,b’,c’,d’, x’, respectively,
is an almost (g -local equivalence. ]

Theorem 2.11. Two elements [C],[D] € 3 Il(] are incomparable if and only if

[C] = [D] +[CE].
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Proof. LetC,D € S}(] First, suppose that [C] = [D] + [Cg], then we have [C ® D*] =
[CE]. Since Cp and Cg are incomparable by Example 2.9, we conclude that C and D
are also incomparable.

For the other direction, we will show that for each C € I Il(] , if there is no almost
tx-local map from Cg to C, then there is an almost tg-local map from C to Cp. This
is enough since if C and D are incomparable, then C ® D* and C¢ are incomparable,
which means that there exist no almost (g-local maps to Cp from both C ® D* and
C* ® D. Then it follows from the assertion that there exist almost ¢ -local maps from Cg
to them. Since [Cg] = —[CEg], we deduce that C ® D* is almost tx-locally equivalent
to Cg, and thus [C] = [D] + [CE].

Possibly after replacing C by a homotopy equivalent complex, we may assume that
there exists an [F,[U]-linear basis B = {x, y;, z;} for C, so that for each i, we have
dy; = U"iz; for some n; > 0. For simplicity, we will denote 1 4 ¢ by w. Consider the
[F»-vector spaces

Z = spang,{z;} and W = span, {w(g) | g € B},

which are linear subspaces of C. We claim that x is not contained in Z + W. Indeed,
suppose it were. Then x = z 4+ w, where z is a torsion cycle and w € Im(w), which implies
that there exists an element b in the [F,-linear span of B such that w(b) = x + z. But now
the homology class of x + z generates H.(U~1C), so it follows from Lemma 2.10 that
there exists an almost ¢ -local map from Cg to C, a contradiction. The claim follows.
Now choose a homogeneous F,-basis { p1,..., pr} for Z + W. Extend the set {x, p1,
.., Pr} to ahomogeneous [F,-basis

X, p1o.. s Dr 1, - -, s}

for all of spang, (B). Define

C’ = spanp, ) {p1.- .- Praqrs -5 Gs)-

Since the image of 9 is contained in the [F[U]-linear span of Z, it is clear that C’ is
a subcomplex of C. Then the quotient map

C — C/C' ~ U]
is a local map from C to Cp, completing the proof. ]

Theorem 2.11 then allows us to define an additive Z /2Z-valued invariant on the tor-
sion subgroup of € via involutive knot Floer homology, as follows.

Corollary 2.12. The group homomorphism N: € — I IL<] in Remark 2.7 restricts to a ho-
momorphism

A €r — 7.)27,

where € denotes the torsion subgroup of the knot concordance group € and 7./27 is
the subgroup of 3 IL(’ generated by the chain complex CE.
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Proof. We need to prove that if K is torsion in €, then either 2(K) = [Cp] or A(K) =
[CE]in Sll(] Suppose A(K) # [Cg]in Sll(] then it follows from Theorem 2.11 that 2[(K)
is comparable to Cp. Assume without loss of generality that 2(K) > [Cp]. Then we get

[Co] < A(K) < 2U(K) < --- < n(K) = AnK) = [Co],
which implies A(K) = [Co]. |

Furthermore, the existence of a total ordering on J I[(] modulo Cg gives a new method
to determine whether the given knot has infinite order in the concordance group.

Corollary 2.13. If A(K) is comparable to both Co and Cg, then K has infinite order
in€.

Proof. If K is torsion in €, then it follows from Corollary 2.12 that 2(K) = [Cp] or
A(K) = [CglinI Il(] . This is a contradiction, since we know from Example 2.9 that Co
and Cg are not comparable to each other. ]

Example 2.14. Note that 2(0) = 0 and A(E) = 1 by definition. In general, it follows
directly from [15, Proposition 8.3] that for any quasi-alternating torsion knot K, we have
that A(K) = Arf(K).

Finally, we will see that the invariant 2l is insensitive under orientation reversal for
torsion knots, although its definition involves involutive knot Floer homology and thus
takes the orientation on the given oriented knot into account in an essential way. This fact
will be used in Section 5.

Proposition 2.15. For any torsion knot K, we have A(K") = A(K).

Proof. It suffices to show that 2(K) = 0 implies 2A(K") = 0. Suppose that A(K) = 0.
As observed in [2], the involution txr on CFKyy(S3, K') = CFKyy(S3, K) is the
homotopy inverse of (x. By assumption, there exists an tg-local map

f:1Co — CFK™(S3,K),

i.e., f is a local map whose hat-flavored truncation f satisfies f ~ K f . Composing
both sides with (g~ then gives f ~ LKrLKf ~ KT f, and thus f is also an (g-local map
from Cp to CFK—(S3, K"). Hence 2(K") is comparable to Co. Since K is torsion
in €, we see that K" should also be torsion. By Corollaries 2.12 and 2.13, we should have
A(K") = 0, as desired. |

3. Horizontal almost ¢ g -complexes from bordered Floer homology
Bordered Heegaard Floer homology, defined by Lipshitz, Ozsvéath, and Thurston in [29],

associates to a bordered 3-manifold M (with connected boundary ) a type-D module
CFD(M) and a type-A module CFA(M) over the [F,-algebra A(X), which are defined
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via counting holomorphic disks on any choice of bordered Heegaard diagram of M with
respect to certain boundary conditions. When we have to specify the diagram we are
working on, we will denote them by C{F\D(H ) and m(H ), where H is our choice
of a bordered Heegaard diagram representing M. The categories of type-D (or type-A)
modules also have a notion for morphisms between them, which are the #(X)-linear
maps which commute with the differential in the type-D case and commute with the
Aso-module maps appropriately in the type-A case. Note that we are not giving precise
definitions here; in general, we expect the readers to be familiar with bordered Heegaard
Floer theoretic machinery.

If M has two boundary components, say ¥, and X,, we instead have a type-DA
module CFDA(M), which is an 4 (Z1)-A(Z5)-bimodule. This bimodule is also defined
using bordered Heegaard diagrams representing M, and we will denote its type- DA mod-
ule by m(H ) when we have to specify a Heegaard diagram H that we are working
with. As in the case of type-D and type-A modules, type-DA modules also have a notion
of morphisms between them, which are called type- DA morphisms.

A similar construction also works when we have a knot inside a bordered 3-manifold,
in which case we use doubly-pointed bordered Heegaard diagram such that one basepoint
lies on the boundary. Such diagrams give minus-flavored type-D and type-A modules
over [F,[U], denoted by CFD~ and CFA™, in which algebraic intersection numbers of
pseudoholomorphic disks with the interior basepoint are recorded by a formal variable U.
The truncations of those modules by U = 0 are denoted again by CFD and CFA. Note
that the truncation by U = 1 is equivalent to forgetting the knot.

This framework is compatible with gluing constructions in the following way. If M
and N are bordered 3-manifolds with connected boundary and dM = 9N, then we have

CF(M UN) ~ CFA(M) X CFD(N).

Similar formulae also hold for gluing bordered manifolds with one or two boundary com-
ponents, and also when we have a knot inside either M or N, in which case the formula
involves CFA™ or CFD™. The general rule is that a type-D boundary should be glued to
a type-A boundary.

When bordered manifolds have boundary components diffeomorphic to the torus, the
associated [F,-algebra A(Tz), called the rorus algebra, admits a simple description, as
follows. As an [F-vector space, we have

A(T?) = Spang, (0. 1. P1. P2. P3. P12. P23. P123).

where ¢ and ¢; are idempotents which sum up to 1. We will mainly focus on the case of
knot complements, i.e., S ~ K, in which case the corresponding type-D module CFD
can be computed directly from the R-coefficient knot Floer chain complex of K. We will
also make use of bordered manifolds with boundary diffeomorphic to two disjoint copies
of the torus, which arise as complements of pattern knots in the co-framed solid torus,
denoted by 7.

We now briefly recall the involutive theory for bordered Heegaard Floer theory, as
defined in [14]. Let M be a bordered 3-manifold with boundary diffeomorphic to the
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torus. Choose a bordered Heegaard diagram H = (X, a, f, z) representing M and its
conjugate diagram H = (—X, B, «, z). Since the holomorphic disk counts for H and H
are identical, the identity maps give a canonical isomorphism

conj: CFD(H) — CFD(H).

Unlike involutive Heegaard Floer homology of closed 3-manifolds, there is no sequence of
bordered Heegaard moves between H and H . Instead, there is a sequence which relates
AZ U H and H, where AZ denotes the Auroux—Zarev dualizing piece, which is repre-
sented by the bordered diagram in Figure 1. Choosing a sequence of Heegaard moves
from AZ U H to H gives a homotopy equivalence between m(AZ) X Cﬁ(H ) and
CFD (H), and composing it with conj gives a homotopy equivalence

im: CFDA(AZ) R CFD(M) — CFD(M).

For simplicity, we will intentionally confuse between the bordered Heegaard diagram in
Figure 1 and the «-fB-bordered 3-manifold it represents, and denote both by AZ. We will
also avoid discussing about different types of borders, i.e., a-borders and 8-borders; one
may read [28] for more details on this point.

=

Fig. 1. An o-f-bordered Heegaard diagram representing the Auroux—Zarev piece AZ.

Note that, due to the lack of naturality in bordered Heegaard Floer homology, the
homotopy equivalence tj; might not be defined uniquely up to homotopy, although this
ambiguity has almost no effect on our arguments involving t3s. We denote the set of all
possible maps t3s that can possibly arise from the definition by Invp (M). The elements
of Invp (M) are called bordered involutions of M .

One can also define bordered involutions for bordered 3-manifolds with boundary
diffeomorphic to two disjoint copies of the torus. Given such a bordered 3-manifold N
and an «-f-bordered Heegaard diagram H representing it, we can similarly define the
conjugate diagram H of H. In this case, it is shown in [27, Theorem 4.6] that H rep-
resents AZ U N U AZ, where AZ denotes the mirror of AZ. Proceeding as in a bordered
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3-manifold with boundary diffeomorphic to the torus, one can define the set Inv(XN) of
bordered involutions () of N, which are homotopy equivalences of the form

iv: CFDA(AZ) ® CFDA(N) R CFDA(AZ) — CFDA(N).

Recall that, given bordered 3-manifolds N and M, where N has boundary diffeomor-
phic to two disjoint copies of the torus and M has boundary diffeomorphic to the torus,
we have a pairing formula

CFD(N U M) ~ CFDA(N) X CFD(M).

Given any choices of bordered involutions (x € Inv(N) and ¢y € Invp(M), we can
describe a bordered involution of the glued manifold N U M as follows. Consider the
homotopy equivalence

liy.uns: CFDA(AZ) R CFD(N U M)
~ CFDA(AZ) ® CFDA(N) R CFD(M)
~ CFDA(AZ) X CFDA(N) R CFDA(AZ) X CFDA(AZ) X CFD (M)

v Reps

MM, CFDA(N) R CFD(M) ~ CFD(N U M).

Note that, in the construction of ¢, ,,,, we used a homotopy equivalence
Q: CFDA(I) = CFDA(AZ) ® CFDA(AZ),

where I denotes the trivial cylinder T2 x [0, 1], induced from the observation that AZ U AZ
is diffeomorphic to I. It is shown in [14, Lemma 4.4] that C/F_Eél(]l) is homotopy-rigid,
so that €2 is uniquely defined up to homotopy, and hence the homotopy class of ¢, ,,,
depends only on the homotopy classes of ty and ¢ps. Following the proof of [14, Theo-
rem 5.1], we can immediately see that ¢, ,,, is a bordered involution for N U M, so that
we have a well-defined map

Inv(N) xInvp(M) = Invp(N U M), (In.ta) = tiyupg-

Now, given a torsion knot K, its horizontal almost (x-complex 2(K) can be alge-
braically recovered from the involutive bordered Floer homology of S3 ~ K as follows.
Consider the co-framed solid torus 7 and the longitudinal knot v C T\. Then we have
a pairing formula

CFK™ (S, K) ~ CFA (Teo,v) X CFD(S? ~ K),
where S3 ~ K is 0-framed. Its hat-flavored truncation is given by
CFK(S3 K) ~ CFA(Ts,v) R CFD(S3, K).

Choose any bordered involution tg3_g € Invp(S3 ~ K). Then, as shown (in a type-D
version) in [22, Theorem 1.3], there exists a type-A morphism

§4 - CFA(Too,v) = CFA(Two,v) & CFDA(AZ)
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such that the map

e — fl Rid _—_ — —
CFA(Ts,v) R CFD(S? K) =2 CFA(Tso.v) X CFDA(AZ) ® CFD(S3, K)
id®tS3\K

CFA(Ts,v) ® CFD(S3, K)

is homotopic to either tx and LI_(I. Since it follows from the proof of [22, Theorem 1.3]
that the above map is either always homotopic to tx for all K or always homotopic to LI_{I
for all K, we will assume that it is actually always homotopic to tx for all knots K. Note
that, if it were homotopic to 11}1 instead, all proofs work in the same way with a slight
modification.

Now we will prove two lemmas, Lemmas 3.1 and 3.3, which describe how to relate
type-D morphisms between bordered Floer homology of O-framed knot complements to
tx-local maps between horizontal almost ¢ g -complexes. These lemmas are crucial in the
proofs of the main theorems.

Lemma 3.1. Given two knots K1, K, and a type-D morphism
f: CFD(S?®~ K1) — CFD(S? ~ K»),

denote by Hat( f') the induced map

CFK(S3, K1) ~ CFA(Ts,v) R CFD(S* ~ K1)

MRS CFA(To, v) B CFD(S® ~ K») ~ CFR(S?, K»).
Then, for any choices of Lg3_ g, € Invp (S3 < K;) fori = 1,2, we have that
Hat(153. g, © (B f) 0 (g3 _g,) ~ tk, o Hat(f) o i1,

where g, denotes the involutive actions on Cﬁ:T((S3, K;) fori =1,2.
Proof. Observe that

(i[dR(g3 g, o (AR [f) o ‘Eé\m)) o (idMigs_g,) o (faa K id)

~ (id B(153 g, © ([dEf))) o (ff, Kid)
~ (i[dBigs k) © (ffoa R id) o (R f).

Therefore, we deduce that

Hat(tg3 g, o ((dX f) o Lgé\Kl) ok, ~ Lk, o Hat(f),
which implies

Hat(tgsx, © (AR f) 0 (51 ) ~ 1k, o Hat(f) o 1!

as desired. [
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Definition 3.2. Given two knots Ky, K», we say that a type-D morphism f: @(S 3S
K1) = CFD(S3 ~ K3) is local if the induced map

CF(S?) ~ CFA(T») X CFD(S®~ K1)
MRS CFA(To) B CFD(S? ~ Ky) ~ CF(S?)

is a homotopy equivalence. Furthermore, a local morphism f: @(S 34K —
CFD(S? ~ K3) is said to be almost bordered-i-local if f is local and

Hat(f + t5a g, © (B f) 0 t5) g )~ 0
for some choices of 153 g, € Invp(S3 ~ K;) fori = 1,2.

In fact, the definition of bordered-t-locality does not depend on the choices of (g3 _g;
by the following lemma.

Lemma 3.3. Given two knots K1, K, and a local morphism f C{Iﬁ)(S3 ~ Kp) —
CFD(S? < K>), denote by Minus( f) the induced map

CFK™(S3 K1) ~ CFA (T, v) R CFD(S?~ K1)

dX f _ — 3 a3
B CFA™(To,v) R CFD(S? ~ Ky) ~ CFK—(S%, Ky).

Then for any choices of 13 g, € Invp(S3 ~ K;) fori = 1,2, the map Minus( f) is an
almost tx-local map if and only if f is almost bordered-i-local.

Proof. Since f is local, we know that Minus( f) is also a local map, since C/F\A(Too) is
the truncation of CFA™ (T, v) by U = 1. By Lemma 3.1, we have

Hat(f + 153k, 0 (R f) 0 (g ) ~ Hat(f) + tx, o Hat(f) o i
~ (Hat(f) o1, + tx, o Hat(f)) o L;&.
Since Hat( f) is the hat-flavored truncation of Minus( f), we deduce that Minus( f) is

an almost tx-local map if and only if (x, o Hat(f) ~ Hat(f) o tx,, and if and only if
Hat(f + g3 g, 0 (idX f) o LE%\KI) ~ 0, which concludes the proof. |

4. (odd, 1)-cables of torsion knots

In this section, we will prove a part of Theorem 1.2 which states that if K is torsion in €
with 2(K) = 1, then K3,41,1 has infinite order in €, and then improve its proof a bit
more to prove Theorem 1.3. We start by observing that the RR-coefficient knot Floer chain
complex of a torsion knot has an &2 summand.

Lemma 4.1. If K is torsion in €, then CFKg(S3, K) admits a direct summand isomor-
phic to R, which is concentrated at bidegree (0, 0).
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Proof. The local equivalence group K of knot-like complexes, defined in [9], is endowed
with a total ordering. In particular, & is torsion-free. Hence we deduce that CFK z(S?>, K)
is locally trivial, which implies that there exist almost local maps

iR — CFKg(S® K) and g: CFKg(S3 K)— R.

Since g o f is a local map from R to itself, it should be homotopic to the identity map.
Therefore, f and g induce a splitting

CFKR(S]. K)~R® A
for some R-acyclic summand A. |

Recall that, for a torsion knot K, the value 2(K) is O if the horizontal almost (g-
complex CFK~(K) is almost tg-locally equivalent to the complex Cp, and 1 if it is
almost tx-locally equivalent to the complex Cg. Since the notion of almost (x-local
equivalence involves chain maps which are not R-linear, but only F,[U]-linear, it is not
quite compatible with the bordered techniques. However, due to Lemma 4.1, we can say
a bit more than that, and as a result, we have the following lemma.

Lemma 4.2. If K is torsion in € with A(K) = 1, then there exists another knot K',
concordant to K, such that C/'}—’T)(S 3 < K') has a direct summand isomorphic to
@(53 ~ E). Furthermore, the inclusion map i: C/’@(Se’ ~E)— @(53 ~ K’)
is almost bordered-t-local.

Proof. Let n be a positive integer such that nK is slice. Then 2n(K#E) = 2nK#2nE
is slice, so K#E also is torsion in €. By Lemma 4.1, we see that CFK&(S3, K#E)
admits a direct summand isomorphic to R, concentrated at bidegree (0, 0); denote its
generator by x. Since A(K#E) = A(K) + A(E) = 0, the knot Floer complex of K#E
is almost (g -locally equivalent to Co, so there exists an almost tg-local map f: Co —
CFK=(S3, K#E). Write f(1) = x + ¢ for some cycle ¢ which represents a U-torsion
class in homology. Then we have

9y = (fotcy +tksg 0 )(1) = X + ¢ + tksg (x + ¢)

for some y € CFK(S3, K#E). Choose any lifts to CFK 2 (S3, K) of ¢ and y, and denote
them again by ¢ and y. Then we get

tk#E (X) = tgse (X + ¢) +ikpe(c) = X + ¢ + tgge(c) +dy  (mod U, V),

Assume without loss of generality that the differential on CFK g (S3, K#E) is reduced,
i.e., its truncation by U = V = 0 is zero. Then, for some o, 8 € CFK(S3, K#E), we
can write

tgse(xX) = x + ¢ + tgue(c) + Ua + VB.

Also, we can decompose the differential d of CFK & (S3, K#E) as d = dy + 0y, where
dy and dy consist of terms containing powers of U and V, respectively.



Torsion in the knot concordance group and cabling 3031

Recall that ¢ is a lift of a cycle in CFK™ (S3, K#E). Since UV = 0in R, we should
have dy (¢) = 0. Since tgug satisfies Pigup ~ tgsg WV, we have dy o tgug = tgsg © dy.
Thus we get

dy(c) = Iy (x + tkze (X)) + Oy (tkse () + Udy (a) + Vay(B)
= 1gye Oy (c)) + Vay(B) = Vay(B).

Hence, if we define ¢/ = ¢ + V3, then we have

du(c") = Vay(B) =0,
Iy (c') = dy(c) + Vv () =0,

so ¢’ is a cycle. Since x generates a free R summand of CFK&(S3, K#E) and the
homology class of ¢’ is R-torsion, we deduce that x + ¢’ also generates a free summand.
Furthermore, since ¢/ = ¢ (mod U, V'), we have

igse(x +¢) =gge(x +¢c)=x+c (mod U, V).

Now take K’ := K#2E. Since x + ¢’ generates a free summand of CFK 2 (S3, K#E),
we see that
(x 4+ ') ® CFKx(S?, E)

is a direct summand of CFK g (S 3K’ ). It follows from [27, Theorem 11.26] that direct
summands of CFK g of a knot induce direct summands of CFD of its 0-framed comple-
ment, so there exists a direct summand of @(S 3 < K’) isomorphic to Cﬁ’?)(S 3VE)
such that the inclusion map i: @(53 ~FE)—> Cﬁ’?)(S3 ~ K') satisfies the property
that Minus(7) is an almost tg-local map. |

For n > 1, denote the (2n + 1, —1)-cabling pattern by C,. The type-A module
C/'F\A(Too, C,) was computed in [35, Lemma 8.3]. To summarize, it admits a model gener-
ated by an (g-element z and ¢;-elements by, . ..,bap41,d1,...,d2,+1. The Ago-oOperations
are given as follows:

02,01 02,01 02,01 02,01
az2n+1 aan e as al
02
z U2n+l U2n U2 U
ban+1 ban e by
U-(p2,01) U-(p2,01) U-(p2,01) U-(p2,01)

Here, 1o and ¢; denote the two idempotents in the torus algebra 4(72). We say that
a nonzero element a is an (g-element if m,(a, o) = a and m,(a, ;) = 0; t;-elements are
also defined in a similar way.

Recall from [19, Proposition 3.1] that CFKyy (S3, E2p41,—1) has generators

a, bv c, dv e, _fv g, b(),is DRI} gO,iv bl,ia e gl,ia b(),na ey fO,n, bl,n, e gl,n~



S. Kang, J. Park 3032

for 1 <i <n — 1. Among them, a generates a direct summand which is invariant under
the involution (mod U, V), i.e., tg,,,, _,(a) = a (mod U, V). Also, the elements b,
¢,d, e, [, g generate the “central” summand, as shown in the figure below, satisfying
lEspyiq.—1(b) =b+a (mod U, V),

Un+1

c b

Vl
un
f——d
Vn+1
yn
U
g<+——e.

It follows from [29, Theorem 11.26] that the type-D module @(S 3 < E)is gen-
erated by 9 elements
eo. fo. go. ho. e1, f1. g1, h1, w,

where the differential is given as follows:

02 P3
f() — (] — €o

fi hy D wDPlL

P123T TPIZB

goTé’lTho

We consider the elements of CFK~(S3, Esp+41,—1) which correspond to z ® w and
a; ® hy fori = 1,...,2n + 1 under the pairing formula

CFK™ (S Ezpy1.-1) ~ CFA™ (Tso, C,) ® CFD(S?® < E).

Lemma 4.3. The element b in the description of CFKyy given above can be written
(mod U) as an Fy-linear combination of ay ® hy,...,d2n+1 ® hy.

Proof. 1t follows from the Ao, operations of m(Tw, C,) that the elements a; ® hy,
fori =1,...,2n 4+ 1, and z ® w, are cycles (in the hat-flavor) of bidegree (0, 0), whose
homology classes are linearly independent. On the other hand, it follows from [19, Propo-
sition 3.1] that the space of homology classes of bidegree (0, 0) in C/‘ﬁ((S3, Espyi,—1)is
generated by a,b,bo1,...,bon,b1,1,...,b1,,, and thus has dimension 2n + 2. Thus we
see that b can be written (mod U) as an [F,-linear combination of z @ w,a; ® hy, ...,
arnt1 @ hi.
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It remains to show that z ® w is unnecessary. If b is actually contained in the F,-linear
spanofa; ® hy,...,az2,+1 ® h1, then we are done, so suppose not. Note that the element
z ® w, when regarded as a cycle of CFA™ (T, Cy) K Cﬁ’?)(S3 ~ E), generates the U -
localized homology. Comparing this again with the computations of [19, Proposition 3.1],
we see that z ® w can be written as @ + Uy for some element y of CFK=(S3, Expnti1,-1),
so that it is equal to a in the hat-flavor. But then we see that b 4 «a is contained in the

(hat-flavored) [F,-linear span of ay ® hq, ..., az,+1 ® hy. Thus, after the basis change
b + b + a, we may assume that b is actually contained in the F,-linear span of a; ®
hi,...,azp+1 ® hq, as desired. ]

Lemma 4.4. Let K be a knot such that CFK %(S3, K) admits a direct summand isomor-
phic to R, which is concentrated at bidegree (0,0). If f:CFD(S3*~ E) - CFD(S3~ K)
is a type-D morphism with Hat( ) ~ 0O, then the map

font1,-1: CFD(S3 ~ Ezny1,-1) = CFDA(Too ~ C) R CFD(S> ~ E)
] — —— o
LN CFDA(Too~ Cp) RCFD(S*~ K) ~ CFD(S* ~ Kan+1.-1)
satisfies Hat( fop41,—1)(a;i ® hy1) = 0foreach1 <i <2n+ 1.

Proof. Since @(Too, v) has one (g-generator, no t;-generators, and no nontrivial A
operations, it follows that f(w) = Y, ppb, where B is a basis of CFD(S* < K) and

Pb € {p1, P2, P3, P12, P23, P123}. Suppose that
Hat(f2n+1,-1)(ai ® h1) # 0

for some 1 <i < 2n + 1. Recall from [29, Theorem 11.26] that CFD of a knot comple-
ment consists of stable chains and unstable chains, together with possible linear changes
of basis along the endpoints of stable chains. Due to the assumption that CFK 2 (S3, K)
admits an R summand, we should have a splitting

CFD(S*~K)~ CFD(S®*~0) & N,

and N consists only of stable chains. Denote by ¢ the generator of CFD (S3~ 0), so that
dt = pi1at. Suppose that f(h;), which is an element of CFD(S3 ~ K), is not contained
in the N summand. Denote by p,, the projection

pu: CFD(S?~ K) — CFD(S*~ 0).

Since h; is an ¢y-element, i.e., t1 41 = hy and tph; = 0, we only have two possibilities for
Ppu(f(hy)); it can be either 0 or p,¢. However, p, (f(h1)) = 0 implies f(h1) € N, and it
contradicts our assumption. Thus, we have p, (f(h1)) = pat. But then we get

p12Pu(f(e0)) = dpu(f(eo)) = pu(f(deo)) = p3pu(f(e1)) + piat.

Since pj5t is not a multiple of ps, it follows that p,( f(eg)) = ¢, which would imply that
Hat( f) cannot be nullhomotopic, a contradiction. Hence we should have f(h) € N.
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Recall again that N consists of stable chains. Denote the sets of its (yp-generators
and (¢;-generators by By and Bj, respectively. Since /; is a cycle and all nontrivial Ao-
operations of CFA(T, Cp) starting from a; begin with p,, in order to have

Hat( f2n+1,-1)(@;i ® h1) # 0,

we should have

f(hy) = ps- Z a + (terms involving ¢ -generators)

a€Sy

for some nonempty subset So C By. Indeed, assume that So = @. Then we can write

fhy) = Zﬂ+023' Z,B

BeS, BeT,

for some S1, 77 C By with §§ N 77 = 0. Since h; is a cycle and no nontrivial Aso-
operations of m(Tw, C,) start with po3, we should have S1 # 0. Since deg = pze; +
p1h1, we have
0f (eo) = psfler) +p1 Y B+pias Y B
BeS| BeT,
Since N consists only of stable chains, the above equation implies that each 8 € S; must
be contained in a stable chain of the form

ag Lpl2 . 22 ag

and f(eg) contains ag. But then, if s denotes the generator of m(Tm, v), the image
under Hat(f) of eg ® s must contain ag ® s, which implies that Hat(f)(ep ® s) is
a cycle in CFK (83, K) whose homology class is nontrivial. Since eg ® s is a cycle of
CFK (S3, E), this is a contradiction. Hence Hat( f) is not nullhomotopic, a contradiction.

Since each a € S is either the startpoint or the endpoint of a stable chain, we should
have either d(poa) = p23by for some by € By or ppa = db,, for some by € By. However,
if poav = dby, then since £ is a cycle, one can eliminate p,« from f(%1) by homotop-
ing f. Hence we may assume without loss of generality that we do not have such basis
elements in So. Then we must have

0= f(dhy) = df(h1) = p23 - Z by + d(terms involving ¢1-generators).

a€Sy

Furthermore, for any ¢1-generator 8 € By, its differential 98 is always of the form p,y
or p23y, and the latter terms should cancel out the py3b, terms in the above equation.
However, since each b, is in a stable chain of the form

P3 P23 P2
o0 —> by —> -+ = Cq,
there is no ¢;-generator whose differential can cancel out p,3b,. Hence no cancella-
tion can happen, which means that we should have Sy = 0, a contradiction. Therefore,
Hat(f2n+1,-1)(ai ® h1) = 0. L]
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We are finally ready to prove that K5, 1,1 has infinite order in €.

Theorem 4.5. If K is torsion in € with A(K) = 1, then for any nonzero integer n the
cable K»,41,1 has infinite order in €.

Proof. Note that K»,41,1 has infinite order in € if and only if —Kap+1,1 = (—K)2141,-1
has infinite order in €. Moreover, since A(K) = A(—K), it is enough to show that
K5,41,—1 has infinite order in €.

By Lemmas 3.3 and 4.2, we may assume that there exists a type-D morphism f:
Cﬁ(S 3VE)— Cﬁ(S 3 < K) such that, for any choice of bordered involutions
tg3 g € Invp(S® ~ E) and tg3_g € Invp(S> ~ K), we have

Hat(f + (g3 g o f oz;%\E) ~ 0.

Then, by Lemmas 4.3 and 4.4, we have
Hat( fon 41,1 + (tg3<g © (AR ) 0155 p)ant1,-1)(b)
= Hat((f + tg3 g 0 ([dRf) o (g3 _g)ant1,-1)(b) = 0.

Since it follows from the description of bordered involutions of glued manifolds that

. —1 . —1
(LS3\K o (ld [Zf) ] LS3\E)2”+1’_1 ~ LS3\K2,H_1’_1 o (ld |Zf2n+1,_1) X lS3\E2n+1,71 ’

we deduce from Lemma 3.1 that

Hat(f2n+1,-1)(0) + (tkp, 41—y © Hat(f2n41,-1) © LE;HL,I)(b)
= Hat(f2n+1’_1 + LS3<Kopg1.—1 © (id |Zf2n+1,_1) X [§§\E2n+1.—1)(b) = 0.

Note that b in this proof denotes one of the generators of CFKyy (S3, Eant1.-1) as
described in [19, Proposition 3.1]. Since

[l_‘?;nﬂfl(b) =b+a (modU,V)
on CFKg(S3, Ezpy1,-1), we get

Kopsr 1 ©Hat(fant1,-1)(b) = Hat(font1,-1)(b + a).

Denote the differentials of minus-flavored knot Floer complexes by d~. Then 075 is
a multiple of U", so 0~ Minus( f2,+1,—1)(b) should also be a multiple of U”. Since
n > 1, we have ® o Minus( f2,+1,—1)(b) = 0 (mod U), which implies that

® o Hat(f2n+1,-1)(b) = 0.
Hence we have

LKop+1.-1 OHat(f2n+l,—l)(b)
= LI_(;n-&-l.—l o (1 + tKoppy -1 Plksyyr -1 ) 0 Hat(f2n+1,-1) (D)
= ‘1_(;&1,_, o Hat(f2n+1,-1)(b) = Hat(f2n+1,-1)(b + a).
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Since a is a cycle which generates the homology of U 'CFK~(S3, Ezy41,-1), its
image Minus( f2,+1,—1)(a) should also be a cycle which generates the homology of

U 'CFK™(S3, Kant+1.—1)- It then follows from Lemma 2.10 that Cg < (Kan+1.-1)

U
mSg.

Now, we have
UKapt1.—1 © Hat(fant1,-1)(@)
= Krpi1.— © Hat(f2n+1,-1)(b) + tky, 4y —; © Hat(f2n+1,-1)(b))
= Hat(f2n+1,-1)(@) + L%(Zn+l.—l o Hat(f2n+1,-1)(b)
= Hat(f2n+1,-1(@) + tky, 11 Plkoyyy. 1 P o Hat(f2n41,-1) (D)
= Hat(f2n+1,-1)(a),

since ® o Hat(f2n+1,—1)(b) = 0. Hence the inclusion of the subcomplex of CFK~(S3,
K5,41,—1) generated by Minus( f2,,4+1,—1)(a) is an almost (x-local map by Lemma 3.3.
This implies that Co < A(Kzn+1,—1). Therefore, it follows from Corollary 2.13 that
Co < A(Kzp+1,-1), and hence K7, 41,—1 has infinite order in €. ]

To prove Theorem 1.3, we have to approximate CFK~(S3, Kp,41,—1) by simpler
horizontal almost tx-complexes. To do so, for each n > 1, we consider an element C,,
of ¥ IL(’ , generated by elements a,, b,, ¢,, dy, X, where a, and x, have bidegree (0, 0).
The differential is given by

da, =U"b,, dc, =U"d,, 0b, =0d, =0x,=0
and the involution (on its hat-flavored truncation 6,,) is given by
te,(an) = an + xn, tc,(by) = cn. ¢, fixes dp, Xp.

Since ® = 0 on 6,,, it is clear that C, is a well-defined horizontal almost tgx-complex.
Furthermore, since the chain map f,: C;, — Cp+1 defined by

Julan) = anv1,  fu(bn) = Ubpi1,  fulcn) = fuldn) =0,  fu(xn) = Xnt1

satisfies f,, ot =t o f, on @n, and it is clear that there exists an almost tx-local map
from Cp to C, but not from C,, to Cp, it follows from Theorem 2.11 that

0<Cr=C3=sCy=---.

The complexes will provide both lower and upper bounds for CFK~(S3, Kap41.-1)-

Lemma 4.6. Let K be a knot such that CFK~(S3, K) admits an F»[U] direct summand,
generated by an element x of bidegree (0,0). If n is a positive integer such that U"
annihilates the torsion submodule of HFK~(S3, K), then we have that

A(K) < Cy1.
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Proof. Suppose that there exists an almost tg-local map f:C,y+; — CFK—(S3, K).
By Lemma 4.1, CFK(S3, K) admits a splitting

CFKR(S®, K)~ A®F,[U]-x

for an acyclic summand A. Choose a basis {y1, ..., Yk, Z1, ...,z } of A which is hori-
zontally simplified, i.e., 0y; = U" z; for some n; <n and dz; = O0foralli = 1,...,k.
Since 8an+1 = Un+lbn+1 in Cn+1, we get

Af (an+1) = f(0ap+1) = Un+1f(bn+1)-

Since f(b,+1) is a cycle whose homology class is torsion, we have

S(bnt1) = Z Zj

i€S;

for some S, C {1,...,k}. Write

flans) =z+ ) Uy

ieSy
forsome S, C {1,...,k},¢; >0,andz € spaan[U](x,Zl, ..., Zr). Then we get
Un+1 Z z; = Un+1f(bn+l) — af(an+1) — Z Uni+ciZ,‘,
i€S; ieSy

which implies that S, = S; and n; + ¢; = n + 1 for all i € S,. But this means ¢; =
n+1—n; > 1foralli, so we deduce that f(a,+1) =2z (mod U). Since t(x,4+1) = Xn+1,
we have

0=(f + foan+1) = flan+1) +1(f(an+1) + f(xn+1)
= f(xp41) +z +t(z) (mod U).

Furthermore, since U ™! f is a homotopy equivalence, the homology class of f(x,+1)
generates U~ ! H,(C). Hence x should appear when we write z + ((z) as an F,-linear
combination of the given basis elements. In other words, x should appear in either z
or ((z), but cannot appear in both.

Recall now that the involution ¢ on CFK (§3, K) is a truncation of an involution on
CFK (83, K) which is a homotopy skew-equivalence. Assume without loss of generality
that the differential on CFK (S3, K) is reduced, and write

0 =dy + dy,

where dy and dy are the sums of terms in d involving U -powers and V -powers, respec-
tively. First assume that z does not contain x. Since z is a dy-cycle whose homology
class is U -torsion, ¢(z) should be the truncation from CFK 2 (S3, K) of a dy -cycle whose
homology class is V -torsion. In particular, ¢(z) cannot contain x, as x comes from a cycle
whose homology class is not annihilated by any powers of U and V, a contradiction.
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A similar argument also shows that if z contains x, then ¢(z) should also contain x, which
is also a contradiction. So we conclude that there does not exist an almost (g -local map
from C, 11 to CFK~(S3, K).

By Theorem 2.11, we are now left with two possibilities:

A(K) < [Cpy1] or A(K) + [Ce] = [Cna]

However, CFK~(S3, K) ® E ~ CFK~(S3, K#E) also satisfies the assumptions of the
lemma, so there is no almost tx-local map from C,, 4 to CFK=(S3,K) ® Cg. Therefore,
we conclude that A(K) < [Cp41]. |

We are now ready to prove Theorem 1.3, whose statement we recall.

Theorem 4.7. If K is torsion in € with A(K) = 1, then the set of cables {K2n+1.1}n>0
contains an infinite subset which is linearly independent in €.

Proof. As in the proof of Theorem 4.5, it is enough to show that {K5,+1,—1}n>0 contains
an infinite subset which is linearly independent in €. Also, recall that, in the proof of
Theorem 4.5, we constructed a local chain map

Minus(f2n+1,_1): CFK_(S3, E2n+1’_1) — CFK™ (SS, K2n+1,_1)
for each n > 1, such that its hat-flavored truncation Hat( f2,+1,—1) satisfies

Kopir.—1 © Hat(fan+1,-1)(0) = Hat( f2p+1,-1) (b + a),
Kopy1.—1 ©Hat(fan+1,-1)(a) = Hat( f2n+1,-1)(a).

Since db is a multiple of U"T!, we see that d(Minus( fan+1,—1)(b)) is also a multiple
of U™, Therefore, we can write

dMinus( f2n+1,-1)(b)) = U"*e.

Recall that C, is a horizontal almost tx-chain complex generated by ay,, by, ¢, dp, Xn.
Assume that n > 2, and define a chain map g: C, — CFK~(S?3, Krp41,-1) as

g(an—1) = Minus( f2n+1,-1)(b), g(bu—1) = Uc,
g(en-1) = g(dn-1) =0, g(xp—1) = Minus( f2n+1,-1)(@).

Then (g + gt =0 as amap from Cp to Minus(K3,41,—1), and g is obviously local. Thus g
is an almost (g -local map, which implies [C,] < W(K2p41,-1)-

Now we recursively construct a sequence ny < n, < --- of integers as follows. We start
with the initial value ny; = 2. Assuming that we have already determined nq, ..., n;,
we take N; to be an integer such that N; > n; and U Ni annihilates the torsion submodule
HFK o (S3, Kon;+1,-1) of HFK=(S3, K2n,;+1,—1). By Lemmas 4.1 and 4.6, we have

M - A(Kzp;41,-1) < [Cn,+1] for any integer M.
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This is because HFKmr(S3, K>n;+1,—1) is also annihilated by Ui, and then we may
take n;+1 = N; + 1 and continue the recursion.
Suppose that the family {K»,;4+1,—1}i>0 is linearly dependent in €. Then there exist

positive integers i1 < --- < i and integers Dy, ..., Dy such that Dy > 0 and
k—1
Dy - A(Kan;, +1,-1) = > D, " W(K2n, +1,-1)-
j=1

However, since 0 < [Cy;] < A(K2p;+1,-1) and M - A(Kap;+1,-1) < [Cy; ] for any
integer M, we have

k—1 k—1
Z Dj - W(Kzn;, +1,-1) = D1 - U(Kan,, +1,-1) + Z Dj - W(Kzn;; +1,-1)
j=1 j=2
k-1
< D2+ 1) AUK2n;y+1,-1) + Z Dj - A(Kzn,, +1,-1)
j=3

< (Dr—1+ D) - A(Kzn;,_ +1,-1) <[Cp;, 4]
=[Gy, | = A(Kan; +1,-1) < D - A(Kzp;, +1,-1).

a contradiction. Therefore, the given family is linearly independent. ]

5. Generalization to iterated cables

Recall from Lemma 3.3 that a type-D morphism f: C/‘ﬁ(S3 ~K;) —> @(53 ~ K>»)
is almost bordered-t-local if and only if Minus( /) is an almost tg-local map. The argu-
ments used in the previous section to prove that K, —1 has infinite order in € can be
rephrased as follows. In particular, we do not require K is torsion in €; having a type-D
morphism f satisfying the given conditions is enough.

Proposition 5.1. Let K be a knot, and suppose that CFD (S3 ~ K) admits a direct sum-
mand isomorphic to CED(S3 ~ O). Moreover, if there is an almost bordered-i-local map
from CFD(S3 ~ E) to CFD(S? ~ K), then for any integer n > 0, we have

A(Kznt1,-1) = Co and W(Kzpy1,-1) > CEg

in 3}(] from which it follows that A(Kzp+1,—1) > Co, and that Kap1,—1 has infinite
order in €.

Recall that CFKyy (S3, Ezn4+1.—1) admits a direct summand C, generated by ele-
ments a, b, c,d, e, f, g, where the differential acts as

0b=U"c+UVd + V", 0dc=Vf, 0de=Ug,
da=0d =df =0dg =0.
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Furthermore, we have (g,, | _, (b)y=b+aorb+a+ U"_lf; so we may assume that
LEsp41.—1 (b) = b + a possibly after a basis change given by a — a + U""! f. Then we
can adjust tg,, ., _, by a homotopy to get

LEpps1. (@) = By (b +tEy, (b)) =b+a+ L2E2n+l.—l (b) =a+ DY (d)
=a _|_ Un_lf:
We claim that the summand C can be made tg,, ,, _,-stable.

Lemma 5.2. There exists a chain map, homotopic to (g,, ., _,, such that its action on

the basis elements a, b, ¢, d, e, f, g is described as

-1’

ara+U"Yf bb+a, cre, er>c, frg g f d—d.

Proof. We have already achieved a +> a + U""! f and b + b + a, so it remains to
achieve the rest. Since tg,, ., _, is a chain map, we have

U'c+V"e =0b=0dig,, ,_,(b) =tE,, ,_,0(b)
=V"Eyir1(©) +U" gy, (o).

Hence ¢ + tg,,,, _, (¢) isamultiple of V and e + tg,, | _, (c) is amultiple of U. How-
ever, by considering the bidegrees of ¢ and Cg, it is easy to see that the only possibility
is ¢ +tgy,4, () = e+ tE,, , _ (c) = 0. Therefore, we get tg,,,, _,(c) = e and

LEspir.—1(€) = c.
We then proceed to remaining basis elements. Since dc = Vf and de = Ug, we have

ULE2”+]!71(f) = LE2n+1A7186 = BLEZnJrlvil (c) = de = Ug,
ViEs i1 1(8) = LEs, 1 _ 0 = ip,,, _, (e) = dc = V],
which implies tg,, , _,(f) = g and tg,,, _,(g) = f. Furthermore, since
0d =U""f+ Vg,
we have
0d + gy, (d) =0d + Otpy, \ _,(d) =1+ 1E,y,,, U f+V"g)=0,

$O LE,, ., (d) differs from d by a cycle. Since d has bidegree (1, 1) and every other
basis elements of the complex CFKyy (S3, Epy41.—1) lies in a bidegree in which at least
one of the two degrees is nonpositive, we should have

Espgr () = d + ) (aido; + Bidy )

for some o;, B; € {0, 1}. However, it is clear that d + ) _(a;do,; + Bid1,i) is cycle if and
only if all &; and B; vanish. Therefore, we get d + Y («ido,; + Bid1,i))(d) = d. ]

Using Lemma 5.2, we can construct a bordered-t-local map from the figure-eight knot
complement to S3 ~ E>n+1,—1 as follows.
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Lemma 5.3. For any positive integer n, there exists an almost bordered-i-local map f
from CFD(S®~ E) to CFD(S* ~ Eapt1,-1) such that the image of Hat( ') is contained
in the subcomplex generated by a, b, ¢, d, e, f, g.

Proof. 1t follows from the proof of [29, Proposition 11.38] that for any two knots K, K»
and any chain map g: CFKUV(S3 K1) — CFKyy (83, K»), there exists a type-D mor-
phism G: CF(S3 ~K;) - CFD (83 ~ K>) such that Hat(G) ~ g. Hence the existence
of the desired almost bordered-:-local map F can be shown by proving that there exists
an tg-local map f, from CFKyy(S3, E) to CFKyy (S3, E>p41,—1), whose image is
contained in the subcomplex generated by a, b, ¢, d, e, f, g.

Recall that the knot Floer chain complex for the figure-eight knot E is generated by
five elements, x, h, s, t, z, where the differential acts by

oh=Us+Vt, d0s=Vz, 0t =Uz, 0z=09dx=0,
and the involution acts by
tixk(hy=h+x, (x(x)=x+2z, x(s)=1t, 1x(t)=s, 1x(z)=rz.

For any n > 0, consider the map f,: CFKyy(S3, E) — CFKyy(S3, Eant1,-1) de-
fined as

o) =a, fa(h)=b, fals) =U"c+Vd, [fut)=V"e, fa(2)=

It is straightforward to check that df,, + f,d = 0, so that f, is a local map. Furthermore,
by Lemma 5.2, the map tg,, ., _, fn + fulE is given by

h—0, s—Ud, t—Vd, z,x—>U"f+V"g.
Consider the linear map H: CFKyy (S3, E) — CFKyy(S3, Eapt1,—1) defined by
H(Mh)=H(s)=H({)=0, H(z)=H(x)=

Then we get tg,, | _, fu + fute = 0H + H0, so we deduce that f, is an (g -local map.
Furthermore, the image of f}, consists of F,[U]-linear combinations of a, b, ¢, d, e, f, g.
Therefore, f, satisfies the desired properties. ]

Using the almost bordered-t-local map, we got from Lemma 5.3, one can now prove
the following lemma, which will be used as an inductive step in the proof of Theorem 1.2.

Lemma 5.4. Let K be a knot and n be a positive integer. If there exists an almost
bordered-i-local map f:CFD(S3 ~ E) — CFD(S? ~ K), then there also exists an
almost bordered-t-local map from CFD (S ~ E) to CFD(S> ~ Kan41,-1)-

Proof. Recall from Section 4 that the type-D morphism

font1,-1: CFD(S? ~ Ezpg1,-1) = CFD(S® ~ Kant1,-1)
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satisfies
Kopy1.—1 (Hat( f2n41,-1)(b)) = Hat(f2n+1,-1)(b + a)
and
Kopir.—1 (Hat( f2n+1,-1)(a)) = Hat( f2n+1,-1)(a).

Note that we do not know whether f,1,—1 is an almost bordered-t-local map. Consider
the bordered-t-local map

F: (/{F'\D(S:i ~ E) —> @(53 ~ E2n+1,_1)

given in Lemma 5.3. Using the notation from the proof of Lemma 5.3 that CFKyy (S3, E)
is generated by x, h, s, t, z, since the image of Hat(F') is contained in the [F,-linear span
ofa,b,c,d,e, f,g,itis clear that Hat(F) maps x and & to a and b, respectively, and
maps s, 7, z to 0. Hence the map

Hat( f2n41,-1 © F) = Hat(f2n+1,—1) o Hat(F)

satisfies tx,, | _; o Hat( fan+1,—1 0 F) ~Hat(fan+1,—10 F)otg,and then fon41.—10F
is almost bordered-t-local. [ ]

Lemma 5.5. Let K be a knot such that Cﬁ(S 3 < K) admits a direct summand iso-
morphic to CFD(S® ~ O). Then for any pattern P C Ts, such that P(O) is slice,
CFK&(S3, P(K)) also admits a direct summand isomorphic to CFD(S3 ~ 0).

Proof. According to [29, Theorem 11.26], we have that C/‘ﬁ(S 3 K) admits a sum-
mand isomorphic to Cﬁ’\D(S 3, 0). Then, by taking a box tensor product with the bimod-
ule C/FEMTOO ~ P), we see that @(S 3 < P(K)) admits a summand isomorphic
to Cﬁ’?)(S3 ~ P(0)). Also, since P(O) is slice, it follows from [18, Theorem 1] that
CFKyy(S3, P(0)) has a direct summand isomorphic to F5[U, V] concentrated in bide-
gree (0, 0), from which it follows from [29, Theorem 11.26] that Cﬁ’\D(S 3N P0))
admits a direct summand isomorphic to @(S 350). |

We are now ready to prove Theorem 1.2, whose statement we recall.

Theorem 5.6. Denote by €1 the torsion subgroup of the knot concordance group €. Then
there is a nontrivial group homomorphism

A: € — 7.2

Moreover, if K is torsion in € with A(K) = 1, then for any sequence of positive integers
ni,N2, ..., N, the iterated cable Ky, +1,1:2n5+1,1;....2nm+1,1 has infinite order in €.

.....

has infinite order in €.
In order to do so, we show that there exists an almost bordered-¢-local map

.....
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from which the theorem follows by Lemma 5.5 and Proposition 5.1. We already know,
possibly after replacing K by another knot concordant to it, that the result holds when
m = 1, as shown in Lemma 4.2. Moreover, Lemma 5.4 implies that the claim holds for
any positive integer m1. |

Remark 5.7. In particular, the proof of Theorem 5.6 implies that

A(Kon,+1,-12n04 1,150 20—y +1,—1) > 0.

6. Strongly rationally slice knots that are not slice

In this section, we prove Theorem 1.5 using Theorem 5.6 and the following two lemmas.
We first recall the definition complexity of rationally slice knots, as given in [3, Defini-
tion 2.8].

Definition 6.1. Let K be a rationally slice knot that bounds a smoothly embedded disk A
in a rational homology ball X . The inclusion induces a homomorphism

Hi{(S}~K:Z)=7Z — H{(X ~A;Z)/torsion = Z,

which is given by multiplication by a nonzero integer ¢, and we may assume further that ¢
is positive by changing orientations if necessary. We define the complexity of A to be the
positive integer ¢ and the complexity of K to be the minimum complexity of all possible
rational slice disks for K.

Note that a rationally slice knot has complexity one if and only if it is strongly ratio-
nally slice. The following lemma allows us to construct many strongly rationally slice
knots. The proof of the lemma follows from the proofs of [3, Theorem 2.23 and Corol-
lary 2.24], and we include the details for completeness. We use vY to denote an open
tubular neighborhood of a submanifold Y.

Lemma 6.2. Let K be a complexity ¢ rationally slice knot, and let P C Too be a winding
number w pattern. If P(O) is slice, then P(K) is rationally slice knot of complexity at
most c¢/ged(c, w).

Proof. Throughout the proof, all homology groups have integral coefficients. Let A be
a complexity ¢ smoothly embedded disk in a rational homology ball X. Then the disk A
induces a rational concordance C C X ~ B* from K to the unknot O. Using the Mayer—
Vietoris sequence, it can be easily verified that the homomorphism induced by the inclu-
sion

H{(S?~K)~7Z — Hi(X ~(B*UC))/torsion = Z

is given by multiplication by c. Moreover, using the pattern P, we get a rational con-
cordance Cp C X ~ B* from P(K) to the slice knot P(Q). Combined with a slice disk
Ap(o)y for P(O), we get a rational slice disk

Api) :=CpUApo)y C(X ~BYHUB*=X
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for P(K). Then as before we also have that
H(S*~ P(K)) = Z — H;(X ~ (B*U Cp))/torsion = Z

is given by multiplication by the complexity of Ap(k). Hence, it is enough to analyze this
homomorphism induced by the inclusion (see v3 below).
Note that from the following Mayer—Vietoris sequence

0— Hi(PxSY - H{(Teo ~vP) ® Hi(vP) - H(Ts) — O,
it can be easily verified that Hy(Too ~VP) = Z & Z = (A1, up), where
Ar =S x{pt) C T C Too =S x D? and pup :={pt} x vP = P x D? C T

Now, we consider the following commutative diagram of Mayer—Vietoris sequences:

h h
0— Hi(KxSY) —— H{(Too~P) ® H{(S3~vK) ——— H(S3~P(K)) —> 0

" |- X
h h

0— Hi(CxSY) 3 Hi(vC~Cp) ® Hi (X ~(B*UvC)) =5 H{ (X ~(B*UCp)) — 0,
where the vertical homomorphisms are induced by the inclusions. Let p be the meridian
of P(K). We make the following observations:
o (K x{pt}]) = ([A7].0) € Hi(Teo ~ P) & H (S ~ vK).
o m([{pty x S') = (wlupl. 1) € Hi(Teo ~ P) & Hi(S? ~ vK).
o 2(([ep].0)) = [u] € Hi(S? ~ P(K)).
e vq is an isomorphism.
o Uz, (Too~P): H1(Too ~ P) = H1(vC ~ Cp) is an isomorphism.

o Uy (s3wi): Hi(Teo ~ P) — Hi(X ~ (B* U v(C))/torsion is given by multiplica-
tion by c.

Hence, we see that

Im(h3) = (([A7].0). (w[Ap]. ¢))
C H(wC~Cp)® H (X ~(B*UvC))/torsion=Z ®Z & Z.

This implies that
Hi(X ~ (B*U Cp))/torsion = Z & Z/((w, ¢)),

and v3([]) = hg o v2(([up], 0)) is represented by (1,0) € Z & Z/((w, ¢)), which com-
pletes the proof. |

Lemma 6.3. Let K be a knot. If the connected sum of some copies of S}rl (K) bounds

a spin rational homology ball, then there exists an almost (g -local map from F,[U, V] to
CFKyv(S3, K), and thus A(K) > [Co].
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Proof. The assumption, together with the fact that the almost t-local equivalence group
is totally ordered, implies that the CF _(Sil(K)) is almost (-locally trivial; we refer
to [10] for the definitions of almost (-complexes and almost ¢-local equivalence classes
and [10, Theorem 3.25] for the fact that the almost t-local equivalence group is totally
ordered. We know from [13, Theorem 1.6] that the almost t-local equivalence class of
CF_(S_?_I(K)) is given by (A4¢(K), (), where Ao(K) C CFKyy(S3, K) is the subset
of elements of the Alexander grading 0, and ¢ is the restriction of the action of (x on
CFKyy (83, K) to Ag(K). Hence (Ao(K), ) is almost t-locally trivial.

Choose an almost t-local map f:F,[U] — Ao(K). Recall that the U -action on Ay (K)
corresponds to the U V-action on CFKyy (S3, K). Thus we can extend f by tensoring
with F»[U, V], along the ring inclusion F,[U V] — F,[U, V], to get a local map

multiplication map

fiFa2[U, V] = Ao(K) ®psuv) F2lU, V] ————— CFKyv(S3, K).

Since to f ~ f (mod U) and the action of ¢ on 1 Ag(K) is the restriction of the action
of ix on CFKyy(S3, K), it is clear that (g o f f (mod UV), so f is an almost
tx-local map. [

We are finally able to prove Theorem 1.5, whose statement we recall.

Theorem 6.4. If K is torsion in € with A(K) = 1, then for any sequence of positive
integers ny,Na, ..., N, the (2, 1)-cable of the iterated cable K\ +1,1:2n5+1,1;....2nm+1,1
has infinite order in €.

Proof. Let J be the iterated cable Kop,+1,1;2n041,1:...:2n+1,1 and 3(J21) be the 2-
fold cyclic branched cover of S3 branched along J, ;. By applying the Akbulut—Kirby
technique [1] to J5,1, we have that

2(J21) = ST, (JH#IT).

Suppose that nJ, ; is slice for some positive integer 7, and let D be its slice disk. Then
the 2-fold cyclic branched cover of B* branched along D is a rational homology ball with
a spin structure that restricts to the unique spin structure on its boundary X(nJ,;) =
nX(J2,1). By Lemma 6.3, this implies

W(K2n,+1,12n0+ 1,15 20m + 11Ky 41 10m 1,10 20 +1.1) = [Col-

.....

However, we have

A((=K)2n +1,~1:2n04+1,—1;....2nm+1,—1) > [Co]

and
A(—K) 2y +1,1:2n5+1,-1;
by Proposition 2.15 and Remark 5.7, which gives

2nm+1,-1) > [Col

.....

r .
A(Kon +1,12m0 41,15 20m + 11K 41 10004115 20m+1,1) < [Coli

a contradiction. Hence J5,; has infinite order in €. [



S. Kang, J. Park 3046

Acknowledgments. The authors wish to thank Jae Choon Cha, Jennifer Hom, Matthew Stoffregen,
and lan Zemke for helpful discussions. We are also grateful to the referees for their careful reading
and thoughtful suggestions.

Funding. The first author is supported by the Institute for Basic Science (IBS-R003-D1). The
second author is partially supported by Samsung Science and Technology Foundation (SSTF-
BA2102-02) and the POSCO TJ Park Science Fellowship.

References

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(1]
[12]
[13]
[14]
[15]
(16]
[17]
[18]

[19]

Akbulut, S., Kirby, R.: Branched covers of surfaces in 4-manifolds. Math. Ann. 252, 111-131
(1980) Zbl 0421.57002 MR 593626

Binns, F., Kang, S., Simone, J., Trudl, P.: On the nonorientable four-ball genus of torus knots.
arXiv:2109.09187 (2024)

Cha, J. C.: The structure of the rational concordance group of knots. Mem. Amer. Math. Soc.
189, x+95 pp. (2007) Zbl 1130.57034 MR 2343079

Cha, J. C.: 4-dimensional L2-acyclic bordism and Whitney towers. Talk at Conference on
4-manifolds and knot concordance, Max Planck Institute for Mathematics (2016)

Cha, J. C., Ko, K. H.: Signatures of links in rational homology spheres. Topology 41, 1161-
1182 (2002) Zbl 1031.57020 MR 1923217

Chen, W.: On the Upsilon invariant of cable knots. Algebr. Geom. Topol. 21, 1075-1092
(2021) Zbl 1473.57034 MR 4299664

Cochran, T. D., Davis, C. W., Ray, A.: Injectivity of satellite operators in knot concordance.
J. Topol. 7, 948-964 (2014) Zbl 1312.57006 MR 3286894

Cochran, T. D., Orr, K. E.: Not all links are concordant to boundary links. Ann. of Math. (2)
138, 519-554 (1993) Zbl 0828.57015 MR 1247992

Dai, I., Hom, J., Stoffregen, M., Truong, L.: More concordance homomorphisms from knot
Floer homology. Geom. Topol. 25, 275-338 (2021) Zbl 1464.57019 MR 4226231

Dai, I., Hom, J., Stoffregen, M., Truong, L.: An infinite-rank summand of the homology cobor-
dism group. Duke Math. J. 172, 2365-2432 (2023) Zbl 07783719 MR 4654053

Davis, C. W., Park, J., Ray, A.: Linear independence of cables in the knot concordance group.
Trans. Amer. Math. Soc. 374, 4449-4479 (2021) Zbl 1471.57005 MR 4251235

Feller, P, Park, J., Ray, A.: On the Upsilon invariant and satellite knots. Math. Z. 292, 1431-
1452 (2019) Zbl 1422.57020 MR 3980298

Hendricks, K., Hom, J., Stoffregen, M., Zemke, I.: Surgery exact triangles in involutive Hee-
gaard Floer homology. arXiv:2011.00113 (2020)

Hendricks, K., Lipshitz, R.: Involutive bordered Floer homology. Trans. Amer. Math. Soc.
372, 389424 (2019) Zbl 1457.57023 MR 3968773

Hendricks, K., Manolescu, C.: Involutive Heegaard Floer homology. Duke Math. J. 166,
1211-1299 (2017) Zbl 1383.57036 MR 3649355

Hom, J.: Bordered Heegaard Floer homology and the tau-invariant of cable knots. J. Topol. 7,
287-326 (2014) Zbl 1368.57002 MR 3217622

Hom, J.: The knot Floer complex and the smooth concordance group. Comment. Math. Helv.
89, 537-570 (2014) Zbl 1312.57008 MR 3260841

Hom, J.: A survey on Heegaard Floer homology and concordance. J. Knot Theory Ramifica-
tions 26, article no. 1740015 (2017) Zbl 1360.57002 MR 3604497

Hom, J., Kang, S., Park, J., Stoffregen, M.: Linear independence of rationally slice knots.
Geom. Topol. 26, 3143-3172 (2022) Zbl 07649387 MR 4540903


https://doi.org/10.1007/BF01420118
https://zbmath.org/?q=an:0421.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=593626
https://arxiv.org/abs/2109.09187
https://doi.org/10.1090/memo/0885
https://zbmath.org/?q=an:1130.57034
https://mathscinet.ams.org/mathscinet-getitem?mr=2343079
https://doi.org/10.1016/S0040-9383(01)00029-5
https://zbmath.org/?q=an:1031.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=1923217
https://doi.org/10.2140/agt.2021.21.1075
https://zbmath.org/?q=an:1473.57034
https://mathscinet.ams.org/mathscinet-getitem?mr=4299664
https://doi.org/10.1112/jtopol/jtu003
https://zbmath.org/?q=an:1312.57006
https://mathscinet.ams.org/mathscinet-getitem?mr=3286894
https://doi.org/10.2307/2946555
https://zbmath.org/?q=an:0828.57015
https://mathscinet.ams.org/mathscinet-getitem?mr=1247992
https://doi.org/10.2140/gt.2021.25.275
https://doi.org/10.2140/gt.2021.25.275
https://zbmath.org/?q=an:1464.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=4226231
https://doi.org/10.1215/00127094-2022-0082
https://doi.org/10.1215/00127094-2022-0082
https://zbmath.org/?q=an:07783719
https://mathscinet.ams.org/mathscinet-getitem?mr=4654053
https://doi.org/10.1090/tran/8336
https://zbmath.org/?q=an:1471.57005
https://mathscinet.ams.org/mathscinet-getitem?mr=4251235
https://doi.org/10.1007/s00209-018-2145-7
https://zbmath.org/?q=an:1422.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=3980298
https://arxiv.org/abs/2011.00113
https://doi.org/10.1090/tran/7557
https://zbmath.org/?q=an:1457.57023
https://mathscinet.ams.org/mathscinet-getitem?mr=3968773
https://doi.org/10.1215/00127094-3793141
https://zbmath.org/?q=an:1383.57036
https://mathscinet.ams.org/mathscinet-getitem?mr=3649355
https://doi.org/10.1112/jtopol/jtt030
https://zbmath.org/?q=an:1368.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=3217622
https://doi.org/10.4171/CMH/326
https://zbmath.org/?q=an:1312.57008
https://mathscinet.ams.org/mathscinet-getitem?mr=3260841
https://doi.org/10.1142/S0218216517400156
https://zbmath.org/?q=an:1360.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=3604497
https://doi.org/10.2140/gt.2022.26.3143
https://zbmath.org/?q=an:07649387
https://mathscinet.ams.org/mathscinet-getitem?mr=4540903

Torsion in the knot concordance group and cabling 3047

(20]
(21]

(22]
(23]

(24]
[25]
[26]
[27]
(28]
[29]

(30]

(31]
(32]
(33]
[34]
(35]
(36]
(37]

(38]

Hom, J., Wu, Z.: Four-ball genus bounds and a refinement of the Ozsvath—Szab¢ tau invariant.
J. Symplectic Geom. 14, 305-323 (2016) Zbl 1348.57023 MR 3523259

Juhdsz, A., Thurston, D., Zemke, I.: Naturality and mapping class groups in Heegard Floer
homology. Mem. Amer. Math. Soc. 273, v+174 pp. (2021) Zbl 1510.57001 MR 4337438

Kang, S.: Involutive knot Floer homology and bordered modules. arXiv:2202.12500 (2022)

Kawauchi, A.: Rational-slice knots via strongly negative-amphicheiral knots. Commun. Math.
Res. 25, 177-192 (2009) Zbl 1199.57004 MR 2554510

Kim, M. H., Park, K.: An infinite-rank summand of knots with trivial Alexander polynomial.
J. Symplectic Geom. 16, 1749-1771 (2018) Zbl 1411.57027 MR 3934241

Kim, S.-G., Livingston, C.: Secondary Upsilon invariants of knots. Q. J. Math. 69, 799-813
(2018) Zbl 1402.57016 MR 3859208

Levine, J.: Knot cobordism groups in codimension two. Comment. Math. Helv. 44, 229-244
(1969) Zbl 0176.22101 MR 246314

Lipshitz, R., Ozsvith, P. S., Thurston, D. P.: Heegaard Floer homology as morphism spaces.
Quantum Topol. 2, 381-449 (2011) Zbl 1236.57042 MR 2844535

Lipshitz, R., Ozsvith, P. S., Thurston, D. P.: Bimodules in bordered Heegaard Floer homology.
Geom. Topol. 19, 525-724 (2015) Zbl 1315.57036 MR 3336273

Lipshitz, R., Ozsvith, P. S., Thurston, D. P.: Bordered Heegaard Floer homology. Mem. Amer.
Math. Soc. 254, viii+279 pp. (2018) Zbl 1422.57080 MR 3827056

Litherland, R. A.: Signatures of iterated torus knots. In: Topology of low-dimensional man-
ifolds (Proc. Second Sussex Conf., Chelwood Gate, 1977), Lecture Notes in Math. 722,
Springer, Berlin, 71-84 (1979) Zbl 0412.57002 MR 547456

Meier, J.: A note on cabled slice knots and reducible surgeries. Michigan Math. J. 66, 269-276
(2017) Zbl 1370.57004 MR 3657218

Miyazaki, K.: Nonsimple, ribbon fibered knots. Trans. Amer. Math. Soc. 341, 1-44 (1994)
Zbl 0816.57007 MR 1176509

Ozsvith, P., Szabd, Z.: Knot Floer homology and the four-ball genus. Geom. Topol. 7, 615—
639 (2003) Zbl 1037.57027 MR 2026543

Ozsvith, P., Szabd, Z.: Holomorphic disks and knot invariants. Adv. Math. 186, 58—116 (2004)
Zbl 1062.57019 MR 2065507

Ozsvith, P. S., Stipsicz, A. 1., Szabd, Z.: Concordance homomorphisms from knot Floer
homology. Adv. Math. 315, 366426 (2017) Zbl 1383.57020 MR 3667589

Tristram, A. G.: Some cobordism invariants for links. Proc. Cambridge Philos. Soc. 66, 251—
264 (1969) Zbl 0191.54703 MR 248854

Zemke, 1.: Quasistabilization and basepoint moving maps in link Floer homology. Algebr.
Geom. Topol. 17, 3461-3518 (2017) Zbl 1387.57020 MR 3709653

Zemke, I.: Connected sums and involutive knot Floer homology. Proc. Lond. Math. Soc. (3)
119, 214-265 (2019) Zbl 1473.57043 MR 3957835


https://doi.org/10.4310/JSG.2016.v14.n1.a12
https://zbmath.org/?q=an:1348.57023
https://mathscinet.ams.org/mathscinet-getitem?mr=3523259
https://doi.org/10.1090/memo/1338
https://doi.org/10.1090/memo/1338
https://zbmath.org/?q=an:1510.57001
https://mathscinet.ams.org/mathscinet-getitem?mr=4337438
https://arxiv.org/abs/2202.12500
https://zbmath.org/?q=an:1199.57004
https://mathscinet.ams.org/mathscinet-getitem?mr=2554510
https://doi.org/10.4310/JSG.2018.v16.n6.a5
https://zbmath.org/?q=an:1411.57027
https://mathscinet.ams.org/mathscinet-getitem?mr=3934241
https://doi.org/10.1093/qmath/hax062
https://zbmath.org/?q=an:1402.57016
https://mathscinet.ams.org/mathscinet-getitem?mr=3859208
https://doi.org/10.1007/BF02564525
https://zbmath.org/?q=an:0176.22101
https://mathscinet.ams.org/mathscinet-getitem?mr=246314
https://doi.org/10.4171/qt/25
https://zbmath.org/?q=an:1236.57042
https://mathscinet.ams.org/mathscinet-getitem?mr=2844535
https://doi.org/10.2140/gt.2015.19.525
https://zbmath.org/?q=an:1315.57036
https://mathscinet.ams.org/mathscinet-getitem?mr=3336273
https://doi.org/10.1090/memo/1216
https://zbmath.org/?q=an:1422.57080
https://mathscinet.ams.org/mathscinet-getitem?mr=3827056
https://doi.org/10.1007/BFb0063191
https://zbmath.org/?q=an:0412.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=547456
https://doi.org/10.1307/mmj/1490639817
https://zbmath.org/?q=an:1370.57004
https://mathscinet.ams.org/mathscinet-getitem?mr=3657218
https://doi.org/10.2307/2154613
https://zbmath.org/?q=an:0816.57007
https://mathscinet.ams.org/mathscinet-getitem?mr=1176509
https://doi.org/10.2140/gt.2003.7.615
https://zbmath.org/?q=an:1037.57027
https://mathscinet.ams.org/mathscinet-getitem?mr=2026543
https://doi.org/10.1016/j.aim.2003.05.001
https://zbmath.org/?q=an:1062.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=2065507
https://doi.org/10.1016/j.aim.2017.05.017
https://doi.org/10.1016/j.aim.2017.05.017
https://zbmath.org/?q=an:1383.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=3667589
https://doi.org/10.1017/s0305004100044947
https://zbmath.org/?q=an:0191.54703
https://mathscinet.ams.org/mathscinet-getitem?mr=248854
https://doi.org/10.2140/agt.2017.17.3461
https://zbmath.org/?q=an:1387.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=3709653
https://doi.org/10.1112/plms.12227
https://zbmath.org/?q=an:1473.57043
https://mathscinet.ams.org/mathscinet-getitem?mr=3957835

	1. Introduction
	Organization and proof outline
	Questions
	Notation and conventions

	2. The horizontal almost \iota_K-local equivalence group
	3. Horizontal almost \iota_K-complexes from bordered Floer homology
	4. (odd,1)-cables of torsion knots
	5. Generalization to iterated cables
	6. Strongly rationally slice knots that are not slice
	References

