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Controlled K K -theory and a Milnor exact sequence
Rufus Willett and Guoliang Yu

Abstract. We introduce controlled K K -theory groups associated to a pair (4, B) of separable C *-
algebras. Roughly, these consist of elements of the usual K-theory group K¢ (B) that approximately
commute with elements of A. Our main results show that these groups are related to Kasparov’s
K K-groups by a Milnor exact sequence, in such a way that Rgrdam’s K L-group is identified with
an inverse limit of our controlled K K -groups.

In the case that the C *-algebras involved satisfy the UCT, our Milnor exact sequence agrees
with the Milnor sequence associated to a K K -filtration in the sense of Schochet, although our results
are independent of the UCT. Applications to the UCT will be pursued in subsequent work.

1. Introduction

Given two C*-algebras A and B, Kasparov associated an abelian group KK (A, B) of
generalized morphisms between A and B. The Kasparov K K-groups were designed to
have applications to index theory and the Novikov conjecture [16], but now play a fun-
damental role in many aspects of C*-algebra theory (and elsewhere). This is particularly
true in the Elliott program [10] to classify C*-algebras by K-theoretic invariants.

Our immediate goal in this paper is to introduce controlled KK -theory groups and
relate them to Kasparov’s K K-theory groups. The idea — which we will pursue in sub-
sequent work — is that the controlled groups allow more flexibility in computations. Our
groups are analogues of the controlled K-theory groups introduced by the second author
as part of his work on the Novikov conjecture [36], and later developed by him in collabo-
ration with Oyono-Oyono [18]. Having said that, our approach in this paper is independent
of, and in some sense dual to, these earlier developments: controlled K-theory abstracts
the approach to the Novikov conjecture through operators of controlled propagation as in
[36], while the controlled K K-theory we introduce here abstracts the “dual” approach to
the Novikov conjecture through almost flat bundles as in [3] and [33, Chapter 11].

Our larger goal is to establish a new sufficient condition for a nuclear C *-algebra to
satisfy the UCT of Rosenberg and Schochet [22], analogously to recent results on the
Kiinneth formula using controlled K-theory ideas [19,31]. These applications appear in
the companion paper [34].
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Our goal in this paper is to establish the basic theory, which we hope will be useful
in other settings: indeed, since the initial submission of this paper, we also found quite
different applications to representation stability in group theory [32].

1.1. Controlled K K -theory and the Milnor sequence

We now discuss a version of our controlled K K-theory groups in more detail.

Let B be a separable C*-algebra, let B® J be its stabilization, and let M (B ® K) be its
stable multiplier algebra. Define & (B) to consist of all projections in p € M (M(B ® K))
such that p — (5 ) is in the ideal M2(B ® X). Then the formula

mo(P(B)) — Ko(B). [pl—[p]—[49] (L.1)

gives a bijection from the set of path components of & (B) to the usual Ky-group of B.
Now, assume for simplicity that A is a separable, unital, and nuclear' C *-algebra. Let
7: A — B(£?) be an infinite amplification of a faithful unital representation,” and use the
composition
A— B(£*) = M(X) S M(B® X)

of 7 and the canonical inclusion of M(K) into M(B ® K) to consider A as a C*-
subalgebra of M(B ® K). We also identify A with a C*-subalgebra of M,(M(B ® K))
via the diagonal action. For a finite subset X of A and ¢ > 0, define

Ps(X,B) :={p e PB)||lp.a]| <eforalla € X}.
Define the controlled K K -theory group® associated to X and ¢ to be
KK.(X,B) := no(fPs(X, B)).

Thanks to the isomorphism of line (1.1), we think of KK (X, B) as “the part* of Ko(B)
that commutes with X up to &”. This idea — of considering elements of K-theory that
asymptotically commute with some representation — is partly inspired by the E-theory of
Connes and Higson [4].

Now, let (X,) be a nested sequence of finite subsets of A with dense union, and let
(en) be a decreasing sequence of positive numbers that tend to zero. As it is easier to
commute with X, up to &, that it is to commute with X, 41 up to &,41, we get a sequence

The assumptions of unitality and nuclearity are not necessary, but simplify the definitions - see the
body of the paper for the general versions. The fact that the version we give here is equivalent to the general
definition is a consequence of Proposition A.19 and Remark A.20.

’Le., take a faithful unital representation on a separable Hilbert space, and add it to itself countably
many times. It turns out the choices involved here do not matter in any serious way.

31t is a group in a natural way, in a way that is compatible with the group structure on Ko (B) via the
isomorphism in line (1.1).

“The word “part” is potentially misleading: there is a map K K. (X, B) — Ko(B) defined by forgetting
the commutation condition, but it need not be injective in general.
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of “forget control” homomorphisms
-+ — KK, (Xn,B) — KK, ,(Xp—1,B) — -+ — KK, (X1, B).

Thus we may build the inverse limit h(_m KK, (X,, B) of abelian group theory associated
to this sequence; moreover, we may consider this inverse limit as a topological abelian
group by giving each K K (X, B) the discrete topology and taking the inverse limit in the
category of topological abelian groups. Replacing B with its suspension SB, we may also
build the lim'-group’ liLnl KK,, (X, SB) associated to the corresponding sequence. We
are now ready to state a special case of our main theorem.

Theorem 1.1. For any separable C *-algebras A and B with A unital and nuclear® there
is a short exact sequence

0 —> lim' KK,, (X,. SB) — KK(A. B) — lim KK, (X,. B) —> 0.

We will explain the idea of the proof below, but first give a more precise version
involving Rgrdam’s K L-groups [20, Section 5], and some comparisons of our results to
the previous literature.

1.2. The topology on KK and Schochet’s Milnor sequence

Recall that KK (A, B) is equipped with a canonical topology, which makes it a (possibly
non-Hausdorff) topological group. This topology can be described in several different
ways that turn out to be equivalent, as established by Dadarlat in [6] (see also [24]).
Define’” KL(A, B) to be to be the associated maximal Hausdorff quotient, i.e., the quotient
KK(A, B)/{0} of KK (A, B) by the closure of the zero element.

The following theorem relating our controlled K K-theory groups to the topology on
KK is a more precise version of Theorem 1.1, and is what we actually establish in the
main body of the paper.

Theorem 1.2. For any separable C *-algebras A and B with A unital and nuclear® there
are canonical isomorphisms

lim' KK, (X, SB) = {0} and lim KK;,(X,, B) = KL(A, B).

Moreover, the second isomorphism above is an isomorphism of topological groups.

5The lim! functor is the first derived functor of the inverse limit functor. See for example [30, Sec-
tion 3.5] or [26, Chapter 3] for concrete definitions of the inverse limit and lim' groups, and for some
examples of computations. See [13] for the general case.

SThere is also a very similar version for general separable A: see the main body of the paper.

"The original definition of KL(A, B) is due to Rgrdam [20, Section 5], and only makes sense if the
pair (A, B) satisfies the UCT. The definition we are using was suggested by Dadarlat [6, Section 5], and is
equivalent to Rgrdam’s when A satisfies the UCT by [6, Theorem 4.1].

8 Again, the unitality and nuclearity assumptions on A are not necessary, with appropriate changes to
the definitions.
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The short exact sequence in Theorem 1.1 is an analogue of Schochet’s Milnor exact
sequence [23] associated to a KK-filtration. A K K-filtration consists of a K K-equivalence
of A with the direct limit of an increasing sequence (A4,) of C*-algebras where each
Ay, has unitization the continuous functions on some finite CW complex. Schochet [23,
Theorem 1.5] shows that such a filtration exists if and only if A4 satisfies the UCT. Schochet
[23, Theorem 1.5] then shows that there is an exact sequence

.1 .
0 —> lim' KK(A,. SB) — KK(A, B) —> lim KK (A, B) — 0.

It follows from Theorem 1.2 and [25, Proposition 4.1] that our Milnor sequence from
Theorem 1.1 agrees with Schochet’s when A satisfies the UCT. Our Milnor sequence can
thus be thought of as a generalization of Schochet’s sequence that works in the absence of
the UCT.

1.3. Discussion of proofs

Continuing to assume for simplicity that A is unital and nuclear, let us identify A with
a C*-subalgebra of M(B ® K) as in the statement of Theorem 1.1. Then we define
P (A, B) to be the collection of all continuous, bounded, projection-valued functions
p:[1,00) > M(M(B ® K)) such that [p;,a] — 0 ast — oo for all @ € A, and so that
pe—(39)isin Ma(B ® X) for all . Define KK » (A, B) to be the quotient of (A4, B)
by “homotopy”, i.e., by stipulating that p and g are equivalent if they are restrictions to
the endpoints of an element of P (A4, C[0, 1] ® B).

One can then show’ that KK(A, B) is naturally isomorphic to KKp(A, B). The
first important ingredient in this is the description of KK(A, B) as the K-theory of an
appropriate localization algebra, which was done by Dadarlat, Wu and the first author in
[9, Theorem 4.4] (inspired by ideas of the second author in the case of commutative C *-
algebras [35]). The other important (albeit implicit) ingredient we use for the isomorphism
KK(A, B) = KKgp (A, B) is the fundamental theorem of Kasparov that the equivalence
relations on Kasparov cycles induced by operator homotopy, and by homotopy, give rise
to the same K K-groups: see [15, Section 6, Theorem 1], and see also [27, Theorem 19]
and [1, Section 18.5].

Having described K K (A, B) using continuous paths of projections, we can now also
describe its topology in this language: roughly, a sequence (p")2, converges to p in
P (A, B) if for all ¢ > 0 and finite X C A there is ¢y such that for all # > ¢y, p} can be
connected to p; via a homotopy passing through $¢(X, B). This topology on & (A, B)
induces a topology on KK » (A, B), and we show that the latter topology agrees with the
usual one on KK (A, B) using an abstract characterization due to Dadarlat [6, Section 3]
(and based on ideas of Pimsner).

9We do not actually show this, only the more general version where A is non-unital and not-necessarily
nuclear; nonetheless, this result follows directly from the same methods.
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Having got this far, it is not too difficult to see that there is a well-defined map
KKgp(A, B) —>liLnKKsn(Xn,B) (1.2)

defined by evaluating a path (p);e[1,00) in &? (A, B) at larger and larger values of ¢, and
that there is a well-defined map

lim' KKe, (X, SB) — KKp(A, B) (1.3)

defined by treating an element of #;(X, SB) as a projection-valued function from [0, 1]
to #:(X, B) that agrees with ( s 8) at its endpoints, and stringing a countable sequence
of these together to get an element (p;);e[1,00) in # (A4, B). It is then essentially true by
definition that the map in line (1.2) contains the closure of {0} in its kernel so descends to
a map

KKp(A, B)/{0} — lim KK, (X,, B),

and moreover that the map in line (1.3) takes image if the closure of {0} so corestricts to a
map
lim" KK, (Xn, SB) — {0}.

To establish Theorem 1.2, we show that the maps in the two previous displayed lines are
isomorphisms.

1.4. Notation and conventions

We write £2 for £2(N).

Throughout, the symbols 4 and B are reserved for separable C*-algebras; the letters
C, D and others may sometimes refer to non-separable C *-algebras. The unit ball of a
C*-algebra C is denoted by Cy, its unitization is C*, and its multiplier algebra is M (C).

Our conventions on Hilbert modules follow those of Lance [17]. We will always
assume that Hilbert modules are over separable C *-algebras, and are countably generated
as discussed on [17, p. 60]. If it is not explicitly specified otherwise, all Hilbert modules
will be over the C *-algebra called B. For Hilbert B-modules E and F, we write £(E, F)
(respectively K (E, F)) for the spaces of adjointable (respectively compact) operators
from E to F in the usual sense of Hilbert module theory [17, pp. 8-10]. We use the
standard shorthands £(E) := £(E, E) and X (E) := K(E, E).

In this paper, unless stated otherwise, a representation of A will refer to a representa-
tion of A on a Hilbert module, i.e., a x-homomorphism 7: A — £(FE) for some Hilbert
module E (almost always over B, as above). For a € A, we generally just write a € £(E)
for (a) to avoid notational clutter (even if 7 is not assumed injective). We write £ for
the (completed) infinite direct sum Hilbert module 9,2, E [17, p. 6], or equivalently the
external tensor product £2 ® E [17, p. 35]. If m: A — £(E) is a representation, we write
7 A — L(E) for the amplified representation; in tensor product notation we have
7® =1p ®@m: A — £({? ® E). We say a representation (i, E) has infinite multiplicity
if it isomorphic to (0*°, F*°) for some other representation (o, F).
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The symbol “®” always denotes a completed tensor product: either the (external or
internal) tensor product of Hilbert modules [17, Chapter 4], or the minimal tensor product
of C *-algebras.

If E is a Banach space and X a locally compact Hausdorff space, we let Cp(X, E)
(respectively, Cy,p (X, E), Co(X, E)) denote the Banach space of continuous and bounded
(respectively uniformly continuous and bounded, continuous and vanishing at infinity)
functions from X to E. We write elements of these spaces as e or (ex)xex, With ey € E
denoting the value of e at a point x € X. We will sometimes say that e is a “...” if it
is a pointwise a ““...”: for example, “u € Cp([1, 00), L(F1, F>)) is unitary” means “u;
is unitary in £(Fy, F,) for all ¢t € [1,00)”; if E is a C*-algebra so Cp(X, E) is also a
C *-algebra, then this is consistent with the standard use of “unitary” and so on. With
u € Cp([1, 00), £(F1, F>)) as above, if b is an element of £(F) we write ub for the
function ¢ + u;b in Cyp([1, 00), L(F1, F>)) and similarly for cu with ¢ € £(F3) and so
on.

For K-theory,

K+ (A) := Ko(A) & K1(A)

denotes the graded K-theory group of a C *-algebra, and KK« (A4, B) := KKy(A, B) ®
KK;(A, B) the graded K K-theory group. We will typically just write KK (A, B) instead
of KKo(A, B).

1.5. Outline of the paper

Sections 2 and 3 are background. In Section 2 we recall some facts about “absorbing”
representations. Most of the material in Section 2 is essentially contained in papers of
Kasparov [14], Thomsen [29], Dadarlat-Eilers [7, 8], and Dadarlat [6]. In Section 3 we
recall the localization algebra of Dadarlat, Wu and the first author [9] (inspired by earlier
ideas of the second author [35]), and establish some technical results about this.

Sections 4 and 5 introduce a group KK » (A, B) that consists of homotopy classes of
paths of projections that asymptotically commute with A and relate it to K K -theory: the
culminating results show that KK(A, B) and KK » (A, B) are isomorphic as topological
groups. In Section 4 we introduce KK (A, B), show that it is a commutative monoid,
and then that it is isomorphic to K K(A, B) (whence a group). In Section 5 we introduce
a topology on KK p(A, B). We then use a characterization of Dadarlat [6, Section 3] to
identify this with the canonical topology on KK (A, B) that was introduced and studied
by Brown, Salinas, Schochet, Pimsner, and Dadarlat in various guises.

Sections 6 and 7 establish Theorem 1.2 (and therefore Theorem 1.1). Section 6 identi-
fies the quotient KK » (A, B)/ {0} with @ KK (X, B) (and therefore identifies KL (A, B)
with this inverse limit). Section 7 identifies the closure of zero in KK » (A, B) with the
appropriate lim! group, completing the proof of the main results.

Finally, Appendix A gives some alternative pictures of our controlled K K-groups that
will be useful for our subsequent work. In particular, we give a slightly simplified picture
in the case that A is unital.
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2. Strongly absorbing representations

Throughout this section, A and B refer to separable C *-algebras. All Hilbert modules are
countably generated, and all are over B unless explicitly stated otherwise. All representa-
tions of A are on Hilbert B-modules unless explicitly stated otherwise.

In this section we establish conventions and terminology regarding representations
on Hilbert modules. The ideas in this section are not original: they come from papers of
Kasparov [14], Thomsen [29], Dadarlat—Eilers [7, 8], and Dadarlat [6]. Nonetheless, we
need some variants of the material appearing in the literature, so record what we need
here for the reader’s convenience; we provide proofs where we could not find the precise
statement we need in the literature.

The definition of absorbing representation below is essentially'’ due to Thomsen [29,
Definition 2.6].

Definition 2.1. A representation w: A — £(F) is absorbing (for the pair (A, B)) if for
any Hilbert B-module E and ccp map 0: A — £(E), there is a sequence (v,) of isometries
in £(E, F) such that:

(i) o(a)—vin(a)v, € K(E)foralla € Aandn € N;

(i) |o(a) —vym(a)vy|| — Oasn — oo foralla € A.
We want something slightly stronger.

Definition 2.2. A representation w: A — £(F) is strongly absorbing (for the pair (A4, B))
if (7, F) is the infinite amplification (0°°, E°) of an absorbing representation (o, E).

Remark 2.3. If (xr, F) is an infinite multiplicity (for example, strongly absorbing) rep-
resentation then we can write it as an infinite direct sum of copies of itself. It follows
that there is a sequence (s,);—; of isometries in &£(F’) with mutually orthogonal ranges,
that commute with the image of the representation, and are such that the sum Y oo | 5,5
converges strictly'! to the identity.

In [29, Theorem 2.7], Thomsen shows that an absorbing representation of A on 2®B
always exists. The following is therefore immediate from the fact that ({2 ® B)*® = (> ® B.

Proposition 2.4. There is a strongly absorbing representation of A on £*> ® B. [ ]

The point of using strongly absorbing representations rather than just absorbing'” ones
is to get the following lemma.

10Thomsen’s definition is a little more restrictive: he insists that B be stable, and that the B-modules
used all be copies B ® K (£2). Thanks to a combination of Kasparov’s stabilization theorem [14, Theo-
rem 2] and Remark A.15 below, our extra generality makes no real difference.

"For the strict topology coming from the identification £(F) = M(JK (F)). As the partial sums are
uniformly bounded, we may equivalently use the topology of pointwise convergence as operators on F.

12We do not know that the lemma fails for absorbing representations, but cannot prove it either.
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Lemma 2.5. Let m: A — L(F) be a strongly absorbing representation, and let 6: A —
L(E) be a ccp map. Then there is a sequence (vy) of isometries in £(E, F) such that:

i) o(a)—v,n(a)v, € K(E)foralla € Aandn € N;

(i) |lo(a) —vim(a)va|| > O0asn — ocoforalla € A;

(iii) vyvm = 0foralln # m.
Proof. Let (7, F) = (6°°, G*) for some absorbing representation (6, G). Let (w,) be a
sequence of isometries in £(E, G) with the properties as in the definition of an absorbing
representation for o. For each n, let s,, € £(G, F) be the inclusion of G in F as the nth

summand, and set v, := s,w, € L(E, F). Direct checks show that (v,) has the right
properties. ]

We will need the following result, which is implicit'® in [7].

Proposition 2.6. Let w: A — L(E) be a strongly absorbing representation. Then for
any ccp map o: A — L(F) there is an isometry v € Cyp([1, 00), £(F, E)) such that
v¥*r(a)v —a(a) € Co([1, 00), K (F)).

Moreover, if o: A — £(F) is also a strongly absorbing representation, then there is a
unitary u € Cyp([1,00), £(F, E)) such that u*n(a)u — o(a) € Co([1,00), K (F)).

For the proof of Proposition 2.6 will need two lemmas. The first is a well-known
algebraic trick.

Lemma.7. Letn:A— L(E)ando: A — L(F) be representations, and letve £(E, F)
be an isometry. If v € Cyp([1, 00), £(F, E)) is such that

v r(a)y —o(a) € Co([1,00), K(F)) foralla € A,
then 7w (a)v — vo (a) is an element of Co([1,00), X (F, E)) forall a € A.
Proof. This follows from the fact that
(n(@)v —vo (@) (n(@) — vo(a)
equals
v*r(a*a)v —o(a*a) — (vir(a*)v —o(a*))o(a) — o(a*) (v n(a)v — o(a))
forall a € A. [ ]

The second lemma we need is [8, Lemma 2.16]; we recall the statement for the reader’s
convenience but refer to the reference for a proof.

It is also explicit in [9, Theorem 2.6], but with 7 only assumed absorbing, not strongly absorbing.
However, there seems to be a gap in the proof of [9, Theorem 2.6], so it seems to be necessary to assume
all absorbing modules used in [9] are actually strongly absorbing. None of the results of [9] are further
affected if one does this.
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Lemma 2.8. Let m1: A — £(E) and 6: A — £(F) be representations. Let *°: A —
L(F) be the infinite amplification of o, and let w € £(F®°, F & F*) be defined by
(£1,82,83,...) > & @ (&2, &3, ...). Then for any isometry v € £(F*°, E), the operator

u:=>0r ®v)wv* +1g —vv* € L(E,F @ E)
is unitary and satisfies
||0(a) @ n(a) — un(a)u*” < 6Hvo°°(a) - n(a)v” + 4||va°°(a*) - n(a*)vH.

Moreover, ifvo™(a) —n(a)v € K(F*®,E) foralla € A, theno(a) ® n(a) —un(a)u* €
K(F @ E) foralla € A. L]

Proof of Proposition 2.6. Assume first that 0: A — £(F) is ccp. Let (v,,) be a sequence
of isometries in £(F, E) as in Lemma 2.5. For each n > 1 and each ¢ € [n,n + 1], define

voi=m+1—=0"Y20, + @ —n)" 2,4

Then the resulting family v := (vs)/e[1,00) is an isometry in Cyp([1, 00), £(F, E)) such
that v*7(a)v — o(a) € Co([1, 00), K (F)) for all a € A; we leave the direct checks
involved to the reader.

Assume now that o: A — £(F) is also a strongly absorbing representation. Using
the first part of the proof applied to the infinite amplification 0°°: A — L(F*°), we get
v € Cup([1,00), £(F*°, E)) such that v*7(a)v — 6™ (a) € Cy([1, 00), K (F*>)) for all
a € A. Lemma 2.7 implies that 7w (a)v — vo®°(a) is an element of Cy([1, 00), K (F*°, E))
for all @ € A. Building a unitary out of each v; using the formula in Lemma 2.8 gives
now a unitary ug € Cyp([1,00), £(E, F @ E)) such that 0(a) ® m(a) —ugm(a)uy €
Co([1,00), K (F & E)) for all a € A. The situation is symmetric, so there is also a unitary
ur € Cyp([1,00), £(F, F & E)) such that

o(a)®n(a) —uro(a)uy € CO([l, ), K(F & E)) foralla € A.
Defining u = u}up, we are done. [

We need one more technical result about strongly absorbing representations. The state-
ment and proof are essentially'* the same as a result of Dadarlat [6, Proposition 3.2]. We
give a proof for the reader’s convenience.

Proposition 2.9. Let 7: A — (B ® £?) be a strongly absorbing representation of A on
the standard Hilbert B-module. Let C be a separable nuclear C*-algebra, and let C ®
B ® (2 denote the C @ B-Hilbert module given by the exterior tensor product. Then the
amplification 1c @ : A— £(C ® B®4{?)" is strongly absorbing for the pair (A, C @ B).

14The main difference is that we drop a unitality assumption on C. This is important for our applications
later in the paper, as we will want to apply the result with C = Cy(0, 1) in order to treat suspensions of
C *-algebras.

1SHere and throughout, by “1¢” we mean either the unit of C if C is unital, or the unit of the unitization
C ™ of C, acting as a multiplier on C.
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Proof. As 1¢ ® = is isomorphic to the infinite amplification of itself, it suffices to show
that 1¢ ® 7 is absorbing. Let (¢ ® m)*: AT — £(C ® B ® ?) be the canonical
unital extension of 1¢ ® 7 to the unitization AT of A (even if A is already unital).
Using Kasparov’s stabilization theorem [14, Theorem 2], the equivalence of (1) and (2)
from [29, Theorem 2.5], [29, Theorem 2.1], and the canonical identifications C ® B ®
KU?) = K(CR®B®{?*)and £(C ® B® £?) = M(KX(C ® B ® £?)), it suffices to
show that if 0: AT — C ® B ® K (£?) is any ccp map then there is a sequence (w,) in
¥(C ® B ® K (£?)) such that

lim |lo(a) —w;(lc ® 1) T (@)wa| =0 foralla € AT
n—>oo

and such that
lim |wib| =0 forallb e C ® B® K (£?).
n—>o0
Let §: CT — B(£?) be a unital representation of the unitization of C such that

5T (K (€%)) = {0},

Let : CT — £(C) be the canonical multiplication representation. Kasparov’s version of
Voiculescu’s theorem [14, Theorem 5] combined with nuclearity of C* imply that there
is a sequence (vy (0))3>; of isometries in £(C, Ct ® £?) such that

”L(C) — v;"(o)(lc+ ® 8(¢)) Un,(0) H —>0 asn— 00

for all ¢ € C . Perturbing v, (o) slightly, we may assume that actually v, (o) has image in
Ct®(2{1,...,k(n)} for some k(n).

Let (e,;) be an approximate unit for C. We may consider multiplication by e,, as
defining an operator in £c(CT ® H,C ® H) for any Hilbert space H, and therefore
the product operators e, vy (o) make sense in £(C, C ® €*{1,...,k(n)}). For a suitable
choice of m(n) we have that if v, (1) := € n)Vn,(0) then

|t(e) = vy 1y (1c ® 8(¢))vn,1)| — 0 asn — o0

forall c € C. Let §,: C — K(£?{1,...,k(n)}) be the compression of § to the first n
basis vectors. Note that by choice of k(n) we have v} (1)(1C ® 8(¢)) v, 1) = v (1)(10 ®
81 (c))vn (1) for all n, and thus that

|e(e) = vy 1y (1c ® 8a(C))vn,y]| — 0 asn — o0

forallc € C.
Define

Ap =8, ® lggyr):C ® B® K (L) — K(C{1,....k(n)}) ® B ® K(£?).
Define vy, (2) 1= vn,(1) ® lgx(e2), SO

@ € Leopox)(C ® B K(E?), C® 2{1,... .k(n) ® B & K(¢?)).
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Note then that
e 42 o1 © a@)ino] 0 a5n > ox
forallc € C ® B ® K (£?) and so in particular
lo@) = vy 5)(1c ® An(0(@))vn,)| — 0 asn — oo

foralla € AT,

To complete the proof, use an identification K (£2{1,...,k(n)}) ® K ({?) = K (¢?)
to give an isomorphism ¢ : K (£3{1,....k(n)}) ® B ® K({?) — B ® K (£?). Note that
as 7 is absorbing there is a sequence (v, (3))2, in £(B ® X (£?)) such that

[6(An(0(@)) = v 3y m(@vn@)| — 0 asn — oo

foralla € A1 (compare the equivalence of (1) and (2) from [29, Theorem 2.5] again). As
7 is strongly absorbing, we may moreover assume that the vy, (3) satisfy v:;,@)b — 0 for
all b € B ® K (£?) by ensuring that for all m, vn,(3)v:’(3) is orthogonal to any element
of B ® K ({?{1,...,m}) for all large n. It is then not too difficult to check that we can
choose /(n) such that if we set

Wy := (1¢ ® Vi), (3))Vn,2) € L(C ® B ® K(£?)),

then (wy,) has the right properties. |

3. Localization algebras

Throughout this section, A and B refer to separable C *-algebras. All Hilbert modules are
countably generated, and all are over B unless explicitly stated otherwise. All representa-
tions of A are on Hilbert B-modules unless explicitly stated otherwise.

In this section, we define localization algebras following [9], and show that uniform
continuity can be replaced with continuity in the definition without changing the K-theory.
This result was first observed by Jianchao Wu (with a different proof), and we thank him
for permission to include it here.

The following definition comes from [9, Section 3]. We use slightly different nota-
tion to that reference to differentiate between the continuous and uniformly continuous
versions.

Definition 3.1. Let 7: A — L£(E) be arepresentation of A on a Hilbert B-module. Define
CL . () to be the C *-algebra of all bounded, uniformly continuous functions b:[1, co) —
£(E) such that [by,a] — 0 for all a € A, and such that ab; is in JC(E) for alla € A and
all ¢t € [1, 00). We call Cr. () the localization algebra of .

The following is'® [9, Theorem 4.4].

16 A5 explained in Footnote 13, the cited result should be stated with the assumption that the represen-
tation is strongly absorbing, not just absorbing.
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Theorem 3.2. Let m: A — L (E) be a strongly absorbing representation. Then there is a
canonical isomorphism KKy (A, B) = K«(CL (7)). |

Definition 3.3. Let 7: A — L(E) be a representation of A on a Hilbert B-module. Define
CL () to be the C*-algebra of all bounded, continuous functions b: [1, o0) — L(E)
such that [b;, a] — O for all a € A, and such that ab; is in K (E) for all @ € A and all
t €1, 00).

Clearly there is a canonical inclusion Cr, 5, () — Cr (7). Our main goal in this sec-
tion is to establish the following result.

Theorem 3.4. Let w: A — £(F) be an infinite multiplicity (in particular, & could be
strongly absorbing) representation of A on a Hilbert B-module. Then the canonical inclu-
sion Cp, () — Cr () induces an isomorphism on K-theory.

We will need several preliminary lemmas. The first of these is no doubt well known:
compare for example [12, Proposition 4.1.7].

Lemma 3.5. There is a function w: [0, 00) — [0, 00) such that w(0) = lim;—¢ w(t) = 0,
and with the following property. Assume that D is a C*-algebra, and that py, p1 € D are
projections with the property that ||po — p1|| < 1/2. Then there is a homotopy (p:)efo,1]
connecting po and py in D, and with the property that ||ps — p:|| < w(|s — t|) for all
s,t €[0,1].7

Proof. Define x := p1 po + (1 — p1)(1 — po) in the unitization D* of D. Then x — 1 =
2p1 — 1)(po — p1); as ||2p1 — 1| = 1, this implies that |1 — x| < 1/2. For ¢ € [0, 1],
define x; := t1 4+ (1 — t)x, which also satisfies ||l — x;|| < 1/2 for all . Hence each
x; is invertible, and the norm of its inverse is at most 2 by the usual Neumann series
representation x; ! = Y17 (1 — x;)". It follows that for each 7, ||(x}x;)~"|| < 4, whence
the spectrum of x;x; is contained in [1/4, co). Define moreover u; := xt(xt*xt)_l/z,
which is unitary.

Now, as the function ¢ — x; is Lipschitz, it follows from the functional calculus and the
fact that the spectrum of x; x; is uniformly bounded away from zero that there is a function
n: [0, 00) — [0, 00) such that n(0) = lim;_.¢ n(¢) = 0 and such that ||us —u;|| < n(|s —¢|)
for all s, € [0, 1]: compare for example the proof of [21, Lemma 1.2.5].

One computes moreover that u; pou] = p1: compare the proof of [ 12, Proposition 4.1.7].
Define finally p; := u, pouj, which has the right properties by the discussion above. =

For the statement of the next lemma, recall that if C and D are C *-algebras equipped
with surjections 7¢:C — Q and p : D — Q to a third C *-algebra Q, then the pullback
is the C *-algebra

P = {(c,d) eC®D|nc)= nD(d)}.

17The lemma is not optimal: a slightly more elaborate argument with the holomorphic functional calcu-
lus would show that the function ¢ — p; is Lipschitz with a uniform Lipschitz constant.
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Such a pullback gives rise to a canonical diagram

P——C

L e G.1)

D—>HD 0

where the arrows out of P are the natural (surjective) coordinate projections. We call any
square isomorphic to one of this form a pullback square.
See for example [33, Proposition 2.7.15] for a proof of the next result.

Lemma 3.6. Given a pullback diagram as in line (3.1) above, there is a six-term exact

sequence
Ko(P) —— Ko(C) & Ko(D) —— Ko(Q)
Ki(Q) +—— Ki(C) ® Ki(D) «—— Ki(P)

of K-theory groups. The sequence is natural for maps between pullback squares. ]

We record two more well-known K-theoretic lemmas. See for example [33, Proposi-
tion 2.7.5 and Lemma 2.7.6] for proofs.'®

Lemma 3.7. If a, B: C — D are x-homomorphisms with orthogonal images, then o +
B:C — D is also a x-homomorphism, and (a + B)« = 0« + P« as maps on K-theory. m

Lemma 3.8. Let a, f: C — D be *-homomorphisms, and assume that there is a partial
isometry v in the multiplier algebra of D such that a(c)v*v = a(c) forall ¢ € C, and so
that va(c)v* = B(c) forall ¢ € C. Then o and B induce the same maps on K -theory. m

Proof of Theorem 3.4. Let E :=| |,.{[2n,2n+1]and O :=| |,.,[2n —1,2n], equipped
with the restriction of the metric from [1, 00). Let Cru(m; E) denote the collection of all
bounded, uniformly continuous functions b: E — £(F) such that ab; € X (F) for all
a € A, and such that [a, b;] — 0 as t — o0. Define Cyr, ,(7; O) and Cr, ,(; E N O)
similarly, and define Cr, . (7; E), CL . (7; O), and Cr, .(7r; O N E) analogously, but with
“uniformly continuous” replaced by “continuous”. Then we have a commutative diagram
of pullback squares

Cru(m) Cru(m: E)

\CL,C(JT) CLe(m: E)
CLu(m; 0) CLu (n;lE N o)

\CL,C(JT; 0) CLe(m:ENO)

18The statement of [33, Proposition 2.7.5] has a typo: vv* should be v*v where it appears there.
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where the diagonal arrows are the canonical inclusions, and all the other arrows are
the obvious restriction maps. Using Lemma 3.6 and the five lemma, it thus suffices to
show that the maps Cr ,(7; G) — CL(7; G) induce isomorphisms on K-theory for
G €{E, O, E N O}. For E N O, which just equals N N [1, 0o), this is clear: the map is
the identity on the level of C*-algebras as there is no difference between continuity and
uniform continuity in this case. The cases of E and O are essentially the same, so we just
focuson E.

Letnow En := E N2N ={2,4,6,...} be the set of positive even numbers. Restriction
defines a surjective *-homomorphism Cr, ,,(; E) — Cr , (; EN); we write Cf’u (7 E)
for the kernel. The same holds for the Cr, . algebras, giving a commutative diagram

0——Cp,(m; E) —— CLu(n; E) —— Cpu(; En) —— 0

| | l

0——CP (1 E) —— Cpo(m: E) —— Cp o (: EN) —— 0

of short exact sequences where the vertical maps are the canonical inclusions. The right-
hand vertical map is the identity as there is no difference between continuity and uniform
continuity for maps out of Ey. Hence by the five lemma and the usual long exact sequence
in K-theory, it suffices to show that the left-hand vertical map induces an isomorphism on
K-theory. For r € [0, 1] let us define a *-homomorphism /,: Cp (7 E) — Cp (7 E)
by the following prescription. For b € Cf,u (m; E)and t € [2n,2n + 1], we set

(hrd); = b2n+r(t—2n)

(in words, &, contracts [2n,2n+1] to {2n} as r varies from 1 to 0). Using uniform conti-
nuity, (hr)refo,1] is a null-homotopy of C7 , (7r; E), and therefore K«(C} ,(r; E)) = 0.
It thus suffices to show that K, (C 3’ (7 E)) = 0, which we spend the rest of the proof
doing.

We will focus on the case of Ky (which is in any case all we use in this paper); the
case of K is similar. Take then an arbitrary element x € Ko(C g, (7 E)), which we may
represent by a formal difference x = [p] — [1x] where p is a projection in the m x m
matrices My, (Cf,c (7r; E)™) over the unitization Cf,c (7r; E)T of CL o (7; E) for some m,
and 1 € M,,(C) € M, (Cf’c (7r; E)*) is the scalar matrix with 1s in the first k diagonal
entries and Os elsewhere for some k < m. Without loss of generality, we may think of p
as a continuous projection-valued function

pE—-> M, (é(i(F))

such that a(p — 1) € My, (K (F)) for all a € A (here we use the amplification of the
representation of A to a representation on M,,(£(F)) to make sense of this), such that
[a, pr] — Oforall a € A, and such that p,, = 1 foralln € N.

Now, for each n, the restriction p|[2,,2,+1] is uniformly continuous, whence there is
some r, € (0, 1) such that if ¢, s € [2n, 2n+1] satisfy |t —s| <1—ry,, then || p;— ps|| <1/2.
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For each [ € N U {0}, define p®: E — M,,(£(F)) to be the function whose restriction
to [2n,2n + 1] is defined by

a0 ._
Pi” = Pant(t—2n)(rn)!

Fix a sequence (s7)72 , of isometries as in Remark 2.3 and consider the formal difference

o0 o0
Xoo 1= |:Zslp(l)sl*:| — |:Zsllks,*:|
1=0 =0

where the sum converges strictly in M, (£(F)) = £(F®™), pointwise in ¢ (we are abus-
ing notation slightly: we should really have replaced s; by 17, (c) ® s1). As r, < 1 and
as pan = 1y for each n, we see that for any ¢, pgl) — 1 = 0 as ] — oo; it follows from
this and the fact that each s; commutes with the representation of A that x, gives a well-
defined element of KO(CIE),C (3 E)).

Now, let us consider the element xo, + x of Ko(C l?, (; E)). We claim this equals
Xoo- As Ky is a group, this forces x = 0, and thus KO(Cg,C (m; E)) = 0 as required. Indeed,
first note that conjugating by the isometry

oo
§ = ZSIHSI*
=0

in the multiplier algebra of C f,c (r; E) and applying Lemma 3.8 shows that

o0 o0
Xoo = [Zslp(l_l)sl*:| - |:Zs11ksl*j|.
=1

I=1

The choice of the sequence (r,) and Lemma 3.5'° guarantees the existence of a homo-
topy between p¢~1 and p® for each I > 1, and moreover that these homotopies can
be assumed equicontinuous as [ varies (this includes the fact that the restrictions to the
various intervals [2712, 2n + 1] are equicontinuous as n varies). It follows that

o0 o0
Xoo = |:Zslp(l)sl*:| - |:Zs11ksl*:| (3.2)
=1

=1

On the other hand, applying Lemma 3.8 again, we have that

x = [sopsgl — [solrsg].

9For the case of K one needs an analogue of Lemma 3.5 that works for unitaries: this follows from
an analogous functional calculus argument using that if v, v are unitaries with ||u — v|| < 1/2 then there is
self-adjoint 4 with ||k]| < 7, and uv* = et”.
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Combining this with line (3.2) above and also Lemma 3.7

oo o0
X + Xoo = [s0pSg] — [solisg] + [Zslp(l)sz*} - [Zszlksz*:|
=1

=1

o0 o0
= |:Zslp(l)sl*:| - [Zsllksl*:|
=0 =0

= xOO
and we are done. [

We finish this section with some technical results that we will need later. The first
goal is to show that K, (Cr (7)) only really depends on information “at t = 00” in some
sense. This is made precise in Corollary 3.11 below, but we need some more notation first.

Definition 3.9. Let 7: A — £(FE) be arepresentation of A on a Hilbert B-module. Define
I () to be the ideal in Cy, . () consisting of all functions b such that ab € Cy([1, 00),
K (E))foralla € A. Define Qr,(r) :=CL (7)/IL () to be the corresponding quotient.

Lemma 3.10. Let m: A — L(E) be an infinite multiplicity representation of A. Then
11 ¢ () has trivial K -theory.

Proof. Set I, (7)) := Cru(7w) N I (). The same argument in the proof of Theo-
rem 3.4 shows that the inclusion Iy, ,, (m) — I (or) induces an isomorphism on K -theory.
It thus suffices to prove that K« (/1 (7)) = 0, which we now do.

Let (sp)q2 be a sequence of isometries in £ (E) that commute with A, and that have
orthogonal ranges as in Remark 2.3. We regard each s, as an isometry in the multiplier
algebra of /1, ,, (;r) by having it act pointwise in . Define

LIIL,M(TL')—>]L,,4(T[), b!—)S()bS())k,

which is a *-homomorphism that induces the identity map on K-theory by Lemma 3.8.
On the other hand, for each s > 0, define a *-endomorphism o of 1, ,, (r) by the formula
as(b); := by4s. Note that for any norm-bounded sequence (by,) in £(E), the sum

o0
E Snbns,
n=1

converges in the strict topology of £(E) = M (K (E)). Therefore we get a x-homomor-
phism
o0
L u(m) — ILu(m).  a®) = span(b)s;
n=1

(the image is in I 5, () as ab; — 0 as t — oo for all a € A, which implies that for each
fixed t and any a € A, ao, (by) — 0 as n — o0). Now, the maps « and ¢ have orthogonal
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ranges, whence by Lemma 3.7, o + ¢ is also a *x-homomorphism, and we have that as
maps on K-theory, o + tx = (& + t)«. Define s := Z:o:(, Sn+15, (convergence in the
strict topology), which we think of as a multiplier of 17, ,, (7). Applying Lemma 3.8 again,
we see that ¢« + o induces the same map on K-theory as the map b — s(¢(b) + a(b))s™,
which is the map

IL,u(n') — ]L,u(n), br— anan—l(b)S;

n=1

On the other hand, using that elements of I; ,(;r) are uniformly continuous, we get a
homotopy

o0
b — anan_1+r(b)s;, re[0,1]
n=1
between this map and «. In other words, we now have that ax + tx = o« as maps on
K-theory. This forces ¢ to be the zero map on K« (/1 4 (7)). However, we also observed
already that ¢, is the identity map, so K. (I (7)) is indeed zero. |

The following corollary is immediate from the six-term exact sequence in K-theory.

Corollary 3.11. Let m: A — £(E) be an infinite multiplicity representation of A on a
Hilbert B-module. Then the canonical quotient map Cr, () — Qp(7) induces an iso-
morphism on K-theory. ]

We will need one more definition and lemma about the structure of Cy, . (7).

Definition 3.12. Let 7: A — L(FE) be a representation of A on a Hilbert B-module.
Define
CLc (75 K) 1= Cp([1, 00), K (E)) N Cp (),

which is an ideal in Cr, (7).

Lemma 3.13. Let n: A — £(FE) be a representation of A on a Hilbert B-module. With
notation as in Definitions 3.9 and 3.12, we have

CL,C(”) = CL,c(n; JC) + IL,C(H)'

In particular, the restriction of the quotient map Cr () — Qp(7) to Cp(m; K) is
surjective.

Proof. Let (hy) be a sequential approximate unit for A, and define i € Cy;([1, 00), A) by
setting h; ;= (n + 1 —t)hy, + (t — n)hy4q fort € [n,n + 1]. Then a direct check using
that [a, h] € Cy([1, 00), A) for any a € A shows that & defines a multiplier of Cr, (7).
Moreover, for any b € Cr, (), b = (1 — h)b + hb, and one checks directly that (1 — h)b
isin Iy, . () and that 4b is in Cr . (sr; K). This gives the result on the sum, and the result
on the quotient follows immediately. ]
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Our final goal in this section is to check that the isomorphisms from Theorem 3.2 and
Theorem 3.4 are compatible with a special case of functoriality for K K-theory.

For this, let C be a separable C*-algebra, and let ¢: B — C be a *-homomorphism.
Let £ be a Hilbert B-module, and let £ ®4 C be the internal tensor product defined
using ¢, which is a Hilbert C-module. As discussed on [17, p. 42] there is a canonical
*-homomorphism

P:EL(E)— L(E®yC), ar—alc.
Abusing notation slightly, we also write ® for the *-homomorphism
Cp([1,00), £(E)) —> Cp([1.00), L(E ®¢ C))

defined by applying ® pointwise. Let 7p: A — £(E) and n¢: A — L(F') be representa-
tions of A on Hilbert B- and C-modules, respectively.

Definition 3.14. With notation as above, a covering isometry for ¢ (with respect to 7p
and 7¢) is any isometry v € Cp([1, 00), £(E ®¢ C, F)) such that

v¥*re(a)y — (P omp)(a) € Co([l,00), K(E ®¢ C))
foralla € A.
Lemma 3.15. With notation as above, if v is a covering isometry for ¢, then the formula
¢":Crc(mp) > CrLe(nc), ¢ (b) == vP(b)v*
gives a well-defined x-homomorphism. Moreover, the induced map
¢2: Ku(CLo (7)) —> Ki(CL.c(C))

on K-theory does not depend on the choice of v. Finally, if wc is strongly absorbing,
then a covering isometry for ¢ always exists, and can be taken to belong to Cyp([1, 00),
L(E ®¢ C, F)) (ie., to be uniformly continuous, not just continuous).

Proof. Let v be a covering isometry for ¢. For notational simplicity, write 0 := ® o wp.
Using Lemma 2.7 we have that

mc(a)v —va(a) € Co([l,00), K(E ®¢ C, F))
forall a € A. Note that fora € Aand b € Cp ()
nc(a)g’ (b) = (rc(a)v —vo(a))P(b)v* + v®(rp(a)b)v™;

using that ® takes K (E) to K(E ®¢ C) (see [17, Proposition 4.7]), this shows that
wc(a)p¥(b) € Cp([1, 00), K (F)). Similarly,

[7c(a). 9" (b)] = (mc(@)v — vo(a)) P(b)v*
+v®([7(a). b])v* + v@(b)(v*7c (@) — o (a)v™),
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whence [¢c(a), ?(b)] € Co([1, 00), K (F)). It follows that ¢ is indeed a well-defined
*-homomorphism Cr, .(7p) — CL (7).

Let now v, w be possibly different covering isometries for ¢. Using similar computa-
tions to the above, one checks that wv* is an element of the multiplier algebra of Cr, . (77¢)
that conjugates the *-homomorphisms ¢? and ¢ to each other. The fact that ¢? = ¢ as
maps K4 (Cr c(np)) = K«(CL (7c)) follows from this and Lemma 3.8.

Finally, if 7r¢ is strongly absorbing, then covering isometries exist, and can be assumed
uniformly continuous, by Proposition 2.6. ]

Definition 3.16. Let ng: A — £(F) and n¢c: A — L (F) be representations of A on a
Hilbert B-module and Hilbert C-module respectively, with w¢ strongly absorbing. Let
¢: B — C be any x-homomorphism. Then Lemma 3.15 gives a well-defined homomor-
phism K4 (Cr ¢(7p)) = K«(CL (7rc)), which we denote ¢.

On the other hand, for a x-homomorphism ¢: B — C, let us write ¢«: KK(A, B) —
KK(A, C) for the usual functorially induced map on K K-theory. The following lemma
gives compatibility between these two maps.

Lemma 3.17. With notation as above, assume that both ng: A — £(E) and n¢c: A —
£L(F) are strongly absorbing, and let KK(A, B) — Ko(CL (wp)) and KK(A,C) —
Ko(CL (7)) be the isomorphisms defined as the composition of the isomorphisms from
Theorems 3.2 and 3.4. Then the diagram

KK(A, B) — Ko(CL c(B))

P* |+

KK(A,C) —— Ko(CL ¢ (n¢))
commutes.

Proof. The proof is unfortunately long as there is a lot to check, but the checks are fairly
routine. We recall first the precise form of the isomorphism K K« (A4, B) = K«(CL . (7B))
of Theorems 3.2 and 3.4. It is a composition of the following maps (see also [9, Defini-
tion 3.1] for the various algebras involved).

(i)  The Paschke duality isomorphism P: KK (A, B) — K1 (D(7p)/€(np)) of 29,
Theorem 3.2], where D (xp) :={b € £(E) | [b,a] € K(E) foralla € A}, and
C(ng):=1{b e D(np) | ab € K(E)foralla € A}.

(i) The map on K-theory
ts: K1 (D () [€(7p)) — K1 (Dr(7p)/Cr(wp))

induced by the constant inclusion ¢: D(wpg) — Dr(7wp), where Dr(7p) :=
Cub([l» OO), e(l)(‘T[B)) and €T(n3) = Cub([ls OO), 8(7‘[3))
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(iii) The map on K-theory
Ny ' Ki(Dr(wp)/C€r(mp)) —> Ki(DL(7)/CLu(7B))

which is induced by the inverse (it turns out to be an isomorphism of C*-
algebras) of the map n: Or(wp)/C€r(wp) — Dr(wp)/CL u(rp) induced by
the inclusion Dy, (wrg) — Dr(7p), where

Dy (7p) = {b € Dr(np) | [a,by] > 0ast — oo foralla € A}.
(iv) The usual K-theory boundary map

3: Ky (DL (B)/Cru(mp)) — Ko(CLu(7B)).

(v)  The isomorphism «x: Ko(CL u(7B)) = Ko(CL,c(p)) of Theorem 3.4 induced
by the canonical inclusion.

Now, if v is a uniformly continuous covering isometry for ¢, then one sees from analogous
arguments to those given in the proof of Lemma 3.15 that the formula

¢°(b); := v, ®(bs)vy
from Lemma 3.15 also defines *x-homomorphisms

o {@L(ﬂB)/CL,u(NB) - @L(ﬂc)/CL,u(ﬂc)}
| Dr(wp)/Cr(ng) = Dr(nc)/Cr(nc) |

Moreover, the formula
¢" (b) := v ®(b)vy

defines a x-homomorphism D (7p)/€ () — D(mc)/E (). Putting all this together,
we get a diagram

K1(D(n5)/€(n8)) —— K1 (D(re)/E(xc)

Ky (Dr(np)/Cr(n)) —2—s Ki(Dr(nc)/Er(nc)

ny! ny!
K1 (D1 (75)/Cru(7p)) LNY'S (Dr(rc)/CrLu(mc)) (3-3)
0 b}

Ko(Cre(n5)) —— 2 Ko(Cro(nc)

Kx Kx

Ko(CLe(t8)) ——2 4 Ko(Cp(c)).
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We claim that this commutes. Indeed, the first square commutes as ¢4 is an isomorphism
on K-theory [9, Proposition 4.3 (b)], whence its inverse on the level of K-theory is the
map induced by the evaluation-at-one homomorphism e : Dr(wp) — D(7wp), and the
diagram

Ki(D(5)/€(m8)) ——s K1 (D(me)/E(xc)

Ky (Dr(np)/Cr(n5)) —2s K\ (Dr(rc)/r(nc))

commutes on the level of *x-homomorphisms. The second square in line (3.3) commutes
as the diagram

K\(Dr(5)/€r(n8)) —2— K1 (Dr(nc)/€r(nc))

W*T W*T
Ky (DL (18)/ CLu(5)) —2 Ky (DL () /CLu(mc)

commutes on the level of *-homomorphisms. The third square commutes by naturality of
the boundary map in K-theory. Finally, the fourth square commutes as it commutes on the
level of x-homomorphisms.

Now, the diagram in the statement of the lemma “factors” as the rectangle from line
(3.3), “augmented” on the top with the diagram below

KK(A4, B) — 2  , KK(A,C)

oo b

K1(D(rp)/E(n5)) —s K1 (D(re)/E(mc))

involving the Paschke duality isomorphism P. To complete the proof, it suffices to show
that this commutes. We will actually work with the diagram

KK(A, By — 2 L KK(4,C)

P‘T P‘T (34

K\ (D(p) /€ (n5)) 2 Ky (D(rc)/€(nc))

involving the inverse Paschke duality isomorphism, as this is a little simpler.

Let then [u] € K1(D(wp)/€(mp)) be a class. The existence of a sequence of isome-
tries as in Remark 2.3 implies that we may assume that u is in D (7p)/€(7p) (not “just”
in some matrix algebra over this C*-algebra). Abusing notation slightly, we also write
u € PD(wp) for some choice of lift of this unitary. Then the triple (g, E, 1) is an even
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Kasparov cycle for (A, B) (in the ungraded picture of the even K K-group) and the inverse
Paschke duality map is defined by

P~ K, (D(wp)/€(nB)) — KK(A,B), [u] —> [rp, E. u]
(see [29, Section 3] or [28, Remarque 2.8]).
Now, the “up-right” composition

KK(A, B) —> 4 KK(A,C)

o
Ky (D(7p)/€ (7))

from line (3.4) takes [u] first to [wp, £, u], and then to [7p ® 1c, E ®¢ C,u ® 1c]. On
the other hand, the “right-up” composition

KK(A,C)

r|
vy

K1(D(n5)/€(n8)) 2 Ky1(D(nc) /€ (nc))

from line (3.4) takes [u] first to [v1 (u® 1c)v] + (1 —v1v])] (compare [21, Exercise 8.5] to
see where “1 — vy v]” is coming from), and then to [z¢c, F,vi(u @ 1c)v} + (1 —viv7)].

Our task is therefore to show that
78 ® 1. E ®y C.u® lc] = [, Fovi(u ® 1c)vy + (1 —vqv})] (3.5)

in KK(A,C).

For notational simplicity, write p = v;v}, and note that p commutes with ¢ (A4) as
the compression of ¢ by p agrees with v; (g ® 1c)v], and the latter is a *-homomor-
phism. Note also that (73 ® 1¢, E ®¢ C,u ® 1¢) is unitarily equivalent to (prc p, pF,
v1(u ® 1¢)vY) via the unitary isomorphism

v1: E®y C — pF.

On the other hand, the Kasparov module ((1 — p)7c (1 — p), (1 — p)F, 1 — p) is degen-
erate, so represents zero in K K(A, C). We thus have that

[78 ® 1c. E ®¢ C.u ® 1¢] = [prcp. pF.vi(u ® 1¢)vy]
= [prcp. pF.vi(u ® 1¢)v]]
& [(1—p)wc(1—p).(1—p)F.1—-p].

As p = vyv] commutes with 7, the last line above agrees with the right-hand side of
line (3.5) above, and we are done. ]
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4. Paths of projections

Throughout this section, A and B refer to separable C *-algebras. All Hilbert modules are
countably generated, and all are over B unless explicitly stated otherwise. All representa-
tions of A are on Hilbert B-modules unless explicitly stated otherwise.

Our goal in this section is to introduce a new model of K K-theory based on paths of
projections. We will need some more terminology about representations.

Definition 4.1. Let 7: A — £(E) be a representation of A on a Hilbert B-module.

(1)  (m, E) is graded if it comes with a fixed decomposition (7, E) = (o & 71,
Ey & E1) as a direct sum of two subrepresentations.

(i) Ifm:A — £(E)is a graded representation, the neutral projection is the projec-
tion e € £(E) onto the first summand in £ = Eq & E;.

(iii) A graded representation (7, E) is balanced”’ if it is graded and if (g, Eg) =
(1, E1) in the given decomposition.

(iv) A graded representation (m, E) is infinite multiplicity (respectively, strongly ab-
sorbing) if (7o, Eo) has infinite multiplicity in the sense of Section 1.4 (respec-
tively, is strongly absorbing in the sense of Definition 2.2).

Note that a graded representation (7, E) is balanced and infinite multiplicity if and
only if
(1. E) = (le2gprgr ® 0.C? @ 2 @ £ ® F) 4.1)

for some representation o: A — £(F): here, a tensor factor of £2 comes from the infinite
multiplicity assumption, and we use an identification £ = 2 ® £? to split off an extra
tensorial factor of £2. We record some useful observations arising from this as a lemma.

Lemmad4.2. Let n: A — L(E) be a graded, balanced, infinite multiplicity representation
of A on a Hilbert B-module. Arising from a decomposition as in line (4.1), there are
canonical unital inclusions

M,(C) € £(E) and B({*) C £(E) 4.2)
as the C*-subalgebras
M>(C) ® lppgpregr and 1lc2 ® 3(62) ® lpgr

respectively. These inclusions have the following properties:
(i)  The neutral projection corresponds to the element ((1) 8) € M,(C).

(ii) The subalgebras B(L?) and M»(C) of £(E) commute with each other, and
with A.

20Compare [12, Definition 8.3.10].
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(iii)) The compositions
B(L?) — L(E) — L(E)/K(E) and M2(C) — L(E) —> L(E)/ K (E)
of the inclusions in line (4.2) with the quotient map to the Calkin algebra are
injective. [
The following is the key definition of this section.

Definition 4.3. Let 7: A — £(FE) be a graded representation of A on a Hilbert B-module,
and define $7 (A, B) to be the set of self-adjoint contractions

p € Cy([1.00), £(E))

such that:
@)  p—eeCyll,00), X(E))
(i) foralla € A, [a, p] € Co([1,00), £(E));
(iii) foralla € A, a(p? — p) € Co([1,00), K(E)).

Our next goal is to define an equivalence relation on P7 (A4, B) such that the equiva-
lence classes give a realization of K K (A, B). For this (and other purposes later), it will be
convenient to introduce a parameter space Y. Let then C = Cy(Y) be a separable com-
mutative C *-algebra: for our applications, ¥ will be one of the intervals [0, 1] or (0, 1),
or the one-point compactification N of the natural numbers. Let 77: A — £(E) be a rep-
resentation of A on a Hilbert B-module, and let C ® E denote the tensor product Hilbert
C ® B-module.Let 1 ® 7: A — £(C ® E) be the amplification of . If 7 is graded then
1 ® & inherits a grading in a natural way, and so if we are in the graded case we may
consider P1®7(4,C ® B).

The following lemma characterizes elements of $!®7 (A4, C ® B) in terms of doubly
parametrized families (p;) te[l1,00),y€Y -

Lemma 4.4, Let 7: A — L(FE) be a graded representation of A on a Hilbert B-module.
With notation as above, there is a canonical identification between elements p of P®7 (A,
C ® B) and doubly parametrized families of self-adjoint contractions (p7 )se[1.00),yey
that define a function

p:[l,00) — Cb(Y,JC(E)), t— (y = pl))
with the following properties:
(1)  the function p — e is in Cp([1, 00), Co(Y, K (E)));
(i) [p,a] € Co([1,00), Cp(Y, L(E))) foralla € A;
(iii) a(p? — p) € Co([1,00), Co(Y, K(E))) forall a € A.

2I'To make sense of this, we follow our usual conventions and identify e with a constant function in
Cp([1, 00), £(E)), and similarly for elements of A4 in the subsequent parts of the definition.
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Proof. An element of P!®7(A4,C ® B) is a function p:[1,00) — £(C ® E) satisfying
the conditions of Definition 4.3. Using the canonical identifications

K(C ®E)=C® K(E)=Co(Y. K(E))
(for the first, see for example [17, pp. 37 and 10]) and the fact that
p—e e Cp([l,00), X(C ® E)),
we identify p with a function
p:ll,00) — CO(Y, JC(E)) + {e} C Cb(Y, éE(E)).
The remaining checks are direct. |

Definition 4.5. Let 7: A — L(FE) be a graded representation of A on a Hilbert B-module.
Elements p° and p! of £ (A, B) are homotopic if (with notation as in Lemma 4.4) there
is an element

P = (PD)rel1,00),5¢0,1] € P& (4,C[0,1] ® B)

that agrees with p® and p! at the endpoints s € {0, 1}. We write p® ~ p! if p® and p! are
homotopic, and write K K7, (A, B) for the quotient set P (4, B)/ ~.

We will need the following elementary fact a few times, so record it here for ease of
reference.

Lemma 4.6. Assume that p and q are elements of P™ (A, B) such that p; — q; — 0 as
t — oo. Then p ~ q.

Proof. A straight line homotopy (sp + (1 — 5)g)se[0,1] Works: we leave the direct checks
involved to the reader. ]

In order to define a semigroup structure on KK }IE (A, B), we assume 7 is graded, bal-
anced, and infinite multiplicity as in Definition 4.1, and fix a tensorial decomposition as
in line (4.1) (which will remain fixed for the rest of the section). Fix also two isometries
s1 and s» in B(£?) that satisfy the Cuntz relation 515} + s»s3 = 1. Using the canonical
(unital) inclusion B(£2) € £(E) from line (4.2) in Lemma 4.2, we think of these isome-
tries as adjointable operators on E that commute with A € £(FE) and with the neutral
projection e € £(FE).

Lemmad4.7. Let m: A — £(E) be a graded, balanced, and infinite multiplicity represen-
tation. Then with notation as above, the operation defined by

[p] + [q] := [s1ps] + 52955]

makes KK (A, B) into an abelian semigroup. The operation does not depend on the
choice of s1, 52 within B(£?).
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Proof. The Borel functional calculus shows that the unitary group of B(£2) is connected
in the norm topology. Hence conjugation by a unitary in 8(£2) induces the trivial map on
KKZ%(A, B), and so conjugating by the unitaries 5155 + 5257 and 515157 + s15257s5 +
szs§ s;‘ show that the operation is commutative and associative. On the other hand, if
11,12 € B(£?) also satisfy the Cuntz relation, then conjugating by the unitary 517} + s275
shows that the pairs (s1,s2) and (¢1, #2) induce the same operation on KK (4, B). [

Our next goal is to show that the semigroup K K7 (4, B) is a monoid. We first state a
well-known lemma about paths of projections in a C *-algebra. It follows from the argu-
ments of [12, Proposition 4.1.7 and Corollary 4.1.8], for example.

Lemma 4.8. Let [ be either [a, b] or [a, 00) for some a,b € R, and let (p;)ier be a
continuous path of projections in a unital C*-algebra D. Then there is a continuous path
of unitaries (Uy)reg in D such that u, = 1, and such that p; = u; pauy forallt. [

We are now ready for the key technical lemma we will use to show that KK (A, B)
is a monoid.

Lemma4.9. Let m: A — L(E) be a graded, balanced, and infinite multiplicity represen-
tation of A on a Hilbert B-module. Let p be an element of P™ (A, B), and let v be an
isometry in the canonical copy of B({?) € L(E) from line (4.2) from Lemma 4.2. Then
the element

g :=vpv* + (1 —vv*)e € Cp([1,00), £(E))

is in P (A, B) and satisfies p ~ q.
Proof. For eachn > 1, a compactness argument gives a finite rank projection
en € K(£?) € B(L?) C £(E)

(where the last inclusion is that from line (4.2) from Lemma 4.2) such that

1
[0 —enpi—o)] <+

for all t € [1,n + 1]. Choose now a projection r; > e such that r{ — ey and 1 — r; both
have infinite rank. Given r,, define r,, 4 to be the max of r, and e, 1. In this way we get
an increasing sequence r; < r, < --- of projections in B({?) such that r,, > e,, for all n
and all m < n, and such that r,, — e;;, and 1 — r,, both have infinite rank for all » and all
m < n.Foreachn, (1 —e,)r, and (1 — e,)r, 41 are projections with infinite-dimensional
kernel and image as operators on (1 — e,,)¢2, and are thus connected by a continuous path
of projections (r?) ;e nt1] in B((1 — €,)€?). Set ry := e, + r2 fort € [n,n + 1]. In this
way we get a continuous path of projections r = (r;)se[1.00) in B(£?) C £(E) such that
if |¢] is the floor function of ¢ then

1
[(1=ro)(pe —e)| < |1 —ep(pr —e)| < Tk (4.3)

and such that r; and 1 — r; have infinite rank as operators on £2 for each £.
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Note now that as 7, commutes with e, line (4.3) implies in particular that ||[r;, p;]|| <
2/|t]. Define p’ € Cp([1, 00), £(E)) by

py=repire + (L—rpe.
Asripsry —rreisin J(E) for all 7, we see that p, — e is in K (E) for all 7. Moreover,

Ip; = pell < |[re. ped| + | (1 =re)(ps — )| — 0 ast —> oo,

and so p’ := (p}) defines an element of $” (A, B) such that p’ ~ p by Lemma 4.6.

Now, let v e B(¢?) C £(E) be an isometry as in the statement of the lemma. Lemma 4.8
gives a continuous path (4})e[1.00) Of unitaries in B(£?) such that r, = u}ry(u})* for
all ¢. Similarly, we get a continuous path of unitaries (1} );e[1,00) Such that

ul (1—vv* +o(l —r)v*)l)* = 1 —vv* +v(l —ry)v* forallr.

Choose any partial isometry w € B(£?) such that ww* = r; and w*w = 1 — vv* +
v(1 — ry)v* (such exists as ry and 1 — vv* + v(1 — ry)v* are both infinite rank), and
define w; := ufw(u?)*. Then (w;)sef1,00) is @ continuous path of partial isometries in
B(£?) such that w,wy =1 —r, and wfw, = 1 —vv* + v(1 — r,)v*. Define

u, = vr, + w € B(L?) < L(E).

Then u = (U)¢e[1,00) iS @ continuous path of unitaries such that up'u* = vp'v* +
(1 —vv*)e. Let (h* : U(L?) — U(L?))se[0,1] be a norm-continuous contraction of the
unitary group of £? to the identity element (such exists by Kuiper’s theorem: see for
example [5, Theorem on p. 433]) and note that the path (2°(u)p’h®(u™*))sefo,1] Shows
that p’ ~ vp'v* 4+ (1 — vv*)e. In conclusion, we have that

p~p ~vpv*+(1—-vv*)e ~vpv*+ (1 —vv¥e
and are done. ]

Corollary 4.10. Let n: A — L(FE) be a graded, balanced, and infinite multiplicity rep-
resentation of A on a Hilbert B-module. Then for any p € P (A, B), we have s1 psT +
s2e85 ~ p.

In particular, the semigroup KK, (A, B) is a commutative monoid with identity given
by the class [e] of the neutral projection.

Proof. Apply Lemma 4.9 with v = 51, whence 1 —vv* = 5,55, and use that s, commutes
with e. [

Our next goal, which is the main point of this section, is to show that if 7: 4 —
£(E) is a graded, balanced, and strongly absorbing representation of A on a Hilbert B-
module, then there is a canonical semigroup isomorphism KK7 (A, B) = KK (A, B) (and
therefore in particular, KK (A, B) is a group). We need some preliminaries.
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Let m: A — £(E) be a graded, balanced, and infinite multiplicity representation of A
on a Hilbert B-module, and fix the decomposition of line (4.1) and the Cuntz isometries
of Lemma 4.7. Let Qr () and Cr ((7; KX) be as in Definitions 3.9 and 3.12 respec-
tively, so Lemma 3.13 gives us a surjection p : Cr (w; K) — Qr (7). This induces a
*-homomorphism p : M(Cp (r; X)) — M(Qr(;r)) on multiplier algebras, which is
uniquely determined by the condition that p(m) - p(b) =p(mb) forallme M(Cr, . (7; K))
and b € Cr (r; K) (see [17, Chapter 2] for this). We define

M := p(M(CL.c(r; X))). 4.4
which is a unital C*-subalgebra®> of M(Qy (r)) containing Qy () as an ideal.
Lemma 4.11. With notation as in line (4.4) above, M has trivial K -theory.

Proof. The unital inclusion B(¢2?) € £(E) of Lemma 4.2 induces a unital inclusion
B(£?) € M(CL.c(7; X)) by having B(£?) act pointwise in the variable ¢ (this uses that
B(£?) commutes with A). This in turn descends to a unital inclusion B(£2) € M. Let
(52)%°_, be a sequence of isometries in B(£?) € M with orthogonal ranges.

Consider the maps

10: M (Cpc(mr; K)) — M(CpLc(; X)), b+ sobsg,

and

o0
ag: M (Cpc(m: K)) — M(CpLc(m: K)), br— Zs,,bs;f
n=1

(the sum converges in the strict topology of £(E), pointwise in ¢). With Iz () as in
Definition 3.9, the kernel of the map p : M(CL ((7; K)) — M is

{m € M(CL,C(JI; J{)) | mb € I () forall b € Cr o (7; JC)}

whence (¢ and «g descend to well-defined x-homomorphisms ¢,o: M — M.

As o and ¢ have orthogonal ranges, Lemma 3.7 implies that o +-¢ is a x-homomorphism
and that as maps on K-theory, ox + t+« = (o + t)«. Moreover, conjugating by the isometry
SI= ) o SnSai € B({?) € M (the sum converges in the strong topology of B(£?))
and applying Lemma 3.8 implies that (@ + t)x = o« as maps on K-theory. We thus have

Oy + e = (@ + 1)s = O,

whence 1, = 0. However, ¢, is an isomorphism by Lemma 3.8 again, whence K. (M) is
zero as required. ]

We need one more preliminary definition and lemma before we get to the isomorphism
KK%(A,B) =~ KK(A, B).

22Tt could be all of M(Qy (1)), although this does not seem to be obvious: note that the noncommutative
Tietze extension theorem [17, Proposition 6.8] is not available here as Cr, . (7r; K) is not o-unital.
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Definition 4.12. For an ideal / in a C*-algebra N, the double of I along N is the C*-
algebra defined by

Dn(1) = {(a,b) eEN®N|a-be I}.
Note that Dy (1) fits into a short exact sequence
0—I1—Dy(I)— N —0 4.5)
with the maps I — Dy (I) and Dy (1) — N given by a — (a,0) and (a, b) — b, respec-
tively.

Lemma 4.13. Assume that I is an ideal in a unital C*-algebra N, let Dy(I) be the
double from Definition 4.12, and assume that K(N) = 0. Then Dy (1) has the following
properties:

(i)  theinclusion I — Dy (1) from line (4.5) induces an isomorphism on K -theory;

(1) anyclassin Ko(Dy(1)) of the form|[p, p] for some projection p e M,,(N) is zero;

(i) forany [p.q] € Ko(Dn(I)), we have —[p.q] = [q. p];

(iv) any element in Ko(Dy (1)) can be written as [p, q] for a projection (p,q) in a
matrix algebra M, (Dy (1)).

Proof. Part (i) follows from the six-term exact sequence in K-theory and the assumption
that K.(N) = 0. Part (ii) follows as any such class is in the image of the map induced on
K-theory by the *-homomorphism

N — Dy(), avr— (a,a)

and is thus zero as K (N) = 0. For part (iii), say [p, ¢q] € Ko(Dn (1)) with p,q € M,,(N).
Then [p.q]l +[q.p] =[P © 4.9 ® p]. As p — q € My(I), the formula

p 0 cos(s) sin(s)) g OY [cos(s) —sin(s)
o125 (6 ) (S wo) (6 2) Gy <ot ))

defines a homotopy between (p & ¢,q @ p) and (p @ ¢, p @ q) passing through pro-
jections in M, (D y(1)). The latter defines the zero class in K¢ by part (ii), which gives
part (iii). Part (iv) follows directly from part (iii). [

Here is the main result of this section.

Theorem 4.14. Let n: A — £(E) be a graded, balanced, and strongly absorbing rep-
resentation of A on a Hilbert B-module. Let M be as in line (4.4), Qr () as in Defini-
tion 3.9 and Dy (Q (7)) be as in Definition 4.12. Then the formula

KK%(A, B) — Ko(Du(QL())). [p]+— [p.e] (4.6)

defines an isomorphism of commutative monoids. In particular, KK7, (A, B) is an abelian

group.
Moreover, there is a canonical isomorphism KK, (A, B) = KK(A, B).
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Proof. We first have to show that the map in line (4.6) is well defined. It is not difficult to
see that if p € ™ (A, B), then (p, e) is a projection in Dy (Q1,(7)). For well-definedness,
we need to show that if p° ~ p!in £7 (A, B), then the projections (p°, e) and (p!,e) in
Dy (Qp()) define the same K-theory class. Let then (p*)se[o,1] be a homotopy imple-
menting the equivalence between p° and p!. Let

1®@m:4A— £(C[0,1]® E)

be the amplification of x to the C [0, 1] ® B-module C[0,1] ® E, andlet Cp, (1 ® ) be
the associated localization algebra. Note that p := (p*)se[o,1] defines an element of the
multiplier algebra M(Cr (1 ® 7)) such that p —e isin Cr (1 ® x), and so that [p, e]
is a well-defined class in D (Qr (1 ® 7)), where Mc is defined analogously to M, but
starting with 1 ® .

As 7 is graded, balanced, and strongly absorbing we can write £ = Ey @ E; with
Eo = (> ® B (compare Remark A.14 for the last point). Hence we may apply Proposi-
tion 2.9 to conclude that 1 ® = is (graded, balanced, and) strongly absorbing, and thus
Theorems 3.2 and 3.4 give an isomorphism

KK(A4,C[0,1]® B) —> Ko(Cp(1® 7).

Let €%, ¢!: C[0,1] ® B — B be given by evaluation at the endpoints. Lemma 3.17 then
gives a commutative diagram

KK(A.C[0.1]® B) —— Ko(CL(t ® 7))
| |+
KK(A, B) —=—— Ko(CL.c (7))
fori € {0, 1}. Homotopy invariance of K K-theory gives that the maps
9,61 KK(A,C[0,1]® B) — KK(A, B)

are the same, whence the maps €2, eL: Ko(CL (1 ® 7)) — Ko(CL (7)) are too. On the
other hand each &' induces maps &': Q1. (1 ® 7) — Qr () and &': Cp (1 ® 7; K) —
Cr c(m; K), and therefore induces a map Dps. (Or(1 ® 7)) — Dy (Or(1 ® m)). All
this gives rise to a commutative diagram

Croe(1®m) —— 0,1 ®7) — Dy (0L(1 ® 7))

Cre(m) ———— Qr(nr) ———— Dy (0O (7))

where the first pair of horizontal maps are the canonical quotients, and the second pair
are the inclusions a + (a, 0). The horizontal maps induce isomorphisms on K-theory
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by Corollary 3.11 (first pair), and Lemmas 4.11 and 4.13 (second pair). Hence the maps
g% el Ko(Du-(Qr(1 ® 7)) — Ko(Dam(Qr())) are the same. We thus see that

[p%.e] = dp.e]l = erlp.e] = [p'.e].

which is the statement needed for well-definedness of the map in line (4.6).
We now show that the map in line (4.6) is a homomorphism. Indeed, for p,q €
PT(A, B), the element [s1 psy + s2gs5] of KK (A, B) gets sent to

* * * * * *
[s1ps] + 52955, e] = [s1ps] + 52g55, s1e5] + s2e85],

where we have used that s;s] + s255 = | and that 51, s, commute with e. As s1xs] is
orthogonal to 51 ys; for any x, y we have that

[s1ps] + 52955, s1e5] + s2es3] = [s1psy.s1esy] + [s2g53, s2e55]
and as conjugation by s; and s, has no effect on K-theory by Lemma 3.8, this equals

[p.e] + [g. el

i.e., the sum of the images of [p] and [¢].

We now show that the map in line (4.6) is surjective. Using Lemma 4.13, an arbitrary
element of Ko(Dpr(Qr(r))) can be represented as a class [p, g] with p, ¢ projections in
M,, (M) for some n, and with p —q € M,,(Qr(x)). We have that [l —¢g,1 —¢g] = 0 by
Lemma 4.13, and thus [p,¢q] = [p ® 1 —¢,q & 1 — ¢]. The matrix u = (¢, I;q) is a
unitary in M5, (M), whence conjugating by (u, u) we see that

[p.al=[p®1—q.q®1—q]l=[u(pdu* ulgdl —qu*] = [u(p®q)u*, 1, ®0,],

where 1, and 0, are the unit and zero in M, (M ). Choose now 2n isometries vy, ..., Uz,
in B(C? ® £?) € £ such that ) ;_; v;v} = e and leil ;v = lp. The matrix

Up V2 =+ U2p
vV i= . . . . € My, (M)

is an isometry, whence conjugation by (v, v) induces the trivial map on Ko(Dps(Qr (7))
by Lemma 3.8. Hence

[p.q] = [vu(p & Qu*v*, v(1, ® 0)v*] = [r & 024—1.€ B 024—1].

where r € M is a projection such that a := r — e is in Q (7). We may lift a to a self-
adjoint element b € Cr, . (r; K) by Lemma 3.13. Consider the self-adjoint element

(b+e.e) € Dycy (500 (CLoe (: X)),
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which maps to (7, e) € Dy (Qr (r)) under the *-homomorphism

D¢y o r:50) (CLoc(: K)) —> Dpr (Q1 (7))

induced by the quotient map Cr, .(7; K) — Qp(7) of Lemma 3.13. Note that if f:R —
[—1, 1] is the function defined by

1 t>1,
f@) := t —1<t<1,
—1 < -1,

then in Dps(c;  (m;5)) (CL e (775 K))

fb.e)y=(f(b+e). fle)) = (f(b+e).e).

and this element still maps to (r, ¢) by naturality of the functional calculus. Set ¢ :=
f(b + e). Then one checks that ¢ is an element of " (A, B) such that [c,e] = [r,e] =
[P, 4], so we are done with surjectivity.

To see injectivity of the map in line (4.6), assume that [p] € KK (A, B) is such that
[p.e]is zeroin Ko(Dpr(Qr())). In particular, [p, e] = [e, e] by Lemma 4.13, and there-
fore there is a projection (¢1,q2) € M, (D (Qr (7)) and a homotopy p(1) = (Pfl))se[o,l]
between (p @ q1.e ® g2) and (e B q1,e B g2) in My 11 (Dp(Qr (7r))). We will manip-
ulate this homotopy to build a homotopy between p and e in ™ (A4, B).

* Replacing pa) by pe) := pa) ® (g2, 91), we get a homotopy between (p @ q1 D g2,
e®q2®q1)and (e ®q1 D qa, e Dqa®q1).

* Asqgy—qy € M, (O (1)), we get a homotopy

cos(s) sin(s)\ f¢q2 O f(cos(s) —sin(s)
S (p P Dq.e® (— sin(s) cos(s) 0 g1/ \ssin(s) cos(s)
between (p ® g1 ® g2, D g2 D q1) and (p D g1 @ g2,¢ D g1 D ¢2), and similarly
between (e ® q1 D g2.¢ B g2 D ¢1) and (e ® q1 D g2, ¢ D q1 D ¢q2). Concatenating
these with the homotopy p(») gives a homotopy (Pf3))se[o,1] between (p & g1 D ¢2.
e®q1 Dqz)and (e B q1 D qa.e B q1 D q2).

» Setting r = g1 ® ¢» and replacing p(3) with

Ply =r3 @ ((1-r),(1-r)

gives a homotopy between (p ®r® (1 —r),e®rd1l —r ®04,) and (edred (1 —r),
edrd(1—r)).

e Setu = (lir 1;’), which is a unitary in My, (M). Moreover, u is self-adjoint, so

connected to the identity via some path (4*)¢[o,1] of unitaries. Then

lev' . 1eu)(pdreo(l—r)edre(l-r)leu’ 1du’)*
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defines a homotopy between (p ®rd (1 —r),e®rd (1 —r)) and (p & 12, & 0,,,
e ® 1y, @ 02,). Similarly, we get a homotopy between (e r & (1 —r),e dr &
(I =7r)) and (e ® 12, B 024, € @ 12, ® 02,,). Concatenating these with p(4) gives
a homotopy p(s) between (p @ lop @ 024, € D 12, ® 02,) and (e & 1o, B 024,
e ® 1oy @ 02p).

e  Write p(ss) =(py, ;) for paths of projections (pg)sefo,1] and (p7)sefo,1] in Man+1(M).
Then Lemma 4.8 gives a continuous path of unitaries (v°)sefo,1] in Man41(M) with
v? =1, and p3 = vs(e D 12, B 02,)vF forall s € [0, 1]. Note in particular that

vi(e ® 12, & 02n)UT = (e ® 12, @ 02,),

even though we may not have that v! = 1. Define then

Psy := (Vs, V)" P(s) (Vs Vs),

which gives a new homotopy between (p@ 15,02, eP15,H0,,) and (eP 15, P
02/, e & 15, @ 0,,) with the additional property of being constant in the second vari-
able.

* Let Myx4, (M) be the 1 x4n row matrices, and choose an isometry w € M x4, (B(£?))
C M be such that w(lz, @ 02,)w™ = s2es5. Define

t:=(s1 w) € Mixant1(B(?)) S Mixans1(M),

which is an isometry, and define p(s7) = tp(SG)t*. Then this is a homotopy in Dps(Qr (7))
between (s1ps] + s2es5,s1es] + s2es5) and (s1es] + szes3, s1esy + s2es5) that is
constant in the second variable.

Now, restricting the homotopy p(7) to the first variable gives a homotopy of projections
in M, say (p*)sefo,1], between 51 ps} + szes3 and e, and such that p* — e is in Qp ()
for all s. The function

[0,1] — Dy (QL(m)), s+ (p*.e)
defines an idempotent, say ¢, in C[0, 1] ® Dps(Qr (;r)). As the natural x-homomorphism
C0. 1] ® Da(cycrix) (Croc (s X)) — C0. 1] ® Dag (Q1())

is surjective (this follows from Lemma 3.13), ¢ lifts to a self-adjoint contraction of the
form

(a,e) € C[0,1] ® Dpccy o (r:x0)) (CL,c (7 K))

analogously to the argument at the end of the surjectivity part. The element a defines
a homotopy in $7 (A4, B) between s; ps; + s2es; and e. On the other hand, s; ps} +
spesy ~ p by Corollary 4.10, whence we have

p ~ s1psy + s2es5 ~ e.

Corollary 4.10 then shows that [p] = 0, and so we have injectivity.
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To complete the proof of Theorem 4.14, we need to show that
KK%(A,B) = KK(A, B).

This follows by combining: the isomorphism KK (A, B) = Ko (D (Q (7)) established
above; the isomorphism K (Dp(Q (7)) = K«(Qr(7r)) of Lemma 4.13; the isomorphism
Ky« (Qp(7w)) = K«(Cp (7)) of Corollary 3.11; and the isomorphism Ko(CL (7)) =
KK(A, B) of Theorems 3.2 and 3.4. ]

Finally, in this section, we establish a technical lemma about functoriality that we will
need later.

Lemma 4.15. Let m: A — £(E) be a graded, balanced, and strongly absorbing represen-
tation of A on a Hilbert B-module, and let C = Cy(Y) be a separable and commutative
C*-algebra. For y € Y, let e?: Co(Y) — C be the x-homomorphism defined by evalua-
tionat y. Let pp: KK(A, B) — KK (A, B) be the isomorphism of Theorem 4.14. Then
if p is an element of P17 (A, C ® B) with corresponding family (p,y),e[l,oo),yey asin
Lemma 4.4, we have that

eX(¢ceslrl) = ¢5'1p7).
Proof. The map
P®"(4,C ® B) — P™(A,B), p+— p’
induces a homomorphism
e): KK " (A,C ® B) — KKE(A, B).

Moreover, with notation as in the first paragraph of the proof of Theorem 4.14, e¢” induces
*-homomorphisms

e”:0(1®m) — Qr(w) and e”: Dy (0L(1 ® 7)) — Dp(Qr(7)).

Consider now the diagram

KK(A,C ® B) —— s KK(A, B)
Ko(Cp,c(1 ®m)) s Ko(Cp,c())
Ko(0L(1 & 1) — = Ko(01(7))

Ko(Dae (O1.(1 ® 1)) —s Ko(Dar (01.(m)))

1® ex
KKLI®™(A,C ® B)———— KK%(A, B)
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where: the first pairs of vertical arrows are the isomorphisms of Theorems 3.2 and 3.4; the
second pair of vertical arrows are induced by the canonical quotient map; the third pair
of vertical arrows are induced by the inclusion a +— (a, 0); and the last pair of vertical
arrows are the isomorphisms of Theorem 4.14. The first square commutes by Lemma 3.17
(using also Proposition 2.9 to see that the representation 1 ® s is strongly absorbing). It is
straightforward to see that the remaining squares commute: we leave this to the reader. As
the isomorphisms ¢cgp and ¢p are by definition the compositions of the all the vertical
arrows on the left and right respectively, the result follows. ]

5. The topology on KK

Throughout this section, A and B refer to separable C *-algebras. All Hilbert modules are
countably generated, and all are over B unless explicitly stated otherwise. All representa-
tions of A are on Hilbert B-modules unless explicitly stated otherwise.

Our goal in this section is to recall the canonical topology on KK (A, B), and describe
it in terms of the isomorphism KK (4, B) = KK (A, B) of Theorem 4.14.

We need a quantitative version of Definition 4.3; this will also be important to us
later when we define our controlled K K-theory groups. See Definition 4.1 for graded
representations and the neutral projection e used in the next two definitions.

Definition 5.1. Let7: A — L(FE) be a graded representation of A on a Hilbert B-module.
Let X be a finite subset of the unit ball A; of A, and let ¢ > 0. Define #J (X, B) to be the
set of self-adjoint contractions p in £(F) satisfying the following conditions:

i) p—eisin K(E);
i) ||[p,a]ll| < eforalla € X;
(iii) |la(p?—p)|| <eforalla € X.

For the next definition, see Definition 4.3 for the notation 7 (A4, B).

Definition 5.2. Let A and B be separable C *-algebras, and let 7: A — £(E) be a graded
representation of A on a Hilbert B-module. For a finite subset X of A and € > 0, define
a function tx ¢: P* (A4, B) — [1,00) by

xe(p) = inf{to €[l,00) | pr € PF(X,B)forallt > to}.

For each p € 7 (A, B), define U(p; X, €) to be the subset of 7 (A, B) consisting of all
¢ such that there exists ¢ > max{tx,(p), 7x,s(¢)} and a norm continuous path (p*)se[0,1]
in £(E) such that each p* is in £7 (X, B), and with endpoints p® = p; and p! = ¢;.

For the next lemma, recall the homotopy equivalence relation ~ on P7 (A4, B) from
Definition 4.5.
Lemma 5.3. Let w: A — L(E) be a graded representation of A on a Hilbert B-module.
Let p € PT(A, B), X be a finite subset of Ay, and ¢ > 0. Then:

1) ifp ~p thenU(p; X, e) =U(p’; X, ),

(i) ifgeU(p;X,e)andqg ~ q', thenq' € U(p; X, ¢).
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Proof. Part (ii) follows from part (i) on noting that g is in U(p; X, ¢) if and only if p isin
U(q; X, ¢). It thus suffices to prove (i).

Assume then that p ~ p’, so there is a homotopy (p*)se[o,1] in P'®7 (4, C[0,1] ® B)
between p and p’. The definition of a homotopy gives ¢, > max{zy,.(p), tx,¢(p')} such
that pfp is in P7 (X, B) for all s € [0, 1]. Let g be an element of U(p; X, ¢), and let
tqg > {tx.£(q), Tx,¢ (p)} be such that there is a homotopy (¢*)se[o,1] connecting p;, and g, .
Write [ for whichever of the intervals [¢,, t4] or [t4, t,] makes sense. Then concatenating
the homotopies (pr)se[o,l], (pt)rer and (¢%)sef0,1] shows that ¢ is in U(p’; X, ¢). Hence
U(p; X,e) CU(p’; X, €). The opposite inclusion follows by symmetry. |

Definition 5.4. Let 7: A — L(E) be a graded representation on a Hilbert B-module. For
a finite subset X of Ay, ¢ > 0, and [p] € KK (A, B), define the X-¢ neighborhood of
[p] to be

V([pl: X.¢€) := {lq] € KK3(A.B) | q € U(p: X, &)}

(note that V([ p]; X, €) does not depend on the representative of the class [ p] by Lemma 5.3).
The asymptotic topology on KK, (A, B) is the topology generated by the subsets V([p];
X, ¢) of KK}/’, (A, B) as X ranges over finite subsets of A, ¢ over (0, 00), and p over
PT(A, B).

Lemma 5.5. Let w: A — L(E) be a graded representation of A on a Hilbert B-module.
For any [p] € KK (A, B), the collection of sets V([p]; X, €) as X ranges over finite sub-
sets of A1 and g over (0, 00) form a neighborhood base of [p]. Moreover, the asymptotic
topology is first countable.

Proof. Using Lemma 5.3, the asymptotic topology on KK 7 (A, B) is the quotient topol-
ogy induced by the canonical surjection P (4, B) — KK% (A, B), where 7 (A, B) is
equipped with the topology generated by the sets U(p; X, €); moreover, the quotient map
is open. It thus suffices to show that the family

{U(p; X,e) | X C A, finite, ¢ > 0}

form a neighborhood basis of p € P (A, B), and that this topology on " (A4, B) is first
countable.

For the neighborhood base claim, we must show that whenever ¢q1,...,qn, X1,...,Xn
and €1, ..., &, are such that p € ﬂ:’zl U(q;; Xi, €i), then there exist X, ¢ with

n
Up: X&) [\ Ulgi: Xi. &)

i=1

As whenever Y D X and § < ¢, we have that U(p; Y, 8) C U(p; X, ¢), it suffices to prove
this for n = 1. Assume then we are given g € 7 (A, B), a finite subset X € A;,and & > 0
such that p € U(q; X, ¢). We claim that U(p; X,e) C U(q; X, €), which will suffice to com-
plete the neighborhood base part of the proof. Indeed, say r is in U(p; X, €). Then there
exists £, > max{tx,(p), 7x,s(r)} and a homotopy (r*)se[o,1] passing through P (X, B)
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connecting p;, and r;,. Similarly, there exists ¢, > max{tx ¢(p), 7x,s(¢)} and a homo-
topy (¢*)se[o,1] passing through P[ (X, B) connecting ¢,, and p,,. Let I be the closed
interval bounded by #, and #,. Then concatenating the three paths (¢*)se[0,1], (P¢)ser, and
(r®)sefo,1] shows that r is in U(gq; X, ¢), so we are done.

We now show first countability. As A is separable, there exists a nested sequence X C
X5 C --- of finite subsets of the unit ball A; with dense union. Fix a point p € 7 (A, B).
We claim that the sets U(p; X, 1/n) form a neighborhood basis at p. Indeed, given what
we have already proved, it suffices to show that for any finite X € A; and any ¢ > O there
exists n with U(p; X, 1/n) C U(p; X, €). Let n be so large so that for all a € X there is
a’' € X, with |la —a’|| < &/2, and also so that 1/n < &/2. From the choice of n, it follows
that !Pl”/n(X,,, B) € (X, B), from which the inclusion U(p; X,, 1/n) C U(p; X, ¢)
follows. ]

We now recall the canonical topology on K K(A, B), which has been introduced and
studied in different pictures by several authors: see for example the discussion in [6] for
background and references. Dadarlat’® showed in [6, Lemma 3.1] that this topology is
characterized by the following property, and used this to show that the various different
descriptions that had previously appeared in the literature agree.

Proposition 5.6. Let N = N U {00} be the one point compactification of the natural
numbers, and for each n € N, let e": C(N, B) — B be the %-homomorphism defined
by evaluation at n. Then the canonical topology on KK (A, B) is characterized by the
following conditions.

(i)  Itis first countable.
(ii)) A sequence (x) in KK(A, B) converges to Xoo in KK (A, B) if and only if there
is an element x € KK(A, C(N, B)) such that e? (x) = x, for alln € N. |

Theorem 5.7. Let w: A — £(E) be a graded, balanced, and strongly absorbing rep-
resentation of A on a Hilbert B-module. Then the isomorphism of Theorem 4.14 is a
homeomorphism between the asymptotic topology on KKZ, (A, B) of Definition 5.4 and
the canonical topology on KK (A, B) of Proposition 5.6.

We need an ancillary lemma.

Lemma 5.8. Let n: A — £(E) be a graded representation of A on a Hilbert B-module.
For any ¢ > 0 and any finite X C Ay, if p,q € 3’8’;2()(, B) satisfy |p — q|| < €/6, then
there exists a homotopy (p*)se[o,1] connecting p and q and passing through PF (X, B).

Proof. A straight line homotopy between p and g works. We leave the direct checks to

the reader. [

Proof of Theorem 5.7. We have already seen that the asymptotic topology is first count-
able in Lemma 5.5. Hence by Proposition 5.6, it suffices to show that sequential conver-
gence in the asymptotic topology is characterized by condition (ii) from Proposition 5.6.

2 Dadarlat attributes some of the idea here to unpublished work of Pimsner.
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Assume first that ([p"]),cx is a collection of elements of KK (4, B). Let 1 ® «
be the amplification of 7 to the Hilbert C(N) ® B-module C(N) ® E, and let ¢ €
P187 (4, C(N, B)) be such that for all n € N we have e”[¢] = [p"]. We want to show
that the sequence ([p"])nen converges to [p®°] in the asymptotic topology. For this, it
follows from Lemmas 5.3 and 5.5 that it suffices to fix a finite subset X of 4; and ¢ > 0,
and show that p” is in U(p°; X, ¢) for all suitably large n.

Recall the function tx ¢ of Definition 5.2. As g is an element of P!®7 (A, C (N, B)),
the number 7 := sup, .5 Tx,s/2(¢") is finite. As g is in P87 (4, C(N, B)) we also see
from Lemma 4.4 that there exists N such that ||¢g? — g2°|| < /6 foralln > N. We claim
that p” is in U(p®>°; X, ¢) for all n > N, which will complete the first half of the proof.

Using Lemma 4.4, we may identify g with a collection (¢"), . of elements of (A, B)
(satisfying certain conditions). Now let # > N and consider the following homotopies.

(1)  Asel®[q] = [p*], Theorem 4.14 implies that g* ~ p°°, and thus there is o, >
max{7, tx+(p)} and a homotopy passing through 7 (X, B) and connecting
Pre and g7°.

(ii)  Similarly to (i), there is #, > max{t, tx .(p")} and a homotopy passing through
PI (X, B) and connecting py and g7 .

(iii) As [lg? —¢°|| < &/6foralln > N and as T = sup, . Tx,e/2(¢"), Lemma 5.8
gives a homotopy passing through £ (X, B) and connecting ¢2° and gZ.

(iv) The path (¢});e[r,;,] is @ homotopy passing through &7 (X, B) that connects g7
and gy .

(v)  The path (¢7°)se[r,ro] is @ homotopy passing through #7 (X, B) that connects
q7° and g7°.
Now let f,,x = max{t,, tw}. Concatenating the five homotopies above with the homo-
topies (P7) ety tmn] AN (P7°) €100, tmae] (Which pass through PF (X, B)) shows that p” is
inU(p*>; X,¢e)forn > N.

For the converse, fix a sequence X; € X, C --- of nested finite subsets of A; with
dense union. Let us assume that ([p"]),eN is a sequence in KK (A, B) that converges to
[ p] in the asymptotic topology. We want to construct an element ¢ € £'®7 (4, C(N, B))
such that e”[¢] = [p"] for each n in N. We will define new representatives of the classes
[p™] as follows. For each m, let N,,, € N be the smallest natural number such that p” is in
U(p®>®; Xm, 1/m) for all n > N,,; as [p"] converges to [p°°] in the asymptotic topology,
such an N, exists, and the sequence Ni, N,, ... is non-decreasing.

Choose a sequence t; < t; < --- in [1, 00) that tends to infinity in the following way.
Forn < Ny, lett, = 1. Otherwise, let m be as large as possible so thatn > N,,. Lett, =
max{tx,,,1/m(P"), Wx,1/m(P>°).t1, ..., tn—1} + 1, and note the choice of N, implies that
p" € U(p*; Xm, 1/m), so there exists a homotopy between pf and py° parametrized as
usual by [0, 1] that passes through !Pl”/m (Xm, B). Approximating this homotopy by a
piecewise-linear homotopy, we may assume that it is Lipschitz, and still passing through
j)lﬂ/m (Xm, B). Moreover, by lengthening the interval parametrizing the homotopy, we
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may assume that it is 1-Lipschitz. In conclusion, for some suitably large r, € [1, 00), we
may assume that we have a 1-Lipschitz homotopy (p"*') e[z, 1, +r,] Detween Py, and pge.
Define for eachn € N

p° e[l

q" =1 p"' 1 €[ty tn + 1al,
P;l t =ty + ra,

and note that [¢"] = [p"] for all n € N using Lemma 4.6. Define ¢*° = p°°. Using the
characterization of Lemma 4.4, one checks directly that ¢ = (¢"), . defines an element
of P17 (A, C(N, B)). This element satisfies e”[q] = [p"] by construction, so we are
done. ]

6. Controlled K K -theory and KL -theory

Throughout this section, A and B refer to separable C *-algebras. All Hilbert modules are
countably generated, and all are over B unless explicitly stated otherwise. All representa-
tions of A are on Hilbert B-modules unless explicitly stated otherwise.
Recall from the introduction that, following Dadarlat [6, Section 5], we define the
K L-group of (A, B) by
KL(A, B) :== KK(A, B)/{0}, (6.1)

i.e., the quotient of KK (A, B) by the closure of zero for the topology from Proposi-
tion 5.6. This makes KL(A, B) into a Hausdorff topological group when equipped with
the quotient topology. As already mentioned in the introduction, KL (A, B) was originally
introduced by Rgrdam [20, Section 5] using a purely algebraic definition that agrees with
the intrinsic topological definition above under a UCT assumption on A.

Our goal in this section is to define controlled K-homology groups KK (X, B),
arrange these into an inverse system, and show that the inverse limit of these is canonically
isomorphic to KL (A, B); the isomorphism moreover holds on the level of topological
groups when the inverse limit is taken in the category of topological groups and each
KKT (X, B) is given the discrete topology.

We start with the controlled K K-theory groups. For the next definition, recall the
notion of a graded representation (plus other conditions on representations) from Defini-
tion 4.1, and the set 7 (X, B) from Definition 5.1.

Definition 6.1. Let 7: A — £(E) be a graded representation of A on a Hilbert B-module.
Let X € A, be a finite subset of the unit ball A; of 4 and let ¢ > 0. Equip £ (X, B)
with the norm topology it inherits from £(E), and define KK7 (X, B) := mo(PF (X, B))
to be the associated set of path components.

Our first goal is to define a group structure on K K7 (X, B). For this, let us assume that
the representation (7, E) is graded, balanced, and infinite multiplicity (see Definition 4.1
for terminology), and fix two isometries sy, s> in B(£?) satisfying the Cuntz relation
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s187 + s285 = 1. Using the inclusion B(?) € £(E) from line (4.2) in Lemma 4.2, we
think of s; and s, as isometries in £(E) that commute with the subalgebra 7 (A4) and the
neutral projection e. We define an operation on KK (X, B) by

[p] + [q] := [s1psT + 52¢53]. (6.2)

The following lemma can be proved in exactly the same way as Lemma 4.7: we leave the
direct checks involved to the reader.

Lemma 6.2. With notation as above, the set KK (X, B) is a commutative semigroup.
The group operation does not depend on the choice of s1 and s;. ]

In order to show that KK (X, B) is a monoid, we need an analogue of Lemma 4.9.

Lemma 6.3. Let m: A — £(E) be a graded, balanced, and infinite multiplicity represen-
tation of A on a Hilbert B-module. Let X be a finite subset of Ay, let € > 0, let p be an
element of P (X, B), and let v be an isometry in the canonical copy B(£?) € £(E) from
line (4.2) from Lemma 4.2. Then the formula

vpv* + (1 —vv¥)e
defines an element of PJ (X, B) in the same path component as p.

Proof. The fact that vpv* + (1 — vv*)e is an element of 7 (X, B) follows from the fact
that v commutes with A. We fix § € (0, 1), to be determined in the course of the proof by
X, p,and . As p — e is in K (E), there exists an infinite rank projection r € 8(¢?) such
that 1 — r also has infinite rank, and such that

[(x=r)yp—e) <. (6.3)
Note that as r commutes with e, line (6.3) implies that
|, p1| < 26. (6.4)

As r is a projection and commutes with elements of A4, and as p is a contraction, this
implies that for any a € X,

Ha((rpr)2 —rpr) ” < Hr[p,r]pr” + Hra(p2 — p)r” <26 —|—£ln€a§c Ha(p2 —-p) H (6.5)

Define now g :=rpr + (1 —r)e, which is a self-adjoint contraction. Note that g — e =
rpr—re=r(p—e)r,soq —eisin X(E). We have g> —q = (rpr)? — rpr, and so line
(6.5) implies that for alla € X,

2 2 _
la@® ~ )] <26 + max|a(p® ~ p).
Moreover,

lg = pll = [rpr —rp + (0 =r)e = =r)p| < |Ir. pl| + (1 =r)(p —e)| <38
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by lines (4.3) and (6.4). Hence as long as § is suitably small, depending on ¢ and on
— 2 —
e —max a(p* - p),
we see that g is in T (X, B). Moreover, for suitably small §, we have that the path
[0,1] — L(E), s+—sp+(1—1s)g

is norm continuous and passes through $7 (X, B), and so shows that p ~ g. Hence it
suffices to prove the result with p replaced by g.

Now, let v € B(£?) C £(E) be an isometry as in the original statement. Choose a
partial isometry w € B(£?) such that ww* = 1 —r and w*w = 1 —vv* + v(1 — r)v*;
such exists as the operators appearing on the right-hand sides of these equations are infinite
rank projections. Define

u:=vr+w* e B(*) C L(E).

Then one checks that u is unitary, and moreover that uqu* = vgv* + (1 — vv*)e. Let
(us)sefo,1] be any norm continuous path of unitaries in 8 (¢?) connecting u to the identity.
Then if we write “r ~s” to mean that r, s € P (X, B) are in the same path component, the
homotopy (usqu; )sefo,1] sShows that g ~ vgv* + (1 — vv*)e. In conclusion, we have that

p~q~vqgu*+ (1—vv¥)e~vpv* + (1 —vv¥)e,
where the last “~” follows from the homotopy (v(sp+ (1—s)q)v* +(1—vv*)e)se[0,1]- W

Corollary 6.4. Let m: A — L(E) be a graded, balanced, and infinite multiplicity repre-
sentation of A on a Hilbert B-module. Let X be a finite subset of Ay, and let ¢ >0. Then the
commutative semigroup KKT (X, B) is a commutative monoid with identity element [e].

Proof. This follows from Lemma 6.2, and Lemma 6.3 with v = s; (whence 1 —vv™* =
5255). L]

Proposition 6.5. Let m: A — £(E) be a graded, balanced, and infinite multiplicity rep-
resentation. Let X be a finite subset of Ay and let ¢ > 0. Then the monoid KK] (X, B) is
a group.
Proof. For simplicity of notation, if p,g € £F (X, B), write p ~ g if p, q are in the same
path component, i.e., if they represent the same element of KK7 (X, B).

Let p be an element of $T (X, B). According to Lemma 6.2 and Corollary 6.4 it
suffices to show that p has an inverse, i.e., to find an element g € $(X, B) such that

$19S] + s2ps5 ~ e. (6.6)

Let M5 (C) be unitally included in £(E) as in line (4.2) from Lemma 4.2, and let u be the
element (9 }) € M»(C), so ueu = 1 — e. The self-adjoint contraction

q = s1es7 + sou(l — pusy

then defines an element of 7 (X, B), and we claim this satisfies the condition in line
(6.6) above.
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We first define
V= $2878T 4 s15155 + $15285 57,

which is unitary in 8(£?) € £(E). Computing,
v(s1gs] + s2ps3)v* = s1(s1psy + sau(l — pusy)sy + szes3. (6.7)
On the other hand, Lemma 6.3 (with v = s;) implies that
s1(s1p87 + s2u(1 — p)usy)si + szesy ~ s1psy + sau(l — p)us. (6.8)

Moreover, v is connected to the identity in the unitary group of B (£?); as B({?) commutes
with A and e, this implies that

vrv* ~r foranyr € PF (X, B). (6.9)
Combining lines (6.7), (6.8), and (6.9) we get that
5198y + s2ps5 ~ s1ps; + sou(1 — p)usy.
Comparing this with line (6.6), it thus suffices to show that
s1psy + s2u(l — p)usy ~ e. (6.10)

We will show this in two steps:

(i)  construct a homotopy (pr):efo,1] between sy psy + su(l — p)usy and s157
such that ||[p;,a]|| < e and |la(p? — p;)|| < eforallt and alla € X;

(ii) show how to “fix” this homotopy so that it also satisfies p, — e € K (E) for all
t €0,1].

Let us start on step (i) above. Connect u to the identity through unitary elements
of M,(C). This gives a path, say (pgo))le[o,l] connecting 51 psy + s2u(l — p)us; to
s1psT + 52(1 — p)s3 and that satisfies ||[p§0),a]|| < gand ||a((p§0))2
tandalla € X.

At this point, to simplify notation, let us write elements of £(E) as 2 x 2 matri-

ces with respect to the matrix units e;; 1= s; s]’-". With this notation,”* consider the path

— p;o))” < ¢ for all

(Pz(l))te[o,n/z] defined by
o._(r 0 cos(t) sin(t)\ (0 O cos(t) —sin(t)
pr = (O O) + (— sin(?) cos(t)) (0 1— p) (sin(t) cos(t) ) '

24Tn more formal notation,

pt(l) =s1(p+ sin®(¢)(1 — p))st + s1.cos(?) sin(t)(1 — p)si + s2 cos(t) sin(t)(1 — p)s}

+ 52 cos?(t)(1 — p)s3.
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One computes that

W2 @ _ [cos)(p* = p) 0
(p: ") Py = ( 0 Cosz(t)(pz — ) ,

whence ||a((p§1))2 — pgl))” < eforallt € [0,7/2] and all @ € X. Another computation
gives that forany a € A and ¢ € [0, /2],

. pV] = [a. p] ( cos*(t) —cos(t) sin(t)) ‘

—cos(t) sin(¢) —cos?(t)

The norm of the matrix appearing on the right-hand side is | cos(#)|, and therefore
1

[ta. V1] <€

foralla € X and all ¢ € [0, r/2].

Concatenating the paths ( p§°)) refo,1] and ( pt(l)) re[0,x/2]> and reparametrizing, we get
anew path (p;);efo,1] connecting 51 psy + sou(l — p)us; and sys7. This completes step
(1) above.

For step (ii), let w: £(E) — £(E)/J(E) be the quotient map. With respect to the
decomposition in Lemma 4.2, @ is injective on the canonical copy of B(C? ® £2) C
£(E). As p—e € K(E) and e is a projection, we see that the path (w (pr));e[o,1] passes
through projections in B(C? ® £?), and it connects e and s1s}. Hence using Lemma 4.8,
there exists a continuous path of unitaries (w;)efo,1] in B(C? ® £?) with wo = 1 and such
that w (p;) = w;w (po)w; for all . The path (w} p;w;)sefo,1] then lies in P (X, B), and
connects 51 psy + s2u (1l — p)usy and e. This completes step (ii), and the proof. ]

We now have that KK7 (X, B) is a group whenever x is graded, balanced, and infinite
multiplicity. Under a slightly stronger assumption on the representations involved, the
groups KK7 (X, B) are independent of the representation 7.

Lemma 6.6. Let m: A — £(E) and 0: A — £(F) be graded, balanced, and strongly
absorbing representations of A on Hilbert modules in the sense of Definition 4.1. Then the
groups KKT (X, B) and KK? (X, B) are isomorphic.

Proof. Analogously to line (4.1) above, we may write
(. E) = (Ic2g2 ® m0. C* @ €7 ® Ey)

where mg: A — £(E)p) is a strongly absorbing representation of A, and analogously for
(0, F). Let e = ((1, 8) ® lpgE, denote the neutral projection for (r, £) as in Defini-
tion 4.1, and choose a pair of isometries in sf , szE € lc2 ® B(£?) ® 1F, satisfying the
Cuntz relation and implementing the group operation on KK (X, B) as in Lemma 6.2.
Let e’ be defined similarly, and let s and sf be chosen compatibly with s£ and s£.
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Proposition 2.6 gives us a path of unitaries

u® = (ud)sef1,00) € Co([1,00). £(Fo. Ep))

such that (u?)*mo(a)u® — 09(a) — 0 as t — oo, and such that (u®)*w(a)u® — o (a) €
K (Fo) forall 7. Letu; = lgogee @ u? € £(F, E).

Now, let p € P (X, B). One checks that there exists #, > 1 such that for all # > ¢,
suitably large, u} pu, € PZ(X, B). Provisionally define a group homomorphism by

KK?(X,B) — KK?(X,B), [p]+— [u]pu;]foranyt >t,. (6.11)

Note that the class [u} pu,] does not depend on the choice of ¢: indeed, if ¢, s > ¢, and
I is the interval between them, then (u} pu,);cs defines a homotopy between ujy pu, and
u; pus in P2 (X, B). Note also that this map does not depend on the choice of represen-
tative p of the class [p]. Indeed, if p® and p! are two such representatives, then there is
a homotopy p = (p*)se[o,1] between them in P (X, B). A compactness argument gives
tp > L such thatforallz > f, and all s € [0, 1], u} p*u; € P2 (X, B). Hence for any ¢ > ¢,
(u} p*u¢)sefo,1] defines a homotopy between u} p®u, and u} plu;.

From the discussion above, the map in line (6.11) is well defined. The choice of u,
guarantees that u;‘siEu, = siF for i € {0, 1} and all ¢, and also that u,eEu;‘ = ef for
all #. Hence the map in line (6.11) is a group homomorphism. Switching the roles of
u, and u} gives a group homomorphism in the other direction; direct checks show that
these homomorphisms are mutually inverse, completing the proof that KK7 (X, B) is
isomorphic to KK (X, B). |

Given Lemma 6.6, the following definition is reasonable.

Definition 6.7. Let 7: A — £(E) be a graded, balanced, and strongly absorbing repre-
sentation of A on a Hilbert B-module. We call KK (X, B) the controlled K K-theory
group of A associated to X and ¢.

Having established that each KK7 (X, B) is a group, we now arrange these groups
into an inverse system, and show that the resulting inverse limit agrees with KL (A4, B).

Definition 6.8. Let X be the set of all pairs (X, €) where X is a finite subset of A, and
& > 0. We equip X with the partial order defined by (X, ¢) < (Y, §) if for any graded
representation 7: A — £(FE) of A on a Hilbert B-module we have that

PF(Y.B) € PT(X. B).

Remark 6.9. We record some basic properties of the partially ordered set X .
(i) Notethat (X,e) < (Y,§)if X CY and§ <e.

(i) It follows from point (i) that X is directed: an upper bound for (X;, ;) and
(X2, &) is given by (X U X5, min{ey, £5}).
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(iii) Recall that a subset S of a directed set [ is cofinal if for all i € I thereiss € S
with s > i. The partial order in Definition 6.8 contains a lot more compara-
ble pairs than those arising from the “naive ordering” on the set X defined by
“(X,e) < (Y,8)if X C Y and § < &” as in (i) above. For example, the naive
ordering never contains cofinal sequences (even for A = C), while the ordering
from Definition 6.8 always does. To see this, let (a,)52, be a dense sequence in
Ay, and define X, := {ai, ..., a,}. Then the sequence (X,, 1/n)52, is cofinal
in X for the ordering from Definition 6.8.

(iv) If A is generated as a C*-algebra by a finite set X C A, then the sequence
(X, 1/n)52, is cofinal in X.

As it is not so widely used in C *-algebra theory, and to establish conventions, we
recall the definition of an inverse limit in the category of topological abelian groups. We
will need both a purely algebraic notion and a notion that incorporates a topology: for the
purely algebraic notion, just omit all the words in parentheses, and include them all for
the version incorporating a topology.

Definition 6.10. Let / be a directed set. An inverse system of (topological) abelian groups
indexed by [ is a collection (G;);es of (topological) abelian groups, and (continuous)
group homomorphisms ¢;;: G; — G; for each j > i such that ¢;; = idg, for each i, and
such that ¢;; o ¢jx wheneverk > j > i.

Given such an inverse system, its inverse limit is defined to be

lim G; := {(¢1) € [T G | 9y (g) = g forall j = i},

iel
equipped with the group operations (and the topology that it inherits from the product
topology on [ [;c; Gi).

‘We recall some basic facts about inverse limits; we leave the direct checks involved to
the reader.

Remark 6.11. The following hold for inverse limits.

(i)  The inverse limit lin G; of an inverse system (G;) of (topological) abelian
groups has the following universal property. First, note that restricting to the
ith coordinate gives a canonical (continuous) homomorphism ¢;: lin G; — G;
for each i. Then the universal property is: for any (topological) abelian group
H equipped with a family of (continuous) homomorphisms v;: H — G; such
that the diagrams
H

V0N
bij

G ——G;

commute for each j > i, there is a unique (continuous) homomorphism H —
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liil G; making the following diagrams

commute for all j > i.

(ii))  Any cofinal subset J of a directed set / defines the same inverse limit. Precisely,
the canonical “restriction” map

[T6:— 16
iel ieJ
defined by forgetting all coordinates outside of J restricts to an isomorphism
lim G; — lim G;,
pa— pa—
iel ieJ
which is also a homeomorphism in the topological setting.

We now come to the inverse limit we are interested in.

Definition 6.12. Assume that (X, &) < (Y, §) as elements of the partially ordered set X
from Definition 6.8. Then for any graded representation 7: A — £(E) of A on a Hilbert
B-module there is a canonical forget control map

¢§j§ : KK§ (Y, B) — KK (X,B) (6.12)

induced by the inclusion P{" (Y, B) — P (X, B).
Assume moreover that 7 is balanced and infinite multiplicity so that each KK7 (X, B)
is an abelian group, which we equip with the discrete topology. Then the collection

(KK (X B) (x eyex

becomes an inverse system of topological abelian groups and we define 1}21 KKT(X,B)
to be its inverse limit as in Definition 6.10.

Our goal in the remainder of this section is to show that with notation as in line (6.1)
and Definition 6.12
lim KK (X, B) =~ KL(A, B)
<«

whenever 7 is graded, balanced, and strongly absorbing as in Definition 4.1.

For the next lemma, recall the notation tx .(p) from Definition 5.2 above and the
notation KK (A, B) from Definition 4.5. It is an abelian group under the assumptions in
the Lemma by Theorem 4.14.
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Lemma 6.13. Let m: A — £(E) be a graded, balanced, and strongly absorbing repre-
sentation of A on a Hilbert B-module. For each (X, €) in the set X of Definition 6.8 there
is a group homomorphism

Vx,s: KK3(A, B) — KK (X, B)

defined by sending [p] to the class of [p;], where t = tx ¢(p) + 1. Moreover, the family of
homomorphisms (Vx.e)(x,e)ex are compatible with the forget control maps in line (6.12)
above in the sense that the diagrams

KK%(A, B) == KK%(4, B)

J{‘/’Y,S J/V/X,e
Y8

PX.e
KKF (Y, B) — KKZ (X, B)
commute. In particular, the maps ¥x ¢ determine a group homomorphism
V¥ : KKL(A.B) — lgLnKKf(X, B).

Proof. To see that the map ¥y is well defined, let (p*)sefo,1] be a homotopy between p°,
plin the set P (A, B) of paths of projections as in Definition 4.5. Let tp = tx ¢(p°) + 1,
= tx,e(pl) + 1, and choose t, such that ¢, > max{tg, #1}, and such that pfz is in
PI (X, B) for all s (such a number #, exists by compactness of [0, 1]). Then concate-
nating the homotopies (p})refr.,]- (P5,)sef0.1]- and (p})refs, 1) connects p? and p} in
PT (X, B), and we get well-definedness.

To see that ¥x . is a group homomorphism, let 51,52 € B(¢?) € £(E) be a pair of
isometries satisfying the Cuntz relation, and used to define the group operations on both
KK (A, B) and KK7 (X, B), and let [p], [q] € 7 (A, B). Then [p] + [¢] is the class of
[s1ps7 + s2¢s5], and we have that

Ux,e: [S1957 4 52551 —> [S1P4,1,5T + S141,1,57)

where t, 44 1= Tx,c(s1 ps| + 52¢s5) + 1. On the other hand, if we define 7, := tx . (p) + 1
and ¢, := 1x,¢(q), then

Ux.,e[p] + Vx.elg] = [s1p1,57 + 5291,55].

Define t,44 := max{t,, t,}, and say without loss of generality that #, > #,. Then the path
(51P1,87 + 529153 )telty.1,] Shows that Yx «([p] + [q]) = Vx.e[P] + ¥x.e[q] as required.
Compatibility of the maps ¥x . with the forget control maps in line (6.12) can be
shown via similar arguments; we leave the details to the reader. The existence of { follows
from this and the universal property of the inverse limit as in Remark 6.11, part (i). ]

Using the ideas in the previous section, we now get the promised relationship to K L.
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Theorem 6.14. Let w: A — L(E) be a graded, balanced, and strongly absorbing repre-
sentation on a Hilbert B-module. The homomorphism  in Lemma 6.13 is surjective and
descends to a homeomorphic isomorphism

y: KL(A. B) — lim KK7 (X, B).

Proof. Inspecting Definition 6.10, a neighborhood basis of 0 in lim K K7 (X, B) consists
of the sets

W(X,e) := {([pY,S])(Y,g)Ex | [Px.e] = 0in KK;T(X, B)}

as (X, ¢) varies over the set X of Definition 6.8. On the other hand, inspecting Defini-
tion 5.4, a neighborhood basis of 0 in K K7, (A, B) consists precisely of the sets V(0; X, ¢)
as (X, &) ranges over X. Direct checks show that these sets are in bijective correspondence
via the map . It follows from this that the map

V:KK5 (A, B) — liLnKKf(X, B)
of Lemma 6.13 descends to an open and continuous injection
KK%(A, B)
{0

The left-hand side identifies with KL (A, B) by Theorem 4.14, Theorem 5.7 and the defi-
nition of KL (A, B) as in line (6.1) above, so we have an open continuous injection

—> lim KK7 (X. B).

Y: KL(A, B) —> lim KK7 (X, B)

To see that ¥ is a homeomorphic isomorphism, it remains to show that it is surjective.
For this, let us choose a cofinal sequence (X,,1/n)52; of X as in Remark 6.9 part (iii),
whence there is a canonical isomorphism

lgLnKKg(X, B) = lgLnKKf/n(Xn, B)
as in Remark 6.11 part (ii). Hence it suffices to prove surjectivity of the induced map
KK%(A,B) — liLnKKf/n(Xn, B).

As in Definition 6.10 above, let ([p"])52, define an element of lim KKf/n (Xn, B) with
p" e JPl”/n (Xn, B) for each n. As this sequence defines an element of the inverse limit we
must have that for each n, the forget control map

KKT)us1)Xns1. B) — KKT,, (X, B)

sends [p"*!] to [p"]. This implies that there is a homotopy (p?)se[o,1] of elements in
Pl (Xn, B) with pg = p™ and p} = p" 1. Define p:[1,00) — £(E) by setting p, :=
pr_, whenever ¢ is in [n,n + 1], and note that p is then an element of $7 (4, B).
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We claim that 7[p] = ([p"])5%,, which will complete the proof. Indeed, it suffices
to fix n and show that ¥rx, 1/a[p] = [p"]. We have ¥x, 1/x[p] = [ps,], where 1, :=
1x,,1/n(p). By definition of p and of tx, 1/,, the interval I with endpoints 7 and f, is

such that the path (p;);e; lies entirely in 3)1”/ 2(Xn, B). Hence

Vx,,1/nlP] = [P1,] = [Pal = [P"]

and we are done. [

7. The closure of zero and derived inverse limit groups

Throughout this section, A and B refer to separable C *-algebras. All Hilbert modules are
countably generated, and all are over B unless explicitly stated otherwise. All representa-
tions of A are on Hilbert B-modules unless explicitly stated otherwise.

Our goal in this section is to concretely identify the closure of zero in the asymptotic
topology on KK7, (A, B) (see Definitions 4.5 and 5.4) in terms of the controlled K K-
theory groups KK (X, B) (see Definition 6.7). The precise statement we are aiming for
is that the derived inverse limit group, or li(_m1 group,

13@11(1{;@’()(, SB) (7.1)

of the inverse system from Definition 6.12 is isomorphic to the closure of zero inside
KK%(A, B). This will complete the proof of Theorem 1.1 from the introduction.

The general definition of yLnl is as follows: see [13, pp. 1-3] for details, and see for
example [30, Section 2.5] for general background on the theory of right derived functors
being used here. Let I be a directed set, and let (G;);ey be an inverse system of abelian
groups indexed by I in the sense of Definition 6.10 (we will not assume the groups are
equipped with a topology). The collection Ab/ of all such inverse systems can be arranged
into an abelian category, and taking inverse limits defines a left exact functor

m:Ab’ — Ab

from Ab? to the category Ab of abelian groups. One can show that Ab! has enough injec-
tive objects so that the right derived functors of m make sense. Then by definition lil_n1 is
the first right derived functor of 1&1 in particular LiLnl is a functor taking inverse systems
of abelian groups indexed by I to abelian groups.

We gave the general definition of L_ir_n1 above for completeness, but will not need to
use it in the proofs below. There is a more concrete picture that is available when the index
set is N and that is more useful for computations: see for example [30, Section 3.5] for a
detailed exposition of the concrete definition below.

Definition 7.1. Let (G,);2; be an inverse system of abelian groups indexed by N \ {0}
as in Definition 6.10 above, and write ¢ : G, — G, for the connecting maps. Define

5116 — [16n  (@)pZi > (8n — ¢ (gn+1))me s (7.2)

n=1 n=1
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The derived inverse limit group, or liﬂll group, of (G,), denoted liﬂll G, or llnll\l Gy, is
defined to be the cokernel of §.

We record some basic facts as a lemma. For the statement, recall that a subset J of a
directed set [ is cofinal if for all i € I thereis j € J with j > i.

Lemma 7.2. Let (Gi)icr be an inverse system of abelian groups as in Definition 6.10,
and let J C I be a cofinal subset. Then there is a canonical isomorphism

il .~ lim!l .
lim, G; = lim, G;.

In particular, if (Xn, 1)), is a cofinal subsequence™ of the directed set X of Defini-
tion 6.8, and nm: A — L(FE) is a balanced, graded, infinite multiplicity representation of
A on a Hilbert B-module, then there is a canonical isomorphism

lim}, KK (X, B) = lim KK (X», B)

where the left-hand side is the 1iLnl group over the directed set X, of Definition 6.8, and
the right-hand side is the 1iLn1 group over the sequence ((Xy, &n))ne, computed using
Definition 7.1 above.

Proof. As pointed out on [13, p. 11], the general statement about cofinal subsets is a
consequence of [13, Théoreme 1.9 and Lemme 1.5]. The second part is a special case
of the first part, combined with the discussion on [13, pp. 13—14] which shows that the
general definition of the LiLnl group agrees with the concrete version from Definition 7.1
in situations where both make sense. ]

We will need an analogue of (a special case of) Lemma 4.4 in the controlled setting; the
proof is very similar, and left to the reader. For the statement, recall the notation £ (X, B)
from Definition 5.1, and recall that SB := Cy(0, 1) ® B denotes the suspension of B.

Lemma 7.3. Let w: A — L(E) be a graded representation of A on a Hilbert B-module,
and let 1 @ 7 be the amplified representation of A on the SB-module Cy(0,1) ® E. For
any finite subset X of A1 and ¢ > 0, elements of PL®™ (X, SB) can be identified with
norm continuous functions

p:[0,1] — £(E), t+— p;

such that:
® po=p1=e
(i) pr—ee€ K(E)forallt €]0,1];
(i) |la(p? — po)|l < e and ||[ps.a]|| < eforalla € X and all t € [0,1]. |

2 Cofinal subsequences of X always exist by Remark 6.9, part (iii).
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Proposition 7.4. Let n: A — £(E) be a graded, balanced, and infinite multiplicity rep-
resentation of A on a Hilbert B-module, and let ((X,, €n))ow, be a cofinal subsequence
of the directed set X of Definition 6.8.

For each n, let p" be an element of the space 3)817:8” (Xn, SB) of Definition 5.1. Use
the identification in Lemma 7.3 to consider each p" as a function p":[0,1] — L(E), and
define p:[1,00) — £(E) by setting p; := p}_, whenevert € [n,n + 1]. Then p is in the
space P (A, B) of Definition 4.3, and the formula

¥ TTKKE™060.5B) — KKF(.B). (7" )52, [

gives a well-defined homomorphism.

Moreover, the homomorphism \ takes image in the closure @ of the zero element for
the asymptotic topology (see Definition 5.4), and descends to a well-defined homomor-
phism

y:lim' KK, ®7 (X,, SB) — KK (A, B)

on the lim'-group.

Proof. We leave the direct check that p is an element of 7 (A, B) to the reader: for this
purpose note that &, — 0 as n — 0o, and also that for each n, p"(0) = p"(1) = e.

To see that ¥ is well defined on the product [], KK;?” (X,.. SB), let ([p™©] o)
and ([p”’(l)]);':"=1 be sequences in Kan@’” (Xn, SB) representing the same class in the
product [, KK(}”®”(X,L, SB), and with images [p©@] and [p(V] in KK%(A, B). Then
for each n there is a homotopy (p”’(s))se[o’l] between p™(® and p™ (). Using the identi-
fication in Lemma 4.4, define a new function

p:ll,00) — £(C[0,1] ® E)

by pﬁ” := p}° fort € [n,n + 1]. Then direct checks using the conditions in Lemma 4.4

show that (p(s))se[o,l] is a homotopy between p(® and p», whence [p@] = [p™V] and
we have well-definedness.

The fact that 1 is a homomorphism follows as we may assume the group operations
are all defined using the same pair of isometries (51, s2) satisfying the Cuntz relation.

We now show that the image of v is contained in @ Using the definition of the
asymptotic topology (see Definition 5.4 above) we must show that if [p] is in the image,
then for every finite subset X € A; and ¢ > O there is f > ©x (p) (see Definition 5.2) and
a homotopy passing through #7 (X, B) connecting p; to e. Indeed, by construction of p,
there is a sequence (z,) tending to infinity such that p;, = e for all n. Choose then n such
that #, > tx,¢(p), and set t = t,; the constant homotopy connecting p; to e works.

For the statement that i descends to the lim! group, we must show that if ([p"] i
is a sequence in [], KK}®7(X,, SB), then the image of ([p"]) is the same as that of
the sequence ([p"1])3 ;. Indeed, say the image of the former is p and the image of the
latter is g. Then by construction we have that g, = p,—; for all t > 2. The path (p*)se0,1]
defined by p} := p;_s is a homotopy between p and g, so we are done. ]
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Our goal in the remainder of this section is to show that iy as in Proposition 7.4
actually defines an isomorphism between LiLnl KK 81n®” (Xn, SB) and the closure of 0 in
KKZ (A, B).

The next definition and lemma give an alternative description of the group operation
on KK}!®"(X,SB).

Definition 7.5. Let 7: A — £(FE) be a graded representation of A on a Hilbert B-module,
let X C A be finite, and let ¢ > 0. Let p,q € P17 (X, SB) be represented by paths as
in Corollary 7.3. Define their concatenation, denoted p - g, to be the path that follows p
then ¢g: precisely

pu 0=1=<1/2,

P q)e= {q2,_1 1/2<t<1.

Lemma 7.6. Let n: A — £(E) be a graded, balanced, and infinite multiplicity repre-
sentation of A on a Hilbert B-module, let X be a finite subset of A1, let ¢ > 0, and
let SB be the suspension of B. Then for any [p], [q] € KK} ®" (X, SB) we have that
[p] + [¢] = [p - q]. Moreover, —|p] is represented by the path p that traverses p in the
opposite direction.

Proof. Up to homotopy, we may assume that p; = e forall # € [1/3, 1], and that g, = e
for all ¢ € [0,2/3]. The sum [p] + [¢] is then represented by a function of the form

s1peST + s2es5 t €[0,1/3],
(s1ps] +52955)c = { e t €[1/3,2/3],
siesy + s2qrs5  t €[2/3,1].

Let v = 5155 + s25], which is a unitary in B(£?). We identity $8(£?) with a unital C*-
subalgebra of £(E) as in line (4.2) from Lemma 4.2. As the unitary group of B({?)
is connected, there is a path u = (u)se[o,1] of unitaries in B({?) such that u, = 1 for
t <1/3and u; = v fort > 2/3. We may consider u as an element of the unitary group of
£(Cy(0,1)®4£?), which we identify with a unital C *-subalgebra of £(Cy(0, 1)® E) com-
patibly with the inclusion B(¢?) € £(E) from line (4.2) again. Using that ¥ commutes
with e, we have then that

S1p:Sy + s2es5  t €[0,1/3],
(u(s1psy + s2gs5)u™); = § e te[1/3,2/3], (7.3)
S1q:ST + s2es5  t €[2/3,1].

On the other hand, the unitary group of & (Cy(0, 1) ® £2) is connected (even contractible)
by [5, Theorem on p. 433], so we may connect u to the identity via some norm con-
tinuous path in this unitary group. As the unitary group of £(Cp(0, 1) ® £?) commutes
with both e and A, this gives a homotopy showing that wu(sq psT + s2gs3)u™ defines the
same element of KK!®" (X, SB) as 51 ps} + s2qs;. From the description in line (7.3),
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we have also that u(s; psy + s2¢gs5)u™ and s1(p - q)s] + sz2es5 define the same element
of KK!®™ (X, SB). The latter element is homotopic to p - ¢ by Lemma 6.3, so we are
done with the proof that [p] + [¢] = [p - ¢].

The fact that —[p] = [p] is a consequence of the first part: indeed, [p] + [p] = [p - ],
and p - p is easily seen to be homotopic to the constant path e, which represents the
identity in KK !®* (X, SB) by Corollary 6.4. L]

We need one more technical lemma before we can establish the main result. This is
elementary, but a little fiddly: unfortunately, we could not find a more conceptual proof of
what we need. For the proof of the lemma, let us explicitly adopt the convention that N
does not contain zero.

Lemma 7.7. Let (G,);,2, be an inverse system of abelian groups indexed by N. For
notational simplicity, let us write ¢: G,+1 — G, for the connecting map, and for m > n
write ¢"™": Gy, — Gy, for the connecting map.”® Let a = (a,) € [[y2, Gn, and assume
that there exists a sequence (my)n—, in N and elements b, € G,, with the following
properties:

(i) foreachn,m, € {1,...,n};
(i) my <mp <---;
>iii)) m,; — ocoasn — oo,

(iv) for each n, there exists b, € Gp,, such that
""" (an) = bp — " T (bpy). (7.4)
Then (ay) is in the image of the map § from line (7.2).

Proof. Given g € G,, we abuse notation slightly by also writing g for the element of
[] G with g in the nth slot, and zero elsewhere. For an element a = (a,) € [[ Gy, the
support of a is the set {n € N | a,, # 0}. For integers k,/ € N, we write [k, /] for the set
{k,k +1,...,1} if k <[, with the convention that [k,[] = @ if k > [; we call such a
set [k, /] an interval. We also adopt the convention that a sum indexed by the empty set is
zero. We say that a possibly infinite formal sum

3 a®
iel
of elements of [[ Gy, is locally finite if each n € N appears in the support of only finitely
many a@s, and we note that locally finite sums give well-defined elements of I1Gn.
Write u: N — N for the map n + m,,. The properties of the sequence (m,,) guarantee
that for each m € N, u~!(m) is a (possibly empty) finite interval; moreover, if it is non-
empty, then it is of the form [« (m), B(m)] with a(m) > m as in Figure 1.

26This is consistent with standard notation for composition of function: in particular, ¢! = ¢, and ¢° is
the identity map.
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a(m) B(m)
N [ o . o] [ o o] [ o] [ e . . o |-
N . . . . . . . . . .
m
Figure 1. Schematic of the map u.
w=tam)
m+1 a(m) B(m) —2 Bm)—1 B(m) Bm) +1
L] L] oo [ ) ces [ ] L] L] L]
0 M=t D g, 0y B (m)—2 B (m)—1 apm) 0
+ + +
$@g(m)—1) b(ag(m))
+ +
¢[3(m)7(m+])(aﬂ(m)) ¢2(“B(m))

Figure 2. Schematic of the element d ™).

For each m € N, define

™ = Z " " (ay).

neu=(m)

In words, ¢™ takes all the elements a, with m, = m, moves them all down to be sup-
ported at m, and sums them. Note that each ¢ is supported on the singleton {m}, or has
empty support if 4! (m) is empty. Hence the sum ¢ := ), o ¢ is locally finite, so ¢
is a well-defined element of [ Gy,.

We first claim that the element @ — ¢ is contained in the image of the map § from line
(7.2). To see this, for each m € N, define d m) ¢ [ G» by the conditions below. First, if
w='(m) = @, define d™ = 0. Second, if m = a(m) = B(m), define d ™ = 0. Third, in
all other cases define

YA gin(a;)  nefa(m) + 1, B(m))],
dm = 3 IO ¢ @) n e fm 4 La(m)],

i=a(m)

0 otherwise.

The schematic in Figure 2 pictures d ™ in the case that u = (m) # @ and B(m) > a(m) >
m; the blue text labels each integer, and the red text gives the value of d ™ at that point.
One checks that for each m,

B(m)
8(d™) =< > ak) —cm. (7.5)

k=a(m)

As my — oo, the sum d := Y, .y d™ is locally finite and makes sense as an element
of [] G,.. The computation in line (7.5) above shows that one has §(d) = a —c¢,s0a —c¢
is in the image of § as claimed.
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kn —1 kn kn +1 kn +2 knt1 kpy1+1
° ° . ° ° °
¢ @ (kn)) ba(kn) batky41) 7
k, kn+1 k, k, +1
gln1=(n )“’d(/‘wl)) glnt2=(nt1 )(bfx(kwrz))

k. —(k
pkn+1 ( n+2)(bu(k,,+]))

Figure 3. Schematic of the element e.

To complete the proof, it therefore suffices to show that ¢ is in the image of §. Now,
for each m such that =1 (m) # @,

B(m)
¢ = Z " " (an) = Z ¢" " (an)-

neuw=1(m) n=a(m)
Using the assumption in line (7.4), we thus see that

B(m)
¢ = " (by— " T (buy1)). (7.6)

n=a(m)

For n € [a(m), B(m) — 1], mp+1 = my, and so the sum in line (7.6) above telescopes,
leaving just
™ = bymy — PB+ITMBm) (bBmy+1)- (7.7

Let us write the elements of w(N) as k; < ky < k3 <---. For m € N, let k(m) be the
smallest k,, such that m < k,,, and define e € [ G, by

em = T (byhemy))

as in Figure 3; the blue text labels each integer, and the red text gives the value of e,
at that point. Using the formula in line (7.7) and the fact that S(k,) + 1 = «(ky+1) one
checks that §(e) = ¢, so we are done. L]

We are now ready for the main result of this section. As already commented above, it
completes the proof of Theorem 1.1.

Theorem 7.8. Let n: A — L(FE) be a graded, balanced, and strongly absorbing repre-
sentation of A on a Hilbert B-module, and let ((X,, £,))5>, be a cofinal subsequence of
the directed set X, of Definition 6.8. Then the map

y:lim' KK, ®7 (X, SB) — KK (A, B)

from Proposition 7.4 is an isomorphism onto the closure of zero in KK (A, B). In par-
ticular, we have an isomorphism

lim' KK7 (X, SB) = {0}

where the 11111 group on the left is taken over the directed set X of Definition 6.8.
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Proof. The last statement follows from Lemma 7.2 and the statement that v is an isomor-
phism. We focus then on the statement that ¥ is an isomorphism.

To see that the map ¥ is surjective, let p € 7 (A, B) (see Definition 4.3) be an
element so that [p] is in the closure of zero. Using the description of neighborhood bases
from Lemma 5.5, we may find an increasing sequence (¢,) in [1, co) such that z, — oo,
such that: ¢, > tx, s, (p) for all n; such that for each n there is a homotopy (¢5 )sefo,1]
such that g5 = py, and g7 = e; and such that gg is in P (X,, B) for all 5. For each n,
build a path r": [0, 1] — £(E) by concatenating the paths (g7_;)se[0,1]> (Pt)reltn,tni1]s
and (¢"*1)sef0.1], and reparametrizing to get the domain equal to [0, 1]. Note that the
path (r{)se[o,1] starts and ends at e, and has image contained in &7 (X, B). One checks
directly that r" lies in ?81n®” (X, SB) using the conditions in Corollary 7.3, and thus we
get a class ([r"]) € 1i£11 KK (Xn, SB). We claim the image of ([r"]) in KK (A, B)
is [p].

Indeed, up to reparametrizations (which do not affect the resulting class in KK, 57,’ (A,B)),
the image of ([r"]) is represented by concatenating the paths

(ql—s)se[o 1], (Pt)te[n ] (qs )se 0,1] (ql_s)se 0,1]
(Pt)te[tz t3]» (615 )se[o 1] (611 s)se 0,1]» (Pt)ze [t3,t4]> - - -

As each pair (g} )sefo,11s (97_;)sefo,1] consists of the same path traversed in opposite
directions, a homotopy removes all these pairs, so we are left with the concatenation of
the paths

((11 s)se[o 1]» (Pt)te[z1 2] (Pt)te [t2,23]> (pt)te[t3 t4]s - -

or in other words of (ql_s)se[o,l] and (p;)¢>s, - As any element g € 7 (A, B) is homo-
topic to the path defined by 7 + ¢, for any fixed L > 0, this path is homotopic to the
original p and we are done with surjectivity.

For injectivity, let ([p"])52, be a sequence in [ [, KK Elf’” (Xn, SB) that maps to zero
in KK%(A, B). The image of ([p"]);2, is represented by the path p, which is given by
concatenating the functions p”: [0, 1] — £(E); in symbols, for ¢ € [n,n + 1], p; := p}_,,.
As ([p"]) maps to zero, there is a homotopy (p®)se[o,1] connecting p to e. For each n, let
(g% )se[o,1] be the path in £(E) defined by g7 := p;. Schematically, we have the rectangle
in Figure 4: the red arrow at the top is p, built from stringing together the p” (each of
which starts and ends at e); at the bottom of the rectangle is the constant path with value e;
the vertical blue arrows are the paths ¢”; the whole rectangle represents the homotopy
(PY)sef0,1],:€[1,00); the green square will be used later. For each n, let m, € {1,...,n} be
as large as possible subject to the condition that the elements (P} )sefo,1],re[r,00) are all in

Pr i )(an, B). Note that m; < mj, < ---, and that m,, — co as n — oo by definition of
a homotopy. Note moreover that g7 is in J’E’fn , (Xm, . B) forall n and s.

Now, for each n, consider —[¢"] +[p"]+[¢" " ']; this is in KK;’W (Xm,,» SB) by choice
of m,,. This element is represented by the concatenation g” - p™ - ¢" ™! by Lemma 7.6, so it
forms three sides of the green square (py)se[o,1], re[n,n+1] from Figure 4. The fourth side is
the constant function with value e, so —[¢"] + [p"] + [¢" '] = [e] in KKSIS"” (Xm,, SB).
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1 2 3 n
s=1 e p e p e p e e p e p
1 2 3 4 n n+1
q q q q q q
=0y ) ! -
’ e e e e €
t=1 t=2 t=3 t=4 t=n t=n+1 t—>o0

Figure 4. Schematic of ps and gs.

Moreover, [e] = 0 by Corollary 6.4, so
[p"] = 1g"1—1g"""] in KK, 2" (X, SB) (7.8)

for all n; here we abuse notation slightly, and use the symbol [p”] for both the original
element of KK }®7(X,, SB) and its image under the forgetful map

KK}®™(X,.5B) — KK;f”L” (Xm,SB),

and similarly for the [¢"].

We are now in the situation of the purely algebraic Lemma 7.7, with ([p"]) playing
the role of a, and the [¢"]s playing the role of the b,s. Hence ([p®]) is in the image of
the map § from line (7.2), which is exactly what we wanted to show. ]

We conclude this section with a corollary on the general structure of the KK groups;
this is not connected to the rest of the paper, but seems of interest in itself. We thank
Claude Schochet for pointing it out to us.

Corollary 7.9. For any separable C*-algebras A and B, the closure of {0} in KK (A, B)
is either {0} or uncountable.

Proof. Letm: A — L(E) be a unitally strongly absorbing representation of A on a Hilbert
B-module. Standard separability arguments show that for each ¢ > 0 and finite X C A,
the group KK ®7 (X, SB) is countable. It follows from an argument of Gray [11, p. 242]
that a lim! group associated to a sequence of countable groups is either zero or uncount-
able. Hence lgLnl KKT (X, SB) is either zero or uncountable (here we also use Lemma 7.2
to compute this group using a cofinal sequence in X). The corollary now follows from
Theorem 7.8. ]

A. Alternative cycles for controlled K K -theory
Throughout this appendix, A and B refer to separable C *-algebras. All Hilbert modules

are countably generated, and all are over B unless explicitly stated otherwise. All repre-
sentations of A are on Hilbert B-modules unless explicitly stated otherwise.
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In this appendix, we discuss some technical variants of the groups KK7 (X, B) that
will be useful in sequels to this work. In each case, we will define new controlled K K-
theory groups, and show that these do not affect the resulting inverse limit or lim! groups.
The following purely algebraic lemma will be a useful technical tool.

Lemma A.1. Let (G,) and (Hy) be inverse sequences of abelian groups indexed by N.
Assume moreover that for each n there are ¢(n) € N and a homomorphism ®: G, —
Hywy, and also ¥ (n) € N and a homomorphism V: H, — Gy ), with the following
properties:

(i)  foreachn, there exists m > (n) such that ¢ (m) > n, and such that the diagram

Gm Gy

A

H¢(m) — H,

commutes (the unlabeled arrows are those from the inverse system);

(i1)  for each m, there exists k > ¢ (m) such that (k) > m, and such that the diagram

Gw(k) —_— Gm

VAR

Hj Heg(m)

commutes (the unlabeled arrows are those from the inverse system).

Then the maps ® and V induce mutually inverse isomorphisms
limG, ~limH, and lim'G, ~lim'H,.
<~ <~ <~ <~

Moreover, if the inverse systems are in the category of topological abelian groups, then
the isomorphism Er_n G, =~ 221 H,, of inverse limits is a homeomorphism.

Proof. We inductively construct sequences () and (my) tending to infinity in N, and a
commutative diagram

Gn3 Gn, Gy,
K V x V x (A1)
... Hyp, Him, Hp,

where: the horizontal arrows are the maps from the original inverse systems; the down-
right diagonal arrows @’ are compositions of the maps ® and the maps from the original
inverse system; and the up-right diagonal arrows W’ are compositions of the maps ¥ and
the maps from the original inverse system. Let § be as in Definition 7.1 for either of the
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inverse systems (Gp, )y, and (Hy, )g—,. We then get a commutative diagram of exact
sequences

. § .
0 —— 1im G, — [T Gn, —— [T Gn, — lim' G, ——0

T

0 —— lim Hyy —— [T Hme —— i Hmk—>l<iLn1Hmk —0

where the vertical arrows are the homomorphisms induced on products by the diagonal
arrows in line (A.1): precisely, the downwards arrows are both

( > 8ns>» gnZ’gnl) e ( ’ (I)/(gm), q)/(gnz)v Q/(gnl))

and the upwards arrows are both
(' ) hns’ hnz’ hn1) — ( Tt \Ij/(hns)» ‘I’/(hnz))~

It follows from commutativity of the diagram in line (A.1) that the vertical maps in
line (A.2) induce mutually inverse isomorphisms hm Gy, = hm Hy,, and hm Gy, =
hm H,,, ; moreover, the first of these is a homeomorphlsm 1f we are in the topolog1cal
category However both the inverse limit and lim! functors are insensitive to passing to
(cofinal) subsequences (see Remark 6.11, part (ii) and Lemma 7.2 above), so this com-
pletes the proof. ]

A.1. Controlled KK -groups in the unital case

In this subsection, we specialize to the case that A is unital. The main goal is to show that
one can use honest projections to define the controlled K K-theory groups rather than just
elements satisfying “||a(p? — p)|| < &” (for suitable @ € A and & > 0) as in Definition 5.1.

Definition A.2. Let 7: A — £(FE) be a graded representation of A on a Hilbert B-module.
Let e € £(FE) be the associated neutral projection as in Definition 4.1. Let X be a finite
subset of the unit ball A; of A, and let ¢ > 0. Define P7*(X, B)*’ to be the set of
projections in £(F) satisfying the following conditions:

i) p-—eisin K(E);

@) ||[p,a]ll < eforalla € X.

onu

Equip #5 " (X, B) with the norm topology it inherits from &£ (E), and define
KKI*(X, B) := mo(PI*(X, B)).

ie., KK7"" (X, B) is the set of path components of £ (X, B).

2"The “u” is for “unital”.
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Definition A.3. Let 7: A — £(E) be a graded, balanced, and infinite multiplicity repre-
sentation of A on a Hilbert B-module, let X be a finite subset of A1, let £ > 0, and let
KKZ"(X, B) be as in Definition A.2. Let 51,5, € i)’(ﬁz) be a pair of isometries satisfy-
ing the Cuntz relation slsik + szs; = 1, considered as elements of £(E) via the inclusion
B({?) C £(E) from line (4.2) of Lemma 4.2.

Define a binary operation on KK;"" (X, B) by

[p] + [q] := [s1psT + 52¢573] (A.3)

(it is clear that this definition respects path components, so really does define an operation
on KK (X, B)).

To show that KK7"" (X, B) is a group, we will need an analogue of Lemma 6.3.

Lemma A.4. Fix notation as in Definition A.3. Let e € £(E) be the neutral projection,
let p be an element of the set 3" (X, B) from Definition A.2, and let v be an isometry in
the canonical copy of B({?) € £(E) from line (4.2) from Lemma 4.2. Then the formula

vpv* + (1 —vv*)e

defines an element of 7" (X, B) that is in the same path component as p.

Proof. The proof is essentially the same as that of Lemma 6.3, so we just give a brief
sketch, pointing out differences where necessary. As in the proof of Lemma 6.3, we fix
8 > 0, and choose an infinite rank projection r € B(£?) such that ||(1 —r)(p —e)| < §.
Let y: R — {0, 1} be the characteristic function of (1/2, c0), and define ¢ := y(rpr +
(1 —r)e), which is an element of P (X, B) for suitably small § by the computations in
the proof of Lemma 6.3 . Moreover, for § suitably small, the homotopy

[0,1] — L(E), s+ x(sp+ (1—9)q) (A4)

shows that p and g are in the same path component of 7% (X, B) (here we use that there

is some y = y(8) such that y — 0 as § — 0, and such that ||y(sp + (1 —s)q) — pll <y
for all 5). The proof is now finished analogously to that of Lemma 6.3 by considering the
element u := vr + w* € B(¢?) C L£(E) defined just as in that proof, using the element ¢
above in place of the element g from the proof of Lemma 6.3, and using the homotopy in
line (A.4) in place of the homotopy s — sp + (1 — 5)q from the proof of Lemma 6.3. m

Lemma A.5. Fix notation as in Definition A.3. Then KK; " (X, B) is an abelian group,
and does not depend on the choice of Cuntz isometries s and s».

Proof. The fact that K K" (X, B) is an abelian semigroup with operation not depending
on the choice of 51, s, proceeds in exactly the same way as Lemma 4.7. The fact that
it is a monoid with identity element [e] follows directly from Lemma A.4 similarly to
Corollary 6.4. The proof that inverses exist carries over essentially verbatim from the proof
of Proposition 6.5 (with slight simplifications, as estimates of the form “||a(p? — p)|| < &”
no longer need to be checked). ]
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Let now A be a unital C *-algebra, and let 7: A — L (E) be a representation of A on a
Hilbert B-module. We write r; for the corestriction of the representation to a representa-
tion r1: A — L(14 - E). Note that if 7 is graded, balanced, and infinite multiplicity (see
Definition 4.1), then 7 is too.

Definition A.6. Let A be unital. Let 7: A — £(E) be a graded, balanced, and infinite
multiplicity representation of A on a Hilbert B-module and let 7r; be the corestriction
of m to 14 - E. Let X be a finite subset of Ay, let ¢ > 0, and let ,?eﬂl’u(X, B) be as in
Definition A.2. Provisionally define

¢o: PIV(X,B) — PI(X,B), pr—p+(1—1lge.

Lemma A.7. The map ¢ from Definition A.6 is well defined, and descends to a homo-
morphism
¢« KK (X, B) — KK] (X, B).

Proof. 1t is straightforward to see that ¢ is a well-defined map that takes homotopies to
homotopies and so descends to a well-defined set map

¢o: KKF (X, B) — KK (X, B).

Let sy, 52 € B({?) C £(E) be Cuntz isometries inducing the group operation on KK (X, B)
as in line (6.2). Define #1 := 1451 and #; := 145,, which are a pair of Cuntz isometries in
Z(14E) that we may use to define the group operation on KKy """ (X, B) as in line (A.3).
We compute that for p,q € Po """ (X, B)

npty + gty + (1 —19)e =s1(p + (1 —14)e)si + s2(q + (1 — 1a)e)s;
which implies that ¢« ([p] + [¢]) = ¢«[p] + P«[q] as claimed. |

Definition A.8. Let A be unital. Let 7: A — £(E) be a graded, balanced, and infinite
multiplicity representation of A on a Hilbert B-module and let 7r; be the corestriction
of w to 14 - E. Let X be a finite subset of Ay, let £ > 0, and let 7" (X, B) be as in
Definition A.2. Assume moreover that ¢ < 1/8 and that X contains the unit of A. Let y
be the characteristic function of (1/2, co). Provisionally define

v: PT(X,B) — ?f%(X, B), pr— x(lapla).

Lemma A.9. The map  from Definition A.8 is well defined and descends to a well-
defined homomorphism

¥« KKZ (X, B) — KK (X, B).

Proof. First, we check that v is well defined, and takes image where we claim. Let p be
an element of T (X, B). As we are assuming that 1,4 is in X, we have that

I[p. 14]] <e. (A.5)
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Hence

[(Lapla)® = (Lapla)|| < 11aplap — Laplliliall
< Iall|(ta. )12 + [ 1a(p? = p)|

< 2e.

The polynomial spectral mapping theorem thus implies that the spectrum of 14ply is
contained in the v/2¢e-neighborhood of {0, 1} in R. As ¢ < 1/8, we have that +/2¢ < 1/2
and so the characteristic function y of (1/2, c0) is continuous on the spectrum of 14 pl4.
Hence y(14 pl4) makes sense by the continuous functional calculus and moreover

11apla — x(lapla)| < v2e. (A.6)
Hence we see that for any a € X,

|[x(apla).a]| < [ (x(apla) — lapla.al| + |[lapla.al| <2v2e +e. (A7)

Putting the discussion so far together, y(14 pl4) is a projection in £ (14 E) such that

[[x(1apla).a]|| < 4+e foralla € X.

We have moreover that 14 plg — lye = 14(p —e)14 € K(14E), whence also y(14plyg) —
14e € KX (14E). In conclusion, we see that y(14 pl4) defines an element of 3’1‘/5" (X, B).
We have thus shown that i is well defined.

It is straightforward to check that homotopies pass through the above construction, so
that v induces a well-defined map of sets

Vv s KKZ (X, B) — KK} ¥(X. B).

Finally, to see that ¥, is a homomorphism, we fix Cuntz isometries 1, s» inducing the
group operation in KK7 (X, B). As in the proof of Lemma A.7, we may use the Cuntz
isometries 71 := 1451 and #, := 145, to define the group operation on KK:I/’g (X, B).
Using naturality of the functional calculus and the fact that s; and s, commute with 14,
we see that for p,q € KK (X, B) we have that

x(La(s1psT + s2g55)14) = i x(Lapla)ty + t2x(lagla)ty,
and thus that Y. ([p] + [¢]) = ¥«[p] + ¥«[q], completing the proof. |

Lemma A.10. Fix notation as in Definition A.3. Assume moreover that ¢ < 1/8 and that
X contains the unit of A. Consider the diagrams

KK™(X, B)

4 K (AS$)

KKI™(X. B) — KK (X. B)
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and

KKT (X, B) KK7 (X.B)

/

- KKT (X, B) (A.9)
%
KK7H(X. B)

where the unlabeled arrows are the canonical forget control maps (compare Defini-
tion 6.12). These both commute.

Proof. For any p € $£7"(X, B) we have that ¥ (¢(p)) = p, and so the diagram in
line (A.8) clearly commutes. For the diagram in line (A.9), we need to show that if
p € P (X, B), then the classes of p and of y(14plg) + (1 —14)e in KKgﬁ(X, B)
are the same. For this, we concatenate two homotopies. First, consider the homotopy

t+—> pri= x(lapla) + (1= 1g)(te + (1 —1)p), 1 €0,1].

Asap; =ay(lapla)foralla € Aandallz € [0, 1], we see thata(p? — p;) = 0. Moreover,

as A commutes with e, as ||[p,d]|| < s foralla € X, and as ||[x(1apl4),a]| < 44/ for all

a € X, we see that ||[ps,a]|| < 44/¢ + & < 54/c forall a € X. Hence this homotopy passes

through <7’5”\/5(X, B), and connects y(14p14) + (1 —14)e and y(14plg) + (1 — 14)p.
For the second homotopy, note first that lines (A.6) and (A.5) imply that

| x(Lapla) — 1ap| < |x(lapla) — Lapla| + [1alla. pl| < V2e +&. (A.10)
Consider now the homotopy
t—qr =0 =) x(aply) +tlyp+ (1 —-149p, te]0,1] (A.11)

Write ry := (1 —t)y(14ply) + t14 p, so we have ||r; — x(14pl4)| < ~/2¢ + e forall ¢
by line (A.10). Hence for any a € A,

lat@? —q0]=|a@? =0
<|lre(re = x(apl) |+ (x(Lapla) —re) xQapla) |+ | re — x(Qapla) |
<3(V2¢ + ¢).

Moreover, for any a € X, lines (A.7) and (A.5) give that
ligr-all = |xCtaptanall + [ap.all + |1~ Lop.a]] < 45 + 2

Putting all this together, the homotopy ¢ from line (A.11) passes through KK e (X,B).
As this homotopy connects y(14pl4) + (1 — 14)p and p, this completes the proof. m
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We are now in a position to establish the following, which is the main goal of this
subsection.

Proposition A.11. Let A and B be separable C*-algebras with A unital. Let w: A —
L(E) be a graded, balanced, and strongly absorbing representation of A on a Hilbert B-
module, and let t1: A — L (14 E) denote the associated corestriction. Then with notation
as in Definition A.2 above there are isomorphisms

KL(A, B) — lim KK (X, B). (A.12)

and L
lim' KK, ®™* (X, SB) —> {0},

where the limits are taken over the directed set X of Definition 6.8 and @ is the closure
of 0 in KK (A, B). Moreover, the isomorphism in line (A.12) is a homeomorphism when
the right-hand side is equipped with the inverse limit topology.

Finally there is a short exact sequence

0 — lim' KK !®"% (X SB) — KK(A, B) — lim KK™"*(X, B) — 0.
< € <~ €

Proof. Thanks to Theorems 6.14 and 7.8 respectively, it will suffice to show that

lim KK (X, B) = lim KK7 (X, B) (A.13)
and
lim' KK, ®™4 (X, SB) = lim' KK7 (X, SB). (A.14)

We may compute both sides by passing to a cofinal subsequence of pairs (X, &,) such
that each X, contains 14. The result now follows directly from Lemmas A.1 and A.10. =

A.2. Unitally absorbing representations

In Proposition A.11 above, we established isomorphisms
KL(A,B) — @KK;TIM(X, B).

and L
lim' KK ®™* (X, SB) —> {0},

where 7 is a graded, balanced, and strongly absorbing representation, and r; is the asso-
ciated corestriction to a unital representation. This is a little unnatural, however: it would
be better to establish these isomorphisms with 7; replaced by a unital representation
satisfying appropriate assumptions without assuming in advance that it is any sort of core-
striction. Our goal in this section is to make this precise.

First, we recall a definition, which is essentially [29, Definition 2.2] (compare also
condition (2) from [29, Theorem 2.1]). It should be compared to Definition 2.1 above.
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Definition A.12. A unital representation 7: A — £(F) of a unital C*-algebra A on a
Hilbert B-module is unitally absorbing (for the pair (A4, B)) if for any Hilbert B-module
E and ucp map 0: A — £(FE), there is a sequence (v,) of isometries in £(E, F') such that:

i) o(a)—vyn(a)v, € K(E)foralla € Aandn € N;
(i) |lo(a) —vim(a)v,| — Oasn — oo foralla € A.

The representation m is strongly unitally absorbing if it is an infinite amplification of a
unitally absorbing representation.

The next lemma, which follows ideas of Kasparov [14] (compare also [29, Theo-
rem 2.1]), says that unitally absorbing representations are essentially unique. It is well
known; we give a proof as we could not find the precise statement in the literature.

Lemma A.13. Letn: A — L(F) and o: A — £(E) be unitally absorbing representations
of a unital C*-algebra A on Hilbert B-modules. Then there is a sequence (uy) of unitaries
in £(E, F) such that

i) o(@)—u;a(a)u, € K(E) foralla € Aandn € N;

() |lo(a) —uym(a)up|| > 0asn — oo foralla € A.

Proof. Let (0°°, E®°) be the infinite amplification of (o, E). As 7 is unitally absorbing
there is a sequence (v,) of isometries in £(E°°, F) such that vy 7 (a)v, — 0 (a) — 0 for
alla € A, and such that vy 7w (a)v, — 0> (a) € KX (E*) foralla € A and all n. Analogously
to Lemma 2.7, we also have 7 (a)v, — v,0%°(a) € KX (E®, F) forall n and all a € A, and
that ||z (a)v, — v,0%(a)|| - 0asn — oo forall a € A.

Now, for representations ¢: A — £(G) and ¥: A — £(H) on Hilbert B-modules,
let us write ¢ ~  if there is a sequence of unitaries (u,) in £(G, H) such that ¢(a) —
upy(a)u, € X(G) foralla € Aandn € N and |¢(a) — ujy(a)uy|| — 0asn — oo
foralla € A. Letul € £(F, E @ F) be the unitary built from v, as in Lemma 2.8. Then
the sequence (u,’f )in £(F, E & F) shows that 7 ~ o @ 7. As the situation is symmetric
in o and 7, we also see that 0 ~ 0 @ . As ~ is transitive, we see that w ~ ¢ and are
done. ]

Corollary A.14. Let A and B be separable C*-algebras with A unital, and let w: A —
£(E) be a unitally absorbing representation. Then E = {*> @ B.

Proof. Using [29, Theorem 2.4], if A and B are separable with A unital, there always
exists a unitally absorbing representation 7: A — £({?> ® B). Hence if 0: A — £(E)
is any unitally absorbing representation, Lemma A.13 implies that there exists a unitary
isomorphism u: E — (> @ B. L]

Remark A.15. The same conclusion as in Corollary A.14 holds if A is not necessarily
unital, and 7: A — L(E) is absorbing; essentially the same argument works.

We will need a lemma relating unitally absorbing representations to absorbing repre-
sentations; again this is well known, but we give a proof as we could not find one in the
literature.
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Lemma A.16. Let A be unital.

Let m: A — L(F) be an absorbing representation of A on a Hilbert B-module. Then
the corestriction of w1 of 7 to a unital representation wi: A — L(14F) is a unitally
absorbing representation.

Conversely, if m: A — £(F) is a unitally absorbing representation of A on a Hilbert
B-module, then the representation 1 @ 0: A — L(F @ F) is absorbing.

Proof. Let w: A — L(F) be absorbing, and let 6: A — £(E) be a ucp map with £ a
Hilbert B-module. As 7 is absorbing, there is a sequence (v,) of isometries in £(E, F)
such that

o(a) —v,m(a)v, € K(E)

foralla € A and n € N, and such that
lo(a) = vym(@)va| — 0

asn — oo forall a € A. As o is unital we in particular have that |1z — v;7(14)v,] = O
asn — o0o. Set wy, 1= w(lg)v, € L(E,14F) C L(E, F). We compute that

wywy, —1g = v n(14)v, — 1

SO W, Wy, is a compact perturbation of 1, and ||w;w, — 1g| — 0 as n — oco. Passing to
a subsequence, we may assume in particular that w;; w, is invertible for all n. Note then
that for all

(wiw,) V2 —1g € XK(E), and (wiw,) Y2 -1 — 0asn —> oco. (A.15)

Define 1, := wy, (w;wn)_l/z. Then (t,) is a sequence of isometries in £(E, 14 F) such
that
0(a) — tyn(@)ty = 0(a) — (Wywa) " vn 7 (@) (wywa) "

for all @ € A. This computation combined with line (A.15) shows that (#,) has the prop-
erties needed to show that 7r; is unitally absorbing.

Conversely, say 7: A — £(F) is unitally absorbing, and let 6: A — £(E) be a ccp
map. As in [2, Proposition 2.2.1], o extends uniquely to a ucp map o *: AT — £ (E) with
domain the unitization AT of A. Let (m @ 0)™: AT — £(F @ F) be the usual unitization
of 1 @0, s0 (m @ 0)*(1,) is the unit of the first copy of F, and (m @ 0) T (14+ — 1) is
the unit of the second copy.

We claim that (7w @ 0)% is unitally absorbing as a representation of A™. Indeed,
with respect to the usual isomorphism AT =~ A @ C for a unital C*-algebra A (the
copy of C is generated by 14+ — 14), (7t @ 0)™ splits as a direct sum of representations
@1 AP C — L£(F) D L(F), where t is the unital representation of C on L(F).
The representation 7 is unitally absorbing by Kasparov’s stabilization theorem [14, The-
orem 2] and Corollary A.14 applied to F. On the other hand, a direct sum of unitally
absorbing representations is unitally absorbing by the equivalence of (2) and (3) from
[29, Theorem 2.1], completing the proof of the claim.
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It follows that there is a sequence of isometries v,: E — F @ F such that |0 " (a) —
v ®0)t(a)vy| —>0and ot (a) —vi(mw ®0)* (a)vy, € K(E) foralla € AT, The same

holds if we remove the superscripts “t” and quantify over a € A, so we are done. ]

‘We will need a unital variant of Definition 4.1.

Definition A.17. A representation w: A — L(FE) is graded, balanced, and strongly uni-
tally absorbing if it comes with a fixed grading (7, E) = (79 & 7o, Eo & Ej) such that
(o, Eo) is strongly unitally absorbing.

Given this, the following corollary of Lemma A.16 is immediate.

Corollary A.18. Let A be unital, and let w: A — L(F) be a strongly absorbing rep-
resentation of A on a Hilbert B-module. Then the corestriction w1 of m to a unital
representation w1: A — £ (14 F) is a strongly unitally absorbing representation.
Conversely, if m: A — L(F) is strongly unitally absorbing, then the representation
T ®0:A— E£(F & F) is strongly absorbing. ]

Our main goal in this section is the following result, which says essentially that any
strongly unitally absorbing representation can be used in our Milnor sequence.

Proposition A.19. Let A and B be separable C*-algebras with A unital. Then for any
graded, balanced, and strongly unitally absorbing representation w of A there are iso-
morphisms

KL(A. B) — lim KK (X, B). (A.16)

and L
lim' KK ®™"(X, SB) — {0},

where the limits are taken over the directed set X of Definition 6.8 and @ is the closure
of 0 in KK (A, B). Moreover, the isomorphism in line (A.16) is a homeomorphism when
the right-hand side is equipped with the inverse limit topology.

Finally there is a short exact sequence

0 — lim' KK;®™" (X, SB) — KK(A, B) — lim KK (X, B) — 0.

Proof. Proposition A.11 establishes this in the special case that m; is the unital corestric-
tion of a graded, balanced, strongly absorbing representation (this is genuinely a special
case by Corollary A.18). Corollary A.18 implies that any graded, balanced, strongly uni-
tally absorbing representation is the unital corestriction of a graded, balanced, strongly
absorbing representation, however, so we are done. [

Remark A.20. Let A be unital, and assume also that at least one of A or B is nuclear.
It follows from [14, Theorem 5] that if 7: A — B({?) is a faithful unital representation
such that 7~ (K (¢£2)) = {0}, then the amplification 7 ® 1: 4 — £({?> ® B) is unitally
absorbing. We do not use this remark directly in the body of the paper, but it is needed to
justify the simplified picture of controlled K K -theory for nuclear and unital C *-algebras
that we gave in the introduction.
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A.3. Matricial representations of controlled K K -groups

In this subsection, we give a formulation of controlled K K -theory in terms of matrices,
which is perhaps closer to standard formulations of elementary C*-algebra K-theory.
Although the definitions in the main body of the paper are more convenient for establish-
ing the theory (particularly with regard to the topology on K K), this definition will make
computations easier in some subsequent applications [34]. For applications, we are mainly
interested in the case where A is unital, so focus on that.

For a representation 7: A — £(FE) of A on a Hilbert B-module we use the ampli-
fications 1p7, ® 7w: A — M, (£(E)) to identify A with a (diagonal) C*-subalgebra of
M, (£(E)) for all n.

Definition A.21. Let A be unital, and let 7: A — L(FE) be a unital representation of 4 on
a Hilbert B-module. Let X (E)™ be the unitization of K (E).

Let X be a finite subset of Ay, let & > 0, and let n € N. Define £, ;" (X, B)*® to
be the collection of pairs (p, ¢) of projections in M, (K (E)™) satlsfymg the following
conditions:

@) l[p,a]ll <eand|[q,a]|| <eforalla € X;

(ii)  the classes [p], [¢] € Ko(C) formed by taking the images of p and ¢ under the
canonical quotient map M, (K (E)*) — M, (C) are the same.

If (p1,q1) is an element of P2 (X, B) and (pa2, ¢2) is an element of P,5% (X, B),
define
0 0 nx
(P1® P2.q1 D q2) = ((%1 pz) , (qol 6]2)) e P (X, B).
Define

o0

oyrmX(X B I_l yrmX(X B)

i.e., Pore (X, B) is the disjoint union of all the sets Py 2" (X, B).

Equip each £, 2" (X, B) with the norm topology it inherits from M, (£(E)) &
M, (£(E)), and equlp PE (X, B) with the disjoint union topology. Let ~ be the equiv-
alence relation on PZ; mx(X B) generated by the following relations:

i) (p,q9) ~ (p®r,q®r) for any element (r,r) € Pocs (X, B) with both com-

ponents the same;

(i) (p1,91) ~ (p2,q2) whenever these elements are in the same path component of
O” mx (X B) 29

Finally, deﬁne KK™(X, B) tobe Pxe (X, B)/~.

28The “mx” is for “matrix”.

2Equivalently, both are in the same £, ;"

(X, B), and are in the same path component of this space.
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Lemma A.22. Let A be unital, let X C Aj be a finite set, and lete > 0. If 1: A — L(E)
is a unital representation of A on a Hilbert B-module, then KK} (X, B) is an abelian

group.

Proof. It follows directly from the definition that KK7 "™ (X, B) is a monoid with iden-
tity element the class [0, 0]. A standard rotation homotopy shows that KK;"™ (X, B)
is commutative. To complete the proof, we claim that [g, p] is the inverse of [p, ¢].
Indeed, applying a rotation homotopy to the second variable shows that (p & q,q & p) ~
(p®q,p P q),and the element (p B ¢, p P q) is trivial by definition of the equivalence
relation. ]

Let m: A — £(FE) be a strongly unitally absorbing representation of A on a Hilbert
B-module as in Definition A.17. Our goal in this section is to establish isomorphisms

KL(A, B) — lim KK™(X, B)

and
lim' KK} ®™™(X, SB) — {0}

analogously to Propositions A.11 and A.19 above; here the limits are (as usual) taken over
the directed set X of Definition 6.8.

Letthen (77, E) = (7o @ 79, Eo @ Eo) be a graded, balanced, strongly unitally absorb-
ing representation of A on a Hilbert B-module, so 7y is a strongly unitally absorbing
representation. First, we provisionally define

¢: PIU(X, B) — PR™(X), pr— (p, ((1) g)) (A17)

where we have used the identification £(E) = M>(£(Ey)) to make sense of the right-
hand side.

Lemma A.23. Let (7, E) = (79 & 7o, Eo @ Eo) be a graded, balanced, strongly unitally
absorbing representation of A on a Hilbert B-module. The map ¢ in line (A.17) above is
well defined, and descends to a group homomorphism

¢e: KKZ(X, B) — KKZ™ (X, B).

Proof. As the neutral projection e € £(E) corresponds to ((1) 8) € M(£(Ey)), the image
of ¢ is contained in !PZ” 9™ (X, B). Moreover, ¢ takes homotopies to homotopies, so
descends to a well-defined map of sets ¢.: KK;"" (X, B) — KK;>™ (X, B). It remains
to show that this set map is a homomorphism.

For this, let s1, 5, € B(£?) € £(E) be a pair of Cuntz isometries inducing the oper-
ation on KK;"" (X, B) as in Definition A.3. For simplicity of notation, let us write ¢ =
(88) € Ma(K(Eo)t). Then for [p], [¢] € KKZ (X, B), we see that

o« ([p] + [q]) = [s1psT + 52955 €]
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(the entries on the right should be considered as matrices in M (K (E)™)). According
to the definition of the equivalence relation defining K K7 0MX(X, B), this is the same
element as

[s1pS] + 52955 De,e D el

For ¢t € [0, /2], write

cos(t) —sin(t
Uy 1= slsf ® 1, + (st; ® 12)(1M2(:C(E0)) ® (sin((t)) COS(E))))

(here 1, € M,(C), so we are considering each u; as an element of £(F) ® M,(C) =
M>(£(Ep)) ® M>(C)). Consider now the path

(ur(s1psy + 5255 D e)uy,us(e deyuy), tel0,7/2]. (A.18)
We have that u,(e @ e)u; = e @ e forall ¢. As
((s1psT + 52955) D e) — (e D e)
isin M4 (K (Ep)), we thus see that
ur((s1psy + 52953) @ e)uy —us(e ® e)u; = u (s1psy + s2qs5 De)u; —e Be.

is also in My(K(Eo)). It follows from this that u,(s1 ps} +s2gs5 De)us isin My(K(Eo)t)
for all ¢ € [0, /2], and therefore the path in line (A.18) passes through JPZ 9"™(X, B).
Therefore we have the identity

[s1pS] + 52955 D e,e de] = [s1ps] + s2e85 B s2gs5 + s1es7,e @ e]
in KK*™ (X, B). As the left-hand side above is ¢« ([p] + [¢]) we thus get
¢« ([P] + [q]) = [s1ps] + s2es3. €] + [s2g55 + sres] . e].

To complete the proof, it thus suffices to show that [s1ps] + szes3, e] = ¢«[p] and
[s2g55 + s1esT.e] = p«[q]. i.e., that [s1 psT + szes5,e] = [p.e] and [s2qs5 + siesT.e] =
[¢, e]. These identities follow from Lemma A.4 (the first with v = s; on using the identity
(1 —s187)e = s255e = spes5, and the second similarly with v = s,), which completes
the proof. ]

We now define a map going in the other direction to ¢; unfortunately, this is more
complicated. Recall first that (as throughout the paper) “€2” is shorthand for £2(N). We
write (£2)®” for the direct sum of £ with itself n times; of course, this is isomorphic
to £2, but the distinction will help keep track of notation.

Let (7, E) = (7o ® 7o, Eo @ Eo) be a graded, balanced, strongly unitally absorbing
representation of A on a Hilbert B-module E, with ¢ is a strongly unitally absorbing
representation on Ej. For each n, fix a unitary isomorphism u, : £2 — (£2)®", and let
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vy = le2 @ uy, : C? ® €2 — C? ® (£2)®". We identity C? ® (£2)®" with (£2)®2" by
identifying {(1,0)} ® (£?)®" (respectively, {(0, 1)} ® (£?)®") with the first (respectively,
last) n summands. As in the discussion around Lemma 4.2, we fix an identification of E
with £2 ® F for some Hilbert module F, and use this to fix an identification of E with
C? ® £?> ® F. Using this, identify B8(C? ® £2, (¢?)®2") with a subspace of £(E, ESBZ”),
and use this to consider v, as an element of £(F, ESBZ"). Up to the canonical identifi-
cation éC(ESBZ") = M1, (£(E)y)), we thus see that v Mo, (£ (Eo))v, = £(E), and that
vy ((1, 8)1),, = e, where the entries of the matrix on the left are understood as n x n blocks.

Now, let (p, ¢) be an element of P, ¢ (X, B) for some n. As the images of p
and ¢ under the canonical quotient map o : M, (K (Eo)T) — M,(C) are the same in
Ko (M, (C)), there is a unitary u € M, (C) such that 6 (p) = uo(q)u*. Define

) uqu™ 1 —uqu* 2
v=uv(g,u,n):= (1 —uqu* uqu® )vn € L(E,ES™).
Provisionally define a map
0
PR (X, B) — PIU(X, B —— . (Al
VPR — PEXB. (= (0 e a9

Lemma A.24. The map  above is well defined, and descends to a group homomorphism
Yt KKI7™(X, B) — KK” u(X B)
that does not depend on the choice of u or vy,.

Proof. We first show that the element on the right-hand side of line (A.19) is in P25 (X, B).
For simplicity of notation, define ¢’ := ugqu®, so we have that p — ¢’ is in M, (K (Ey)).
Hence

is in M5, (K (Ey)). Simplifying the second term,

g 1-4¢\(p O g 1-4"y (1 0
1—-¢ ¢ 0 1-¢'J\1—-¢q¢" ¢ 0 0

is in M», (K (Ep)). Conjugating by v, and also recalling the identity v; ((1) 8)vn =e, we

see that
/ / / /
«( 4 l=q¢"\(p O q l—¢q
Un (1_q, q, ) (0 l_q/) (l_q/ q/ )Un e
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isin M, (K (Ey)). Direct estimates show that the projection

9 1-=q¢\(p O g 1-q
l_q/ ql 0 l_q/ l_q/ q/

commutes with elements of X up to error 5¢. At this point, we have that the element on
the right-hand side of line (A.19) is indeed in £2.“(X, B).

We now pass to the set of path components on the right-hand side, so getting a map
Vbt Poae (X, B) > KKZ;*(X, B). We will show that this map does not depend on the
choices of u or v,, which will certainly imply the same thing for ¥, once we show the
latter exists. To see that 1, does not depend on the choice of u such that o (p) = uo(q)u*,
note that if U, (C) is the unitary group of M, (C), then the collection of all such unitaries
is homeomorphic to o (p)U,(C)a(g) x (1 —a(p))U,(C)(1 — a(q)), so path connected.
Hence any two such choices give rise to homotopic elements of 22" (X, B). One can
argue that v, does not depend on the choice of v, similarly: the collection of all possible
v, is path-connected.

We now show that i descends to a well-defined map

Yu: KKP™ (X, B) — KKZ*(X. B).

First we look at part (ii) of the definition of the equivalence relation defining KK *"™ (X, B)
from Definition A.21. Let (p;, ¢¢)re[0,1] be a homotopy in some P, ¢™ (X, B). Using
Lemma 4.8 (twice) we may choose a continuous path of unitaries (4;);e[o0,1] in M, (C)
such that o (p;) = u,0(q,)uy forallt € [0, 1], and use these to define ¢« [p;,q,] for each ¢.
Having made this choice, ¥ takes homotopies to homotopies, so we are done with this part
of the equivalence relation.

We now look at part (i) of the equivalence relation from Definition A.21. Let p,q €
My (K (Eg)t) and r € My (K (E)™) for some n,k € N, and let u € M,,(C) be a unitary
such that o (p) = uo(q)u™* in M,(C). As (p ®r,q ®r) and (p & r,uqu™* ® r) are
homotopic, the previous paragraph lets us replace g by ugu™, and thus assume that p — g €
M, (K (Ep)). Then ¢ sends (p & r,q & r) to

gpqg+1—q O qp(1—q) 0
. 0 1 0 0
v v (A.20)
L 1—qgpg 0 (1—q)p(l—q) o] "
0 0 0 0

(the odd rows (respectively, columns) have height (resp. width) n, and the even rows (resp.
columns) have height (resp. width) k). On the other hand, i sends (p, ¢) to

o (qpq+1—q gp(1 —q) )vn’

"\U-9pg (A-g)p(l—gq) (A21)

so we must show that the elements in lines (A.20) and (A.21) define the same class
in KKZ"(X, B). Let now i: E®?" — E&*"*R) be the canonical inclusion given by
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(£1.62) > (£1.0,£,.,0), and let w, := iv, € B(C2 ® (2, ((2)®201+h)) c £ (E, E2R),
Set ¢ := vy, wp, which is an isometry in Ic2 ® B(£?) € L£(E). Looking back at line
(A.20), we have that

qgrqg+1—q 0 gp(l1—¢q) O
. 0 1 0 of.
k
mkl (1-q)pg 0 (1—q)p(1—q) O "F
0 0 0 0

gpq +1-q 0 qp(1—q) O
v 0 0 0 0 Vptk + 0
= k
il (1—q)pg 0 (1—q)p(1—gq) 0] KT Tntk
0 0 0 0

S O O O

000
100
000 Un+k-
000

The terms on the left and right above are equal to

«(qrg +1—¢q gp(1—q) . .
tv"((l—q)pq (l—q)p(l—q))v”t and (1 —117)e

respectively. Putting all this together, we see that

Up®rq®r] = [zv; (q(plq—+q;pqq p z’;()lp(]qj q)) ont* + (1 —tt*)e:|. (A.22)
Lemma A.4 implies that the class on the right-hand side of line (A.22) equals the class of
the element in line (A.21). Hence we are done with this case of the equivalence relation
too.

At this point, we know that ¥,.: KK;™ (X, B) — KKZ;"(X, B) is a well-defined
set map. It remains to show that ¥, is a group homomorphism. Let then (p;, g1) and
(p2,92) be elements of P, (X, B) and P+ (X, B) respectively. As ¥ is insensitive
to homotopies, we may assume that p; — q; € My, (K (Ep)). The sum [p1,q1] + [p2, q2]
is represented by [p1 @ p2, g1 @ ¢2], and this is mapped by 1« to the class of the product

q1 0 l—q1 0 p1 0 0 0
oF 0 92 0 IT-g21|0 p2 O 0
nitn2 l—ql 0 q1 0 0 0 ]—ql 0
0 1 — {42 0 q>2 0 0 0 ]—6]2
ql 0 1—ql 0
O Q2 0 I—Q2
. (A23
1_q1 0 ¢ 0 vn1+n2 ( )
O l—q2 0 6]2

Let now s be the permutation unitary in B((£2)®21+72)) :ﬁ(Egaz(n“L”Z)) such that
conjugation by s exchanges the second and third rows and columns in the matrices above.
Let wy := ip, Up,, Where iy, : (£2)®2"1 — (£2)®2(1472) ig the inclusion

(51952) — (%‘1’ Os SZ?O),



R. Willett and G. Yu 576
and similarly for w,. Set s1 := v;l+n2 ;1+n2sw2, S0 §1,82 € 12 ®
B?) C L(E); as wiwy + wow; = 1, these elements satisfy the Cuntz relation 5157 +
$285. According to Lemma A.5, we may use s; and s> to define the group operation on
KKZ"(X, B), and so

swy and s, (= v

Vslp1,q1] + ¥« p2, g2]

l—q1\ (P 0 q1 1—q
— SU* q1 )( )( v S*
[1 " (1—611 q1 0 1—-gq1)J\1—q1 @1 mel

92 l—=q2\(p2 O )( 92 1-612) *}
+ 510" VS5 1.
e (1—612 92 )(0 l—qg)\l-q2 ¢ 22

A direct computation shows that this equals the element in line (A.23) above, however, so
we are done. ]

We need one more technical lemma before we get to our main goal.

Lemma A.25. Let A be unital. Let (i, E) = (79 @ 7o, Eo ® E¢) be a graded, balanced,
strongly unitally absorbing representation of A on a Hilbert B-module. Let X C A, be
finite, and let ¢ > 0. Consider the diagrams

KKI*(X.B) — KKZ"(X. B)
P" / (A24)
KK™™(X, B)

and
KK;’”(X, B)

W*T x (A.25)
KK:"™ (X, B) —— KK:"™ (X, B)
where the horizontal arrows are the canonical forget control maps. These commute.

Proof. We first look at diagram (A.24). We compute that for p € 7% (X, B),

epe+ (1 —e) ep(l —e) ) ;

W‘P(P):v;( (1—e)pe (1—e)p(1—e)

Define
PES? — EQ'. (£1.6) —> (£1.0,0,£),

and define v := v3i, which is an isometry inside the copy lc2 ® B(¢?) € £(E) from
Lemma 4.2. One computes that

Yo (p) = vpv* + (1 —vv¥)e,

whence [ ¢ (p)] = [p] by Lemma A .4, as required.
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Now let us look at diagram (A.25). Let (p, ¢) be an element of £, 2™ (X, B) for
some n. Conjugating ¢ by a unitary in M, (C), we may assume that p — g € M, (K (Ey)).
We compute that

(.« a9 1—g\(p O g 1l—gq 10
W(p’Q)_(v”(l—q 61)(0 1—61)(1—61 q)v"’(O 0))'

Let 0,,_» be the zero element in M5, _»(J (Ep)™). Then the element above has the same
class in KK>™ (X, B) as

«( 9 1—q\(p O g l—gq 10
(v"(l—q q )(0 1—61)(1—61 q )v”eBoz"z’(oo ® 02n2). (A.26)

Let g, : (£2)®2" — (£2)®2 = 12 ® {2 be defined by projecting onto the first two coor-
dinates, and define wy, := v,qy,, which is a co-isometry in B((£2)®?") C L(E&") with
source projection dominating the projection onto the first two coordinates in Egn”. Let C;
be the space of all co-isometries in B((£2)®2") whose source projection dominates pro-
jection onto the first two coordinates. Then wy,, is path-connected within C; to an element
that acts as the identity on the first two coordinates, whence the element in line (A.26)
represents the same class in KK7*™ (X, B) as

«( a9 l—q\(p O g 1—gq ¥
(w"(v"(l—q Q)(O l—q)(l—q q)v”@oz”_z)w”’

1 0
wn( (0 0) 6902,,_2)w:).
Computing, this equals

(T TCN T W) B

where all blocks in the matrices appearing above are n X n.

Write now
1 q 1—gq 1 0
r'_2((1—q q )+(0 1))

then r is a projection such that ||[r, a]|| < € for all @ € X. For ¢t € [0, ] define u, :=

r 4+ exp(it)(1 —r), so (u;) is a path of unitaries connecting <1fq I;q) to the identity,

and all (u,) satisfy ||[u;,a]|| < e for all @ € X. Hence the path

g l1-=g\(p O g l1—q\ . (1 0\ .,
(ut(l—q 61)(0 l—q)(l—q q)”"”’(o 0) "

shows that the element in line (A.27) defines the same class in KK;*™ (X, B) as

(6226 56 96 )
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which equals (p ® 1 —¢q,q & 1 — g). This last element defines the same class in
KKI>™ (X, B) as (p, q) by definition (see ((i)) from Definition A.21 above), however,
so we are done. ]

We are finally ready for the main result of this subsection; it follows directly from
Lemmas A.l and A.25, quite analogously to Proposition A.11.

Proposition A.26. Let A and B be separable C*-algebras with A unital. Let w: A —
L(E) be a graded, balanced, and strongly unitally absorbing representation of A on a
Hilbert B-module. Write (w, E) = (o @ 7o, Eo ® Eo) with (o, Eo) strongly unitally
absorbing.

Then there are isomorphisms

KL(A, B) — lim KK™(X, B). (A.28)

and L
lim' KK, ®™0™ (X, SB) — {0},

where the limits are taken over the directed set X, of Definition 6.8 and @ is the closure
of 0 in KK (A, B). Moreover, the isomorphism in line (A.28) is a homeomorphism when
the right-hand side is equipped with the inverse limit topology.

Finally, there is a short exact sequence

0 —> lim' KK} ®™"™ (X, SB) — KK(A, B) —> lim KK[*™(X,B) — 0. =

Let us conclude with a final corollary on representation-independence, which is a (sim-
pler) analogue of Proposition A.19 above. It is immediate from Proposition A.26 and the
fact that if m: A — £(E) is strongly unitally absorbing, then

(o,F)=(n®n,E®E)
is graded, balanced and strongly unitally absorbing, and also satisfies oy = 7.

Corollary A.27. Let A and B be separable C*-algebras with A unital. Then for any
strongly unitally absorbing representation w: A — L(E) we have that

KL(A, B) —> lim KKF™(X, B). (A.29)

and L
lim' KK ®™™(X, SB) — {0},

where the limits are taken over the directed set X of Definition 6.8, and {T} is the closure
of 0 in KK (A, B). Moreover, the isomorphism in line (A.29) is a homeomorphism when
the right-hand side is equipped with the inverse limit topology.

Finally, there is a short exact sequence

0 — lim' KK7™ (X, SB) — KK(A, B) —> lim KK™ (X, B) — 0. m
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