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Abstract. Courant’s theorem implies that the number of nodal domains of a Laplace eigenfunction
is controlled by the corresponding eigenvalue. Over the years, there have been various attempts to
find an appropriate generalization of this statement in different directions. We propose a new take
on this problem using ideas from topological data analysis. We show that if one counts the nodal
domains in a coarse way, basically ignoring small oscillations, Courant’s theorem extends to linear
combinations of eigenfunctions, to their products, to other operators, and to higher topological
invariants of nodal sets. We also obtain a coarse version of the Bézout estimate for common zeros
of linear combinations of eigenfunctions. We show that our results are essentially sharp and that the
coarse count is necessary, since these extensions fail in general for the standard count. Our approach
combines multiscale polynomial approximation in Sobolev spaces with new results in the theory of
persistence modules and barcodes.
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1. Introduction and main results

1.1. Measuring oscillations

The present paper focuses on the interplay between topology and analysis of smooth func-
tions, with links to spectral and algebraic geometry. The topological function theory deals
with invariants of functions under diffeomorphisms and, roughly speaking, enables one to
study oscillations of functions by looking at the topology of its sublevel sets. This theory
is based on persistence modules and barcodes, a mathematical apparatus originating from
topological data analysis. On the analysis side, we consider measurements of functions
based on the Sobolev scale, often in the context of eigenfunctions of elliptic operators,
as well as their linear combinations and products.

Let M be a smooth compact connected n-dimensional Riemannian manifold, possibly
with a non-empty boundary, and let £ — M be a rank / real vector bundle over M . Given
a section s: M — E, we introduce its zero (or nodal) set Z; = {s = 0}, and denote by
z,(s) = dim H,(Z;) and m,(s) = dim H, (M \ Z;) the Betti numbers of the zero set
and its complement, respectively. Here and further on, H, (X)) stands for the r-th singular
homology group of a subset X C M with coefficients in a field.

The cases of particular importance are [ = 1, when Z; is generically a hypersurface
in M and the connected components of M \ Z; are called nodal domains, and also [ = n
when generically Z; is a finite set. The traditional objects of study are the count of nodal
domains mg(s) and the count of zeros z¢(s).

Let us introduce a coarse version of Betti numbers, called the persistent Betti numbers,
as follows. Let us fix a Riemannian metric on M and an inner product on E. For a smooth
section s: M — E and a number § > 0, put

my(s,8) = dimim(H,({[s| > 8}) — H,(M \ Zy)), (LD

and
z,(s,8) = dimim(H,(Zs) — H,({|s| < 6})). (1.2)

In Section 1.6 (see also (6.1)), we reframe these definitions in the language of the theory
of persistence modules.
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As an illustration, assume that E = M x R, so that sections of E are functions on M.
Then, given a function f, mg(s, §) is the number of “§-deep” nodal domains U, i.e.,
such that maxy | f| > 8, while other domains are discarded as a topological noise. This
approach goes back to [69] and has been further developed in [65], see Section 1.4 for
a discussion.

Assume now that / = n and s is a generic section of E with a finite number of zeros.
Then zy(s, §) counts only those connected components of {|s| < §} which contain zeros
of 5. Other connected components are discarded as topological noise.

Let ||s||wx.», kK € N, p > 1, be the Sobolev norm of s, see Section 5.1 for a precise
definition. Recall that this norm is controlled by the L?-norms of the derivatives of s up
to the order k. Our first main result is as follows.

Theorem 1.1. Let E be a vector bundle with an inner product over a Riemannian mani-
fold M of dimension n. Fix integers k > %, 0 <r < n, and suppose that s e W*P(M: E).
Then for any § > 0,

C n
my(s.8) < —rlslb i . (1.3)
Sk
and
C1 %
zr(5,6) < 5_%”s”Wk’p + Cs, (1.4)

where the constant Cy depends only on M, E, k, p, and C, = dim H.(M).

It should be emphasized that this theorem is new and meaningful already for the case
whenr =0, E = M x R and the sections are simply functions on M. Moreover, the result
does not hold if the persistent Betti numbers are replaced by the usual Betti numbers,
and the powers of ||s|| and & in formulas (1.3) and (1.4) are sharp, see Section 1.5 for
details.

A few more remarks are in order. The assumption k — % > 0 guarantees that s is
continuous; otherwise, our topological considerations are not feasible. The formulation
above involving persistent Betti numbers is not yet an ultimate one: we shall generalize
this result by using the language of persistence barcodes, see Theorem 1.12 below.

The first estimates on the magnitude of the oscillations of a smooth function f in
terms of the uniform norm of its higher derivatives were obtained by Yomdin [85] (we
refer also to [49, 51, 83] for earlier related results). Constraints similar to (1.3), stated in
the language of persistence barcodes, are known for p = oo and k = 1 [27] (see also [64]
for related results), and in the case of surfaces for p = k = 2 [65] (see also [69] for other
estimates of this kind).

Our approach to Theorem 1.1 combines the theory of persistence modules and bar-
codes with a multi-scale version of Yomdin’s method based on polynomial approximation
of sections on small cubes. Furthermore, we obtain bounds on the topology of the nodal
sets of these approximations using tools from algebraic geometry, and glue together the
data on different cubes using the Mayer—Vietoris sequence.

As an application of Theorem 1.1, we present a coarse version of Courant’s nodal
domain theorem [65, 69]. We discuss new instances of the coarse Courant theorem in
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Section 1.2, in particular, for products of linear combinations of eigenfunctions. We also
present novel applications to a coarse version of Bézout’s theorem (Section 1.3), which is
related to the coarse Courant theorem for products via the Mayer—Vietoris sequence, see
Section 1.4.

In a way, these results provide an answer to a problem posed by Arnold in 2003 on
extending Courant’s theorem to “... the case of systems of equations, describing oscilla-
tions of the sections of fibrations whose fiber has dimension > 1" [3, Problem 2003-10].
Moreover, as shown in Proposition 1.11, the coarse approach is essential for such an
extension.

1.2. Coarse Courant theorem

Consider the following motivating example. Let A ' = —div(V f') be the Laplace—Beltra-
mi operator associated to a Riemannian metric on a closed manifold M of dimension 7.
It is well known that the eigenvalues A; are non-negative. Let us arrange them in non-
decreasing order with account of multiplicities, and define the counting function N(1) =
#{A; < A}. The counting function satisfies the Weyl law (see, for example, [55, Sec-
tion 6.1.3]), which implies N(A) = O(A2). Let f; with Af; = A, f; be any sequence
of eigenfunctions normalized by the L-norm, |, M sz dVol = 1. Courant’s nodal domain
theorem states that mo(f;) < j, and combined with the Weyl law it yields

mo(fj) = 0(2). (1.5)

Our main finding is that if one replaces the Betti numbers by their persistent counter-
parts, estimate (1.5) can be extended in several directions:

e to linear combinations of eigenfunctions, as opposed to single eigenfunctions;
e to products of linear combinations of eigenfunctions;
e to persistent Betti numbers in arbitrary degree instead of degree zero;

e to arbitrary elliptic operator on sections of a vector bundle instead of the Laplace—
Beltrami operator on functions.

It should be mentioned that none of these generalizations is possible with the usual Betti
numbers, see Proposition 1.11 below. At the same time, results of this kind are known to
hold for random linear combinations of eigensections of elliptic operators, see [40].

Throughout this section, let M be a compact Riemannian manifold of dimension 7,
and let D be a non-negative self-adjoint elliptic pseudo-differential operator of order g > 0
on the sections of a vector bundle £ over M with an inner product. For a definition of
this notion, see, for example, [52, Chapter 3, Section 3]; the reader is invited to think
about the Laplace-Beltrami operator and its powers. If dM # 0, we assume that D is
a differential operator of even order ¢ = 24’ satisfying Dirichlet boundary conditions
(i.e., all the derivatives up to the order ¢’ — 1 vanish at the boundary).

Let ¥, denote the subspace spanned by all eigensections of D with eigenvalues less
than or equal to A.
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Theorem 1.2 (Coarse Courant). Let 0 < r < n and k > 75 be integer numbers. Then for
any 8§ > 0and any s € F with ||s|l;2 = 1,

C n
me(s,8) < —-(A + 1),
Sk

C n
2,(5,8) < —8; A+ 17 + C,
k

where the constant Cy depends only on M, E, D, k, and C; = dim H,(M).

Remark 1.3. We note that in the case 0 < § < 1, Theorem 1.2 and Theorems 1.4, 1.5,
1.7 and 1.15 below hold for arbitrary positive k.

We note that since Theorem 1.2 applies to pseudo-differential operators, it gives a par-
tial answer to a question regarding a Courant-type bound for the number of nodal domains
of the Dirichlet-to-Neumann operator [42, Open Problem 9], see also [46].

Another result where a similar bound holds concerns the products of linear combina-
tions of eigenfunctions.

Theorem 1.4 (Coarse Courant for products). Let E = M x R, and let f1,..., fi € F,,
I>1\fillz2=1,j =1,...,1, be L -normalized linear combinations of eigenfunctions
with eigenvalues at most A. Set f = f1--- f1, and let 0 < r < n be an integer. Then for
every & > 0, there exists an integer ko > 5 such that for any § > 0 and k > ko,

C n
m,(f.8) < 5—;(A+ 1ate,
k
Cl e
7 (f.8) = S—E(A +1)a™° 4+ Cy,
k

where the constant Cy depends only on M, D, I, k, ¢, and C, = dim H,(M). The inte-
ger ko depends only onn, q, I, ¢.

Theorem 1.4 is a consequence of Theorem 1.12 and Proposition 6.1 for functions
n

together with an estimate of the Sobolev W*-2-norm of products for k > 5, known as the
fractional Leibniz rule in Sobolev spaces (see [17, 44]). With slightly less optimal con-
stants, it can also be proved using the Sobolev trace theorem [35, p. 121], see Remark 6.8.

Up to ¢ > 0, the exponent in the estimates above cannot be improved. This can be
easily seen by considering a product of eigenfunctions sin jx and sin jy on a flat 2-torus
as j — oo.

Note that if f; € 3’7;Lj, j =1,...,1, the above estimates are given in terms of A =
max; A;. In particular, they are accurate provided that A; are comparable to A for all j,
i.e., there exists a constant C > 0 such that

1 A
However, for arbitrary A; these bounds are not sharp. Theorem 6.7 proved in Section 6.2
gives a somewhat more refined version of Theorem 1.4, capturing the contributions of the

individual A;, albeit still in a non-sharp manner.
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1.3. Coarse Bézout theorem

Loosely speaking, eigenfunctions of the Laplace—Beltrami operator with the eigenvalue A
are expected to share some common features with polynomials of degree VA when A
is sufficiently large [31]. To illustrate this principle, consider the sphere S” equipped
with the standard spherical metric. Harmonic homogeneous polynomials of degree d
on R**1 correspond to eigenfunctions of the Laplace—Beltrami operator with the eigen-
value d(d +n—1). Given eigenfunctions f1,..., f, on S” with the eigenvalues A1, ..., 4,
corresponding to degrees dy, . .., d,, the number of common zeros generically does not
exceed 2d; ---dy < 2+/A1---A,. This follows from the standard Bézout theorem. Fur-
thermore, it was proved in [41] that the expectation (in a natural probabilistic setting) of
the number of common zeros equals 27~2 v/A1 - -- A,,. Similar bounds for certain homo-
geneous Riemannian manifolds have also been obtained in [1,2].

Below, we promote another informal principle stating that persistent topological char-
acteristics of eigenfunctions are similar to those predicted by algebraic geometry, where,
again, the degrees correspond to the square root of the eigenvalue. For instance, we prove
the following coarse version of Bézout’s theorem, as an application of Theorem 1.2.

Theorem 1.5 (Coarse Bézout). Let, as before, E=M xR, fi,.... fu € F1, | fillL2 =1
j =1,...,n. Consider s = (f1,..., fx) as a section of the trivial bundle M x R" with
the standard metric, and let k > % be an integer. Then for any § > 0,

C n
Zo(s.8) < 5—,,3(1 + 1) 41,
k

where the constant Cy depends only on M, D, k.

Note that Theorem 1.5 agrees with the Bézout estimate for Laplace eigenfunctions on
the round sphere corresponding to the same eigenvalue A. As in the case of the coarse
Courant theorem for products, if f; € ¥; Ao the estimate above is sharp provided all A;
are comparable to A. A more general version of the coarse Bézout theorem capturing the
contributions of different A; is presented in Theorem 6.9. In fact, it is tempting to make
the following conjecture.

Conjecture 1.6. Let f; € ¥, ands = (f1,..., fu) be as in Theorem 1.5. Then

C
20(5.6) < —8; (A4 1) Qo+ 1)7 +1,
k

where the constant Cy depends only on M, D, k.

Theorem 1.5 holds for z, for all 0 < r < n, and Conjecture 1.6 makes sense in this
case. However, the geometrically significant value of r is r = 0.

The conjectured bound, if true, would be sharp. However, our methods appear to be
insufficient to prove it, essentially because of the condition k > %, see Theorem 6.9.

Another result in a similar spirit provides an estimate for the coarse count of critical
points of a linear combination of eigenfunctions. Note that the critical point of a smooth
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function f on M is a zero of its differential d f which is a section of the cotangent
bundle 7*M of M.

Theorem 1.7. Let E = T*M with metric induced from M and s = d f, where f € F)
for the Laplace—Beltrami operator A. Let k > % be an integer. Then for any § > 0,

C n
20(5.8) < —8;<x+ 2 +1,
k

where the constant Cy depends only on M, D, k.

This is an immediate consequence of Theorem 1.2 applied to the Hodge—Laplacian D
on E. Note that if f € ¥ for A,thendf € ¥, for D since Dd = dA on smooth func-
tions.

The upper bound asymptotically agrees with the estimate of Nicolaescu [61] on aver-
age. Furthermore, the coarse count is necessary, since the example of Buhovsky—Logu-
nov—Sodin [19] has infinitely many critical points.

1.4. Courant and Bézout: Discussion

The search for the analogue of Courant’s theorem for linear combinations of Laplace
eigenfunctions has a long history. A direct generalization of Courant’s theorem to linear
combinations of eigenfunctions is often referred to as the Courant—-Herrmann conjec-
ture [43] or the extended Courant property [14]. For the one-dimensional Sturm—Liouville
problem, this result was proved by Sturm in 1836, see [6, 15] for a fascinating historical
discussion and another proof based on the ideas of Gelfand. In higher dimensions, the
extended Courant property does not hold in general [4,7,82] and various counterexamples
have been found. Moreover, as was shown in [19], there exist Riemannian metrics on
a 2-torus such that linear combinations of Laplace eigenfunctions have infinitely many
nodal domains, and hence there is no hope for even a weaker analogue of Courant’s the-
orem. Further examples of this kind were constructed in [13].

Theorem 1.2 follows a different approach to find an extension of Courant’s theorem.
It was originally proposed in [69] for Laplace eigenfunctions on surfaces, and has been
further developed using the language of persistent barcodes in [65]. The idea is to count
only “deep” nodal domains, i.e., nodal domains in which the absolute value of a normal-
ized eigenfunction reaches a certain threshold. In Theorem 1.2, this threshold is given
by § > 0. Note that this coarse nodal count is physically meaningful, as very small
oscillations are often difficult to detect, both experimentally and numerically. Moreover,
as was mentioned above, the coarse nodal count extends not only to linear combinations of
Laplace eigenfunctions, but also to eigenfunctions of higher order operators. In particular,
as was observed in [69], the coarse Courant theorem holds for eigenfunctions of a vibrat-
ing clamped plate, corresponding to the bi-Laplacian A2. Note that in this case there
is no usual Courant’s theorem. On the contrary, for planar domains with corners having
angles that are not too obtuse, it is expected that eigenfunctions have infinitely many nodal
domains, see [29, Section 2.5] and references therein. While the results of [65, 69] were
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obtained only in dimension two, Theorem 1.2 holds in arbitrary dimension. In particular,
it provides a positive answer to Conjecture 1.4.7 posed in [65].

Significantly less is known about the analogues of Courant’s theorem for products
of eigenfunctions. Some partial results in this direction have been obtained in [5, 66].
Interestingly enough, this subject is closely related to an analogue of Bézout’s theorem
for nodal sets discussed above. In fact, Theorems 1.4 and 1.5 can be viewed as different
facets of the same phenomenon. We illustrate this link in the following situation. Let
Z1, Z, be the nodal sets of Laplace—Beltrami eigenfunctions fi, f, respectively. The
nodal set of the product f; f is the union Z; U Z,, while Bézout’s theorem deals with
the intersection Z; N Z,. By the Mayer—Vietoris exact sequence, we have

Hr+1(Zl) @ Hr+1(22) —> Hr_|_1(Zl U Zz) — Hr(Zl N Zz) —> Hr(Zl) @ Hr(Zz)
Applying the rank-nullity theorem to the second and the third arrows, this readily yields

|dim H,11(Z1 U Z3) —dim H,(Z1 N Z3)|
< dim Hr+1(Zl) + dim Hr+1(Zz) + dim Hr(Zl) + dim Hr(Zz)

While in general this inequality is not sharp, its coarse version developed below in Sec-
tion 8 provides a satisfactory link between the coarse Courant for products (Theorem 1.4)
and the coarse Bézout (Theorem 1.5) as the eigenvalues tend to infinity. In particular, one
can recover the asymptotics in the coarse Courant for products using the coarse Bézout
and the coarse Courant for individual eigenfunctions (Theorem 1.2), which is applied to
estimate the coarse Betti numbers of Z;, Z,, see (8.2). In this way, the Mayer—Vietoris
sequence brings together our main applications.

1.5. Optimality of the main results

The following simple example shows that the powers of |s| and é in formulas (1.3)
and (1.4) are sharp.

Example 1.8. Let n = 1, and assume that the sections s are functions over an interval
[0,27]. Then forevery 0 < § < 1,

mo(sin jx,8) = 2j

1
forall j > 1, while [|sin jx||}, . ,
hold also for z¢(sin jx, ).

To show that the power of § is sharp, we first note that elementary rescaling yields

= O(j)as j — oo forany k, p > 1. Similar inequalities

my(ts,t8) = my(s,8) and z,(ts,t8) = z,(s,6).

Hence, the right-hand side of the inequalities (1.3) and (1.4) must depend only on the ratio
between the norm of s and §.

It is also instructive to consider the following example.
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Example 1.9. Set
Sa,p(x) = x* sin(x~#)

for some o, B > 0. Note thatif o = k(8 4 1), then s, g € Wk-P((0,27)) forany k, p > 1.
Moreover, it is easy to check that there exists a constant C > 0 such that

Mo (Sap.8) > C5 4,

as § — 0. At the same time, (1.3) yields mo(sq,g.6) = 0(8_%), and this bound is satur-
ated in the limit as 8 — oo. Similar estimates hold also for zo(sg g, §).

In fact, a considerably more general sharpness result holds. It shows that the upper
bound of Theorem 1.2 is essentially sharp, at least as far as the power of (A + 1) is
concerned.

Theorem 1.10. Let (M, g) be a closed Riemannian manifold and D = A the Laplace—
Beltrami operator on functions. There exists ¢ = c¢(M, g) > 0 such that for every § > 0,
onecanfind f € ), || f 2 = 1, for which we have

A+ 12

I’VIO(‘f,(g) ;CW—

(1.6)

The same lower bound also holds for zy( f, 5).

The proof of Theorem 1.10 is presented in Section 7. Note that Theorem 1.10 is con-
sistent with the asymptotically sharp L°°-bound

I fllee < CA+ 1%

on f € Fy, || fllL2 = 1, which is a consequence of the local Weyl law [47], see also [21,
Proposition IV.1]. Indeed, in view of this bound, if § > C(A + 1)%, then mq(f,§) = 0.
At the same time, inspecting the proof of Theorem 1.10, one can check that in this case
é < 1, and hence the right-hand side in (1.6) is non-positive. We refer also to Remark 7.5
for further discussion on Theorem 1.10 in relation to sharpness of our main results.

The coarse Courant theorem gives rise to a natural question on whether its non-coarse

analogue holds. In particular, one may ask whether a bound of the form

my(f) = O(F(4)), (L.7)
where F is some positive function, holds on an arbitrary compact Riemannian mani-
fold M, provided

e r=0and f = Z}zl aj f;, where f; are Laplace eigenfunctions on M with eigen-
values A; < A = A;;

e 1 > 0is arbitrary and f is a Laplace eigenfunction on M with eigenvalue A;

e r =0and f is an eigenfunction of an arbitrary elliptic operator D on M with eigen-
value A.
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Using results of Buhovsky—-Logunov—Sodin [19], we show that in general the answer to
all these questions is “no”. In what follows, 7" denotes an n-dimensional torus.

Proposition 1.11. The following assertions hold:

(i)  There exists a Riemannian metric ggrs on T? admitting a sequence Jfi; of Laplace
eigenfunctions corresponding to eigenvalues A;; — oo as j — 0o, such that

mo(fi; — ci;) = +00

Jor some constants ¢;; forall j > 1.

(i) For T* endowed with gpLs ® gpLs, the eigenfunctions u; = [i; ® —fi; satisfy
ml(uij) = +00

forall j > 1.

(iii) Let g = gpis ® g« be a Riemannian metric on T3 = T? x S, where gq is the
standard metric on a unit circle. We denote a point on T3 by (x, y), x = (x1, X2),
where x1, X2,y € S'. Then the eigenfunctions h;(x,y) = f(x)sin(jy) of the
non-negative fourth order elliptic operator D = A* — AA, + % with eigenvalues
A= j*+ %2, where f = fi, —ci), A = A, satisfy

mo(hj) = +o0
forall j > 1. Here A = Ay — 8% is the Laplacian of g.

Proposition 1.11 confirms the intuition that the Courant-type bound (1.5) is rather
special for the nodal domain count of Laplace eigenfunctions. For r = 0, it also holds for
some closely related operators, like the Schrodinger operator, or certain linear combina-
tions of its powers. However, in the pseudo-differential setting, the nodal domain count
can be infinite even for operators of order two. Indeed, let A = D + I, where D is the
operator defined in (iii) and / is the identity operator. By [74], A is a pseudo-differential
operator of order two of the form A = A 4 P, where P is of order at most one, and /;
are eigenfunctions of A.

As follows from (ii), even in the case of Laplace eigenfunctions, estimate (1.7) cannot
hold in general for higher Betti numbers. It would be interesting to understand whether
bound (1.7) for r > 0 holds for real-analytic Riemannian metrics (note that the metric
giLs that was constructed in [19] is smooth but not real-analytic). Some related results in
this direction have been obtained in [56]. Using Milnor’s theorem on the zero sets of real
polynomials [59], one can show that an analogue of (1.5) for higher Betti numbers holds
for the nodal sets of eigenfunctions on spheres and flat tori [62].

Finally, let us note that while the counterexamples in Proposition 1.11 are presented
for the Betti numbers m, of the complement to the nodal set, it should not be hard to
obtain similar results for the Betti numbers z, of the zero set.
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1.6. Bounds on persistence barcodes

Recall that for a Morse function f: M — R on a compact manifold and a coefficient
field K, its barcode is a finite multiset B( f; K) of intervals with multiplicities (/;,m;),
where m; € N and I; is finite, that is, of the form [a;, b;) or infinite, that is, of the form
[cj, 00). The number of infinite bars is equal to the total Betti number

b(M;K) = dim H(M;K).

This barcode is obtained algebraically from the persistence module V( f') consisting
of vector spaces V(f); = H{f < t};K) parametrized by ¢ € R and structure maps
75 V(f)s = V(f): induced by the inclusions { f < s} — {f <t} for s <t. These
maps satisfy the structure relations of a persistence module: s s = idy(s), for all s and
Tsy,s5 O Tsy,s5 = sy ,s5 fOr all 51 < 52 < 53. We refer to [65] for first applications of
persistent homology to spectral theory, and to Section 2 below for further preliminaries
and references.

Recall that the length of a finite bar [a, ) is b — a and the length of an infinite
bar [c, 00) is +00. We require the following number: Ng(f) is the number of bars of
length > § in the barcode B(f). As we shall see in Section 2.2 below, this quantity is
well defined for continuous (not necessarily smooth) functions. With these preparations
in mind, we state our main technical result.

Theorem 1.12. Let E be a vector bundle with an inner product over a compact n-di-
mensional manifold M. Suppose that s € WP (M ; E) and k — % > 0. Then |s| being
continuous, Ns(|s|) is well defined for all § > 0 and

C] 2
Ns(Is]) = 8—%||S||§,k.p + Ca,

where the constant Cy depends only on M, E, k, p, and C, = dim H«(M).

Remark 1.13. The same result holds with |s| replaced by —|s| on the left-hand side
(see Remark 5.6). This is particularly relevant in the case of manifolds with boundary
(see Remark 6.6).

Remark 1.14. A similar result holds for ; s(|s|), where we consider the barcode in
degree r only. In this case, C; = dim H,(M). A similar bound with C, = 0 holds for the
count Sﬁ“(|s|) of only the finite bars of length > §.

This result yields Conjecture 1.4.7 and a particular case of Conjecture 1.4.8 from [65]
(for n = 2, both conjectures were proved in [65]). Originally, these conjectures have been
formulated for the Laplacian, but we prove them below in greater generality. Let E be
a vector bundle with inner product on a closed Riemannian manifold M of dimension 7,
and let D be a non-negative elliptic self-adjoint differential operator of order g on the
sections of E. Recall that %) denotes the subspace spanned by all eigensections with
eigenvalues < A.
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Theorem 1.15. Let s € ¥ with ||s|| 2 = 1. Then for all § > 0 and integer k > %,
C n
Ns(|s]) < S—Q(x + 1) + Cs,
3

where Cy depends only on M, E, D, k, and C, = dim H«(M).

Note that this result is essentially sharp, as follows from Theorem 1.10. Theorem 1.15
has applications to approximation theory, which we will not discuss here, referring the
reader to [65, 67] for a detailed discussion in the case of surfaces. We present another
application to [65, Conjecture 1.4.8].

Recall that for a barcode B(f) of a function f on a closed manifold M, |B(f)|
denotes the sum of the lengths of the finite bars of B( f) plus the sum of the differences
max(f) —c; for1 < j <dim H«(M), where c; are the starting points of the infinite bars
in B(f). Note that max( /') is itself the maximal such starting point.

Theorem 1.16. Supposen = dim M > 3. Let s € ¥, with ||s| 2 = 1. Then
1B(Is)| < C(A + 1),
where C depends only on M, E, D.

The condition n > 3 is technical and comes from being able to choose an integer k

withn >k > 2.

Remark 1.17. It should not be hard to extend Theorems 1.12 and 1.15 in the spirit of
[32, Proposition 6.1] to fractional Sobolev spaces (cf. [80]) with arbitrary real parameter
k > %. Such an extension would remove the technical condition » > 3 in Theorem 1.16,
see also Remark 7.5.

Remark 1.18. We can prove an analogue of Theorem 1.16 for the L?-norm of the bar-
codes by essentially the same argument. The L?-norm of the barcode of |s| is defined for
p > 1 as the expression

1Bl = (32 Bi(lsh? + Y (max(lsl) —¢;)?) "

where B;(|s|) are the lengths of the finite bars in the barcode, arranged in decreasing
order (see [27] for a similar definition). First, we can prove that for all p > 1, s € F),
Isllz2 =1,

1B(Is)], < C(A + 1),

where C depends on M, E, D, p. We refer to Remark 6.10 for a few details of this
generalization. Second, assuming we extended our results as in Remark 1.17, we can show
that for p € [1,2), we can 1mpr0ve the power of A +1to(A+ 1)ra »a , and for p>2,we
can improve it to (A + 1) a , forevery 5 < ki < n (see Remark 6.11).
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Remark 1.19. Let M be a closed n-dimensional Riemannian manifold, and let 7*M
be its cotangent bundle equipped with the associated (Sasaki) metric. Given a smooth
function f on M, consider the graph of its differential, graph(d /') C T*M . Note that it is
Lagrangian with respect to the canonical symplectic form on 7*M . A recent paper [25],
which relates the Floer-homological bar counting function of Lagrangian submanifolds
with the topological entropy of symplectic maps, yields an interesting result in our con-
text. Namely, the arguments in [25, Section 5] imply that for all § > 0,

Ns(f) = C(8) Vol (graph(d 1)), (1.8)

where C(§) is a positive constant depending on § and the metric. For instance, if M is the
standard Euclidean torus, this reads

Ns(f) < C(8) /M Jaet(7 + (Hess £)?) dVol,

where Hess f denotes the Hessian of f and [ is the identity matrix. Inequality (1.8) is
neither stronger, nor weaker than the one provided by our main theorem. At the same
time, in terms of Sobolev norms, it yields

N5 (f) = CON Sz +C,

while we get a stronger estimate

Ns(f) < CLONS 30 + €.

It should be mentioned also that for n = 2, i.e., when M is a surface, the approach of [69]
involved the length of the normal lifts of the level sets of f. It would be interesting to
compare a direct extension of this approach to higher dimensions with inequality (1.8).

Remark 1.20. The idea of using the theory of persistence modules for a robust count of
zeros of functions and intersections of varieties appeared in the earlier literature, see [12,
34,37]. For instance, in [12, Section 4.0.9] Bendich, Edelsbrunner, Morozov, and Patel
define the well group U(c) of the level set {f = a} of a function f: M — R as the
intersection of the images of the maps i+ and i_, where

iv: Hi({f =a=Lc}) > Hi{fa—c < f <a+c}).

The collection of well groups behaves robustly under perturbations of f in the uni-
form norm (see [34, p. 357]). Our invariants m, (see (1.1)), z, (see (1.2)) and N5(f) (see
the beginning of this section) can be considered as a variation on this theme. For instance,
when f > 0anda =c = ‘%, our z, is the dimension of the image of i_ in the degree .
In a way, in the present paper we unify two approaches to quantitative transversality: the
topological one involving persistence which we just have discussed, and a more analytic
one developed by Yomdin [86] which is, very roughly speaking, based on polynomial

approximation.
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1.7. Ideas of the proof

Let us outline the proof of Theorem 1.12 for functions on a cube (see also Theorem 5.2).
The general case is based on the same ideas. In this informal sketch we write < for less or
equal up to a multiplicative constant depending only on k, 1, p, but not on the function f
and the real number §. The proof is based on two important facts from the theory of
persistence modules.

Fact 1. By a fundamental stability theorem (see Theorem 2.7), Ns( f) does not decrease
if we perturb f in the uniform norm and simultaneously slightly decrease §. Thus, if f is
well approximated on an n-dimensional cube Q (or more generally, on an n-dimensional
box B = []7_,[a:, bi]) by a polynomial of degree k, the quantity Ns(f|o) is bounded
from above by the number of critical points of this polynomial. By Milnor’s celebrated
bound and Morse theory for manifolds with corners, this yields

Ns(flo) = OK").

Fact 2. We repeatedly use that if U — V — W is an exact sequence of persistence
modules, then
Nos(V) < Ns(U) + Ns(W) V8 > 0.

This fact appears to be new, and its proof is based on algebraic ideas, see Section 3.

.k 1 : : k,
The argument goes as follows. Put o := - — 7> 0. Fix a function f € W*?(Q) on

a unit cube Q = [0, 1] and divide it into 2" equal cubes. A cube Q; of the partition is
called good if

Vol(Q:)* - | D*(flo)llLr < 6. (1.9)

and bad otherwise. We subdivide each bad cube again, and continue the process using
criterion (1.9) until all the cubes are good; note that this will be achieved after a finite
number of steps. We get a multiscale dyadic partition (MDP) K of Q consisting of k
good cubes. The crux of the matter is that on each good cube f is well approximated by
a polynomial of degree k. This readily follows from the Morrey—Sobolev inequality (see
Theorem 5.3), which we review in Appendix A. Hence, by Fact 1,

Ns(flo;) = OK") (1.10)

for every good cube Q;.

The next task is to assemble estimates (1.10) for individual cubes of the partition into
a global estimate. Our argument echoes' the one in [38]. First, we use Lemma 5.4 to
prove that

k n
K < (—”D Sf””)k +1. (1.11)

'We thank G. Binyamini and D. Novikov for pointing this out to us.
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Second, using a combinatorial argument (Lemma 4.15), we show that Q can be represen-
ted as aunion of n + 1 sets K;, j =0, ..., n, satisfying the following properties:

(i) For each j, the set K is a pairwise disjoint union of rectangular boxes B;;.

(i) BEach box B;; C K;, j = 0,...,n, is contained in a small neighbourhood of a j-di-
mensional face of some cube belonging to the multiscale dyadic partition K (in this
notation, a O-face is a vertex of a cube and an n-face is a cube itself).

We refer to Figure 3 for an illustration of this construction.
Using additivity of the bar counting function over disjoint sets (4.4), we obtain
B;
Ns(flx) =D Ns(flB;) S By - k"

i=1
Here B; denotes the number of connected components of K;, and we use a version
of (1.10) and property (ii) combined with Fact 1 to obtain the inequality on the right-
hand side. Property (ii) implies that 8; are bounded above by C(n)x, where C(n) is
a constant depending only on n. Furthermore, (i) and (ii) yield that the number of tuples
{G1j1s- - ipjp)} with By jy N ---N By, ;, # @ is bounded from above by C(n)k as well.
With this in mind, apply the Mayer—Vietoris sequence together with Fact 2 to the cover
of Q by the sets K. It follows that

‘NZ"JFIS(f) < ZNS(f|K,) + ZNE(f|B[Ij] ﬂ"'ﬂB,‘pjp) < C(n) Kk
=0

Absorbing C(n) and k" into the constants and using (1.11), we get

Dk %
Non+15(f) < (—” ({”Lp)k +1,

and after a rescaling in § this concludes the proof of Theorem 1.12 for functions on a cube.

Interdependence of results

For convenience of the reader, we outline below how the main results depend on each
other (see Figure 1). The key statement is the bound on the bar counting function (The-
orem 1.12) which implies the estimates on the persistent Betti numbers (Theorem 1.1).
Theorem 1.1 yields in turn the coarse Courant theorems for linear combinations and for
products (Theorems 1.2 and 1.4), the coarse Bézout theorem (Theorem 1.5), as well as
the result about the coarse count of critical points (Theorem 1.7). Theorem 1.10 concern-
ing the sharpness of our bounds and Proposition 1.11 showing that the coarse count is
essential are proved independently of other results.

Plan of the paper

The paper is organized as follows. In Section 2, we state the main preliminary facts about
persistence modules and barcodes that are used in the paper. In Section 3, we prove The-
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Bound on the bar counting function
(Theorem 1.12)

4
Estimates on the persistent Betti numbers
(Theorem 1.1)

Coarse Courant theorem Coarse Courant theorem Coarse Coarse count
for linear combinations for products Bézout theorem of critical points
(Theorem 1.2) (Theorem 1.4) (Theorem 1.5) (Theorem 1.7)

Fig. 1. Diagram of interdependence.

orem 3.1 providing subadditivity of the bar counting function for persistence modules in
a short exact sequence. This is a key technical result that appears to be novel in the theory
of persistence modules. In Section 4, we discuss multiscale polynomial approximation
of a function on a dyadic partition of the cube and estimate the bar counting function
in terms of the number of sets in the partition. In Section 5, we prove Theorem 1.12 in
the case of the cube by constructing such an approximation with the number of sets con-
trolled by a suitable Sobolev norm. Then we extend the argument to the general case by
triangulation. The proofs of the coarse Courant and Bézout theorems are presented in Sec-
tion 6. In Section 7, we prove Theorem 1.10 showing that our main results are essentially
sharp. In Section 8, we show that the coarse nodal estimate for the product of two func-
tions can be deduced from the coarse Bézout using the Mayer—Vietoris sequence. Finally,
in Appendix A the proof of a more precise version of the Morrey—Sobolev theorem (The-
orem 5.3) is provided for the convenience of the reader.

2. Preliminaries on persistence modules and barcodes

2.1. Persistence modules and barcodes

We review the basics of the persistence theory which we use. For a detailed account,
see [24,63,67].

Definition 2.1. A persistence module (V, ) over a field K consists of a family of vector
spaces V;, t € R, over K together with linear maps s ;: Vs — V; defined for all s < ¢,
called structure maps, which satisfy ;; = idy, forall € R as well as 75 ; o 71, 5 = 7,
forallr <s <rt.

We often abbreviate (V, ) to V. The example of particular interest for us is the fol-
lowing. Let f: X — R be a function on a Hausdorff topological space. Define Vi (f); =
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Hiy({f <t}) and w5 = (is¢)«, Where is;: {f < s} — {f <t} are inclusions and H}
denotes singular homology in degree k with coefficients in a field K.

Definition 2.2. A morphism of persistence modules ¢: (V,7") — (W, 7" is a family of

linear maps ¢,: V; — Wy, t € R, such that for all s < ¢ it holds that nsv"; o¢s = ¢ 0 nslft.

Given a morphism ¢ of persistence modules, we may define ker ¢ and im ¢ as persist-
ence modules by taking kernels and images for each ¢ € R. More precisely, (ker ¢); =
ker(¢;), n;etrq) = ns‘f ¢ |ker ¢, and similarly for im¢. We define persistence submodules, quo-
tients and direct sums in a similar way, pointwise for each ¢ € R. In the above example of
a function f: X — R, we denote

V() =P Vi)
k

In order to have a rich theory, additional conditions are often placed on persistence
modules. To this end, a persistence module V' is called pointwise finite-dimensional if for
all + € R, dim V; < oo. Going back to our main example, if we take X to be a smooth,
compact manifold and f: X — R a smooth Morse function, basic results of Morse theory
tell us that V(f) is pointwise finite-dimensional. Pointwise finite-dimensional modules
have simple structure, as we will now explain. By an interval / C R we mean any con-
nected subset.

Definition 2.3. For an interval / C R, define the interval persistence module K; as

K ifrel, dg ifs,t el
Kp): = { ”Kzl = {

0 otherwise, 0 otherwise,

Definition 2.4. A barcode B is a multiset of intervals with finite multiplicities.

Theorem 2.5 (Structure theorem). To every pointwise finite-dimensional persistence
module (V, 1), there corresponds a unique barcode B(V') such that

V.m) = @ K7 ).

IeB((V)

The structure theorem at the stated level of generality was proven in [28]. In the mod-
ern theory of persistence, the structure theorem first appeared in [33,87]. A version of the
theorem was also proven in [9] using different language. However, as noticed in [11], the
notion of a barcode is foreshadowed in the work of Morse. Namely, in [60] Morse defines
notions of a cap and a cap height which is equivalent to the endpoint of a bar as well as
a notion of a cap span which is equivalent to the length of the corresponding bar.

Given a persistence module (V, i), it will be convenient to call a point ¢ € R spectral
for V if t is an endpoint of a bar in B(V'). The spectrum Spec(V') of V is the set of the
points ¢ € R that are spectral for V.

One of the most important features of barcodes is the fact that they behave in a stable
manner with respect to perturbations of persistence modules. This stability is a part of the
metric theory which we now present.
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We use (a, b) to denote any of the intervals (a, b), (a, b], [a, b), [a, b]. Two bar-
codes B; and B, are e-matched, ¢ > 0, if after erasing certain bars of length < 2¢ from
each of them, there exists a bijection ® between the remaining bars, which satisfies

d({a,b)) ={(c,d)=>]a—c|, |b—-d| <e.

Intuitively, an erased bar is matched with an empty bar at its center. Thus, e-matching
can be thought of as a matching up to an error ¢ at the endpoints. The bottleneck distance
between barcodes is defined as

dpote (B1, Br) = inf{e | By, B, are e-matched}.

It is not difficult to check that dyee is a pseudometric. The counterpart of this distance is
defined as follows. For ¢ > 0 and a persistence module V', denote by V' [¢] the persistence
module given by V{e]; = Vi, nsl,/,[a] = ”sV+a,z+s- A pair of morphisms ¢: V — Wig],
¢: W — Vel is called an e-interleaving if forallt € R, ¥r; 4. 0 py = nt‘ft+2£, Prye0 Yy =
ntv,[; 42 If such a pair of morphisms exists, V' and W are said to be e-interleaved. The

interleaving distance between two persistence modules is defined as
dineer(V, W) = inf{e | V, W are e-interleaved}.

Again, it is not difficult to check that di,, is a pseudometric. The following result is one
of the cornerstones of the theory of persistence modules and barcodes.

Theorem 2.6 (Isometry theorem). For two pointwise finite-dimensional persistence mod-
ules V and W, it holds that

diner (V. W) = doorie(B(V), B(W)).

The isometry theorem is due to [22,26,54], see [10] for a detailed history. In the case
of a persistence module coming from a function, we abbreviate B(Vy (f)) to By (f) and
BWV(f)) to B(f). As an immediate corollary of the isometry theorem, we obtain the
following statement [26].

Theorem 2.7 (Stability theorem). Assume that f, g: X — R are such that Vi.(f), Vi (g)
are pointwise finite-dimensional. Then

dooute (B (/). Bi(8)) = dco(f. 8)-

Proof. The inclusions

{(f =t} Clg=t+dco(f9)} C{f =1 +2dco(/.8)}

induce a dco(f, g)-interleaving between Vi (f) and Vi(g), which together with The-
orem 2.6 finishes the proof. ]

Remark 2.8. For convenience, we will sometimes use Cech homology instead of singular
homology, see Proposition 2.12 and the discussion preceding it. The stability theorem
continues to hold with the same proof.
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2.2. Bar counting function

We say that a persistence module is a finite barcode module if it is pointwise finite-di-
mensional and its barcode is finite. Let § > 0 and V' a finite barcode module. We define
Ns (V') to be the number of bars, counting multiplicities, of length > § in B(V'). We also
use N;5(B) for an arbitrary barcode as well as N s(f) = Ns(Br(f)) and Ns(f) =
Ns(B(f))-

Our results concern N of persistence modules which are not necessarily finite bar-
code modules. This is justified by the fact that we only consider continuous objects such
as functions or sections, defined on fairly regular spaces, such as compact manifolds with
corners. Indeed, for such a space X, the set of continuous functions f such that 8(f) is
finite is dense in (C°(X), dco). Hence, due to stability theorem, the 1-Lipschitz function
f = B(f) extends to C°(X), taking values in the completion of the space of finite bar-
codes with respect to dpoye- This completion consists exactly of all barcodes B such that
for all § > 0, Ns(B) is finite, see [24, Theorem 5.21] and [53, Proposition 22].

Alternatively, we may argue that on our spaces of interest, for each f € C°(X),
V(f) is a g-tame persistence module.

Definition 2.9. A persistence module is called g-tame if for all s < ¢, 7, has finite rank.

The structure and isometry theorems carry over to this generality with minor modific-
ations, see [23] and references therein. If the set of functions whose associated persistence
module is pointwise finite-dimensional is dense in (C°(X), d o), then V( f) is g-tame for
all £ € C°(X). This is, for instance, the case when X is a compact manifold with corners.
Indeed, for fixed s < ¢, we may find a C°-small perturbation g of f such that V(g) is
pointwise finite-dimensional and for some ¢ > 0, { f <s} C{g <s + e} C{f <t}. This
implies that n;f t(f ) factors through V(g)s+. Which is finite-dimensional and hence V( f')
is g-tame. Moreover, if f is a continuous function on a compact Hausdorff space such
that V(f') is g-tame, then Nz ( f) is finite, as explained in [11].

Let us mention that the finiteness of N3 has been studied already by Morse, see [60,
Theorem 7.5 and Corollary 10.2]. Moreover, in the same work, Morse observed the rel-
evance of the condition of g-tameness, see [60, Theorem 6.3]. We refer the reader to [11]
for further connections of Morse’s works to the modern theory of persistence.

Remark 2.10. There is a slight ambiguity in the two extensions of N ( f) to continuous
functions we just presented. Namely, dpqye 1S only a pseudometric, so in order to define the
completion, we need to consider the quotient space of barcodes, with respect to a relation
B1 ~ B, if and only if dpore(B1, B2) = 0. This amounts to ignoring bars of length
zero as well as identifying bars with different conditions on endpoints (open, closed and
half-open). Manifestly, for § > 0, Vs is well defined on this quotient and on the resulting
completion. On the side of persistence modules, one should regard g-tame modules as
objects in the observable category. Informally, this category ignores all the features which
do not persist over non-zero time, see [23] for details. Again, for § > 0, Ny is well defined
in the observable category.
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Remark 2.11. Defining Vi.(f); to be H.({f < t}) instead of H.({f < t}) is a matter
of convention which does not affect Nz (/). Namely, if we set IO/*(f)t = H,.({f <t}),it
immediately follows that diye(V(f), Io/(f)) = Osince foreache > 0, {f <t} C {f <
t + e} C{f <t + 2¢}. By the isometry theorem, dbome(ﬂ(l;(f)), BWV(f))) =0 and
hence N3 (V(f)) = Ns(V(f)) for all § > 0.

It will be useful for us to work with homology theories other than singular homo-
logy. Namely, in Sections 4 and 5 we use the Mayer—Vietoris sequence for compact sets
which exists in Cech homology (see [36, Chapters IX, X and Theorem 1.15.3] and [30,
Appendix A]). Recall that Cech homology is the inverse limit of the homology of nerves
of open covers, where the covers are partially ordered via refinement. This change of
convention is justified as follows. Let Vs (f) = H, (f <t}), where H, denotes Cech
homology with coefficients in K. From the discussion above, it follows that in all cases
we consider, for a continuous function f, Vs (f): is g-tame and in fact JV,;(I;; (f)) is
finite. Moreover, the following holds (see also [71]).

Proposition 2.12. Let M be a compact manifold, possibly with boundary, and f: M — R
a continuous function. For all § > 0, k € Z, it holds that Ns(Vi(f)) = Ns (Vi (f)).

Proof. 1t is enough to prove the proposition for a smooth function. Indeed, due to stability
theorem, for f € C°(M) and § > 0,

Ns(Ve(f) = lim Ns(Vie(fu)). Ns(Ve(f)) = lim N5 (Vie(fu))

for a sequence of smooth functions f;, C—0> f. Thus, let us assume that f is smooth.

We will show that dines (Vi (f), Vi (f)) = 0. Lete > 0,7 € Rand let?’ € (¢,1 + ¢) be
aregular value of f. Then {f < ¢’} is a CW-complex and hence there is an isomorphism
I He({f <t'}) = Hp({f <t'}), see [36, Theorem IX.9.3] (see also [30, Appendix A,
[50], [57, Chapter 15.2], [58]). Define ¢: Vk(f) — Vi(f)lelas ¢y =y p4e 0 Iy 0 711y
Due to naturality of 7, ¢, does not depend on the choice of ¢’. We define v: Vi (f) —
Vi (/) [g] in the same way, by replacing I by I ~!. The naturality of I implies that ¢ and v/
define an e-interleaving which finishes the proof. ]

In the rest of the paper, we will denote Ns(V(f)), Ng(lc}(f)) and Ng(V(f)) all
by Ns(f), while specifying which conventions are used. The following proposition gives
a certain stability property of V.

Proposition 2.13. Suppose that M is a compact manifold, possibly with boundary, and
f.8: M — R are continuous functions. Set ¢ = dco(f, g). Then for every § > 0,

Ns(f) < Ns12c(2)-

Proof. Since Nsi,.(g) is finite, there exists &9 > 0 such that every bar in B(g) whose
length is greater than 6 + 2¢ actually has length greater than § 4+ 2¢ + 2¢&¢. Let I be such
a bar of length L. By the stability theorem, dpore (B(f), B(g)) < ¢, and thus for every
& > 0, there exists a (¢ + ¢)-matching between B(f) and 8B(g). Under such a matching
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for ¢ < gg, I cannot be erased, and moreover it has to be matched with a bar of length at
least L — 2¢ — 2¢& > §. This concludes the proof. ]

As explained in Remark 2.11 and Proposition 2.12, different conventions for filtration
or choices of homology theory do not influence the bar counting function Ns. However,
when we discuss algebraic properties of persistence modules, it will be useful to fix certain
conventions for simplicity and clarity. To this end, we call a persistence module bounded
from the left” if there exists to € R such that V; = 0 for all # < #y. A persistence module is
called upper semi-continuous if the canonical map V; — limg~; Vs to the inverse limit of
the system formed by the V; for s > ¢ (and the associated structure maps) is an isomorph-
ism for all # € R. A g-tame, bounded from the left, upper semi-continuous persistence
module (V, ) has a direct product decomposition

(V.7) = Myege) Ky, 757), (2.1

which is a genuine isomorphism (not only an isomorphism in the observable category),
see [72] for details. Moreover, all bars in the above barcode are of the form [a, b) or
[a, +00), a,b € R. We also note that for a continuous function f: X — R on a compact
Hausdorff space X, 17* (f) is bounded from the left, upper semi-continuous, see [72],
and assuming it is g-tame, it also has bounded spectrum. Therefore, this generality would
suffice for our considerations in Sections 4 and 5. However, we choose to work in slightly
larger generality, which is more natural for our algebraic techniques.

Definition 2.14. A persistence module V is called moderate if it is g-tame, upper semi-
continuous, has no intervals of the form / = (—o0, ¢) in its direct product decomposition,
and for all § > 0, Ns(V) is finite.

The results [24, Theorem 5.21] and [53, Proposition 22] imply that the space of mod-
erate persistence modules is naturally isometric to the completion of the space of finite
barcode upper semi-continuous persistence modules bounded from the left.

2.3. Tameness and regularization

We will use the following results in Section 3 below. First, we show that one can replace
every exact sequence of g-tame or finite barcode modules by a new exact sequence of
upper semi-continuous ¢-tame or finite barcode modules which are isomorphic to the
given ones in the observable category.

We call the functor P from the category of ¢g-tame persistence modules to itself, given
by P(V) = V4 with

(V4)e = lim Vs,
s>t

the regularization functor. It is equipped with a natural transformation ¢: I — P from the
identity functor, which is given at an object ' in the category by the natural morphism

2These modules are sometimes also called bounded below.
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qv:V — V4 induced by the persistence structure maps {nSV .} of V. This natural trans-
formation becomes an isomorphism after passing to the observable category by [23].
In this language, a g-tame persistence module V' is upper semi-continuous if and only
if gy: V — V4 is an isomorphism.

Lemma 2.15. The regularization functor P is exact. If V is a q-tame persistence module,
then P (V') is upper semi-continuous. If V' is a finite barcode module, then P (V) is a finite
barcode module.

Remark 2.16. More concretely, let

0>A—-B—->C—=0

be a short exact sequence of g-tame (resp. finite barcode) modules. Then there exists
a new exact sequence
0—>Ay > By —>Cy —>0

of upper semi-continuous g-tame (resp. finite barcode) modules, which fits into the com-
mutative diagram

0 A B C 0

qA 4B qc

0 At By Cy 0,
where all the vertical arrows induce isomorphisms in the observable category.

Proof. We first note that given ¢ € R and a g-tame persistence module V', we may com-
pute limg~; Vs by restricting s to lie in a countable cofinal directed subset of (¢, co0), for
instance, {t + %}izl-

The fact that P: V +— V. is a functor from the category of g-tame persistence mod-
ules to itself is an easy verification. Indeed, if V' is g-tame, then so is V. by an argument
involving composition of structure maps. Furthermore, every morphism f:V — W of
persistence modules induces a natural morphism P(f) = f4+: V4 — W, since for every
t € R, it yields a morphism of inverse systems {V;}s~; and {W;}s~; (With suitable struc-
ture maps). Moreover, it is an easy computation with inverse limits that V. is always
upper semi-continuous. Now observe that given ¢ € R and a g-tame persistence mod-
ule V, the inverse system {V;}s~; satisfies the Mittag-Leffler condition, see [24, p. 62].
Therefore, if

0>A—-B—>C—>0

is an exact sequence of g-tame persistence modules, then
0— Ay > By, —>Cy — 0

is an exact sequence of inverse systems (indexed by s € (¢, 00)), and the inverse lim-
its of these systems still form an exact sequence. The exactness on the left is automatic
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[79, Tag 02MY], while the exactness on the right follows from the Mittag-Leffler condi-
tion [79, Tag 0594]. This exact sequence is

0—(Ap)r = (B+): > (Cy)r =0,
from which it is easy to conclude that we obtained the exact sequence
0> Ay > By > Cy -0,

of g-tame persistence modules. In other words, P is an exact functor.

Finally, if V is a finite barcode module, then so is V since for every ¢ which is not
spectral for V, V; — (V4); is a natural isomorphism, so ¢ is not spectral for V. The
proof is now finished by observing that rank(ns‘f o) = rank(n;jj,) for all s, s’ not spectral
for V, which implies that Ny (V) = No(V4). In fact, the barcodes of V' and V. are related
as follows: the bars are in bijection such that every bar (a, b) for V corresponds to the bar

[a, b) for V. L]
We will also need the following lemma.

Lemma2.17. LetU — V — W be an exact sequence of persistence modules. If U and W
are gq-tame, then V is q-tame as well.

Proof. Letus fix s < ¢, and show that Jrs‘f ; has finite rank. We pick an arbitrary s < s’ <.
The following diagram commutes:

Uy ———V;

Vo ——8 — W,

where horizontal maps are the maps of the exact sequence. Thus, the middle row is exact,
and since U and W are g-tame, nsl,] , and JTsW;, have finite rank. Now [16, Lemma I1.17.3]
|4

implies that JTSI; =ng,0m S‘fs, has finite rank as well. m

2.4. Kiinneth formula and duality

We describe Kiinneth formula for persistence modules associated to continuous functions,
slightly extending its version from [68], see [18,20,39] for subsequent works.

Let M be a compact manifold without boundary and f: M — R a continuous function.
As before, denote by IO/* (f): = He({f < t}). Due to lower semi-continuity’ of Io/*( ),

3Similarly to the upper semi-continuity, a persistence module is called lower semi-continuous
if the canonical map colimg<; Vs — V¢ is an isomorphism for all 7 € R.
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the bars in i)’(I;*(f)) are of the form (a, b] or (a, +00) for a,b € R and moreover
ﬁ*(f) o~ @Ie:e(f}*(f)) K7, see [72] for details. Note that this is a genuine isomorphism
of persistence modules, while without the lower semi-continuity assumption we would
only have an isomorphism in the observable category, as explained in Remark 2.10.

For a function f € C°(M) on a closed manifold M, set

B,(f) = B (f)).

Let B““( f) denote the sub- barcode of £ (f) consisting of all its finite bars. Similarly,
£‘“'( ) is the sub-barcode of £ (f) consisting of all its infinite bars.

Theorem 2.18 (Kiinneth formula). Suppose that My, M» are two closed manifolds and
fie qO(Ml), 5 EOCO(MZ). The barcode of f1 + f» € CO(My x My) can be computed
from fB*gfl) and B« ( f») in the following way. For each pair of bars (a, lg] € By, (f1) and
(c,d] € B, (f2), there exists a pair of bars (a+c,min{a+d,b+c}] € B, 4k, (f/1+ f2),
(max{a +d,b + c},lg +d] € By, 4iy+1(f1 + f2). If b = +00 or d = 400, then only
the first bar exists in B(f1 + f2).

Proof. The theorem has been proven in [68] for Morse functions. To extend the proof to
continuous functions, it is enough to find C°-approximating sequences of Morse func-
tions and apply the stability theorem. ]

We will also require the following duality statement for functions.

Proposition 2.19. Let M be a closed manifold of dimensionn and f € C°(M). For every
integer 0 < r<n, the barcode i)’ﬁ" . (=f)= {(I’,m )} of — f indegreen —r — 1 and
the barcode !B““( f)={Uj,m})}of f indegreer are related as follows: the two indexing
sels agree, mj =mj forall j, and if I; = = (a;, bj], then I’ = (=bj, —aj). Similarly,

lfﬁmf(f) = {((ck, 00), my)}, then i)’mfr( ) = {(=ck. oo) mg)}.

For convenience, we denote the situation described by this proposition by

BN (—f) = —BM(f), B (—f) = —B"(f).

Proof of Proposition 2.19. For a smooth Morse function f, this is well known. For in-
stance, it is an immediate application of [81, Proposition 6.7] for I' = 0 applied to the
Morse complexes (see, for example, [73]) of f and — f with respect to the same Rieman-
nian metric p on M, such that ( f, p) is Morse—-Smale. For a general continuous function f,
we pick a sequence f; of smooth Morse functions C°-converging to f. Then by the iso-
metry theorem, we have the convergences

BN (—f) = B, (—f), BN — B

in the bottleneck distance. However, by the Morse case i)’ " (=S = —ﬂﬁ"( fi) for
all i, whence the result follows for finite bars. A similar argument applies in the case of
infinite bars. u
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3. Subadditivity of the bar counting function

3.1. Subadditivity theorem

A crucial property of the bar counting function, which we prove and use in this paper, is its
subadditivity for persistence modules in exact sequences. More precisely, the following
theorem holds.

Theorem 3.1. Let U — V — W be an exact sequence of moderate persistence modules.
Then for every a, B > 0 the following inequality holds:

eA/01+ﬁ(V) =< Na(U) + Nﬂ(W)

Remark 3.2. In particular, Theorem 3.1 applies to finite barcode modules which are
upper semi-continuous and bounded from the left (upper semi-continuity can in fact be
dropped by an application of Lemma 2.15).

On a different note, we expect that the same statement should hold for U, V', W being
arbitrary g-tame persistence modules. However, this generality is not necessary for us in
this paper.

In this section, we present a proof of Theorem 3.1 as well as its version which takes
into account the positions of the starting points of bars. This is a key technical tool from
the theory of persistence modules and barcodes. It allows us to make local-to-global
estimates which are crucial for the multiscale argument in the proof of the main tech-
nical result, Theorem 1.12.

3.2. Proof of Theorem 3.1
The main technical result we will need is the following proposition.

Proposition 3.3. Let
0>A—->B—>C—>0

be a short exact sequence of finite barcode modules bounded from the left. Then for every
a,p =0,
Not8(B) < Ny(A) + Ng(C).

Moreover, for every § > 0,
Ns(A) < Ns(B), Ns(C) < Ns(B).

We defer proving Proposition 3.3 and first show how it implies Theorem 3.1.
Recall that for a persistence module V' and a real number a € R, the shift V[a] of V
by a is defined as
V[a], = Va +t-

If a > 0, there is a canonical shift morphism

she,y: V — Vl]d]
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given by
(Sha V)i = 7TtVa+t3 Vi = Vayr = Vial;

for 71 : Vs — Vi, s < t, the structure maps of the persistence module V. Denote by
y@ = 1m(sha,V).

Lemma 3.4. Let V be a moderate persistence module. For all § > 0, V® is a finite
barcode module and N3(V) = No(V @),

Proof. For I = [a, b), we have that if b —a > §, then K(a) K;@s), where 10) =
[a,b —§), and K(S) = 0 otherwise. Due to the barcode decomposition (2.1), we have that
Ve ~11 IK(‘S) the product going over all I € B(V) of length greater than §. Since N
of a moderate persistence module is finite, this product is finite and the claim follows. =

We will also require the following auxiliary results. Recall that for a g-tame persist-
ence module U, we denote by U, its upper semi-continuous regularization, defined in
Section 2.3.

Lemma 3.5. Leti:U — V be an injection of q-tame persistence modules, such that V is
upper semi-continuous. Then the natural map qu:U — Uy is injective.

Proof. The maps i, qu, the induced map i1 :U; — V4, and the natural map gy : V — V.,
which is an isomorphism, fit into the commutative diagram
i
U——7-—=7V
qu qv
it
U ——— V.
Now gy oi = iy oqy is injective, and therefore gy is injective. ]

Lemma 3.6. Let f: A — B be a morphism of moderate persistence modules. Then ker( f)
and im( f') are moderate persistence modules.

Remark 3.7. We can complete the proof of Theorem 3.1 using either one of ker(f) or
im( /) being moderate. We include both statements in the lemma for the sake of com-
pleteness, and opt to use the latter one in our exposition.

Proof. Let K = ker(f) and J = im( f'). These are g-tame persistence modules, as sub-
modules of g-tame persistence modules. They fit into the exact sequence

0—>-K—>A4—>J—0.

Let us prove that K, J are upper semi-continuous.
First, K, J are submodules of upper semi-continuous g-tame modules. By Lemma 3.5,
these two facts imply that the natural maps gx: K — K4 and g¢j: J — J+ are injective.
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It remains to show that they are surjective. By Lemma 2.15 or Remark 2.16, we have an
induced short exact sequence

0> Ky > Ay —>Jy—>0

of g-tame persistence modules which fits into the commutative diagram

0 K A J 0
dK dA qJ
0 Ky Ay Ty 0.

Now the surjectivity of both gx and g is a quick diagram chase. For instance, let
t e Rand y; € (J4);. Then there exists x4 € (A4 ), which maps to y4. Then, since g4 is
an isomorphism, x4+ = (g4);(x) for some x € A;. Let x mapto y € J;. Thengqs(y) = y+
by the commutativity of the right square.

Moreover, it is easy to show that Ns(K), Ns(J) are finite for all § > 0, for instance,
by the same argument as for Lemma 3.4. Finally, the barcodes of K, J do not contain
negative rays since those of A, B do not. This finishes the proof. ]

Lemma 3.8. Proposition 3.3 remains true for o, 8,8 > 0 if we only assume that A, B
and C are moderate.

Proof. We first prove the moreover part of the proposition. Denote the maps in the exact
sequence by

04285 coo.

One readily checks that ¢® = ¢[8]| 45: A9 — B@ is injective, while @ = ¥/[§]|g&):
B® — C®) is surjective. We may complete these maps to short exact sequences

® ®
0— A® LA B®  coker¢p® — 0, 0— kery® — B@® v, c® o.

Persistence modules in these sequences are finite barcode modules bounded from the left,
and hence Proposition 3.3 implies that Mo (A®) < Ny(B®) and Ny(C D) < Ny(BD).
These inequalities together with Lemma 3.4 finish the proof of the moreover part.

Now, let us fix a decomposition of B as in (2.1), and let B’ be the submodule of B
obtained by taking only summands corresponding to bars of length greater than o + f.
Then B’ is a finite barcode module such that Ny g(B’) = Ny4p(B), and we consider

a short exact sequence

ox LB sy o

where X = ¢~ (B'), Y = ¥(B’), f = ¢|x. g = ¥|p’. Note that B’ is a finite barcode
module bounded from the left, and hence so are X and Y as its submodule and quotient
module, respectively. Indeed, X and Y are pointwise finite-dimensional, and therefore
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have barcode normal forms. Then their barcodes are finite by a local calculation and
evidently bounded from the left.
Hence, we may apply Proposition 3.3 to obtain

Natp(B) = Narp(B') < Na(X) + Np(Y).

Furthermore, since X is a submodule of 4 and Y is a submodule of C, the moreover part
which we already proved implies that Ny (X) < Ny (A), Ng(Y) < Ng(C), which finishes
the proof. ]

Proof of Theorem 3.1. Denote the maps in the exact sequence by
vihviw
and consider the induced exact sequence
0— im(f) -V — im(g) — 0.

By Lemma 3.6, im( /), im(g) are moderate. Now by Proposition 3.3 and Lemma 3.8, we
obtain that
No(im(f)) < No(U),  Np(im(g)) < Ng(W)

since f: U — im(f) is surjective and the inclusion im(g) — W is injective. Now by
Proposition 3.3 and Lemma 3.8 again, we obtain

Nog (V) = No(im(f)) + Np (im(g)) < Na(U) + Ng(W). u

Before we proceed with the proof of Proposition 3.3, we require a few preparatory
notions and results. We start with the following key definition.

Definition 3.9. For two morphisms
f:X-Y f:X =Y

of persistence modules, we say that f, f’ are (81, §2)-close if there are (8y, 82)-inter-
leavings
px: X = X'[61], gx: X' — X[82].

qx[81] o px = shg, 18, x, px[82] o gx = shg, s, x7, and
py:Y — Y/[81], qy: Y — Y [8,],

gy [61] o py = shs,1+5,.v, pr[82] 0 gy = shs, s, y’, such that the following condition
holds:

prof = flsilopx, qvof = flbogx. (3.1

We prove the following lemma.
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Lemma 3.10. If f, f/ are (81, 82)-close, then their cokernels coker(f), coker( f') are
(81, 82)-interleaved.

Proof. Set C = coker(f), C’ = coker(f’),andletw:Y — C,n": Y’ — C’ be the natural
projections.
We will first construct the interleavings

pc: C = C'[81], qc:C' — C[8a],
and then show that they satisfy the interleaving identities

qcl81] o pc =shs 4s,.c.  pclé2] o gc = shs,4s,,c-

Note that to construct pc: C — C’[81], it is enough to construct pc:Y — C’[§1] such
that pc o f = 0. Set pc = n'[81] o py.
Then by condition (3.1),

pco f=n[8]opyo f=n"ls1]o f81]opx =0

since 7'[§1] o f'[81] = O by definition of cokernel. This yields our desired map pc.
The map ¢ is constructed similarly using §¢ = 7[82] o gy .

Now let us check that g¢[81] o pc = shs, +s5,,c. It is enough to check that gc [§1] o
pc = m[81 + 82] o shs, 45, v = shs, +5,,c o 7. Inturn, using ¢ = gc o ', we calculate
that

gclbil o pc = qclbi] o 7'[81] o py = Gclb1] o py
= m[8; + 82] o gy [81] o py = m[81 + 82] o shg, 4s,.v- L]

For a finite barcode module V, let N(V') = Ny(V') denote the total number of bars of
positive length in the barcode of V. If V is in addition upper semi-continuous, N (V) is
equal to the total number of bars in its barcode, since there are no bars of length zero.

Lemma 3.11. Let
0—-A—-B—->C—=0

be a short exact sequence of finite barcode modules bounded from the left. Then
N(B) < N(A) + N(C).

Moreover,

N(A) = N(B), N(C) = N(B).

Proof. We apply Lemma 2.15 to assume that A, B, C are upper semi-continuous.

Observe that for an upper semi-continuous persistence module V' bounded from the
left, the number N (V') of bars in the barcode of V is equal to the number of left endpoints
of bars for V. The number K(V') of finite bars in the barcode of V is equal to the number
of (finite) right endpoints of bars for V. Finally, set /(V') for the number of infinite bars
in the barcode of V.
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If € > 0 is smaller than the minimal gap in the spectrum of V, then for every spectral
point x of V, the number N(V, x) of bars starting at x satisfies

N(V,x) =dim L(V,x), L(V,x) = coker(n” Ve = Vite),

xX—€,x+e*

where ns‘f . Vs = Vi for s <t are the structure maps of the persistence module V. Simil-
arly, the number of bars K(V, x) ending at x satisfies

K(V,x) =dimR(V,x), R(V,x)=ker(x” Viee = Vite).

X—€,x+e€*

Now, in the setting of our short exact sequence, let € > 0 be smaller than the minimal
gap in the union of the spectra of A, B, C. Let x be a spectral point for A, B, or C. Then
applying the snake lemma to the following commutative diagram:

0 Ax—e By Cr—ec 0
A B
nxfs,ere ”xfe‘x+e nxfe,ers
0 Ax+e Bx+e Cx+e 0

yields the exact sequences of cokernels
L(A,x) - L(B,x) > L(C,x) >0

and kernels
0— R(A,x) —> R(B,x) = R(C,x).

To prove the first statement, we let x be spectral for B and calculate dimensions for the
cokernel exact sequence. This yields

N(B,x) < N(A,x) + N(C, x).

Summing over all spectral points x for B, we obtain N(B) < N(A) + N(C), as desired.
To prove the moreover part, we first suppose that x is spectral for C and compute
dimensions for cokernels to obtain

N(B.x) = N(C,x)

and sum up over all such x to get N(B) > N(C).
Then we suppose that x is spectral for A and compute dimensions for kernels to get

K(A,x) < K(B, x).

Summing up over all such x, we obtain that K(4) < K(B). However, the numbers of
infinite bars in A, B, C satisfy

I(B) = I(4) + 1(C) = I(4).

hence
N(A) < N(B).

This finishes the proof. ]
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Now we are ready to proceed to the proof of the main proposition.

Proof of Proposition 3.3. We first apply Lemma 2.15 to assume that A, B, C are upper
semi-continuous.
To prove the moreover part, it suffices to notice that for a persistence module V' and
>0,
N5 (V) = N(V®)

for VO = im(shg 7). Now in our situation, A®) — B®) jsinjective and B®) — C® is
surjective, hence by the moreover part of Lemma 3.11, we obtain the desired inequality.
This motivates our approach to the main part of the proposition: we reduce it to Lem-
mas 3.11 and 3.10 by a suitable key construction.
Inspired by [77, Section 7], we let

0>RLG>C>0

be a projective resolution of C given by resolving every finite elementary module K, )
in a normal form decomposition of C by

0— K[b,oo) d K[a,oo) — K[a,b) — 0.

Observe that in view of the theory of extension groups, B considered as an extension
of C by A is obtained from a homomorphism

g R— A

Namely,
B = coker(j & g)

for the monomorphism
P R—>GpA

of persistence modules.

Let A’, C’ be the submodules of 4, C obtained by erasing all direct summands in the
normal form decompositions of A4, C corresponding to bars [a, b) of lengths b —a < «
and b —a < B, respectively. Let

p:A—= A, i:A - A

be the natural projection and injection.
Consider the projective resolution

0—>R/L>G—>C’—>0

of C’, where R’ L, G is obtained from R %> G by keeping every direct summand
Kip,00) = K[q,00) corresponding to a bar [a, b) of length > B, and changing every sum-
mand Kip o) = K[g,00) corresponding to a bar of length < 8 to K/ o0) = K[g,00) for
b =a.
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Note that there are natural maps
w:R— R, v:R — R[B].

They provide a (0, B)-interleaving. Note that by definition, j = j’ o p.
Let us now construct an extension

0—-A[f] - B —-C' =0
of C’ by A’[B] by considering homomorphism
g R — A'[B]
defined as the composition

R RIB) 5 A1) 25 A'(p)

and setting
B’ = coker(j' @ g'),
forthe map j' ® g’ R — G & A'[B].
By Lemma 3.11, we obtain

N(B") = N(A'[B]) + N(C') = Nu(A) + Np(C).

It is therefore sufficient to prove that N(B’) > Ny (B), which would follow dir-
ectly from the isometry theorem if B’ and a shift B[a] of B for suitable a € R are
a+p

- -interleaved.

As we shall see below, this indeed holds by Lemma 3.10 combined with the following
statement.

Lemma3.12. Themaps j ®g:R—>G® Aand j' ®g':R' — G & A'[B] are (0, + B)-
close.

Proof. First, we claim that a (0, « + §)-interleaving between R and R’ is given by maps
u: R — R’ and shy gg) o v: R — Rla + B]. Indeed, since p and v form a (0, B)-
interleaving between R and R’, we have that

shy, R[] © v © it = shg r[g] © shg,r = shayp k.
as well as
plo + B] o shg rigy 0 v = pufer + B] o v[e] o shy g = shg r/[a] © she, R’ = sheyp R

Second, we claim that a (0, @ + f)-interleaving between G @ A and G & A'[f] is
given by
id@shgg0p:GHA— G AB],
Shasp.G ® ila + Bl o sheaip1: G & A'[B] > Gla + Bl @ Al + .
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The fact that the first components constitute a (0, « 4+ B)-interleaving between G and itself
follows from the definition. To check the interleaving identities on the second component,
we compute as follows:

ifo + Bl oshy arfpy o shg aro p =i+ Bloshaipaop
= ifa + Bl o plo + Bl oshatp.a = shaip.4.
since i o p = id on im(shy4 g 4). For the second interleaving identity, we compute
(shg,ar 0 p)la+ploifa+pB] o shy 4] = shp aresp) © ple+B] o ifor+B] o shy, a/(p]
= shg,a'fa+p] © Sha,4(8) = Sha-p,4/181-

since p oi = id.
Let us now check the relations given by (3.1). Using the fact that u and v form a (0, 8)-
interleaving, we compute

g'on=plploglBlovon=plBloglBloshgr = plBloshgaog=shgaopog,
which together with j = j’ o u implies the first equality in (3.1), namely

J'@g opn=(d®shg g 0p)o(jdg).
In order to check the second identity, we compute component-wise as follows:

Jle + Bloshg,rigyov = j'le + Bl o ple + Bl o v[e] o sha, g/
= j'la + B] o shg R[] © Sha,r
= j'lo + Bloshaypr = shaypg o).
Finally, using the fact thati o p = id on im(shgy, 4), we compute
iler + B) o sha,argy 0 8’ = iler + Bl o sha, gy © plB] 0 g[Bl 0
= ifa + p] o pla + B] o she sy 0 g[B] o v

= shq 4181 © g[Bl o v = glor + ] o shg,rgy 0 V. n

Now by Lemma 3.10, B = coker(j & g) and B’ = coker(j’ & g’) are (0, a + B)-
interleaved, and hence B and B’[—#] are #-interleaved.

We completed the proof of Proposition 3.3. ]

3.3. Subadditivity with controlled endpoints

We will later require the following variation of Proposition 3.3 and Theorem 3.1, which is
proven using similar methods. For a moderate persistence module V', § > 0, and a subset
X C R, denote by

Ns(V, X)

the number of bars of length > § in the barcode of V', which start at a point of X. By the
definition of a moderate persistence module, all bars in the barcode of V' are closed on
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the left and open on the right and Nz (V') is finite for all § > 0. Thus Ns(V, X) is finite
since N3 (V, X) < Ns(V). Recall that for another subset Y C R, one denotes X + Y =
{x+y|lxeX,yeY}.

Theorem 3.13. Let
0—-A—-B—->C—=0

be a short exact sequence of moderate persistence modules. Then for every Z C R, § > 0,
MNas(B,Z) = Ns(A, Z + [-6.8]) + N5(C. Z + [-26.0)]),

and moreover
Ns(C,Z) < Ns(B, Z).

The following consequence shall be of use in Section 8. Set
Ny (V) = N5 (V. A0}). (3.2)
Call a persistence module V' non-negatively supported if Vy = 0 for all < 0.

Corollary 3.14. Suppose that U i) V & W is an exact sequence of non-negatively sup-
ported moderate persistence modules. Then

N (V) < N3(U,[0,8]) + N (W).

Let us now prove Theorem 3.13 and Corollary 3.14 by a couple of extra arguments
similar to those in Section 3.2.

Proof of Theorem 3.13. Let§ > 0, Z C R. We first prove the moreover part. We proceed
like in the proof of Proposition 3.3, the only difference being the additional observation
that

Ns(V,Z) = N(VPI5], Z)

and that the moreover part holds for finite barcode modules. The latter statement holds by
summing up the local inequality N(B, x) > N(C, x) over all x € Z which are spectral
for C.

To prove the main inequality, as in the proof of Proposition 3.3, we first suppose that
A, B, C are finite barcode modules and observe that for all Z C R,

No(B,Z) < My(A, Z) + Ny(C, Z).

This follows by summing up the local inequality N(B, x) < N(4, x) + N(C, x) over all
x € Z which are spectral for B.

Now, we argue similarly to the proof of Proposition 3.3 with o = § = §. Let 0 —
A'[8] > B’ — C’ — 0 be the exact sequence introduced in the proof of Proposition 3.3,
where we showed that the modules B and B’ are (0, 2§)-interleaved. Since this is equi-
valent to B and B’[—§] being §-interleaved, this means that after erasing certain bars of
length < 28 from the barcodes B(B), B(B’), there is a bijection ®: B (B) — B%(B’)
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between the resulting barcodes B%(B), B%(B’), such that ®({a, b)) = (c,d) implies
c €{a} +[-28,0],d € {b} + [-28,0]. This yields

Nos (B, Z) < No(B', Z + [-28,0]).
In turn,

No(B', Z + [=28,0]) < No(A'[8]. Z + [=28.0]) + No(C'. Z + [~26.0])
= Ns(A, Z + [-8.8]) + Ns(C. Z + [-25.0]).

Now for A, B, C moderate, we pass to the short exact sequence
0—-X —-B —-Y —0, (3.3)
where B’ is defined as in the proof of Lemma 3.8 with « = 8 = §. In particular,
N (B, Z) = Nas(B', Z).

We define X', Y’ as follows. Observe first that there is a natural map pg: B — B’. Let
L’ = ker(pp). This is a submodule of B (in fact it is a summand consisting of the short
bars). Let M’ = ¢(L’) and K’ = ¢~ (L’). These are submodules of C and A, respect-
ively. In total, we obtain the diagram of short exact sequences

0 K L M’ 0

ig ip ic

0 A B C 0,

where the vertical maps ig, ip, ic are the natural inclusions. Setting X’ = coker(iy), Y’ =
coker(ic) and noting that B’ =~ coker(ip) by construction, the snake lemma produces the
short exact sequence (3.3), as desired, since ic is injective.

Now by the finite module case,

Nos(B,Z) = Nas(B',Z) < Ns(X', Z + [-5,8]) + Ns(Y', Z + [-26,0])
< Ns(A, Z + [=8.8]) + N3(C. Z + [~25.0]).

In the last step, we used the fact that X, Y/ are quotient modules of A, C and the moreover
part of the theorem. ]

Remark 3.15. In the proof of Theorem 3.13, we could not use the same finite barcode
replacement 0 - X — B’ — Y — 0 as in the proof of Lemma 3.8, since the moreover
part of the theorem does not hold for C a submodule of B instead of a quotient module.
We expect that this replacement would allow one to prove an analogue of Theorem 3.13
where the control is on the right endpoints of the bars instead of their left endpoints. We do
not require such an analogue in this paper.
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Proof of Corollary 3.14. As in the proof of Theorem 3.1, we replace the exact sequence
by the short exact sequence 0 - A - B — C — 0, where A = im(f), B=V,C =
im(g) are still moderate. As in the proof of Proposition 3.3, we see that for every Z C R,
Ns(A.Z) = Ns(U. Z).

Now, by Theorem 3.13 and non-negative support,

NZS(V’ {0}) = ‘A[S (Av [_8’ 8]) + JVS (C7 [_2& 0])
=< Ns(U,[0,8]) + N5(C.{0}).

We claim that N5 (C, {0}) < N5(W,{0}). This would imply
Nys(V) < N5 (U, [0.8]) + N (W)

as required. To prove the claim, note that for an upper semi-continuous non-negatively
supported persistence module Q,

N(;O(Q) = rank(n(ﬁs).

Applying this identity to C and W, it remains to show that rank(noc 5) = rank(ﬂgVS), which

. . c _ _WwW
is evident because 'y = mg's|co- .

4. Multiscale polynomial approximation and cube counting

The goal of this section is to prove a polynomial, multiscale version of the simplex count-
ing method from [27], see also [67]. It is given as Theorem 4.4.

4.1. The result

We start by introducing a notion of a multiscale dyadic partition of [0, 1]", which will be
central in our arguments.

Definition 4.1. Let / be a positive integer. A set 0 C R” given by

mp mp+1 m, my+1
o= ] ]

20 2l Y
for some my,...,m, € Z is called a standard dyadic cube of size %
Definition 4.2. A multiscale dyadic partition of [0, 1]” is a finite set K = {07, ...,0kx|}

of standard dyadic cubes such that

|K|
Joi =10.1]" and int(o;) Nint(a;) = 0

i=1

fori # j. We abbreviate multiscale dyadic partition to MDP.
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Remark 4.3. By convention, we consider dyadic cubes to be closed. Hence, an MDP is
not a genuine partition of [0, 1]”, since dyadic cubes may intersect along faces of posit-
ive codimension. Nevertheless, the interiors of dyadic cubes form a genuine partition of
a subset of [0, 1]* of full measure.

One may construct an MDP of [0, 1]" as follows. Firstly, we divide [0, 1]” into 2"
standard dyadic cubes of size % by median hyperplanes. Then, we choose a subset of these
2" cubes and further divide each cube in this subset into 2" cubes of size 2% by median
hyperplanes. We proceed to divide certain cubes of size 2% into 2" cubes of size 2% and
repeat this procedure finitely many times. The set of all cubes we obtain in the end is
an MDP of [0, 1]". One may check that each MDP of [0, 1] can be obtained using the
described algorithm. In other words, the set of MDPs is in bijection with the set of ordered,
full, 2"-ary trees, see Figure 2.

Fig. 2. An MDP and a corresponding 2" -ary tree.

Recall that N5 ( f) denotes the number of bars of length greater than § in B( /'), which
is finite in all the cases we consider, see Section 2.2. Since we wish to use the Mayer—
Vietoris sequence for compact sets, in this section and Section 5, we consider Vg ( f) to be
defined using Cech homology of sublevel sets, i.e., N5 (f) = Ns (17( f)) in the notations
from Section 2. This will not make a difference in the end result, see Proposition 2.12.

By a polynomial on a subset U C R” we mean a restriction of a polynomial on R”
to U. For a non-negative integer k, denote by #% (U) the set of all real polynomials on U
of degree less than or equal to k. Let Sx (R") = {,/p | p € P2k (R"), p > 0} be the set of
square roots of non-negative polynomials of degree less than or equal to 2k. For a subset
U C R”, denote by Sz (U) the set of restrictions of functions from S (R") to U.

Theorem 4.4. Let K be an MDP of [0,1]" and f:]0, 1]* — R a continuous function.
Ifforevery o € K, dco(flo. Pi(0)) < $ or dco(flo. Sk(0)) < 2, then

d\f2n+15(f) =< Cn,k|K|’

where C, . depends only on n and k.
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The proof of Theorem 4.4 occupies the rest of the section. It has two main ingredients.
The first one is a method of calculating Mg (f) from restrictions of f to subsets covering
its domain. This method is explained in Section 4.2. The second one is an estimate from
above on Nz of a polynomial on a box, as well as a square root of a polynomial on a box,
see Proposition 4.12. These two ingredients are combined using the stability theorem.

Remark 4.5. When considering barcodes in degree 0 only, the proof of Theorem 4.4
simplifies significantly, see Remark 4.10.

Remark 4.6. Theorem 4.4 can be considered as a polynomial multiscale version of the
simplex counting method from [27], see also [67]. To obtain the standard simplex count-
ing, one should set k = 0 and notice that

deo(flo. Po(0)) = osc(fls).

where

osc(f o) = max(f o) —min(fls)

is the oscillation of f on o. To go from simplices to cubes, it is enough to divide a standard
n-simplex into n + 1 cubes by median hyperplanes, as we do in the proof of Proposi-
tion 5.5.

4.2. Barcode calculus on covers

In this subsection, we work with barcodes of continuous functions on compact Haus-
dorff spaces. We wish to ensure that the corresponding persistence modules are moderate,
so that results from Section 3 can be applied to them. As explained in Section 2, in this
situation all conditions in the definition of a moderate persistence module will be auto-
matically satisfied, except for g-tameness. To this end, we introduce the following notion.

Definition 4.7. Let X be a Hausdorff topological space. A finite collection {A; }1<i<m of
compact subsets of X is called tame if for every continuous function f: X — R and any
set of indices 1 < iy < --- < i; < m, the persistent Cech homology V(f|A,t1 ﬂ'"ﬂAi,) is
g-tame.

There are two examples of tame collections which will play important roles in the
proofs of our main results. The first one is given by any finite collection of boxes in R”.
By a box we mean a product of closed intervals [a1, b1] X - -+ X [an, by] C R” (here we
allow also a; = b;). Persistence modules associated to continuous functions on boxes are
g-tame, see Section 2. Hence, to see that such a collection is indeed tame, it is enough to
notice that an intersection of boxes is again a box.

The second example is a collection of subsets of a manifold obtained as homeo-
morphic images of cubes from a fixed cubulation, see Proposition 5.5. Since two such
subsets intersect along an image of a face of a cube, all intersections will be homeo-
morphic to boxes and hence continuous functions on them will have g-tame persistence
modules.
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We wish to prove the following.

Proposition 4.8. Let {A;}1<i<m be a tame collection of subsets of a Hausdorff topolo-
gical space X and f: X — R a continuous function. Then V( f |Al.1 U'"UA"I) is q-tame and
for each § > 0, it holds that

Noms (flayueva,) < Y Ns(flag nena,)-
lfil <-~-<il <m
Using induction on m, one readily checks that Proposition 4.8 follows from the special

case of two compact sets, i.e., m = 2. Thus, we are left to prove the following statement.

Lemma 4.9. Let {A;, Ay} be a tame collection of subsets of a Hausdorff topological
space X and f:X — R a continuous function. Then V( f |4,u4,) is g-tame and for each
S > 0, it holds

Nas (flajuas) = Ns(flay) + Ns(flay) + Ns(flayna).

Proof. Since f is continuous, for every t € R, { f|4, <1}, {f|4, <t} are compact and
we may apply the Mayer—Vietoris sequence to obtain a long exact sequence

o Ho({f la, <) @ Ho({ flay <11 = Ho({ flayua, <13
— g*—l({flAlﬁAz = t}) e

The naturality of the Mayer—Vietoris sequence implies that in each degree d, there exists
the following exact sequence of persistence modules:

Va(f1a) ® Va(flan) = Va(flayuas) = Va1 (flainas),

which after summing over all degrees d gives an exact sequence

V(f1a) ® V(flar) = V(flayuan) = V(flaynas)-

Thus, Lemma 2.17 implies that V(S| 4,U4,) i g-tame, and we may apply Theorem 3.1
to obtain the desired inequality. ]

Remark 4.10. In the case where we consider barcodes in degree 0 only, the proof of Pro-
position 4.8 becomes simpler and yields the following inequality with sharper dependence
on §:
Nos(flaru-uan) < Y Mos(fla,). (4.1)
1<i<m

Indeed, for two sets, the relevant part of the Mayer—Vietoris sequence now takes the form

o= Ho({f 4, <1}) ® Ho({fla, <1}) = Ho({f 4,04, < 1}) — 0.

It now suffices to apply the monotonicity of the bar-counting function under surjections,
see Proposition 3.3 and Lemma 3.8.

Consequently, Theorem 4.4 follows directly from equation (4.1), Proposition 4.12,
and the stability theorem for barcodes. This bypasses the use of Lemmas 4.11, 4.14,
and 4.15 below.
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By a compact cover we mean a family of compact subsets of a space whose union
is the whole space. Let U = {U;} be a finite compact cover of a Hausdorff topological
space X and f: X — R a continuous function. If U is tame, Proposition 4.8 gives the
following estimate:

Mouis(f) = Yo Ns(fly,nenuy,)-

1<iy<-<i;<|U|

Under certain assumptions, the coefficient 2/%! in this inequality can be improved. To this
end, recall that a compact cover U is called m-colorable if it can be partitioned into m
subsets (colors) Uy, ..., Uy C U such that each U; consists of disjoint sets.

Lemma 4.11. Assume that U is m-colorable and tame. For all § > 0, it holds that

Noms(f) = D Ns(fluy,nenu;))-

1<iy <-<iy<|UJ

Proof. Let Uy, ..., U, C U be a partitioning of U into m colors. Denote by A; =
UUeui U for 1 <i < m. Then {A4;} is a compact cover of X. Since the sets A; are
unions of sets in a tame collection U, Proposition 4.8 implies that {A;} is also tame.
We may now apply Proposition 4.8 again to obtain

Noms ()< D Ns(flay, nnay,)- (4.2)

1<ij<-<ij<m

We have that
Ay NN A4 = U Uuj,n---nuj, (4.3)
(Uj] ..... Uj[)eui] X-~-Xu1'[
and due to the coloring condition, the sets U;, N --- N Uj, for (Uj,, ..., U;) € U;; x

--- x U;, are disjoint. Now notice that given two disjoint sets X1, X» C X, it holds that
V(flx,ux,) = V(flx,) ® V(flx,) and thus

Ns(flx,ux,) = Ns(flx,) + Ns(flx,)- (4.4)

This property combined with (4.3) gives us

N3 (f g, nenay,) = > N3 (fu, nenu,);

(Uj1 ..... Uj[)eui1x~-~xui[

which together with (4.2) proves the claim. ]

4.3. Barcode of a polynomial on a box

By an n-dimensional box we mean a subset Q C R” of the form Q = [a1,b1] X -+ %
[an, by]. For 0 < i < n, an i-dimensional face or an i-face of Q is defined by setting
n — i coordinates in Q to be equal to either a; or b;, i.e., via conditions (x;,,...,x;, ;) €
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{ajy.bj yx---x{aj,_;.bj,_; y and (xjrz—[+l v ’lel)e[ajn—[+l ’bjn—i+l]x -+ x[aj, . bj,].
An open i-dimensional face is given via conditions (x;,,...,x;, ;) € {a;,, b; } x -+ X
i by, and (X5, ys oo X5,) € @iy s Bjy_iyy) X -+ X (@, bj,). There are
exactly (';)2”_i i-faces of an n-dimensional box. An n-dimensional cube is an n-dimen-
sional box which satisfies by —a; = --- = b, — a,.

We prove the following result which provides necessary bounds on the number of bars
in the barcode of a polynomial or a square root of a polynomial on a box.

Proposition 4.12. Let Q C R”" be an n-dimensional box, and let p € Px(Q) or p €
S8k (Q), k = 1. Then there exists a constant C,, depending on n only, such that for every
5§ >0,

Ns(p) < Cuk™.

Moreover, B(p) is finite, and the total number of bars satisfies No(p) < Crk".

Remark 4(21131)1’1'1 faclt, we obtain the bound Ns(p) < M + % for p € Pr(Q) and
Ns(p) < =5~ + 5 for p € $¢(Q).

Proof of Proposition 4.12. Firstly, we notice that Ns(p) < C,k" for all § > 0 implies the
finiteness of B (p) with the desired bound. Indeed, due to upper semi-continuity of 17( ),
there are no bars of length zero in B(p), see [72] for details. Since the bound does not
depend on §, the claim follows. Hence we are left to prove the inequality for a fixed § > 0.
Let us first prove the case p € P (Q). Having fixed §, consider a small perturbation g
of p, satisfying [p — g[co(g) < %, that is a Morse polynomial of degree at most k on
the box Q in the sense of manifolds with corners [45, Definitions 4 and 6]. In particular,
we can assume that it is Morse on every open i -dimensional face of Q for 0 <i < n, and
each of its critical points contributes at most one endpoint of a bar to the barcode of g
on Q. This is a consequence of the first and second Morse theorems for manifolds with
corners [45, Theorems 7 and 8]. Furthermore, Ns(p) < MNy(g) by the stability theorem.
Now the number of bars in the barcode of g is bounded in terms of the total number
C(g, Q) of the critical points of its restrictions to the open i-dimensional faces of Q
for 0 <i < n. Let F be such an open i-dimensional face. Then g|r is identified with
a Morse polynomial 4 = h; of degree at most k on F' C R, F' being the interior of an
i-dimensional box. The number C(h, F') of critical points of / is the number of common
solutions of the i polynomial equations d;4# = 0, ...,d;h = 0, of degree at most k — 1.
Furthermore, the gradients of these polynomials are everywhere linearly independent on
the common zero set. Therefore, by Milnor [59, Lemma 1], C(h i, F i) <k - 1)i. Hence
Nofg) <1+ CEDZL

where

n

Clg.0) =YY Clhpi. F') < ZZ"‘i(’Z)(k I
i=0

i=0 Fi

This finishes the proof for p € £, (Q).
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To prove the case p € Sx(Q), it is enough to notice that since p > 0, it holds that
{p <t} = {p? <t?} and hence

B(p*) = {la*.b%) | la.b) € B(p)}.

where (+00)? = 400 by convention. Now

Ns(p) < No(p) = No(p?)

and since p? € P»;(Q), the proof follows from the first case. |

4.4. Proof of Theorem 4.4

Let K be an MDP of [0, 1]*. For 0 < i < n, an i-face of a dyadic cube in K is called
minimal if it does not contain any other i-face of any other dyadic cube in K. We denote
by K@ the union of all minimal faces of cubes in K of dimension at most i and call K®
the i-skeleton of K. This terminology comes from the fact that minimal faces constitute
cells in the “obvious” CW-decomposition of [0, 1]” induced by K.

We call an [-tuple (11, ..., n;) of minimal faces of cubes in K nested if n; C --- C ny,
the inclusions being strict. We will need the following lemma.

Lemma 4.14. There exists a constant Cy,, which depends only on n, such that for every
MDP of [0, 11%, K, the total number of nested tuples does not exceed Cy|K|.

Proof. Every nested [-tuple (11, ..., n;) is a subtuple of a non-unique nested (n + 1)-
tuple. More precisely, there exists a non-unique (n + 1)-tuple (vg, ..., vy) such thatn; =
Vi, ..., N = v;, for certain indices 0 < i; < --- < i; < n. Manifestly, every v; is an i-

face of a dyadic cube. The total number of subtuples of a fixed (n + 1)-tuple is 2”1, and
hence

# nested tuples < 2" 1. (# nested (n + 1)-tuples). 4.5)

To estimate the number of nested (n + 1)-tuples (vg, ..., v,), we first notice that the
number of choices for vg is not greater than 2| K| because every dyadic cube has 2"
vertices. A chosen vg is contained in at most 2z minimal 1-faces, and hence the number
of pairs vo C vy is at most 2" |K | - 2n. Similarly, if we have chosen vg C vy C -+ C vy
the number of minimal (m + 1)-faces which contain v,, is at most 2(n — m). Thus

# nested (n + 1)-tuples < 2"|K|-2" - n!,
which together with (4.5) finishes the proof. ]

In order to prove Theorem 4.4, we will make use of certain compact covers of [0, 1]"
which correspond to MDPs. Roughly speaking, the sets in a cover corresponding to an
MDP K are boxes which approximate minimal faces of cubes in K, see Figure 3. Formal
properties of these covers are collected in the following lemma.
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Fig. 3. A cover of [0, 1]? corresponding to an MDP.

Lemma 4.15. Let K be an MDP of [0, 1]" and f:]0,1]" — R a continuous function
such that for every 0 € K, dco(f o, Pr(0)) < % ordco(fls,Sk(0)) < %. There exists
a compact cover U of [0, 1]* which satisfies the following properties:

(1) Sets in U are labelled by minimal faces in K, i.e., U = {Uy | n a minimal face}.

(2) Each Uy is a box.

G UNU, #B & nCvorv Ca.

(4) There exists a constant Cy i, which depends only on n and k, such that for each
nested tuple (1, ..., ;) it holds that Ns(f |u,, n--nUy, ) = Cn k.

We will first prove Theorem 4.4 assuming Lemma 4.15 and then prove Lemma 4.15.

Proof of Theorem 4.4. Let U be a compact cover of [0, 1]” given by Lemma 4.15.
Now, by property (3) we have that for two minimal faces 1 and v of the same dimen-
sion, it holds that U, N U, = @. Thus, the sets

U; = {Uy, | naminimal i-face}, i =0,...,n,

constitute a coloring of U by n + 1 colors. On the other hand, Uy, N---NU,, # 0
implies that )y, . .., n;, in appropriate order, form a nested tuple, again due to property (3).
Moreover, since by (2) each set in U is a box, U is tame as explained in Section 4.2 and
Lemma 4.11 implies that

Noiis(N) = 3 Ns(Flug, nentn,)-

M1 seees n;) nested

Property (4) gives us
Nont15(f) < Cy i - (the total number of nested tuples),

which together with Lemma 4.14 proves Theorem 4.4. ]
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Proof of Lemma 4.15. We will define U, as a box which approximates 7. More precisely,
given &, 7 > 0 and a minimal m-face n = [a;,, bi;| X -+ X [ai,,, b, ] X (Xipyyys- -5 Xiy)s
we define an (g, T)-approximation of 1 as

77(8’1) = [ail + 8’ bil - 8] Xoeee X [aim + 8’ bim - 8]

X [‘xim-H =T, Xipyyy + 7] XX x5, — T, X4, + 7]

Our goal is to choose pairs (g9, 79), - - -, (€, Tn) in such a way that

n
U = U Ui, U ={U, =& N[0,1]" | n a minimal i-face}
i=0

satisfy (1)—(4). Manifestly, U satisfies properties (1) and (2) for any choice of (g;, 7;). In
order for sets in U to cover [0, 1]”, it is enough that

1 <--<T1 <7 and ¢ <711 fori =1,...,n.

Indeed, for any choice of tq sets in Uy cover the 0-skeleton K (| The condition &1 < 7o
implies that sets in Uy U U; cover the 1-skeleton K . Similarly, &; < 7,1 <-+- < 19
implies that Uy U --- U U; covers the i-skeleton KW forall 0 <i < n. Hence, U =
Uo U --- U U, is a covering of K = [0, 1]". Figure 3 shows such a covering of [0, 1]
with approximations of minimal faces colored in three colors.

What is left is to arrange for properties (3) and (4) to hold. To guarantee property (3),
we choose (¢;, ;) inductively in such a way that each U, € U; intersects U, € Up U --- U
U;—; if and only if n C v and no two sets in U; intersect. More precisely, we start by
choosing 7y small enough, so that sets in Uy are disjoint. Assume now that (g9, 7o), - . .,
(8i—1, Ti—1) are given, and let us choose (&;, ;). We first pick &; to be an arbitrary number
which satisfies 0 < g; < 1,1 < --+ < 19. Notice that for each minimal i-face v and all
U, € Up U---U U;_y, it holds that

vEO Ny, £¢ ifandonlyif 5 Cv.

Since all the above sets are compact, for small enough 7/ we have that still for each
minimal 7-face v and all U, € Ug U --- U U;_y, it holds that

(LT A U, #0 ifandonlyif 5 Cv.
Similarly, notice that for any pair of minimal i-faces (v, v2), we have that
V&0 (0 _ g
and hence for small enough ;’,
Visl-,rl-”) ﬂ v;a,—,rl{’) g

holds as well. Taking 7; < min(t/, ;') guarantees property (3).
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Finally, to arrange for property (4) to hold, notice that for a nested tuple (11, ..., n;),
set Uy, N ---N Uy, belongs to the to-neighbourhood of 7;. By the assumption of Theo-
rem4.4, dco(fly,, Px(1)) < ‘% ordco(fly, . Sk(m)) < g. Hence for small enough 1o,
we have that

Aol 10y PilUp, -+ Uy) < 3. (4.6)
or

dco(fluy nenuy, » Sk(Up, N--- N Uy,)) < g 4.7)
On the other hand, since Uy, ..., Uy, are boxes, Uy, N --- N Uy, is a box as well and

hence Proposition 4.12 implies that Ng/(p) < C, x for any §’ > 0 and any p € P (Uy, N
-+ N Uy, or p € S(Uy, N---NUy,,). We choose §" and p such that

5 &

dCO(f|U,,1r1---nU,,l,P) < 577

This inequality together with the stability theorem implies

Ns (f vy, n--nuy, ) = Ny (p) = Gk

Taking 7 (and hence also all ¢;, 7;) small enough so that (4.6) or (4.7) holds for all nested
tuples of minimal faces guarantees property (4) and finishes the proof. ]

5. The proof of the main result

The goal of this section is to prove Theorem 1.12. We first present a few preliminaries
on Sobolev spaces, then we prove the local result on a cube, and finally prove the general
case.

5.1. Sobolev spaces

The goal of this subsection is to fix the definitions and notation for Sobolev norms that
are used throughout the paper. First, let 2 be a domain in R”. Given an integer k > 0 and
areal number p > 1, we define a Sobolev space W52 (Q) as the closure of C*°($2) with
respect to the norm

1
1 lwera = (X [ 1o el ax)”. 5.1)

el <k 7
where the sum is taken over all multi-indices & = (a1, ..., @), o € Zsg, such that

o1+ +a, <k,and D% = D;‘l‘ fo;’ denotes the partial derivatives. Similarly, the
space Wok’p (£2) is defined as the completion of the space C5°(£2) of smooth functions
with compact support with respect to norm (5.1).

The notion of the Sobolev space together with norm (5.1) can be extended to functions
on compact Riemannian manifolds and to sections of vector bundles. Several approaches
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leading to equivalent Sobolev norms are available. In the present paper, we use the defin-
ition via the partition of unity (see, for instance, [75, Appendix 1]), and we briefly recall
this construction.

Consider a finite atlas 'V = {(V;, ¢;)} for a compact Riemannian manifold M, where
Vi C R" is an open set and ¢;: V; — U; C M is a diffeomorphism, and let {y;} be
a subordinate partition of unity. Set K; = supp(y;) C U;. Then for f € C®(M), we
set f; = x; f and define

1

1 weran = (D10 9ilnik,)”

Note that the norm depends on the choice of the atlas and the partition of unity, how-
ever its equivalence class does not. This definition extends in a straightforward way to
sections of a vector bundle £ — M with an inner product.

For functions on Euclidean domains 2 C R”, we will also use the notation

ID* fllr ) = (|a2::k/9 ID“f(x)I”dx);.

This generalizes as follows to vector-valued functions. Given a positive integer k and
Q>R s = (f1,..., f1), we denote

ID4str = (X /Q(iX;ID“ﬁ(X)IZ) ax)

la|=k

(N3]
=

5.2. The case of a cube

Recall that Nz (|s]) denotes the number of bars of length greater than § in B(|s|) defined
using Cech homology. The following is the main analytic ingredient of the proof.

Proposition 5.1. Let n, | and k be positive integers and p > 1 a real number such that
kp > n. There exists a constant Cy i p, which depends on n, k, p, such that for every
smooth map s:[0, 11" — R and for all § > 0 there exists an MDP of [0,1]", K, such that

(1) Yo € K, dco(lsle|, Sk—1) < 3,
k n
) |K| <1+ Gy (125l

As an immediate corollary of Proposition 5.1, we obtain the local version of our main
result, Theorem 1.12.

Theorem 5.2. Under the assumptions of Proposition 5.1, it holds that

IIDkSIILp)’%
8 9

for certain constants Cp, i and Cy, i, which depend on n, k and n, k, p, respectively.

N8(|S|) = Cn,k + Cn,k,p(
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Proof. Let K be an MDP given by Proposition 5.1. Property (1) allows us to apply The-
orem 4.4 which together with property (2) proves the theorem. ]

The proof of Proposition 5.1 occupies the rest of the subsection. Our goal will be
to construct K using a subdivision algorithm with a criterion for subdividing a dyadic
cube o based on a Morrey—Sobolev type estimate for do(|s|q |, Sx—1(0)). We first recall
the relevant estimate. For a subset Q C R”, let J °l ,(Q) denote the space of mappings
s: 0 — R/ all of whose coordinates are polynomlals of degree at most k — 1. Endow R!
with the standard Euclidean metric.

Theorem 5.3 (Morrey—Sobolev). Let n, k be positive integers, and let p > 1 be a real
number such that kp > n. There exists a constant C nk.p which depends on n, k, p such
that for every n-dimensional cube Q C R" and every smooth function s: Q — RE, it holds
that

deo(s, PL_(0)) < C) 4, (Yol Q)1 ™7 || D¥s||r.

We include a proof of Theorem 5.3 following [32] in Appendix A. As an immediate
corollary of Theorem 5.3, we obtain that for every smooth s: Q — R/,

dco(ls]. $k-1(0)) < Cj 1 ,(Vol 0) 7 || DFs]| . (5.2)

Indeed, if s = (f1...., f1) is approximated by § = (p1, ..., p;) € #,_,(Q) via The-
orem 5.3, we obtain

! :
s — ¥l < Is — 5] = (Z(ﬁ —pi>2)
i=1

k_1
r iy (VoL Q)7 | D¥s| L.

Let us now fix positive integers n, [, k, a real p > 1 such that kp > n, § > 0 and
a smooth map s5:[0, 1]* — R’. We call a cube O C [0, 1]" bad if

(Vol Q)7 | DX (s|)lr > ,
2C,/, Kop

and otherwise we call it good. Notice that by (5.2), if Q is good, then

3
deo(lslol. Sk-1(Q)) < 5
We will need the following lemma.
Lemma 5.4. Let K be an MDP of [0, 1]", and assume that o1, ...,0n € K are bad.
Denote B = UlN=1 o;. It holds that

ID*(slp)llLr )%

N < (ZC;l,k,p)%(VolB)l_%( ;
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Proof. Since all 0; are bad, we have that fori = 1,..., N it holds that

lalr

Raising both sides of the inequality to the power p and summing over i gives us

(Voloy)» ™% <2C) ¢,

d k
—kp D*(s P
> (Voloy)! = s(zc};’k’p)P(M) .

(5.3)
i=1 8
One may check thatif ¢ < 0, x,...,xxy > 0and vazl x; is fixed, then vazl Xx{ attains
minimum when all x; are equal. Thus, 1 — kn—p < 0and vazl Vol o; = Vol B imply that
N kp N
Vol B\ 1=~ 1—ke
e D B\ C LA
i=1 i=1
which together with (5.3) yields
» D¥ P
N (Vo BY! =4 < (2C,’,,k,,,)1’(—” (S;B)””) .
Raising both sides of this inequality to the power % finishes the proof. ]

We now have all the necessary ingredients to prove Proposition 5.1.

Proof of Proposition 5.1. We assume that || D¥s|.» # 0. Otherwise, s = (f1,.... fi)
with f; € Pr—1([0, 1]*), which implies |s| € Sx_1([0, 1]"), and hence Proposition 5.1
holds for K = {[0, 1]"}. By convention, we consider any sum from O to —1 to be equal to
Zero.

Let Ko = {[0, 1]"}. We construct a finite sequence K; of MDPs of [0, 1]* inductively,
according to the following algorithm. If all ¢ € K; are good, the algorithm stops. If not,
we subdivide all bad dyadic cubes in K; into 2" smaller dyadic cubes; K;41 is the MDP
obtained as a result of this subdivision, see Figure 4.

Bad Good

Bad Good

K Ki41

Fig. 4. A step in the subdivision algorithm.
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Since chk is fixed and % — % > 0, the algorithm stops after a finite number of
steps lo. We define K = K, and proceed to prove that K, satisfies properties (1) and (2)
of the proposition. All o € Kj,, are good and hence by (5.2),

8
Vo € Kl()a dC0(|s|0|sSk—l(0)) < 5

This proves property (1).
What is left to do is to estimate | Kj,|. Denote by B; C K; the set of all bad dyadic
cubes in K;. By construction,

lp—1
|Kipl < 1+2" > |B]. (5.4)
=0

We use two competing estimates for | B;|.
Estimate 1: |B;| < 2",

k
Estimate 2: |Bj| < Cr’/’k’p2_l(k1’_")(—”D ;”L” )2, where C,;/,k,p

— / D
=G, 4. e
Estimate 1 follows from the construction since |B;y1| < 2"|B;|. Estimate 2 follows

from Lemma 5.4. Indeed, this lemma gives us?

IIDk(SIB,)IILn)%

|Bil < 2C; 4 ) (Vol B! (==

Substituting Vol B; = 27| B;| into this inequality and using || Dk(s|Bl Ve < | D*s||Le
yields Estimate 2.

To complete the proof, notice that Estimate 1 gets worse, while Estimate 2 improves
as [ grows. Hence, there exists an optimal value, /oy, starting from which Estimate 2
becomes better than Estimate 1. This /o, can be computed from the two conditions

k
onlon < Cr’l/’k,p2—lopt(kp—n)(”D 8S||Lﬁ )1’
and .
Cr/z/k pz—(lopt-‘rl)(kp—n) ( |D ;”LP )p < 27!(101’1“1‘1)’

which are equivalent to

| D¥s]|L»
1)

)ﬁ =(2C, , p)%. In the case [,y < 0, i.e.,

1
k
" )" <2kt (5.5)

Zl opt < (! (

" _ "
where Cn,k,p = (Cn,k,p

" ”Dks”L” % 1
n,k,p 8 <1

#We slightly abuse the notation and use B; both for the set of bad cubes and for Uge B, -
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we set [ope = —1. Applying Estimates 1 and 2 to (5.4) yields

Lopt ) oo " ||Dks||Lp »
Kl <142") 27 42" Y ¢y, 27 "_")(—5 ) . (56
Jj=0 j:lopl+1

First inequality in (5.5) gives us (when /oy > 0)

(@ ;{’k,p)"(”y{%)z—l). (5.7)

lopt

; 1
E onj — (2n(10p1+1) _ 1) <
=0

2n —1 -2 —1

On the other hand, since kp —n > 0, we have

o0 "

Z c 2_j(kp_n)(||Dks||LP )P _ Cn,k,p 2(n_kp)(10pl+1)<||Dks||Lﬁ )1"
it n.k,p 5 1 — 2n—kp S
J —topt

Second inequality in (5.5) gives us’

k n_
2@=kp) k1) _ (11 )n—kp(”D S”Ll’)k 4
n.,k,p ’

8
and hence

” m —k n
i c” 2—j(kp—n)(“Dks||L”)p < Cn,k,p(cn,k,p)n i (”DkS”LP)F (5.8)
e e § 1 —2n—kp 8 S
J =lopt

Substituting (5.7) and (5.8) in (5.6) finishes the proof. [

5.3. General case

In this subsection, we prove Theorem 1.12 using Proposition 5.1. We start with a con-
sequence of a theorem of Whitney [84, Section IV.12, Theorem 12A] regarding triangu-
lations of manifolds.

Proposition 5.5. Let M be a compact manifold of dimension n. There exists a finite col-

lection of smooth embeddings 0;: Q — M, 1 <i < N, where Q = [0, 1]" is the standard

cube in R", with the following properties:

H M= UlsisN 6 (Q).

2) {ei(Qc)}]ﬁisN are disjoint, where Qo = (0, 1)".

(3) Givenl <iy <---<iy <N, I; i = mlsjsl 0;,(Q) # O implies that there exist
faces Fiy, ..., Fi, of Q of the same dimension such that I;, .. i, = 0;; (Fi;) forall j.

@) Poralll < j < j' <I, (9,~j,|1 i/)_l o0 Fi;, — Fi,, is an affine diffeomorphism
of cubes.

.....

i1,

SHere we use the assumption that || DkS”Lp # 0.
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Proof. Indeed, Whitney’s theorem produces a triangulation with similar properties, that is,
g A" > M, where A" ={(tg,....ta) | D tj =1,t; > 0} is the standard n-simplex, satis-
fying the properties above with Q replaced by A and Q replaced by A" = {(to, ..., tn) |
> tj = 1,¢; > 0}. It remains to divide the n-simplex into (n + 1) topological cubes
{Qo....,0n}, where Q; = {t; > t;,i # j} C A", see Figure 5.

Qo 01

Fig. 5. A division of the 2-simplex into three cubes.

Note that Q; is parametrized by Q as follows: ¢; = (¥;)': Q — Q;, where ¥;:
Qj — Qisyy(to,....tn) =mj((to,...,t,)/t;), Where m; is the projection to the coordin-
ate plane H; = {t; = 0} composed with an evident isomorphism H; — RPN} where
[n] ={0,1,...,n}, and we further identify RP*\/} with R” artificially by listing coordin-
ates in increasing order. However, it is convenient to work directly in RPN/} and the cube
0 = {(xp)kj | 0 < xx < 1}. Note that ¢; (x)k;) = (fo, - - ., 1n), Where

b= — f=
T + Y x I+ Y

We claim that the resulting maps 6;x = g; o ¢r: Q — M, suitably reindexed, satisfy
the required properties. Indeed, in view of the analogue of property (4) from Whitney’s
theorem and the definition of Qj;, it is enough to check that the intersection condition
holds for the Q; themselves. This is a direct verification, which we illustrate in the case
[ = 2. In this case, for i < j, J;; = ¢;(Q) N ¢;(Q) satisfies J;; = ¢; (F;) = ¢;(F}),
F; = {xj =1}, F; = {x; = 1}. Moreover, (¢j|]ij)_l o ¢i: F; — Fj sends the vector
(Xr)k+i» Xj = 1 to the vector (x; )x;, X; = 1, where x; = xi, for k ¢ {i, j}, which is
an affine isomorphism of the cubes Fj, F;. [

fori # j.

Proof of Theorem 1.12. First, we claim that it is enough to prove the theorem for smooth
sections. Indeed, as the space of smooth sections C*°(M; E) is dense in wksp (M; E),
by the Sobolev inequality, for every & > 0 there exists s’ € C*°(M; E) such that
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dco(ls], |s']) < % s lwe.r < (1 4 &)||s]lyw«.». Now, considering only & < % and as-
suming we proved the theorem for s/, Proposition 2.13 implies that
N3(151) = Naoa () = /15, + G
= J¥(1-e) = 5%(1 _ 8)% wk.p
Ci(l+e)k n
< lIslye, + Co
sE(1L—g)f " WET

Taking ¢ — 0 (or taking C (%) % as the new constant Cy) proves the general case. In the
rest of the proof, we assume that s is smooth.

Let / be the rank of E. For {6;}1<i<y from Proposition 5.5, consider orthogonal
trivializations W;: 0/ E — O X R!. Viewing s o 6; as a section of 6F E, we have that
si = W;0s5060;: 0 — O xR!is a section of a trivial bundle which we identify with
amap s;: Q — R,

Proposition 5.1 shows that for all 1 <i < N, there is an MDP K; of Q such that for
allo € K;, dco(|silol, Sk—1(0)) < % and

IIDkSiIILn)%
; :

Consider a face F of Q of dimension m. It can be canonically identified with [0, 1]™,
and the MDP K; induces an MDP KF of [0, 1]™ such that K| < |K;| and still for all
o€ KiF, dco(|silels Sk—1(0)) < %. Theorem 4.4 implies that

|Ki| < Ci(S,(S) =1+ Cn,k,p(

Non+15(Islg; (F)) = Nant15(silF]) < Cp i Ci (s, 8) (5.9)

for all i and every face F of Q of dimension 0 <m <n. Set C(s,§) = maxi<;<n Ci(s,9).
Note that

s . . ~
[KYF2S ”(M,E))k7 (5.10)

)

where the constant does depend on the choice of the maps {6;}, {¥;} but this choice has
been fixed given M and E. By (3) in Proposition 5.5, {4; = 6; (Q)} is tame, as explained
in Section 4.2. Applying Proposition 4.8 to {A;} and using (5.9), we obtain that

C(5:8) = 1+ Car o (

Nowvanrig(s) < D" Mawtag(sla, nenay, ) <28 CuxC(s,6).

1§i1<~~<i15N
By (5.10), we have
C/, .z
Ns(ls]) = 8—%1IISII€Vk.p + G,

C{, C; depending only on M, E, k, p.
What is left is to improve C, to dim H, (M). By the Sobolev inequality,

IsllLee = max|s| < c|[sllwx.r,
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where ¢ depends on M, k, p only. In particular, if ||s||yx.» < é, then Ns(|s]) = C, =
dim H.«(M), since only the infinite bars would contribute to Ns(|s|). If ||s|lyx.r > %,
setting C; = C| + C%CZI, we have

Cy 2 Cy = n _n
I = S5l + R et = s,

This finishes the proof. ]

Remark 5.6. In order to obtain Theorem 1.12 for |s| replaced by —|s| as in Remark 1.13,
we notice that s: 0 — R/ satisfies

deo(|s|. $k-1(Q)) = dco(=|s]. =8k-1(Q)).

where
—$k-1(0) ={—q | q € $x-1(Q)},

and Proposition 4.12 still holds for p € —Sx_1(Q). The rest of the proof goes through
entirely analogously.

6. Proofs of applications

In this section, we prove the applications of Theorems 1.12 and 5.2.
We start with a general estimate of Sobolev norms of linear combination of eigen-
functions.

Proposition 6.1. Let M be a closed Riemannian manifold of dimension n, and let D be
a non-negative self-adjoint elliptic pseudo-differential operator of order q on the sections
of a vector bundle E over M with an inner product. Let s = Zj-=1 ajs; be a linear
combination of eigensections s; of D with eigenvalues Aj < A such that ||s|> = 1.

Then
k
sllwez < CA+1)4,
where C depends onlyon M, E, D, k.

Proof. Without loss of generality, we can assume that ||s;||;2 = 1 for all j, and the s;
are orthogonal to each other, as D is self-adjoint. Moreover, by possibly adding to D the
identity operator / and adjusting the constant C, we may assume that D is positive.

We may then consider the g-th root D; of D which is a positive self-adjoint elliptic
pseudo-differential operator of order 1 [74,76]. Note that D has exactly the same eigen-
sections as D, but its eigenvalues are A7, where A is an eigenvalue of D.

A fundamental elliptic estimate (see, for example, [75, Lemma 1.4, p. 69] or [52,
Chapter 3, Theorem 5.2 (iii), p. 193]) states that

Isllwe2 < CUDYsllL2 + llslL2)-
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k
Now D]fs = Z)L]f‘ a;s;, whence
2k
k2 G, 02 28
IDFsl72 =D A7 laj|> <A,
k .
S0 ||D’1‘s||L2 < A4 . In turn, we obtain

Islwrn < CAT +1) <2C(A + 1)4

where in the last step, we used the estimate
X 4+1=<(x+D*+1=<2(x+ 1)~
which holds for all x, o > 0. Relabelling 2C as the new constant C finishes the proof. m

The case of a manifold with boundary is more complicated, because the boundary
conditions play an important role. In particular, the argument via roots of elliptic operators
does not apply.

Proposition 6.2. Let M be a compact Riemannian manifold of dimension n with bound-
ary, and let D be a non-negative self-adjoint elliptic differential operator of order q with
Dirichlet boundary conditions on the sections of a vector bundle E over M with an inner
product. Let s = Zj’:l ajs; be a linear combination of eigensections s; of the Dirichlet
boundary value problem for D with eigenvalues A; < A, such that ||s|| 2 = 1. Then for

all integers k > 0,
k
Isllwx2 < C(A 4+ 1),

where C depends onlyon M, E, D, k.

Proof. Due to conditions imposed on D, we can assume, without loss of generality, that
the eigensections s; satisfy ||sj||;2 = 1 for all j, and are moreover orthogonal to each
other. By standard elliptic regularity for every integer m > 0 and s € W0m+q’2, the follow-
ing coercivity inequality is satisfied:

Isllwm+a.2 < C(IDsllym.2 + [Is]L2)-

Let us start by proving the statement for an integer multiple k = Ig, [ > 1, of ¢ by
induction on /. The base case is m = 0 in the coercivity estimate from the formulation.
The inductive step from kg = g to k = (I + 1)q = k¢ + ¢ is again an application of the
coercivity estimate: first as s = Y a;s; is a linear combination of eigensections satisfying
the homogeneous boundary conditions, so is Ds = ) A;ajs;. Note that

1
2
IDs|l > = (Z 1A;12]a; |2) <.
Therefore, by the coercivity estimate and the inductive hypothesis we obtain

k -
Islwrz < C(IDsllroz + 1) < C'AA+ 1)@ +1) < C' A+ 1)7,

possibly for a different constant C’.
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Now, it remains to prove the desired estimate for all 0 < k < ¢. Indeed, the same
argument as in the inductive step will then yield the estimate in full generality. For k = 0,
the estimate is trivial. For 0 < k < ¢, we use the interpolation inequality in Sobolev spaces,
which is easy to obtain from [8, Theorem 3.70], and the condition ||s|;2 = 1:

£ 1- k
Isllws2 < C"Islljalsl .Y < C" A+ 1)a. .

Remark 6.3. The proof of Proposition 6.2 only relied on the boundary value problem
being self-adjoint, non-negative, homogeneous, and satisfying a suitable analogue of the
coercivity inequality. This condition appears to hold in more general settings: see, e.g.,
[70, Section 3.1.1.4] for a discussion of the pseudo-differential setting. In particular,
it holds for the Neumann Laplacian, see [78, Chapter S, Proposition 7.2].

We require the following basic lemma about persistence modules and their barcodes.

Lemma 6.4. Let V,.(f) be a persistence module of a function f: M — R forr € Z and
By (f) be its barcode. Then for all § > 0 and t € R,

dimim(m 450 (Ve (f))e = (Ve (f)e4s) = Nrs(f).

Indeed, the number on the left-hand side counts bars which start before or at ¢ and end
after t 4 §, hence their lengths are all greater than §.

6.1. Proofs of Theorems 1.1 and 1.2

It suffices to observe that in view of Lemma 6.4,
my(s,8) < Ny/(—|s]) and z,(s,8) < Ns/(|s]) (6.1)

for all 0 < §’ < §. Estimate (1.3) of Theorem 1.1 is then an immediate consequence of
Theorem 1.12, Remarks 1.13 and 1.14 and taking the limit as §' — §. The same argument
yields

C n
my(s,8) < 5—1||s||k + G,

n k.p
z w

for C; = dim H,(M). In order to improve the constant C, to zero, we argue as in the last
step of the proof of Theorem 1.12. Namely, by the Sobolev inequality

Isllzee = max |s| < c||sllwx.p

where ¢ depends on M, k, p only. If ||s||w«x.r < %, then m, (s, 8) = 0 since {|s| > 8} is
empty. If ||s| px.r > g, we have

C n c% z Ci + Cyck z
mr5.8) < sl + g lolye, = 525 1,

Relabelling C; + Czc% as the new constant C; finishes the proof of Theorem 1.1.
Theorem 1.2 is a direct consequence of Theorem 1.1 for p = 2 and Proposition 6.1.



L. Buhovsky, J. Payette, I. Polterovich, L. Polterovich, E. Shelukhin, V. Stojisavljevié 3186

Remark 6.5. In fact, the stronger inequality m, (s, §) < N, s(—|s|) < Ns(—[s]) holds.
Moreover, a similar stronger inequality z/.(s, §) < N, s(|s]) < Ns(|s|) holds for the fol-
lowing modification z,.(s, §) of z, (s, §):

z,(s,8) = dimIm(H,(Z;) — Hr({|s| = 8})).

(Note the non-strict inequality on the right.) The second observation is not hard to deduce
from the upper semi-continuity of the persistence module V; (|s|), which implies that all
bars in B,(|s|) are closed on the left and all finite bars therein are open on the right,
and the fact that both Z; and {|s| < §} are closed sublevel sets of |s|. Similarly, the first
observation follows from the lower semi-continuity of Vv r(=Is).

Remark 6.6. In the case of closed manifolds, we may replace Remark 1.13 by an argu-
ment involving duality. Namely, observe that for any function f (we will be interested in
the cases f = |s| and f = —|s|), we have

Ns(f) = N"(f) + b (M),

where b, (M) = dim H, (M) is the r-th Betti number of M . Therefore, it suffices to bound
Nsﬁ“(—|s|) and N(Sﬁ“(|s|). Now Proposition 2.19 implies that Nnﬁfr_l’s (—|s]) = Nrfjg(|s|)
for all 0 < r < n. (In fact, this identity is also true for » < 0 and r > n as in these cases
it is easy to see that both sides vanish.) Hence N, Sﬁ“ (—Ish) = Nsﬁ“(|s|), and therefore it is
sufficient to bound only one of these values.

6.2. Proof of Theorem 1.4

We prove the following more general statement which readily yields Theorem 1.4. Let M
be a manifold of dimension 7, and let ¥ be the space of linear combinations of eigen-
functions of a non-negative self-adjoint elliptic pseudo-differential operator D of order
q > 0 with eigenvalues < A. For a number A, set A=A+1

Theorem 6.7 (Generalized coarse Courant for products). Let fi,..., fj be | smooth
functions with f; € ¥, and || fjllp2 = 1. Let f = fi--- fi. Fix integers 0 < r < n and
k > %. Then for all § > 0, o > 0,

! __2k—n—2a % _ a2
mr(ﬂS)SSC—I,g(ZAj 24 ) Ry -2 50
j=1

nn+2a)

k _ —
24 ) (Alkl) 2ka 4+ C,,

2k—n—2«a
J

5 < &1 l 2
zr<f,)_8—z(];

where the constant Cy depends only on M, D, I, k, o, and Cy = dim H,(M).

We use the following fractional Leibniz rule for Sobolev spaces, which holds, for

: 2 n.
instance, for f, g € W**, where s > 3:

Ifgllws2 = CULSf lws2llgllzee + 1 f Lo llgllws.2)-
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This estimate is easily verified on R” by means of the Fourier transform and then extended
to a closed manifold using a partition of unity. For further generalizations and relation to
the Kato—Ponce inequality, see [17,44]. Combined with Sobolev’s inequality, this yields

n.

the following estimate for k > 3

I
1wz < €Y I filwrz [ TIAN, 5 4es (6.2)
Jj=1 i#j
where C depends on M, [ only.
By Proposition 6.1 and f; € ¥, this becomes

1
| fllwez < €30y + D3 [ [ + 105
j=1 i)
for C’ dependingon M, D, [, k, c.
With this estimate, Theorem 6.7 follows directly from Theorem 1.1.
Theorem 1.4 then follows by replacing all A i by A, so that A enters with the exponent
% + % forb = (1_1)';—((1"““) and taking k large enough so that % <e.

Remark 6.8. Instead of the fractional Leibniz rule, we could have used the Sobolev trace
theorem for restricting F: M! — R, F(x1,...,x;) = fi(x1)--- fi(x;) to the diagonal
M = A C M! consisting of points (x1,...,x;) with x; = xj foralli, j (see [35, p. 121]).
It yields a weaker estimate than (6.2), which is, however, still sufficient to deduce The-
orem 1.4.

6.3. Proof of Theorem 1.5
We prove the following more general result from which Theorem 1.5 follows directly.

Theorem 6.9 (General coarse Bézout). Let f; € jif]j, 1 <j <1 bel functions, s =
(f1..... f1). Fix integers 0 < r < n and k > 5. Then for all § > 0,

1 n
C O\ £
2r(5,8) < —,}(2 (A + 1)5) +Ca.

8k \ i

my(s,8) < ﬁ(i(A + 1)’&)2
r(8:0) = <5 Z j )
where Cy depends only on M, D, I, k, and C, = dim H,(M).
In view of Proposition 6.1,

1 1
k
Isllwxz <Y I fillwee < C D (A + D,

j=1 j=1
where C depends only on M, D, k. Therefore, Theorem 6.9 is now a direct consequence
of Theorem 1.1.
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6.4. Proofs of Theorems 1.15 and 1.16

Theorem 1.15 is a direct application of Theorem 1.12 for p = 2 together with Proposi-
tion 6.1.

Theorem 1.16 is proven as follows. Set p = 2. Then by Theorem 1.15 applied once
with % < k1 < n and once with k, > n, we obtain

Ns(ls) < Cr(h + 1)7 min{8 F1,8 %2} + G, (6.3)

where C; is the maximum of the constants for the two cases and C, = dim H«(M) is
the total Betti number. Note that Nz (|s|) is a measurable function of § on [0, o) and
the right-hand side of (6.3) is integrable on every compact interval in [0, co). There-
fore, by Lebesgue’s dominated convergence theorem the function Nz (|s|) is integrable on
[0, max(|s|)]. Now

max(|s|)
1B(s])| < /O N5 (|s1) dS. (6.4)

Indeed, every finite bar [a, b) contributes b — a to both sides (see [27, proof of Moment
Lemma]) and every infinite bar [c, 0o), satisfies 0 < ¢ < max(|s|), and contributes
max(|s|) — c to the left-hand side and max(|s|) to the right-hand side. Now (6.4) and (6.3)
imply that

[B(IsD| < C1 By, k(A + 1) + Co max(s|)
for Bk, ky = [y min{(?_knT , 8_;'7} dé < oo. Finally, in view of the Sobolev inequality,
Proposition 6.1, and the choice % < ki <n,

k n
max(|s]) < Csllsllyx2 < Co+ D)7 < Calh + 1.
Hence we obtain
|B(sDI <= C(A + 1)«
with C = Cy Bn,kl,kz + CrCy.

Remark 6.10. Here we provide some details of the proof of the first part of Remark 1.18.
For the L?-norm, we modify (6.4) as follows:

max(|s|)
1B(sDIZ < p / 571 s (Is]) ds.
0

We assume that p > 1 since the case p = 1 was addressed as Theorem 1.16.
Let k; = n and k, > n. Then, as in (6.3), Theorem 1.15 implies that

max(|s|)

1B(sDIZ < pCr(A+ 1)4 [ min{? 7 7R, §271782 y d§ + Co max([s])?.

0
By the Sobolev inequality as above, this yields

n max(|s]) . o
|B(sDIy < pCi(A + 1)6[ min{8? " Fr §P 71Tk a8
0

kip
+CCPA+1) 7 .
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. 1. op—1-F~ op—1-7& 1 op—1—7-
Furthermore, the integral A; = [; min{§ 1,6 2}ds = [, 8 2 dé con-
verges. Hence it is enough to estimate

max(|s]) |_n 1 max(|s[) l—n n
[ min{s” "' Tk §P7 TR 1 dS = / §P7TF S < Ap max(|s])”
1 1

k
for A, = pkkl_l—n' Using the above Sobolev estimate max(|s|) < C4(A + 1)71 , we obtain

max(|s|) i i kip—n
/ min{8” TR 877 TR dS < Ay 4+ As(+ 1) 7 < Ag(h +
0

n

for A3 = A2Cf_H and A4 = A, + As. Therefore, as k; = n,

p—n k n
1B(sDIZ < pCrAs(h+ T4 GCIA+ ) T < AsQ+ 1)

for As = pCi1Aq + C2Cf. Hence
1B(sD|, < C"(A+ )4
1
for C" = AL

Remark 6.11. Here we explain the second part of Remark 1.18. Analyzing the argument
in Remark 6.10, we see that it also goes through for every 5 < k; < n with p — ,f—l #0,
with a slight difference between the two cases:

@ p—z >0,
®) p—# <0.

In the first case, the power of A + 1 can be improved to (A + l)kTI, and in the second
case, it can be improved to (A + l)ﬁ. Assuming we extended our results as in Re-
mark 1.17, for every p > 2, k; can be chosen to satisfy option (a) and for every p € [1,2),
k1 can be chosen to satisfy option (b). If k; is required to be an integer, then the range
of admissible p becomes more restrictive. For example, if n = 3, then only k1 = 2 satis-
fies the above condition, so for p = % neither option (a) nor (b) could be satisfied by
a choice of k.

6.5. Proof of Proposition 1.11

The first part regarding the existence of f; 7B Ai f for a metric ggrs on T2 is a reformu-
lation of the main result of [19]. The statement on 73 = T2 x S! with ggrs ® g« is
a direct calculation. The only part which remains to be proven is the statement regard-
ing T* = T? x T? with ggLs @ gais and d; (x, y) = f;,(x) — f;; (). Clearly, d;, is

an elgenfunctlon of the Laplacian on T# of eigenvalue Ai;. Recall that for any func-
tion f, V (f): = H«({f < t}). By [19], the barcode of V (fi;) has infinitely many
bars (ag, br], k € N, in degree 1. Respectively, by Proposition 2.19, the barcode of
Io/*(— Jfi;) has infinitely many bars (—by, —ax] in degree 0. Now, using Kiinneth formula
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for persistence modules proven in Section 2.4, we obtain that the barcode of ﬁ*(di_l.)
contains the infinite family of bars (ay — b, 0] in degree 1 (and the infinite family of
bars (0, by — ai] in degree 2, which we do not use). In turn, we obtain by definition that
dim H;({d;; < 0}) = +o0.

7. Proof of Theorem 1.10

7.1. Construction

Let (M, g) be a closed Riemannian manifold, and, as before, let £ be the linear span of
the Laplace eigenfunctions with eigenvalues < A.

The idea of the construction is as follows. Take a smooth function ¢ which is suppor-
ted in a unit ball, takes a positive value at the center, and the same negative value at any
point of the sphere of radius % Consider a collection of ~A3 small disjoint balls on M,
and let us transplant ¢ to each ball. Take the sum F of all these transplanted functions
and consider its L2-projection P on the space %;. We show that at least on half of all
the balls the remainder F — P is small in the L°°-norm. Therefore, on every such ball
the function P takes a positive value at the center and a negative value on a sphere in the
middle. Taking into account additional control in §, one can assure that after renormal-
ization in L2, these values are larger than § in absolute value. This implies that at least
half of all the balls contain a §-deep nodal component of the function f = v P” , which
gives the desired lower bound for mg( f, §) and zo( f, §).

Let us now formalize this idea. Choose a local chart U C M which admits an exten-
sion to a slightly larger one. For convenience, we will consider Euclidean distance d, (-, *)
on U as well as Euclidean balls B.,(x, p) for x € U and p > 0 (we will always take p
small enough so that the Euclidean ball sits in U and consequently can be considered as
a subset of M). The following simple auxiliary lemma holds.

Lemma 7.1. Let € > 0 be small enough. Then for every integer | > 2, every x € U such
that Bey(x,2€) C U, and every smooth function f: Bey(x,2€) — R, we have

1 f | BacrellLee < Cem2 (€A fllp2 + 11 flL2)-

Proof. The result follows from Sobolev’s inequality and the fundamental elliptic estimate
(cf. Section 6) applied to a rescaled function. We leave the details to the reader. ]

Let us now fix some integer / > % and a smooth function ¢: R” — R (see Figure 6)
such that

(1) supp(¢) C B(0, 1),
(2) ¢(0) =1,
(3) ¢(x) = —1 when |x| = 5
Along the proof, all constants will depend only on M, g, U, [, ¢. Suppose that A = A,

for a sufficiently large m so that
1 <8 <ald (7.1)
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1 — — —

Fig. 6. The function ¢ can be radial with this profile.

for some a > 0. We will later show that we may assume this for the choices of constants
that we will make.

Denote € = (%)% for some A > 1.

Consider a collection of disjoint balls

Bj = Buy(x;.2¢) C U, (7.2)
j =1,..., N, such that
N = 182" = a1 A" 287205 | > 1 (7.3)

for some a; > 0. We are able to do that when N < ce™ (for ¢ = ¢(M, g, U)) which
holds if
O<a; <a;(M,g,U) (7.4)

(recall that § = 1), and at the same time when
aja”2A47% = 1, (7.5)

so that by (7.1) we have N = 1. Constants a, a;, A will be chosen in the course of the
proof, and will eventually depend only on M, g, U, [, ¢.
Define the smooth function F: M — R by

j=1
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for x € U, and F(x) = 0 when x € M \ U. The rest of the proof is devoted to showing
that we can take the desired function f to be the L2-normalized orthogonal L2-projection
of F onto F;. Denote by P: M — R the function given by the orthogonal L2-projection
of F onto %, and then denote R := F — P. First we show that the remainder R is small
in a certain sense.

7.2. Estimating the remainder
Let us prove two technical lemmas.
Lemma 7.2. For any integer k = 0, we have
|AkFlls < CN 224,
where C depends only on M, g, U, k, ¢.

Proof. By a straightforward computation, we have |A¥ F| < Ce~2* on each B i, and we

have A¥ F = 0 on the complement of the union of the balls B; . m

Lemma 7.3. Let H: M — R be a smooth function. Denote by Py the orthogonal L?-
projection of H onto ¥, and then denote Ry := H — Py (the remainder). Then

IRmll2 < AHIAH| 2.

Proof. Let fo = 1, f1, f2, ... be an orthogonal basis of L? consisting of eigenfunctions
of A, and let g < A1 < A, < --- be the corresponding eigenvalues. If we decompose
H =3720bjfj, then AH =32, ;b; fj, Ru = 3, -, bj fj, and now the claim
follows from Parseval’s identity. Indeed,

o0
IAHIZ, =S 20 P15 12 = S 2 P15 12 = S A2 P15 12

j=0 Aj>}, /\,j>l

= 2% Rull7>
and taking square roots yields the claim. |
By Lemmas 7.2 and 7.3, we have
AR L2 + R L2 < A7 A F| e + A7 AF 2
SCIN3e¢3 271 = G A7 N3es. (7.6)

Hence
/ (€ (ATR(x))? + (R(x))?) dVol < CZA72Ne".
M

Therefore, for at least % of the B;’s, we have

[ (€* (ATR(x))? + (R(x))?)dVol < 2C2A~2€",
Bj
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hence
AR, L2 + [RIB, 2 < 2C1A7 €2,
and then Lemma 7.1 implies || R|p [|Lo < C2A7", where B} = Bey(x;,€).
We are now in a position to complete the proof of Theorem 1.10. If A is chosen to be

greater than 2C,, we conclude that for the function P = F — R and for at least % of the
Xj’s, we have

1 1
P(x;) == d P(x)<—=
(x5) 7 an (x) 5
for dey(x, x;) = % Also note that by (7.6), by Lemma 7.2 (used with k = 0), and by the
choice of A, we have
n 1.
IPll2 = |F = Rlz2 < IFll2 + | Rl> < CsN2e? < Csals7.

Hence the normalized function P
P22

has the property that for at least % of the x;’s, we have

f=

_1 _1
f(x;) =2cia,?8 and f(x) < —cia, 8
for deu(x, x;) = % Moreover, by (7.3) we have

N 1 1 n n
— > —a18% " = —aq;A7287202.
274 4

Now recall that we can first choose A = 2C,. Then cholose ap > 0 small enough so that
we have a; < ¢? and (7.4) holds. Then choose a := a? A~% (according to (7.5)). Note
that these choices of A, a; can be done so that they depend only on M, g, U, [, ¢, and
hence so does a. As a result, we get

N 1 n
— = -ad%572)2, (7.7
2 4

which implies (1.6) with ¢ = % and A instead of A + 1 (note that the right-hand side
being positive implies that (7.1) is satisfied). Finally, note that by (7.1)

A+l<Adani=(1+an)i.

Thus A% > (1 + a%)_% (A + 1)2, which together with (7.7) yields

N 1 . )

2‘ = Zaz(l +a%)_78—2(k + 1)7’
4. _n

and (1.6) follows with ¢ = (12(1++n)z.

‘We conclude this section with a few remarks.

Remark 7.4. To simplify exposition, we stated Theorem 1.10 for the Laplace—Beltrami
operator. Using similar ideas, it is not hard to extend it to arbitrary non-negative self-
adjoint elliptic pseudo-differential operators on a closed manifold.
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Remark 7.5. Recall that Theorem 1.2 gives the bound
Cy n
3

for every f € #3 with | f|,2 = 1 and any § > 0, where 0 < r < n and k > 7. By The-
orems 1.2 and 1.15, bounds of the same form hold also for z,(f, §) and Ns(f). The-
orem 1.10 implies sharpness of (7.8) if we fix § > 0 and send A to infinity. (See Remark 7.6
for the case r > 0.) Let us now discuss the sharpness in §. To this end, we compare
max{1, 62}~ in Theorem 1.10 to §~% in (7.8). For the regime 0 < § < 1, since we can
choose k arbitrarily large, we get that Theorem 1.10 implies “almost sharpness” of (7.8) in
terms of §. Namely, for every € > 0, we can obtain §~€ in (7.8). Also, in some cases, such
as the circle or more generally the flat torus R” /Z", one cannot improve the example
given by the theorem: generic trigonometric polynomials of degree < k have no more
than Ck" critical points.

In the regime § > 1, Theorem 1.10 does not imply sharpness (or almost sharpness)
of (7.8) as stated, since k > % is an integer. However, it should not be hard to generalize
our approach to non-integer k (see Remark 1.17) and obtain (7.8) for any real k with
2k > n, which by Theorem 1.10 is “almost sharp” in this regime as well. Namely, for
every € > 0, we can obtain §2"€ in (7.8).

Remark 7.6. Note that the proof of Theorem 1.10 also provides the same lower bound
for z,—1 (f, §). Moreover, by making a different choice of the function ¢ from the proof,
we get lower bound for each m,, z, when 0 < r < n. Namely, instead of taking a point
and a sphere around it, we can take an r-dimensional sphere, and require that ¢ = 1 at
any point on the r-sphere, while ¢ = —1 at any point from the boundary of its tubular
neighbourhood. Instead of the r-sphere, we can of course take another r-dimensional
closed submanifold.

8. Coarse nodal estimates and the Mayer-Vietoris argument

Here we derive an alternative coarse nodal estimate for the union of nodal sets (see
inequality (8.2) below) and compare it with the one coming from the product of the eigen-
functions (see Section 8.3).

8.1. Preliminaries

Let VV, W be non-negatively supported persistence modules, that is, Wy = V; = 0 for all
s < 0, which are multiplicatively C-interleaved with C > 1.
This means that for every s > 0, the compositions

Vs = Wes = Viezg, W = Vs = Weag

are the persistence morphisms in V' and W, respectively.
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Recall from Section 3 that for § > 0, N, 50(V) denotes the number of bars of V' of
length > § starting at O (see equation (3.2)), and Ny (V') is the number of all bars of V' of
length > §.

Proposition 8.1. N (V) < N9 (W).
o

Proof. Indeed, the bars starting at O cannot be discarded under the multiplicative C-
matching between the barcodes. The result follows from the isometry theorem. ]

8.2. Mayer—Vietoris for thickened nodal sets

Let E — M be a vector bundle with an inner product over a Riemannian manifold M .
For the sake of simplicity, we are interested in a pair (as opposed to an arbitrary tuple) of
sections f,g: M — E.Put F(c) ={|| f|| <c}, G(c) ={||gll < c}.Consider persistence
modules

Uy = Ha(F(c)), Ug = He(G(0)),
V = Hy(F(c)UG(c)), W = He1(F(c)N G(c)).

These modules are non-negatively supported, and we have the piece

UroUg -V > W
of the Mayer—Vietoris sequence. By Corollary 3.14, we have

Nas (V,28) < NQ(W) + Ns(Us) + N5 (Ug).
At the same time, W is multiplicatively ~/2-interleaved with
W' = Hea(VIFI? + gl < o).

It follows from Proposition 8.1 that

N W) < NG (W),

V2

Combining these inequalities, we conclude that

Nog (V) < NO%(W/) + Ns(Uy) + Ns(Ug). 8.1)
2

Assume now that M is a surface (n = 2) and f, g are L2-normalized linear combin-
ations of eigenfunctions of the Laplacian in ¥ . Then by the coarse Bezout theorem,

NG (W) < Ci8™ ¢ (A + 1) + Cy,
V2

and by the coarse Courant theorem,
Ns(Ur) + Ns(Ug) < C167*(A + 1) + C2.

Thus, (8.1) yields the following coarse nodal estimate for the minimum of the absolute
values of two eigenfunctions:

NY(V) <Cr8 (A + 1) + Cs. (8.2)
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8.3. Product revisited

In the notations of the previous section, introduce the bundle £ ® E with the inner product
coming from E. Put

h(x) == [f(x) @ g =1, - g
Consider the persistence module H := H,({||] < c}). Put
v(x) = min([ fC gD, K = max([ £, ()
With this notation, V = Hy(F(c) U G(c)) = H«{||v| < ¢}).
Proposition 8.2. N (H) < eA/% ).
Proof. We have v2 < h < Kv, and hence for s < §? it holds that
(h<syC{v<syC{v<8 Ct{h<KS§).

Thus, the persistence map Hy — Vs factors through V ;5 — Vs. Taking s — 0, we get
the proposition. ]

Corollary 8.3. Let M be a surface and f, g be L?-normalized linear combinations of
eigenfunctions of the Laplacian in ¥) and whose maximum does not exceed K. Then

N (H) < C18 K (A + 1) + C. (8.3)

This follows from (8.2) and Proposition 8.2.

Since by the Sobolev inequality and Proposition 6.1 the upper bound K can be taken
as ~(A + I)HTO[ for any fixed o > 0, taking & small, we get (A + 1)'*¢" in the right-hand
side of (8.3). Thus the approach presented above recovers the bound on N, SO(H ) from
Theorem 1.4 but does not improve it.

Remark 8.4. In this section, we have discussed the case where f, g are two sections
and M is a surface. It would be interesting to provide an argument along the same lines
which works for an arbitrary tuple of sections and in arbitrary dimension. It is likely that
the key new ingredient in this approach would be generalizing the coarse Bézout theorem
for the coarse count zo measured by suitable fiberwise L2™-type norms of sections instead
of their Euclidean norms.

Appendix A. Morrey—Sobolev inequality on a cube

Let Q be a cube of side-length r and diameter d = /nr. Let B C Q be the ball of radius
ry < % and diameter d; = 2r;. We will prove Theorem 5.3, in fact a more precise version
thereof, by more carefully calculating the constants in the results of Dupont—Scott [32],
see also [48]. Recall that they first prove the following averaged Taylor formula, where the
function ¢ plays the role of the mollifier with support B. Endow R with the Euclidean
metric.
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Proposition A.1. Let ¢ € CX°(B) be a smooth function with integral 1. Then every
f € C*®(Q.R!) can be written as

f =Te(f) + Re(f).
where T (f) € J’,ﬁ_l (Q) is a polynomial mapping of degree at most k — 1 given by

o
=3 [ om™ e pray.

loe| <k

and the remainder term is given by

2
R = Y /Qra(x,w g,

|| =k

ra(xs y) = k(x _y)ar(xs y)v
1
r(x,y) = / s le(x + 571y — x))ds.
0

They also prove the following estimates:

dy _
ree )l = “Hllzslx =y,
n
1

Ipllzoelx — y[F"

kd
Ira (x, y)| =
n

for all o with || = k.

Proof of Theorem 5.3. Set I} (x) = )(BO(d)|x|k_", x # 0, where xp,(q) is the character-
istic function of the ball By(d) of radius d around 0. Now for a continuous function g
on @, extend it by 0 to R” and set

Te()(x) = I * g(x) = /Q Te(x — 1)) dy.

For us it is enough to estimate the uniform norm | Ry ( /)|~ of the remainder. We first
estimate pointwise

kd™

Rl = Y S E Il el £ ).

lal=k ~"
It is convenient to observe that we can take ¢ with
IpllLoe <2Cpd;™  for Cy =2"w, ",

where

B
[N

Wy =

—
—~
(ST
+
[
N—"
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is the volume of the unit n-ball, which yields

Ie(9af 1)

o!

Re(/)] =2k 3

| =k

(We could improve the coefficient 2 to 1 4 € for arbitrary € > 0.)

It remains to use Young’s convolution inequality to estimate | I (g)| pointwise in terms
of the L?-norm of g, where k — % > 0, and apply this to g = |dy f| for multi-indices o«
with |«| = k. Indeed, for % + % = 1 we get

[k (g)|Loe < [kl |glLr.
We calculate
1 dt(k—n)+n

d : 1
I _ t(k—n)+n—1 d — ( )’ ,
[T | (na)n/O r r nwnt(k_n)+n

the integrability being ensured by
n 1 n
ttk—n)+n—-1>-—1 @k—n>——©k—n>—n(1——) s k——>0.
t p p
In total, we obtain

C, dtle=—m+n 1 |0q f |2
R < 2k— - ag =7
| k(f)l_ n (na)nt(k_n)‘f'l’l) |aZ=k (x!

for % + 1 = 1. Estimating® every |dq f |1» by | D¥ f|.», using the fact that

[ nk
2T
la|=k
and calculating the power of d = /nr, we get
k
k- |D" flLe
[Re (| = Bugeopr™ 7 =7
for
1
k_q1_n nw T
Bty = G (1)
nk.p " tk—n) +n
with % =1- %. This finishes the proof. ]
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