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Abstract. We prove that if (M, X) and (M, ¥) are countable models of the theory WKL such
that IX; (A) fails for some A € X N Y, then (M, X) and (M, ¥) are isomorphic. As a consequence,
the analytic hierarchy collapses to Ai provably in WKL§ + —-IE?, and WKL is the strongest H;
statement that is H}—conservative over RCAj + —-IE(I). Applying our results to the Ag—deﬁnable
sets in models of RCAf + BEg + —|122 that also satisfy an appropriate relativization of weak
Konig’s lemma, we prove that for each n > 1, the set of H% sentences that are H%-conservative
over RCA§ + 822 + —-122 is computably enumerable. In contrast, we prove that the set of Hé
sentences that are Hi-conservative over RCA§ + BEQ is ITI>-complete. This answers a question
of Towsner. We also show that RCAg + RT% is H{-conservative over BEg if and only if it is con-
servative over BEg with respect to VHg sentences.

Keywords: models of arithmetic, quantifier elimination, conservation theorems, reverse
mathematics, second-order arithmetic, Ramsey’s theorem.

In this paper, we investigate a new model-theoretic argument that can be used to study
some fragments of second-order arithmetic. It is a cliché that classical model-theoretic
techniques are of limited use in understanding models of arithmetic, and in particular
it is well known that commonly studied theories of arithmetic do not have nice model-
theoretic properties such as model completeness and quantifier elimination. Nevertheless,
we use an automorphism-based argument to obtain a kind of model completeness result
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for a specific fragment of second-order arithmetic with (partially) negated induction. This
result can be applied to obtain new information both about general properties of some
theories of second-order arithmetic, including true ones, and about specific principles
considered in reverse mathematics.

The main theorem of the paper concerns the axiomatic theory known as WKLg. This
is a fragment of second-order arithmetic consisting of the theory RCAj — that is, A%-com-
prehension, A%-induction, and the totality of exponentiation — and the additional axiom
WKL expressing a compactness principle called weak Konig’s lemma, which says that
any infinite 0—1 tree has an infinite path. Compared to the usual base theory considered
in reverse mathematics, RCAy, the system WKL3 is proof-theoretically much weaker,
as a result of not requiring induction for X9 properties. On the other hand, WKL goes
beyond RCA in that WKL implies the existence of non-computable sets.

It is known that in some important respects WKL behaves similarly to its stronger
cousin WKLy := RCA(y + WKL. For example, it was shown in the seminal paper [39]
that WKL; is H{—conservative over RCAS . This is analogous, and can be proved ana-
logously, to the well-known theorem that WKL, is H{—conservative over RCAy. A more
recent observation [10] is that WKL, like WKLo, implies the completeness theorem for
first-order logic; moreover, it also implies some watered-down versions of completeness
tailored to cut-free consistency, which are often helpful as WKL{ does not imply cut
elimination for first-order logic. This makes it possible to discover numerous connections
between the model theory of WKL and that of first-order arithmetic.

Here, we prove a result that applies specifically to models of WKL without E‘l)-
induction and has no apparent analogue for WKLy. It can be seen as an extension to
the second-order setting of some earlier results to the effect that countable models sat-
isfying X,-collection (and exp) but not X,-induction have (in fact, many) nontrivial
automorphisms.

Theorem 2.1 (Abbreviated version). Let (M, X) and (M, ¥) be countable models of
WKLY such that (M, X N'Y) = —=IX%. Then (M, X) and (M, Y) are isomorphic.

One possible interpretation of the theorem is that the only new sets that can be added
to a model of RCA§ + —IX? are paths through binary trees. To see this, note that if
(M, X) is a countable model of RCA; + —-IE(I), then by [39] it can be w-extended! (that
is, extended without changing the first-order universe M) to a model (M, ¥) of WKL;.
If G € M is an arbitrary set contained in any other w-extension of (M, X) satisfying
RCAg, then even though ¥ might not contain G itself, by Theorem 2.1 it will contain
a set H such that (M, G) and (M, H) are isomorphic.

In its more general form, Theorem 2.1 allows the isomorphism to fix a given finite
tuple of first- and second-order elements. This has a number of consequences both for
WKL and for other theories.

'More commonly, one would write “w-extended”. See explanation near the end of Section 1.
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For example, it follows from Theorem 2.1 that provably in WKL + —-IZ(I) the analytic
hierarchy collapses down to A!, and even to a slightly more restricted class. If one views
arithmetical formulas (i.e., those without second-order quantifiers) as quantifier-free, this
means that WKL + —IX¢ is a model complete theory, and it is the model companion of
RCA; + —112(1). As a result, WKL is the strongest H% statement that is Hi-conservative
over RCA§ + —IXZY. The model completeness phenomenon is quite unexpected, as it does
not typically occur in any recognizable form among fragments of first- or second-order
arithmetic.

When n > 1 is arbitrary, and (M, X) is a countable model of RCAj satisfying the
¥9-collection scheme BXY and a relativization of WKL to A%-definable sets but not
satisfying IZ9, then the family of A%-definable sets of (M, X) forms a model of WKL +
—IX9. Thus, Theorem 2.1 applies to this family, implying that the variety of w-extensions
of models of RCA§ + BE? + —IX? is also somewhat limited, though in general not quite
as drastically as forn = 1.

A corollary of this is related to a question of Towsner [42]. Towsner proved that the
set of 1} sentences that are IT}-conservative over RCA§ + IZ9 is IT,-complete for each
n = 1, and he asked whether this still holds true if IZ? is replaced by BX2. We show
that this is, rather surprisingly, not the case if additionally one explicitly negates IX9:
for n = 1, the set of 1} sentences that are T1}-conservative over RCAj + B9 + —Ix0
is computably enumerable (c.e.). On the other hand, we show that Towsner’s question,
as originally stated, has a positive answer. The argument for this does not rely on The-
orem 2.1, although one of its ingredients is a result (Theorem 6.5) whose known proofs
are also based on automorphisms of models of arithmetic.

One further consequence of Theorem 2.1 is connected to Ramsey’s theorem for pairs
and two colours, RT%, and more precisely to the problem whether BZg axiomatizes the
H{ consequences of RCA( + RT%. We prove that this is the case if and only if B Eg proves
all the VH(S) consequences of RCA( + RT% (note that this is known for VHg consequences
and open from VHS onwards); moreover, if this is the case, then it can be proved using
the “single jump control” method of [4]. We prove these facts by applying Theorem 2.1 to
the Ag-deﬁnable sets in models of RCA(y + BEg + ﬂIEg. A different proof is possible
using the fact that RT3 is a so-called restricted I1} formula.

The remainder of this paper is structured as follows. We present the necessary defin-
itions and background in the preliminary Section 1. Section 2 contains the proof of our
isomorphism theorem. In Sections 3 and 4, we discuss the consequences of the theorem
for WKL and for higher levels of the arithmetic hierarchy, respectively. Section 5 con-
cerns implications of the theorem for RT3, as well as a more general discussion of the
behaviour of restricted X} formulas under negated X¢-induction. Finally, in Section 6 we
present our positive solution to Towsner’s problem.
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1. Preliminaries

We assume that the reader has some familiarity with fragments of second-order arithmetic
and with models of first- and second-order arithmetic (see [37] or [18] for second-order
arithmetic and [23] for models of first-order arithmetic).

We write A%, %9 TI? to denote the usual formula classes defined in terms of first-
order quantifier alternations, but allowing second-order free variables. On the other hand,
notation without the superscript 0, like A,, ¥,, I1,, represents analogously defined
classes of purely first-order, or “lightface”, formulas, that do not contain any second-order
variables at all. If we want to specify the second-order parameters appearing in a X9 for-
mula, we use notation like 3, (A4). We extend these conventions to naming theories.

If T" is a class of formulas, then the class V3I' contains formulas that consist of
a block of universal (first- and/or second-order) quantifiers, followed by a block of exist-
ential quantifiers, followed by a formula from I". The class VI" is defined analogously.
For example, VE) and VII) | are the same class of IT] formulas.

The theory RCA}, originally defined in [39], is obtained from RCA( by weakening
the £%-induction axiom IZ9 to A9-induction and adding a T, axiom exp that explicitly
guarantees the totality of exponentiation. The theory WKL is obtained from WKLy in an
analogous way; put differently, WKL is RCA{ plus weak Konig’s lemma WKL. It was
shown in [39, Section 4] that RCA§ proves the collection scheme BX? and that the first-
order consequences of both RCA§ and WKL are axiomatized by BX; + exp.

Already IAg + exp is strong enough to support a well-behaved universal X, (Y) for-
mula Sat, (x, y,Y) (“the 22 formula (with Godel number) x with one first-order variable
and one second-order variable holds for the number y and the set Y ), for each standard
natural number n = 1. As a consequence, we have access to these universal formulas in
any theory containing RCAg.

When we consider a model (M, X)) of some fragment of second-order arithmetic
(or simply work inside this fragment without reference to a specific model), the word set
without any qualifier refers to an element of the second-order universe X. In contrast,
a X0-definable set (or X0-set for brevity) is any subset of the first-order universe M that
is definable in (M, X) by a £0 formula. A A%-definable set (or AY-set) is a 0-set that is
simultaneously definable by a T19 formula. The notions of a ¥,- and A, -set are defined
in the obvious way.

In general, the models we study only satisfy A9-comprehension, so A%-sets for n > 2
and X0-sets for n = 1 will not always be sets. However, thanks to the availability of uni-
versal formulas, we can quantify over A%- or over X9-sets using second-order quantifiers
(e.g., “for every Y and every equivalent pair of a X, (Y) and a I1,(Y) formula ...”).
Whenever we present reasoning or statements that are to be understood as formalized in
second-order arithmetic, we indicate quantification over definable sets that might not be
sets by putting a tilde over the quantified variable, as in X. So, for example, “for every
29-set X, there exists X such that Vk (k € X < k € X)” would be a slightly unusual
way of expressing the £9-comprehension axiom of ACA¢. Sometimes, in the context of
a model-theoretic argument, we may also use a tilde to warn the reader that a given subset
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of M might not belong to the second-order universe at hand. However, in those situations
we treat adding the tilde as a matter of convenience, and we do not strive for consistency
(partly because it would be unattainable: often we work with several models at the same
time, and what is a set in one model may not be a set in another).

We write A%-Def(M, X)) for the collection of all the A%-sets of (M, X). If A is a sub-
set of M, we write AS-Def(M, A) for the collection of all the A, (A)-sets. If (M, X) =
BX? + exp, where n = 1, then (M, A%-Def(M, X)) = RCA}. A model of RCA} is topped
if it has the form (M, A%-Def(M, A)) for some A € M.

The notation A <t B means that 4 is A;(B)-definable. The join of A and B, denoted
by A® B,is{{0,k) ke AyU{(l,k):k € B};notethat A <t A® Band B <t A& B,
but at the same time A ® B is A1(A, B)-definable. A =1 B means that A <p B and
B <1 A.If A is a subset of some model M and (M, A) = 1Ao(A) + exp, then A®, the
n-th jump of A, is the ¥, (A)-set {{e, k) : (M, A) = Sat, (e, k, A)}. As usual, we write A’
for AM, the jump of A. The following result provides a variant of the important method
of “jump inversion” adapted to the setting of fragments of second-order arithmetic.

Theorem 1.1 (Belanger [3]). Let n = 1. Assume that M is a structure and A,C C M
are such that (M, A) = BZ?H_1 and (M, A' ® C) |= BE. Then there exists B C M such

that C is Ay(A & B)-definable and (M, A & B) | BEg_H.

A cut in a model of arithmetic M is any subset / C M that contains 0 and is closed
downwards and under successor. We can write / C. M to indicate that / is a cut in M.
Note that if (M, X) &= RCAj, then no proper cut in M can be a member of X. On the
other hand, some proper cut is X9-definable in (M, X) if and only if (M, X) | —IX9.

If/isa E‘l)-cut in (M, X)) E RCA}, then there is an unbounded (i.e., cofinal in M) set
A € X that can be enumerated in increasing order as A = {a; : i € I}. We briefly recall
how this is proved: we can take A to consist of numbers coding sequences of the form
(wo, ..., w;), where for each j < i, the number w; is the smallest witness for the E(l)
statement that j € 7. Such a sequence exists for each i € I thanks to the Ag-induction
and E?-collection schemes available in RCA;, and A is Ag-deﬁnable, so it belongs to X
by AY-comprehension.

For an element s of a model M, Ack(s) stands for {a € M : M |E= a €ac $}, Where
Eack 18 the usual Ackermann interpretation of set theory in arithmetic (“the a-th bit in the
binary notation for s is 17). In a model (M, X) of RCAg, sets of the form Ack(s) are
exactly the bounded subsets of M that belong to X.

Since RCA; contains the A(l)-comprehension axiom, it is clear that each bounded A‘l)-
definable subset of a model of RCAg will have the form Ack(s) for some s. A strength-
ening of A%-comprehension known as X{-separation — two disjoint X9-sets are separated
by a set — is equivalent to WKL and thus in general unavailable in RCAg. In some of our
arguments, we will make essential use of the fact that RCAj nevertheless proves a form
of bounded X-separation: if two bounded X¢-definable sets are disjoint, there will be
some s such that Ack(s) contains one of those two sets and is disjoint with the other. This
is expressed in the following statement, which is essentially Proposition 4 of [5] with
n:=1land A:=XUY.
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Theorem 1.2 (Chong-Mourad [5]). Ler (M, X) = RCAg. Then for every pair of bounded
disjoint E(l)-deﬁnable sets X, Y C M, there exists s € M such that Ack(s) N (X UY) = X.

We use the symbol w to denote the set of standard natural numbers and the symbol N
to denote the set of natural numbers as formalized within RCA;. In other words, if (M, X))
is a model of RCA, then NM-X) is simply the first-order universe M. This convention
clashes with the custom of referring to a model that has the same first-order universe as
some other model but a smaller second-order universe as an w-submodel. Because of this,
we use the term w-submodel (and, conversely, w-extension) in such situations.

A structure 2 is recursively saturated if for any computable set of formulas {y/,, (X, V) :
n € w} and any tuple b of the appropriate length, if 2 = 3% Nieo Vi (%, b) foreachn € w,
then there is a tuple a such that % = ¥, (a, b) for all n. Recursively saturated structures
only play a very minor role in this paper; for more on them, see, e.g., [23, Sections 11.2
and Chapter 15].

2. The isomorphism theorem

In this section, we state and prove our main theorem on isomorphisms between models
of WKL} + —I%9. One can view the theorem as a generalization to second-order arith-
metic of a result of Kossak [30, Theorem 3.1] (see [31] or [22] for a correction to the
proof) saying that every countable model of BX;(A4) + exp + —IX;(A) has continuum
many automorphisms. In fact, our proof is somewhat reminiscent of Kossak’s argument,
in which one also finds a truth-coding trick that goes back to Smorynski [40, Lemma 1.2],
Kotlarski [33, Lemma 4.4], and Alena Vencovska (unpublished work).

Theorem 2.1. Let (M, X) and (M, Y) be countable models of WKL with the property
that (M, X NY) = —IXY. Let € be a tuple of elements of M and C be a tuple of elements
of X N'Y. Then there exists an isomorphism h between (M, X) and (M, Y) such that
h(@) =cand h(C) = C.

Proof. Since (M, X NY) = =19, there exists a set A € X N Y cofinal in M and a prop-
er cut I S, M such that A can be enumerated in increasing order as A = {a; : i € I}.
We may assume without loss of generality that I is closed under exp (using a relativization
of [28, Lemma 9], see also [15, Theorem 2.4]) and that the tuple of sets C contains both A
itself and the A;(A)-definable set {{i,a;) : i € I}, so that the relation “x = a;” between x
and i is Ag(C)-definable. Finally, by adding a sufficiently large number to all the elements
of A if necessary, we may assume that ag > 1.

We build the isomorphism / by a back-and-forth construction. At each step of the
construction, we have finite tuples 7, s, both in M, and R.S.inX,Y, respectively, such
that we have committed to (7) = 5 and 2(R) = S. Initially, 7 =5 =cand R= 8§ = C.
In each step, we add either a first- or a second-order element to either the domain or the
range of A, so that after w steps of the construction & becomes a bijection from (M, X))
onto (M, ¥). The inductive condition we maintain is the following:
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(#) There existb > I and & > w in M such that for each i € I, each j < b, and each A
formula § (with Godel number) < ¢, (M, X) |= 8(a;. j, 7, R) if and only if (M, ¥)
8(ai, j,5, S).

Of course, the statement that the (potentially nonstandard) formula § is satisfied in a model

is expressed using a fixed truth definition for A formulas, Sata,. Note that (#) holds at

the beginning of the construction with (7, R) = (5, S) = (¢, C). We have to verify that it
can be preserved at each step of the construction. There are two kinds of steps to consider:
adding a first-order element to our tuple and adding a second-order element.

First-order step. Let us consider the case where we want to add a new first-order ele-
ment r* to the domain of our map /4, so we need to find s* € M such that the tuples 7,
r*, Rands, s*, S still satisfy (#). The construction for adding a first-order element to the
range of A is analogous.

By the inductive assumption, we have b > I and & > o witnessing (#) for 7, R, 5, S.
Define b’ = logloglog b and ¢’ = loglog ¢. Notice that b’ > I and &’ > w, since both [
and w are closed under exp.

Let D stand for the following definable subset of (I x b’ x &'):

{(i,j.78") i el j<b 78" <¢ is (the Godel number of) a Ag formula,
and (M, X) = 8(a;, j, 7. r*, R)}.

Both D and (I x b’ x &) \ D are bounded and %9-definable, so by Theorem 1.2 there
exists j* € M coding a set Ack(j*) such that Ack(j*) N (I x b’ x &’) = D. Moreover,
since I < b’ < loglogb and since we can choose & small enough, we can assume that
j* <logh.

Leti* € I be such that r* < a;=. By the definition of j*, for each i € I the structure
(M, X) satisfies

By <ap Vil <iVj b N\ Glar j. Ty B) < (0178 €aac j), (21)

T§1<e’

as witnessed by y :=r*.Ifi € [ andi = i*, then (2.1) implies
HX,ySa,-(x:ai*/\ysx/\\?’i’SinSai

(v=ar > Vi<t N\ BTy R o (078 €xn /). 22)

M§<e’

For each fixed i € I, one can express (2.2) as a (nonstandard) Ay formula y with
parameters i *, b’, j*, a;, 7, R. The formula y consists of a fixed-length part independ-
ent of ¢, followed by a conjunction whose conjuncts correspond to Ao formulas § with
F§7 < ¢'. Each such conjunct is an equivalence, with the formula §, which consists of at
most log &’ symbols, written out on the left-hand side and with "7 referred to by its (say
binary) numeral on the right-hand side. Thus, in total, y has length O (¢’ - log(¢)), which
means that "y < . Moreover, the tuple of parameters (i *, b’, j*) is smaller than b.
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We can therefore apply (#) from the inductive hypothesis with § := y and j :=
(i*,b’, j*) in order to conclude that for each sufficiently large i € I, the structure (M, ¥)
satisfies (2.2) with 7, R replaced by 5, S. From this it easily follows that (M, ¥) in fact
satisfies

By Sap Vi'<iVj<b )\ (ai.j.5.9.5) < (i".j.787) € Ack(j*) (23)

F§<e’

for each i € I. Note that (2.3) is (2.1) with 7, R replaced by 5, S.
By BE? in (M, ¥), there must exist some y < a;= that witnesses (2.3) for all i € [.
We can choose any such y as our s*.

Second-order step. This step is somewhat similar to the first-order one, with the role
of BE(I) now played by WKL. As before, we consider only the case where we want to add
a new second-order element R* € X to the domain of /4, and we need to find S* € ¥ such
that 7, R, R* and s, S, S* still satisfy (#).

By the inductive assumption, we have b > [ and ¢ > w witnessing (#) for 7, R.5,S.
The parameters b’ and ¢’ are defined as in the first-order step. The set D and the ele-
ment j* are also defined as before, but with 7, r*, R replaced by 7, R, R*.

It follows from the definition of j* that (M, X) satisfies

JF C[0,loga;) Vi’ <i Vv < logloga;
(v=ar>Vj<b )\ GOLFRF) &8 ean i) @4

T§<e’
for each large enough i € I, as witnessed by F := R* N [0, loga;). (The reason for
the restriction to large i € I is that we want all terms in a Ay formula § with 767 < &
to evaluate to a number below log a; on arguments below max(log log a;, b’, max(r)).
In this way, the value of § on such arguments is unchanged when we replace R* by
R* N [0,loga;).)

Arguing as in the first-order case, one can check that for a fixed i € I, it is possible to
express (2.4) by a Ao formula with Godel number below ¢ and parameters b’, j *, a;, 7, E,
where the tuple (b’, j*) is below b. Therefore, we can apply (#) from the inductive hypo-
thesis to conclude that (M, ¥) satisfies

JF C [0,loga;) Vi’ <i Yv <logloga;
(v=ar>Vj<b N\ G@SSF) o (8 e D) @5

T§<e’

for each large enough i € I. Note that (2.5) is (2.4) with 7, R replaced by 5, S.

Let T € ¥ be the tree consisting of all 0-1 strings o such that, for each i € I large
enough (the largeness is expressed by a single inequality, with no quantifiers involved)
and such that a; < |o|, the string 0 ', ,, 1s the characteristic function of F < [0, loga;)
satisfying (2.5) for i. By the previous paragraph, there are arbitrarily large elements of 7,
so by WKL in (M, ¥), there is an infinite path B € ¥ through 7. Any such path is the
characteristic function of a set that we can use as S*. |
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Remark. A more refined version of the proof of Theorem 2.1, in which the exponentially
closed cut used to lower-bound the parameter b is decoupled from the E(l)—cut indexing
a cofinal subset of the first-order universe, can be used to show the following. If (M, A) is
a countable model of BX; (A4) + exp + —1X1(A4), then any exponentially closed cut in M
that contains some X, (A)-definable cut is the greatest initial segment fixed pointwise by
some automorphism of (M, A). This is also the information about greatest pointwise fixed
initial segments that can be obtained from the previously published arguments drawing
on [40] such as those of [22,30,31].

We record the following immediate consequence of Theorem 2.1. Further implications
of the theorem for WKLy are discussed in the next section.

Corollary 2.2. Let (M, X), (M, Y) be models of WKL{ such that (M, X NY) = =19
Let € be a tuple of elements of M, and let C be a tuple of elements of X N Y. Then
(M, %X.,¢,C)=(M,Y.,c,C),and if X C Y, then (M, X) < (M, Y), where the element-
arity applies to all £,-formulas.

3. Consequences for WKLg

In this section, we show how Theorem 2.1 implies that weak Konig’s lemma combined
with the failure of E(l’—induction has a number of unusual properties. In particular, we
prove that in WKL + —IX? the analytic hierarchy collapses (Corollary 3.3 and The-
orem 3.13) and the low basis theorem fails in a very strong sense (Theorem 3.9). We also
show that WKL is the strongest I} statement that is TT}-conservative over RCA§ + —IX?
(Theorem 3.6).

If we view arithmetical formulas as quantifier-free, Hi as purely universal, H% as V3,
and so forth, then, for instance, Corollary 3.3 says that the V3 theory WKL + —-IE? is
model complete.” Together with the H% conservativity of WKLg + —|IE(1) over RCA; +
ﬁIE? from Simpson—Smith [39], this implies that WKL§ + ﬂIE? is the model compan-
ion of RCA + —-IE? (by Theorem 3.13, it actually has the slightly stronger property
of being a model completion of RCA§ + —IX9). Thus, models of WKL§ + —I1Z9 are
precisely the existentially closed models of RCAj + —IX?, and WKL§ + —IXY is the
strongest V3-theory that has the same purely universal consequences as RCA; + —112(1)
(this is essentially what Theorem 3.6 tells us).

In fact, most of the results mentioned above could be proved using Corollary 2.2 and
general model-theoretic arguments. However, we give proofs that are more specialized to
arithmetic, because they provide some additional information. We begin by checking that
¥%-induction is not needed to justify the well-known fact that a model of WKL contains
many coded submodels of WKL [37, Corollary VIIL.2.7].

2A review of basic concepts related to quantifier elimination and model completeness can be
found, e.g., in [41, Chapter 3.2].
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Definition 3.1. Given (M, X) = RCAS, a set W € X, and an element k € M, let W
stand for {j € M : (k, j) € W}. We say that W codes the family of sets {Wj : k € M }, and
we refer to (M, {W}, : k € M }) as a coded w-submodel of (M, X). We use the abbreviated
term coded w-model if (M, X)) is clear from the context or irrelevant, and also to refer to
(N, {W : k € N}) when working in a formal theory.

Lemma 3.2. Let (M, X) |E RCAj and let A € X. There exists a Ay(A)-definable infinite
0-1tree T € X such that if W C M is an infinite path in T, then (M, {Wy, : k € M}) is
a model of WKLg with A = W,

As a consequence, for every (M, X) = WKLg and every A € X, there exists W € X
coding an w-model (M, W) of WKL with A € 'W.

Note that it is not assumed in the lemma that W € X or even that BX; (W) holds:
an arbitrary subset W € M with the property that the characteristic function of W | is
anode of T for every k € M will have the property that

(M. {Wy  k € M}) = WKLZ.

Proof of Lemma 3.2. Let (M, X) = RCAj and A € X be given.

It is easy to check that the equivalence between WKL and the X9-separation prin-
ciple [37, Lemma IV.4.4] holds over RCAj. Moreover, Z(l)-separation clearly implies
AY-comprehension. Thus, given W C M, to prove that the structure (M, {Wy : k € M})
is a model of WKL, it suffices to show that it satisfies IAJ, that {Wj : k € M} is closed
under join, and that for any k € M and any two X (X) formulas ¢(x, X), ¥ (x, X) (pos-
sibly with first-order parameters from M), if ¢(-, Wy ) and ¥ (-, Wy) define disjoint sets,
then there is some W, separating them. Given an arbitrary tree from a model (M, X) =
RCA; and an arbitrary W C M that is a path in that tree, IAo(W') will always hold, and
a fortiori {Wj, : k € M} will satisfy IAQ, simply because bounded initial segments of W
will always have the form Ack(s) for some s € M. So, it is enough to verify closure under
join and X9-separation.

Let (i (x, X))iem be an effective listing of all ¢ formulas in M with a unique first-
order variable x and a unique second-order free variable X. (The formulas may involve
numerals that represent first-order parameters.) We take T to be a 0-1 tree describing
finite approximations to some W such that

(a) Wo =4,

(b) Wi, jy =W, @ W; forevery i, j,

(c) foreveryi,j, k € M, if the sets defined by ¢; (-, Wi) and ¢; (-, Wy) are disjoint, then
Wi1,i,jk) s a separating set for them.

Formally, to determine whether a finite binary string o belongs to 7', we look at the

largest s such that (i, j) < |o| for each i, j < s, so that o can be viewed as containing

an s x s binary-valued matrix. Conditions (a)—(c) are then expressed as requirements con-

cerning this matrix. For instance, (a) is expressed by requiring that 6({0,i)) = 1 if and
only if i € A, for each i < 5. We leave (b) to the reader. Condition (c) is expressed by
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requiring that, whenever (1,1, j,k) < s and there is no x < s such that there are witnesses
below s for both the formulas

Yi(x) == @i(x,{w <5 :0({k,w)) = 1}),
Vi(x) = g;(x.{w <s:o((k,w)) =1}),

then for each x < s, the existence of y < s witnessing ¥; (x) implies that

o({(L.i,).k).x)) =1,

and the existence of y < s witnessing V/; (x) implies that
o({(1,i, j,k),x)) =0.

It is straightforward to verify that 7 is an infinite A{(A)-definable binary tree. By our
discussion above, if W € M is an infinite path in 7', then W codes an w-model satisfying
WKL} and containing A. [

Remark. The construction of a single infinite binary tree whose paths correspond to cod-
ed models of WKL has been used earlier, for instance, in the context of comparing variants
of Weihrauch reducibility [19, Proposition 4.9]. It can also be applied to give a relatively
simple proof of the result of [1, 15] that WKL, does not have superpolynomial proof
speedup over RCAy for Hi sentences (see [2], or see [43] for a very similar argument
expressed in terms of the arithmetized completeness theorem). Combined with the form-
alized forcing argument described at the end of the present section, it can also prove the
fact, alluded to in [27], that a similar non-speedup result holds also for WKL; over RCA;.

Note that for any &£,-formula ¢(X, X), there is a single arithmetical formula in vari-
ables X, X, W that expresses the property “W codes an w-model containing X and
satisfying ¢ (X, X)” in RCAg. The number of first-order quantifier alternations in this
formula will depend on ¢.

Corollary 3.3. Over WKLj + —112(1), any Eo-formula ¢(X, X) is provably equivalent
both to a E} formula and to a H% formula.

More specifically, WKL§ + —JE? proves that the following three statements are equi-
valent for any X, X :
) e(x.X),
(i)  “there exists a coded w-model of WKL + —=IZ9 + (X, X)”,
(iii) “every coded w-model of WKL + =129 containing X, X satisfies (X, X)”.

Proof. By Lemma 3.2, it is provable in WKL + —IX9 that for every X, X, there is
a coded w-model of WKL} + —IX? containing X. By Corollary 2.2, it is provable in
WKLJ that any such model satisfies ¢ (¥, X) if and only if (X, X) holds. This proves
both (i) <> (ii) and (i) <> (iii). L]

Corollary 3.3 says that in WKL§ + —-IE?, the analytic hierarchy collapses to A}.
At the end of this section, we will explain how this collapse result can be strengthened.



M. Fiori-Carones, L. A. Kotodziejczyk, T. L. Wong, K. Yokoyama 3214

We can use Corollary 3.3 and other consequences of Theorem 2.1 to give a char-
acterization of IT}-conservativity over RCAj + —IX¢ for I1} sentences. Before that,
however, we digress briefly in order to point out that the theory axiomatized by the H%
consequences of RCAy + —IXY is not as pathological as might be supposed.

Proposition 3.4. The H{ consequences of RCA; + —JE? are contained in those of
ACAy, in particular, they are true in all w-models. They are incomparable to the Hi
consequences of RCAg + 122 foranyn € w.

Proof. As discussed in Section 6, the principle CEg 11 (see Definition 6.4) is a H% state-
ment provable in RCA§ + =19 but not in RCA( + IZ?. Of course, Con(IAg + exp) or
the totality of the iterated exponential function are examples of T} statements provable
in RCA but not in RCA§ + —IX?.

It remains to prove that the T1} consequences of RCAg + —IXY are contained in those
of ACAy, or by contraposition, that any | statement consistent with ACA, is consistent
with RCA§ + —I%9. This is implicit in the proof of [29, Proposition 2.2]. We spell out the
argument. Let (M, X) be a countable recursively saturated model of ACAg + 3X a(X),
where « is arithmetical, and let A € X be such that (M, A) = «(A). The one-sorted
structure (M, A) is a countable recursively saturated model of PA(A).

By recursive saturation, for every a € M there exists b € M that is above any element
definable in (M, A) with parameters below a. By another application of recursive satur-
ation, there exists a sequence (ax)r<c for nonstandard ¢ such that each ay is above any
element definable in (M, A) with parameters below ag_;. Let I be the initial segment
of M generated by C = {a, : n € w}, and let A; = A N I. Note that [ is obviously
closed under exp and that A7 @ C is the intersection with / of a definable set, so the
structure (I, Ay @ C) satisfies BE(I’. Of course, it does not satisfy 1X?, because o is
31 (C)-definable.

Since [ is closed under definability in (M, A) and PA(A) has definable Skolem func-
tions, (I, Ay) is an elementary substructure of (M, A). Thus, (I, A7) = a(Ar). Putting
things together, we conclude that (1, A%-Def(1, A; & C)) is amodel of RCA§ + —1%9 +
AX a(X). ]

Lemma 3.5. Let { be a T1} sentence. Then Y is T1}-conservative over RCA} + —JZ?
if and only if RCA} proves the T1| sentence “every coded w-model of WKL§ + —JZ?
satisfies .

Proof. If ¥ is a T1} sentence which is IT{-conservative over RCA§ + —IXY, then, by [39]
and a routine union of chain argument (cf. [44]), WKL A v is also H%—conservative over
RCAj + —IXZY. By Corollary 3.3, WKL§ + ¥ + —IZ? proves that every coded w-model
of WKL{ + —IXY satisfies ¥. So, by IT}-conservativity, also RCAg + —=IZ? proves this
statement, which is then obviously provable in RCAg since RCA§ + I=9 rules out the
existence of coded w-models of —=I1X?.

On the other hand, if there is a £} sentence § consistent with RCAg + —IZ9 but not
with RCAj + —IZ9 + v, then by [39] there is a model of WKL + =IX? + &. Clearly,
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this model must also satisfy —y, so by Corollary 3.3 it contains a coded w-submodel
satisfying WKL + =19 + —y. [

Remark. Even though Corollary 3.3 applies to arbitrary &£,-formulas ¢, the proof of
Lemma 3.5 employs a union of chain argument that only works for H% statements. In fact,
Lemma 3.5 cannot be generalized to E; sentences V¥, as witnessed by  := —WKL [28,
Proposition 11].

Lemma 3.5 already implies that the set of H% sentences that are I1 { -conservative over
RCAj + ﬁIZ(l) is c.e., and thus it is a computably axiomatized theory. The next result
states that in fact this theory has a rather simple axiomatization.

Theorem 3.6. Let Y be a 1} sentence. Then  is T1}-conservative over RCAy + —IX9
if and only if WKL + —IZ9 - .

Proof. Of course, if the Hé sentence ¥ follows from WKL; + —-IZ(I), then, by [39], it is
I1!-conservative over RCAj + —I1%9.

On the other hand, if ¥ is Hé and H{-conservative over RCA; + —-IZ(I), then, by
Lemma 3.5, RCA} proves that every coded w-model of WKL§ + —IX? satisfies y. But
then Corollary 3.3 implies that WKL} + —IX¢ proves . ]

Remark. Theorem 3.6 means in particular that, in contrast to the tree forcing used to add
paths through binary trees to a model, any forcing notion that can be used to obtain wit-
nesses to statements that do not follow from WKL + —-IZ(I) will not in general preserve
BX? when applied to a ground model satisfying BE9 + exp + —IZ?. Note that unprovab-
ility from WKL + —IX? is known, e.g., for relatively weak Ramsey-theoretic principles
such as the cohesive Ramsey’s theorem CRT% (cf. [14]), which is very easy to witness
using Mathias forcing.

Similar observations specifically about Cohen forcing, but in the context of models
of —exp, were made in [11,12]. Other results showing that it can be impossible to preserve
collection while forcing include [38, Theorem 1], [20, Theorem 4.3].

An important feature of WKL is the low basis theorem [21]: if T is any infinite 0—1
tree, then 7 has an infinite path W which is low in T , i.e., every A, (T & W)-definable set
is A, (T')-definable. It is known that the low basis theorem holds provably in RCAy, in the
sense that if (M, AY-Def(M, T)) E RCAg A “T is an infinite 0—1 tree”, then there is some
W C M low in T such that W is an infinite path in 7 and (M, A-Def(M, T & W)) still
satisfies RCAy ([16], see [17, Chapter I, Section 3 (b)]).

Chong and Yang [8] showed that some important properties of low sets fail in the
absence of Z?—induction: for example, over RCA(’; + —I3; there is no non-computable
low X;-set. Here, we prove that the low basis theorem fails in RCAj in a strong way:
in general, a computable tree in a model of RCAf will not even have an arithmetical
path.

Lemma 3.7. Let (M, X) = RCAS, and let W € X code an w-model (M, W) }= RCAg,.
Then W ¢ W.
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Proof. If W codes ‘W, then the sequence (W )rep contains all sets that belong to ‘W.
By a standard diagonalization argument, such a sequence cannot itself belong to W. =

Lemma 3.8. Let (M, X)) = WKLY + —IX. Then for every A in X, there is a set B € X
which is not arithmetically definable in A.

Proof. Suppose otherwise. By Lemma 3.2, there exists W € X coding an w-model ‘W of
WKLY + =19 such that A € W. Assume that there is an arithmetical formula ¢(x, 4),
with no set parameters other than A, which defines W in (M, A). It follows that (M, X) &
AX Vx (x € X < ¢(x, A)). On the other hand, Lemma 3.7 implies that W ¢ W, so
(M, W) £ 3X Vx (x € X < ¢(x, A)). This contradicts Corollary 2.2. L]

Theorem 3.9. Let (M, X)) E RCA}, and let A € X be such that (M, A) E —=I1Z1(A).
Then there exists a A1(A)-definable infinite 0-1 tree T such that forany W C M, if W
is an infinite path in T, then W is not arithmetically definable in A (in particular it is not
lowin A).

Proof. Let (M, X)) and A be as above, and let T be the A (A)-definable tree from Lem-
ma 3.2, If W is an infinite path in 7', then, letting W := {W}, : k € M}, we have (M, W) &
WKL and A € W. If W were arithmetically definable in A, then every set B € ‘W would
also be arithmetically definable in A, contradicting Lemma 3.8. [

We may reformulate this as a reverse mathematics-style statement, which follows
immediately from Theorem 3.9 and the aforementioned provability of the low basis the-
orem in RCAy. (Recall our convention that variables with a tilde over them are allowed to
range over objects that might not be sets in the sense of membership in the second-order
universe.)

Corollary 3.10. For each n = 2, the following statements are equivalent provably in

RCAg:

(i)  RCA,,

(ii)  for every infinite 0—1 tree T, there exists a X, (T )-set W such that W is an infinite
pathin T and 131 (W) holds,

(iii) for every infinite 0—1 tree T, there exists a X, (T)-set W such that W is an infinite
pathinT.

As far as we know, the following purely model-theoretic question remains open. If the
answer is negative, then it has to be witnessed by a model that is not only uncountable,
but does not have countable cofinality.

Question 3.11. Is it the case that for every model (M, X) = RCA{ and every infinite 0-1
tree T € X, there exists an infinite path in 7°?

To conclude this section, we return to the topic of the collapse of the analytic hier-
archy. We discuss how to strengthen Corollary 3.3 to say that provably in RCAj, if A
is any set witnessing the failure of IX?, then each £,-formula is equivalent not merely
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to a A% formula, but to an arithmetical formula with A as parameter. In particular, if
even X fails, then every £,-formula is equivalent to an arithmetical one with no addi-
tional parameters. The strengthened collapse result is proved by a forcing argument which
is routine but tedious, so we only provide a sketch.

It is well known that if 7 is an infinite O—1 tree in a countable model of RCA;, then
forcing with A1(7T)-definable infinite subtrees of 7' gives rise to an infinite path in T
that still satisfies BX? [39]. The analogous forcing construction for adding paths to trees
that live in models of RCAq was formalized within RCAq in [1, Sections 4-5]. Here, we
formalize in RCA a variant of this forcing such that the generic sets correspond to coded
w-models of WKLg.

The following definition is made in RCA.

Definition 3.12. Given any set X and another set A that we treat as a parameter, let Tx 4
be a tree defined like the one in Lemma 3.2 but with paths corresponding to sets W
that code an w-model of WKL§ with Wy = X, Wi = A. The conditions of the forcing
notion Px 4 are the A;(X, A)-definable infinite subtrees of Ty, 4, ordered by inclusion.
A first-order name has the form k for a natural number k, and it is intended to denote k
itself. A second-order name has the form Gk for a natural number k, and it is intended to
denote G, where G is a generic path in Ty 4.

For a condition S and a sentence ¢ of the language obtained by extending &£, with all
first- and second-order names, treated as constants, the forcing relation S IFx 4 ¢ (with
the subscripts often omitted below) is defined in the following way. If ¢ is a purely first-
order atom, then S |- ¢ if and only if ¢ holds (under the intended interpretation of names).
If ¢ has the form t(lé) € Gy, then S I ¢ if the set {o € S : o({£,1(k))) = 0} is finite.
The IF relation is extended to non-atomic formulas (which we take to be built using —, A,
and 3) as follows:

SIE=p:=V0 <S (0 o),
SFeAy =S IFoASIFY),

SIF3xg:=V0 <S5 3IR =< Q Ik (R IF pk)),
SI-3X ¢ :=VQ < S 3R < Q Ik (R I ¢(Gy)).

Note that for any &£,-formula ¢(x1,...,X,, Y1,..., Yy), it is possible to express the
statement S I-x 4 go()Tc, Gyl ey Gy,n) by an arithmetical formula in X, ¥, S, X, and A.

For amodel (M, X) = RCAj and X, A € X, a generic filter G in Py, 4 can be identi-
fied with an infinite path in Ty 4, which codes an w-model (M, {Gk : k € M }) of WKL}
with Gy = X and G; = A. We refer to this structure as M [G]. One can prove the fol-
lowing two statements by (simultaneous) induction on the complexity of ¢. Firstly, if S
is a condition, then S I ¢ if and only if for every generic G with S € G it holds that
M [G] E ¢ (as usual, under the intended interpretation of names). Secondly, if G is gen-
eric and M [G] = ¢, then there is some condition S € G such that S |- ¢.

If (M, X) is a model of WKL and A is a witness for the failure of IZ¢ in (M, X),
then by Corollary 2.2, for any ¢ € M, any X € X, and G generic for Py 4, the structure
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(M[G],c, X) is elementarily equivalent to (M, X, ¢, X). This means that either every con-
dition will force ¢ (¢, Go) or every condition will force —¢(¢, Go), depending on whether
¢(c, X) holds. Thus, we obtain the following collapse result.

Theorem 3.13. Let ¢(X, X) be an £,-formula. Then WKLG proves that the following
statements are equivalent for any X, X and any Y such that =1%1(Y') holds:

@ ¢(x,X),

(i) IFx,y @(x.Go).

In particulaf; over WKLg + —1X1, ¢(X, X) is equivalent to the arithmetical formula
lFx,0 (X, Go), which has no free variables other than X .

4. Generalization to higher levels

If n > 2 and (M, X) is a model of RCAg + BEY + —IX0, then the Ad-definable sets of
(M, X) form a model of RCA; + ﬁIE?. Thus, it is reasonable to expect that the results
of Sections 2 and 3 say something about RCAy + BEg + ﬂIEg, for instance, about H}-
conservativity over that theory. The case of n = 2 is particularly interesting, as some
prominent problems concerning the first-order consequences of Ramsey’s theorem for
pairs and related statements boil down to the question of whether these statements are
H{-conservative over RCA( + BEg + —-IEg.

In this section, we show that Theorem 2.1 does indeed have some consequences for
higher levels of the arithmetic hierarchy. First, however, we generalize the results of Pro-
position 3.4 ton = 2.

Proposition 4.1. For each n = 1, the T1} consequences of RCAy + B 4+ =10 are
contained in those of ACAg and incomparable to the H% consequences of RCAg + IZ9,
for each m = n.

Proof. The argument for incomparability with the 1] consequences of RCA¢ + IZ9, for
m = n is essentially the same as in the proof of Proposition 3.4 and uses the statements
CZOm+1 and Con(IX,—_1).

The argument showing that the T} consequences of RCAj + BX? + —IX? are con-
tained in those of ACAy is also similar to the one in Proposition 3.4, but now it has to
be combined with a “jump inversion” argument based on [3]. Let (M, X) be a count-
able recursively saturated model of ACAg + «(A), where A € X and « is arithmetical,
and let C, I, A; be obtained as in the proof of Proposition 3.4. We then know that
(I,A1 ® C) EBXY 4+ a(Ay) and (1, C) | —IZ9. Moreover, (I, Ay) is an elementary
substructure of (M, A), which means in particular that (I, A7) satisfies induction for all
arithmetical formulas, and, by construction, that (7, (4 1)(’") eC)E BE? for any m.

If n = 1, we have nothing more to do. Otherwise, note that (1, (47)"~?) = BXY.
Let C; := C. Since (I, (A))* Ve C)) E BXY, we can use Belanger’s jump inversion
Theorem 1.1 to obtain some C, C I such that (I, (47)" 2 & C,) = BXY, and C; is
A3(C3)-definable. If n = 2, we are done, and otherwise, since (1, (47)"~) = BX)
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and (I, (A7)"? @ C,) = BXY, we can use Theorem 1.1 again to get Cs such that
(I, (A" @ C3) | BXY and C; is A2(A2(C3))-definable, thus A3(C3)-definable.
Continuing in this way, we eventually get C,, such that (I, A7 & C,) | BX? and C; is
Ap(Cp)-definable. But then (1, A%-Def(A; @ Cy)) is a model of

RCA} + BX? + =120 + 3X a(X). n

Corollary 4.2. Foranyn = 1, the H} consequences of RCAy + BX? + =10 are con-
tained in those of

RCA} +BX0 +{IZ, — BX) | :m € w}. (4.1)

The theory in (4.1) is one of two natural relativizations of the theory IB + exp con-
sidered in [24], defined as

IAg + exp + {IZ;;, > BZp41 - m € w}.
In [26], this is referred to as the “weak” relativization.

Proof of Corollary 4.2. Let (M, X)) be a model of the theory in (4.1), and let 4 € X
satisfy a(A) with o arithmetical. If m € w is the smallest such that (M, X) 129, then
m =nand (M, X) E BXY,, so (M, AY,_, ,,-Def(M, X)) = RCAj + B9 + —Ix9 +
dX a(X). On the other hand, if (M, X) satisfies induction for all arithmetical formulas,
then the closure of X under arithmetical definability witnesses that 3X /(X)) is consistent
with ACAg and thus, by Proposition 4.1, with RCA} + BX? + —Ix9. [

In order to generalize further results of Section 3, in particular Lemma 3.5 and The-
orem 3.6, to arbitrary 7, we need a suitable variant of weak Konig’s lemma.

Definition 4.3. Let A%-WKL be the statement “for every A9-set T that is an infinite 01
tree, there exists a Ag-set W that is an infinite path in 7.

Note that A?-WKL is equivalent to WKL provably in RCA, because in the presence
of A9-comprehension, a A9-set is the same thing as a set. On the other hand, Belanger [3]
showed that AS-WKL is equivalent to the cohesive set principle COH over RCAq +
BXY. The appearance of BX here is not incidental. COH, being I1{-conservative over
RCAj [4], does not prove BXY, but an argument in the spirit of [13, Proposition 5] shows
that AS-WKL does.

Proposition 4.4. For every n = 1, A>-WKL implies BE? over RCA}. In fact, BE? is
equivalent in RCA} to the statement “for every AY-set that is an infinite 0-1 tree and
every number k, there is a node at level k in the tree with infinitely many nodes above it”.

Proof. We first show that BX? implies the statement above for each fixed n. If we are giv-
en a A%-definable 0-1 tree T and a number k with the property that for each o € {0, 1}*
there is some £ > k such that no element of 7 N {0, l}e extends o, then BEQ gives us an
upper bound on the numbers £ independent of o. The existence of such an upper bound
means that 7 is finite.
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We now argue in the other direction. Again for fixed n, we show by external induction
on m < n that the statement above implies BX? . The thesis holds for m = 1 since RCA}
implies BE(I’ by [39]. Now assume that the thesis holds for m < n and that BZ?n 41 fails,
and let ¥ (x, y) be a T19, formula such that for some k, it holds that Vo € {0, 1}¥ Jy
V¥ (o, y) but the witnesses y cannot be bounded in a way independent of o.

Consider the definable set of binary strings T consisting of all strings with length < k
and all 0 ™7, where |o| = k and there is no y < |t| with ¥ (o, ¥). Then Tisa A0 m1-S€t
(in fact, a £9 -set) by BX? . Moreover, it is an infinite 01 tree, but for every o of length k
there are only finitely many vertices in T above 0. ]

Lemma 4.5. For every n = 1, A%-WKL is IT}-conservative over RCAy + BX9. More-
over, any countable topped model of RCAj + BEg can be w-extended to a model of
RCAj + AS-WKL.

Proof. Forn = 1, this is [39, Corollary 4.7], and for n = 2, it follows from results of [3,6].

We prove the general case by induction on n. Like in the proof of Proposition 4.1,
we use a jump inversion argument based on Theorem 1.1. Assume that the statement
holds for n. To prove it for n + 1, it is enough to show that given any countable model
(M, A) EBX? 41 and a A, 11 (A)-definable infinite 0-1 tree T, we can find B € M such
that (M, A & B) EBx? ny1 and there is a Ay, 41 (B)-definable path in T.

Note that (M A)EBX? and TisA, (A’)-definable. So, by our inductive assumptlon
there exists P € M such that (M, A" ® P) EBX? and there isa A, (P) definable path G
in 7. By Theorem 1.1, therils some B C M such that (M, A & B) E B2n+l and P
is A (B)-definable. Thus, G is A,(A;(B))-definable, and hence A,;(B)-definable
because A, (B)-collection holds. [

It follows immediately from Theorem 2.1 that any two countable models of A2-WKL
that w-extend the same model of BEY + —IY are to some degree similar.

Corollary 4.6. Letn = 1, and let (M, X) and (M, W) be countable models of RCA§ +
AS-WKL such that (M, X N ‘W) | =Y. Let ¢ be a tuple of elements of M and C be
a tuple of subsets of M that are A%-definable in both X and 'W. Then there exists an
isomorphism h between (M, A%-Def(M, X)) and (M, A%-Def(M, W)) such that

h@©@) =¢ and h(C)=C
Proof. Apply Theorem 2.1 to (M, A%-Def(M, X)) and (M, AS-Def(M, 'W)). ]
We introduce an auxiliary piece of notation.

Definition 4.7. Given n = 0 and a set A, we write X <<f1 Y for the statement “for every
Ay (X @ A)-set T that is an infinite 0-1 tree, there exists a A, (Y @ A)-set W that is an
infinite path in 7.

The choice of the <« symbol is inspired by the computability-theoretic notation
X < Y, which means that ¥ has PA-degree relative to X, that is, every X-computable
infinite 0—1 tree has a Y -computable path.
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Lemma 4.8. For each n = 1, RCA] proves that
(@) foranysets X,Y, A, if X <} Y, then BX, (X ® A) holds,

(b) foranysets X, Y, A: X <4 Y holds if and only if there exists a Ay, (Y @ A)-set that
codes an w-model of WKL{ containing (X @ Ay,

(¢) AY-WKL is equivalent to VX YZ 3Y (X <% Y).

Proof. To prove (a), note that if X <’} Y, then in particular for every number k and every
A, (X @ A)-set that is an infinite O—1 tree, there is a node at level k& with infinitely many
nodes above it. By Proposition 4.4, this implies BX, (X & A).

We turn to (b). First assume that there is a A, (Y @ A)-set w ‘coding an w-model w
of WKL such that (X & A1 ¢ w. Clearly, every element of Wisa A, (Y & A)-set.
Moreover, every A, (X & A)-set belongs to W, because ‘W contains (X ® AV and is
closed under A9-comprehension.

If the A, (X @ A)-set happens to be an infinite 0—1 tree, it will have an infinite
path belonging to W. So, X <} Y holds. In the other direction, if X <% Y holds,
then by part (a) the A, (X @ A)-sets form a model of RCAg, so by Lemma 3.2 there
is a single infinite A, (X @ A)-definable 0-1 tree T such that any W that is a path in T
codes an w-model of WKL containing (X @ A Since X «” % Y, some such W is
alA, (Y @ A)-set.

In the proof of (c), the right-to-left direction is immediate. In the other direction,
assuming A9-WKL we get BX? by Proposition 4.4. So, by Lemma 3.2 again, given sets X
and Z there is a single infinite A, (X @ Z)-definable 0-1 tree T such that any path in T
codes an w-model of WKL containing (X & Z )#=D By A-WKL, there is some Y for
which there is a A, (Y )-definable path in T.Then X <, Y holds for any such Y. ]

Definition 4.9 (<’}-basis theorem). Let n = 1, and let ¥ be a H% sentence of the form
VX 3Y a(X,Y), where « is arithmetical. For a given set A, the <<fj-basis theorem
for r is the following statement: “for any sets Z and X, if X <’} Z, then there exists
alA,(Z ® A)-set Y such that a(X, ?) and X @ Y <Lz

The following result can be viewed as a generalization of Lemma 3.5.

Theorem 4.10. Let n = 1 and let  be a T1} sentence of the form VX 3Y a(X,Y) where
o is arithmetical. Then V is Hl conservative over RCAj + BX0 + =IX? if and only if
RCA; + BX? proves the following Hi sentence y{,j : “for every set A, if 1%, (A) does not
hold, then the <'3-basis theorem for Y holds”.

We will write ., instead of y$ whenever 7 is clear from the context, including in the
proof of Theorem 4.10 itself.

Proof of Theorem 4.10. The left-to-right direction can be proved by an argument that is
similar to the one in the proof of Lemma 3.5, but a bit more complicated. We argue in
a slightly different way in order to obtain some additional information (Corollary 4.11).
Let ¥ be the Hl sentence VX 3Y (X, Y). We argue that the 1'[l sentence yy, is
provable in RCAj + BX? + . Let (M, X) be a countable model of that theory. Let
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X, Z, A € X be such that —=IX,(A) holds and X <’ Z. Since v is true in (M, X), there
isaset Y € X such that (M, X) = «(X,Y). By Lemma 4.5, we can w-extend (M, X &
Y & Z & A) to astructure (M, Y) satisfying A2-WKL. Of course, (X & Y & A s
a Al-setin (M, ).

The statement X <’j Z is arithmetical in X, Z, A, so since it was true in (M, X),
it also holds in all the other second-order universes considered. So, by Lemma 4.8 (b)
thereisa A, (Z & A)-set w coding a model (M, W) of WKLG with (X @ A1 ¢ w.
By A%-WKL (and Proposition 4.4), we know that (M, A%-Def(M, ¥)) is a model of
WKL, and by —IZ,(A), we have (M, A-Def(M, ¥)) = =19 and (M, W) E —Ixf.

Thus, by Corollary 2.2, the statement “there exists ¥ such that «(X,Y) and (X &
Y @A)~ exists as a set”, which is true in (M, A%-Def(M, ¥)), must also be true
in (M, VV). Let ¥ € W be a witness to the 3Y quantifier in that statement. Then in
(M, X & Z & A), and hence also in (M, X)), it is the case that Y is a A,(Z @ A)-set
and a(X, Y) holds. Moreover, X & Y <’} Z, because each A, (X @ Y & A)-set belongs
to W which is an ew-model of WKL coded by a A, (Z @ A)-set (cf. the proof of the right-
to-left direction of Lemma 4.8 (b), whose statement might not apply directly because Y
might not be a set in the sense of (M, X)).

Since X, Z, A were arbitrary such that =13, (A) holds and X <’} Z, this completes
the argument that RCA + BXY + ¢ proves yy. By I11-conservativity, also RCAj +
BX? + —IZ? proves yy. Of course, RCA; + IZY proves yy as well by the definition
of yy.

In the right-to-left direction, assume that RCAy + BXY proves yy. By a standard
union of chain argument, to prove I1{-conservativity of ¥ over RCAj + BX? + —I% it
is enough to show that for any countable (M, A) EBXY +-1%,(A) and any A (A)-set X,
there exists ¥ € M such that (M, Y@ A) E BEg and o (X, ?) holds. By Lemma 4.5, we
can extend (M, A) to a model (M, X) = RCAj + A%-WKL. By Lemma 4.8 (c), we can
take some Z € X such that X <% Z. It follows from our assumption that (M, X) = yy,,
so there is some ¥ € M such that a(X, }7) holds and X @ ¥ <4 Z.SinceZ P AeX,
we have (M, (Z & A)* V) = BX? and thus (M, Y @ A) E BX?, which is what we
wanted to prove. ]

We record that the proof of the left-to-right direction of the theorem actually shows
the following.

Corollary 4.11. Suppose n = 1 and let  be a T1} sentence. Then RCAj + BXY + v
proves )/1’/5, where )/1'15 is the H{ sentence from Theorem 4.10.

A discussion of what Theorem 4.10 and Corollary 4.11 say about proving conserva-
tivity over collection principles, mostly in the context of Ramsey’s theorem for pairs and
two colours, can be found in Section 5.

The following theorem can be viewed as a generalization of Theorem 3.6. Whereas
Theorem 3.6 says that a H; sentence V¥ is H}-Conservative over RCAj + —JE‘I) exactly
if it is provable from WKL, the result below replaces WKL by AY-WKL and replaces the
provability of ¥ by the provability of a more complicated I1} sentence guaranteeing that
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the second-order universe can be extended by solutions to instances of . The sentence
says that well-behaved but possibly non-set solutions to ¥ exist, and that they can be
found uniformly for instances of bounded complexity.

Theorem 4.12. Let n = 1, and let y be a T1} sentence of the form YX 3Y a(X,Y),
where o is arithmetical. Then r is T1}-conservative over RCAj + BXO + —IX? if and
only if RCA§ + A2-WKL + —=I%0 proves the statement

VX 3¥ VX <1 Xo IA,(Yo)-set ¥ (¥ @ Xo <5 Yo A (X, Y)). (4.2)

Proof. Let Y be I1} of the form VX 3Y a(X,Y).

For the left-to-right direction, assume that ¥ is I1{-conservative over RCA§ + BZY +
—I%Y, so RCA} + BX? proves the sentence yy from Theorem 4.10. We argue within
RCAj + A%-WKL + —IX? and fix a set A4 satisfying =1, (A). Consider any set Xo. By
Lemma 4.8 (c), there is Yy such that X <<j,’(0EB 4 Yo. Naturally, this implies X <<§'(0GB 4 Yo
for every X <r Xy as well. We have —I%, (Xo @ A), so we know by yy, that the <<S’(O®A-
basis theorem for i holds. Therefore, for every X <t X there existsa A, (Xo® Yo b A)-
set Y such that a(X, 17) and ¥ @ X <<§(069A Yo; the latter implies Y & X <G Xo @
Yo® A. This proves (4.2) with the outermost 3 quantifier witnessed by Xo @ YD A.

The proof of the right-to-left direction is just like the one in Theorem 4.10. ]

The first of the two corollaries below follows directly from either Theorem 4.10 or
Theorem 4.12. The second follows from their proofs in the right-to-left direction.

Corollary 4.13. Foreachn > 1, the set of T1} sentences which are T1}-conservative over
RCAj + BZg + —-122 is c.e. Thus, it is computably axiomatizable.

Except for n = 1, we do not know whether the set in question is finitely axiomatizable.

Corollary 4.14. Let n > 1, and let  be a T1} sentence which is T11-conservative over
RCAj + BX? + —I%9. Any countable topped model of RCAy + BX? + =% can be
w-extended to a model of RCAy + B0 + =120 + .

Remark. An analogue of Corollary 4.14 for RCAg + IZ? + =B Eg 1 fails. One way of
showing this is as follows.

Consider the theory in the language of first-order arithmetic and an additional predic-
ate Tr with axioms consisting of I3, and the statement that Tr is a truth class, i.e., satisfies
Tarski’s inductive conditions for a definition of truth for the arithmetical language. It is
known that this theory is conservative over 1%, (this was proved for PA instead of 1%,
in [34] and generalized to a wider class of theories in [36]; see also [9]). Therefore, every
countable recursively saturated model of 13, admits a truth class, and hence, by the res-
ults of [42] (see Theorem 6.3 in the present paper), the £ sentence “there is a A | -set
which is a truth class for the language of first-order arithmetic” is I1}-conservative over
RCAg + IZ) + —=BX)  |. On the other hand, it is also known that a nonstandard model
of I¥,, admitting a truth class has to be recursively saturated (this was originally proved
for PA instead of I¥,, in [35]; the new proof in [32], as noted in Remark 1 of that paper,
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works already over IAy + exp and thus over 1%, for each n = 1). As a consequence,
a nonstandard model of RCA¢ + IZ? will not w-extend to a model of the above X1 sen-
tence unless it is recursively saturated.

5. Arithmetical consequences of RT;

In this section, we study the implications of our results for the general question of what
methods can be used to prove IT}-conservativity of T1} sentences over collection, and for
the concrete problem whether Ramsey’s theorem for pairs and two colours (RT3) is IT}-
conservative over RCA( + BEg. This is a major open problem in reverse mathematics,
originally posed in [4].

Our main technical observation in this area is an upper bound on the quantifier com-
plexity of the first-order part of the H{ sentences one has to consider to settle the problem
about RT3 (Corollary 5.2). We give two proofs of the bound, both of which work for
a wider class of statements than just RT3. The first proof is based on Theorem 4.10 and
Corollary 4.11. The second actually avoids the use of Theorem 2.1 and its corollaries
altogether, but relies heavily on the particular syntactic form of RT3.

5.1. Implications of the isomorphism theorem

In [4], there are two separate approaches used to prove that every computable colouring
f:[w]? — 2 has an infinite homogeneous set H that is low,, which means that H” = 0”.
The “double jump control” approach is to build H in such a way as to control H” directly
using 0”. The “single jump control” approach is to show that if W is any set that has
PA-degree relative to 0/ —that is, to recall, if each 0’-computable infinite O—1 tree has a W -
computable path — then there is H homogeneous for f such that W computes H’, and
in fact still has PA-degree relative to H’. This is essentially the unrelativized version of
the <<%-basis theorem for RT%, i.e., the special case of the <<%-basis theorem for X = @,
with Z such that Z’ =1 W. Since by the low basis theorem relativized to 0 there is
a set W of PA-degree relative to 0 such that W’ <t 0”, single jump control again gives H
that is low,.

A relativized version of the double jump control approach was the one used to prove
I1}-conservativity of RT3 over RCA( + IZ9. When 1% fails, single jump control (or
the <<%-basis theorem) seems more likely to be applicable, and indeed it was applied
in [6] to prove that weakenings of RTZ known as CAC and ADS are I1}-conservative
over RCAy + BEg. A priori, however, it is conceivable that a proof of I1 % -conservativity
of RT2 over BX9 could use neither of the two approaches.

What Theorem 4.10 shows is that if a I1} sentence ¥ := VX 3Y « is I1}-conservative
over RCA + BEY + —IX?, then in principle this has o be provable by means of the <} -
basis theorem for ¥/, where A is any witness to —-IZS. In the specific case of RTZ, the
relevant n equals 2, and conservativity over I is already known from [4]. Thus, if RT3
is in fact I1{-conservative over BEY, then in the currently unknown cases it will always be
possible to apply the single jump control argument (relative to a set A witnessing —1%9).
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The results of Section 4 also imply that there is always a bound on the complexity
of H% sentences we need to study in order to understand if a given H; sentence is H}-
conservative over BE? + —IX0. For a I1} sentence , it follows from Theorem 4.10 and
Corollary 4.11 that v is I1{-conservative over BE? + —IX? if and only if RCAj + BX?
proves the sentence ya. If v is VEIHg, then y$ can be written as a VH? statement for
{ = max(n 4 3,k + 2); and, by Corollary 4.11, it is provable in RCAS + BEg + V.
So, we get the following conclusion.

Corollary 5.1. Let n = 1, and let Y be a VEIHg sentence, where k = 2. Then ¥ is
I1}-conservative over RCA§ + BEY + —IX) if and only if it is VI1)-conservative over
RCAj + BX0 + =129, where £ = max(n + 3,k + 2).

RT% is a V3ITJ sentence, and we have the additional information that it is IT}-conser-
vative over IZ). This gives the following.

Corollary 5.2. RCA( + RT% is H%-conservative over BEg if and only if it is VHg-
conservative over BE‘Z’.

The discussion up to this point has only used the following properties of RT3: it is
a I}, and more precisely Y319, sentence that is IT}-conservative over I and implies
BX in the presence of RCAq. More specific features of RT3 are needed for the remark
below.

Remark. In the special case of RT2, the role of y 12 in the preceding can be played by
the <Z-basis theorem for RT3. Indeed, we have that >

(1) RCAq + RT3 proves the <3-basis theorem for RT3,

(2) RCAp + RT2 is 1'[1 conservative over BEO if and only if BZ proves the <<@ -basis
theorem for RT2.

To show (1), let (M, X) be a countable model of RCAg + RT2, and assume that
X, Z € X are such that X <<Qj Z and X is a 2-coloring of [M]?. (Note that (M, X)
is already a model of AO WKL.) By Lemma 4.8 (b), there is a AZ(Z) set W coding
a model (M, W) of WKL* with X’ € 'W. Applying Lemma 3.2, take ¥V € ‘W such that
X' <« V. 1f IS, (V) holds, then V-primitive recursion is available in (M, X). Thus,
one can directly formalize the single jump control argument in the form of the proofs
of [18, Theorems 6.44 and 6.57 and Corollary 6.58], which are carried out using solely “d -
computable/primitive recursive arguments” where d is a fixed degree such that ' < d.
This glves a Al(V) set ¥ such that ¥ is an infinite homogeneous set for X and
X Y)’ <r V. Since V Ly Z', we get X @ Y Lz Z.If 12, (V) fails, then both
(M, W) and (M AY- Def(M X)) are models of WKL§ + —IZ9 containing V, so one
may find Y € W such that ¥ is an infinite homogeneous set for X and (X & Y)’ ew
as in the proof of Theorem 4.10. This again implies X & Y <<% Z. Hence, the <<% basis
theorem for RT3 holds in (M, X).

The left-to-right direction of (2) is a direct consequence of (1), and the right-to-left
direction of (2) can be shown as in the proof of the right-to-left direction of Theorem 4. 10.
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5.2. Restricted Z% formulas

Definition 5.3. A restricted E%, or rZ%, formula has the form 3Y &, where £ is Eg.
A restricted T1}, or rT1}, sentence has the form VX (7(X) — 3Y £(X,Y)), where n(X)
is arithmetical and 3Y £(X,Y) isrZ].

As mentioned above, RT% isa VHHg and thus an rI1 é sentence.

In this subsection, we study the behaviour of rE% formulas in WKL§ + —-IE‘I). We
show that each r] formula is equivalent in WKL§ 4+ —I%9 to an arithmetical formula
with a relatively clear combinatorial meaning. Lifted to n = 2, this provides us with a ¥ T2
consequence of RT? that leads to an alternative proof of Corollary 5.2, but differs from
the sentence )/;T% used in the proof from Section 5.1 by having a meaningful restriction
to computable instances.

The investigation of r¥{ formulas also gives us an opportunity to discuss some addi-
tional interesting properties of RCAg 4+ —IX{. We begin with a variation on a theme
suggested by Theorem 2.1: the possibilities for changing a model of RCA§ + —uIZ“l’ by
adding new sets to it are rather limited. Here, we show that it is not possible to add an
unbounded set that is “sparser” than all those present in the ground model or to add a new
bounded X9-definable set. The statement about bounded sets is not used elsewhere in the
paper but it is potentially of independent interest.

Lemma 5.4. Let (M, X) = RCA( and let A € X be such that (M, A) = =121 (A). Then

(a) for every unbounded set S € X, there exists an unbounded Ai(A)-definable set B
such that for every by, by € B with by < b, there exist 51,5, € S with by <51 <5, <bs,

(b) every bounded £°(M, X)-definable set is £1(A)-definable.

The result has a rather obvious generalization to higher n, in which (M, X) satisfies
BZ?, + —IX%, (A) and statements (a) and (b) concern Ag- and 22-deﬁnable sets, respec-
tively.

Proof. Let C be an unbounded A1 (A)-definable set such that C = {c¢; : i € I} for some
proper X (A)-definable cut I &, M. Such a set C exists because =13 (A) holds.

We first prove (a). Given an unbounded S € X/, we find the set B as a suitable subset
of C. Define a sequence (ix : k € K) cofinal in / by

ip =0,

k41 = min({i > ig : |S N [ci, ]| = 2}).

Here K consists of exactly those k € I for which iy exists. It is clear that K is X9-
definable, and it is a cut because both S and C are unbounded sets. Let B be {c;, : k € K}.

Clearly, B is unbounded and there are at least two elements of S between any two
elements of B. It remains to show that B is Aj(A)-definable. Notice that both {i} : k € K}
and I \ {ix : k € K} are X9-definable. So, by Theorem 1.2, there is some d € M such
that Ack(d) N I = {ix : k € K}. Then B = {¢; € C : i € Ack(d)}, which shows that B
is A1 (A)-definable because C is.
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For (b), we adopt some ideas from the proof of [7, Theorem 2.2]. Let R be a E(l)-
definable set in (M, X) that is bounded above by e € M. Suppose R={xe M : (M, X) =
3z O(x, z)}, where 6 is a £ formula, possibly with parameters from (M, X). Use The-
orem 1.2 to obtain d € M such that

Ack(d) N (I x[0,e]) = {{(i,x) : (M, X) =3Iz < ¢;i0(x,2)}.
ThenR ={xe M :x<eAdi el (i,x) €Ack(d)}. So R is X (A)-definable. L]

In general, an rZ% formula has the form 3Y Jw Vu v §, where § is bounded. How-
ever, we can assume without loss of generality that the arithmetical part of the formula
is actually Yu Jv 6, because the initial existential quantifier 3w can be merged with the
existential set quantifier 3Y . Using standard tricks, we can also assume that all quantifiers
in § are bounded by v.

Definition 5.5. Let ¢(X) be an rX] formula of the form 3Y Yu Jv §(X, Y, u, v), where
all quantifiers in § are bounded by v. We define o, (X, Z) to be the following arithmetical
statement: “there is an unbounded A (Z)-definable set W = {w; : i € I} such that for
every i € [ there is a finite set y C [0, w;] satisfying Yu < w; Jv < w; 41 8(X, y,u,v)
foreach j < i”.

Roughly speaking, o, (X, Z) says that some Z-computable set provides a lower bound
for the “rate of convergence” of sequence of finite approximations to a witness for the 3Y
quantifier in ¢(X).

Theorem 5.6. Let o(X) betX !, andlet a, (X, Z) be the arithmetical formula from Defin-
ition 5.5. Then

() RCALF VX VZ (SIZ((Z) - (9(X) — ay(X. Z))),
(b) WKLX - VX VZ (a,(X, Z) > (X)).

Proof. Let (X) be 3Y Vu v §(X, Y, u, v) with quantifiers in § bounded by v.

We first prove (b). Let X, Z be such that o, (X, Z) holds, and let the set W =
{w; :i € I} witness the existential quantifier in o, (X, Z). Let T be the tree consist-
ing of finite 0-1 strings t such that for every i satisfying w;4+; < ||, we have Yu < w;
v < wj41 (X, {x : 7(x) = 1}, u, v). By the choice of W, the tree T is infinite, so by
WKL there is an infinite path Y in T'. Clearly, we have Vu < w; v < w; 41 6(X, Y, u,v)
for each i € I, which implies ¢(X).

Turning to (a), assume that we have ¢(X), and let Y witness the existential set quan-
tifier in ¢(X). In view of BXY, for every number a there is some b such that Vu < a
dv < b (X, Y, u,v). This implies the existence of an unbounded set W= {wj:jeJ}
such that for every j € J we have Yu < w; 3v < W;+16(X, Y, u, v).

Now let Z be such that =13 (Z) holds. By Lemma 5.4 (a) with S := W, there exists
an unbounded A;(Z)-definable set W = {w; : i € I} such that for each i € I there
is some j € J with w; < W; < Wj4+1 < wi4+1. As a consequence, we have Yu < w;
Jv < wj+1 6(X, Y, u,v) foreach i € I. But this means in particular that W has the prop-
erty required in o, (X, Z). [ ]
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Corollary 5.7. Let ¥ be an rT1} sentence of the form YX (n(X) — @(X)), where ¢
is IE}. Then  is H}-conservative over RCA§ + —-IE(I) if and only if RCAg proves the
sentence VX VZ (-IX1(Z) An(X) — ao(X, 2)).

We now consider what can be said about RT% using techniques based on Lemma 5.4.
As in the proof of Corollary 5.2, the only specific features of RT2 needed below are that
it is an rH% sentence, implies BX9, and is H{-conservative over RCA( + IEg.

Let ¢(f, Z) express the following:

“If £:[N]?> — 2, then there is an unbounded A, (Z)-set W= {w; :i € I} such that
for every i € I, there is a pair of finite strings (o, 7) satisfying

o] = |z = wi,

{x : o(x) = 1} is homogeneous for f,

for each j < i, there are at least w; elements x < w;4; such that o(x) =1,

for each j < i and each e < w, if t(e) = 1, then there is a computation s < wj 11
witnessing eZ®9 |, and if 7(e) = 0, then e2®7 1"

Loosely speaking, ¢ says that, assuming f is a 2-colouring of pairs, there is a A, (Z)-
definable infinite tree of finite approximations to an infinite homogeneous set for f and
to the jump of the join of that set with Z. Note that { can be written as a 22 formula, so
the statement ¥ f YZ (=1Z,(Z) — {(f. Z)) is VIIZ.

Theorem 5.8. The theory RCAq + RT3 proves ¥ f Y Z (=1Z2(Z) — {(f, Z)). The the-
ory RCAg + BXY 5 proves that statement if and only if RT3 is Hl-conservattve over BEO

Proof. We first show that RCAg + RT3 proves V f VZ (=IZ2(Z) — {(f. Z)). Let
(M, X) = RCAg + RT3. Let f € X be a 2-colouring of pairs from M, and let Z € X
be such that IZ,(Z) fails. By RT3, there is H € X which is an infinite homogeneous set
for f. Since (M, X) satisfies BXY, there is an unbounded A9-set S = {sj 1 jeJ}in
(M, X) such that for each j, there are at least s; elements of H below s;1, and each
machine e < s; run with oracle H @ Z either stops before 541 or does not stop at all.

By Lemma 5.4 (a) applied to (M, A9- Def(M X)) with S := = S and A := Z’, there
exists an unbounded A, (Z)-definable set W= {w, i € I} such that there are at least two
elements of S between any two elements of W . We claim that W witnesses that ((f.2)
holds. To see this, consider fixed i € I. Let o be the characteristic function of H N [0, w;],
and let T be the characteristic function of (H & Z)' N [0, w;]. Then the pair (o, 7) has the
properties required by ¢ ( f, Z) for this i. This shows that

(M. X) EV[fVYZ(HIE2(Z) — (. 2)).

Thus, we have proved that RCAg + RT2 implies V f VZ (=I1Z2(Z) — {(f, Z)). Now
assume that RCAg + BEY proves that statement as well. As in the proof of Lemma 4.10,
to prove the IT}-conservativity of RT3 over RCAg + B9 + —I%9, and therefore over
RCA( + BXY, it is enough to show that for any countable (M, A) = BZ9 + —IZ) and
any Aj(A)-definable 2-colouring of pairs f, there is H € M unbounded homogeneous
for f such that (M, A @ H) still satisfies BXY.
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By [6], there is a model (M, X) |E RCAg + BX9 + COH with 4 € X. By our assump-
tion, ¢(f, A) holds in (M, X). Since COH implies AJ-WKL over RCAg + BX), there is
a AY-setin (M, X) which is an infinite path in the infinite A,-definable 0-1 tree provided
by £(f, A). Thus, there is an unbounded A9-set H in (M, X) such that H is homogeneous
for f and (A @ H) is a AY-set in (M, X). But this means that (M, (A & HY) E Bx,
so(M,A@ﬁ)l:BEg. m

By Theorem 5.8, the statement V f VZ (—IX2(Z) — {(f, Z)) can be used to give
an alternative proof of Corollary 5.2. A possible advantage of that statement over the sen-
tence VﬁTg IS that the restriction of the latter to computable instances is trivially true in any
model of BX; + exp, because in such a model there can never be computable sets A4,
Z, X such that X <’} Z (cf. Lemma 3.8). On the other hand, the IT5 sentence obtained
by restricting ¢ ( f, Z) to computable colourings f and computable Z (that is, essentially,
to situations where [ X, fails) seems more interesting, and it is quite unclear whether BX,
proves it.

6. Solution to a problem of Towsner

In [42], Towsner proved that for every n > 1, the set of H; sentences Y which are H{—
conservative over RCAg + 122 is I1,-complete.

Towsner also asked whether the same holds with IZ9 replaced by BE?. The question
as stated is only really meaningful for n > 2, because RCAy + BE‘I) is simply RCAy.
So, in order to generalize the question to n = 1, we take the liberty of changing the base
theory to RCAg.

Question 6.1 (Essentially Towsner [42]). For fixed n, is the set
{y € T1} : RCA} + BX? + v is IT{-conservative over RCA} + BX?}
IT,-complete?

By Theorem 3.6 and Corollary 4.13, the answer to Question 6.1 is “almost neg-
ative”, in the sense that the set of H; sentences ¥ which are H%-conservative over
RCA{ + BX? + —IXY is c.e. for each n. For n = 1, we even know that this set is finitely
axiomatizable.

Below, we show that the original question, without the explicitly added —IX9, never-
theless has a positive answer.

Theorem 6.2. For everyn = 1, the set
{¢ € T1} : RCA} + BX? + v is T1}-conservative over RCA} + BXY}
is T1-complete.

To prove this, we recall an important result that Towsner uses as a lemma in his argu-
ment for the I1,-completeness of H}—conservativity over [Z9.
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Theorem 6.3 ([42]). If (M, X) is a countable model of RCAqy + 122 and S € M, then
there is a family Y 2 X of subsets of M such that (M, ¥) = RCAg + 1= and S is
A2+1-deﬁnable in(M,Y).

Definition 6.4. For each n > 1, the 22 cardinality scheme, CXY asserts that no 22

n°
formula defines a total injection from N to N with bounded range.

Theorem 6.5 ([26]). For each n,k = 1, the theory RCAE’; + BEg + —-IEg proves CZg.

A proof of Theorem 6.5 is given in [26]. As mentioned in [26], a different proof
from the one described there can be obtained by relativizing Kaye’s proof of the result
that any model of BX; + exp + —IX; is elementarily equivalent to an 8,,-like structure
[25, Theorem 2.4].

Theorem 6.5 means that an analogue of Theorem 6.3 for BX? fails. For example, if
(M, X) is a countable model of RCAj + BXY + —IX?, then the graph of any bijection
between M and the standard cut @ cannot be arithmetically definable in any (M, ¥) &
BX{ with X C ¥, as the definability of such a bijection would violate CX{ for some .

In the proof of Theorem 6.2, we use a combination of Theorems 6.3 and 6.5.

Proof of Theorem 6.2. Fix n = 1. The set of those Hé sentences ¥ that are H%-conserva-
tive over RCAy + BX is clearly 15, so we only need to prove completeness. Given a [T,
sentence ¢ := Vx 3y §(x, y), define the =} sentence v, as

—-122 Vv 3Z Fa [(there exists a X,+1(Z) function f: N<—a)AVx <adydx,y).

We claim that v, is H{-conservative over RCA + BXY if and only if ¢ is true in the
standard model of arithmetic .

Assume ¢ is true in w, and let (M, X) be a countable nonstandard model of RCAz +
BZg. If(M,X)E —JEg, then also (M, X) = v,. On the other hand, if (M, X) |= 122, by
Theorem 6.3 we can w-extend (1\:1 , X) to (M, Y) in which there is a AY 1-definable (and
thus 9 L 1-definable) bijection f between M and w. If M | ¢, let a be any nonstandard
element of M. If M | —¢, then, using I¥; in M, let a be the largest element of M such
that M = Vx < a 3y §(x, y); in this case, a is necessarily nonstandard. In each case, we
see that f~is an injection from M intoa = {0,1,...,a — 1}, 50 (M, ¥) = ¥,.

We have shown that if @ = ¢, then every countable nonstandard model of RCA§ +
BX? w-extends to a model of RCA§ 4+ BE? + v,. This is enough to show that v, is
I1]-conservative over ¢.

Now assume that ¢ is false in w, and let m € w be such that w &= —3y §(m, y).
We argue that the X} formula =3y §(m, y) A =CX?_ | is consistent with RCAj + BX))
(in fact, with RCA§ + IZ?) but not with RCAG + BX? + v,.

Let M be a countable nonstandard model of Th(w). Then

(M, Ay-Def(M)) = RCA} + 120+ =3y §(m, y).
Use Theorem 6.3 to w-extend (M, A;-Def(M)) to

(M.¥Y) = RCAj +159 + —CXy .
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Of course, =3y §(m, y) still holds in (M, ¥), because it is a purely arithmetical statement.
This shows the consistency of =3y §(m, y) A —-CZg_H with RCA§ + BX9.

Assume for the sake of contradiction that a structure (M, X) satisfies both RCA§ +
BX? + v, and =3y §(m, y) A —-C22+1. By Theorem 6.5, (M, X) must satisfy [Z2, so it
must also satisfy the second disjunct of v, In particular, for any element a witnessing the
existential number quantifier in that disjunct, we have M = Vx < a 3y §(x, y). On the
other hand, any such a also has to be nonstandard, which gives a contradiction with M =
=3y §(m, y). |
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