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Abstract. We introduce a geometric notion of initial data on the singularity for the Einstein-scalar
field equations and demonstrate that previous notions of data on the singularity constitute special
cases. The definition thus gives a unified geometric perspective on existing results. The formulation
also leads to a natural geometric initial value formulation of Einstein’s equations with initial data
on the singularity. However, in order for any notion of initial data on the singularity to paramet-
rise convergent solution, the crucial question is: do convergent solutions necessarily induce such
data? There are several notions of data on the singularity for the Einstein-scalar field equations and
corresponding existence results. The existence results demonstrate that the corresponding notions
are sufficient to ensure convergent behaviour. However, none of the existing notions of data on the
singularity are necessary. A central part of the article is therefore to demonstrate the necessity of
our requirements.
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1. Introduction

In this article, we are interested in the Einstein-scalar field equations with a cosmological
constant ƒ; i.e., the equations

G Cƒg D T;

�g� D 0

for a Lorentz metric g and a smooth function � (the scalar field) on a manifold M . Here

G WD Ric �
1

2
Sg

is the Einstein tensor, Ric is the Ricci tensor of g and S is the scalar curvature of g.
Moreover, ƒ 2 R, �g is the wave operator associated with g and

T D d� ˝ d� �
1

2
jd�j2g � g:

We are also interested in Einstein’s vacuum equations; i.e., the equation G D 0 (when we
speak of Einstein’s vacuum equations we, in other words, assume a vanishing cosmolo-
gical constant).

In order to explain the origin of the notion of initial data on the singularity used in,
e.g., [6, 23], it is natural to return to the ideas of Belinskiı̌, Khalatnikov and Lifschitz
(BKL for short). One fundamental idea in the BKL proposal concerning the nature of
cosmological singularities is that kinetic terms (roughly speaking, time derivative terms)
should dominate over spatial curvature terms (roughly speaking, spatial derivative terms).
In [26], the authors introduce a notion of velocity dominated singularity by comparing,
asymptotically, an actual solution with a solution to a truncated set of equations, obtained
by working in geodesic normal coordinates and dropping spatial derivative terms. The
solutions to the truncated set of equations can, in some sense, be thought of as initial data
on the singularity. These ideas were refined in [43], in which the authors introduce the
notion of a solution being asymptotically velocity term dominated near the singularity
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(AVTDS); see [43, p. 88]. Again, a solution is AVTDS if it asymptotes to a solution of
truncated system of equations, the velocity term dominated (VTD) system; see [43, (3)
and (4), pp. 87–88]. In this sense, solutions to the VTD system constitute initial data on
the singularity. However, as pointed out in [43], the VTD system has no covariant for-
mulation. In this sense, the notion of initial data on the singularity is, in this case, not
geometric in nature. The exact norm to be used to compare an actual solution to a solu-
tion to the VTD system is also left unspecified in the definition of AVTDS solutions.
Next, in [6], the authors write down the velocity dominated system in the case of the
Einstein-scalar field equations and the Einstein-stiff fluid equations in 3C 1 dimensions
using a Gaussian foliation; see [6, (10)–(14), p. 483]. Given real analytic solutions to
the velocity dominated system (satisfying certain conditions), the authors then prove that
there are real analytic solutions to the actual equations asymptoting to the prescribed solu-
tions to the velocity dominated system. This is a very important result. On the other hand,
it is not quite clear that the notion of initial data on the singularity is geometric. More
importantly, it is not clear that convergent solutions necessarily induce the type of data
introduced in [6]. In fact, the conclusions of [30] (see also [47]) imply that the conditions
of [6] are not necessary (note that the vacuum equations considered in [30] are of course
a special case of the Einstein-scalar field equations considered in [6]). In [30], the authors
specify initial data on a singularity with T3-topology for the Einstein vacuum equations
and prove that there are corresponding solutions to the Einstein vacuum equations con-
verging to the data at the singularity. In this case, it is not so clear that the formulation is
geometric in nature. Viewing the result of [30] as a result concerning the Einstein-scalar
field equations, it is also clear from [6] that the conditions are not necessary. However,
even considering the result [30] as a result concerning the vacuum equations and ignoring
the restriction to T3-spatial topology, it is not clear why the conditions should be neces-
sary. In addition to [6, 23, 30, 47], there are several results in situations with symmetry;
see, e.g., [1, 2, 42, 44, 45, 59, 77]. In this case, the results [6, 23, 30, 47] illustrate that the
relevant notions of initial data on the singularity are not necessary, since [6, 23, 30, 47]
apply in the absence of symmetries. Moreover, the data on the singularity in the symmet-
ric settings typically correspond to the asymptotics of solutions to a symmetry reduced
version of the equations. It is therefore not clear that the corresponding notions of data on
the singularity are geometric.

In spite of the progress represented by the above results, it is clear that none of the
corresponding notions of data on the singularity fulfil the demands one would like to
make

(i) The notion of initial data on the singularity should be geometric in nature, and there
should be a corresponding geometric initial value problem.

(ii) The notions of data used in the existing results should all be special cases of this
notion.

(iii) Convergent solutions should necessarily induce initial data on the singularity.

Since Einstein’s equations are geometric (they only determine the isometry class of the
solution), the notion of data on the singularity should clearly be geometric. Moreover,
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data on the singularity should give rise to unique corresponding maximal globally hyper-
bolic developments, and isometric data on the singularity should give rise to isometric
developments. In addition, we clearly want the notion to encompass all previous notions.
Finally, it is only if one can prove the necessity of the notion of initial data introduced that
one has a hope of parametrising convergent solutions by data on the singularity. Moreover,
if one is not able to prove necessity, there could be a large number of other notions of data
on the singularity that could be equally viable.

That initial data on the singularity, as defined here, give rise to a unique correspond-
ing maximal globally hyperbolic development and that isometric data on the singularity
give rise to isometric developments is verified in [32] for the Einstein-non-linear scalar
field equations in 3 C 1 dimensions. Needless to say, it would be of interest to verify
this statement more generally. Nevertheless, in this article, we focus on the remaining
requirements in the above list. Combining the existence result in [30] with the geometric
perspective developed in [69], we formulate a notion of initial data on the singularity in
the case of the .3C 1/-dimensional vacuum equations in Definition 1.2. This definition is
then generalised to the setting of the .nC 1/-dimensional Einstein-scalar field equations
with a cosmological constant; see Definition 1.10. That the notion of data on the singular-
ity used in [30] is a special case of Definition 1.2 is verified in Proposition 1.5. That it is
locally possible to go in the other direction is verified in Proposition 1.6. In Section 1.5,
we verify that the VTD solutions introduced in [6] can be considered to be initial data on
the singularity in the sense of Definition 1.10 in the non-degenerate setting on which we
focus here.

Even though the above definitions and observations are of interest, the main focus of
this article is on the question of necessity. To address this question, we first have to decide
on a minimal requirement for convergence.

Minimal requirements, convergence. To make sense of limits, we first need a foliation
of the causal past of a Cauchy hypersurface. Next, since the limit should correspond to
a cosmological singularity, it is natural to assume that the volume density, see (1.1) below,
converges to zero uniformly or that the mean curvature diverges to infinity uniformly (i.e.,
that the foliation is crushing) in the direction of the singularity. Turning to the quantities
that should converge, it is useful to recall the BKL proposal; i.e., that time derivatives
dominate over spatial derivatives. In other words, we expect the second fundamental form
(roughly speaking, the normal derivative of the induced metric on the leaves of the foli-
ation) and the normal derivative of the scalar field to constitute the leading order terms in
describing the asymptotics in the direction of the singularity. And if the asymptotics are
supposed to be convergent, it is natural to expect the leading order terms to converge (after
an appropriate rescaling, if necessary). More specifically, let xK be the Weingarten map
of the leaves of the foliation (i.e., the second fundamental form with one index raised)
and let � denote the mean curvature of the leaves of the foliation. Since we are interested
in situations in which � D tr xK diverges to infinity, it is clear that we need to expansion
normalise xK. A natural object to consider is then the expansion normalised Weingarten
map, defined by K WD xK=� . Concerning this object, there is a clear dichotomy. There are
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solutions for which the eigenvalues of K oscillate in the direction of the singularity; see,
e.g., [61]. In fact, the asymptotics for the eigenvalues can even exhibit chaotic dynamics;
see [9]. This is a possibility we wish to exclude here. Moreover, to the best of our know-
ledge, in all the results deducing convergent asymptotics, in particular in all the results
concerning data on the singularity, K converges. It is therefore natural to require K to
converge to a limit, say, K . Similarly, it is natural to assume that an expansion normal-
ised version of the normal derivative of the scalar field converges; if U denotes the future
directed unit vector field normal to the leaves of the foliation and yU WD ��1U , then we
require yU� to converge to, say, ˆ1. Again, to the best of our knowledge, in all the results
deducing convergent asymptotics, in particular in all the results concerning data on the
singularity, this is satisfied.

It is clear that there is a big gap between these minimal requirements for conver-
gence and the notions of initial data on the singularity introduced in Definition 1.10
and [6, 23, 30].

Additional requirements, data on the singularity. It is clear that K and ˆ1 do not con-
tain enough information to constitute initial data on the singularity. In Definition 1.10,
there are two additional pieces of information, namely xh and ˆ0. Here xh constitutes
the limit of anisotropic rescalings of the metrics induced on the leaves of the foliation.
Moreover, ˆ0 is a lower-order term in the asymptotic expansion for �. Similar inform-
ation constitute part of the initial data on the singularity in [6, 23, 30]; 0gab and 0� in
the case of [6, 23], see [6, Section 2.2, pp. 482–484] and [23, Section 2.2, pp. 1060–
1061], and cij in the case of [30], see [30, (1.4) and (1.5), p. 1185]. Next, the existence
and uniqueness results in [6, 23, 30] require specific anisotropic convergence rates for
the components of the expansion normalised Weingarten map; see [6, (41d), p. 492],
[23, (2.33), p. 1065] and [30, (1.11), p. 1188]. In addition, the data on the singularity
are required to satisfy constraint equations; see [6, (10), p. 483], [23, (2.18) and (2.19),
p. 1062], conditions (2) and (5) of [30, Theorem 1.1, pp. 1185–1186] and condition (2) of
Definition 1.10. Finally, there are conditions on the eigenvalues, say ¹pAº, of K and the
corresponding eigenvector fields. One possibility is to impose the condition that the eigen-
values satisfy 1C pA � pB � pC > 0 for all A, B , C with B ¤ C , see Definition 1.10
and [23, Theorem 10.1, p. 1104]; in 3 C 1 dimensions, this requirement translates to
pA > 0 for all A, which is the condition appearing in [6, Theorem 1, p. 484]. The second
possibility is to demand that certain structure coefficients of the eigenvector fields of K

vanish if the conditions on the eigenvalues are not satisfied; see condition (4) of Defin-
ition 1.10 and note that a corresponding condition is implicitly part of the requirements
in [30].

If yU� converges at an appropriate rate, one could imagine integrating this estimate in
order to obtain a lower-order term in the asymptotic expansion for �, say ˆ0. The picture
concerning the geometry is somewhat more complicated. Why should the specific aniso-
tropic rescalings of the metrics induced on the leaves of the foliation (see Definition 1.16
and [6, 23, 30]) converge? Similarly, why should the expansion normalised Weingarten
map satisfy the stated anisotropic convergence rates? These are technical conditions going
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quite far beyond the minimal requirements of convergence. Turning to the constraint
equations on the singularity, one of them follows naturally from the ideas of BKL, namely
tr K 2 C ˆ21 D 1. In fact, this equation is obtained by taking the limit of expansion nor-
malised versions of the Hamiltonian constraint equations induced on the leaves of the
foliation. In order to justify this statement, note that the Hamiltonian constraint can be
written as in (5.36). Again, going back to the ideas of BKL, the spatial derivatives should
be less important than the time derivatives. In particular, the expansion normalised spatial
scalar curvature xS=�2 (where xS denotes the scalar curvature of the leaves of the foliation)
should tend to zero and the expansion normalised version of the spatial derivatives of
the scalar field should converge to zero. Finally, since we expect the mean curvature to
diverge uniformly, we expect ƒ=�2 to converge to zero. Combining these observations
with (5.36) and taking the limit leads to the conclusion that tr K 2 Cˆ21 D 1. This is one
of the constraint equations for the data on the singularity; see Definition 1.10. It is less
obvious why it should be necessary to demand that the second constraint equation, namely
divxhK Dˆ1dˆ0, hold. Finally, it is far from clear why the conditions on the eigenvalues
of K and the structure coefficients of the eigenvector fields of K should be necessary.

Necessity. In Section 1.7, we address the question of necessity. In order to give a rough
idea of some of the results, assume the foliation to be of the form xM � I , where I D
.0; tC/ and t D 0 represents the singularity. We assume the lapse function to be strictly
positive and the shift vector field to vanish. Next, let xgref be a reference Riemannian metric
on xM and xg denote the metrics induced on the leaves of the foliation. Then the volume
density ' is defined by the relation

'�xgref D �xg ; (1.1)

where �xgref and �xg denote the volume forms associated with xgref and xg, respectively;
here we view xg as a family of Riemannian metrics on xM . The logarithmic volume density
is defined by % WD ln '. We assume that % diverges uniformly to �1 in the direction
of the singularity. In order to be able to make conclusions, it is not sufficient to assume
convergence, we also need a rate. Since we also wish to have assumptions that do not
involve a limit, we prefer to impose decay on yLUK , the expansion normalised normal
derivative of K . The most basic bound we impose is, in fact, that

j yLUKjxgref � C0h%i
a0e�%;

where h%i WD .%2 C 1/1=2; C0 and a0 are constants; and �W xM ! .0; 1/ has a strictly pos-
itive lower bound. From this bound, it can be deduced that K converges to a limit K , and
we here assume the eigenvalues of K to be distinct. Under these, quite weak, assump-
tions, it can be deduced that the relevant anisotropic rescaling of the metric converges to
a limit in C 0; see (1.33) and (1.34) below. Moreover, the improved anisotropic conver-
gence rates for the different components of K and yLUK can be demonstrated; see (1.35c)
and (1.35d). In order to obtain conclusions for spatial derivatives, it is necessary to impose
conditions on the relative spatial derivatives of yN WD �N , whereN denotes the lapse func-
tion; see (1.36) below (note that our requirement allows polynomial growth of the relative
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spatial derivatives, whereas the relative spatial derivatives are assumed to decay exponen-
tially in [30]; see [30, (1.11), p. 1188]). In fact, combining the above assumptions with
(1.31) and (1.36) yields the same conclusions concerning the anisotropic rescalings of the
metric and anisotropic convergence rates as before, but for higher C k-norms. Similarly,
imposing decay bounds on yU 2�, see (1.32), yields the desired asymptotics for the scalar
field. Finally, given the above assumptions; that (1.31), (1.32) and (1.36) hold with k D 2;
and that tr K 2 Cˆ21 D 1, we deduce that all the other conditions of Definition 1.10 fol-
low as consequences; see Theorem 1.49. In this sense, convergent solutions necessarily
induce data on the singularity in the sense of Definition 1.10. Moreover, for this reason,
it is natural to expect that data on the singularity parametrise convergent solutions and
that Definition 1.10 is the natural notion of data on the singularity (there should not be yet
another notion which is not a special case of Definition 1.10).

The oscillatory setting. One context in which the notion of initial data on the singularity
(and, in particular, the necessity of that notion) is potentially important, is in the case of
oscillatory and spatially inhomogeneous big bang singularities. Considering the existing
arguments in the spatially homogeneous setting, a crucial first step in the study of oscil-
latory behaviour is to understand how solutions approach the Kasner circle along a stable
manifold, and then depart via an unstable manifold. In order to carry out a similar ana-
lysis in the spatially inhomogeneous setting, it is of central importance to first identify
the stable manifold. Due to the above observations, it is natural to expect that this stable
manifold should correspond to a subset of vacuum data on the singularity introduced in
Definition 1.2; see Section 2.2 below for a more detailed discussion of this aspect.

Outline. The outline of the introduction is the following. In Section 1.1, we recall the
results of [30]. In Section 1.2, we provide a geometric notion of initial data on the singu-
larity in the .3C 1/-dimensional vacuum setting. We also prove that this notion is locally
equivalent to the one introduced in [30]. In Section 1.3, we introduce a corresponding
geometric notion of development. In Section 1.4, we then generalise the notion of data
on the singularity and developments to higher dimensions and scalar field matter. In Sec-
tion 1.5, we verify that the notion of VTD solution used in [6] as a substitute for initial
data on the singularity can be considered to be a special case of the data on the singularity
introduced here. In Section 1.6, we turn to the question of improving the asymptotics. The
requirements in our definition of development are weaker than the requirements in [6,30].
For that reason, it is of interest to analyse if one can, starting with our requirements, derive
the improvements corresponding to [6,30]. This is also related to the question of necessity
discussed above. This naturally leads us to the topic of necessity, which is addressed in
Section 1.7. Finally, in Section 1.8, we provide conclusions and an outlook.

1.1. Quiescent solutions to Einstein’s vacuum equations without symmetries

The notion of initial data on a singularity we propose here arises naturally when con-
sidering the recent results of Fournodavlos and Luk [30] with the geometric perspective
developed in [69] in mind. For this reason, it is natural to begin with a discussion of the
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results of [30]. In this article, the authors specify the following initial data on the singu-
larity.

Definition 1.1. Fournodavlos and Luk initial data on the singularity consist of smooth
functions cij ; pi WT3 ! R, i; j D 1; 2; 3, satisfying the following conditions: cij D cj i ;
p1 < p2 < p3; c11; c22; c33 > 0;

3X
iD1

pi D

3X
iD1

p2i D 1I (1.2)

and
3X
lD1

h@icl l
cl l

.pl � pi /C 2@l�
l
i C 1¹l>iº

@l .c11c22c33/

c11c22c33
� li

i
D 0 (1.3)

for i D 1; 2; 3. Here � ii D �pi (no summation); � li D 0 if l < i ;

� 2
1 WD .p1 � p2/

c12

c22
; � 3

2 WD .p2 � p3/
c23

c33
;

� 3
1 WD .p2 � p1/

c12c23

c22c33
C .p1 � p3/

c13

c33
I

(1.4)

1¹l>iº D 1 if l > i ; and 1¹l>iº D 0 if l � i .

Given data satisfying these conditions, there is, due to [30, Theorem 1.1, p. 1185–
1186], a C 2-solution to the Einstein vacuum equations Ric D 0 of the form

g D �dt ˝ dt C

3X
i;jD1

aij t
2pmax¹i;jºdxi ˝ dxj ; (1.5)

where .t; x1; x2; x3/ 2 .0; T ��T3 for some T > 0 and aij W .0; T ��T3!R are smooth
functions (symmetric in i and j ) which extend to continuous functions: Œ0;T ��T3!R.
Moreover, the aij obey

lim
t!0C

aij .t; x/ D cij .x/: (1.6)

However, in the course of the argument, the authors also obtain the following control of
the Weingarten map:

1X
rD0

X
j˛j�2�r

t rC1j@rt @
˛
x.k

i
j � t

�1�
i

j /j D O.min¹t"; t"�2piC2pj º/; (1.7)

where " > 0 and k is the second fundamental form of the leaves of the foliation (using
the conventions of [30]; here we use the opposite conventions). Clearly, the formulation
of this result is tied quite closely to the specific situation under consideration: T3 spatial
topology; Gaussian foliation etc. On the other hand, the results of [67, 69] indicate that
quiescent behaviour in the case of .3 C 1/-dimensional vacuum solutions to Einstein’s
equations should be tied to properties of the expansion normalised Weingarten map. It is
therefore of interest to try to combine the formulation in [30] with the more geometric
perspective taken in [69].
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1.2. A geometric formulation of initial data on the singularity

In order to relate the results of [30] with those of [67, 69], note that our conventions con-
cerning the second fundamental form are opposite to those of [30]. Here we use xk to
denote the second fundamental form of the leaves of the foliation, and xk D �k, where k
is object appearing in (1.7). Moreover, we denote the Weingarten map by xK; i.e., xK is the
.1; 1/-tensor field satisfying xK i

j D
xk
i

j . If � denotes the mean curvature of the leaves of
the foliation, the expansion normalised Weingarten map is defined by K WD xK=� , assum-
ing � ¤ 0. Note here that taking the trace of (1.7), keeping the definition of � and the
conventions in mind, yields t� � 1DO.t"/ in C 2. Combining this observation with (1.7)
again yields the conclusion that K converges to a limit, say K , in C 2, and the rate of
convergence is t". In fact, K i

j D ��
i

j . At this stage, it is of interest to reformulate the
conditions of Definition 1.1 in terms of K . Note, to this end, that (1.2) can be refor-
mulated to tr K D tr K 2 D 1. The fact that the pi are distinct can be reformulated as
saying that the eigenvalues of K are distinct. Next, note that (1.5) and (1.6) are closely
tied to the coordinate vector fields on T3. From a geometric perspective, it is more nat-
ural to express these equalities using an eigenframe associated with K . However, such
a frame ¹ xXAº with associated co-frame ¹ xY Aº is given by

xX3 D @3; xX2 D @2 C xX 3
2 @3;

xX1 D @1 C xX 2
1 @2 C

xX 3
1 @3; (1.8a)

xY 1
D dx1; xY 2

D dx2 � xX 2
1 dx

1;

xY 3
D dx3 � xX 3

2 dx
2
C . xX 2

1
xX 3
2 �

xX 3
1 /dx

1;
(1.8b)

where
xX 2
1 D

1

p1 � p2
K 2
1 ;

xX 3
2 D

1

p2 � p3
K 3
2 ;

xX 3
1 D

1

p1 � p3

�
K 3
1 C

1

p1 � p2
K 2
1 K 3

2

�
:

(1.9)

With this notation, K xXA D pA xXA (no summation). Moreover, (1.5) can be written

g D �dt ˝ dt C

3X
A;BD1

bAB t
2pmax¹A;Bº xY A

˝ xY B : (1.10)

Combining the above terminology with (1.4) and (1.6), it can also be verified that

lim
t!0C

bAB D cAAıAB

(no summation on A), so that

lim
t!0C

3X
A;BD1

bAB xY
A
˝ xY B

D

3X
AD1

cAA xY
A
˝ xY A

DW xh: (1.11)

Since cAA > 0, the limit, i.e., xh, is a Riemannian metric on T3. At this stage, we thus
have two natural structures on T3: the .1; 1/-tensor field K and the Riemannian met-
ric xh. It would of course be desirable if all the conditions could be expressed in terms of
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these quantities. From the above observations, it is clear that the pi can be read off as
the eigenvalues of K ; that (1.2) can be reformulated to tr K D tr K 2 D 1; and that K

is symmetric with respect to xh, cf. (1.11). Next, on the basis of [69], the structure coef-
ficients 
ABC associated with the frame ¹ xXAº can be expected to be important. They are
defined by

Œ xXB ; xXC � D 

A
BC
xXA: (1.12)

Due to [69], we would expect 
123 D 0 to be a necessary condition in order to obtain the
quiescent behaviour of [30] (note that this condition is independent of the normalisation
of the eigenvector fields and that it is crucially dependent on the assumption that p1 <
p2 < p3). However, the frame introduced in (1.8) satisfies this condition. In fact, this
condition is automatically built into the definition of the initial data. Finally, we need to
express (1.3) geometrically. Since this equation is the limit of the momentum constraint,
cf. [30, Remark 1.4, p. 1186], it is of interest to relate it to divxh K . In fact, it turns out
that (1.3) is equivalent to the condition that divxhK D 0; cf. Lemma 3.5 below. The above
observations suggest the following definition of initial data on a big bang singularity for
Einstein’s vacuum equations in 3C 1 dimensions.

Definition 1.2. Let . xM; xh/ be a smooth 3-dimensional Riemannian manifold and K be
a smooth .1; 1/-tensor field on xM . Then . xM; xh;K / are non-degenerate quiescent vacuum
initial data on the singularity if the following holds:

(1) tr K D 1 and K is symmetric with respect to xh.

(2) tr K 2 D 1 and divxhK D 0.

(3) The eigenvalues of K are distinct.

(4) O1
23 � 0 on xM , where (if p1 < p2 < p3 are the eigenvalues of K , XA is an eigen-

vector field corresponding to pA, normalised so that jXAjxh D 1, and 
ABC is defined
by ŒXB ;XC � D 


A
BCXA) the quantity OA

BC is defined by OA
BC WD .


A
BC /

2.

Remark 1.3. That K is symmetric with respect to xh means that if p 2 xM and �; � 2
Tp xM , then xh.K �; �/ D xh.�;K �/.

Remark 1.4. Due to the normalisation of the eigenvector fields, they are uniquely defined
up to a sign. For this reason, the functions OA

BC are uniquely defined smooth functions
on xM .

Due to the observations made prior to the statement of the definition, the following
holds.

Proposition 1.5. Given Fournodavlos and Luk initial data on the singularity in the sense
of Definition 1.1, define K by K i

j D ��
i

j and xh by (1.11). Then .T3; xh;K / are non-
degenerate quiescent vacuum initial data on the singularity.

In short, initial data in the sense of Definition 1.1 are a special case of initial data in
the sense of Definition 1.2. It is therefore of interest to find out if it is possible to go in the
other direction. On the level of local coordinates, it turns out to be possible.
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Proposition 1.6. Let . xM; xh;K / be non-degenerate quiescent vacuum initial data on the
singularity in the sense of Definition 1.2 and let p 2 xM . Let pA, A D 1; 2; 3, be the
eigenvalues of K , and assume them to be ordered so that p1 < p2 < p3. Then there
are local coordinates .V; xx/ such that p 2 V and such that K has a frame ¹ xXAº of
eigenvector fields on V given by (1.8a) and (1.9), where the sub- and superscripts refer to
the coordinates .V;xx/. Define cAA WD xh. xXA; xXA/ (no summation). Define

c12 WD
c22

p2 � p1
K 2
1 ; c23 WD

c33

p3 � p2
K 3
2 ;

c13 WD
c33

p3 � p1

�
K 3
1 C

1

p3 � p2
K 2
1 K 3

2

�
;

(1.13)

where the components of K are calculated with respect to the local coordinates .V;xx/,
and define the remaining components cij by requiring cij D cj i . Then the functions pi and
cij satisfy all the conditions of Definition 1.1, but on the set V instead of T3, and where
the sub-, superscripts and derivatives refer to the coordinate frame associated with .V;xx/.

Proof. The proof of the statement is to be found at the end of Section 3.2.

This observation indicates that Definitions 1.1 and 1.2 are locally the same. On the
other hand, it is conceivable that a more general definition of data on the singularity is
possible and would, non-trivially, include both Definitions 1.1 and 1.2. We return to this
topic in Section 1.7 below.

One potential deficiency in the definitions is the non-degeneracy condition. In some
situations, it is to be expected that this condition can be relaxed; cf. Remark 1.27 below.
On the other hand, one of the main applications of the definitions is to think of the data on
the singularity as parametrising the stable manifold associated with the Kasner circle. One
of the main potential uses of this perspective is the understanding of oscillatory spatially
inhomogeneous spacetimes; cf. Section 2.2 below. In that context, the degenerate case is
not of interest; cf. Section 2.2 below.

1.3. Developments of non-degenerate quiescent vacuum initial data on the singularity

Once one has specified initial data on the singularity, the question arises how these data
are related to a corresponding development. In the case of [30], we have already given the
relation; cf. (1.5)–(1.7). Moreover, (1.10), (1.11) and the fact that K ! K suggest how
to relate the development with the data more generally. In the setting of Definition 1.2,
we use the following terminology.

Definition 1.7. Let . xM; xh;K / be non-degenerate quiescent vacuum initial data on the
singularity in the sense of Definition 1.2. A locally Gaussian development of the initial
data is then a time oriented Lorentz manifold .M; g/, solving Einstein’s vacuum equa-
tions, such that the following holds. There are a 0 < tC 2R and a diffeomorphism‰ from
xM � .0; tC/ to an open subset of .M; g/ such that

‰�g D �dt ˝ dt C
X
A;B

bAB t
2pmax¹A;BºY A

˝ Y B ; (1.14)
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where ¹XAº is a local basis of eigenvector fields of K , ¹Y Aº is the dual basis, K XA D

pAXA (no summation) and p1 < p2 < p3. Here ‰. xMt /, where xMt WD xM � ¹tº, is
required to have strictly positive mean curvature in .M; g/ for t 2 .0; tC/. Let � be the
mean curvature of the leaves of the foliation; xK be the Weingarten map of the leaves of the
foliation; K WD xK=� be the expansion normalised Weingarten map; and {h be defined by

{h WD
X
A;B

bABY A
˝ Y B

I (1.15)

note that {h is globally well defined independently of the choice of local frame. Then the
following correspondence between the solution and the asymptotic data is required to
hold. There are an " > 0 and, for every 0 � l 2 N , a constant Cl such that

kK.�; t / �K kC l . xM/ � Cl t
"; (1.16a)

k{h.�; t / � xhkC l . xM/ � Cl t
" (1.16b)

onMC WD xM � .0; tC/. If, in addition to the above, .M;g/ is globally hyperbolic and the
hypersurfaces ‰. xMt / are Cauchy hypersurfaces in .M; g/ for t 2 .0; tC/, then .M; g/ is
called a locally Gaussian globally hyperbolic development of the initial data.

Remark 1.8. The convergence conditions (1.16) could both be weakened and strength-
ened; one could change the rate, change the norm, only insist on control of a finite number
of derivatives etc. However, we here stick to this particular choice and encourage the
reader to consider other possibilities.

Remark 1.9. Given initial data as in Definition 1.2, we locally obtain initial data in the
sense of Definition 1.1; cf. Proposition 1.6. Assuming it is possible to appeal to a localised
version of [30], it is therefore of interest to know if a development in the sense of [30]
yields a development in the sense of Definition 1.7 (at least locally). That the answer to
this question is yes is demonstrated in Proposition 3.6 below.

Comparing this definition with [30], it is of interest to note that the authors of [30]
require control of the normal derivative of the second fundamental form in order to con-
clude uniqueness; cf. [30, Theorem 1.7, pp. 1187–1188], in particular [30, (1.10), p. 1187]
(this estimate coincides with (1.7) above). They also require control of the asymptotic
behaviour of � . It is not immediately obvious how to estimate � by appealing to (1.16).
However, it turns out to be possible to use these estimates to deduce that t� � 1 converges
to zero as t" in C l etc. We discuss this topic in greater detail in Section 1.6 below.

1.4. Generalisations

So far, we have focused on the .3 C 1/-dimensional vacuum setting. However, it is of
interest to generalise Definitions 1.2 and 1.7. For this reason, we now define data on
the singularity in the case of higher dimensions, for scalar fields, and in the presence of
a cosmological constant.
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Definition 1.10. Let 3 � n 2 N ,ƒ 2 R, . xM; xh/ be a smooth n-dimensional Riemannian
manifold, K be a smooth .1; 1/-tensor field on xM and ˆ1 and ˆ0 be smooth functions
on xM . Then . xM; xh;K ; ˆ1; ˆ0/ are non-degenerate quiescent initial data on the singu-
larity for the Einstein-scalar field equations with a cosmological constant ƒ if

(1) tr K D 1 and K is symmetric with respect to xh.

(2) tr K 2 Cˆ21 D 1 and divxhK D ˆ1dˆ0.

(3) The eigenvalues of K are distinct.

(4) OA
BC vanishes in a neighbourhood of xx 2 xM if 1C pA.xx/ � pB.xx/ � pC .xx/ � 0.

Remark 1.11. Here the OA
BC are defined as follows. Let p1 < � � �<pn be the eigenvalues

of K , let XA be an eigenvector field corresponding to pA such that jXAjxhD 1, and define

ABC by ŒXB ;XC � D 


A
BCXA. Then OA

BC WD .

A
BC /

2.

Remark 1.12. Since tr K 2 C ˆ21 D 1, the sum of the p2A is less than or equal to 1.
In the case n � 3, it is thus clear that jpAj < 1 for all A 2 ¹1; : : : ; dº. In particular,
1C pA � pB � pC > 0 if A D B or if A D C . In the last criterion of the definition, we
can therefore assume that A … ¹B; C º. Note also that OA

BC D 0 if B D C . To conclude,
A, B and C can be assumed to be distinct in the last criterion of the definition. In the case
n D 3 and A, B and C are distinct, 1C pA � pB � pC D 2pA.

Remark 1.13. Condition (4) should be compared with the requirement 1C p1 � pn�1 �
pn > 0 appearing in [23, Theorem 10.1, p. 1104] (assuming p1 < � � � < pn); cf. also [25]
for the origin of this condition.

Remark 1.14. In the case n D 3, the fourth condition is only a restriction if p1.xx/ � 0.
Moreover, it then corresponds to the requirement that O1

23 D 0 in a neighbourhood of xx.
The reason for this is that if p1 > 0, then pi > 0, i D 1; 2; 3, and the fourth condition
is void. If p1 � 0, then p2 > 0, since the sum of the pi equal 1 and p3 < 1. Thus the A
appearing in the fourth condition has to be 1 and ¹B; C º has to equal ¹2; 3º. This obser-
vation should be compared with condition 4 of Definition 1.2.

Remark 1.15. For A, B and C distinct, the condition that OA
BC vanish is independent of

the choice of normalisation of the eigenvector fields XA.

Next, we generalise Definition 1.7.

Definition 1.16. Let . xM; xh;K ; ˆ1; ˆ0/ be non-degenerate quiescent initial data on the
singularity for the Einstein-scalar field equations with a cosmological constant ƒ, of
Definition 1.10. A locally Gaussian development of the initial data is then a smooth time
oriented Lorentz manifold .M; g/ and a smooth function �, solving the Einstein scalar
field equations with a cosmological constant ƒ, such that the following holds. There are
a 0 < tC 2R and a diffeomorphism‰ from xM � .0; tC/ to an open subset of .M;g/ such
that ‰�g can be written as in (1.14), where ¹XAº and pA are given in Remark 1.11 and
¹Y Aº is the dual basis to ¹XAº. Moreover, there are a t0 2 .0; tC/ and a 0 < �0 2 R such
that ‰. xMt /, where xMt WD xM � ¹tº, has mean curvature � bounded from below by �0
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for t � t0. Ifƒ> 0, �0 is additionally required to satisfy �0 > Œ2ƒ=.n� 1/�1=2. Let K be
the expansion normalised Weingarten map of the leaves of the foliation and {h be defined
by (1.15). Then the following correspondence between the solution and the asymptotic
data is required to hold. There are an " > 0 and, for every l 2 N , a constant Cl such that

kK.�; t / �K kC l . xM/ � Cl t
"; (1.17a)

k{h.�; t / � xhkC l . xM/ � Cl t
"; (1.17b)

k. yU�/.�; t / �ˆ1kC l . xM/ � Cl t
"; (1.17c)

k.� �ˆ1%/.�; t / �ˆ0kC lC1. xM/ � Cl t
" (1.17d)

for all t � t0. Here yU WD ��1@t . Moreover, % denotes the logarithmic volume density,
defined by the condition

e%�xh D �xg ;

where�xh is the volume form on xM induced by xh,�xg is the volume form on xM induced by
the metric‰�xg on the leaves xMt . If, in addition to the above, .M;g/ is globally hyperbolic
and the hypersurfaces ‰. xMt / are Cauchy hypersurfaces in .M; g/ for t 2 .0; tC/, then
.M; g/ is called a locally Gaussian globally hyperbolic development of the initial data.

It is sometimes of interest to consider foliations that are not Gaussian. Note, to this
end, that given a development as in Definition 1.16, the metric can, in a neighbourhood of
the singularity, be given a representation expressed in terms of the mean curvature instead
of t ; cf. Theorem 1.35, in particular (1.30b), below. However, it might also be of interest
to allow a lapse function different from 1. We therefore give a generalised definition of
development, though we still require the shift vector field to vanish.

Definition 1.17. Let . xM; xh;K ; ˆ1; ˆ0/ be non-degenerate quiescent initial data on the
singularity for the Einstein-scalar field equations with a cosmological constant ƒ, in the
sense of Definition 1.10. A local crushing development of the initial data with vanishing
shift vector field is then a smooth time oriented Lorentz manifold .M; g/ and a smooth
function �, solving the Einstein scalar field equations with a cosmological constant ƒ,
such that the following holds. There are a 0 < tC 2 R and a diffeomorphism ‰ from
xM � .0; tC/ to an open subset of .M; g/ such that

‰�g D �N 2dt ˝ dt C
X
A;B

bAB�
�2pmax¹A;BºY A

˝ Y B ; (1.18)

where N is a strictly positive function (the lapse function), ¹XAº and pA are given in
Remark 1.11 and ¹Y Aº is the dual basis to ¹XAº. Here ‰. xMt /, where xMt WD xM � ¹tº,
is required to have strictly positive mean curvature � in .M; g/ for t 2 .0; tC/. Moreover,
� is required to diverge uniformly to 1 as t ! 0C. Let K be the expansion norm-
alised Weingarten map of the leaves of the foliation and {h be defined by (1.15). Then
the following correspondence between the solution and the asymptotic data is required
to hold. Then the following correspondence between the solution and the asymptotic
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data is required to hold. There are an " > 0 and, for every l 2 N , a constant Cl such
that

j xDl .K �K /jxh � Cl�
�"; (1.19a)

j xDl .{h � xh/jxh � Cl�
�"; (1.19b)

j xDl . yU� �ˆ1/jxh � Cl�
�"; (1.19c)

j xDl .� �ˆ1% �ˆ0/jxh � Cl�
�" (1.19d)

on xM � .0; t0� for some 0 < t0 < tC. Here yU WD ��1@t . Moreover, xD denotes the Levi-
Civita connection associated with xh and % denotes the logarithmic volume density, defined
by the condition e%�xh D �xg , where �xh is the volume form on xM induced by xh, �xg is
the volume form on xM induced by the metric ‰�xg on the leaves xMt . If, in addition to the
above, .M; g/ is globally hyperbolic and the hypersurfaces ‰. xMt / are Cauchy hypersur-
faces in .M;g/ for t 2 .0; tC/, then .M;g/ is called a locally crushing globally hyperbolic
development with vanishing shift vector field of the initial data.

Remark 1.18. If S is a covariant k-tensor field on xM , e.g., then the notation jS jxh means

jS jxh WD .
xhi1j1 � � � xhikjkSi1:::ikSj1:::jk /

1=2:

1.5. The stable quiescent regime

There are results guaranteeing the existence of developments corresponding to non-de-
generate quiescent initial data on the singularity for the Einstein-scalar field equations.
In the vacuum setting, one example of this is given by [30, Theorem 1.1, pp. 1185–1186],
mentioned in connection with Definition 1.1. Moreover, if condition (4) of Definition 1.10
is void, the existence of developments is guaranteed, in the real analytic setting, by [6, 23].
In order to see this, it is of interest to relate Definition 1.10 with the perspective of [6, 23].
The main theorems of [6, 23] (i.e., [6, Theorems 1 and 2, pp. 484–485] and [23, The-
orems 10.1 and 10.2, p. 1104]) schematically state the following: given real analytic
solutions to a so-called velocity dominated version of the equations (or to the Kasner-like
Einstein-matter equations), there is a unique real analytic solution to the actual equations
whose asymptotics are determined by the velocity dominated solution. In other words,
in [6, 23], the velocity dominated solutions should be thought of as initial data on the big
bang singularity. In the case of the Einstein-scalar field equations, solutions to the velo-
city dominated system are given by .0g; 0k; 0�/, where 0g is a family of real analytic
Riemannian metrics on a manifold xM , 0k is a family of real analytic symmetric covariant
2-tensor fields on xM and 0� is a family of real analytic functions on xM . The families
are parametrised by t 2 .0;1/ and depend real analytically on t . Needless to say, one
could discuss velocity dominated solutions in other regularity classes. The equations that
should be satisfied are listed in [6, Section 2.2, pp. 482–483]; see [6, (10)–(13), p. 438].
One advantage of the perspective taken in [6, 23] is that the condition of non-degeneracy
of K , cf. Definition 1.10, does not appear; cf. also Remark 1.27 below for a further
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discussion of the issue of non-degeneracy. The following two propositions relate the two
perspectives on initial data on the singularity.

Proposition 1.19. Let . xM; xh;K ;ˆ1;ˆ0/ be non-degenerate quiescent initial data on the
singularity for the Einstein-scalar field equations with a vanishing cosmological constant.
Denote the eigenvalues of K by pA, AD 1; : : : ; n, and order them so that p1 < � � � < pn.
Let XA, A D 1; : : : ; n, be an eigenvector field of K corresponding to pA, normalised so
that jXAjxh D 1, and let ¹Y Aº be the basis dual to ¹XAº. Then

0g WD
X
A

t2pAY A
˝ Y A; (1.20a)

0k WD �
X
A

pAt
2pA�1Y A

˝ Y A; (1.20b)

0� WD ˆ1 ln t Cˆ0 (1.20c)

is a velocity dominated solution in the sense of [6, Section 2.2, pp. 482–483].

Remark 1.20. The conventions of [6] differ from ours in that a factor of 8� is included
in Einstein’s equations in [6]. This means that all the terms involving the scalar field
appearing on the right-hand sides of [6, (10a), (10b) and (11b), p. 483] should be divided
by 8� in order to make the formulae consistent with our conventions.

Remark 1.21. Note that while the frame ¹XAº and co-frame ¹Y Aº may only be local,
the Y A are well defined up to a sign, so that the right-hand sides of (1.20a) and (1.20b)
are globally well defined.

Proof of Proposition 1.19. The proof is to be found in Section 4 below.

In the following proposition, we go in the opposite direction.

Proposition 1.22. Let .0g; 0k; 0�/ be a velocity dominated solution in the sense of [6,
Section 2.2, pp. 482–483], where the underlying manifold is xM with dim xM � 3. Adjusting
the time interval appropriately, it can then be assumed that tr 0k D�t�1. Moreover, if 0K
is the .1; 1/-tensor field with components 0Ka

b
D 0ka

b
, where the indices are raised

with 0g, then �t � 0K is independent of t . Define K WD �t � 0K. Then the eigenvalues
of K are real. Assume them to be distinct, label them pA,AD 1; : : : ; n, and order them so
that p1 < � � �<pn. Let xXA,AD 1; : : : ;n, be a local eigenvector field of K corresponding
to pA, and let ¹ xY Aº be the basis dual to ¹ xXAº. Then there are functions ˛A,AD 1; : : : ; n,
defined on the subset of xM on which ¹ xXAº is defined, which are strictly positive and of
the same regularity as 0g and 0k, such that

0g D
X
A

˛2At
2pA xY A

˝ xY A: (1.21)

Define the Riemannian metric xh on xM by

xh WD
X
A

˛2A
xY A
˝ xY A

I
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the right-hand side is independent of the choice of local frame ¹ xXAº and therefore the left-
hand side is well defined on xM . Finally, @t .t@t 0�/ D 0, so that there are functions ˆ1
and ˆ0, of the same regularity as 0� and @t 0�, such that 0� D ˆ1 ln t C ˆ0. Then
. xM; xh;K ; ˆ1; ˆ0/ are non-degenerate quiescent initial data on the singularity for the
Einstein-scalar field equations with a vanishing cosmological constant, assuming that
1C p1 � pn�1 � pn > 0.

Proof. The proof is to be found in Section 4 below.

Finally, we appeal to [6, 23] in order to deduce the existence of developments if con-
dition (4) of Definition 1.10 is void.

Theorem 1.23. Let . xM; xh;K ; ˆ1; ˆ0/ be non-degenerate quiescent initial data on the
singularity for the Einstein-scalar field equations with a vanishing cosmological con-
stant. Assume the manifold and the data to be real analytic. Assume, moreover, that if
the eigenvalues of K , say pA, A D 1; : : : ; n, are ordered so that p1 < � � � < pn, then
1 C p1 � pn�1 � pn > 0. Then there are an open neighbourhood V of xM � ¹0º in
xM �R and a real analytic solution .M;g;�/ to the Einstein-scalar field equations, where
M WD V \ Œ xM � .0;1/�, such that the following holds. On M , the metric g is given by
the right-hand side of (1.14). In this expression, XA, AD 1; : : : ; n, is an eigenvector field
of K corresponding to pA, normalised so that jXAjxh D 1, and ¹Y Aº is the basis dual
to ¹XAº. Moreover, if K is a compact subset of xM , there are constants " > 0, t0 > 0 and
C > 0 such that

kK.�; t / �K kC.K/ � Ct
"; (1.22a)

k{h.�; t / � xhkC.K/ � Ct
"; (1.22b)

k. yU�/.�; t / �ˆ1kC.K/ � Ct
"; (1.22c)

k.� �ˆ1%/.�; t / �ˆ0kC.K/ � Ct
" (1.22d)

for all t � t0. Here K , {h, yU and % are defined as in Definition 1.16.

Remark 1.24. Since the arguments are in the real analytic setting, it should be possible
to upgrade (1.22) to C l -estimates. However, we do not derive such estimates here.

Remark 1.25. The results in [6,23] also include uniqueness statements. Under additional
conditions, the constructed solutions are thus unique. We omit the details.

Remark 1.26. In the course of the proof, it is demonstrated that t� converges to 1 at
a rate. The metric can thus also be represented as in (1.18) with N D 1. Moreover, on
compact subsets, estimates of form (1.19) hold with l D 0, though higher-order estimates
should also hold; cf. Remark 1.24.

Proof of Theorem 1.23. The proof is to be found in Section 4 below.

Finally, let us make a remark about the degenerate case.
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Remark 1.27. In Definitions 1.1, 1.2, 1.7, 1.10, 1.16 and 1.17, the condition of non-
degeneracy is important. This is due to the fact that OA

BC is defined in terms of the
eigenvector fields corresponding to the distinct eigenvalues and to the fact that the cor-
respondence between xh and the spacetime metric is based on the fact that the eigenvalues
are distinct. However, the notion of a velocity dominated solution, in the sense of [6, Sec-
tion 2.2, pp. 482–483], offers a different perspective in the case of Gaussian foliations.
In order to see this, let us focus on the 3-dimensional case. Ordering the eigenvalues so
that p1 � p2 � p3, it is of interest to separate the cases p1 D p2 and p2 D p3. If p1 > 0,
the condition on the OA

BC is void. Let us therefore assume that p1 � 0. If p1 D p2 � 0,
then, due to the conditions on the pi , i D 1; 2; 3, p3 D 1 and p1 D p2 D 0. This case
is consistent with the flat Kasner solutions (which have Cauchy horizons). It may be of
interest to allow this possibility, but it can be expected to be quite different from the situ-
ation we are interested in here. We therefore exclude this case. What remains is p1 � 0 and
p2 D p3. Then p2 D p3 > 0. In particular, the (2-dimensional) eigenspace corresponding
to p2 and p3 is given by the orthogonal complement of the eigenspace of p1. In this set-
ting, one generalisation of the condition O1

23D 0 in a neighbourhood of a point xx such that
p1.xx/ � 0 is the requirement that there is a neighbourhood, say V , of xx such that the dis-
tribution, sayD, of xM of rank 2 given by the tangent vectors orthogonal to the eigenspace
of p1, is involutive, so that D is integrable (and, in fact, defines a foliation on V ).

The above considerations lead to the following generalisation in the case of nD 3. Fix
an asymptotically velocity dominated solution .0g; 0k; 0�/, assume that tr 0k D�t�1 and
fix K WD �t � 0K; cf. the statement of Proposition 1.22. Assume the eigenvalues of K

(which are automatically � 1) to be strictly less than 1. Assume, moreover, that if there
is an xx 2 xM such that the smallest eigenvalue of K at xx is � 0, then there is an open
neighbourhood V of xx such that the distribution, say D, of xM of rank 2 given by the
tangent vectors orthogonal to the eigenspace of p1, is involutive. Under these conditions,
we expect the existence of a solution to the Einstein-scalar field equations with asymp-
totics determined by the asymptotically velocity dominated solution as in [6, Theorem 1,
p. 484].

1.6. Improving the asymptotics

The correspondence between the developments in Definitions 1.7, 1.16 and 1.17 and the
initial data is given by (1.16), (1.17) and (1.19), respectively. However, as pointed out
in connection with Definition 1.7, more detailed information might be needed to deduce
uniqueness; cf., e.g., [30, Theorem 1.7, pp. 1187–1188]. In particular, it may be necessary
to control the asymptotics of � , @t xkij etc. It may also be necessary to have more detailed
information concerning the rate of convergence. It is therefore of interest to assume that
we have developments as in Definitions 1.7, 1.16 and 1.17 and to deduce more detailed
information concerning the asymptotics. We do so here. In addition, it turns out to be
possible to derive some of the assumptions included in the definitions of a development
and of initial data. The statement of the following theorem therefore differs somewhat
from the definitions of initial data and of a development.



Initial data on big bang singularities 3067

Theorem 1.28. Let 3 � n 2 N , ƒ 2 R, . xM; xh/ be a smooth and closed n-dimensional
Riemannian manifold and K be a smooth .1; 1/-tensor field on xM . Assume that

(1) K is symmetric with respect to xh.

(2) tr K 2 � 1.

(3) The eigenvalues pA of K are distinct.

(4) OA
BC vanishes in a neighbourhood of xx 2 xM if 1 C pA.xx/ � pB.xx/ � pC .xx/ � 0,

where OA
BC is given by Remark 1.11.

Assume that there is a smooth solution .Ma; g; �/ to the Einstein-scalar field equations
with a cosmological constant ƒ such that Ma D xM � .0; tC/ for some tC > 0; the mean
curvature � of the leaves xMt WD xM � ¹tº is strictly positive; and g takes the form

g D �N 2dt ˝ dt C
X
A;B

bAB�
�2pmax¹A;BºY A

˝ Y B ; (1.23)

where ¹Y Aº is the basis dual to ¹XAº introduced in Remark 1.11, the lapse function N
is strictly positive and the pA are ordered so that p1 < � � � < pn. Moreover, � is assumed
to diverge uniformly to 1 as t ! 0C. Let {h be defined by (1.15), K be the expansion
normalised Weingarten map of the leaves of the foliation and yU be the future directed unit
normal with respect to yg WD �2g. Assume (1.19a) and (1.19b) to hold. Finally, assume that
there is a constant Crel such that

j xD ln yN jxh � Crel (1.24)

on M0 WD xM � .0; t0� for some t0 2 .0; tC/, where yN WD �N and xD denotes the Levi-
Civita connection induced by xh, and that there are, for each 1 � k 2 N , constants ak
and Ck such that

j xDk ln yN jxh C j xD
k�jxh C j

xDk�1 yU lnN jxh � Ckhln �i
ak (1.25)

on M0, where h�i WD .1 C j�j2/1=2 for � 2 Rn. Let the logarithmic volume density %
be defined by the condition e%�xh D �xg , where �xh is the volume form on xM induced
by xh and �xg is the volume form on xM given by the metric xg induced on the leaves xMt .
Let, moreover, ¹XAº be the eigenframe of K , normalised so that the XA are unit vector
fields with respect to xh and so that XA ! XA. Then x�A is defined by the condition that
jXAjxg D e

x�A . With this notation, there are an � > 0 and, for each k 2 N , a constant Ck
such that

j xDk.ln � C %/jxh C
X
A

j xDk.x�A C pA ln �/jxh � Ck�
�2� (1.26)

on M0. Next, there are an � > 0 and, for each k 2 N , a constant Ck such that

j xDk. yLUK/jxh � Ck�
�2�; (1.27a)

j xDk ŒK.Y A;XB/ � pBı
A
B �jxh � Ck�

�2� min¹1; ��2.pB�pA/º; (1.27b)

j xDk Œ. yLUK/.Y A;XB/�jxh � Ck�
�2� min¹1; ��2.pB�pA/º (1.27c)
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on M0 for all A, B (no summation on B). In addition, if the deceleration parameter q is
defined by the condition that yU.n ln �/ D �1 � q, then there are an � > 0 and, for each
k 2 N , a constant Ck such that

j xDk Œq � .n � 1/�jxh � Ck�
�2� (1.28)

on M0. Moreover, there are ˆ1; ˆ0 2 C1. xM/, an � > 0 and, for each k 2 N , a con-
stant Ck such that

j xDk. yU� �ˆ1/jxh � Ck�
�2�;

j xDk.� �ˆ1% �ˆ0/jxh � Ck�
�2�

on M0. Finally, tr K D 1, tr K 2 Cˆ21 D 1 and divxhK D ˆ1dˆ0.

Remark 1.29. The notation yLUK is introduced in [67, Section A.2, pp. 203–204]. How-
ever, in the case of a vanishing shift vector field, it can be defined as follows. Let ¹Eiº be
a local frame on xM (in particular, it is independent of t ) and ¹!iº be the dual frame. Then

. yLUK/ij D
yU.K i

j /;

where the sub- and superscripts refer to the frame ¹Eiº and co-frame ¹!iº; cf. [67, (A.3),
p. 204].

Remark 1.30. The frames ¹XAº and ¹XAº are only defined locally on xM . However,
the XA andXA are well defined up to a sign (since K converges to K and K has distinct
eigenvalues, we can assume K to have distinct eigenvalues by restricting t0, if necessary).
This means that x�A is globally well defined. Moreover, estimates (1.27b) and (1.27c)
make sense globally.

Remark 1.31. Note that we do not assume the asymptotic versions of the Hamiltonian
and momentum constraints to hold. Moreover, we do not assume (1.19c) or (1.19d) to
hold. However, we do require that tr K 2 � 1. This requirement, when combined with the
fact that n � 3 and the non-degeneracy, implies that pA < 1 for all A.

Remark 1.32. In the statement of the theorem we assume xM to be compact. However,
by a more technical argument, we expect it should be possible to obtain similar conclu-
sions in the non-compact setting.

Remark 1.33. The requirement that (1.25) holds is perhaps the least satisfying assump-
tion. However, it is hard to avoid making assumptions on the lapse function. Here, we
bound the first and the last term on the left-hand side of (1.25). What is perhaps more
questionable is the bound on the middle term on the left-hand side. However, in deriv-
ing estimates for the scalar field, we need control of the geometry, in particular on the
deceleration parameter. However, such control is only obtained by combining the assump-
tions with Einstein’s equations. In that context, we need some control of the scalar field.
The control necessary could be obtained in different ways. One could also, for example,
assume that j xDk yU 2�jxh decays or that j xDk yU�jxh does not grow faster than the right-hand
side of (1.25). However, that would imply the assumed bound on �.



Initial data on big bang singularities 3069

Remark 1.34. If n D 3 and O1
23 D 0 on xM , then, due to Lemma 3.1 below, there are, for

each p 2 xM , local coordinates .V;xx/ and strictly positive functions ˛A, A D 1; 2; 3, such
that p 2 V and xXA D ˛AXA (no summation), where the xXA are given by (3.1) below.
As a consequence, xY A D ˛�1A Y A (no summation), where the xY A are given by (3.2)
below. Moreover,

dxxi D xX i
A
xY A; @i D xY

A
i
xXA;

where xX 3
2 , xX 2

1 and xX 3
1 are introduced in (3.1) below. The remaining components of xX i

A

are determined by xX i
A D 0 if i < A and xX i

A D 1 if A D i . Moreover,

xY 3
2 D �

xX 3
2 ;

xY 2
1 D �

xX 2
1 ;

xY 3
1 D

xX 2
1
xX 3
2 �

xX 3
1 ;

xY A
i D 0 if A < i and xY A

i D 1 if A D i . Note also that

dxxi DX i
AY A; @i D Y A

i XA;

where X i
A D ˛�1A

xX i
A (no summation) and Y A

i D ˛A xY
A
i (no summation). Combining

these observations with (1.27b) and (1.27c), it can be verified that

jDk ŒK.dxxi ; @j / �K .dxxi ; @j /�jxh � Ck�
�2� min¹1; ��2.pj�pi /º;

j xDk Œ. yLUK/.dxxi ; @j /�jxh � Ck�
�2� min¹1; ��2.pj�pi /º

on Ma for all i , j .

Proof of Theorem 1.28. The proof is to be found in Section 5.5 below.

In the case of a Gaussian foliation, there is a similar statement. However, the assump-
tions are slightly different.

Theorem 1.35. Let 3 � n 2 N , ƒ 2 R, . xM; xh/ be a smooth and closed n-dimensional
Riemannian manifold, K be a smooth .1;1/-tensor field andˆ1 a smooth function on xM .
Assume that

(1) K is symmetric with respect to xh.

(2) tr K 2 Cˆ21 D 1.

(3) The eigenvalues pA of K are distinct.

(4) OA
BC vanishes in a neighbourhood of xx 2 xM if 1 C pA.xx/ � pB.xx/ � pC .xx/ � 0,

where OA
BC is given by Remark 1.11.

Assume that there is a smooth solution .Ma; g; �/ to the Einstein-scalar field equations
with a cosmological constant ƒ such that Ma D xM � .0; tC/ for some tC > 0; the mean
curvature � of the leaves xMt WD xM � ¹tº satisfies � � �0 on Ma for some 0 < �0 2 R,
where �0 is additionally required to satisfy �0 > Œ2ƒ=.n � 1/�1=2 in the case ƒ > 0.
Assume, in addition, that g takes the form

g D �dt ˝ dt C
X
A;B

bAB t
2pmax¹A;BºY A

˝ Y B ; (1.29)
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where ¹Y Aº is the basis dual to ¹XAº introduced in Remark 1.11 and the pA are ordered
so that p1 < � � � < pn. Let {h be defined by (1.15), K be the expansion normalised Wein-
garten map of the leaves of the foliation and yU be the future directed unit normal with
respect to yg WD �2g. Assume that (1.17a)–(1.17c) hold with " � 2. Let the logarithmic
volume density % be defined by the condition e%�xh D �xg , where �xh is the volume form
on xM induced by xh and �xg is the volume form on xM given by the metric xg induced on
the leaves xMt . Let, moreover, ¹XAº be the eigenframe of K , normalised so that the XA
are unit vector fields with respect to xh and so that XA ! XA. Then x�A is defined by the
condition that jXAjxg D ex�A . With this notation, there are an � > 0, a t0 2 .0; tC/ and, for
each k 2 N , a constant Ck such that

k.ln � C %/.�; t /kCk. xM/ C

X
A

kx�A.�; t / � pA ln tkCk. xM/ � Ckt
2�; (1.30a)

kln �.�; t /C ln tkCk. xM/ C kt�.�; t / � 1kCk. xM/ � Ckt
2� (1.30b)

for t � t0. Next, there are an � > 0 and, for each k 2 N , a constant Ck such that

k. yLUK/.�; t /kCk. xM/ � Ckt
2�;

kŒK.Y A;XB/ � pBı
A
B �.�; t /kCk. xM/ � Ckt

2� min¹1; t2.pB�pA/º;

kŒ. yLUK/.Y A;XB/�.�; t /kCk. xM/ � Ckt
2� min¹1; t2.pB�pA/º

for t � t0 and all A, B (no summation on B). In addition, if the deceleration parameter q
is defined by the condition that

yU.n ln �/ D �1 � q;

then there are an � > 0 and, for each k 2 N , a constant Ck such that

kq.�; t / � .n � 1/kCk. xM/ � Ckt
2�

for t � t0. Moreover, there are a ˆ0 2 C1. xM/, an � > 0 and, for each k 2 N , a con-
stant Ck such that, in addition to (1.17c),

k�.�; t / �ˆ1%.�; t / �ˆ0kCk. xM/ � Ckt
2�

for t � t0. Finally,
tr K D 1 and divxhK D ˆ1dˆ0:

Remark 1.36. Comments analogous to Remarks 1.29, 1.30 and 1.32 are equally relevant
here.

Remark 1.37. The assumptions of this theorem are stronger than those of Theorem 1.28
in the sense that we assume tr K 2 C ˆ21 D 1 to be satisfied and yU� to converge to ˆ1.
On the other hand, they are weaker in the sense that we assume neither (1.24) nor (1.25)
to hold. Note also that we obtain conclusions (1.30b) concerning the asymptotics of � ,
even though the assumptions involve expansion normalised quantities.
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Remark 1.38. Assuming, in addition to the conditions of the theorem, that n D 3 and
O1
23 D 0 on xM , then, combining the conclusions of the theorem with the observations of

Remark 1.34 yields

t j xDk. xKij � t
�1K i

j /jxh � Ckt
2� min¹1; t2.pj�pi /º;

t2j xDk@t . xK
i
j � t

�1K i
j /jxh � Ckt

2� min¹1; t2.pj�pi /º

with respect to the local coordinates introduced in Remark 1.34. Here K i
j denotes the

components of K with respect to the frame ¹@iº and its dual frame ¹dxxiº, and similarly
for xK. These estimates should be compared with (1.7).

Proof of Theorem 1.35. The proof of this statement is given in Section 6.1 below.

1.7. From convergence to data on the singularity

It is of great interest to characterise the set of vacuum solutions that converge to the
Kasner circle. Moreover, for reasons clarified in Section 2.2 below, the non-degenerate
subset of the Kasner circle is of greatest interest (i.e., the subset on which the pi are
distinct). More generally, the same question can be asked concerning the Kasner disc. The
situation we have in mind is thus that yLUK (cf. Remark 1.29) converges to zero; that yU 2�
converges to zero; that K converges to a limit K ; that yU� converges to a limit ˆ1; and
that ˆ21 C tr K 2 D 1. However, in order to derive meaningful estimates, we need to
choose a norm with respect to which we assume convergence. We should also specify
a rate. In the case of a Gaussian foliation, one could use powers of t to specify the rate.
However, this does not work more generally. Another option is negative powers of the
mean curvature. However, this quantity involves one derivative of the metric. On the other
hand, in the situations discussed above, the logarithmic volume density % is comparable in
size to the logarithm of the mean curvature; cf., e.g., (1.26) and (1.30). This quantity does
not involve any derivatives of the metric and can serve as a substitute for the logarithm of
the mean curvature. In what follows, we therefore use % to specify a rate. For this reason,
we, at the very minimum, need to require % to tend to �1 uniformly. This leads to the
following definition.

Definition 1.39. Let 3 � n 2 N , xM be a closed n-dimensional manifold, 0 < tC 2 R,
I D .0; tC/ and M WD xM � I . Let ƒ 2 R. Assume .M; g/ to be a time oriented Lorentz
manifold and � to be a smooth function on M , solving the Einstein-scalar field equa-
tions with a cosmological constant ƒ. Assume the leaves xMt WD xM � ¹tº of the foliation
to be spacelike and denote the future directed unit normal by U . Define the lapse func-
tion N and the shift vector field � by @t D NU C �. Assume N > 0 and �D 0. Assume,
moreover, that there is a 0< �0 2R such that the mean curvature � of the leaves of the foli-
ation satisfies � � �0. In the case ƒ > 0, assume, in addition, that �0 > Œ2ƒ=.n� 1/�1=2.
Fix a smooth reference metric xgref on xM and define the logarithmic volume density % by
the requirement that e%�xgref D �xg , where xg is the metric induced on the leaves of the
foliation. Assume, finally, that % diverges uniformly to �1 as t ! 0 in the sense that
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for every C 2 R, there is a T 2 I such that %.xx; t/ � C for all t � T and xx 2 xM . Then
.M;g;�/ is said to be a solution to the Einstein-scalar field equations with a cosmological
constant ƒ and a uniform volume singularity at t D 0.

Turning to the formal requirement of decay of yLUK , we are interested in solutions to
the Einstein-scalar field equations with a cosmological constant ƒ and a uniform volume
singularity at t D 0 (in the sense of Definition 1.39) such that there are a function �W xM !
.0; 1/ satisfying � � �0 for some �0 > 0, a k 2 N and constants ak and Ck such that

kX
lD0

j xDl yLUKjxgref � Ckh%i
ake2�% (1.31)

on M , where xD is the Levi-Civita connection of xgref. In what follows, ak and Ck will
change from line to line, but the function � remains fixed. In analogy with (1.31), we de-
mand that

kX
lD0

j xDl yU 2�jxgref � Ckh%i
ake2�% (1.32)

on M .
If (1.31) holds with k D 0, it can be deduced that K converges uniformly to a con-

tinuous limit K ; cf. Lemma 7.1 below. As mentioned previously, we are here interested
in the non-degenerate setting. We therefore assume the eigenvalues of K to be distinct.
Due to Lemma 7.2 below, in this situation there is no restriction to making the following
assumption.

Definition 1.40. Let .M; g; �/ be a solution to the Einstein-scalar field equations with
a cosmological constant ƒ and a uniform volume singularity at t D 0. Let K denote the
associated expansion normalised Weingarten map and denote the eigenvalues of K by `A,
A D 1; : : : ; n. Assume that (1.31) holds with k D 0. Assume, moreover, that there is an
�nd > 0 such that minA¤B j`A � `B j � �nd on M , that `1 < � � � < `n and that there are
global eigenvector fields XA such that KXA D `AXA (no summation) and jXAjxgref D 1.
Then the standard assumptions are said to be satisfied.

Remark 1.41. Under the standard assumptions, the expansion normalised Weingarten
map K converges uniformly to a limit K . Moreover, K has distinct eigenvalues, denoted
p1 < � � � < pn, and there is a frame of eigenvector fields ¹XAº of K (with K XA D

pAXA (no summation)), with dual frame ¹Y Aº, such thatXA and Y A converge uniformly
to XA and Y A, respectively, where ¹Y Aº is the dual basis of ¹XAº. In fact, (7.1) and (7.5)
below hold.

Below we use the following terminology.

Definition 1.42. Given that the standard assumptions hold, let ¹XAº, ¹Y Aº, ¹XAº and
¹Y Aº be given by Definition 1.40 and Remark 1.41. Define XBA and Y BA by the relations
XA D X

B
A XB and Y A D Y AB Y B . Finally, define x�A and �A by jXAjxg D ex�A and �A WD

x�A C ln � .
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Given these assumptions, a C 0-version of form (1.18) can be derived with � replaced
by e�%.

Theorem 1.43. Assume the standard assumptions to be satisfied and let pA, ¹XAº, ¹Y Aº,
XBA , Y BA and x�A be given by Remark 1.41 and Definition 1.42. Then

g D �N 2dt ˝ dt C
X
A;B

bABe
2pmax¹A;Bº%Y A

˝ Y B (1.33)

on M . Moreover, there are constants a and C , a t0 2 .0; tC/ and continuous functions rA
on xM such that

jbAB � e
2rAıAB j � C h%i

ae2�% (1.34)

(no summation on A) on M0 WD xM � .0; t0�. Finally,

jx�A � pA% � rAj � C h%ie
2�%; (1.35a)

jXAB � ı
A
B j C jY

A
B � ı

A
B j � C h%i

ae2�% min¹1; e2.pB�pA/%º; (1.35b)

jK.Y A;XB/ � pBı
A
B j � C h%i

ae2�% min¹1; e2.pB�pA/%º; (1.35c)

j. yLUK/.Y A;XB/j � C h%i
ae2�% min¹1; e2.pB�pA/%º (1.35d)

(no summation on B) on M0.

Remark 1.44. Assume, in addition, that (1.32) holds for k D 0, so that yU� converges to
a limit, say ˆ1; cf. Lemma 7.1. Assuming, moreover, that

ˆ21 C tr K 2
D 1;

it can be deduced that there are constants C and a and a continuous function r� such that

j ln � C % � r� j � C h%iae2�%

on M ; cf. Lemma 7.7 below. In particular, we can thus, effectively, replace % with � ln �
in the conclusions of the theorem.

Proof of Theorem 1.43. The proof is to be found at the end of Section 7.1, prior to Lem-
ma 7.7.

In order to obtain estimates for higher-order derivatives, we also need to impose con-
ditions on the lapse function. In practice, it turns out to be convenient to impose conditions
on yN D �N .

Definition 1.45. If the standard assumptions hold, cf. Definition 1.40; (1.31) holds for
some 1 � k 2 N ; and there are constants Ck and ak such that

kX
lD1

j xDl ln yN jxgref � Ckh%i
ak (1.36)

on M , then the k-standard assumptions are said to hold.
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Theorem 1.46. Let 1� k 2N and assume the k-standard assumptions to hold; cf. Defin-
ition 1.45. Let K , pA, ¹XAº, ¹Y Aº, XBA , Y BA , �A and x�A be given by Remark 1.41
and Definition 1.42. Then x�A and �A are C1 and pA, ¹XAº, ¹Y Aº,XBA and Y BA are C k .
Moreover,

g D �N 2dt ˝ dt C
X
A;B

bABe
2pmax¹A;Bº%Y A

˝ Y B (1.37)

and there are constants Ck and ak and a t0 2 .0; tC/ such that

j xDl .bAB � e
2rAıAB/jxgref � Ckh%i

ake2�% (1.38)

(no summation on A) on M0 WD xM � .0; t0� for all A;B 2 ¹1; : : : ; nº and all 0 � l � k.
Here rA are C k-functions on xM that coincide with the functions rA obtained in The-
orem 1.43. Moreover,

j xDl .x�A � pA% � rA/jxgref � C h%i
ake2�%; (1.39a)

j xDl .XAB � ı
A
B /jxgref C j

xDl .Y AB � ı
A
B /jxgref � Ckh%i

ake2�% min¹1; e2.pB�pA/%º; (1.39b)

j xDl .K.Y A;XB/ � pBı
A
B /jxgref � Ckh%i

ake2�% min¹1; e2.pB�pA/%º; (1.39c)

j xDl Œ. yLUK/.Y A;XB/�jxgref � Ckh%i
ake2�% min¹1; e2.pB�pA/%º (1.39d)

(no summation on B) on M0 for all A;B 2 ¹1; : : : ; nº and all 0 � l � k.
Assume, in addition to the above, that (1.32) holds. Then there are C k-functions ˆ1

and ˆ0 on xM such that

j xDl Œ yU.�/ �ˆ1�jxgref C j
xDl .� �ˆ1% �ˆ0/jxgref � Ckh%i

ake2�% (1.40)

onM0 for all 0� l � k. Assume thatˆ1 satisfiesˆ21C trK 2D 1. Then there is a function
r� 2 C

k. xM/ such that

j xDl .ln � C % � r� /jxgref � Ckh%i
ake2�% (1.41)

on M0 for all 0 � l � k. Thus (1.37) and (1.38) can be rewritten

g D �N 2dt ˝ dt C
X
A;B

xbAB�
�2pmax¹A;BºY A

˝ Y B ; (1.42a)

j xDl .xbAB � e
2 NrAıAB/jxgref � Ckhln �i

ak��2� (1.42b)

(no summation on A) on M0 for 0 � l � k. Here NrA D rA C pAr� and

xbAB D bABe
2pmax¹A;Bº.%Cln �/; (1.43)

where bAB are the functions appearing in (1.37). Next,

j xDl .x�A � pA% � rA/jxgref � C hln �i
ak��2�; (1.44a)

j xDl .�A � .pA � 1/% � rA � r� /jxgref � Ckhln �i
ak��2�; (1.44b)

j xDl .XAB �ı
A
B /jxgrefCj

xDl .Y AB �ı
A
B /jxgref � Ckhln �i

ak��2� min¹1; ��2.pB�pA/º; (1.44c)

j xDl ŒK.Y A;XB/ � pBı
A
B �jxgref � Ckhln �i

ak��2� min¹1; ��2.pB�pA/º; (1.44d)

j xDl Œ. yLUK/.Y A;XB/�jxgref � Ckhln �i
ak��2� min¹1; ��2.pB�pA/º (1.44e)
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(no summation on B) on M0 for 0 � l � k. In addition,

j xDl Œq � .n � 1/�jxgref C j
xDl Œ yU.ln �/C 1�jxgref � Ckhln �i

ak��2� (1.45)

on M0 for 0 � l � k.
If, in addition, N D 1, then

j xDl .@t�
�1
� 1/jxgref C j

xDl .t� � 1/jxgref � Ckhln ti
ak t2� (1.46)

on M0 for 0 � l � k. Combining this estimate with (1.42)–(1.43) yields

g D �dt ˝ dt C
X
A;B

cAB t
2pmax¹A;BºY A

˝ Y B ; (1.47a)

j xDl .cAB � e
2 NrAıAB/j � Ckhln tiak t2�; (1.47b)

(no summation on A or B) on M0 for 0 � l � k. Here

cAB WD xbAB.t�/
�2pmax¹A;Bº ; (1.48)

where xbAB is given by (1.43).

Remark 1.47. When (1.41) is satisfied, % can be replaced by� ln� C r� in (1.40), (1.44a)
and (1.44b). In other words, modifying ˆ0 etc., % can effectively be replaced by � ln � .

Remark 1.48. As in the previous remark, when (1.46) holds, � can, effectively, be re-
placed by t�1 in (1.44).

Proof of Theorem 1.46. The proof is to be found at the end of Section 7.2.

One of the main motivations behind the notion of initial data on the singularity intro-
duced in this article is the expectation that it can be used to parametrise the set of solutions
to the Einstein-scalar field equations with quiescent singularities, in the non-degenerate
setting. In order to justify this expectation, it is necessary to extract initial data on the sin-
gularity from the asymptotics of a convergent solution. Moreover, it is necessary to prove
the desired relation between the solution and the extracted initial data. In other words,
assuming a solution to be convergent, we need to reproduce the conditions appearing in
Definitions 1.10 and 1.17. Assume, to this end, that the conditions of Theorem 1.46 are
satisfied, except for the requirement that N D 1 (in the last part of the theorem). Using
the notation of Theorem 1.46, introduce the C k Riemannian metric

xh WD
X
A

e2xrAY A
˝ Y A:

Before proceeding, note that the % appearing in the statement of Theorem 1.46 differs from
the % appearing in Definition 1.17; the difference is due to the use of different reference
metrics in the respective definitions. Here we use % to denote the object appearing in
the statement of Theorem 1.46, but introduce x% to denote the logarithmic volume density
defined using xh as a reference metric; i.e., ex%�xh D �xg . Next, in order to be consistent
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with representation (1.18) of the metric, introduce xXA D e
�xrAXA and let ¹ xY Aº be the

frame dual to ¹ xXAº. Then ¹ xXAº is an orthonormal frame with respect to xh and g can be
written

g D �N 2dt ˝ dt C
X
A;B

{bAB�
�2pmax¹A;Bº xY A

˝ xY B ; (1.49)

where {bAB D e�xrA�xrB xbAB (no summation) are C k-functions satisfying

j xDl .{bAB � ıAB/jxgref � Ckhln �i
ak��2� (1.50)

on M0 for 0 � l � k; cf. (1.42b). Combining (1.49) and (1.50) with arguments similar to
the ones given at the beginning of Section 5.1 below yields the conclusion that x%C ln �
converges to zero; cf. (5.2) below. Since x%� % is constant, and since (1.41) holds, we con-
clude that x%D %� r� . Recalling that (1.40) holds, where the functionsˆ1 andˆ0 are C k ,
we conclude that

kX
lD0

j xDl Œ yU.�/ � x̂a�jxgref C

kX
lD0

j xDl .� � x̂ax% � x̂ b/jxgref � Ckhln �i
ak��2� (1.51)

onM0, where x̂a WDˆ1 and x̂ b WDˆ0C r�ˆ1. Next, K is C k due to Lemma 7.8 below.
With these definitions, the data at the singularity are . xM; xh;K ; x̂a; x̂ b/. Finally, as in
Definition 1.17, we define the C k-family {h of Riemannian metrics on xM by

{h WD
X
A;B

{bAB xY
A
˝ xY B : (1.52)

Theorem 1.49. Assume the 2-standard assumptions, cf. Definition 1.45, to hold and
(1.32) to hold with k D 1. Using the notation introduced prior to the statement of the
theorem, assume that x̂2a C trK 2 D 1. Then, if xx 2 xM is such that 1C pA.xx/� pB.xx/�
pC .xx/ � 0, there is a neighbourhood V of xx such that xY A.Œ xXB ; xXC �/ D 0 on V .

Assume, in addition, that the k-standard assumptions hold with k � 2 and that (1.32)
holds for this k. Define . xM; xh;K ; x̂a; x̂ b/ as described prior to the statement of the the-
orem, let K be the expansion normalised Weingarten map and let {h be defined by (1.52).
Then trK D 1; K is symmetric with respect to xh; trK 2C x̂2a D 1; divxhK D x̂ad x̂ b;
the eigenvalues of K are distinct; and OA

BC D 0 vanishes in a neighbourhood of xx if
1C pA.xx/ � pB.xx/ � pC .xx/ � 0. Moreover, there are constants Ck and ak and a t0 2
.0; tC/ such that (1.41) and

kX
lD0

j xDl .K �K /jxgref C

kX
lD0

j xDl .{h � xh/jxgref � Ckhln �i
ak��2�; (1.53a)

kX
lD0

j xDl Œ yU.�/ � x̂a�jxgref C

kX
lD0

j xDl .� � x̂ax% � x̂ b/jxgref � Ckhln �i
ak��2� (1.53b)

hold onM0 WD xM � .0; t0�. In particular, since (1.41) holds, � converges uniformly to1
as t ! 0C.



Initial data on big bang singularities 3077

Remark 1.50. The theorem demonstrates the necessity of the conditions appearing in
Definition 1.10. Note also that we deduce form (1.18) of the metric and the convergence
of {h to xh.

Proof of Theorem 1.49. The proof is to be found at the beginning of Section 7.3.

Finally, let us return to the original setting: a Gaussian foliation and Einstein’s vacuum
equations in 3C 1 dimensions; cf. Section 1.1.

Theorem 1.51. Assume that the k-standard assumptions hold with nD 3 and 2 � k 2 N .
Assume, moreover, that trK 2 D 1, thatN D 1 and that the scalar field vanishes. Then K

converges to its limit K in C k and the eigenvalues pA of K satisfy p1 < p2 < p3,P
i pi D 1 and

P
i p

2
i D 1. Fix xx 2 xM . Assuming K to be C1, there are local coordin-

ates .V;xx/ in a neighbourhood of xx such that

g D �dt ˝ dt C
X
i;j

dij t
2pmax¹i;jºdxxi ˝ dxxj

on V � .0; tC/. Fix a subsetW of xM such that the closure ofW is compact and contained
in V . There are functions Ndij on V , symmetric in i and j , constants Ck and 0 < � 2 R
and a t0 2 .0; tC/ such that X

l�k

jxr
l .dij � xdij /jxgref � Ckt

2� (1.54)

on W � .0; t0�, where xr is the Levi-Civita connection associated with xgref, xdi i > 0 (no
summation),

xd12 D
xd22

p2 � p1
K 2
1 ;

xd23 D
xd33

p3 � p2
K 3
2 ;

xd13 D
xd33

p3 � p1

�
K 3
1 C

1

p3 � p2
K 2
1 K 3

2

�
:

(1.55)

Here K i
j D K .dxxi ; @j /, K i

i D pi (no summation) and K i
j D 0 if i < j . Moreover,

t
X
l�k

jxr
l . xKij � t

�1K i
j /jxgref � Ckhln ti

ak t2� min¹1; t2.pj�pi /º; (1.56a)

t2
X
l�k

jxr
l@t . xK

i
j � t

�1K i
j /jxgref � Ckhln ti

ak t2� min¹1; t2.pj�pi /º (1.56b)

on W � .0; t0�. Finally, (1.3) holds on V with cij replaced by xdij and � ji D �K j
i .

Remark 1.52. It is of course not necessary to assume K to be smooth. The reason we
do so here is to avoid technicalities. The interested reader is encouraged to generalise
Lemma 3.1 below to the case that K is C k . This means that the coordinate system con-
structed in Lemma 3.1 below has finite regularity, and one has to trace the consequences
of this for the following estimates.
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Remark 1.53. The conclusions should be compared with the results of [30], in particular,
[30, Theorem 1.1, pp. 1185–1186] and [30, Theorem 1.7, pp. 1187–1188], see also Sec-
tion 1.1. Note, in addition, that assumption (1.36) in the current setting corresponds to the
requirement that the relative spatial variation of � does not grow faster than polynomially
in %. On the other hand, conclusion (1.56a) implies that the relative spatial variation of �
decays exponentially in %.

Proof of Theorem 1.51. The proof is to be found at the end of Section 7.3.

1.8. Conclusions and outlook

Due to the results of this section, there are reasons to conjecture that initial data as
in Definition 1.10 parametrise the stable manifolds of the corresponding subsets of the
Kasner disc. The reason for this is that by assuming the solution to converge to a non-
degenerate subset of the Kasner disc, one reproduces the conditions of this definition;
cf. Theorem 1.49. Moreover, at least in the n D 3 dimensional vacuum setting, the condi-
tions on initial data on the singularity are such that one locally reproduces the conditions
appearing in [30]. If one could localise the existence and uniqueness results of [30], one
would also obtain existence and uniqueness of solutions corresponding to the data on the
singularity. Moreover, when condition (4) in Definition 1.10 is void and the data are real
analytic, the results of [6, 23] apply; cf. Section 1.5.

Clearly, there are several open problems associated with the topics addressed in this
article. First, existence and uniqueness of solutions corresponding to initial data on the
singularity should be demonstrated. This should be done using various gauges; cf. the
discussion in Section 2.2 below. It would also be of interest to generalise the formulations
of this article to the case of a non-zero shift vector field. However, it might then be useful
to specialise to gauges for which there is a well-posed initial value problem. Moreover,
in the context of such gauges, it would be of interest to deduce estimates for higher-order
derivatives given information concerning a finite number of derivatives; in the context of
the asymptotics of solutions to systems of non-linear wave equations, control of a fixed
finite number of derivatives usually yields control over all derivatives. The goal would of
course be to minimize the number of derivatives involved in Definitions 1.16 and 1.17,
Theorems 1.28 and 1.35 etc. An additional issue is associated with more general matter
models. The matter models considered here are isotropic. However, it would be of interest
to analyse what happens in the case of anisotropic matter models such as Maxwell’s equa-
tions and the Vlasov equation; cf., e.g., [16,17,50,79]. It is also of interest to analyse how
the subset of ordinary initial data corresponding to data on the singularity (i.e., conjectur-
ally, the stable manifold corresponding to the Kasner circle or the Kasner disc) sits in the
set of all regular initial data: is this subset a submanifold?

Finally, once a clearer picture of the above issues has been obtained, it is of interest
to see if the dynamical systems arguments of, e.g., [8, 9, 49, 50] can be upgraded to the
absence of symmetries; cf. Section 2.2 below for a further discussion.
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2. Applications

In this section, we provide two applications of the notion of initial data on a singularity
introduced here.

2.1. A unified perspective on results in the quiescent setting

One advantage of the ideas developed in this article is that they yield a unified perspective
on many of the results in the literature. The justification of this statement requires a fairly
detailed discussion of a large number of different results, and is, for this reason, quite
lengthy. We therefore provide the relevant analysis elsewhere. Nevertheless, we here give
one example: we calculate the initial data on the singularity for Bianchi class A solutions
to Einstein’s vacuum equations (i.e., the maximal globally hyperbolic developments cor-
responding to left invariant vacuum initial data on 3-dimensional unimodular Lie groups).
As discussed in greater detail in [68], the relevant formulation of initial data on the singu-
larity is then the following.

Definition 2.1. Let G be a 3-dimensional unimodular Lie group, xh be a left invari-
ant Riemannian metric on G and K be a left invariant .1; 1/-tensor field on G. Then
.G; xh;K / are non-degenerate quiescent Bianchi class A vacuum initial data on the sin-
gularity if

(1) tr K D 1 and K is symmetric with respect to xh,
(2) tr K 2 D 1 and divxhK D 0,
(3) the eigenvalues of K are distinct,
(4) O1

23 � 0 on xM , where (if p1 < p2 < p3 are the eigenvalues of K , XA is an eigen-
vector field corresponding to pA, normalised so that jXAjxh D 1, and 
ABC is defined
by ŒXB ;XC � D 


A
BCXA) the quantity OA

BC is defined by OA
BC WD .


A
BC /

2.

As argued in [68], the conditions of Definition 2.1 yield the existence of an orthonor-
mal (with respect to xh) basis ¹eiº of the Lie algebra g of G, satisfying K ei D piei (no
summation), with p1 < p2 < p3, as well as Œei ; ej � D �ijknkek (no summation), where
�123 D 0 and �ijk is antisymmetric under permutations of the indices. Here pi and nk
are constants. Moreover, the vanishing/non-vanishing and signs of the nk classify the Lie
group under consideration: Bianchi type I corresponds to nk D 0 for all k; Bianchi type II
corresponds to all but one of the nk vanishing; Bianchi type VI0 corresponds to one of
the nk vanishing and the remaining ones having opposite sign; Bianchi type VII0 corres-
ponds to one of the nk vanishing and the remaining ones having the same sign; Bianchi
type VIII corresponds to all the nk being different from zero and not having the same
sign; and Bianchi type IX corresponds to all the nk being different from zero and having
the same sign. Since O1

23 D 0 is, in this setting, equivalent to n1 D 0, it is clear that there
are no Bianchi type VIII and no Bianchi type IX initial data in the sense of Definition 2.1.
This corresponds to the fact that, disregarding the locally rotationally symmetric solutions
(which lead to Cauchy horizons and extendibility of the maximal globally hyperbolic
development, cf., e.g., [64, Theorem 24.12, p. 258]), all Bianchi type VIII and IX vacuum
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solutions have oscillatory singularities [61]; i.e., they are not quiescent. However, for the
remaining Bianchi class A types, if the solution is not a quotient of a part of Minkowski
space, it leads to data on the singularity in the sense of Definition 2.1 (with the caveat
that in some exceptional cases, two pi ’s could coincide). Moreover, one obtains asymp-
totics as in Definition 1.7. We refer the interested reader to [68] for a justification of these
statements. Finally, in [68], we demonstrate that given data as in Definition 2.1, there are
unique corresponding developments.

To summarise, Definition 2.1 can be used to parametrise quiescent Bianchi class A
vacuum solutions. In the case of Bianchi types VIII and IX, the absence of initial data in
the sense of Definition 2.1 leads to the expectation that solutions should be oscillatory,
an expectation which is borne out by [61]. The above is only one very simple example of
how previous results can be given a unified understanding by the notion of initial data on
the singularity introduced in this article.

2.2. Oscillatory big bang singularities

A second, potential, application is to the understanding of oscillatory big bang singularit-
ies. The word “oscillations” here refers to the behaviour of the eigenvalues, say `A, of the
expansion normalised Weingarten map, say K , along a foliation of a crushing singularity.
A singularity is crushing if there is a foliation of a neighbourhood of it such that the mean
curvature � of the leaves of the foliation diverges to infinity uniformly in the direction
of the singularity. In this setting, the expansion normalised Weingarten map is defined by
K WD xK=� , where xK denotes the Weingarten map of the leaves of the foliation. In par-
ticular, tr K D 1. Note that K is symmetric with respect to the induced metric xg, so that
the `A are real. Since the sum of the `A equals 1, it is, in 3C 1 dimensions, convenient to
introduce the notation

`C WD
3

2

�
`2 C `3 �

2

3

�
D
3

2

�1
3
� `1

�
; (2.1a)

`� WD

p
3

2
.`2 � `3/: (2.1b)

Then the `˙ contain all the information concerning the eigenvalues of K , and, in 3C 1
dimensions the word “oscillations” refers to oscillations in `˙. Moreover, “oscillations”
should not here be understood as merely the absence of convergence, but rather a specific
type of oscillations illustrated in Figure 1 below.

The origin of the idea that big bang singularities should be oscillatory can be traced
back to the physics literature, more particularly the work of Belinskiı̌, Khalatnikov and
Lifschitz (BKL); cf., e.g., [11, 12, 51]. However, the related ideas of Misner, published
around the same time, should also be mentioned, see [57]. The proposal by BKL, often
referred to as the BKL conjecture, suggests that the generic dynamics in the direction
of a big bang singularity should localise in space, and, along a causal curve, be sim-
ilar to that of an oscillatory spatially homogeneous solution. In fact, Figure 1 should
give a good description of the relevant dynamics. The interested reader is referred to
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T1

T2

T3

†C

†�

�2.p/
�3.p/

�4.p/

�.p/

p

Fig. 1. The Kasner circle and the BKL map, using the notation introduced in (2.1). The circle
represents the Kasner solutions; i.e., the geodesically incomplete maximal globally hyperbolic
developments corresponding to left invariant vacuum initial data on R3. Note, in particular, that the
solutions are parametrised by the eigenvalues of the expansion normalised Weingarten map. Since
these solutions are invariant under permutations of the eigenvalues, there is a sixfold symmetry in
this picture, meaning that only one sixth of the circle represents geometrically distinct solutions.
In particular, it is, e.g., sufficient to focus on the segment between Q1 (the point antipodal to T1)
and T3. The points Ti represent the flat Kasner solutions (the corresponding Riemann curvature
tensor is identically zero) and the Ti together with their antipodal points, denoted by Qi , represent
the locally rotationally symmetric Kasner solutions. Given a point p on the circle, the BKL map
applied to p, denoted by �.p/, is obtained as follows: take the corner of the triangle closest to p;
draw a straight line from this corner to p; continue the straight line to the next intersection with the
circle; and define �.p/ to be this second intersection. In the figure, we illustrate four iterations of �
on a specific point. The chaoticity of the BKL map follows from, e.g., [8, Section 8, p. 22].

[11, 12, 51] for the original version of these ideas, and to [21, 22, 24, 38, 39] for more
recent refinements. Even though the BKL proposal dates back more than 50 years, there
are only results concerning oscillatory behaviour in the spatially homogeneous setting;
cf., e.g., [8, 9, 15, 37, 49, 50, 61, 62, 79]. This is unsatisfactory, and can be contrasted with
a growing number of results concerning the future/past (or both) global non-linear sta-
bility of solutions to Einstein’s equations; cf., e.g., [3–5, 7, 13, 14, 18–20, 27–29, 33–36,
40, 41, 46, 52–56, 58, 63, 65, 66, 70, 74, 75, 78, 80]. In fact, there are even stability res-
ults in the direction of the big bang singularity; cf. [31, 71–73, 76]. The latter results
demonstrate, roughly speaking, that under the circumstances discussed in Section 1.5, big
bang formation is stable. The settings considered by the authors are the Einstein-scalar
field equations, the Einstein-stiff fluid equations and the Einstein vacuum equations in
nC 1 dimensions for n � 10. Moreover, the results concerning the asymptotics include
the conclusion that the singularities are quiescent; i.e., that the eigenvalues of K con-
verge. This may seem to contradict the BKL proposal. However, special matter models
and higher dimensions have long been expected to lead to quiescent behaviour. In the
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physics literature, this expectation appeared in [10,25]. Two corresponding mathematical
results are contained in [6, 23]; cf. Section 1.5. Nevertheless, the stability results do not
apply in 3C 1 dimensions unless particular types of matter are present. For this reason,
it is of interest to understand oscillatory singularities.

Due to the above observations, it is clear that it is important to prove results in the
spatially inhomogeneous and oscillatory setting. Given the existing results, it is therefore
natural to ask if ideas similar to those used to prove stability, in particular the arguments
of [31], can be used. The answer to this question is most probably no, and the main reason
is that the background solutions considered in [31] are orbitally stable, whereas the model
dynamics in the oscillatory setting are chaotic; cf. Figure 1. In particular, the model beha-
viour in the oscillatory setting is by its very nature unstable. The arguments required to
make progress on analysing this setting can thus be expected to be quite different. Next,
since there are, so far, only results in the spatially homogeneous setting, it is natural to
ask if the corresponding arguments can be used. Unfortunately, the ideas used in the first
results in this setting are based on monotonicity principles and contradiction arguments;
cf., e.g., [15, 37, 61, 62, 79]. In particular, global existence is guaranteed by soft methods.
Moreover, contradiction arguments (combined with, e.g., the monotonicity principle) are
used to derive information concerning the asymptotics. In the spatially inhomogeneous
setting, it is unlikely to be possible to derive global existence without at the same time
quantitatively controlling the asymptotic behaviour of solutions. Moreover, to the extent
that there are monotonic quantities, these quantities cannot be expected to yield much
information concerning the asymptotics. To conclude, the ideas of [15, 37, 61, 62, 79] are
unlikely to be useful when trying to obtain results in the spatially inhomogeneous set-
ting. On the other hand, more recently, results based on estimates have appeared; cf., e.g.,
[8, 9, 49, 50]. The idea of these articles is to take an orbit of the model system, cf. Fig-
ure 1, and then to prove that there is a stable manifold of solutions to the actual equations
converging to this orbit. In [8, 49, 50], the union of the corresponding stable manifolds
is conjectured to be non-generic. However, in [9], the author treats general enough orbits
of the model system that the union of the corresponding stable manifolds has positive
Lebesgue measure in the relevant set of initial data.

In order to understand how the ideas of [8, 9, 49, 50] could, potentially, be used in the
spatially inhomogeneous setting, it is convenient to focus on a specific situation. In what
follows, we therefore discuss vacuum Bianchi type IX solutions, the goal being to give
a rough idea of the arguments in [9, 49]. Note, to begin with, that generic vacuum Bian-
chi type IX solutions converge to the so-called Bianchi IX attractor, say A; cf. [62]. The
dynamics on the attractor are essentially described by Figure 1. However, this figure sup-
presses three dimensions. The attractor is, in fact, the union of three half ellipsoids in
five dimensions that intersect in the Kasner circle. In particular, an orbit that starts on the
segment between Ti and Tj (i ¤ j ) travels along one of the ellipsoids (determined by i
and j ), and if ¹i; j º ¤ ¹k; lº, where k ¤ l , the ellipsoid corresponding to ¹i; j º differs
from the ellipsoid corresponding to ¹k; lº. What is depicted in Figure 1 is the projection of
the orbits in the ellipsoids to the `C`�-plane. Fixing a point on the Kasner circle, say p,
there are two orbits (along two separate ellipsoids) converging to p. Moreover, there is
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one orbit starting at p (along a third ellipsoid). In order to understand the dynamics, it is
useful to pick one of the orbits going into p, and then to take an appropriate hypersur-
face, say Sin;0, in the full state space (not only in the attractor), which is transverse to this
orbit (and, more generally, transverse to the vector field on the state space determined by
Einstein’s equations). Moreover, one picks a hypersurface transverse to the orbit starting
at p, say Sout;0. The model solution (on the attractor) travels from Sin;0 \A to Sout;0 \A

in infinite time. However, under suitable restrictions on the hypersurfaces, one can define
a map from Sin;0 to Sout;0, sayˆK;0. On the other hand, the orbit starting at p turns into an
orbit converging to �.p/. As before, one can define a suitable hypersurface Sin;1, trans-
verse to the orbit starting at p and converging to �.p/, a corresponding Sout;1 and so
on. Next, one has to define a map from Sout;0 to Sin;1, say ‰K;0. The map ‰K;0 ı ˆK;0

then gives a map from Sin;0 to Sin;1. This can then be continued to „K;i WD ‰K;i ı ˆK;i ,
i D 0; 1; 2; : : :, etc. In the case of a periodic orbit of the model system, one can study
a finite composition of maps of this type. In the non-periodic setting, one has to study
an infinite number of maps. However, when proving results, it is useful to group them
into compositions such as the so-called era return map and the double era return map;
cf. [9, Definitions 5.8 and 5.9, p. 61]. The main point is that the double era return map has
nice hyperbolicity properties; it expands in the direction parallel to the Kasner circle and
contracts in the directions “perpendicular” to the attractor (note that there is no canonical
metric on the state space). This, in the end, allows one to prove the existence of a stable
manifold of solutions corresponding to the orbit one started with. The proof proceeds via
a contraction mapping argument on, in the non-periodic setting, an infinite collection of
graphs (one for each point in the iteration of the double era return map). The graph at one
of these points, roughly speaking, maps the non-Kasner parameter variables in the rel-
evant hypersurface, say Sin;i , to the Kasner parameter. However, to summarise, the main
reason one can show that the mapping from the infinite collections of graphs to itself is
a contraction is that the double era return map has nice hyperbolicity properties.

In the above description, we have omitted many of the complications. First, care has
to be taken so that the flow of the vector field maps Sin;0 into Sout;0; Sout;0 into Sin;1 etc.
Then one has to derive detailed estimates corresponding to, e.g., „K;0, extending to the
attractor (on which the transition time is infinite) etc. It turns out that, for an arbitrary orbit
of the model solution, this will not be possible. Therefore one has to isolate the “good”
orbits. It turns out that there is a set of full measure on the Kasner circle corresponding to
“good” orbits. Unfortunately, the complement is dense. We refer the interested reader to
[9,49] for more details. However, it is of interest to note that “good” orbits do not include
degenerate points on the Kasner circle (i.e., they do not include points for which two of
the pi coincide). The reason for this is that the only degenerate points on the Kasner circle
are the Ti ’s and their antipodal points; cf. Figure 1. On the other hand, orbits of the model
system which include Ti (or its antipodal point) terminate at Ti . In the case of Bianchi
type VIII and IX, it can be demonstrated that there are no solutions to the actual equations
that terminate at the point Ti . However, there are solutions whose .`C; `�/-coordinates
terminate on a Ti . On the other hand, those solutions are locally rotationally symmetric
(cf. [64, Proposition 22.10, p. 237]) and have a Cauchy horizon through which the solution
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can be extended (cf. [64, Theorem 24.12, p. 258]). In particular, these solutions are non-
generic and do not reflect the behaviour of generic solutions. For these reasons, the stable
manifold associated with degenerate points on the Kasner circle is not expected to be of
any greater interest.

The proofs in [9, 49] are highly non-trivial. Nevertheless, the arguments are substan-
tially simplified not only by the fact that the authors consider spatially homogeneous
solutions, but by the fact that they consider Bianchi class A solutions (maximal glob-
ally hyperbolic developments corresponding to left invariant initial data on 3-dimensional
unimodular Lie groups). The reason for the simplification is that in the unimodular set-
ting, the stable and unstable manifolds associated with the Kasner circle correspond to
the vanishing/sign of basic variables that, at the same time, classify the Lie group under
consideration; cf. [69, Section 3.4] for a more detailed discussion. Already the Bian-
chi class B (i.e., the non-unimodular) setting is more complicated, but it is reasonable
to expect the spatially inhomogeneous setting to represent a different level of difficulty.
This is partly due to the problem of gauge invariance; there is a large number of choices
of gauge (including choices of foliation). Moreover, instead of the simple dichotomy of
being on the stable manifold or off (as in the Bianchi class A setting), spatial variations
can be expected to give rise to complications such as spikes; cf. [60] for a discussion of
this topic in the context of T3-Gowdy vacuum spacetimes. Causal localisation might also
be necessary in order to deal with the substantial spatial variations that are to be expec-
ted. However, such a localisation would limit the allowed gauge choices. Since the causal
structure is not known a priori, causal localisation also makes it necessary to keep track
of the causal structure “along an orbit”. And so on. Finally, it is not clear that it would
be possible to carry out ideas analogous to [9,49] in the general spatially inhomogeneous
setting. Nevertheless, at present, this approach seems to be the most promising.

If one wants to generalise the ideas of [9, 49] to the spatially inhomogeneous setting,
the natural first step is to identify the stable manifold corresponding to the Kasner circle
in the absence of symmetries. However, as pointed out in Section 1.8, it is reasonable to
conjecture that Definition 1.2 parametrises this stable manifold.

3. Relating different notions of initial data, the 3-dimensional vacuum setting

The purpose of the present section is to relate the two notions of initial data on the sin-
gularity given by Definitions 1.1 and 1.2. We start by, given initial data in the sense of
Definition 1.2, constructing appropriate local coordinates.

Lemma 3.1. Let xM be a 3-dimensional manifold and K be a smooth .1; 1/-tensor
field on xM . Assume K to have distinct real eigenvalues p1 < p2 < p3. Let xXA be an
eigenvector field of K corresponding to the eigenvalue pA and let 
ABC be defined by
Œ xXB ; xXC � D 


A
BC
xXA. Assume that 
123 D 0. Then, if p 2 xM , there are local coordinates

.V;xx/ with p 2 V , such that, after a renormalisation of the xXA, if necessary,

xX3 D @3; xX2 D @2 C xX 3
2 @3;

xX1 D @1 C xX 2
1 @2 C

xX 3
1 @3 (3.1)
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for a suitable choice of smooth functions xX 2
1 , xX 3

2 , xX 3
1 . Moreover, if ¹ xY Aº is the frame

dual to ¹ xXAº, then

xY 1
D dxx1; xY 2

D dxx2 � xX 2
1 dxx

1;

xY 3
D dxx3 � xX 3

2 dxx
2
C . xX 2

1
xX 3
2 �

xX 3
1 /dxx

1:
(3.2)

Define K j
i by the condition that K @i D K j

i @j . Then K j
i D 0 if j < i ; K i

i D pi (no
summation); and

xX 2
1 D

1

p1 � p2
K 2
1 ; (3.3a)

xX 3
2 D

1

p2 � p3
K 3
2 ; (3.3b)

xX 3
1 D

1

p1 � p3
K 3
1 C

1

.p1 � p3/.p1 � p2/
K 2
1 K 3

2 : (3.3c)

Remark 3.2. In [30, Theorem 1.1, pp. 1185–1186], a quantity � ji appears. Due to the
differences in convention, K j

i D ��
j
i .

Proof of Lemma 3.1. To begin with, there are local coordinates around p such that
xX3 D @3; cf., e.g., [48, Theorem 9.22, p. 220]. By assumption,

Œ@3; xX2� D A@3 C B xX2:

In order to find a vector field which commutes with @3, and which is, at the same time,
in the span of @3 and xX2, let

X2 D ˛ xX2 C ˇ@3:

Then

Œ@3; X2� D .@3˛/ xX2 C ˛Œ@3; xX2�C .@3ˇ/@3 D .@3˛ C B˛/ xX2 C .@3ˇ C A˛/@3:

Assume that p corresponds to the origin in the local coordinates, and fix ˛ D 1 on the
plane defined by x3 D 0. Then we can calculate ˛ by solving the equation @3˛CB˛ D 0.
Moreover, ˛ will be smooth and strictly positive in a neighbourhood of the origin. Next,
we solve for ˇ by choosing ˇ D 0 on the plane x3 D 0 and integrating @3ˇ C A˛ D 0.
Doing so yields a vector field X2 with the property that the span of X2 and @3 equals the
span of xX2 and xX3 in a neighbourhood of p. Moreover, @3 and X2 commute. Due to [48,
Theorem 9.46, p. 234], we conclude that there are local coordinates in a neighbourhood
of p such that xX3 D @3 and X2 D @2. Since xX2 is in the span of xX3 and X2, it is
clear that xX2 D a@2 C b@3. Since xX2 and xX3 are linearly independent, it is clear that a
is never allowed to vanish. In particular, after renormalising the eigenvector field xX2,
if necessary, we can assume that xX2 D @2 C xX 3

2 @3. That xX1 can be assumed to take the
form xX1 D @1 C xX 2

1 @2 C
xX 3
1 @3 follows by a similar argument.

Finally, (3.2) follows from straightforward calculations and (3.3) and the statements
concerning K j

i follow from the fact that xXA is an eigenvector field of K with eigen-
value pA.
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3.1. Relating the limits

In Proposition 1.6, the goal is to, locally, associate data in the sense of Definition 1.1
with initial data in the sense of Definition 1.2. In the present subsection, we provide the
intuition behind definition (1.13). We do so by assuming that we have a development in
the sense of Definition 1.7. We then prove that this development can locally be written as
in (1.5). Finally, we calculate limit (1.6).

Lemma 3.3. Let . xM; xh;K / be non-degenerate quiescent vacuum initial data on the
singularity in the sense of Definition 1.2. Assume that there is a locally Gaussian devel-
opment .M; g/ of the initial data in the sense of Definition 1.7. Fix a p 2 xM and let
.V;xx/ be local coordinates with the properties stated in Lemma 3.1. Then, on V � .0; tC/,
development (1.14) can be written

‰�g D �dt ˝ dt C

3X
i;jD1

aij t
2pmax¹i;jºdxxi ˝ dxxj ;

using the notation of Definition 1.7. Moreover, (1.6) is satisfied, where ci i D xh. xXi ; xXi /

(no summation) and the xXi are given in the statement of Lemma 3.1; the cij , i < j , are
given by (1.13), where the sub- and superscripts refer to the coordinate frame associated
with .V;xx/; and cij D cj i . Moreover, if W has compact closure contained in V , there are
an � > 0, a t0 2 .0; tC/ and, for every l 2 N , a Cl such that

kaij .�; t / � cij kC l .W / � Cl t
2� (3.4)

on .0; t0�.
Define the pi and cij as above and � ji D�K j

i . Then the pi and cij are smooth real
valued functions on V and the pi satisfy (1.2). Moreover, � ii D �pi (no summation);
� li D 0 if l < i ; and (1.4) is satisfied.

Remark 3.4. Arguments similar to the proof of the lemma provide a proof of all the state-
ments of Proposition 1.6 except for the statement that (1.3) holds. They also demonstrate
that � ji D �K j

i .

Proof of Lemma 3.3. Let xXA be the vector fields defined by (3.1). Note that K xXA D

pA xXA (no summation). Since K is symmetric with respect to xh, the XA are orthogonal
with respect to xh. In particular, there are thus smooth functions ˇA > 0 such that

xh D
X
A

ˇ2A
xY A
˝ xY A: (3.5)

Note that ˇ2A D xh. xXA; xXA/ (no summation). Combining this observation with (1.16b)
yields the conclusion that, for A ¤ B , bAB ! 0 as t ! 0C, where the convergence is
uniform on compact subsets of V . Moreover, bAA ! ˇ2A as t ! 0C (no summation),
where the convergence is uniform on compact subsets of V .
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Next, we wish to rewrite the metric in terms of the coordinate basis dxxi ˝ dxxj , where
.V;xx/ are the coordinates constructed in Lemma 3.1. Note, to this end, thatX

A;B

bAB t
2pmax¹A;Bº xY A

˝ xY B
D

X
i;j

aij t
2pmax¹i;jºdxxi ˝ dxxj ;

where
aij D

X
A;B

bAB t
2pmax¹A;Bº�2pmax¹i;jº xY A

i
xY B
j : (3.6)

Here, due to (3.2), xY A
i D 0 if A < i , xY A

i D 1 if A D i and

xY 2
1 D �

xX 2
1 ;

xY 3
2 D �

xX 3
2 ;

xY 3
1 D

xX 2
1
xX 3
2 �

xX 3
1 :

Consider ai i (no summation). IfA> i orB > i , then the corresponding term in (3.6) con-
verges to zero, since the bAB converge and 2pmax¹A;Bº � 2pmax¹i;j º > 0 in that case. The
only term we need to take into consideration is thus the one with i D j and A D B D i .
This term reads bi i (no summation) and, by the above, it converges to ˇ2i . To conclude,
ai i converges to ˇ2i , and in order for the notation to be consistent with that of [30],
we introduce ci i D ˇ2i (no summation). In particular, ci i is thus determined by xh and
our choice of frame; cf. (3.5).

Next, consider a12. If A or B equals 3, then the corresponding term in (3.6) converges
to zero. If A D B D 1, the corresponding term equals zero, since xY 1

2 D 0. The only
possibilities for .A;B/ that remain to be considered are .1; 2/, .2; 1/ and .2; 2/. However,
since b12 converges to zero, it is sufficient to consider

b22 xY
2
2
xY 2
1 ! �

xX 2
1 c22;

where we used the fact that b22 converges to c22, the fact that xY 2
2 D 1 and the fact that

xY 2
1 D�

xX 2
1 . Again, to be consistent with [30], we use the notation c12 WD � xX 2

1 c22 (and
note that a12 converges to c12). Combining this relation with (3.3a) yields

K 2
1 D .p2 � p1/

c12

c22
: (3.7)

Letting � ji D �K j
i , (3.7) contains the same information as the first equality in (1.4).

Next, consider a23. Then B has to equal 3. Moreover, if A < 3, the corresponding term
converges to zero since bAB ! 0 for A ¤ B . The only term we need to consider is thus

b33 xY
3
3
xY 3
2 D �

xX 3
2 b33 ! �

xX 3
2 c33:

In particular, a23 converges to c23 WD � xX 3
2 c33. Keeping (3.3b) in mind, we obtain

K 3
2 D .p3 � p2/

c23

c33
I (3.8)

cf. the second equality in (1.4). Finally, consider a13. For the same reasons as above, the
only term we have to take into consideration is

b33 xY
3
1
xY 3
3 D b33.

xX 2
1
xX 3
2 �

xX 3
1 /! c33. xX

2
1
xX 3
2 �

xX 3
1 / DW c13:
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Appealing to (3.3) as well as (3.7) and (3.8) yields the conclusion that

K 3
1 D .p3 � p1/

c13

c33
� .p2 � p1/

c12c23

c22c33
I (3.9)

cf. the third equality in (1.4). Due to ci i D ˇ2i , (3.7), (3.8), and (3.9), it is clear that if
the cij are defined by (1.13) for i < j , then (1.6) holds. In fact, ifW has compact closure
contained in V , (3.4) holds.

The final statements of the lemma follow from the fact that tr K D tr K 2 D 1, the
conclusions of Lemma 3.1 and the above observations.

3.2. The asymptotic momentum constraint

Due to Remark 3.4, what remains (in order to prove Proposition 1.6) is to prove that (1.3)
holds.

Lemma 3.5. Let . xM; xh/ be a smooth 3-dimensional Riemannian manifold and K be
a smooth .1; 1/-tensor field on xM which is symmetric with respect to xh. Assume K to
have distinct eigenvalues p1 < p2 < p3. Assume, moreover, that there are local coordin-
ates .V;xx/ such that for A D 1; 2; 3, there are eigenvector fields xXA, A D 1; 2; 3, of K

of form (3.1) for a suitable choice of smooth functions xX 2
1 , xX 3

2 , xX 3
1 . Assume also that

K xXA D pA xXA (no summation) for A D 1; 2; 3. Define cij as in the statement of Pro-
position 1.6. Then (1.3) (where � ji is defined in terms of cij and pi as described in
Definition 1.1) is equivalent to divxhK D 0.

Proof. Define ¹ xY Aº via (3.2). Since K is symmetric with respect to xh, it follows that
¹ xXAº is an orthogonal frame with respect to xh. Thus

xh D
X
A

cAA xY
A
˝ xY A;

where cAA WD xh. xXA; xXA/ (no summation); cf. Proposition 1.6. Next, note that

xDAK A
B D

xXA.K
A
B / � .

xD xXA
xY A/.K xXB/ � xY

A.K xD xXA
xXB/

D xXA.pBı
A
B /C

xY A. xD xXA
xXC / xY

C .K xXB/ � xY
A.K xD xXA

xXB/

D xXB.pB/C pB xY
A. xD xXA

xXB/ � xY
A.K xD xXA

xXB/

(no summation on B), where xD denotes the Levi-Civita connection induced by xh. Intro-
ducing the notation �ABC by the requirement that

xD xXA
xXB D �

C
AB
xXC ;

this equality can be written (again, no summation on B)

xDAK A
B D

xXB.pB/C
X
A

.pB � pA/�
A
AB :
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What remains is thus to compute (no summation on A)

�AAB D c
�1
AA
xh. xD xXA

xXB ; xXA/ D c
�1
AA
xh.Œ xXA; xXB �C xD xXB

xXA; xXA/

D
1

2
xXB.ln cAA/C 
AAB ;

where 
ABC is defined by (1.12). Next, we need to calculate 
AAB (no summation). Keep-
ing (3.1) and (3.2) in mind, it can be computed that the only non-zero 
AAB (no summa-
tion) are


221 D @2
xX 2
1 C

xX 3
2 @3

xX 2
1 ; 
331 D @3

xX 3
1 �

xX 3
2 @3

xX 2
1 ; 
332 D @3

xX 3
2 :

Combining the above observations, we can compute that

2 xDAK A
3 D 2@3p3 C

X
A

.p3 � pA/@3 ln cAA:

In particular, �2 xDAK A
3 equals the left-hand side of (1.3) in the case i D 3. In particular,

xDAK A
3 D 0 is equivalent to (1.3) in the case i D 3. Next, compute

2 xDAK A
2 D 2

xX2.p2/C
X
A

.p2 � pA/ xX2.ln cAA/C 2.p2 � p3/@3 xX 3
2

D 2@2p2 C 2 xX
3
2 @3p2 C

X
A

.p2 � pA/@2.ln cAA/

C xX 3
2

X
A

.p2 � pA/@3.ln cAA/C 2.p2 � p3/@3 xX 3
2 :

At this stage, it is of interest to note that

2 xX 3
2 @3p2 C

xX 3
2

X
A

.p2 � pA/@3.ln cAA/C 2.p2 � p3/@3 xX 3
2

D xX 3
2

h
2@3p3 C

X
A

.p3 � pA/@3.ln cAA/
i
C 2 xX 3

2 @3.p2 � p3/

C xX 3
2 .p2 � p3/

X
A

@3.ln cAA/C 2.p2 � p3/@3 xX 3
2

D 2 xX 3
2
xDAK A

3 CK 3
2

X
A

@3.ln cAA/C 2@3K 3
2 ;

where we appealed to (3.3) in the last step. Summing up,

2 xDAK A
2 � 2

xX 3
2
xDAK A

3

D

X
A

.p2 � pA/@2.ln cAA/C 2@2p2 C 2@3K 3
2 CK 3

2

X
A

@3.ln cAA/:

In particular, minus the right-hand side of this equation equals the left-hand side of (1.3)
in the case i D 2.
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Finally, let us consider

2 xDAK A
1 � 2

xX 2
1
xDAK A

2 � 2
xX 3
1
xDAK A

3 C 2
xX 2
1
xX 3
2
xDAK A

3

D 2 xX1.p1/C
X
A

.p1 � pA/ xX1.ln cAA/C 2.p1 � p2/@2 xX 2
1

C 2.p1 � p3/@3 xX
3
1 � 2K

3
2 @3

xX 2
1

� 2 xX 2
1
xX2.p2/ �

X
A

.p2 � pA/ xX
2
1
xX2.ln cAA/ � 2.p2 � p3/ xX 2

1 @3
xX 3
2

� 2. xX 3
1 �

xX 2
1
xX 3
2 /@3p3 �

X
A

.p3 � pA/. xX
3
1 �

xX 2
1
xX 3
2 /@3 ln cAA:

Collecting the terms on the right-hand side involving sums over A yieldsX
A

.p1 � pA/@1.ln cAA/CK 2
1

X
A

@2.ln cAA/CK 3
1

X
A

@3.ln cAA/:

The remaining terms sum up to

2@1p1 C 2@2K
2
1 C 2@3K

3
1 :

To conclude,

2 xDAK A
1 � 2

xX 2
1
xDAK A

2 � 2
xX 3
1
xDAK A

3 C 2
xX 2
1
xX 3
2
xDAK A

3

D

X
A

.p1 � pA/@1.ln cAA/C 2@AK A
1 CK 2

1

X
A

@2.ln cAA/CK 3
1

X
A

@3.ln cAA/:

Moreover, the right-hand side equals minus the left-hand side of (1.3) in the case i D 1.
The statement follows.

Finally, we prove Proposition 1.6.

Proof of Proposition 1.6. The conclusion of Proposition 1.6 is an immediate consequence
of Remark 3.4 and Lemma 3.5.

3.3. Deriving geometric asymptotics

In Section 3.2, we verified that, locally, initial data in the sense of Definition 1.2 are initial
data in the sense of Definition 1.1. Next, we wish to verify that if we have a development
in the sense of [30], we obtain a development in the sense of Definition 1.7.

Proposition 3.6. Let . xM; xh/ be a smooth 3-dimensional Riemannian manifold and K be
a smooth .1;1/-tensor field on xM which is symmetric with respect to xh. Assume K to have
distinct eigenvalues p1 < p2 < p3. Assume that there are local coordinates .V;xx/ such
that for A D 1; 2; 3, there are eigenvector fields xXA, A D 1; 2; 3, of K of form (3.1) for
a suitable choice of smooth functions xX 2

1 , xX 3
2 , xX 3

1 . Assume also that K xXA D pA xXA

(no summation) forAD 1;2;3. Define cij as in the statement of Proposition 1.6 and � ji as
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in Definition 1.1. Assume, finally, that there are a solution to Einstein’s vacuum equations
of form (1.5) on V � .0; t0� for some t0 > 0, where dxi is replaced by dxxi , and an " > 0
such that

kaij .�; t / � cij kC l .W / � Cl t
"; (3.10)

kt xk
i

j .�; t /C �
i

j kC l .W / � Cl t
" (3.11)

on .0; t0� for some constant Cl , where l 2 N , Cl 2 R and W � xM is such that it has
compact closure contained in V . Then development (1.5) can be represented by the right-
hand side of (1.14) on V � .0; t0�, where Y A is replaced by xY A (and ¹ xY Aº is the dual
frame of ¹ xXAº). Moreover, defining {h by (1.15), where Y A is replaced by xY A, there are
an � > 0 and a constant Cl such that

kK.�; t / �K kC l .W / � Cl t
�; (3.12)

k{h.�; t / � xhkC l .W / � Cl t
� (3.13)

hold on .0; t0�.

Remark 3.7. The conclusion that development (1.5) can be represented by the right-
hand side of (1.14) on V � .0; t0�, where Y A is replaced by xY A, follows from the form
of g in (1.5) (that there is a Gaussian foliation so that all the information concerning the
spacetime metric is contained in the induced Riemannian metrics on the leaves of the
foliation) and the fact that ¹ xY Aº is a co-frame. In particular, estimates (3.10) and (3.11)
are not necessary to obtain this conclusion.

Proof of Proposition 3.6. First, note that the definitions ensure that � ji D �K j
i . Due to

(3.11), it is clear that t� converges to 1 in C l at the rate t". Combining this information
with (3.11) again yields the conclusion that (3.12) holds. It remains to relate {h to xh. Note,
to this end, that

xh D
X
A

xh. xXA; xXA/ xY
A
˝ xY A:

Note, moreover, that dxxi D xX i
A
xY A, where the xX i

A are defined by (3.1); xX i
A D 0 if i < A;

and xX i
A D 1 if AD i . Thus the metric can be represented by the right-hand side of (1.14),

with Y A is replaced by xY A, where

bAB D
X
i;j

aij t
2pmax¹i;jº�2pmax¹A;Bº xX i

A
xX j
B : (3.14)

Consider, to begin with, bAA (no summation). If i or j in (3.14) is strictly larger than A,
then the corresponding term in (3.14) converges to zero. Moreover, we have to have i � A
and j � A since xX i

A D 0 if i < A. To conclude, the only term in (3.14) which contributes
to the limit is the one with i D j D A. Since xX i

A D 1 if A D i , this term equals aAA !
cAA D xh. xXA; xXA/ (no summation). In other words, bAA! xh. xXA; xXA/ (no summation),
as desired. Next, note that

b23 D a33 xX
3
2
xX 3
3 C a23

xX 2
2
xX 3
3 D a33

xX 3
2 C a23 ! c33 xX

3
2 C c23 D 0;
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by the definition of c23. Next, consider b12. In this case, the only terms in (3.14) that
contribute to the limit are the ones with j D 2 and i 2 ¹1; 2º:

a12 xX
1
1
xX 2
2 C a22

xX 2
1
xX 2
2 D a12 C a22

xX 2
1 ! c12 C c22 xX

2
1 D 0;

by the definition of c12. Finally, consider b13. In this case, the only terms in (3.14) that
contribute to the limit are the ones with j D 3 and i 2 ¹1; 2; 3º:

a13 C a23 xX
2
1 C a33

xX 3
1 ! c13 C c23 xX

2
1 C c33

xX 3
1 D 0;

by the definition of c13 and c23. The lemma follows.

4. Existence of developments

The purpose of the present section is to prove Propositions 1.19 and 1.22, as well as
Theorem 1.23.

Proof of Proposition 1.19. In what follows, we refer to [6], which covers the case n D 3.
However, the equations for the velocity dominated solutions are the same in higher dimen-
sions; cf. [23]. Nevertheless, in all the verifications to follow, Remark 1.20 should be kept
in mind. Define .0g; 0k; 0�/ by (1.20). Then 0kAB D �pAt

�1ıAB (no summation), where
the indices are raised with 0g, and the indices refer to the frame ¹XAº and coframe ¹Y Aº

appearing in the statement of the proposition. One particular consequence of this equality
is that tr 0k D �t�1. Note also that @t 0gAB D �20kAB ; i.e., [6, (11a), p. 483] is satisfied.
Next, we define, in analogy with [6, (12), p. 483],

0� WD
1

2
.@t

0�/2; 0jA WD �.@t
0�/ �XA.

0�/; 0SAB WD
1

2
.@t

0�/2 � .0gAB/:

With these definitions, the matter terms appearing on the right-hand side of [6, (11b),
p. 483] vanish. Due to this observation, it can be verified that [6, (11b), p. 483] is satis-
fied. It can also be verified that 0� satisfies the relevant scalar field equation appearing on
[6, p. 483]. Since tr K 2 C ˆ21 D 1, [6, (10a), p. 483] holds. What remains is to demon-
strate that [6, (10b), p. 483] is fulfilled. Note that this equality can be rewritten as

rA
0KAB D

0jB ;

where 0KAB D
0kAB (we use the capital letter K to distinguish the Weingarten map

from the second fundamental form) and r is the Levi-Civita connection induced by 0g.
By arguments similar to the proof of Lemma 3.5, it can be calculated that

rA
0KAB D �t

�1XB.pB/C
X
A

t�1.pA � pB/Y
A.rXAXB/;

Y A.rXAXB/ D Y A. xDXAXB/CXB.pA/ ln t;

where there is no summation on B in the first equality and no summation on any index in
the second equality. Moreover, xD here denotes the Levi-Civita connection induced by xh;
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note that ¹XAº is an orthonormal frame with respect to xh. Due to these observations,
it follows that

rA
0KAB D �t

�1 xDAK A
B C

X
A

t�1.pA � pB/XB.pA/ ln t: (4.1)

The second term on the right-hand side can be calculated to beX
A

t�1.pA � pB/XB.pA/ ln t D
1

2
t�1XB

�X
A

p2A

�
ln t � t�1pBXB

�X
A

pA

�
ln t:

However,
P
ApA D 1, so that the second term on the right-hand side vanishes. Combining

this observation with
P
A p

2
A Cˆ

2
1 D 1 yieldsX

A

t�1.pA � pB/XB.pA/ ln t D �t�1 ln t �ˆ1XB.ˆ1/: (4.2)

Combining this equality with (4.1) and the fact that divxhK D ˆ1dˆ0 yields

rA
0KAB D �t

�1ˆ1XB.ˆ0/ � t
�1 ln t �ˆ1XB.ˆ1/:

On the other hand,

0jB D �t
�1 ln t �ˆ1XB.ˆ1/ � t

�1ˆ1XB.ˆ0/: (4.3)

To conclude, [6, (10b), p. 483] holds. In short, .0g; 0k; 0�/ is a solution to the velocity
dominated Einstein-scalar field equations on xM � .0;1/ in the sense of [6].

Next, we prove Proposition 1.22.

Proof of Proposition 1.22. That tr 0k can be assumed to equal �t�1 and that �t � 0K is
independent of time follows from the discussion in [6, Section 2.2, pp. 482–484]. Next,
since K is symmetric with respect to 0g, the eigenvalues of K are real and the local
frame ¹ xXAº is orthogonal with respect to 0g. Moreover, it can be verified that t�2pA0gAB
(no summation) is independent of t . We can therefore define ˛A to be the strictly positive
functions such that ˛2A WD

0gAAjtD1 (no summation). This means that 0g is of form (1.21).
Define XA by

XA WD ˛
�1
A
xXA

and let ¹Y Aº be the frame dual to ¹XA0º. Then 0g and 0k are of form (1.20a) and (1.20b),
respectively. Finally, since @t .t0�/ D 0, cf. [6, (15), p. 484], 0� is of form (1.20c).

Next, let us verify that the conditions of Definition 1.10 are satisfied. That tr K D 1

follows from the fact that tr 0k D �t�1. That K is symmetric with respect to xh follows
from the fact that both are diagonal with respect to the frame ¹XAº. That the eigenvalues
of K are distinct is an assumption. Since 1C p1 � pn�1 � pn > 0, the final condition of
Definition 1.10 is satisfied. Combining [6, (10a) and (12a), p. 483], keeping Remark 1.20
in mind, it follows that

�t�2 tr K 2
C t�2 D t�2ˆ21:
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In particular, tr K 2 Cˆ21 D 1. What remains is to verify that divxh K D ˆ1dˆ0. Note,
to this end, that (4.1) and (4.2) are satisfied in the current situation. This means that

rA
0KAB D �t

�1 xDAK A
B � t

�1 ln t �ˆ1XB.ˆ1/:

On the other hand, equality (4.3) is also satisfied in the current situation. Since

rA
0KAB D

0jB ;

cf. [6, (10b), p. 483], it follows that divxhK D ˆ1dˆ0. The proposition follows.

Finally, we prove Theorem 1.23.

Proof of Theorem 1.23. Due to Proposition 1.19, .0g; 0k; 0�/ defined by (1.20) is a solu-
tion to the velocity dominated Einstein-scalar field equations on xM � .0;1/ in the sense
of [6], keeping Remark 1.20 in mind (as in the proof of Proposition 1.19, we focus on the
case n D 3 and therefore refer to [6]; the general case follows by appealing to [23], in
particular [23, Theorem 10.2, p. 1104] and [23, Remark 1, p. 1105]). Assuming that the
data . xM; xh;K ; ˆ1; ˆ0/ are real analytic and that the eigenvalues satisfy

1C p1 � pn�1 � pn > 0

(i.e., pA > 0, A D 1; 2; 3, in the case n D 3), we can apply [6, Theorem 1, p. 484].
This yields a real analytic solution to the Einstein-scalar field equations on a set of the
form M introduced in the statement of the theorem. Moreover, on a fixed compact subset
of xM , say K, this solution has asymptotics of the form [6, properties 1–6, Theorem 1,
p. 484], where the estimates are uniform on K. Finally, the solution is unique with these
properties.

In order to relate the results of [6] with the conclusions we wish to draw here, note
that [6, Theorem 1, p. 484] yields

0gACgCB D ı
A
B C o.t

˛A
B /;

where ˛AB are strictly positive numbers and the indices refer to the frame ¹XAº and
co-frame ¹Y Aº. On the other hand, representing the metric as in (1.14) yields

0gACgCB D t
�2pAgAB D t

2.pmax¹A;Bº�pA/bAB :

Combining these two equalities, it follows that the diagonal components of bAB converge
to 1 at a rate. Moreover, if A > B , we conclude that bAB converges to 0 at a rate. Since b
is symmetric, the same holds for bBA. This means that {h, defined by (1.15), converges
to xh at a rate and uniformly on compact subsets; i.e., (1.22b) holds. Combining this obser-
vation with arguments similar to the ones presented in connection with (5.1) below yields
the conclusion that % and ln t are interchangeable; cf. (5.3) below. Next, note that [6, The-
orem 1, p. 484] yields the conclusion that t� converges to 1 at a rate, and that K �K

converges to zero at a rate; i.e., (1.22a) holds. The conclusions concerning the scalar field,
i.e., (1.22c) and (1.22d), follow from [6, Theorem 1, p. 484], the fact that % and ln t are
interchangeable, the fact that t� converges to 1 at a rate and the fact that yU D ��1@t .



Initial data on big bang singularities 3095

5. Improving the asymptotics in the generalised setting

The purpose of the present section is to provide a proof of Theorem 1.28. We proceed
gradually, starting with estimates of the relative spatial variation of the mean curvature.
We continue with estimates of the eigenvector fields of the expansion normalised Wein-
garten map as well as of the components of the expansion normalised Weingarten map
with respect to the eigenvector fields of K . Given this information, we are in a position
to estimate ��2 xS , where xS is the spatial scalar curvature, and ��2 xR, where xR is the spatial
Ricci tensor, viewed as a .1; 1/-tensor field. We also obtain estimates for similar quant-
ities involving the lapse function. Combining this information, we are in a position to
estimate the deceleration parameter q as well as the expansion normalised normal deriv-
ative of K , yLUK . We also obtain more detailed estimates of the components of yLUK

with respect to the eigenvector frame associated with K . Given the above control of the
geometry, it is possible to appeal to the results of [67] in order to control the asymptotics
of the scalar field. In the final step, we then combine all of the above in order to con-
clude that the equations corresponding to the limits of the Hamiltonian and momentum
constraints hold.

5.1. Estimates for the relative spatial variation of the mean curvature

Consider a development which is locally (close to the singularity) either of form (1.14)
(in general dimensions) or of form (1.18). For such a development, define the logarithmic
volume density, %, by the relation e%�xh D �xg , where xh is the metric appearing in the
definition of the initial data and xg is the metric induced on hypersurfaces of the form
xMt WD xM � ¹tº. This means that

e% D e%j�xh.X1; : : : ;Xn/j D j�xg.X1; : : : ;Xn/j;

assuming jXAjxh D 1,AD 1; : : : ; n. In the case of (1.18), taking the square of this equality
yields

e2% D ��2

ˇ̌̌̌
ˇ̌̌̌
ˇ

b11 b12 � � � b1n
��2.p2�p1/b21 b22 � � � b2n

:::
::: � � �

:::

��2.pn�p1/bn1 ��2.pn�p2/bn2 � � � bnn

ˇ̌̌̌
ˇ̌̌̌
ˇ I (5.1)

note that the pi should here be thought of as given smooth functions satisfying

p1 < � � � < pn:

In the case of (1.14), this equality holds with � replaced by t�1. In what follows, we
assume {h to converge to xh in C l for any 0 � l 2 N at a rate ��" in the case of (1.18)
and at a rate t" in the case of (1.14). This means that bAB converges to ıAB at this rate.
In particular, in the case of (1.18),

j%C ln � j � C"��" (5.2)
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on M0 WD xM � .0; t0�, where t0 2 .0; tC/. Similarly, in the case of (1.14), there is, for
each 0 � l 2 N , a constant Cl such that

k%.�; t / � ln tkC l . xM/ � Cl t
" (5.3)

for all t � t0. The reason we obtain C l -bounds in (5.3) and only C 0-bounds in (5.2) is that
we, of course, control the spatial derivatives of t , but not, a priori, the spatial derivatives
of � . In order to remedy this situation, we first derive bounds on the spatial derivatives
of %, given suitable assumptions concerning yN . These bounds can then be used to derive
estimates for ln � .

Lemma 5.1. Consider a metric of form (1.23) and assume that there are, for every
1 � l 2 N , constants Cl and al such that for 1 � k � l ,

j xDk ln yN jxh � Clhln �i
al (5.4)

on M0, where yN D �N . Assume, moreover, that (1.19b) holds and that � diverges uni-
formly to1 as t ! 0C. Then there are, for every 1 � l 2 N , constants Kl and bl such
that

j xDk%jxh � Klhln �i
bl ; j xDk%jxh � Klh%i

bl ; (5.5)

j xDk ln � jxh � Klhln �i
bl ; j xDk ln � jxh � Klh%i

bl (5.6)

on M0 for k � l .

Remark 5.2. Given (5.6), one can return to (5.1) in order to deduce that, for every
0 � l 2 N , there is a constant Cl such that

j xDk.%C ln �/jxh � Cl�
�" (5.7)

on M0 for all k � l .

Remark 5.3. If the conditions of Theorem 1.28 are satisfied, then the conditions of the
lemma are satisfied.

Proof of Lemma 5.1. Let ¹Eiº be a local orthonormal frame with respect to xh. In what
follows, we then use the notation I, EI D EI1 � � �EIm and jIj D m for vectors of the form
I D .I1; : : : ; Im/, where Ij 2 ¹1; : : : ; nº.

Due to [67, (7.9), p. 74], @t% D yN , so that @tEI% D EI yN . Due to this equality,
it follows that yU.EI%/ can be written as a linear combination of terms of the form
EI1 ln yN � � �EIk ln yN , where jI1j C � � � C jIkj D jIj. Letting 
 be an integral curve of yU ,
note that

d

ds
% ı 
 D . yU%/ ı 
 D 1I (5.8)

cf. [67, (7.9), p. 74]. We can thus choose the parametrisation of 
 in such a way that
% ı 
.s/ D s. Thenˇ̌̌ d

ds
Œ.EI%/ ı 
�.s/

ˇ̌̌
� Clhln � ı 
.s/icl � Clhsicl ;
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where we appealed to (5.2), (5.4) and the fact that % ı 
.s/ D s. This estimate can be
integrated in order to deduce that (5.5) holds. In order to obtain these estimates, we, again,
appealed to (5.2) and the fact that % ı 
.s/ D s.

In order to estimate the derivatives of ln � , note that (5.1) yields

e2%C2 ln �
D b11 � � � bnn CR;

where the second term on the right-hand side, up to signs, consists of terms containing
k � 1 factors of the form ��2.pA�pB /bAB , A > B , and n � k factors of the form bAB ,
A � B . Differentiating this equality once yields

2e2%C2 ln �Ei%C 2e
2%C2 ln �Ei ln � D Ei .b11 � � � bnn/CEiR: (5.9)

Note that the factors e2%C2 ln � converge to 1 due to (5.2). Moreover, the first term on the
right-hand side converges to zero as ��". Consider EiR. It contains terms with two types
of factors. Either Ei hits ��2.pA�pB /bAB , A > B , in which case the result is

� 2Ei .pA � pB/ ln � � ��2.pA�pB /bAB � 2.pA � pB/Ei .ln �/��2.pA�pB /bAB

C ��2.pA�pB /EibAB :

The first term converges to zero faster than ��", the second term can be written asEi .ln�/
times a factor that converges to zero faster than ��", and the last term converges to zero
faster than ��". Second, if Ei hits a factor of the form bAB , A � B , then the result con-
verges to zero at least at the rate ��". To conclude, the right-hand side of equality (5.9)
contains a term including the factor Ei ln � . However, in this term, the factor multiply-
ing Ei ln � converges to zero faster than ��". The term on the right-hand side including
the factor Ei ln � can thus be combined with the second term on the left-hand side. This
yields a bound of Ei ln � in terms of Ei% and decaying terms. In order to estimate higher-
order derivatives, one can proceed similarly, differentiating (5.9) further. By an inductive
argument, all but the highest-order derivatives appearing on the right-hand side can be
estimated. The highest-order derivative of ln � appearing on the right-hand side will,
in analogy with the above, be multiplied by a factor converging to zero. This can then
be moved to the left-hand side, as in the first step. At the end, we then obtain estim-
ate (5.6).

5.2. Components of the eigenvector fields

Next, introduce the matrices XBA and Y BA by the requirement that

XA D X
B
A XB and XA D Y

B
A XB ;

where ¹XAº and ¹XAº are defined in the statement of Theorem 1.28. Then

XBA D Y B.XA/; Y BA D Y
B.XA/; XBA Y

C
B D Y

B
A X

C
B D ı

C
A :

These matrices satisfy the following relations.
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Lemma 5.4. Given the assumptions and notation of Theorem 1.28, there are an � > 0

and, for all k 2 N , a constant Ck such that

j xDk.XAB � ı
A
B /jxh � Ck�

�2� min¹1; ��2.pB�pA/º; (5.10)

j xDk.Y AB � ı
A
B /jxh � Ck�

�2� min¹1; ��2.pB�pA/º; (5.11)

j xDk.x�A C pA ln �/jxh � Ck�
�2� (5.12)

on M0 for all A and B .

Proof. Note, to begin with, that (1.19a), (1.19b) and the definition of XA, Y A, XA and
Y A yield the conclusion that for all k 2 N , there are constants Ck and � > 0 such that

j xDk ŒY A.XB/� ı
A
B �jxhC j

xDk ŒY A.XB/� ı
A
B �jxhC j

xDk.bAB � ıAB/jxh �Ck�
�2� (5.13)

on M0 for all A, B . In particular, (5.10) and (5.11) hold in the case B � A. On the other
hand, X

A;B

bAB�
�2pmax¹A;BºY A

˝ Y B
D

X
C

e2x�C Y C ˝ Y C : (5.14)

Evaluating this equality on .XA; XA/ yieldsX
B

bAB�
�2pmax¹A;BºY B.XA/ D e

2x�AY A.XA/

(no summation on A). Combining this equality with (5.6) and (5.13) yields (5.12). Next,
evaluating (5.14) on .XA; XC / with C < A yieldsX

B

bAB�
�2pmax¹A;BºY B.XC / D e

2x�C Y C .XA/:

Combining this equality with (5.12) and (5.13) yields (5.11).
In order to prove (5.10), note that YX D Id, where X and Y are the matrices with

components XAB and Y AB , respectively. Next, note that Y D U C L, where U is upper
triangular, L is lower triangular and the diagonal components of L vanish. Moreover, for
A > B , LBA D O.�

�2.pA�pBC�// in any Cm-norm. Moreover, U � IdD O.��2�/ in any
Cm-norm. In particular,

X D Y �1 D .IdC U�1L/�1U�1I

note that kU�1Lk ! 0 in the direction of the singularity, so that we can assume
kU�1Lk � 1=2 in the arguments to follow. Let R WD �U�1L. Then

X D

1X
kD0

RkU�1:

Note that Rk D O.��2k�/ in any Cm-norm. Moreover, for k large enough, say k � K,
2k� � 2.pn � p1 C �/ on xM . It is therefore straightforward to prove the desired estimate
for the terms with k � K, and we only need to focus on a finite number of terms of
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the form RkU�1. However, it can be verified that the components of R satisfy RnA D 0,
A D 1; : : : ; n, and, for B < n,

RBA D

´
O.��2.pBC1�pBC�//; B � A;

O.��2.pA�pBC�//; B < A:

Moreover, this holds in any Cm-norm. It can be verified that this structure is preserved
when taking positive integer powers. Finally, when multiplying a matrix with this struc-
ture on the right with U�1 (which is upper triangular), the lower triangular part of the
resulting matrix satisfies the same conditions as the lower triangular part of R (i.e., the
estimates satisfied byRBA ,B <A, are also satisfied by .RmU�1/BA form� 1 andB <A).
It follows that (5.10) holds for B > A. The lemma follows.

Using this information, we are in a position to prove that (1.27b) holds.

Lemma 5.5. Given the assumptions and notation of Theorem 1.28, there are an � > 0

and, for all k 2 N , a constant Ck such that

jDk ŒK.Y A;XB/ � pBı
A
B �jxh � Cke

�2� min¹1; ��2.pB�pA/º (5.15)

(no summation on B) on M0.

Proof. Note, to begin with, that

KA
B WDK.Y A;XB/ D

X
C

`CY A.XC /Y
C .XB/ D

X
C

`CX
A
C Y

C
B ;

where `A is the eigenvalue of K corresponding toXA. Note also that `A � pA DO.��2�/
in any C k-norm due to (1.19a). Combining these observations with Lemma 5.4 yields
KA
A D pA CO.�

�2�/ (no summation on A) in any C k-norm. Similarly, KA
B D O.�

�2�/

for B < A in any C k-norm. Finally, for A < B , the desired conclusion again follows by
appealing to Lemma 5.4. The desired estimate follows.

Next, define �ABC by ŒXB ; XC � D �ABCXA. We wish to estimate �ABC in the case 1C
pA � pB � pC � 0; cf. the definition of quiescent initial data on the singularity.

Lemma 5.6. Given the assumptions and notation of Theorem 1.28, fix xx 2 xM and assume
that 1C pA.xx/ � pB.xx/ � pC .xx/ � 0 for some A and B ¤ C . Then there are a neigh-
bourhood U of xx in xM , an � > 0 and, for every k 2 N , a constant Ck such that

jDk.��2.1CpA�pB�pC /�ABC /jxh � Ck�
�2� (5.16)

on U � .0; t0�.

Remark 5.7. Assuming, in addition to the conditions of the lemma, that n D 3 and
O1
23 D 0 on xM , there are an � > 0 and, for all k 2 N , a constant Ck such that

jDk.�123/jxh � Ck�
�2.p2�p1C�/ (5.17)

on M0.
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Proof of Lemma 5.6. Compute

Y A.ŒXB ; XC �/ D X
D
B XD.X

E
C /Y

A
E �X

E
C XE .X

D
B /Y

A
D CX

D
B X

E
C Y

A
F 


F
DE ; (5.18)

where

FDE D Y F .ŒXD;XE �/:

Assume that
1C pA.xx/ � pB.xx/ � pC .xx/ � 0:

In order for this to hold, we have to have B > A and C > A; cf. Remark 1.31. In what
follows, we also assume, without loss of generality, that B < C . Combining these obser-
vations with Lemma 5.4, it is clear that the first two terms on the right-hand side of (5.18)
are O.��2.pB�pAC�// in any C k-norm. In particular, multiplying the first two terms on
the right-hand side of (5.18) with ��2.1CpA�pB�pC /, it is clear that the resulting expres-
sion is O.��2.1�pCC�// in any C k-norm. Next, consider

��2.1CpA�pB�pC /XDB X
E
C Y

A
F 


F
DE

D .�2.pB�pD/XDB / � .�
2.pC�pE /XEC / � .�

2.pF�pA/Y AF / � .�
�2.1CpF�pD�pE /
FDE /:

Due to Lemma 5.4, the first three factors on the right-hand side are bounded in any C k-
norm. In order for the last term to be non-zero, 1 C pF � pD � pE has to be strictly
positive in a neighbourhood of xx. Estimate (5.16) follows. The proof of (5.17) is sim-
ilar.

Corollary 5.8. Given the assumptions and notation of Theorem 1.28, there are an � > 0
and, for every k 2 N , a constant Ck such that

jDk.��2.1CpA�pB�pC /�ABC /jxh � Ck�
�2� (5.19)

on M0 for all A, B and C .

Remark 5.9. Since �ABC is well defined up to a sign, estimate (5.19) is globally mean-
ingful.

Proof of Corollary 5.8. IfB D C , there is nothing to prove. In what follows, we therefore
assume B ¤ C . Fix an xx 2 xM . Given A, B , C such that B ¤ C , there are then two pos-
sibilities. Either 1C pA.xx/ � pB.xx/ � pC .xx/ � 0 or 1C pA.xx/ � pB.xx/ � pC .xx/ > 0.
In the first case, we can appeal to Lemma 5.6 in order to conclude that there are an open
neighbourhood UABC and an �ABC > 0 such that (5.16), with � replaced by �ABC , holds
in UABC � .0; t0�. In the case 1C pA.xx/ � pB.xx/ � pC .xx/ > 0, there are trivially such
an open neighbourhood UABC and �ABC > 0. Taking the intersection of all these UABC
yields an open neighbourhood Uxx and taking the minimum of all the �ABC yields an
�xx > 0. Since xM is compact, there is a finite cover by sets of the form Uxx . Taking the
minimum of the associated �xx yields an � > 0 such that the statement of the corollary
holds.
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Using this information, we estimate the conformally rescaled spatial Ricci curvature.

Proposition 5.10. Assume that the conditions of Theorem 1.28 are satisfied. Let, using
the notation of Theorem 1.28, xR denote the spatial Ricci tensor, viewed as a family of
.1; 1/-tensor fields, xS denote the spatial scalar curvature, xR WD ��2 xR and x� WD ��2 xS .
Then there are an � > 0 and, for each k 2 N , a constant Ck such that

j xDk x� jxh C j
xDk xRjxh � Ck�

�2� (5.20)

on M0.

Remark 5.11. If, in addition to the assumptions of the proposition, n D 3 and O1
23 D 0

on xM , then there are, for each k 2 N , constants ˛k and Ck such that

j xDk x� jxh C j
xDk xRjxh � Ckhln �i

˛k��2.1�p3/

on M0.

Proof of Proposition 5.10. To estimate xR, it is convenient to appeal to [69, Corollary 125,
p. 73]. The �A appearing in this corollary are given by �A D x�A C ln � , so that

xDk Œ�A � .1 � pA/ ln �� D O.��2�/

due to (5.12). Note that �ABC (the 
ABC appearing in [69, Corollary 125, p. 73] should
be replaced by �ABC here) and aA are bounded in any C k-norm and that {aA, x�A and �A
do not grow faster than polynomially in ln � in any C k-norm. In particular, any number
ofXA derivatives of these objects grows at worst polynomially. Note also that pA < 1 due
to Remark 1.31. Combining these observations with [69, (301)–(306), p. 73], it is clear
that for k 2 N , there is a constant ˛k such that most of the terms on the right-hand side
of [69, (301), p. 73] decay to zero as O.hln �i˛k��2.1�pn// in C k . However, there are
some terms containing factors of the form e2�A�2�B�2�C . On the other hand, terms that
contain a factor e2�A�2�B�2�C also contain a factor �ABC (or a spatial derivative thereof).
In order to estimate the corresponding terms, we can thus appeal to Corollary 5.8. In order
to illustrate the arguments required, consider, e.g.,

e2�A�2�B�2�CXD.�
A
BC /

D e2�A�2�B�2�C �2.1CpA�pB�pC /XD.�
�2.1CpA�pB�pC /�ABC /

C e2�A�2�B�2�C �2.1CpA�pB�pC /XDŒ2.1C pA � pB � pC / ln ��

� .��2.1CpA�pB�pC /�ABC /:

Due to Corollary 5.8, terms of this form decay as desired in any C k-norm; since �A �
.1 � pA/ ln � D O.��2�/, the product of the first two factors is, in each term, bounded
in any C k-norm; the third factor in the second term does not grow faster than polynomi-
ally in any C k-norm; and the last factor decays as ��2� in any C k-norm in each of the
terms.
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In the case n D 3, a more detailed argument can be carried out. In fact, then, if
1 2 ¹B; C º, e2�A�2�B�2�C decays to zero as O.hln �i˛k��2.1�p3// in C k . Assume,
therefore, that ¹B;C º D ¹2; 3º. If A 2 ¹2; 3º, we again obtain the same decay. The only
interesting terms are thus the ones containing one factor of the form e2�1�2�2�2�3 and
a factor of the form �123 or a spatial derivative thereof. However, we know that

�123 D O.�
�2.p2�p1C�//

(and similarly for everyC k-norm); cf. Remark 5.7. Thus the potentially problematic terms
are O.��2.1�p3// (and similarly for every C k-norm).

Writing
xR D xRA

BXA ˝ Y
B ;

the desired estimate for xR follows. Due to [69, Lemma 122, p. 69], the proof of the
estimate for x� is essentially identical.

Next, we wish to estimate the contribution from the lapse function to yLUK . Intro-
duce, to this end, the .1; 1/-tensor field xN , given by

xN A
B WD �

�2N�1 xrA xrBN: (5.21)

Here xr is the Levi-Civita connection induced on the hypersurfaces of constant t .

Lemma 5.12. Assume that the conditions of Theorem 1.28 are satisfied and let xN be
defined by (5.21). Then, using the notation of Theorem 1.28, there are an � > 0 and, for
each k 2 N , a constant Ck such that

j xDk xN jxh � Ck�
�2� (5.22)

on M0.

Remark 5.13. If, in addition to the assumptions of the proposition, n D 3 and O1
23 D 0

on xM , then there are, for each k 2 N , constants ˛k and Ck such that

j xDk xN jxh � Ckhln �i
˛k��2.1�p3/

on M0.

Proof of Lemma 5.12. Note, first of all, that the derivatives of lnN can be bounded by
appealing to (1.25) and (5.6). Combining this observation with [69, Lemma 127, p. 74]
and the assumptions, the proof of the statement is similar to, but simpler than, the proof
of Proposition 5.10.

Next, we estimate yLUK .

Proposition 5.14. Assume that the conditions of Theorem 1.28 are satisfied. Then, using
the notation of Theorem 1.28, there are an � > 0 and, for each k 2N , a constant Ck such
that

j xDk Œq � .n � 1/�jxh C j
xDk yLUKjxh � Ck�

�2� (5.23)

on M0.
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Remark 5.15. If, in addition to the assumptions of the proposition, n D 3 and O1
23 D 0

on xM , then there are, for each k 2 N , constants ˛k and Ck such that

j xDk.q � 2/jxh C j
xDk yLUKjxh � Ckhln �i

˛k��2.1�p3/ (5.24)

on M0.

Remark 5.16. When appealing to the results of [67], we need upper bounds on the eigen-
values of {K, the Weingarten map of the conformally rescaled metric yg WD �2g. Combining
[67, (3.3), p. 26] with [67, (3.4), p. 26], we conclude that {K DK � .qC 1/ Id=n. Since q
converges to n� 1, cf. (5.23), we conclude that the eigenvalues of {K converge to pA � 1.
In particular, they are all negative, cf. Remark 1.31, so that {K has a silent upper bound
asymptotically; cf. [67, Definition 3.10, p. 27].

Proof of Proposition 5.14. The basis for the estimate of yLUK is the formula for yLUK

given by [69, (270), p. 65]

. yLUK/ij D �
��xgN
�2N

C
n

n � 1

� � xp C 2ƒ

�2
�
xS

�2

�
K i

j C
1

.n � 1/�2
.� � xp C 2ƒ/ıij

C
1

N�2
xr
i xrjN C �

�2P i
j �

xRij

�2
:

Several of the terms can be estimated by appealing to (5.20), (5.22) and the convergence
of K . However, there are three types of exceptions: terms including a factor of the form
��2.� � xp/, a factor of the form ƒ=�2 or a factor of the form ��2P . Estimates for
terms including a factor of the formƒ=�2 follow immediately from (5.6). To estimate the
remaining terms, it is sufficient to appeal to [69, Remark 81, p. 49]; given the correspond-
ing formulae and (1.25), it is clear that we can proceed as in the previous proofs in order
to derive the desired estimate for yLUK .

The estimate for q � .n � 1/ can be derived by a similar argument due to [69, (266),
p. 65].

In order to refine this conclusion, it is of interest to consider the components of yLUK

with respect to the frame ¹XAº.

Lemma 5.17. Assume that the conditions of Theorem 1.28 are satisfied. Then, using the
notation of Theorem 1.28, there are an � > 0 and, for each k 2 N , a constant Ck such
that

j xDk Œ. yLUK/.Y A;XB/�jxh � Ck�
�2� min¹1; ��2.pB�pA/º (5.25)

on M0.

Remark 5.18. If, in addition to the assumptions of the lemma, nD 3 and O1
23 D 0 on xM ,

then there are, for each k 2 N , constants ˛k and Ck such that

j xDk Œ. yLUK/.Y A;XB/�jxh � Ckhln �i
˛k��2.1�p3/ min¹1; ��2.pB�pA/º

on M0.
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Proof of Lemma 5.17. For A � B , the estimates are immediate consequences of (5.23)
and (5.24). We therefore need to focus on the case B > A. Define, for A ¤ B ,

WA
B WD

1

`B � `A
. yLUK/.Y A; XB/I (5.26)

cf. [67, (6.8), p. 68]. Due to Proposition 5.14, we know that the C k-norm of WA
B is

bounded by the right-hand side of (5.23). On the other hand, [67, (6.19), p. 70] implies
that ex�A�x�BWA

B is antisymmetric for A ¤ B . In particular, if A < B , then

WA
B D �e

2.x�B�x�A/WB
A : (5.27)

There are thus an � > 0 and, for each k 2 N , a constant Ck such that

j xDkWA
B jxh C j

xDk Œ. yLUK/.Y A; XB/�jxh � Ck�
�2.pB�pA/��2� (5.28)

onM0 ifA<B , where we appealed to (5.12) and to (5.26) in order to estimate the second
term on the left-hand side of (5.28). In the case n D 3 and O1

23 D 0 on xM , this estimate
can be improved to

j xDkWA
B jxh C j

xDk Œ. yLUK/.Y A; XB/�jxh � Ckhln �i
˛k��2.pB�pA/��2.1�p3/ (5.29)

on M0 if A < B , where ˛k and Ck are constants.
Next, note that

. yLUK/.Y A;XB/ D X
A
C Y

D
B .
yLUK/.Y C ; XD/:

Combining this observation with Lemma 5.4, (5.28) and (5.29) yields the conclusion of
the lemma.

5.3. Scalar field

Next, we wish to analyse the asymptotic behaviour of the scalar field. We do so by appeal-
ing to the results of [67].

Lemma 5.19. Assume that the conditions of Theorem 1.28 are satisfied. Then, using the
notation of Theorem 1.28, there are ˆ1; ˆ0 2 C1. xM/, an � > 0 and, for each k 2 N ,
a constant Ck such that

j xDk. yU� �ˆ1/jxh � Ck�
�2�; (5.30)

j xDk.� Cˆ1 ln � �ˆ0/jxh � Ck�
�2� (5.31)

on M0.

Remark 5.20. Due to (5.7), (5.31) can be written

j xDk.� �ˆ1% �ˆ0/jxh � Ck�
�2� (5.32)

on M0.
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Proof of Lemma 5.19. The statement essentially follows by appealing to the results
of [67]. For this reason, the proof mainly consists of a verification that the correspond-
ing conditions are satisfied. Let us begin by verifying that the basic assumptions, cf. [67,
Definition 3.27, p. 34] are satisfied.

The basic assumptions. It is clear that by restricting .M;g/ close enough to the big bang,
it is time oriented, it has an expanding partial pointed foliation and K is non-degenerate.
In what follows, it is, however, important to keep in mind that in [67], %, xD etc. are
defined with respect to the reference metric xgref introduced in [67] (and xgref is typically
different from xh). We therefore here write %ref to indicate the logarithmic volume density
defined with respect to xgref. On the other hand, the difference % � %ref is independent
of t . Due to [67, Lemma A.1, p. 201], we can assume K to have a global frame; this
is achieved by considering a finite covering space, if necessary, an operation which does
not affect the local conclusions concerning the asymptotics. That {K has a silent upper
bound follows from Remark 5.16. Due to (5.7) and Proposition 5.14, it is clear that yLUK

satisfies a weak off diagonal exponential bound; cf. [67, Definition 3.19, p. 29] (in this
definition, the requirement that the constants CK;od, GK;od andMK;od be strictly positive
is not necessary; it is sufficient if they are � 0). Since K converges exponentially in
any C k-norm and since � D 0 in our setting, it is clear that [67, (3.28), p. 34] and [67,
(3.29), p. 34] hold. Moreover, by assumption, [67, (3.18), p. 32] holds. Thus the basic
assumptions are satisfied; cf. [67, Definition 3.27, p. 34].

Higher-order Sobolev assumptions. Next, let us verify that the higher-order Sobolev as-
sumptions are satisfied; cf. [67, Definition 3.28, p. 34]. Due to the assumptions concerning
the derivatives of ln yN and the fact that h%refi and hln �i are equivalent, cf. (5.7), it is clear
that ln yN satisfies the required bound (in what follows, the u appearing in the definition
of the higher-order Sobolev assumptions will be allowed to depend on the number of
derivatives, say l). Since yU lnN does not grow faster than polynomially in any C k-norm
by assumption, and the same is true of yU.ln �/ D �.1C q/=n (due to (5.23)), it is clear
that yU ln yN does not grow faster than polynomially in any C k-norm. Combining these
observations with the fact that � D 0 and the fact that (1.19a), (5.6) and (5.23) hold,
it follows that all the conditions of [67, Definition 3.28, p. 34] are satisfied. In other words,
for any choice of l , there is a 0 � ul 2 R such that the .ul ; l/-Sobolev assumptions are
satisfied.

Higher-order C k-assumptions. Due to the arguments of the previous paragraph, there is,
for any choice of l , a 0�ul 2R such that the .ul ; l/-supremum assumptions are satisfied;
cf. [67, Definition 3.31, p. 35].

The standard assumptions. Since �D 0, it is clear that the conditions of [67, Lemma 3.33,
p. 36] are satisfied. In particular, the standard assumptions are thus satisfied; cf. [67, Defin-
ition 3.36, p. 36].

Basic energy estimate. Next, we wish to appeal to [67, Proposition 14.24, p. 158]. Note,
to this end, that, due to the above observations and the assumptions, the conditions of [67,
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Lemma 7.5, p. 76], [67, Lemma 7.12, p. 81] and [67, Lemma 7.13, p. 83] are all satisfied.
Since we are here interested in the wave equation, the estimates [67, (3.32), p. 35] and
[67, (3.34), p. 35] are trivially satisfied. Next, note that if �1 is the smallest integer strictly
larger than n=2C 1, then, for a suitable choice of u, the .u; �1/-supremum assumptions
are satisfied. Given 1� l 2Z and a suitable choice of ul , the .ul ; l/-Sobolev assumptions
are also satisfied. Since � satisfies the wave equation, it satisfies [67, (12.32), p. 124] with
vanishing right-hand side, yX0 D 0, yXA D 0 and y̨ D 0. Due to Proposition 5.14, it is
also clear that [67, (7.78), p. 84] holds. Since ˛ (using the notation of [67, (1.1), p. 7])
vanishes, it is clear that [67, (11.7), p. 110] holds. That [67, (11.39), p. 115] holds is trivial
due to the fact that the left-hand side of this estimate vanishes identically. Summing up, the
conditions of [67, Proposition 14.24, p. 158] are satisfied. In particular, for any 1� l 2 Z,
there are constants al and Cl such that

yGl .�/ � Clh�i
al (5.33)

for � � 0. Here �.t/ WD %ref.xx0; t / for some reference point xx0 2 xM . Moreover,

Ek WD
1

2

X
jIj�k

�
j yU.EI�/j

2
C

X
A

e�2�A jXA.EI�/j
2
C h�i�3jEI�j

2
�
;

yGk.�/ WD

Z
xM�

Ek�xgref :

Here ¹Eiº is a global frame on the tangent space of xM and if I D .i1; : : : ; ik/ is such
that ij 2 ¹1; : : : ; nº, then EI WD Ei1 � � �Eik and jIj D k. One immediate consequence
of (5.33) is that � does not grow faster than polynomially in any C k-norm. However,
this is already part of the assumptions. More interestingly, combining this estimate with
[67, Corollary 13.8, p. 130] and [67, Remark 13.9, p. 130] yields the conclusion that yU�
does not grow faster than polynomially in any C k-norm. Combining this estimate with
[69, (165), p. 51] and arguments similar to those of previous lemmas, it follows that yU 2�
decays as ��2� in any C k-norm.

Next, note that
@� Œ yU.�/� D � yU

2.�/;

where � WD yN=@t� . Since � is bounded due to [67, (7.86), p. 85], and since the spatial
derivatives of ln yN do not grow faster than polynomially, it is clear that � does not grow
faster than polynomially in any C k-norm. Thus @� Œ yU.�/� decays exponentially in any
C k-norm. In particular, yU.�/ converges exponentially in any C k-norm. This guarantees
the existence of a ˆ1 2 C1. xM/ such that (5.30) holds. Next, consider

yU.� �ˆ1%/ D yU.�/ �ˆ1; (5.34)

where we appealed to [67, (7.9), p. 74]. Since the right-hand side converges to zero expo-
nentially in every C k-norm, we conclude the existence of a ˆ0 2 C1. xM/ such that
(5.32), and thereby (5.31), holds.
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5.4. The limits of the constraint equations in the case of a scalar field

Next, we calculate the limits of the constraint equations in the presence of a scalar field.

Lemma 5.21. Assume that the conditions of Theorem 1.28 are satisfied. Then, using the
notation of Theorem 1.28, the limits of the renormalised Hamiltonian and momentum
constraints can be written

ˆ21 C
X
A

p2A D 1; divxhK D ˆ1dˆ0; (5.35)

respectively, where ˆ1 and ˆ0 are the functions whose existence is guaranteed by Lem-
ma 5.19.

Proof. Due to [69, (8), p. 7], the Hamiltonian constraint implies that

1 D 2�C 2�ƒ C tr K2
� ��2 xS; (5.36)

where � D �=�2, � denotes the energy density associated with the scalar field, �ƒ D
ƒ=�2 and xS denotes the spatial scalar curvature. It is clear that �ƒ converges to zero.
Moreover, due to [69, (151), p. 49] and the conclusions of Lemma 5.19, it is clear that
2� converges to ˆ21. Due to (5.20), it is also clear that ��2 xS converges to zero. Finally,
tr K2 equals the sum of the squares of the `A. This converges to the sum of the squares of
the pA. To conclude, the limit of the expansion normalised Hamiltonian constraint is the
first equality in (5.35).

Next, note that the momentum constraint can be written

xrmKm
j CKm

j
xrm ln � � xrj ln � D yU.�/xrj�:

Compute

xrAKB
C D XA.K

B
C / �K.xrXAY

B ; XC / �K.Y B ; xrXAXC /:

Choosing B D A and summing over A, the first term on the right-hand side becomes
XC .`C / (no summation). Next,

�K.xrXAY
A; XC / D �`C .xrXAY

A/.XC / D `CY
A.xrXAXC /

D

X
A

`C e
�2x�AhxrXAXC ; XAi

(no summation on C ). However,X
A

e�2x�AhxrXAXC ; XAi D
X
A

e�2x�Ah�DACXD C
xrXCXA; XAi D

X
A

XC .x�A/C �
A
AC ;

where ŒXB ; XC � D �ABCXA. To conclude,

�K.xrXAY
A; XC / D `CXC

�X
A

x�A

�
C `C�

A
AC
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(no summation on C ). Next,

�K.Y A; xrXAXC / D �
X
A

`AY
A.xrXAXC / D �

X
A

`Ae
�2x�AhxrXAXC ; XAi

D �

X
A

`A�
A
AC �

X
A

`AXC .x�A/:

The momentum constraint can thus be rewritten

XC .`C /C `C�
A
AC �

X
A

`A�
A
AC C .`C � 1/XC .ln �/C `CXC

�X
A

x�A

�
�

X
A

`AXC .x�A/ D yU.�/XC .�/

(no summation on C ). The first three terms on the left-hand side have finite limits. How-
ever, the same is not in general true of the last three terms on the left-hand side, nor is it
in general true of the right-hand side. However, it is of interest to consider

`CXC

�X
A

x�A C ln �
�
: (5.37)

Due to (5.12) and the fact that the sum of the pA equals 1, it is clear that expression (5.37)
converges to zero exponentially. Next, considerX

A

`AXC .x�A/C yU.�/XC .�/CXC .ln �/:

Since `A converges to pA exponentially, since (5.12) holds, since yU.�/ converges to ˆ1
exponentially, and since � C ˆ1 ln � � ˆ0 converges to zero exponentially in any C k-
norm, this expression equalsX

A

pAXC .�pA ln �/Cˆ1XC .�ˆ1 ln � Cˆ0/CXC .ln �/

D

h
�

X
A

pAXC .pA/ �ˆ1XC .ˆ1/
i

ln � �
hX
A

p2A Cˆ
2
1

i
XC .ln �/

Cˆ1XC .ˆ0/CXC .ln �/ D ˆ1XC .ˆ0/

up to terms that decay exponentially in anyC k-norm. Here we used the fact that
P
Ap

2
AC

ˆ21 D 1, so that X
A

pAXC .pA/Cˆ1XC .ˆ1/ D 0:

Summing up, the expansion normalised limit of the momentum constraint is

XC .pC /C pC 

A
AC �

X
A

pA

A
AC D ˆ1XC .ˆ0/

(no summation on C ), where 
ABC are the structure constants associated with the
frame ¹XAº.
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On the other hand, an argument similar to the above yields

.divxhK /.XC / DXC .pC /C pC 

A
AC �

X
A

pA

A
AC

(no summation on C ); cf. the beginning of the proof of Lemma 3.5. The limit of the
momentum constraint can thus be written divxhK D ˆ1dˆ0.

5.5. Proof of Theorem 1.28

Finally, we are in a position to prove Theorem 1.28.

Proof of Theorem 1.28. Estimate (1.26) follows from (5.7) and (5.12). Estimate (1.27b)
follows from (5.15). Estimates (1.27a) and (1.28) follow from (5.23). Estimate (1.27c)
follows from (5.25). The existence of ˆ1 and ˆ0 as well as the conclusion that the
asymptotic versions of the constraint equations hold is an immediate consequence of
Lemmas 5.19 and 5.21.

6. Proof of the improvements in the case of Gaussian foliations

The first step in the proof of Theorem 1.35 is to relate � and t .

Lemma 6.1. Assume the conditions of Theorem 1.35 to be fulfilled. Then, using the nota-
tion of Theorem 1.35, there is, for each l 2 N , a constant Cl such that

kln �.�; t /C ln tkC l . xM/ C kt�.�; t / � 1kC l . xM/ � Cl t
" (6.1)

for all t � t0. In particular, (1.29), (1.15) and (1.17b) can be reformulated in terms of the
mean curvature: there are smooth functions ybAB , A;B D 1; : : : ; n, and, for each l 2 N ,
a constant Cl such that

g D �dt ˝ dt C
X
A;B

ybAB�
�2pmax¹A;BºY A

˝ Y B ; (6.2)

yh WD
X
A;B

ybABY A
˝ Y B ; (6.3)

j xDl .yh � xh/jxh � Cl�
�"; (6.4)

where the last estimate holds on M0.

Remark 6.2. Given (6.1), the last statement of the lemma can be reversed. In other words,
given (6.1), (6.2), (6.3) and (6.4), it is possible to deduce that (1.29), (1.15) and (1.17b)
hold.

Proof of Lemma 6.1. Due to the Hamiltonian constraint, [69, (8), p. 7], equality (5.36)
holds. On the other hand, the deceleration parameter q is given by

q D n � 1 �
n2

n � 1

� � xp

�2
�
2n2

n � 1

ƒ

�2
C n
xS

�2
; (6.5)
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where we appealed to [69, (266), p. 65] and xp WD xgijTij =n, where T is the stress energy
tensor associated with the scalar field matter. Combining (5.36), (6.5), [69, (151), p. 49]
and [69, Remark 81, p. 49] yields

q � .n � 1/ D �
2n

n � 1

ƒ

�2
C nŒ. yU�/2 C tr K2

� 1�: (6.6)

Next, note that since ˆ21 C tr K 2 D 1,

. yU�/2 C tr K2
� 1 D . yU� �ˆ1/

2
C 2ˆ1. yU� �ˆ1/C tr.K �K /2

C 2 trŒK .K �K /�: (6.7)

In particular, for each l 2 N , there is a constant Cl such that

kŒ. yU�/2 C tr K2
� 1�.�; t /kC l . xM/ � Cl t

"

for t � t0, due to the assumptions. Next, note that

yU.%C ln �/ D �
1

n
Œq � .n � 1/� D

2

n � 1

ƒ

�2
C 1 � . yU�/2 � tr K2; (6.8)

where we appealed to [67, (3.4), p. 26], [67, (7.9), p. 74] and (6.6). Let 
 be an integral
curve of yU such that % ı 
.s/ D s; cf. (5.8) and the adjacent text. Then, if ƒ � 0,

d

ds
Œ.%C ln �/ ı 
�.s/ � Ce"s;

where we appealed to (5.3) and the fact that % ı 
.s/D s. Integrating this estimate from sa
to sb � 0, where sa � sb and t Œ
.sb/� � t0, yields

sb C ln � ı 
.sb/ � sa � ln � ı 
.sa/ � Ce"sb :

Assume now that 
.sb/D .xx; t0/ and 
.sa/D .xx; t/ with 0 < t � t0. Then this inequality
yields

ln �.xx; t/ � �%.xx; t/C %.xx; t0/C ln �.xx; t0/ � Ce"%.xx;t0/:

Since this is true for any xx 2 xM and since (5.3) holds,

ln �.xx; t/ � � ln t C ln �� � C;

where C is allowed to depend on t0, but not on xx. Moreover, �� WD inf
xx2 xM �.xx; t0/.

Since �� > 0 by assumption, we conclude that ln � � � ln t � C on M0. Combining this
observation with (6.8) yields the conclusion that % C ln � is bounded, and thereby the
conclusion that ln � C ln t is bounded. In other words, there is a constant C such that

kŒln � C %�.�; t /kC0. xM/ C kln �.�; t /C ln tkC0. xM/ � C (6.9)

for t � t0.
Ifƒ> 0, we assume that � � �0 onM0, where �0 2R satisfies �0 > Œ2ƒ=.n� 1/�1=2.

Then (6.8) can be used to deduce that ln � tends to infinity as �� ln t for some � > 0.
Inserting this information into (6.8) again leads to the conclusion that (6.9) holds.
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Next, we wish to estimate EI ln � ; cf. the notation introduced at the beginning of the
proof of Lemma 5.1. Apply, to this end,Ei to (6.8). This yields, recalling that yU D ��1@t
in the present setting,

�Ei .ln � C %/ yU.%C ln �/CEi .%/ yU.%C ln �/C yU ŒEi .%C ln �/�

D �
4

n � 1

ƒ

�2
Ei .%C ln �/C

4

n � 1

ƒ

�2
Ei .%/CEi Œ1 � . yU�/

2
� tr K2�: (6.10)

Introducing the notation f WD Ei .ln � C %/, this equality can schematically be written

yU.f / D g1f C g2:

Here kgi .�; t /kC0. xM/ � Ct
", where we appealed to (5.3), (6.7) and the fact that the right-

hand side of (6.8) isO.t"/. Evaluating this equality on an integral curve 
 as above yields

d

ds
.f 2 ı 
 C 1/ � �2.jg1 ı 
 j C jg2 ı 
 j/.f

2
ı 
 C 1/:

Since gi ı 
.s/ D O.e"s/, this estimate can be integrated to yield the conclusion that f
is bounded on M0. This means that (6.9) can be improved in that the C 0-norm can be
replaced by the C 1-norm. Proceeding inductively, and applying successively higher-order
derivatives to (6.10), similar arguments yield the conclusion that for every l 2 N , there is
a constant Cl such that

kŒln � C %�.�; t /kC l . xM/ C kln �.�; t /C ln tkC l . xM/ � C (6.11)

for all t � t0.
Next, consider @t��1 D ���2@t� D .q C 1/=n. Integrating this equality from 0 to t ,

keeping in mind that ��1 vanishes at t D 0, yields

Œ�.xx; t/��1 D t C

Z t

0

Œq.xx; s/ � .n � 1/�

n
ds:

Due to (6.6), (6.11) and the assumptions, this equality can be differentiated l times in
order to deduce that

k��1.�; t / � tkC l . xM/ � Ct
1C"

for t � t0. The lemma follows.

6.1. Proof of Theorem 1.35

Finally, we are in a position to prove Theorem 1.35.

Proof of Theorem 1.35. The idea is to verify that the conditions of Theorem 1.28 are sat-
isfied and to combine the conclusions of this theorem with an estimate relating t and �
in order to obtain the desired conclusions. Due to Lemma 6.1, we know that (6.1) holds
and that the metric can be represented by (6.2). This means, in particular, that the metric
can be represented as in (1.23) with N D 1. Due to (6.1), � diverges to 1 uniformly.
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Moreover, due to (1.17a), (6.4) and (6.1), it follows that (1.19a) and (1.19b) hold. Next,
due to (6.1) and the fact that yN D � , it follows that (1.24) holds and that the first term on
the left-hand side of (1.25) is bounded by a third times the right-hand side. Since the third
term on the left-hand side vanishes identically (since N D 1), it remains to estimate the
middle term. On the other hand,

t@t .� �ˆ1 ln t / D t� yU.�/ �ˆ1 D t�Œ yU.�/ �ˆ1�C .t� � 1/ˆ1:

The first term on the right-hand side is bounded by Ckt" in C k and the second term on
the right-hand side is bounded by Ckt" in C k due to (6.1). Integrating the corresponding
estimate results in the existence of a ˆ0 2 C1. xM/ such that

k�.�; t / �ˆ1 ln t �ˆ0kCk. xM/ � Ckt
"

for all t � t0. This estimate implies that the second term on the right-hand side of (1.25)
satisfies the desired bound. To conclude, all the conditions of Theorem 1.28 are satisfied.
This means that all the conclusions hold, and due to (6.1), the mean curvature � can be
replaced by t�1 in the conclusions. This yields the conclusions of Theorem 1.35.

7. Obtaining data on the singularity from convergent solutions

For the remainder of the article, we assume that we have a solution which converges in
the sense described at the beginning of Section 1.7. The goal is then to conclude that such
solutions yield data on the singularity. We begin by deducing information concerning the
asymptotics of the expansion normalised Weingarten map in the C 0-setting.

7.1. Asymptotics in C 0

Let us begin by deriving limits for K and yU�.

Lemma 7.1. Let .M;g;�/ be a solution to the Einstein-scalar field equations with a cos-
mological constant ƒ and a uniform volume singularity at t D 0; cf. Definition 1.39.
If (1.31) holds with k D 0, there are a continuous .1; 1/-tensor field K on xM and a con-
stant C , depending only on C0, a0, n and �0, such that

jK �K jxgref � C h%i
a0e2�% (7.1)

on M . If, in addition, (1.32) holds, there is, analogously, a continuous function ˆ1 on xM
such that

j yU� �ˆ1j � C h%i
a0e2�% (7.2)

on M .

Proof. Let, to begin with, ¹Eiº be a local orthonormal frame on T xM with respect to xgref,
and let ¹!iº be the dual frame. Let, moreover, K i

j WD K.!i ; Ej /. Due to [67, (A.4),
p. 204] and (1.31),

j yU.K i
j /j D j.

yLUK/.!i ; Ej /j � C0h%i
a0e2�% (7.3)
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on M . Let 
 be an integral curve with respect to yU . Then, due to [67, (7.9), p. 74],

d

ds
.% ı 
/.s/ D Œ yU.%/� ı 
.s/ D 1:

In particular, we can parametrise 
 so that % ı 
.s/ D s. Combining this observation
with (7.3) yields ˇ̌̌ d

ds
.K i

j ı 
/.s/
ˇ̌̌
� C0hsi

a0e2�s

for all s in the domain of definition of 
 ; note that the xM -component of 
 is independent
of s, so that � is evaluated at a fixed point of xM . In particular, K ı 
 converges to a limit
and there are a K and a constant C , depending only on C0, a0, n and �0, such that (7.1)
holds. Since % converges to�1 uniformly, (7.1) implies that K.�; t / converges uniformly
to K , so that K has to be continuous.

The proof of (7.2) is similar.

Let pA denote the eigenvalues of K . Since the eigenvalues of K are real, and the pA
are limits of the eigenvalues of K , the pA are real. In what follows, we assume the pA to
be distinct and order them so that p1 < � � � < pn. Then

j`A � pAj � C h%i
a0e2�% (7.4)

on M , where `A denotes the eigenvalues of K . Since the convergence is uniform, we can
restrict the interval I in such a way that the `A are distinct on M . In fact, the following
holds.

Lemma 7.2. Let .M;g;�/ be a solution to the Einstein-scalar field equations with a cos-
mological constantƒ and a uniform volume singularity at t D 0. Assume that (1.31) holds
with k D 0. Assume, moreover, that the eigenvalues of K (whose existence is ensured by
Lemma 7.1) are distinct. Then, by restricting the interval I , if necessary, it can be assumed
that the eigenvalues `A of K are distinct on M and that there is a constant �nd > 0 such
that the difference between the eigenvalues of K is bounded from below by �nd on M .
Moreover, by taking a finite covering space of xM , if necessary, there is, for each `A,
a corresponding global eigenvector field XA of K with jXAjxgref D 1. Let ¹Y Aº be the
frame dual to ¹XAº. Then there is a frame ¹XAº of continuous eigenvector fields of K ,
with dual frame ¹Y Aº and a constant C such that

jXA �XAjxgref C jY
A
� Y A

jxgref � C h%i
a0e2�% (7.5)

on M .

Remark 7.3. In what follows, we assume the conditions of this lemma to be satisfied.
Moreover, we also restrict I as in the lemma, and replace xM with an appropriate finite
cover. We also order the `A so that `1 < � � � < `n. Note also that the XA are uniquely
defined up to a sign (we here assume xM to be connected).
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Proof of Lemma 7.2. Since xM is compact and the pA are continuous functions on xM ,
there is an �nd > 0 such that minA¤B jpA � pB j � 2�nd on xM . Since (7.4) holds, where
the convergence is uniform, we can ensure that j`A.�; t /�pAj< �nd=2 for t 2 I by restrict-
ing I , if necessary. Then minA¤B j`A � `B j � �nd on M . Appealing to [67, Lemma A.1,
p. 201], we can, by taking a finite covering space of xM , if necessary, assume that there is
a global frame, say ¹XAº, of eigenvector fields of K , with KXAD `AXA (no summation),
and jXAjxgref D 1. The remaining statement of the lemma is an immediate consequence of
the previous observations and the fact that (7.1) holds.

This lemma justifies the introduction of the standard assumptions; cf. Definition 1.40.
Next, define WA

B by the condition that

yLUXA D WB
A XB C

xW0
AU I (7.6)

cf. [67, (6.5), p. 68]. Here yLU D �
�1LU .

Lemma 7.4. Assume the standard assumptions to hold, cf. Definition 1.40. Define x�A by
the condition that jXAjxg D ex�A . Then there are a constant C and a continuous function rA
on xM such that

jx�A � pA% � rAj � C h%i
a0e2�% (7.7)

on M .

Proof. Combining formula (1.31) for k D 0 with [67, (6.7)–(6.8), p. 68], the fact that
minA¤B j`A � `B j � �nd on M , the fact that jXAjxgref D 1 and the fact that jY Ajxgref is
bounded (this follows from [67, Lemma 5.5, p. 60]) implies that jWA

B j � C h%i
a0e2�%

on M . Combining this observation with [67, (7.8)–(7.9), p. 74] yields

yU.x�A � pA%/ D `A CWA
A � pA D O.h%i

a0e2�%/ (7.8)

on M , where we appealed to (7.4). At this point, we can argue as in the proof of Lem-
ma 7.1 in order to conclude that x�A � pA% converges exponentially to a continuous
function rA on xM . The lemma follows.

Next, we estimate WA
B .

Lemma 7.5. Assume the standard assumptions to be satisfied and let WA
B be defined

by (7.6). Then there is a constant C such that

jWA
B j � C h%i

a0e2�% min¹1; e2.pB�pA/%º (7.9)

on M .

Proof. By the argument presented at the beginning of the proof of Lemma 7.4, jWA
B j �

C h%ia0e2�% on M . Next, for A ¤ B , the right-hand side of [67, (6.19), p. 70] is antisym-
metric. Thus

jWA
B j � e

�2.x�A�x�B /jWB
A j � C h%i

a0e2.pB�pAC�/% (7.10)

on M , where we appealed to (7.7). The lemma follows.
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Next, let XBA and Y BA be defined as in Definition 1.42. It is of interest to estimate
the asymptotic behaviour of XBA and Y AB . Due to (7.5), we already know that there is
a constant C such that

jXBA � ı
B
A j C jY

B
A � ı

B
A j � C h%i

a0e2�% (7.11)

on M . However, these estimates can be improved.

Lemma 7.6. Assume the standard assumptions to be satisfied. Then there are constants a
and C such that

jXAB � ı
A
B j C jY

A
B � ı

A
B j � C h%i

ae2�% min¹1; e2.pB�pA/%º (7.12)

on M .

Proof. Note, to begin with, that (7.6) yields

yU.XBA /XB CXA.lnN/ yU D WB
A X

C
B XC C

xW0
AU: (7.13)

This equality requires a comment, since the vector fields XA can, at this stage, only be
assumed to be continuous. This means that XBA can only be assumed to be continuous.
On the other hand, the XBA are smooth considered as functions of t . For this reason, the
time derivative of XBA is well defined.

One particular consequence of (7.13) is that yU.XCA / D WB
A X

C
B . The goal is to use

this equation in order to improve our knowledge concerning the asymptotic behaviour
of the XA. As a first step, note that (7.11) holds. Let 
 be an integral curve of yU with
% ı 
.s/ D s, cf. the proof of Lemma 7.1. Then, if A � 2,

d

ds
X1A ı 
 D W1

A ı 
 �X
1
1 ı 
 C

X
B�2

WB
A ı 
 �X

1
B ı 
:

The corresponding n � 1 equations can be written

P� DM� C �;

where � is the vector consisting of the n� 1 elementsX1A ı 
 ,AD 2; : : : ; n; � is the vector
consisting of the n � 1 elements W1

A ı 
 �X
1
1 ı 
 , A D 2; : : : ; n; kM.s/k � C hsia0e2�s;

j�.s/j � C hsia0e2�s; and j�.s/j � C hsia0e2.p2�p1C�/s; these estimates are immediate
consequences of (7.9) and (7.11), and the constants (in these estimates and the ones below)
are independent of 
 . Then, for �1 < sa � s � 0 in the domain of definition of 
 ,

�.s/ D ˆ.sI sa/�.sa/C

Z s

sa

ˆ.sI �/�.�/d�;

where ˆ.sI sa/ is defined by P̂ .sI sa/ D M.s/ˆ.sI sa/ and ˆ.saI sa/ D Id. Due to the
bounds on kM.s/k, there is a constant C such that kˆ.sI sa/k � C for all �1 < sa �

s � 0 in the domain of definition of 
 . This implies, in particular, that

j�.s/j � C j�.sa/j C C

Z s

sa

j�.�/jd�:
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Letting sa ! �1 in this estimate, keeping in mind that j�.s/j � C hsia0e2.p2�p1C�/s ,
yields

j�.s/j � C hsia0e2.p2�p1C�/s :

Next, assume inductively that for some 2 � m � n � 1, there are constants a and C such
that

jX1Aj � C h%i
ae2�% max¹e2.pA�p1/%; e2.pm�p1/%º (7.14)

for all A � 2. Note that we know this inductive assumption to hold with m D 2. Then,
if A > m,

d

ds
X1A ı 
 D

mX
BD1

WB
A ı 
 �X

1
B ı 
 C

X
B>m

WB
A ı 
 �X

1
B ı 
: (7.15)

Due to (7.9) and (7.14), the first sum on the right-hand side is O.hsiae2.pA�p1C�/s/.
Viewing (7.15) as an equation for X1A ı 
 for A > m, we can argue as above in order
to conclude that the inductive hypothesis holds with m replaced by mC 1. To conclude,
there are constants a and C such that

jX1Aj � C h%i
ae2�%e2.pA�p1/%

for all A � 2.
As a next inductive step, assume that for some 1 � m � n � 2, there are constants a

and C such that
jXAB j � C h%i

ae2�%e2.pB�pA/% (7.16)

for all B > A such that A � m. We know this to be true form D 1. Next, for A > mC 1,

d

ds
XmC1A ı 
 D

X
B�mC1

WB
A ı 
 �X

mC1
B ı 
 C

X
B>mC1

WB
A ı 
 �X

mC1
B ı 
:

The first sum on the right-hand side isO.hsia0e2.pA�pmC1/s/. We can thus argue as before
in order to conclude that

jXmC1A j � C h%ia0e2.pmC2�pmC1C�/%

onM for all A > mC 1. Assume now, inductively, that there are a k, satisfyingmC 1 <
k � n � 1, and constants a and C such that

jXmC1A j � C h%ia max¹e2.pk�pmC1C�/%; e2.pA�pmC1C�/%º (7.17)

on M for all A > mC 1. We know this to be true for k D mC 2. If A > k,

d

ds
XmC1A ı 
 D

X
B�k

WB
A ı 
 �X

mC1
B ı 
 C

X
B>k

WB
A ı 
 �X

mC1
B ı 
:

Moreover, the first term on the right-hand side is O.hsiae2.pA�pmC1C�// and we can
argue as before in order to prove that k can be replaced by k C 1 in the inductive hypo-
thesis (7.17). This means that we can replacem bymC 1 in (7.16). Thus (7.16) holds for
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all B > A. In particular, the first term on the left-hand side of (7.12) is bounded by the
right-hand side.

Finally, note that Y AB are the components of the inverse of the matrix with compon-
ents XAB . Combining this observation with the estimates for XAB and an argument similar
to the one presented at the end of the proof of Lemma 5.4 yields the conclusion that the
second term on the left-hand side of (7.12) satisfies the desired bound.

At this stage, we can derive asymptotics for the metric, K and yLUK . In other words,
we can prove Theorem 1.43.

Proof of Theorem 1.43. Note, to begin with, that

g D �N 2dt ˝ dt C
X
A

e2x�AY A ˝ Y A: (7.18)

In particular,

g.XB ;XC / D
X
A

e2x�AY A.XB/Y
A.XC / D

X
A

e2x�AY AB Y
A
C :

Combining this observation with (7.7) and (7.12) yields, if A ¤ B ,

e�2pmax¹A;Bº%jg.XA;XB/j � C h%i
ae2�%

on M (no summation). Moreover, if rA are the functions whose existence is guaranteed
by Lemma 7.4,

je�2pA%�2rAg.XA;XA/ � 1j � C h%i
ae2�%

on M (no summation). Due to these observations, it is clear that (1.33) and (1.34) hold.
That (1.35a) and (1.35b) hold follows immediately from (7.7) and (7.12), respectively.

Next, note that
K D

X
A

`AXA ˝ Y
A: (7.19)

Thus
K.Y A;XB/ D

X
C

`CY A.XC /Y
C .XB/ D

X
C

`CX
A
C Y

C
B : (7.20)

Combining this equality with (7.4) and (7.12) yields the conclusion that (1.35c) holds.
Finally, note that

. yLUK/.Y A;XB/ D . yLUK/.XAC Y
C ; Y DB XD/ D X

A
C .
yLUK/.Y C ; XD/Y

D
B : (7.21)

If A � B , then (1.35d) is an immediate consequence of the fact that (1.31) holds with
k D 0. The interesting case is thus A < B . If C D D, then the estimate of the far right-
hand side of (7.21) is similar to the proof of (1.35c) for A < B . If C ¤ D, the term that
needs to be estimated is

.`D � `C /X
A
CWC

D Y
D
B ;

where we appealed to [67, (6.8), p. 68]. Combining this observation with (7.9) and (7.12)
yields (1.35d). The lemma follows.
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Next, we derive conclusions concerning the mean curvature, assuming (1.32) to hold
for k D 0 and the limit, say ˆ1, of yU� to satisfy ˆ21 C tr K 2 D 1.

Lemma 7.7. Assume the standard assumptions to be satisfied. Assume, moreover, that
(1.32) holds for k D 0 and that the limit, say ˆ1, of yU� satisfies ˆ21 C tr K 2 D 1. Then
there are constants a and C and a continuous function r� such that

j ln � C % � r� j � C h%iae2�%

on M .

Proof. Since the proof is very similar to the beginning of the proof of Lemma 6.1, com-
bined with arguments similar to the proof of Lemma 7.1, we leave the details to the
reader.

7.2. Higher-order derivatives

In the previous subsection, we derive conclusions in C 0. In the present subsection, we de-
rive estimates in C k for some k � 1. In order to be able to do so, we need to impose
additional assumptions; cf. Definition 1.45.

Lemma 7.8. Let 1 � k 2 N and assume the k-standard assumptions to hold; cf. Defin-
ition 1.45. Then the tensor field K whose existence is guaranteed by Lemma 7.1 is C k .
Moreover, there are constants ak and Ck such that

kX
lD0

j xDl .K �K /jxgref � Ckh%i
ake2�% (7.22)

on M . In particular, if `A, XA, Y A, XA and Y A are given by Definition 7.2 and pA
are the eigenvalues of K , ordered by size, then XA, Y A and pA are C k and there are
constants ak and Ck such that

j xDl .`A � pA/jxgref C j
xDl .XA �XA/jxgref C j

xDl .Y A � Y A/jxgref � Ckh%i
ake2�% (7.23)

on M for all 0 � l � k and all A 2 ¹1; : : : ; nº.

Proof. Let ¹Eiº be a global orthonormal frame with respect to xgref and let ¹!iº be the
dual frame. If I D .i1; : : : ; im/, where ij 2 ¹1; : : : ; nº, then we use the notation

xDI WD xDEi1
� � � xDEim ; EI WD Ei1 � � �Eim and jIj D m:

One can either check directly or verify by appealing to, e.g., [67, Lemma 5.7, p. 62], that
if jIj � k, then

j xDI yLUKjxgref � Ckh%i
ake2�% (7.24)

on M , where we appealed to (1.31). Next, we wish to prove that for jIj � k,

jEIŒ yU.K
i
j /�j � Ckh%i

ake2�% (7.25)
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on M , where K i
j DK.!i ; Ej /. Note, to this end, that, due to [67, (A.4), p. 204],

yU.K i
j / D .

yLUK/.!i ; Ej /:

It can therefore be demonstrated inductively that EIŒ yU.K
i
j /� consists of a linear combin-

ation of terms of the form

. xDJ yLUK/. xDK!
i ; xDLEj /;

where jJj C jKj C jLj D jIj. Combining this observation with (7.24) yields the conclusion
that (7.25) holds. Next, we wish to commute EI and yU . Note, to this end, that ŒEI; yU � can
be written as a linear combination of terms of the form

EI1.ln yN/ � � �EIm.ln yN/EJ yU ; (7.26)

where jI1j C � � � C jImj C jJj D jIj, jIj j ¤ 0 and jJj < jIj. Combining this observation
with (7.25) and the assumptions yields the conclusion that if jIj � k, then

j yU ŒEI.K
i
j /�j � Ckh%i

ake2�%

on M . At this stage, we can argue as in the proof of Lemma 7.1 in order to conclude
that EI.K

i
j / converges at the rate h%iake2�%. Since the convergence is uniform, we con-

clude that the K whose existence is guaranteed by Lemma 7.1 is in fact C k . Moreover,
we obtain (7.22). Estimate (7.23) is an immediate consequence of this.

Next, we derive information concerning the asymptotics of the scalar field, given
estimates of form (1.32).

Lemma 7.9. Assume that the standard assumptions hold; cf. Definition 1.40. Assume,
moreover, that (1.32) holds for some k 2 N . If k � 1, assume, in addition, that (1.36)
holds. Then there are C k-functions ˆ1 and ˆ0 on xM and constants ak and Ck such that

j xDl Œ yU.�/ �ˆ1�jxgref C j
xDl .� �ˆ1% �ˆ0/jxgref � Ckh%i

ake2�% (7.27)

on M for all 0 � l � k.

Remark 7.10. In order to derive conclusions concerning the scalar field, another possib-
ility is to impose assumptions on the geometry and to deduce conclusions concerning the
scalar field; cf. the proof of Lemma 5.19. We encourage the interested reader to provide
the details.

Proof of Lemma 7.9. The proof of the fact that yU� converges to a C k-function ˆ1 and
the fact that the first term on the left-hand side of (7.27) is bounded by the right-hand side
is very similar to the proof of Lemma 7.8. We therefore omit the details. On the other
hand, since (5.34) holds, the proof of the existence ofˆ0 and the fact that the second term
on the left-hand side of (7.27) is bounded by the right-hand side is identical. The lemma
follows.
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Next, we prove that the functions rA whose existence is guaranteed by Lemma 7.4
are C k .

Lemma 7.11. Let 1 � k 2 N and assume the k-standard assumptions to hold; cf. Defin-
ition 1.45. Then the functions rA whose existence is guaranteed by Lemma 7.4 are C k .
Moreover, there are constants ak and Ck such that

j xDl .x�A � pA% � rA/jxgref � Ckh%i
ake2�% (7.28)

on M for all A 2 ¹1; : : : ; nº and 0 � l � k.

Proof. Consider, to begin with, [67, (6.7)–(6.8), p. 68]. Combining these formulae with
the conclusions of Lemma 7.8 and the assumptions yields the conclusion that

j xDlWB
A jxgref � Ckh%i

ake2�%

onM for 0 � l � k and A;B 2 ¹1; : : : ; nº. Combining this with the first equality in (7.8)
and (7.23) yields the conclusion that

jEI yU.x�A � pA%/j � Ckh%i
ake2�%

on M for 0 � l � k and A 2 ¹1; : : : ; nº. Due to the observations made in the proof of
Lemma 7.8, we can commute EI and yU . Integrating the resulting estimate as in the proof
of Lemma 7.4 yields the conclusion of the lemma.

In what follows, it is of interest to estimate the spatial derivatives of x�A and �A.

Lemma 7.12. Let 1 � k 2 N and assume the k-standard assumptions to hold; cf. Defin-
ition 1.45. Then there are constants Ck and ak such that

j xDl%jxgref C j
xDl
x�Ajxgref � Ckh%i

ak (7.29)

on M for all 0 � l � k and A 2 ¹1; : : : ; nº.
Assume, in addition to the above, that (1.32) holds and that the limit ˆ1, whose exist-

ence is guaranteed by Lemma 7.9, satisfies ˆ21 C tr K 2 D 1. Then the function r� , whose
existence is guaranteed by Lemma 7.7, satisfies r� 2 C k. xM/. Moreover, there are con-
stants Lk and bk such that

kX
lD0

j xDl .ln � C % � r� /jxgref � Lkh%i
bke2�% (7.30)

on M . In particular, there are constants Mk and ck such that

kX
lD0

j xDl .�A � .pA � 1/% � rA � r� /jxgref �Mkh%i
cke2�% (7.31)

on M for all A 2 ¹1; : : : ; nº.
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Proof. Due to [67, (7.9), p. 74], yU.%/ D 1. Thus, for I ¤ 0,

yU.EI%/ D Œ yU ;EI�%CEI yU% D Œ yU ;EI�%:

However, the right-hand side consists of a sum of terms of form (7.26) applied to %,
where jI1j C � � � C jImj C jJj D jIj and jIj j ¤ 0; cf. the proof of Lemma 7.8. Since EJ yU%

equals 0 if J ¤ 0 and equals 1 if J D 0, yU.EI%/ does not grow faster than polynomially
in %. In particular, if 
 is an integral curve of yU with % ı 
.s/ D s, then

d

ds
.EI%/ ı 
 D fI.s/;

where jfI.s/j � Ckhsi
ak on the domain of definition of 
 , assuming jIj � k, and Ck is

a constant independent of 
 . In particular, it is clear that the first term on the left-hand side
of (7.29) is bounded by the right-hand side. Combining this estimate with (7.28) yields
the conclusion that (7.29) holds.

The proof of (7.30) is similar to the proof of Lemma 6.1, and we omit the details.
Finally, (7.31) is an immediate consequence of (7.28) and (7.30), keeping the fact that

�A D x�A C ln �

in mind; cf. the comments made in connection with [67, (3.10)–(3.11), p. 29].

At this stage, we can derive a higher-order analogue of Lemma 7.5.

Lemma 7.13. Let 1 � k 2 N and assume the k-standard assumptions to hold; cf. Defin-
ition 1.45. Then there are constants Ck and ak such that

j xDlWA
B jxgref � Ckh%i

ake2�% min¹1; e2.pB�pA/%º (7.32)

on M for all A;B 2 ¹1; : : : ; nº and all 0 � l � k.

Proof. Due to [67, (6.7)–(6.8), p. 68], (7.23) and (1.31), it is clear that

j xDlWA
B jxgref � Ckh%i

ake2�% (7.33)

on M for all A; B 2 ¹1; : : : ; nº and all 0 � l � k. Thus (7.32) holds for A � B . In the
case A < B , (5.27) holds. Differentiating this equality, keeping (7.7), (7.29) and (7.33) in
mind, yields (7.32) for A < B .

The next goal is to derive a higher-order version of Lemma 7.6.

Lemma 7.14. Let 1 � k 2 N and assume the k-standard assumptions to hold; cf. Defin-
ition 1.45. Then there are constants Ck and ak such that

j xDl .XAB � ı
A
B /jxgref C j

xDl .Y AB � ı
A
B /jxgref � Ckh%i

ake2�% min¹1; e2.pB�pA/%º (7.34)

on M for all 0 � l � k and all A;B 2 ¹1; : : : ; nº.
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Proof. Note, to begin with, that Lemma 7.8 implies that XBA is C k with respect to the
spatial variables and infinitely differentiable with respect to t . Moreover, due to the proof
of Lemma 7.6,XAB satisfies the relation yU.XCA /DWB

A X
C
B . IntroducingZAB D X

A
B � ı

A
B ,

this relation can be written

yU.ZCA / D WB
A Z

C
B CWC

A : (7.35)

Let 0 � m < k and assume, inductively, that

jEIZ
A
B j � Cmh%i

ame2�% min¹1; e2.pB�pA/%º (7.36)

on M for all A;B 2 ¹1; : : : ; nº and jIj � m. Note that if this estimate holds, then

jEI yUZ
A
B j � Cmh%i

ame2�% min¹1; e2.pB�pA/%º (7.37)

on M for all A;B 2 ¹1; : : : ; nº and jIj � m. This is a consequence of combining (7.36)
with (7.32) and (7.35).

Due to Lemma 7.6, we know that for m D 0, the inductive hypothesis (7.36) holds.
Next, let I be such that jIj D mC 1 and commute equation (7.35) with EI. This yields

yU.EIZ
C
A / D Œ

yU ;EI�Z
C
A CEI.W

B
A Z

C
B /CEI.W

C
A /: (7.38)

On the other hand, Œ yU ;EI� can be written as a linear combination of terms of form (7.26)
where jI1j C � � � C jImj C jJj D jIj, jIj j ¤ 0 and jJj< jIj. Due to this fact, the assumptions,
(7.32), (7.36) and (7.37), equation (7.38) can be rewritten

yU.EIZ
C
A / D WB

A EIZ
C
B C F

C
A ;

where
jF AB j � Cmh%i

ame2�% min¹1; e2.pB�pA/%º

onM . At this stage, an argument similar to the proof of Lemma 7.6 yields the conclusion
that (7.36) holds with m replaced by mC 1. Thus (7.36) holds with m D k. Thus the first
term on the left-hand side of (7.34) is bounded by the right-hand side.

Finally, since the Y AB are the components of the inverse of the matrix with compon-
ents XAB , an argument similar to the one presented at the end of the proof of Lemma 5.4
yields the conclusion that the second term on the left-hand side of (7.34) satisfies the
desired bound.

Finally, we are in a position to prove Theorem 1.46.

Proof of Theorem 1.46. Since ¹Y Aº is a frame for the cotangent space for the leaves of
the foliation, it is clear that the metric can be written in form (1.37). Moreover,

bAB D e
�2pmax¹A;Bº%g.XA;XB/ D

X
C

e2x�C�2pmax¹A;Bº%Y CA Y
C
B ;

where we appealed to (7.18). Combining this equality with Lemma 7.11 and (7.34) yields
the conclusion that (1.38) holds.
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Estimates (1.39a) and (1.39b) follow immediately from (7.28) and (7.34), respectively.
Next, note that (7.19) and (7.20) hold. Combining these equalities with (7.23) and (7.34)
yields (1.39c). The proof of (1.39d) is similar to the end of the proof of Theorem 1.43,
given the assumptions, (7.23), (7.32) and (7.34).

Estimate (1.40) is an immediate consequence of (7.27) and (1.41) is an immediate con-
sequence of (7.30). Equality (1.42a) and estimate (1.42b) follow by combining (1.41) with
(1.37) and (1.38). Next, estimates (1.44a) and (1.44c) follow from (1.39a) and (1.39b),
respectively. Estimate (1.44b) follows from (7.31). Next, (1.44d) and (1.44e) follow from
(7.30), (1.39c) and (1.39d). Estimate (1.45) follows from (1.40), (6.6), (6.7), (7.22), (7.29)
and (7.30).

Next, assume N D 1 and compute

@t�
�1
D ���1@t ln � D �n�1 yU.n ln �/D n�1.q C 1/D 1C n�1Œq � .n� 1/�: (7.39)

Since the right-hand side converges uniformly to 1 as t ! 0C, there is a T > 0 such that
on .0;T �, 1=2� @t� � 2 on xM � .0;T �. Since �!1 uniformly as t! 0C, we conclude
that t=2 � ��1 � 2t on .0; T �. Combining this observation with (7.39) and (1.45) yields
the conclusion that there are constants Ck and ak such that

j xDl .@t�
�1
� 1/jxgref � Ckhln ti

ak t2�

onM for 0� l � k. Integrating this estimate yields (1.46). Combining (1.46) with (1.42a)
and (1.42b) yields (1.47a) and (1.47b).

7.3. Reproducing the conditions on data on the singularity

Next, we prove Theorem 1.49.

Proof of Theorem 1.49. Recall, to begin with, the Hamiltonian constraint (5.36). Next,

2�C tr K2
D . yU�/2 C tr K2

C

X
A

e�2�A.XA�/
2
I

see [69, (151), p. 49]. Combining these equalities yields

��2 xS D . yU�/2 C tr K2
� 1C

X
A

e�2�A.XA�/
2
C 2�ƒ: (7.40)

Our first goal is to prove that the right-hand side of (7.40) converges to zero. Due to
Lemma 7.7, it is clear that �ƒ decays as e2%. Due to (7.5), (7.27) and (7.29), we know
that XA� does not grow faster than polynomially in %. Next, note that since the sum of
the p2A is bounded from above by 1, since there is an �nd > 0 such that jpA � pB j � �nd,
and since n � 3, there is an �Sp > 0 such that pA � 1 � �Sp. Combining this observation
with (7.31) yields the conclusion that there is a constant C such that

�A � ��Sp% � C: (7.41)
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Due to (7.1), (7.27), the fact that x̂2a C tr K 2 D 1 and the above observations, there is
an � > 0 such that the right-hand side of (7.40) decays as e2�%. In other words, there is
a constant C such that

j��2 xS j � Ce2�%: (7.42)

Next, define �ABC by
ŒXB ; XC � D �

A
BCXA:

Due to (7.23), it is clear that �ABC and XD.�ABC / converge in C 0. Due to (7.23) and
(7.29), it is clear that XA.x�B/ and XBXB.x�C / do not grow faster than polynomially.
On the other hand, e��A decays to zero exponentially due to (7.41). Combining these
observations with the formula [69, (279), p. 69] (with 
ABC replaced by �ABC ) yieldsˇ̌̌

��2 xS C
1

4

X
A;B;C

e2�B�2�A�2�C .�BAC /
2
ˇ̌̌
� C h%iae2�Sp%

on M . Combining this estimate with (7.42) yields the conclusion that there are an � > 0
and a C such that X

A;B;C

e2�A�2�B�2�C .�ABC /
2
� Ce2�% (7.43)

onM . Assume now that xx 2 xM is such that 1C pA.xx/� pB.xx/� pC .xx/ � 0. Then, due
to the continuity of the pA, there is an open neighbourhood V of xx such that 1C pA �
pB � pC � �=2 in V . On the other hand, due to (7.31),

2�A � 2�B � 2�C D 2.1C pA � pB � pC /%CO.1/ � �% � C

on V , for some constant C . Combining this estimate with (7.43) yields

.�ABC /
2
� Ce�%

on V . This means that �ABC converges to zero on V . On the other hand, �ABC con-
verges to 
ABC due to (7.23). This proves the first statement of the theorem; note that
A, B and C have to be distinct in order for the statement not to be void, in which case
Y A.ŒXB ;XC �/ D 0 is equivalent to xY A.Œ xXB ; xXC �/ D 0.

Next, note that tr K D 1 is an immediate consequence of the fact that K ! K and
the fact that trK D 1. The fact that K is symmetric with respect to xh is an immediate con-
sequence of the fact that there is a frame of eigenvector fields of K which is orthonormal
with respect to xh. The relation tr K 2 C x̂2a D 1 holds by assumption. That (1.53a) holds
is an immediate consequence of (7.22), (7.30), (1.42b) and the definition of {h; cf. (1.52).
That (1.53b) holds is an immediate consequence of (1.51). What remains to be demon-
strated is that

divxhK D x̂ad x̂ b :

The template for doing so is the proof of Lemma 5.21. However, the definition of XA etc.
used in this proof differs from the definition of the present section. Let xXA D e�xrAXA
(no summation) and define e {�A by j xXAjxg D e {�A . Then ¹ xXAº is a C k-frame with dual
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C k-frame ¹ xY Aº. Note also that ¹ xXAº satisfies the conditions stated in Remark 1.11,
except for the regularity; the vector fields xXA are C k . Next, since xrA D rA C pAr� ,

{�A C pA ln � D x�A � xrA C pA ln �

D .x�A � pA% � rA/C pA%C rA � rA � pAr� C pA ln �

D .x�A � pA% � rA/C pA.%C ln � � r� /:

Combining this equality with (7.28) and (7.30) yields

j xDl .{�A C pA ln �/jxgref � Ckh%i
ake2�%

on M for all A and all 0 � l � k. Given the above estimates, we can revisit the proof
of Lemma 5.21, with suitable substitutions: XA and Y A are replaced by xXA and xY A,
respectively; x�A is replaced by {�A; ˆ1 and ˆ0 are replaced by x̂a and x̂ b , respect-
ively; the structure constants are calculated with respect to xXA etc. The conclusion is that
divxhK D x̂ad x̂ b . The theorem follows.

Finally, we are in a position to prove Theorem 1.51.

Proof of Theorem 1.51. Note that the conditions of Theorems 1.46 and 1.49 are fulfilled.
In particular, it thus follows that the metric can be represented as in (1.47a). The corres-
ponding {h is given by

{h WD
X
A;B

cABY A
˝ Y B :

Due to (1.48), it follows that the limit of {h is the xh appearing in the statement of The-
orem 1.49; in fact,

kX
lD0

j xDl .yh � xh/jxgref � Ckhln ti
ak t2�:

Moreover, the limit of K , i.e., K , is of course the same. This means that divxhK D 0,
trK 2 D 1, trK D 1 and K is symmetric with respect to xh. Moreover, Y 1ŒX2;X3�D 0.
Assuming K to be C1, Lemma 3.1 yields coordinates .V;xx/ such that the conclusions of
Lemma 3.1 hold; denote the renormalised bases by ¹ yXAº and ¹ yY Aº. Then Y A D ˇA yY A

(no summation) for some positive functions ˇA. Moreover,X
A;B

cAB t
2pmax¹A;BºY A

˝ Y B
D

X
A;B

xcAB t
2pmax¹A;Bº yY A

˝ yY B

D

X
i;j

dij t
2pmax¹i;jºdxxi ˝ dxxj ;

where xcAB D ˇAcABˇB (no summation),

kX
lD0

j xDl .xcAB � xc
2
AıAB/j � C hln ti

ak t2�
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and xcA D ˇAe
NrA (no summation); cf. (1.47b). Moreover, it can be deduced that (1.54)

holds on W , where xdi i D xc2i > 0. Combining this observation with Lemma 3.1 yields
(1.55). Next, note that (1.44d) can be written

kX
lD0

j xDl ŒK.Y A;XB/ �K .Y A;XB/�j � Ckhln tiak t2� min¹1; t2.pB�pA/º: (7.44)

One immediate consequence of this estimate is that

kX
lD0

j xDl ŒK i
j �K i

j �jxgref � Ckhln ti
ak t2�

on W for i � j , where K i
j DK.dxxi ; @j /. On the other hand,

K.dxx1; @2/ DK. yY 1; yX2 �
yX 3
2
yX3/ D Ok.hln tiak t2.p2�p1C�//

onW , where we appealed to (7.44) and Lemma 3.1, and the notationOk signifies that the
relevant estimates hold for up to k derivatives. The arguments concerning the remaining
components are similar and the estimate

kX
lD0

j xDl ŒK i
j �K i

j �jxgref � Ckhln ti
ak t2� min¹1; t2.pj�pi /º

follows (on W ). By a similar argument, appealing to (1.44e),

kX
lD0

j xDl Œ. yLUK/ij �j � Ckhln ti
ak t2� min¹1; t2.pj�pi /º

on W . Combining these estimates with (1.46), it can be deduced that (1.56) holds.
Finally, combining the fact that divxhK D 0with the arguments presented in the proof

of Lemma 3.5 yields the final conclusion of the lemma.
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