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Abstract. In this work we develop geometric Sen theory for rigid analytic spaces, generalizing
the previous work of Pan for curves. We also extend the axiomatic Sen—Tate formalism of Berger—
Colmez to a certain class of locally analytic representations.
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1. Introduction

Motivation

Let p be a prime number, Galg,, the absolute Galois group of Q,, and C, the completion
of an algebraic closure of Q,. In [17], Lue Pan has introduced a new and powerful tool
to compute proétale cohomology of O-modules over rigid analytic spaces based on the
axiomatic framework of Sen theory of Berger—Colmez [1, 2]. The objective of this paper
is to generalize Pan’s method from curves to log smooth adic spaces; our motivation to
develop such a theory is to study the Hodge-Tate structure of completed cohomology of
Shimura varieties, which is carried out in the author’s work [20].

Before discussing the technical aspects of the paper, let us give a summary of the
main ideas behind the construction of the geometric Sen operators. The departure point
is the classical method of Sen [28-30] which consists in extracting some linear datum
from a continuous C-linear representation V' of Galg,, called the Sen module of V
and usually denoted by Dse,(V'), which carries the same information as V. Explicitly,
the construction of Sen goes as follows. Let Q,({,) be the p-cyclotomic algebraic
extension of (@, obtained by adding all the p-power roots of unity, and let Q;yc be its
p-adic completion. The Galois group of Q,({pec) over QQ, is naturally isomorphic to
I = Z; via the cyclotomic character, and we have a short exact sequence of profinite
groups

1 - H —Galg, >T - 1.
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Then, given V' a finite-dimensional continuous C,-semilinear representation of Galg,,
the Sen module D, (V) is the subspace of V' consisting of those vectors v which are
H -invariant, and for which the I'-orbit I'v C V' is a finite-dimensional Q,-vector space.

The construction of the Sen module can be expressed in a different and more con-
venient way using the theory of locally analytic representations for which we will follow
[18, 19] (though classical versions of this theory have been known for a long time thanks
to the work of Lazard, Schneider-Teitelbaum, Emerton and others). Let V' be as before.
Then Ds., (V) is the same as the space (V)T of T'-locally analytic vectors in V#; the
group I is a p-adic Lie group acting on a Banach representation V', hence one defines
(VH)THa Y H 10 be the subspace of vectors v for which the orbit map of T is given by
a locally analytic function on I' with values in V. Since the Sen module is nothing but
the decompletion by locally analytic vectors of the action of T, it carries a natural action
of Lie I' which is a one-dimensional Lie algebra. The action of the generator given by
the derivative of the cyclotomic character y¥¢ : I' — Z is precisely the (arithmetic) Sen
operator of Dge, (V).

Of course, for the previous construction to be useful one needs to say something about
the Sen module of V. This has been worked out by Sen and the conclusion is the follow-
ing. First, if V' = C,, is the trivial semilinear representation, then Dgsen(Cp) = Qp({poo)
is the algebraic p-cyclotomic extension of Q. In particular, I' acts locally constantly on
Dsen(Cp), and hence its Sen operator is trivial. Second, when V' is a C,-semilinear rep-
resentation of Galg, of rank 7, Dse, (V) is a Qp({po0)-vector space of rank 7, and the
natural base change

Dgen(V) ®Qp(§p00) (CP -V

is a Galg, -equivariant isomorphism. In other words, V' can be fully recovered from the
locally analytic I'-representation Dge,(1’), which in addition has the same rank as V.
This is a huge simplification of the framework, namely, we started with an action of a
very complicated group such as Galg, in a representation which is semilinear over a
very large field C,,, and obtained a locally analytic semilinear representation of the much
simpler group I" =~ Z; in a vector space over the much smaller field Q,({,o). Note that,
since Lie I" acts linearly on Q, (o), after taking base change to C,, the Sen operator can
be thought of as a Galois equivariant C,-linear operator on V itself; by abuse of language
we do not make a distinction between the two ways to interpret the Sen operator.

The key techniques that are tacitly used in the previous discussion are v-descent of
vector bundles on perfectoid spaces [27, Lemma 17.1.8] in order to descend from C,
to ;,yc, and Tate’s normalized traces [32] that allow one to decomplete from Q;,yc
to Qp({poo). A major part of our work is to study an abstract framework for the decom-
pletion by Tate’s normalized traces, following [1], in particular proving some permanence
properties along étale maps that are useful when considering Sen theory in sheaves over
geometric objects. We also study decompletions of a larger class of semilinear represent-
ations that we call relative locally analytic representations which show up naturally in
applications to the theory of p-adic automorphic forms, as has been demonstrated in [17].
This is exclusively the content of the long Section 2.
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Going back to our geometric applications, we want to perform an analogue simpli-
fication of the theory of continuous semilinear representations after replacing Q, by
some smooth rigid variety X over C,. This requires rephrasing the framework in more
geometric terms. First, instead of studying C,-semilinear representations of Galg,,, we
will study proétale O-vector bundles over X; when X = Spa(Qp. Z,), both categories
are naturally equivalent. In the arithmetic situation we had a preferred algebraic exten-
sion of QQ, thas was used to perform the decompletion, namely the cyclotomic exten-
sion. In the geometric context there is not a preferred cover of X that plays a similar
role, but it does exist locally after fixing some étale chart ¥ : X — T"p, where Tgp =
Spa(Cp(T1,....Ty), Oc,(T1, ..., Ty)) is an n-dimensional torus. That is, after fixing
the map r, one can consider the proétale I' = Z7-torsor Xoc — X obtained by taking
p-power roots of the variables 7;. In this situation one can construct Tate’s normalized
traces for the completed functions of X, and apply the abstract framework of Sen theory
to decomplete the theory of O-modules on X to some locally analytic semilinear repres-
entations of I' over the I"-smooth functions of X; by taking the derivations of I" one
constructs the so-called geometric Sen operators on O-modules over X.

The local geometric decompletion above is well known; see for example [3]. The
abstract theory of locally analytic representations also implies that the Sen operators of the
local decompletion above can be used to compute proétale cohomology of vector bundles.
However, one would like to have an equally powerful global construction obtained by
gluing the local ones. Section 3 is dedicated to this gluing process. The key observation,
explained by Lue Pan to us, is that the local Sen operators should glue along the descent
datum of the sheaf R!v, 6, where v : X106 = X is the projection from the proétale site to
the étale site of X. By [25, Proposition 3.23] we know that R! 1,0 is naturally isomorphic
to Q}( (—1) (where the (—1) is the inverse of the Tate twist). Thus, the geometric Sen
operators of an O-module should glue to a suitable Higgs field in X . Furthermore, the
cohomology of this Higgs field should essentially compute the proétale cohomology.

In the next section we explain in more detail the ideas previously presented, stating the
main results of the paper, and sketching the construction of the geometric Sen operators
for the case of the torus.

Main results

Let Q;yc be the completion of the p-adic cyclotomic extension of Q, and let (C,C ) be
a perfectoid field containing Q. In the following we shall consider almost mathematics
with respect to the ideal m¢ C C of topologically nilpotent elements, and write “=2”
for a natural equivalence in the category of almost modules (and “=*" for a non-natural
isomorphism of almost modules).

Let X be a log smooth fs locally noetherian adic space over (C, CT) with reduced
normal crossing divisors, let 6;) and OQ) denote the structural sheaves of the pro-
Kummer-étale and Kummer-étale sites of X respectively, and finally let 2 )1( (log) be the

sheaf of log differential forms on X; we refer to [6] for log geometry on adic spaces.
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In order to state the main theorem in geometric Sen theory we need the following
definition.

Definition 1.0.1. A pro-Kummer-étale Ox-module F over X is said to be relative loc-
ally analytic ON Banach' if there is a Kummer-étale cover {U i }jes of X such that, for
all j, the restriction F|y; admits a p-adically complete 6; -lattice 3’"}’ and thereis ¢ > 0
(depending on ;) such that ??/pegae @I/_ O;(r/p‘? for /; an index set. Here p® € K is an
element of norm |p?| = |p|°.

Remark 1.0.2. The relative locally analytic condition can be considered as a “small-
ness” condition on the sheaf F in the sense of Faltings [9]. Examples of relative locally
analytic ON O x-modules are ) x -vector bundles; this can be deduced from v-descent of
vector bundles on perfectoid spaces [27, Lemma 17.1.8]. See Example 2.3.8 below.

Remark 1.0.3. A more interesting class of relative locally analytic @X-modules arises
from a pro-Kummer-étale G-torsor X > X withG a p-adic Lie group and V' a locally
analytic representation of G; see the discussion after Theorem 1.0.4. These examples
appear naturally in the study of locally analytic vectors of completed cohomology of
Shimura varieties; see [17,20].

On the other hand, the tag “relative locally analytic” for an (5X-m0dule is inspired
from a similar property satisfied by locally analytic representations (see Lemma 2.1.5)
that informally says that an action of a p-adic Lie group G on a Banach representation V'
is locally analytic if and only if for all g € G, the action of g — 1 has operator norm < 1
(for some fixed norm on V).

Theorem 1.0.4 (Theorem 3.3.2). Let F be a relative locally analytic ON Banach 6X-
sheaf over X. Then there is an Oy -linear Higgs field

05 : T — F @0, Qx(log)(—1),

(i.e. 05 A 05 = 0) called the geometric Sen operator® satisfying the following properties:
(1) The formation of 05 is functorial in F.

(2) Letv: Xprorse — Xk be the projection from the pro-Kummer-étale site to the Kummer-
étale site. Then there is a natural equivalence

Ri V*? = U*Hi(95t9 ?),
where H' (0, F) is the cohomology of the Higgs complex

04 i
0—F 5 FQoy Qklog)(=1) = - = F Qo, Qk(log)(—i)
— > F®oy Q2 (log)(—d) — 0.

IWhere ON comes from orthonormalizable.
ZHere (—1) refers to the inverse of the Tate twist.
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(3) Suppose that 65 = 0. Then v, is locally in the Kummer-étale topology of X an
ON Banach Ox-module® and F = Ox ®Ox v«F. Conversely, for any ON Banach
Ox-module G the pullback Ox ®Ox G has trivial Sen operator.

4) If X has a form X' over a discretely valued field with perfect residue field (K, KT)
and F is defined over X', then 05 is Galois equivariant. In particular, we recover the
natural splitting

d
Rv.Ox = P Q@ (log)(—i)[—i],
i=0
deduced from [25, Proposition 3.23] in the non-log case, and from [7, Theorem 3.2.4]
in the log case.

(5) Let f : Y — X be a morphism of smooth fs log adic spaces over (C,C ™). Then there
is a commutative diagram
* f*og * *01
fF*F — [T Qoy [FQx(log)(—1)
lid ®f*
[T ®oy Qy(log)(—1)

Of*g—

The property of being a relative locally analytic ) x-module might look a bit myster-
ious. Nevertheless, these sheaves arise naturally when studying locally analytic vectors
of proétale cohomology. Let us explain the context in which they appear. Let G be a
compact p-adic Lie group and X>Xa pro-Kummer-étale G-torsor (e.g. take for X
a finite level modular curve and for X the perfectoid modular curve). Let V be a Q-
Banach locally analytic representation of G, for example, we can take V = O(G) for
some group affinoid neighbourhood G of G, endowed with the left regular action. Then
V defines a pro-Kummer-étale sheaf Vj¢ over X by descending the G-representation V'
along the torsor X - X. By Lemma 2.1.5 below, there is a lattice V° C V and an open
subgroup Gy C G such that G stabilizes V9, and that the action of Go on V?/ p is trivial.
Therefore, the pro-Kummer-étale @X—module Vit <§)Q » (5X is a relative locally analytic
sheaf. Indeed, the restriction of Vi ®Qp (5X to Xg, := X / Gy satisfies the conditions of
Definition 1.0.1. In this situation we have a more refined result.

Theorem 1.0.5 (Theorem 3.3.4). Let X be an fs log smooth adic space over Spa(C,C ™)
with log structure given by normal crossing divisors. Let G be a p-adic Lie group and
X — X a pro-Kummer-étale G-torsor. Then there is an Ox -linear map*

0z : Ox ®q, (Lie G)Y, — Ox(—1) ®oy Q2 (log)

3This means that locally in the Kummer-étale topology, v«J admits a Banach basis over Oy .
“4Here we see Lie G as the adjoint representation of G.
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such that 0 A 05 = 0, called the geometric Sen operator of the torsor X. Moreover, for
any locally analytic Banach representation V of G, we have a commutative diagram

~ ~ dy®idg ~ ~ . N
Ve ®, Ox —— (Via ®q, Ox) ®q, (Lie G),;,

M) lidv ®05

(Vier 8@, Ox(—1)) ®o, Q2 (og)

such that dy 1V — V ®q,, (Lie G)" is the connection induced by derivations, and Oy
is the geometric Sen operator on Vig ®Q » 6X of Theorem 1.0.4.

Remark 1.0.6. Let us explain the meaning of the condition 65 A 05 = 0 in Theorem
1.0.5. The map 0y is adjoint to a map

0 : Ox — (Lie G)ia ®q, Ox(—1) ®oy Q¥ (log) =: &.

The condition 65 A 65 = 0 means that 6 A 6 = 0 in (Lie G ®q, Q% (log) ®oy
(5)( (—2) with respect to the Lie bracket in Lie G. Equivalently, the associated map
Q}( (log)¥ ®oy 6X(1) — (Lie G ®q, 6;( is a morphism of 6X-linear Lie algebras,
where Q2 }1( (log)" has the zero bracket.

Moreover, let H — G be a morphism of p-adic Lie groups, let Y an fs log smooth adic
space over (C,CT)andletY — Y’ be an H -torsor. Suppose we are given a commutative
diagram compatible with the group actions

M B

~—— =

—
f
—
Then the following square is commutative:

. A oy -
f*(Lie G)Y, ®q, Oy —= f*QL(log) ®v, Oy (1)

! !

A~ O A~
(Lie H), ®g Oy —— QL (log) ®0, Oy(-1)

Let Seny : Q)l( (log)¥ ®oy (?)X(l) — (Lie G ®q, 6X be the dual of the Sen oper-
ator 6. As a corollary of the previous theorem we deduce that the locally analytic vectors
of the torsor X satisfy some differential equations.

Corollary 1.0.7 (Corollary 3.2.6). Let |)? | be the underlying topological space of X and
let OX||}7| be the restriction of Ox to a sheaf on |X|. Let Ol;- C OX||5(~| be the subsheaf
consisting of locally analytic sections for the action of G. Then the action of (.‘)1)'% ®Q,
Lie G on OI)—‘} by derivations vanishes when restricted to the image of the Sen map Sen :
Q) (log)Y Roy Ol}%(l) — Lie G ®q, Ol;%.
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To motivate the construction of the geometric Sen operator over rigid spaces, we recall
how the arithmetic Sen operator is defined.

Let Q,({poo) be the cyclotomic extension and Q3 its p-adic completion, and let C),
be the p-adic completion of an algebraic closure of Q, containing Q,({,o0). We denote
H = Gal(@p/(@p(é'poo)) and I' = Gal(Qp({p~)/Qp). Let V be a finite-dimensional
representation of Galg, over Q,. The Sen module Sen(V') attached to V' is the finite-
dimensional Q,(5°)-vector space consisting of the finite I-vectors of (V' ®q, C ) H Tt
turns out that the dimension of Sen(V) over Q,({pe<) is equal to dimg, V. Indeed, one
has a Galg,, -equivariant isomorphism

Sen(V) ®q, 52) Cr =V ®a, Cp-

As explained in [2], an equivalent way to construct Sen(V') is by taking the I'-locally
analytic vectors of (V ®q, (Cp)H , in particular Sen(V') admits an action of Lie I". We let
g, € Lie " be the natural basis arising from the cyclotomic character ycy. : I' = Z;.
Since I acts locally constantly on Q,({,o0) (i.e. for each v € Qp({po0) the orbit I" - v is
finite), O, is a Q,({poc)-linear operator. One defines the Sen operator of V' ®q, C, to
be the C,-extension of scalars of O, .

Summarizing, one can consider Sen(V') as a decompletion of the semilinear repres-
entation V ®¢q,, C, by taking locally analytic vectors along the “perfectoid cyclotomic
coordinate” ;yc /Qp. The Sen operator is then a “differential operator” obtained from
the cyclotomic extension.

Let us now sketch the definition of the geometric Sen operator. For simplicity, we
assume that X = T = Spa(C(T*'), CT(T*!)) is a one-dimensional torus. Let J be a
relative locally analytic sheaf over T, and suppose in addition that there is a p-adically
complete lattice 7 C F and & > 0 such that F°/ p® = ), O)‘(" / pt. We want to compute
the (geometric) proétale cohomology RT 4 (T, F). Let

T, = Spa(C(T*VP"y, cH(T*/?P"Y),

and let Ty, = ll(_mn T, be the perfectoid torus. Then T is a Galois cover of T with

group I' = Z,(1). By Scholze’s almost acyclicity of O; / p in affinoid perfectoid spaces
[23, Proposition 7.13], one has

RTproet(T, F) = RI(T, F(Too)).

By the comparison theorem between continuous and locally analytic cohomology (The-
orem 2.1.2), one sees that
RTproe (T F) = R (I, F(Too) ™)
= RI (™, RT (Lie I, F(Too) RT9)),
where VR
RT'(Lie I', —) is the Lie algebra cohomology (equivalently, the cohomology of a

are the derived locally analytic vectors of a I'-representation V,
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Chevalley—Eilenberg complex), and RI'(I"*™, —) is the smooth group cohomology (equi-
valently, group cohomology for smooth or locally constant cochains); see Section 2.1
for the definitions. In other words, we have divided the problem of computing proétale
cohomology into three steps: first, we need to compute the derived locally analytic vec-
tors of F(To); second, we take the Lie algebra cohomology of F(To); and finally, we
take the I"-invariants of a smooth representation.

Let us focus on the first step which seems to be the most subtle. For n > m there are
normalized traces (we call them Sen traces)

RY : C(TEVP")y — c(r*1/r™)

n _ 1
where R, = —=m > sepmr,pnr O- These extend to Sen traces

Ry : C(TEVP®y 5 c(T*V/P™)

such that, for any f € C(T*/?%), the sequence (R, (f))m converges to f. Further-
more, the tuple (C (T*'/P%) T') satisfies the Colmez—Sen—Tate axioms of [1].

Let ({pn)n be a compatible system of primitive p-power roots of unity, and let v :
Zy = T be the induced isomorphism. Using ¥ we define the affinoid group G, which
is a copy of the additive group of radius p™" (i.e. G,(Qp) = p"Z,). We will keep using
the expression “p”I"-analytic” instead of G,-analytic. The following theorem is a gener-
alization of [1, Proposition 3.3.1] to relative locally analytic sheaves; it can be seen as a
decompletion theorem a la Kedlaya—Liu [14] using locally analytic vectors.

Theorem 1.0.8 (Theorem 2.4.4). There exists n > 0 depending on ¢ such that
F(Too) = C{TEVP7) & g1y F(Too) P T4,
Moreover,

F(Too) T = F(Too)™ = lim C(T*VP") @/ omy F(Too)” T
m

The theorem shows that, under certain conditions on J, the derived locally analytic
vectors of F(T ) are concentrated in degree 0, and all the relevant information is already
encoded in the p" I -analytic vectors for some m > 0. In particular, we have

RT o6 (Too, F) = RF(F”“, RT'(Lie T, ?(Too)pnr‘a“)). (1.1)

Thus, the problem of computing proétale cohomology has been reduced to the prob-
lem of computing Lie algebra cohomology. The module F(To0)?" " is not mysterious
at all: it is the Higgs bundle attached to J via the local p-adic Simpson correspondence
of T.

Now, the action of Lie I" is C (T*'/?")-linear and I'-equivariant. By extending scal-
ars, it induces a ['-equivariant C (T*'/?%)-linear action on F(Ts,). Moreover, if X has
a form X’ over (K, K +) and ¥ is defined over X', this action is Galg-equivariant, where
Galg acts on Lie I" via the cyclotomic character.
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By Proposition 3.1.2, Lie T ® C(T*/7%) = Q¥(T) ® C(T*/77)(1); this iden-
tification arises from the well known equivalence H! . (T, 6) = Q}E (—1), and the fact

that the left term can be computed as s
H (T, C(T*YP7)) = H'(Lie T, C(T*")) = (LieT)¥ ®q, C(T*").
This shows that the action of Lie I" defines an 6X—linear map of proétale sheaves over T,
Seng : Q¢ ®oy F(1) — T,
or equivalently, it defines the geometric Sen operator
05 : F — F @0y Qp(=1).

In general, we shall construct the Sen operators locally in the Kummer-étale topology
of X by taking charts to products of tori and closed affinoid discs. The fact that 65 does
not depend on the charts and that it is functorial with respect to the sheaf and the space
will be proved in Section 3.3; this globalization of Sen operators should not be surprising
thanks to the isomorphism R!v, Oy = Q) (log)(—1).

An overview of the paper

In Section 2.1 we briefly review some basic facts of the theory of solid locally analytic rep-
resentations of the author and Rodrigues Jacinto [18, 19]. In Sections 2.2-2.5, we extend
the abstract formalism of Sen theory of Berger—Colmez [1] that will be used in the main
applications of the paper.

In Section 3.1 we extend the computation of Rlv, 6;((1) =Q }1( of [25] from smooth
to log smooth adic spaces; this follows formally from Scholze’s proof using the formal-
ism of log adic spaces. In Section 3.2 we construct the geometric Sen operator in local
coordinates, proving local versions of Theorems 1.0.4 and 1.0.5; then, in Section 3.3 we
prove the global versions of the theorems. In Section 3.4 we study locally analytic vectors
of torsors of p-adic Lie groups. We finish in Section 3.5 by discussing the relation of
geometric Sen theory to the p-adic Simpson correspondence of [7,15,33].

2. Abstract Sen theory after Berger—Colmez

Sen theory has shown to be a powerful tool in the Galois theory of p-adic fields. For
example, it is used to compute Galois cohomology over period rings:

Proposition 2.0.1 ([32, Proposition 8]). Let C,, be the p-adic completion of an algebraic
closure of Qp, and let Gq,, be the absolute Galois group. For i € 7 we let C(i) denote
the i-th Tate twist. Then

0 ifi #0,
H*(Gq,.Cy(i)) = { Q, if i =0andk =0,
QplOchyc ifi=0andk=1,
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where yeye 1 Gg, — Z; is the cyclotomic character, and log : Z; — Zp is the logarithm
map defined by log(a) = log(a/[a]) with [a] € wp—1(Zp) the Teichmiiller lift of a € IE‘;.S

In [1], Berger—Colmez defined an axiomatic framework where Sen theory can be
applied. Using this formalism, different constructions attached to finite-dimensional
Galois representations become formally the same: the Sen module (relative to Q°),
the overconvergent (¢, I')-module (relative to @T(Q;yc)), the module Dy of differen-
tial equations (relative to Bar(Q5 ). Moreover, using Sen theory Berger-Colmez [2]
describe the locally analytic vectors of completed Galois extensions of Q, with Galois
group isomorphic to a p-adic Lie group.

The work of Lue Pan [17] is an excellent application of this tool. Inspired by the work
of Berger—Colmez, Pan describes the p-adic Simpson correspondence of the GL,(Qp)-
equivariant local systems of modular curves in terms of sheaves over the flag variety.
Furthermore, based on the strategy of [2], he manages to use the axiomatic Sen theory to
describe the Hodge—Tate structure of locally analytic “interpolations” of finite rank local
systems.

The main goal of this section is to provide a more conceptual understanding of the
work of Pan and Berger—Colmez via the theory of (solid) locally analytic representations.
More precisely, we will prove that the construction of the Sen module holds not only for
finite rank representations, but for a larger class of orthonormalizable (also denoted ON
in this paper) Banach locally analytic representations.

2.1. Recollections on locally analytic representations

In this section we recall some tools from the theory of locally analytic representations of
compact p-adic Lie groups. We will only be concerned with continuous representations
on (colimits of) Banach spaces, so everything can be stated in the classical language of
Schneider—Teitelbaum [21,22] and Emerton [8]. However, we will use some technology
from the theory of solid locally analytic representations, as developed in [18, 19], which
will facilitate some technical arguments. For example, we will consistently use the general
comparison theorem between continuous and locally analytic cohomology.

Let G be a compact p-adic Lie group and let C'*(G, Q)) be the L B space of locally
analytic functions on G it admits a description as a colimit C'*(G, Q) =1i_n)1h Cc"G,Q »)

of |p"|-analytic (or h-analytic for simplicity) functions on G, which depends on the
choice of a uniform pro- p-subgroup Gy C G [19, Section 2]. Throughout this paper we
will take an arbitrary choice of G, and we will freely change G¢ to a smaller subgroup
when necessary.

We let C'%(G, Q)+, denote C'*(G, Q,) with the left regular action (use similarly
*, for the right regular action). Let Q,[[G]] = Zp[[G]][%] denote the rational Iwas-
awa algebra of G, seen as a solid Q,-algebra. Let Solid(Q,[[G]]) be the abelian cat-

SIf p = 2 one needs to modify the definition since Z% = {#1} x 1 + 4Z,, namely, under this
presentation one projects Z — 1 + 4Z5 and then takes the logarithm log : 1 + 4Z5 — Z».
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egory of solid Q,[[G]]-representations, or equivalently the category of Q,-linear solid
G-representations [18, Definition 4.20]. We let Dg(Q,[[G]]) be the derived category of

Solid(Q, [[G]D.
Definition 2.1.1. Let V € Da(Q,[[G]]).
(1) The solid group cohomology of V is given by

RTg(G,V) = RHOme[[G]](Qp, V),

where Homg,[;6]) is the solid Hom space of Qp[[G]]-modules.® We denote by
RI'u(G, V) := RLu(G, V)(*) the underlying Q,-vector space. We also write
H(G, V) for the i-th cohomology group of R (G, V), and H (G, V) =
H' (G, V)(x) for the underlying solid Q,-vector space.

(2) The derived locally analytic vectors of V is the solid Q,[[G]]-module defined by
VRGA .= RTa(G. (V 8§, o C*(G.Qp))s; 3).

where ®(sz . is the solid tensor product, and the ;3 is the diagonal action on V/
and C'*(G,Q p)«, - The G-action on Y RG-a arises from the right regular action on
C'*(G,Q,). If V € Solid(Q,[[G]]) we denote V-8 := HO(V RO,

(3) We say that a solid G-representation V' is locally analytic if the natural map
VRGa _, V is a quasi-isomorphism of solid Q, [[G]]-modules (equivalently of solid
Qp-vector spaces).

The following theorem summarizes the main features of the category of solid locally
analytic representations.

Theorem 2.1.2. Let Repéf (G) be the category of Qp-linear compactly generated com-
plete locally convex continuous representations of G. The following hold:

(1) There is a fully faithful inclusion
(=) : Repg© (G) = Solid(Q, [[G]).
(2) Under the inclusion of (1), there is a natural quasi-isomorphism of Qp-vector spaces

between solid and continuous cohomology.

(3) The functor (—)R91 is idempotent. Let Dg (Qp)Glél C Du(Qp[[G]]) be the full sub-
category of locally analytic representations. Then Dg(Q p)Gla is stable under colimits
and tensor products. Moreover, the inclusion admits a right adjoint given by the func-
tor of derived locally analytic vectors (—)RG12,

The object Qpl[G]] is an algebra in solid Qp-vector spaces; this makes Solid(Q[[G]]) natur-
ally enriched on solid Qp-vector spaces.
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4) Let V € Da(Qp[[G]]). Then there is a natural equivalence
REI(G, V) = RE(GSm’ RE(LIC G, VRG-la))’

where RI'(Lie G, —) is (the solid enriched) Lie algebra cohomology, and RI'(G™, —)
is (the solid enriched) smooth group cohomology.

Proof. Parts (1) and (2) follow from [18, Proposition 3.7 and Lemma 5.2] respectively.
Part (3) follows from [19, Propositions 3.2.10 and 3.3.3]. Finally, part (4) follows from
[18, Theorems 5.3 and 5.5], or [19, Theorem 6.3.4]. [

Remark 2.1.3. In Theorem 2.1.2 (4) smooth G-cohomology and Lie algebra cohomo-
logy are as in [19, Definition 1.2.4], namely, the right adjoints of the natural trivial
representation map from solid Q,-vector spaces to the derived categories of smooth
G -representations or U(Lie G)-modules respectively. For objects in the heart of the ¢-
structure of G-smooth representations, [19, Proposition 6.3.3] shows that smooth group
cohomology can be computed via smooth cochains. By the standard Koszul resolution
of Q, as a U(Lie G)-module, Lie algebra cohomology can also be computed via the
explicit Chevalley—FEilenberg complex.

An immediate consequence of the theorem is the following corollary:

Corollary 2.1.4. Let V € Solid(Q,[[G]]) be a solid G-representation. Suppose that
VRGa — yGla o the higher derived locally analytic vectors vanish. Then there are
isomorphisms

HL(G,V) = H'(Lie G, VE1)¢

of solid Qp-vector spaces. In particular, if V arises from a compactly generated loc-
ally convex Qp-vector space and has no higher locally analytic vectors, then we have
isomorphisms

H'(G,V) = H'(LieG, V¢')6

of Qp-vector spaces.
Proof. This follows from parts (2) and (4) of Theorem 2.1.2. [

The property of being a locally analytic representation roughly means that the oper-
ators [g] — [1] for g € G have norm < 1. An example of this phenomenon appears in the
following lemma.

Lemma 2.1.5. Let V be a Qp-Banach representation of G. The following hold:
(1) If V is locally analytic then for any Z,-lattice Vo C V there is an open compact
subgroup Gy stabilizing Vy such that G acts trivially on Vy/ p.

(2) Conversely, suppose that there is a finite extension K /Qp, with uniformizer @ such
that there is an Ok-lattice Wy of V ®q,, K and an open compact subgroup Gy sta-
bilizing Wy, with G acting trivially on Wy /@ . Then V is locally analytic.
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Moreover; if V is locally analytic, then it is analytic in the following sense: there is a
uniform pro- p-subgroup Go C G (cf. [22, Section 4]) with coordinates, Gy = Zg, such
that the orbit map Oy : V — C(Gy, V) factors through C*(Gy, V') where C*"(Gy, V) =
C™(Go,Qp) ®Qp V and C*(Go, Qp) = Qp(T1, ..., Ty) is the space of analytic func-
tions on Gy with respect to the coordinates (T, ..., Ty) of Zg.

Proof. Let us prove part (1). Let V' be a locally analytic representation of G. By shrink-
ing G we can assume without loss of generality that G is a uniform pro- p-group and that
we have an isomorphism G = Zl‘f of p-adic manifolds. The powers G?” are then uniform
pro-p-groups and we can write C'%(G, Q,) = liIEh—mo ch(a, Qp) where ch(a, Qp) is

. . . .. h
the space of analytic functions in the coset decomposition G = |_|g <G/GP" gGP" . There-
fore, since V' is locally analytic, its orbit map is a map of solid QQ,-vector spaces

O :V > limV &g, C"(G.Q,).
h

By [18, Lemma 3.32] there is some % such that @y factors through
O 1V -V &g, C"(G,Qp).

The map (9}", is G-equivariant for the natural action on V' and for the right regular action
on the tensor. One can find a suitable Zp-lattice Vo C V' such that (9{5 sends Vj to
Vo @)Zp ch(a, Zp) (with ch(a, Zp) the space of Zp-valued h-analytic functions). But
then it is easy to see that for any k > 1 there is &' > & such that the action of 7"
on C"(G, Zp)/pk is trivial (e.g. since C"(G, Zp)/pk is a Z/ p*-algebra of finite type
and G acts via algebra morphisms, so that it suffices to trivialize the action on algebra
generators). Pick k such that (9@(V0) N p*(Vy @Zp c(G, Zp)) C (9@(pVo) (which
is guaranteed by continuity of the orbit map). Then Vy/p is a subquotient of Vy ®z »

Cch (G, Zp)/ p¥ and so it is a trivial representation of G?" as desired.

Part (2) follows from [19, Proposition 3.4.3] but let us give the details of how the
proposition is used. First, since the category of locally analytic representations is stable
under colimits on Q,-solid G-modules (Theorem 2.1.2 (3)), it suffices to show that W =
V ®q, K is locally analytic (as V' is a retract of W). Then the same proof of [19, Pro-
position 3.3.3] applies for p replaced by the pseudo-uniformizer w and the w-adically
complete representation Wj.

The last claim about the analyticity of a suitable uniform compact open subgroup
Gy C G follows from the proof of (1). [

Finally, we will need a projection formula for the functor of locally analytic vectors.’

Lemma 2.1.6. Let A be a Banach Qp-algebra endowed with a locally analytic action
of G. Let X and M be G-equivariant Banach A-modules such that M has an ON basis

"This projection formula holds for general G-equivariant A-semilinear solid representations;
we keep the assumptions of the lemma for simplicity of exposition.
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over A and the action of G on M is locally analytic. Then there is a natural equivalence
of Qp-solid G-representations

XRG-la ®§,.M :> (X ®A M)RG—la. (21)

Proof. By the projection formula for locally analytic vectors [19, Corollary 3.2.14 (3)]
we know that, when A = Q,,, the natural map (2.1) is an equivalence. We want to reduce
the general case to this situation by applying the bar construction of the relative tensor
product; cf. [34, discussion before Proposition 8.6.3] or [16, Construction 4.4.2.7].

First, since M =~ @IA, by [18, Lemma 3.13] we know that M = A4 ®6p,. P with

P = @;Q,. Then loc. cit. implies that

X@AMEX@)QPP:X@&U'.E EX®§,IM

o,

in particular X ®ﬁ a M =X ®4,m M sits in degree 0. Then, since Banach spaces are flat
solid Q,-vector spaces [18, Lemma 3.21], the bar resolution for the tensor product gives
rise to a G-equivariant long exact sequence of solid Q,-vector spaces

> X ®Qp,lﬁ®n ®Q,,,IA_4 == X ®QP,IA_4 - XQquM —0.
Hence, by the projection formula of [19, Corollary 3.2.14 (3)],

(X ®q,.n A%" ®q, n M)RC = xR gq 0 A®" ¢, n M.

Since (—)RG'la has finite cohomological dimension [19, Corollary 3.2.14(1)], one
deduces that
XRG-]a ®§,. M l> (X ®§’. M)RG-la

is an equivalence as desired. ]

Remark 2.1.7. The key input in the proof of Lemma 2.1.6 is the projection formula for
locally analytic vectors of [19, Corollary 3.2.14 (3)]. An analogous statement holds for
h-analytic vectors for a suitable notion of h-analyticity. Indeed, consider C*~ (G, Q p) =
li_r)nh/<h cr (G, Qp). the space of locally analytic functions of G with radius of ana-
lyticity strictly greater than p~". By the proof of [19, Proposition 3.2.10] the functor
of h™-analytic vectors defined to be the group cohomology of C*™ (G, Q ») ®f@p!_ —is
idempotent and so there is a well defined full subcategory of s~ -analytic representations
of Dg(QI[G]]). Then the proof of [19, Corollary 3.2.14] applies, which in particular yields
a projection formula for &~ -representations. As a consequence, Lemma 2.1.6 also holds
for h~-analytic representations.

2.2. Colmez—Sen—Tate axioms

In this section we introduce the abstract framework of Sen theory that will be needed in
this paper. Our discussion follows [1].

Let F/Qp be an algebraic extension with p-adic completion F,a perfectoid field.
Let A be a sous-perfectoid F -algebra endowed with the spectral norm | — | (see [27, Sec-
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tion 6.3] for the definition of sous-perfectoid ring). We let A° C A4 be the p-complete open
7 p-algebra of elements of norm < 1, equivalently, the open subalgebra of power bounded
elements. For a closed Banach vector subspace W C A we let W% = W N A° be the open
subspace of W of elements of norm < 1. Let I C R>¢ be the positive additive valuation
monoid of F normalized so that |p| = p~!. Given e € I \ {0} let w® € F be an algebraic
pseudo-uniformizer with absolute value |w?®| = |p|®. The additive submonoid / C Rs¢
isdenseas F isa perfectoid field, and from now on we always take ¢ € I . In the following
we shall consider almost mathematics with respect to the maximal ideal mp C O p.

2.2.1. One-dimensional Sen theory. Let I' = Z, be a one-parameter group with gener-
ator y. Suppose that I' acts continuously on A, in particular it acts by isometries with
respect to the spectral norm. For k € Nxg, let [®) := r7“ cr.

Definition 2.2.1 (Colmez—Sen-Tate axioms). We consider the following axioms on the
pair (4,T):

(CST1) Sen traces (or Tate’s normalized traces). We are given the following data:

(a) Forn > 0 we have a closed Q,-Banach subalgebra 4,, C A stable under the action
of .

(b) For n > 0 we have A,-linear and I"-equivariant projection maps R, : A — A, i.e.

Ry . . . . .

maps such that the composite A, — A —> A, is the identity morphism.® We write
Xy = ker Ry,.

The data are subject to the following conditions:

(1) We have F C |J,, An. Let F,, := Fn A, and let I, C I be its additive valuation
submonoid. For ¢ € I,, we choose @w? € F,,.

(2) Forall & > 0 there is n1(¢) > 0 such that forn > ny () and x € A° we have R, (x) €
w ¢ AY. In other words, || R, (x)| < | ~¢||x| for x € A.

(3) Given x € A the sequence (R, (x))neN converges to x in A.
(4) The action of T" on the Banach algebra A, is locally analytic. Equivalently, by Lemma

2.1.5, for any & € I, there is some k € N (depending on n and €) such that the action
of T® C T on A%/w* is trivial.

(CST2) Bounds for the vanishing of cohomology. For all ¢ > 0 and k € N there is
na(e, k) > ni(e) such that if n > n, (e, k) then the map 1 — yl’k : X,, — X, is invert-
ible with inverse satisfying [|(1 — y?*)~!|| < |=|~.

We say that the tuple (A, I, (R,)neN) is a one-dimensional Sen theory if the axioms
(CST1) and (CST2) hold.

81n particular, all the algebras A, are sous-perfectoid and Ag = A% N A4, is the subring of power
bounded elements. Hence, our notation W := W N A° for closed Banach subspaces W C A is
consistent with that of Banach rings.
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The following lemma will be used later in the paper.

Lemma 2.2.2. Let (A, T, (R,)) be a one-dimensional Sen theory. Then the map
li_Ir>1n Ag — Ago induces an almost isomorphism after p-adic completions. In particular,
A is the uniform completion of the colimit h_r)n Ay of Banach rings.

n

Proof. Let B =1im A, and B® =lim AY. By Nakayama’s lemma it suffices to see that
—>n —>n
the map
B)w - A%/ w (2.2)
is an almost equivalence. Let us first show that it is almost surjective. Let a € A and
e € I; we want to show that there is b € B such that b — w®a € wA®. By (CST1)(3)
there is some n > 0 such that b := R, (w®a) satisfies |b — wa| < |w|. By (CST1)(2)
we can even pick n such that b € Ag, proving what we wanted.
Now we need to show that the map (2.2) is almost injective; we will even show that
it is injective. For that, it suffices to see that A2 N wA® = wA?. But this is clear as
A% = A, N A°. |

Example 2.2.3. (1) The most naive example of a Sen theory is a trivial Sen theory.
Namely, we let A be a Banach ring endowed with a locally analytic action of I'. Then
the Sen traces R, are just the identity maps on A4, and it is straightforward to check that
all the axioms of Definition 2.2.1 hold. One may think that this example is strange, but it
actually shows up in practice: see Example 2.2.7 (5).

(2) The first non-trivial example of a Sen theory is the classical one presented by
Tate [32] and Sen [30], given by an abelian totally wildly ramified extension K, of a
discretely valued field K with perfect residue field with Gal(K/K) a one-dimensional
p-adic Lie group. In this case one takes A = Koo to be the completion of the abelian exten-
sion, and the Sen traces R,, are constructed from normalized traces [1, Proposition 4.1.1].
The prototypical example is given by the cyclotomic extension Q,({,00).

(3) The next example relevant for us arises from geometry. Let C /Q, be a perfectoid
field containing Q. Let A = C( T*1/P%°) be the ring of functions on the perfectoid
torus and A, = C(T*/?") Let T = Zp(1) be the Tate group of p-power roots of unity,
and let us fix a compatible sequence y = ({,n), of p-power roots of 1. We have a natural
action of I" on A given by o PP gszl/pk 03
for all a € Z,. The ring A has a standard Banach C-basis given by the elements 7" for
r € Z[1/p]. We have maps R, : A — A, given by taking the projection on the elements
{T"}, in the basis with |r|, < |p™"|. It is straightforward to check that the axioms of
Definition 2.2.1 hold in this situation. Indeed, in this case one even has |R,|| <1 as
operators, i.e. that they send power bounded elements in A to power bounded elements
in A,. Letting X,, = ker R,,, one sees that X, is the Banach direct sum of the elements 7"
with |r| > |p™"|. By (2.3), for k < n one sees that

(1= y?)T" = (1= )T"
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where r = a/p® with (a, p) = 1. This immediately shows that 1 — ypk is invertible

S B
on X,. Since |1 — é‘gm lp =p @-0r""! for (b,m) = 1, we find that the inverse operator

- yf”k)_1 has norm < |(1 — an+1—k)_l lp = p(P*UlP”‘k )

(4) We will also need a variant of the previous example. In this case we take 4 =
C (S/P%°), the ring of functions on a perfectoid affinoid disc of radius 1. We take I' =
Z,(1) as before acting in the obvious way, the rings A, = C (S1/7" and the maps R, :
A — A, given by projecting to the basis elements {S”}, with |r| < |p™"|.

Remark 2.2.4. Strictly speaking, in order to have a Sen theory in Example 2.2.3 (2) in
the sense of Definition 2.2.1, one would need to take the restriction to an open subgroup
of the Galois group. Since Sen theory is of infinitesimal nature, i.e. it only depends on
open neighbourhoods of the identity of the group, we will omit this detail now and in the
future.

2.2.2. Products of Sen theories. In the previous section we defined a Sen theory for one-
dimensional p-adic Lie groups. In the following we extend the previous axioms to the
case when ' = Z;l as a p-adic Lie group. We fix a basis y; € I" withi = 1,...,d and

let I'; := in,, C T" be the one-parameter subgroup induced by y;. Finally, consider a
continuous action of I" on a sous-perfectoid ring A.

Definition 2.2.5. A d-dimensional Sen theory (A, T, (Ri,);i= 1) for (4, T) is the datum of
Sen theories (4, I';, (RZ)neN) in the sense of Definition 2.2.1 (with closed subrings Ail)
foralli = 1,...,d, satistfying the following properties:

(a) Foralli,j e{l,...,d} the Sen traces commute, i.e. Rﬁ, R,’;, = R,’;, sz foralln,m > 0.

(b) The subrings A, are I'-stable and the Sen traces R’, are I'-equivariant.

Forall J C {1,...,d}andall tuplesn = (n;);es € NJ we let AEJ C A be the closed
subring consisting of the image of the operator [ | jeJ R},j : A — A.Forn > 0 we will
also simply write A, for the image of ]_[f1=1 RY.

Remark 2.2.6. Keep the notation of Definition 2.2.5 and let J C {1,...,d}. By an

inductive argument, Lemma 2.2.2 implies that A is the uniform completion of the

colimit h_r)n ey AY of Banach rings, namely, by induction one can show that the map
n n

li_r)n eNJ A;{ 0 — A% is an almost isomorphism after p-completion.
n n

Example 2.2.7. (1) A first example of this kind of multivariable Sen theory appears in
the work of Brinon [3] who introduces generalizations of Sen theories in the case of non-
archimedean fields with imperfect residue characteristic. Examples of such fields arise
from completions of fields on rigid varieties at Zariski generic points in their Berkovich
or adic spectrum. Since this theory will not be necessary for us, we will not attempt to
precisely construct a d -dimensional Sen theory as in Definition 2.2.5 in this situation.

(2) The main example for this paper will arise from products of tori. For later con-
venience, we will introduce the relevant geometric notation.
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Let C/Q), be a perfectoid field containing Q' and C* C C an open bounded integ-
rally closed subring. Let T¢ := Spa(C (T*!), C+(T*!)) be the torus of dimension 1 with
coordinate T over Spa(C, C ). For integers k,n > 0 we let Té , be the k-dimensional

n n
torus with coordinates Tll/p e Tkl/p .Forn = oo welet TS _ =1lim TX be the
B <«n >
oo oo
k-dimensional perfectoid torus with variables Tll/ LA Tk1 /p . Let A be the ring of

functions on Té,n andletI' = Z p(l)k act on A in the natural way. By taking completed
tensor products over C, the maps R’ on the one-dimensional torus with coordinate 7; of
Example 2.2.3 (3) give rise to a Sen theory (4, I, (RY,),) in the sense of Definition 2.2.5.
Note that in this case, the map Té’oo — Té is a pro-finite-étale Zp(l)k -torsor.

(3) A variant of the previous example that will be needed in this paper is obtained
by discs instead of tori; we introduce the relevant geometric notation. Let D¢ =
Spa(C (S), CT(S)) be the one-dimensional disc over C with coordinate S. We endow
D¢ with the log structure arising from S = 0 (cf. [6, Example 2.3.17]). For integers
k,n >0 let Dé,n be the k-dimensional polydisc with coordinates Sll/p”, e S,:/p”.
Let ]D)"é,oo = Ig_nn ]D)’é,n be the perfectoid polydisc of dimension k and coordinates
Si/p S,i/poo. By letting A be the ring of functions on D§  and T' = Z,(1)F,
the one-dimensional Sen theories of Example 2.2.3 (4) will combine together to a Sen
theory (A, T, (R})x,;) in the sense of Definition 2.2.5. Note that in this case the map
]D)é, o= ]D)’é is a pro-Kummer-étale Zp(l)k -torsor.

(4) By mixing the previous two examples of Sen theories, we can construct a Sen
theory for the product S(Ce’d_e)’oo = Tg’ 0o X ]D)g’e of tori and polydiscs with coordinates

,00
Ti.....Te.Set1.- ... Sq. We shall write S&¢ 7 := Td | x D¢¢ forn € N U {oo}. By

N
letting A be the ring of functions on S(g”:o_e) and' =7 p(l)d, one has a natural action
of I" on A and the Sen theories of (2) and (4) combine to a Sen theory on (A4, I).

(5) We finally discuss an example that combines the mixed case of (4) and the trivial
Sen theory of Example 2.2.3 (1). Let S(g’d_e) be as in (4). We see ng,d—e) as a log adic
space endowed with log structure arising from the normal crossing divisor Se41 -+ Sy =0.
Fori e{e+1,...,d}let D; C S(Ce’d_e) be the divisor defined by S; = 0, and given
JCle+1,....d}welet Dy =(;c; Di. We endow D with the log structure M given
by pullback along Dy — S(Ce’d_e). Forn e NU{oco}let Dy, = S(Cej_e) Xge.d—e) Dy
where the fibre product is an fs log adic space [6, Proposition 2.3.27]. Withgut loss of
generality assume that J = {i 4+ 1,...,d} for some i > e. The underlying adic space
of D « is the perfectoid space

g e ey

_1_ 1 _1_ _1_ .
Dy = Spa(C(T*7% S ... S77).cHI*ne s7 .. 577 ) =s&i™®.

On the other hand, the log structure M of D is induced by the map of monoids

17\* - L
5;(N[—D —>AJ:=C(Iip‘1’°,Se'jr1,...,Si” )
V4

mapping the j-th component to S; if j <i,andto Qif j > i. In particular, (D s 00, Moo)
- Dy, M)isal = Zp(l)d—torsor in the pro-Kummer-étale site of (D, M). Note,
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however, that only the first e + i components of I" act non-trivially on A ;. The natural
normalized traces attached to the coordinates 77,..., T4, Se+1,...,S; lead to Sen traces
on Ay and they give rise to a d-dimensional Sen theory for the pair (4, I'), where the
last d — i components act trivially on A .

2.2.3. Base change and retracts of Sen theories. In this subsection we prove some sta-
bility properties of Sen theories that will be necessary for our applications. First, we need
stability under retracts in a suitable sense:

Lemma 2.2.8. Let I' = Z, and consider a one-dimensional Sen theory (A, T, (Ry)),
and let B C A be a closed Banach F -subalgebra stable under I and w : A — B a
I"-equivariant B-linear projection. Suppose that tR,, = Rym for all n > 0 so that the
maps Ry restrict to R}, : B — B. Then the tuple (B, T, (R)),) is a one-dimensional Sen
theory.

Proof. Since B is a retract of A via the map m, B is sous-perfectoid and we see that
B% = B N A°. Thus, the restriction of the spectral norm of A to B agrees with the spectral
norm of B. The condition 7R, = R, implies that the Sen traces R, leave B stable, and
so their images define closed Banach subalgebras B, = B N A,. The axiom (CST1) of
Definition 2.2.1 holds for (B, T, R},). It is left to see that (CST2) holds, so let ¢ € I and
let n > k be such that 1 — yl’k is invertible on X,, with inverse (1 — )/ll’k)_1 bounded
by @ . Let X, be the kernel of R,. We have X, = X, N B and so 1 — y?* is also
invertible on X, (since the projection = must commute with (1 — yi”k)_1 in X,) and its
inverse is bounded by @ ~¢. This proves the lemma. ]

To extend Sen theories along étale maps we will need the following approximation of
étale maps for affinoid perfectoid rings.

Lemma 2.2.9. Let {A;}icr be a filtered system of sous-perfectoid F -algebras with uni-
Sform completed colimit A = (lg_)nl A?)A’I’[%] given by a perfectoid ring (where the sub-
script (—)NP denotes p-adic completion). Let A — A’ be an étale extension of A that
factors as a composite of finite étale extensions and rational localizations.

(1) There is some index i and an étale extension A; — A that factors as a composite of
finite étale maps and rational localizations such that A’ = A ®Ai Aj.

(2) Leti € I and let A; — A} be an étale map that factors as a composite of rational
localizations and finite étale maps. For j > i let A} = A; ®q; A}. Then forany e >0
there is some j > i such that the map

AP &40 A® — A°
J
has cokernel killed by w*.

Proof. Part (1) follows from [23, Lemma 6.13 (ii)] for rational localizations and from
[11, Proposition 5.4.53] for finite étale maps. The general case follows by an inductive
argument.
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Part (2) is [24, Lemma 4.5 (iii)]. Note that, in the notation of loc. cit. the fact that the
R; are Tate algebras of finite type is never used in the proof, only that they are uniform
Tate algebras and that the étale extension R; — S; remains uniform. This holds in our
situation since the algebras A; are sous-perfectoid. |

The following lemma extends actions of profinite groups along étale maps.

Lemma 2.2.10. Let TI be a profinite group acting continuously on a sous-perfectoid
ring A over Qp. Let A — A’ be an étale map that factors as a composite of finite étale
maps and rational localizations. Then there is an open compact subgroup I1' C Il and a
continuous action p of I on A extending that on A. Given two such extensions py to IT)
and py to 1), there is a compact open subgroup 11 C IT| N IT), such that py and p
agree on I15. Furthermore, if I is a p-adic Lie group and the action on A is locally
analytic, then the action of I1' on A’ is also locally analytic.

Proof. One can separate the problem into one for open immersions and one for finite
étale maps. For open immersions U = Spa(A4’, A’") C Spa(A, A°) it suffices to take the
stabilizer Gy of U in G. The case of finite étale maps is [26, Lemma] (except that there
it is stated only for strongly noetherian Tate rings but the argument works in general).

By shrinking IT we can assume that it acts on both A and A’. It is left to show that the
action of IT on A’ is locally analytic if it is on A. Since the map A — A’ is topologically of
finite type (as it factors as a composite of finite étale maps and rational localizations, and
each of these maps is topologically of finite type), there is a ring of definition A9 C A and
elements f, ..., fx € A’ such that the p-complete algebra A := Ao(f1,..., fi) C A
generated by the elements f; is a ring of definition of A’. By Lemma 2.1.5 it suffices
to show that the action of IT on A/ p factors through a finite quotient. Since the action
on A is locally analytic, the same lemma implies that the action on Ao/ p factors through
a finite quotient, and by trivializing the action of the elements f; modulo p (which is
possible since the action of IT on Aj/ p is smooth) one gets the desired factorization. m

Lemma 2.2.11. Let (A, T, (Ry),) be a one-dimensional Sen theory. Let n > 0 be an
integer such that there is a Banach basis {e;}ier of A® as an A%-module (contained
in A®) such that

o | = Ukzn Iy with {1 C I}y a sequential system of finite subsets,

Ay = P ey,

iely

e form >n,

e for m > n the Sen traces Ry, : A — A,, are given by the projection along the basis
{eitict,

Then the following hold:

(1) The solid base change along A, — A is flat.

(2) Let M be a Banach Ay,-module and consider the base change M4 = M @A” A as
well as M, = M @)A” Am. Then M,, C My is a closed Banach A-module, the base
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change of Ry : A — Am gives rise to a retraction R, : Mgy — My, and for x € My
the sequence (Ry, (x))m of elements in M4 converges to x.

Proof. By hypothesis, A is a Banach direct sum of copies of A,, for m > n giving rise to
an isomorphism 4 =~ 4, ®q, GAB ;Qp of A,-modules. Since Banach QQ,-vector spaces
are flat for the solid tensor product [18, Lemma 3.21], by base change the solid tensor
product along A,, — A is flat for all m > n, and then so is the p-complete tensor product
of Banach A,,-modules. The fact that M,, C My is a closed Banach A,,-module and that
we have the retraction M4 — M,, is clear. This proves (1).

For part (2), by assumption on A we can write

MA = @eiM

iel
and the projection maps My — M, are given by projecting onto a suitable subbasis
of {e; }ier. The convergence of the sequence (R, (x))x to x € My is then clear. |

Finally, the following lemma extends Sen theories along étale maps under certain
hypotheses that will hold in practice.

Lemma 2.2.12. Let I' = Z, and consider a Sen theory (A, T, (Rn)n) as in Definition
2.2.1 with A perfectoid. Let A — A’ be an étale map obtained as a composite of finite
étale maps and rational localizations.

(1) There is some k > 0 and an étale map A — A;c that factors as a composite of
rational localizations and finite étale maps such that A" = A Q4 A;{. Furthermore,
after taking a smaller open subgroup if necessary, the action of T' on Ay extends
to Ay and so to A'. For n > k let Ry, : A" — A} be the base change of the map
Ry i A — Ay along A — Aj.

(2) Suppose that there is an integer n > 0 such that there is an AS-Banach basis {e; }ic1
as in Lemma 2.2.11. Then the tuple (A', T, (R)),) is a Sen theory in the sense of
Definition 2.2.1.

Proof. Part (1) follows from Lemmas 2.2.9 (1) and 2.2.10. Indeed, A is the uniform com-
pletion of liI_I)ln Ay, by Lemma 2.2.2.

Let us now suppose that Ay — Aj is an étale map that factors as a composite of
rational localizations and finite étale maps, and suppose that the action of I' on Ay extends
to A,.Forn >k let A}, := A, ®4, An andlet R, : A’ — A), be the A/ -linear extension of
the map R, : A — A,. We want to see that the axioms (CST1) and (CST2) of Definition
2.2.1 hold for (A, T, (R},)») provided they do for (4, T, (Ry)»).

First, (CST1) (1) is obvious, (CST1) (3) follows from Lemma 2.2.11 when M = A;c,
and (CST1) (4) follows from Lemma 2.2.10. We need to show that the Sen traces R,
satisfy the desired bound condition of (CST1)(2). Let ¢ > 0. By Lemma 2.2.9 there is
some N >> 0 such that for m > N the map

Ap ®q0 A° — A°
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has cokernel killed by w®. Note that the map must be injective since A° has a Banach
basis as an A% -module. In particular, A0 ® 49, A is a ring of definition of A’. Similarly,
by (CST1) (2) for (A, T, (R,),) we can take N > 0 such that for all m > N the trace
R,, induces a map

Ry : A — w540,

This implies that the base change R;, : A" — A}, induces a map
R, Ap &0 A > @™ Ap.

Hence, R, induces a map R}, : Ay — @ *¢A)). Since ¢ was arbitrary, this proves the
axiom.

To show that (CST2) holds, let X;, = ker R,, and let X, be its base change along
Ap — A By hypothesis, we can write A° = X9 & A, and Ry|40 is given by the
projection onto A% under this decomposition. In particular, the maps X2 ® 49, AR —
Xy, @40 A — X7 := X, N A" are injective.

Let > 0. By taking m large enough we can assume that the injective map X2, ® 49, AR
— X9 has cokernel killed by @*®. Therefore, X0 := X2 ®A9n A% is open in X’° and
we can prove (CST2) using the subspace X /9 instead of X,. Let y € T be a generator.
By (CST2) for (A, T, (R,)n), for e > 0 and s € N there is n,(e, s) > ny(e) such that if
n > ns(e,s) thenthe map 1 — y* : X, — X,, has an inverse (1 — y?°)~! of norm < | |~¢.
This means that the map 1 — y?° : X9 — X9 has an inverse up to an = *-factor

A=y?) 1 X0 —» X2,

On the other hand, by taking s >> 0, since the action of I' on Ay is locally analytic, by
Lemma 2.1.5 we can assume that y”’ acts trivially on Ag /w2 and A;CO /@ ?¢. Consider
the image ¥,0 = (1 — y?") X 9. The space ¥, is contained in X2, contains z®X?, and is
stable under multiplication by Ag.

By assumption (2) the Ag-module X2 has an ON basis, say {fj}jes. Since the ele-
ments z® are algebraic over Q,,, we can choose s >> 0 such that yl’s is wé-linear. Since
1 — y?’ is an isomorphism on X 9" after inverting p, the above shows that the image of
{fi}jes by 1 — yP’ gives rise to an ON basis of ¥, as an A9-module. Indeed, one has an
Ag-linear map of torsion free w-complete Az-modules

P AL -y f; > 1S
jeJ

which is an equivalence modulo w2, so by Nakayama’s lemma it must be an isomorph-
ism.
We deduce that the base change ¥,° = ¥,0 ® A9 A7 is an ON Banach A?-module and

that it gives rise to an open ball in ¥,°[] = X, such that

X cvPcXxP
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Finally, one sees that the induced map 1 — y?* : X}, — X/, sends X 0 t0 ¥,0. By reducing
modulo z2¢ this map is A;? /@ ?¢-linear and is the base change along Ag — A;{O of the
isomorphism
1—y? X% w? 5 Y0 /w2,

By Nakayama’s lemma this implies that 1 — )/PS X 0 = ¥)9 is also an isomorphism.
One deduces that 1 — y?° : X, — X, has an inverse (1 — y?")~! with norm < ||
with respect to the Banach ball X /0 Since X, /0 c X, has cokernel killed by @*®, one
deduces that the norm of (1 — y?")~! with respect to the ball X0 is < |2, As ¢ was
arbitrary, this shows (CST2) and finishes the proof of the lemma. ]

Remark 2.2.13. Thanks to Examples 2.2.3 (2)-(4), Lemma 2.2.12 applies for the per-
fectoid torus, the perfectoid disc and the cyclotomic tower. This will cover all the relevant
applications in this paper.

We conclude with the construction of Sen theories for smooth affinoid spaces. We
keep the notation of Example 2.2.7.

Proposition 2.2.14. Let (X, Mx) be a log affinoid adic space over a perfectoid field
(C,C™) containing Q5 with X = Spa(A, A™). Suppose that there is an étale chart

. (e,d—e)
¥ :X —>S¢

written as a composite of finite étale maps and rational localizations, where the log struc-
ture of X arises from the log structure of the polydisc term on the right-hand side.
Let Sg’go_e) be the perfectoid product of tori and discs endowed with the action of

r = Zp(l)d, and let Xoo = X XS(Ce,d—e) S(Ce,’go_g) be its base change to a pro-Kummer-
étale T'-torsor of X. Let Ao be the ring of functions of X 0, and let R;f be the base change
of the Sen traces ofS(Ce”fo_e) 10 Aoo. Then the tuple (Ao, T, (R!)),) is a d-dimensional Sen
theory. A similar statement holds for the rings of functions Ao,y obtained from boundary
divisors for some subset J C {e + 1,...,d} as in Example 2.2.7 (5).

Proof. The one-dimensional case follows from Lemma 2.2.12, and the higher-dimen-
sional case follows by induction on the number of coordinates. ]

2.3. Relative locally analytic representations

Let A be a sous-perfectoid ring and let A? C A be the subring of power bounded elements.
Let IT be a profinite group acting continuously on A.

The goal of this section is to introduce a relative analogue of ON Banach locally
analytic representations over A for the semilinear action of I1. The motivation is provided
by Lemma 2.1.5, saying that a continuous action of a compact p-adic Lie group G on a
Banach space V is locally analytic if and only if there is a G-stable lattice V° C V such
that G acts through a finite quotient on V°/ p.
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Moreover, in order to adapt the decompletions of [1] in Section 2.4 for relative loc-
ally analytic representations, we shall need to study infinite-dimensional analogues of
1-cocycles. This requires a topological understanding of the automorphism group of an
infinite-dimensional ON Banach space:

Lemma 2.3.1. For I and J index sets, we have isomorphisms of A- and A®-modules
Homy (@ A, @ A) = (1_[ @ AO) |:l]
I J I J P
Hom o (@ A°, @ AO) = l_[ @ A°,
1 J 1 J

where the Hom spaces consist of continuous homomorphisms of A- or A®-modules. We

(2.4)

endow the Homyo space with its natural product topology, and the Homy space with
the locally convex topology making the Homyo subspace bounded. Equivalently, we can
endow the Homyo and Homy spaces with the compact-open topology (these two topolo-
gies agree thanks to [5, Proposition 4.2]).

Proof. We have Homg (€D, A. @, A) = Homo (D, 4°. B, AO)[%], so it suffices to
prove the second equality. One has

Homo (E:B A°, E:B A0> = 1<i£1H0mA0/pn (EIB A%/ p", GJB Ao/p")
n
=i [P 4"/ = [P 4" .
n [ J I J

Remark 2.3.2. (1) Let V be an ON Banach A-module with a fixed ON lattice V°
over A°. Classically, End4 (V) is endowed with two topologies. First, we have the strong
(or operator norm) topology, in which case it is a Banach space. Concretely, after fixing
the norm in V arising from V', the elements of norm < 1 in End4 (V') correspond to
Endo (V?).

On the other hand, the topology used in Lemma 2.3.1 is the compact-open topology,
which naturally agrees with the condensed structure and with the weak topology. One has
a natural continuous map

End, (V) — End4 (V)

where the left-hand side is endowed with the strong topology while the right-hand side is
endowed with the weak topology. This map is an isomorphism of the underlying vector
spaces but it is not an isomorphism of condensed A-modules. However, the existence of
this map shows that a sequence of endomorphisms of V' that converges for the operator
norm topology will also converge for the compact-open topology.

(2) We can reinterpret Lemma 2.1.5 by saying that a representation of a p-adic Lie
group G on a Banach space V is locally analytic if and only if the action is continuous
with respect to the norm topology; we thank the referee for this observation.
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Definition 2.3.3. Let V' be an ON Banach A-module. We define the topological group
Auty4 (V) to be the pullback

Autg (V) —— Ends(V) x Endya (V)

| ls

{idv} X {idv} e EndA(V) X EndA(V)

where ¢(f, g) = (f o g, g o f). Equivalently, it is the closed subspace of Endgq (V') x
Endy4 (V) consisting on those pairs (£, g) such that f o g =idy = go f.If V?isan ON
A%-lattice on V, we define Autgo(V?) in a similar way.

The following lemma will be used to construct invertible elements in Auty (V).

Lemma 2.3.4. Let V be an ON Banach A-module with a fixed ON lattice V° over A°.
Let M € End4 (V) be an endomorphism whose operator norm with respect to V° satisfies
|M|| < |w?| for some ¢ > 0. Then 1 — M € Autq(V') and its inverse is given by the
convergent series (1 — M)™1 =322 ' M".

Proof. Write V0 = @1 A% so that End4 (V) = (], @I AO)[%]. It is enough to show
that Y p> , M™ converges in End4(}), and that the sequence ((1 — M) Y "o M")men
converges to idy. By hypothesis, M’ = #M is an operator on V9, thus ) 72 o M" =
30 o TE"M™ converges since End4o(V0) = [, @1 A% is p-adically complete, and
both w? and p are topologically nilpotent units of A. One shows in a similar way that the
sequence (1 — M) > ;"o M™)men converges to idy, finishing the proof. |

Let IT be a profinite group acting continuously on A. Given an index set /, we denote
by e; the standard basis of @ ; A, and write GL;(A4) = Auty (@ ; A) (and similarly for
GL;(A%)). The groups GL;(A4) and GL;(A°) have a natural continuous action of IT on
the coefficients. Then ON Banach A-semilinear representations of “rank /™ with fixed
ON basis are equivalent to continuous 1-cocycles of T on GLj (A).

More precisely, consider an A-semilinear representation p : I1 x V' — V on an ON
A-Banach module and let Y : @i <7 Ae; = V be an A-linear isomorphism. Let o be
the A-semilinear action on @ie 1 Ae; where IT acts trivially on the e;’s. One defines the
1-cocycle attached to p as

U, : 1 - GL;(A) (2.5)
via the formula
Up(g) =T " op(g)oToa(g)".

Conversely, given U : IT — GLj(A) a continuous 1-cocycle, one has the attached

representation pyy on V' via the formula

pu(g) =T oU(g)oo(g) o'

One easily verifies that this produces a bijection between A-linear representations of I1
on V (with a fixed ON basis) and continuous 1-cocycles of IT on GLj (A4).
We give the following definition of relative locally analytic ON Banach representation.
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Definition 2.3.5. An ON Banach A-semilinear representation p : IT x V' — V is said to
be relative locally analytic if there exists a basis {v;};c; generating an ON lattice V°
over A° such that

e there is an open subgroup IT’ C IT stabilizing VV° and & > 0 such that the action of IT’
on {v; mod @w?};¢y is trivial.

We say that {v; };eg is a relative locally analytic basis of V.

Remark 2.3.6. The previous definition can be rewritten in terms of 1-cocycles. Indeed,
let p be a continuous A-semilinear representation of IT on an ON A-Banach module V.
Let {v; }ics be a fixed ON basis generating an ON A°-lattice V° stable under the action
of I1. By the construction of (2.5), attached to p we have a 1-cocycle U, in GL;(A).
Since IT leaves V' stable, it even lives in GL;(A°). Then {v;};c; is a relative locally
analytic basis if there is some @® such that the composite U, : GL; (A°%) — GL; (A% /@ ®)
factors through a finite quotient IT/IT’, that is, the 1-cocycle U, is trivial on II’ C TI
modulo w?.

The following lemma says that composition with matrices in Auty (V') that are close
enough to idy preserves the relative locally analytic bases.

Lemma 2.3.7. Let V be a relative locally analytic representation of T1, v = {v; }ies a rel-
ative locally analytic basis, and V° the A®-lattice spanned by {v;}icy. Let ¥ € Endq (V)
be an operator such that |1 — || < |@?| for the operator norm induced by V° and some
&> 0. Then ¥ (v) = {Y (vi)}ier is a relative locally analytic basis of V.

Proof. Let IT' C TI be an open subgroup stabilizing V°, and let &’ > 0 be such that the
action of T’ on {v; mod @w*'};¢; is trivial. Let ¢ = min{e, &'}. Then ¥ (v;) = v; mod w*”
and TT' acts on {y (v;) mod @w*” };; trivially. This proves the lemma. |

Example 2.3.8. (1) Let [T = G be a compact p-adic Lie group and W be a Banach
locally analytic representation over QQ,,. Then, by Lemma 2.1.5, W R0 , A is a relative
locally analytic representation of IT.

(2) Slightly more generally, suppose that IT admits a compact p-adic Lie group G
as a quotient. Let W be a Banach locally analytic representation of G over Q. Then
w @)Qp A is a relative locally analytic representation of IT. This is the situation we will
face in the applications to rigid spaces.

(3) Let V be an A-finite free semilinear representation of IT. Then V is relative loc-
ally analytic. Indeed, let V? C V be an A°-lattice with basis vy,..., vz and T1° C TT a
subgroup leaving V' stable. Then, after shrinking T1° if necessary, it acts trivially on all
the v; modulo pV°.

2.4. The Sen functor

Let A be a sous-perfectoid ring and I" = Zg a torsion free abelian p-adic Lie group
of dimension d. Let (A4, T, (Ri,)l‘-izl) be a d-dimensional Sen theory. In this section we
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define the Sen functor for relative locally analytic ON A-Banach representations of I';
this is nothing but the decompletion by taking (derived) locally analytic vectors.

Definition 2.4.1 (The Sen functor). Let V' be a relative locally analytic ON A-Banach
representation of I'. We define the Sen module of V' to be the subspace of locally analytic
vectors for the action of I":

S(V):= vy
We also define the derived Sen module of V' to be the solid complex of derived I"-locally
analytic vectors:
RS(V):= VR,
Remark 2.4.2. In Definition 2.4.1(2) we see V' as a solid Q,-vector space. Note also
that the derived Sen module can be constructed for any complex of solid A-semilinear
I"-representations.

Before stating the main theorem, let us study the behaviour of passing through analytic
vectors for the action of I' on A. Write C'*(T', Q,) = li_I)nh_>oo ch(T, Qp) as a colimit
of h-analytic functions. The following lemma says that the h-analytic vectors of A are
sandwiched between the images of the Sen traces.

Lemma 2.4.3. Let (A, T, R,) be a one-dimensional Sen theory and let y € T be a gen-
erator. The following hold:

(1) Given h > 0 there is n(h) such that for k > n(h) one has X,fh'a“ = 0. In partic-
ular, ARMm-a0 — Af(};l')an, and the natural map ARB-an o A induces an inclusion of
subalgebras of A,

Al - Anny-

(2) Conversely, givenn € N there is h(n) > 0 such that Ay is h(n)-analytic. In particular,
we have an inclusion of subalgebras of A,

A, C AN
(3) Taking colimits as n — oo we get

ARF-la — AF-la — 11T_>T1An
n

Proof. The second statement is just (CST1) (4). For the first statement, we need to see
that given 4 > 0 there is n (%) such that for k > n(h) the space Xy = ker(Ry : A — Ag)
has no A-analytic vectors.

By Lemma 2.1.5 given & > 0 and & > 0 there is some s € N such that the action of
1 — P satisfies ||(1 — y?")|| < |@?*| as an operator on C*(T', Q,). By (CST2) given
e>0ands € N thereis n(e, s) such that for k > n(e, s) the operator 1 — y?’ is invertible
on Xi with inverse satisfying ||(1 — y?’)~!|| < |@|¢. Then the operator 1 — y?° is
invertible on X ®g , C h(r,Q p) with inverse given by the power series

o0
L=y") "' ==y - e -1
i=0
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This implies that
XRran = RO(T, Xg ®q, CM(I',Qp)) = 0.

Taking n(h) = n(s, ¢) for a fixed & we get the first statement.
For the third statement, it suffices to write A = X @ A and to note that for some &
(which can be large as long as k is even larger) one has X ]fh'a“ = 0. Hence

Rh-an _ 4 Rh-an
ARIan g Rh-an,

Taking colimits as /1, k — oo one then gets

ART — Jim ARR- — Jim 4,
— —
k,h k
as desired. n

Let (A, T, (Rfl);izl) be a d-dimensional Sen theory. For a tuple n € N? we let Ay =
]_[l‘-izl sz,— (A) be the image of the composition of Sen traces. For n € N we will simply

write A, = ]_[flzl R! (A). We state the main theorem of this section regarding the nice
behaviour of the Sen functor for relative locally analytic ON A-Banach representations
(cf. [1, Proposition 3.3.1]).

Theorem 2.4.4. Let V be a relative locally analytic ON A-Banach representation of T’
with a fixed ON A°-lattice V° and v = {v;};e1 a relative locally analytic A°-basis of V°.
The following hold:

(1) For all ¢ > 0 close enough to zero and n > 0 the A-module V contains a closed ON
Banach Ay-submodule S, (V) with ON A%-lattice Sy(V)° = Sy (V) N VO such that:
@ S, (V)° admits an ON basis V' = {v}}ier with v} = v; mod we VO, In particular,
A®a4, Su(V)=V.
(b) The A,-module S,(V) is stable under the action of I'. Moreover, S, (V) is a
locally analytic representation.

(¢c) Form > n we have S,,(A) = A, ®An Sy (A).

We call Sy, (V') the m-th Sen module of V, or the Sen module of V over Ap,.

(2) Given h > 0 depending on V, there is n(h) € N with n(h) — oo as h — oo such
that:

(a) The Banach A"*-module V'™ admits an ON basis.
(b) We have a map Abran Anny as in Lemma 2.4.3 and

Suwy(A) = Ancy ® gian V.

In particular, for n > 0 the Ap-module S, (A) of (1) is unique and equal to the
(base change of the) h-analytic vectors of V for a suitable h.
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(3) We have
RS(V)=8(V) = h7r>nS,,(V).
In other words, the derived Sen functor is concentrated in degree 0 and equal to the
colimit along n of the decompletions S, (V).

The proof of Theorem 2.4.4 consists of two steps. First, we generalize the decomple-
tion of [1] from finite rank A-modules to ON Banach A-modules; this will show part (1)
of the theorem. Second, we use the decompletion of part (1) and Lemma 2.4.3 to deduce
parts (2) and (3).

2.4.1. Reduction to the one-dimensional case. As a first technical step, let us reduce The-
orem 2.4.4 to the one-dimensional case by a simple inductive argument.

Proposition 2.4.5. Suppose that Theorem 2.4.4 holds for one-dimensional Sen theories.
Then it holds for Sen theories of arbitrary dimensions.

Proof. Let I' ~ Zg and let (A, T, (Rf,)le) be a d-dimensional Sen theory. Suppose
by induction that Theorem 2.4.4 holds for d — 1-dimensional Sen theories. Write I' =
I’y x I'p, 47 as a product of the first coordinate and the last d — 1 coordinates. Let R,ll :
A — A}, be the Sen traces attached to the first coordinate. Then (A4, 'y, R,ll) is a one-
dimensional Sen theory by definition, and by assumption Theorem 2.4.4 holds for it.
Thus, for all & > 0 close enough to 0 and n > 0 we have a Sen module S} (V) C V
over Al such that:

(i) Thereisan ON basis {v/}ies of S} (V)? =S} (V) NV such that v} = v; mod w¢V°.

(ii) Forn >> 0 we can recover S} (V) by the formula
SYV) = AL @ yry o V10

where WT1-72 are the h-analytic vectors of W for the action of T'; (for a suitable
choice of h). In particular, the action of T leaves S} (V) stable.

(iii) We have RS1(V) = SY(V) = lim SY(V), i.e. the higher locally analytic vectors
for the action of I'y vanish.

Let us now fix n; > 0 such that the previous properties hold for all m > ny. Then
(i) implies that {v/};es is a relative locally analytic basis of S} (V) as an A}-module
for the action of I'[; 4j. By Lemma 2.2.8 the tuple (Al INPWIR (Rin);izz) isa(d —1)-
dimensional Sen theory. By the inductive hypothesis, for all m > n; we have a Sen
module S, (V) over A, = ]_[f;z RY,(AL) satisfying the analogous properties (i)—(iii) for
the group I'p 4.

We now deduce that (i)—(iii) hold for the whole group I" (after increasing m if neces-
sary). Property (i) does not depend on the group. For (ii), since the action of I'{ was
already locally analytic on S} (V) and hence on S,,(V), then by [19, Proposition 3.4.2]
the action of T" on S (V) is also locally analytic. Since S (V) is a Banach space, Lemma
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2.1.5 implies that it is #-analytic as a I'-representation for some /. By increasing m we
can then find 4 such that
Sm(V) = Am ®Ah-an Vh_any

obtaining (ii). Note that, by taking & and m such that A, C A" and S,,, (V) is h-analytic,
one has
Vi — (A &y, Sn(V)F™ = AP @, S, (V), (2.6)

in particular V" is also an ON A"*"-Banach representation of T".

Let us briefly justify the projection formula for /-analytic vectors of (2.6): by using
the argument of Lemma 2.1.6 one reduces to the projection formula (V ®Q » W )Rh-an —
|/ Rh-an ®(6p,l W for W, V Banach representations of I' with V' being h-analytic. The
derived locally analytic vectors of the tensor V ®q » W are the group cohomology of the
representation C h(F, Qp) @)Q , W @Qp V, where I" acts on W and V as usual, and on
the h-analytic functions via the left regular action. Since the action of V' is h-analytic,
there is a I"-equivariant isomorphism

¥ CMIL.Qp) ®q, V = CHIQ,) &g, Vo

where the action of I' on the right-hand side is trivial on Vj and the left regular action
on the h-analytic functions; this map is given by sending a function f : ' — V to the
function f(g) = g~ ! f(g). Thus, we have

(V ®g, W)R'™ = RI'(G.C"(I.Q,) &g, W &g, V)
=~ RI'(G,C"(I',Q,) ®q, W &g, Vo)
= RT(G,C"(T,Q,) ®g, W) ®5, . V
— W Rh-mn ®6 %

p.a

where in the second equivalence we use the isomorphism ¥, in the third equivalence we
use the projection formula for group cohomology, and the last equivalence is the definition
of h-analytic vectors.

For (iii), fix m such that the Sen module S,, (V) is defined. Then V = A ®g4,, S (V).
We pick 4 such that A,, and Sy, (V') are h-analytic. Then by Lemma 2.1.6 one has

VRT—la — (A ®Am Sm(V))RF—la — ARF—la ®ﬁz’- Sm(V)’

where ®II‘;’. is the derived tensor product of A-modules in solid Q,-vector spaces. For
k > m we can write A = X! @ A},. Lemma 2.4.3 implies that li_n)lk (XHRTa = 0,
—>0Q
and so ART12 = Jim A}. By an inductive argument one deduces ART2 — 1im 4,
. . —>n —>n
which yields
RS(V) = VR = ARTR @ 0§, (V) = lim Ay ® g Sm(V) = lim Si(V) = S(V)
k>m k>m

sits in degree 0 and is the colimit of the Sen modules S,,(V) over A,,. This finishes the
proof of (iii). [
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The following lemma will reduce the proof of Theorem 2.4.4 to the construction of
the Sen modules S, (V).

Lemma 2.4.6. Keep the notation of Theorem 2.4.4 and suppose that T is a one-dimen-
sional p-adic Lie group. Suppose that we can find Sen modules Sy, (V') over A, form >0
satisfying parts (1) and (2) of Theorem 2.4.4. Then part (3) of the theorem holds, namely,

RS(V) = S(V) = lim S (V).

m

Proof. Letus take 4 > 0 and m >> 0 such that A** C A,,, V" is an ON-Banach module
over A" and S,,, (V) = Ay & gnan V™. Then S, (V) is a locally analytic representation
of I and by Lemma 2.1.6 we have

RS(V) — VRF»la — (A ®Am Sm(V))RF—la — ARF—la ®j,m’. Sm(V)

By Lemma 2.4.3 we get ART12 = h_n)lk Ay, which implies what we want. ]

2.4.2. Decompletion after [1]. Let A be a sous-perfectoid ring. Let (A4, I, R,) be a one-
dimensional Sen theory with y € I' a generator of I'. Given n > 0 let ¢y, ¢ > 0 be such
that |R,| < |@|™¢' asamap A — A, and ||(1 —¥)7!|| < |@|~°2 on X,, = ker R,,. Recall
that we can take ¢1,c» — O asn — oco. We let VV be an ON A-Banach representation of '
with A%-lattice V°. Suppose that V is relative locally analytic and that we are given a
relative locally analytic basis {v; };e; of V° as in Definition 2.3.5. Let Uy : ' — GL;(A)
be the 1-cocycle constructed in (2.5) depending on the basis {v; }ier; we will simply write
U =Uy(y).

Lemma 2.4.7 ([1, Lemme 3.2.3]). Let §,a,b € R~ be such that a > c¢1 + ¢, + 8 and
b > sup{a + c1,2¢1 + 2¢p + 8}. Suppose that

o U=1+U + U, where Uy € [[; @, AL and U, < [[; &, A°,

e U; =0mod @ and U, = 0 mod w?.

Then there exists M € GLj(A®) with M = 1 mod w?~¢273 sych that

o MT'Uy(M) =1+ V; + Vawith Vy €[], @, A% and V; € [, &, A°,

e V; =0mod w? and Vs = 0 mod w?*s.

Proof. The proof is exactly the same as the one of [1, Lemme 3.2.3]; we give the details

for completeness. Let R, : A — A, be the Sen trace and let X, be its kernel. Since we
have the decomposition A = A, & X,, the following space decomposes via Rj:

- 1 = 1 = 1
([&)[5] - [1d4):]e (Tdx)[5]
I I p I 1 p I p
Then, using the bound of (CST1) (2), we can write U, = R, (Uz) + (1 — R,,)(U;) with

o R,(Us) € []; @,;A° and R, (U,) = 0 mod wb<2,
o (1= Ry)(U,) €[, @, X0 and (1 — R,)(U) = 0 mod b2,
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Using (CST2) we can write (1 — R,)(Uz) = (1 —y)V with V € [, EAB,X,? such that
V = 0 mod wb27¢1, We now modify the cocycle U by the matrix M = 1 + V, which
amounts to computing

A+ tuya +v).

By the conditions on a, b and § we deduce that V2, U;y(V), U,y(V), VU, and VU, are
equivalent to 0 mod w?+%. Reducing modulo w?+% we find that
1+ W)Uyl +V)=(1-=V)U1 + y(V)) mod w?+?
=1-—V+4U + U, + y(V) mod wb™?
=1+ U; + R,(Uz) mod whts,

This shows that M Uy (M) = 1 + Vi + V, with V| = U; + R, (U,) and satisfying the
requirements of the lemma. ]

Corollary 2.4.8. Let § > 0and b > 2c, + 2c3 + 8. Let U € GL;(A°) be a matrix such
that U = 1 mod w?. Then there exists M € GL;(A%) with M = 1 mod w?~37¢2 such
that M~'Uy(M) € GL1(AY).

Proof. By Lemma 2.4.7 there exists M) € GL;(A°) with M = 1 mod wb—¢2¢3
such that
UM = MO=1yy(M D) e GL; (A%) mod w?+e.

Let k € N ;. By induction we can find matrices M ®) € GL;(A4°) with
M(k) = 1 mOd wb+8(k—1)—62—63
with
U® = p®-—1y =0y ®) e GL; (A2) mod w? 5%,

Letting k — oo and M := MW M@ ... one sees that the matrix U’ = M~ 'Uy(M)
takes values in GLy(A9), and U’ = 1 mod w?—¢27¢3, n

Lemma 2.4.9 ([1, Lemme 3.2.5]). Let B € GLj(A). Suppose that we are given V1, V, €
GL; (AY) such that Vi = V, = 1 mod w2 "¢ for some ¢ > 0, and y(B) = V1 BV,. Then
B € GL;(A,).

Proof. Consider C = B — R, (B). Then y(C) = V1 CV,. We have
yC)—C =01 —-DCVo+ 1V CVa—1)— (Vi —1)C(Vo—1).

Then C € @' []; @, X° implies y(C) — C € w"+e2+¢ [, @, X2. On the other hand,
(CST2) provides an isomorphism 1 —y : X, = X, whose inverse has norm < |w‘”A2 |. We
deduce that C € w” "¢ ], @; X?. Since r was arbitrary, one gets C € w’ ¢, @; X
forall s > 1 and so C = 0, or equivalently B = R, (B), proving what we wanted. |

We finally prove parts (1) and (2) of Theorem 2.4.4.
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Proposition 2.4.10. Let (A, ', R,) be a one-dimensional Sen theory. Then parts (1)
and (2) of Theorem 2.4.4 hold.

Proof. Let V be an ON A-Banach relative locally analytic representation of I" with ON
A°-Banach lattice V0 C V. Let {v; }ics be a relative locally analytic basis of V? and let
Uy : T — GL;(A°) be the 1-cocycle attached to V' and the fixed basis. Given y € T we
will write U, for Uy (y).

Let us write I'y := T'?" for a basis of open neighbourhoods of 1 in I', and let y € 'y,
be a generator. Since V' is relative locally analytic, there are some ¢ > 0 and k € N such
that U, = 1 mod @w*® in Endq(V°) =[], GABIAO for all y € I'y. Let us fix a k € N
satisfying this condition.

Now, by (CST1), for n > k the trace map R, : A — A, has norm < | ~¢1| with
¢1 — 0 as n — oo. By (CST2), for k fixed, we can find my > k and a constant ¢, > 0
such that for all m > m the operator 1 — yy is invertible in X,,, = ker R, with inverse of
norm bounded by |@ ~¢2|. We can take ¢, — 0 as m — oo. Taking the constants ¢; and
¢y such that ¢ > 2¢; + 2¢;, we fix n = m satisfying the previous conditions. Thus, we
found some n > k such that || R, || < || and 1 — y4 is invertible on X, with inverse
satisfying [|(1 — ye) 7' || < [@ ™.

Then U(yx) € GL;(A°) is a matrix satisfying U = 1 mod ¢ and by taking § > 0 such
that & > 2¢; + 2¢, + 8, Corollary 2.4.9 says that there is a matrix M € GL;(A°) with
M = 1 mod w® 1% such that M 'U(yx)yx (M) € GL; (A%). Let U’ : T — GL;(A%)
be the cocycle U’(y) :== M~'U(y)y(M). Then U’ takes values in GL;(A?) for y € Tk
by construction. We claim that U’ takes values in GLj(A,) for y € T. Indeed, let y € T.
Then, as I" is commutative, we have the relation yyx = yx v, which yields the identity at
the level of cocycles

U'n)yW'(yk)) = U'(yye) = U'(yey) = U' (v v (U’ ().

Therefore,

veW' () = U'(y) ' UW)yU' (7).
Since U'(yx) = 1 mod w® and ¢ > ¢,, Lemma 2.4.9 shows that U'(y) € GL;(4,) for
y € I', proving the claim.

Translating from cocycles to representations, U’ gives rise to an ON A,-Banach rep-
resentation S, (V') of " such that A ®An Sp(V) = V as a A-semilinear I"-representation.
For m > n we simply define S, (V) := Ay, QA{)A” S, (V). Since the action of T is locally
analytic on A,, and the action of I is trivial on the modified basis vlf = Mv; of S,(V)
modulo some power of @, Lemma 2.1.5 implies that the action of " on S, (V) is locally
analytic (and so h-analytic for some radius p~"). It is straightforward to check that the
representation S, (V) satisfies condition (1) of the theorem.

Let us now show that part (2) follows formally from part (1). Suppose that S, (V') and
V,, are h-analytic for some 2 > 0. Then by (2.6) we have

Vh—an — (A ®An Sn(V))h-an — Ah-an ®An Sn(V)

and so V54 is an ON A”-Banach representation of I'. Moreover, taking m >> n such that
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Al C A,, we get
Am @Ah-an Vh_an = Am ®An Sn(V) = Sm(V)’

proving part (2). ]

2.5. Group cohomology via Sen theory

We finish the general discussion of Sen theory with some applications to the computation
of group cohomology. Let A be a sous-perfectoid ring, I' == Zg a torsion free abelian
compact p-adic Lie group of dimension d and (4, T, (R;)?’:l) a d-dimensional Sen the-
ory on A. For n > 0 let A,, denote the image of the composition ]_[l‘-izl R,,. In the rest of
the section we make the following additional assumption that will always hold in practice,
and that already appeared in Lemmas 2.2.11 and 2.2.12.

Hypothesis 2.5.1. The maps A, — A, are finite flat and A has an ON basis over A,, for
alln > 0.

A first corollary is the computation of group cohomology in terms of Lie algebra and
smooth cohomology.

Corollary 2.5.2. Let V be a relative locally analytic ON A-Banach representation of T'.
Then

RI(T, V) = RI‘(I‘S“‘, RT(Lie T, S(V))).
In particular,

HY (I, V)= H!(LieT, S(V))'.

Proof. By Theorem 2.4.4 we know that VRI"la — §(1) = h_n)l S, (V) sits in degree 0
n

and is the colimit of the decompletion by Sen traces. Then Theorem 2.1.2 (4) yields the

desired result. ]

We will consider a last list of axioms that holds in the main geometric application
of this paper. In the arithmetic case over QQ,, these axioms are key in the proof of the
Ax—Sen-Tate theorem.

(AST) We define the following axioms, inductively on the dimension of the Sen theory.

(1) A one-dimensional Sen theory (A4, I, (R,)) satisfies the Ax—Sen—Tate property of
dimension 1 if the following conditions hold:

(i) Hypothesis 2.5.1 holds for (4, T, (R,)).
(i) A, = A™ where T, = I'?".

(iii) The Sen traces R, : A — A, are constructed from the normalized traces

> ).

8€lm/ Ty

RY Ay — Ay, x> —
p
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More precisely, the colimit as m — oo of the operators R) defines an operator
R, :lim A, — A, that completes to an operator on the uniform completion,
m
R,:A= (li_r)n Am)* — A,, which agrees with the Sen trace (cf. Lemma 2.2.2).
m

(2) Let (A4, T, (Ri,);il) be a d-dimensional Sen theory. Write I' = I'y x I'; 4] =
Zp X Zg’_l . We say that (4, T, (R;)le) satisfies the Ax—Sen—Tate property of dimen-
sion d if (A, T'1, (R))) satisfies the Ax—Sen-Tate property of (1), and for all n > 0
the d — 1-dimensional Sen theories (A4}, T2 41. (Ri,)fzz) satisfy Hypothesis 2.5.1,
and the Ax—Sen-Tate property of dimension d — 1.

Example 2.5.3. (1) Let K be a p-adic discretely valued field over Q, with perfect
residue field. Then the cyclotomic tower K — K¢ satisfies the axiom (AST).

(2) Let (C,C™) be a perfectoid field containing Q5 and let X be an affinoid fs
log smooth adic space over (C, C") admitting a chart ¥ : X — S(Ce’d_e) that factors
as a composite of finite étale maps and rational localizations. Let S(g,’gc_e) be the per-
fectoid product of tori and discs obtained by taking p-power roots in the coordinates
and let Xoo = Spa(Aoco, AL) be the pullback over X. Let I' be the Galois group of
Xoo — X. Then A is a perfectoid ring and by Proposition 2.2.14 the Sen traces RZ
of Example 2.2.7 (4) extend to a Sen theory (Ao, I, (RZ),L) satisfying the (AST) axiom.
The same holds for the rings of functions on the boundary divisor Dj o C X defined
byasubset J C{e+1,...,d}.

A Sen theory satisfying the Ax—Sen—Tate axiom can be endowed with a Sen operator
as follows.

Definition 2.5.4. Let (A, T, (Rf,)l‘-izl) be a d-dimensional Sen theory satisfying (AST).
Let V be a relative locally analytic ON A-Banach representation of I'. The Sen operator
of V' is the A-linear map

Oy : V -V ®q, (Liel')"

given by the A-extension of scalars of the connection
S(V)— S(V)®q, (Liel")".
Equivalently, we define the Sen operator
Seny :Lie @ V -V
to be the extension of scalars of the derivation
Liel' ®@ S(V) — S(V).
The Higgs cohomology RI'(fy, V') of V is defined to be the complex

6 d
0>V -5V Lielp) - > Ve /\ (Liely)" -0,

which is nothing other than the A-extension of scalars of the Chevalley—Eilenberg
complex of S(V) computing Lie I'-cohomology. We also denote H'(fy, V) :=
H'(RT (0, V).
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In the rest of the section we suppose that the d-dimensional Sen theory
(4, T, (Rﬁ, fi=1) satisfies the Ax—Sen-Tate axiom. The next result describes some
cohomological properties of A-semilinear I'-representations in terms of their Sen operat-
ors.

Proposition 2.5.5. Let V and W be relative locally analytic ON A-Banach representa-
tions of ', and W — V an A-linear T -equivariant map. Consider the exact sequence in
solid Q,-vector spaces

0-K—->W-—>V-—>0—0.

Then the derived Sen modules RS(—) of K and Q (cf. Remark 2.4.2) are in degree 0, and
we have an exact sequence of solid Qp-vector spaces

0— S(K)—>SW)— SV)— S(Q) - 0.
In particular, we have isomorphisms of solid group cohomology
HI(T.V)=H'(6y. V)"

Remark 2.5.6. One of the reasons we need to see W and V' as solid Q,-vector spaces
in the previous proposition is for the Sen module of Q to be well defined. Otherwise
Q could be a non-Hausdorff topological space and there would not be a good theory of
locally analytic vectors.

We thank Lue Pan for the explanation of the following argument.

Proof of Proposition 2.5.5. By an inductive argument on the dimension of the Sen theory
we can assume without loss of generality that I" = Z . Consider the map f : W — V. By
taking A-analytic vectors and extending scalars to some A, such that A”" C A,,, Theorem
2.4.4(2) gives a decompletion of f toamap f, : S, (W) — S, (V). By Hypothesis 2.5.1,
A has an ON basis over A, and so it is a flat solid A,-module, being isomorphic to
V ®q,.m An with V' a Banach Q,-vector space (cf. [18, Lemma 3.21]). Let S, (K) :=
ker f, and S, (Q) := coker f,; these are locally analytic representations of I'. The flatness
of A, — A implies that

K=AQf 5 Si(K) and Q=AR) . S.(0).

Passing to locally analytic vectors, we see by the projection formula (Lemma 2.1.6) and
by Lemma 2.4.3 that

RS(K) = KRR = ()RR @ 1 Su(K) = lim A ®, Sa(K) = S(K),
m

and similarly for Q, where in the last equivalence we have used the fact that the maps
Ay — Ay, are finite flat. We deduce that K and Q have no higher locally analytic vectors
and thus we have an exact sequence of locally analytic representations

0—>S(K)y—>S(W)—>SV)— S(Q) —0.
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Let us now show the last statement about I'-cohomology on V. By Corollary 2.5.2 we
know that RT'(I", V) = RT ('™, RT'(Lie I, S(V))) and so
HY (T, V)= H!(LieT, S(V))'.

Fix a basis of Lie I and consider the exact sequence

0—>K—=>V 9—V> V->0—->0

given by the Sen operator of V. Then the previous point shows that we have an exact
sequence

0= S(K) = S(V) 2L S(V) = 5(Q) — 0.
We deduce that

Hi Oy, V)R = Hi(Lie T, S(V)),

and by taking invariants,

HiOy, V) = Hi(LieT, S(V)T = HI(T, V),
proving what we wanted. u

Corollary 2.5.7. Keep the notation of Proposition 2.5.5. Suppose that Oy = 0. Then there
is an equivalence

d ,
RT(T.V) =@ V" ® /\ Liel[-i].
i=0

Moreover, for n large enough we have S,(V) = VFP” and so
V=A&, V.

Proof. The first claim of the corollary follows from Proposition 2.5.5 since the Higgs
complex of V is split.

For the second claim, by hypothesis we have 8 = 0. This means that the action of
LieT on S(V) = (V)" is zero, so that S(V) is a smooth representation of I'. Since
AT?"an — AT”" _ 4. by the (AST) axiom, by Theorem 2.4.4 (2) there is n > 0 such
that S, (V) = VT7 - =y

(]

Remark 2.5.8. The splitting of the cohomology of Corollary 2.5.7 depends on the Lie
algebra Lie I' and so on the group I'. In applications we will allow T to vary, and hence
to guarantee that the splitting is independent of I" we shall need some additional structure
(e.g. Hodge—Tate weights arising from an arithmetic Galois action).

3. Geometric Sen theory

Let Q;° be the completed cyclotomic extension of Qp, (C,C™) a perfectoid field
over Q,, and let X be an fs log smooth adic space over (C, C ) with log structure given
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by reduced normal crossing divisors. For ? € {an, ét, két, proét, prokét} we let X denote
the corresponding site over X (see [6, Example 2.3.17 and Sections 4 and 5]). We let
6§(+) denote the (bounded) complete structural sheaf over X prokét> and for ? € {an, ét, két}
we let o§(+) be the (bounded) structural sheaf on X9. We also let vx : Xprore — Xig and
nx : Xprokét —> Xan be the projections of sites; if X is clear from the context we write
v and 7 instead. Suppose that (C, C ) is the completion of an algebraic extension of a
discretely valued field with perfect residue field (K, K), and that X has a form X’ over
(K, KT), we shall write O[B%g;{’)log and OC,oq := grO(O]BdR,log) for the log de Rham and
Hodge-Tate period sheaves over X é Fokét (see [7]).

The main goal of this section is to use the abstract Sen theory formalism of Section 2
to study the Hodge—Tate cohomology of X, obtaining Theorems 1.0.4 and 1.0.5 of the
introduction. In Section 3.1 we prove that Rv} @X(l) ~Q )1( (log) where v : X6 — Xiar
is the projection of sites, following an argument of Scholze. In Section 3.2 we construct
the geometric Sen operator of X locally on toric coordinates, for which we are essentially
reduced to the Sen theory of a product of tori and discs as in Example 2.2.7 (4). Then, in
Section 3.3, we show that these local constructions of the Sen operator glue, following an
argument suggested by Lue Pan using the isomorphism R v, ) x = Q )1( (log)(—1). Finally,
in Section 3.4, we apply the previous results to study the locally analytic vectors of the
completed structural sheaf of pro-Kummer-étale torsors of p-adic Lie groups. We finish
by explaining the relation of geometric Sen theory to [7, 15, 33].

All the fibre products considered in the next sections are as fs log adic spaces in the
sense of [0, Proposition 2.3.27], in particular they might differ from the fibre products
of usual adic spaces (but both agree for trivial log structures). We shall consider almost
mathematics with respect to the ideal m¢ C C of topologically nilpotent elements of C.

3.1. Log-Kummer exact sequence

Let X be an fs log smooth adic space over (C, CT) with log structure given by nor-
mal crossing divisors. Equivalently, locally in the étale topology, X admits an étale map
towards S(Ce’d_e) = T¢& x D&~ with

Té := Spa(C(T{, ..., TFY, CHTE, ... TFY)

and
D& = Spa(C(Seq1.- .. Sa). C (St ... Sa)).

such that the log structure of X is the pullback of the log structure on Sg’d_e) defined
by Se+1:--Sg = 0. An étale map ¢ : X — S(Ce’d_e) factoring as a composite of finite
étale maps and rational localizations is called a toric chart of X (also called a frame in
the literature).

The log-Kummer exact sequence is constructed as follows.

Lemma 3.1.1. Let My be the Kummer-étale sheaf of monoids defining the log structure
of X, and let Mf(p be its group completion or group of fractions. We have a short exact
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sequence of pro-Kummer-étale sheaves over X,

7 : gp 2p
0—Zy(1) —>1<1;_n=MX - M5z — 0,

where the limit is given by multiplication by p.
Proof. Consider the usual Kummer short exact sequence

0= Zp(1) = lim0F — 0F — 0
p
where Oy is the uncompleted structural sheaf. To prove the lemma it suffices to see that
the quotient B
MY = MF /0%
isaZ [%]—module. This property can be checked at the level of geometric points X of Xig;.

If X is disjoint from the divisor D defining the log structure then ﬂipf = 0 and we are

done. Otherwise, we can assume that X has a toric chart X — S(Ce’d_e)

that

, which implies

My x = QY (3.1)

with 0 < k < d — e. Indeed, étale locally the log structure of X around x is modelled by
the monoid N* for0 <k < d — e, and (3.1) follows from [6, Construction 4.4.3]. Then
the group of fractions of My x is a Q-vector space proving the claim. ]

Proposition 3.1.2 ([25, Proposition 3.23] and [ 13, Proposition 2.25]). Let X be as before,
and let v : Xy —> Xie be the projection of sites. Let § : My — Q }( (log) be the map
of log differentials of the log structure [6, Construction 3.3.2]. Then there is a natural
isomorphism

R'v,0x(1) = Q% (log)

making the following diagram commute:

MP —— R'W.Z,(1)

Js l
Q) (log) —— R, 0x (1)

obtained by the log-Kummer-étale sequence and the log differential map §.

Remark 3.1.3. We prefer to keep the Tate twist even if C contains Qgc; when X has a
form X’ over (K, K™), the isomorphism of Proposition 3.1.2 is Galois equivariant. Later
in Section 3.4 we will show that, if X admits the form X', then

d
Rv,0x = P Qi (log)(—)[~].

i=1

i.e. the pro-Kummer-étale cohomology of 6X naturally splits thanks to the Galois action.
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Proof of Proposition 3.1.2. If X has trivial log structure this is [25, Proposition 3.23];
let us show that the same argument holds in the log smooth situation. First, the image of
the map & generates Q1 x (log) as an Ox-module, so if such an equivalence exists it must
be unique. We can then argue locally in the étale topology of X and assume it has toric
coordinates X — Sg’d_e). Then, using the approximation argument of [25, Lemma 3.24]

(which only requires that the map X — Sg’d_e) factors as a composite of finite étale maps

and rational localizations), we can assume that X — S(g d—e)

(e,d—e)
S@p

arises from base change of
an étale map X' — Sg’d_e) =Y XspQ, via a map Spa(C,C*) — Y where
Y is smooth of finite type over Q,. We endow X’ with the log structure arising from
the normal crossing divisors of Sg Aa=e) Finally, the same argument of loc. cit. holds by
using instead the log-Faltings extension of X’:

0— OX/(l) — gr O]BdR Jog. X" Q}(,(log) ® 6){/ — 0;
we leave the details to the reader. [

Corollary 3.1.4. Let f : Y — X be a map of fs log smooth adic spaces over (C,C™T)
with normal crossing divisors. The following diagram is commutative:

f*Qk(log) —=— f*R'vy.Ox(1)

| I

QL (log) —=— f*R'wy..Oy (1)
Proof. This follows from Proposition 3.1.2, the commutative diagram

fEME —2 £*QL (log)

| !

My -, Qy (log)

and the fact that the image of § generates the sheaf of differentials as vector bundles. =

We give a different construction of the isomorphism R!v, @X(l) ~Q )1( (log) sugges-
ted by the referee. We first need a lemma:

Lemma 3.1.5. Let X be an fs log adic space over (C,C%) and let V € Xprokést be an
object in the pro-Kummer-étale site of X. Let Voo — V be a pro-Kummer-étale torsor
with Galois group I, a profinite group with trivial pro- p-Sylow subgroup, and with Ve
a log affinoid perfectoid space [6, Definition 5.3.1].

Let F be a p-torsion free, p-adically complete 6+-module pro-Kummer-étale sheaf
on Xpors Which is almost acyclic on log ajﬁnozd perfectoid spaces and such that F/p
arises from the fully-faithful map Xket — Xpmkel of topoi [6, Proposition 5.1.7]. Then
there is an almost quasi-isomorphism

Rrprokél(Vv F) = FW).
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Moreover, for any ¢ > 0 one has

RFprokel(V Sr/pe) =" i}’(V)/p
Proof. Since ¥ is p-complete and p-torsion free, we have F = R l(lnn F/% p" as sheaves

in Xproxs (Where M/ L p" is the cofiber of the multiplication by p” map cofib(M LNy Y ).
Moreover, ¥/ p" = F/ p" sits in degree 0. One formally has

Rrproké[(V» 3:) =R LiLnRFprokét(V’ ff/Pn) =R LiLnRFkét(Va ?/pn)
n n

where in the last equivalence we use [6, Proposition 5.1.7]. Since Vi, is log affinoid
perfectoid, F is almost acyclic on Vi, which implies that F/ p® is almost acyclic on Voo
and (F/ p®) (Vo) =* F(Vo)/ p® for all € > 0. Namely, from the short exact sequence

0>F2 F > F/pf >0 (3.2)

we get an almost short exact sequence

0 = F(Voo) > F(Vao) = (F/p*) (Vo) — 0.
Since Vo — V is a I1-torsor, one deduces that

RFproket(V H:) ="R hmRr(H g:(Voo)/p )

n

RTye (V. F/pf) =* R (I1, F(Veo)/ p°).

Notice that the action of IT on F(V,)/ p? is smooth as F/ p® arises from the Kummer-
étale site. Now, since IT has no pro-p-Sylow subgroup, it admits a Haar measure mod-
ulo p? for all € > 0, and IT-cohomology is exact on smooth representations modulo p®.
This implies that

RTpsac(V.5/ %) =" (F/ p*)(V).

On the other hand, for m > n the map (F/p™)(V) — (F/p™)(V') is almost surjective and
one gets

RTproiet (V. F) =" R1im (F/p")(V) = lim (F/p*)(V) = F(V),

n

proving the first claim. We deduce the second claim from the almost acyclicity of F in V'
and the short exact sequence (3.2). [

Proposition 3.1.6. Let X be an fs log adic space over (C, C") and consider the short
exact sequence of pro-Kummer-étale sheaves

0— 6}((1) — B&E/Iz — 6X -0
where t is a generator of the kernel of Bé’;{ — 6X. Then the connecting map

d : Ox = v,0x — R',0x(1)
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is a C-linear continuous derivation inducing a natural map of Ox -modules
B: QL - RW,0x(1).
Moreover, the map B extends uniquely to an isomorphism
QL (log) = R'v,0x(1).

Proof. All statements are étale local on X, so we can assume without loss of generality
that X = Spa(4, A™") is affinoid and admits a chart ¥ : X — S(Ce’d_e). LetTy,.... T,

be the torus coordinates and Se+1, ..., Sg the disc coordinates of S(g ’d_e). Let Sg’fo_e)
be the pro-Kummer-étale cover over Sg =€) obtained by all n-th roots of the variables

T; and S; for all n € N. By [6, Definition 5.3.1], Sg”odofe) is a log affinoid perfectoid
space and then so is its pulback Xoo = Spa(Aec, AL) over X. Note that Xoo — X is
a pro-Kummer-étale torsor for the group Z(l)d obtained as the Tate module of roots of
unity.

Let Sg”g;e) be the pro-Kummer-étale I' = Z,(1)?-torsor over S(Ce’d_e) obtained by
taking only p-power roots of the 7; and S;, let Xp00 = Spa(A4peo, A;roo) be its pullback
to X. The map Xoo — Xpoo is a Z(P)’k(l)—torsor, where Z®) = ]—[#p 24 has trivial
pro- p-Sylow subgroups. Since O; is almost acyclic on log affinoid perfectoids (equival-
ently the topologically nilpotent elements O3 C O; are acyclic, cf. [6, Theorem 5.4.3]),
Lemma 3.1.5 implies that

RFprokél(Xpoov 3”) = ?(Xpo")

for F = Ox and B, /12,
Then, since X 00 — X is a pro-Kummer-étale I'-torsor, one has an isomorphism of
cohomologies
RFprokét(X’ F) = RT(T, ?(XPOO))

where the right-hand side is the continuous cohomology of Banach representations. By
Proposition 2.2.14 there are Sen traces R! : Apo0 — Afpoo,n arising from the normalized
traces of the product of tori and polydiscs Sg’d_e), and the triple (Apeo, T, (RL)) is a d-
dimensional Sen theory. Note that as A-semilinear I'-representations, Apcc and Apeo (1)

are trivial, so they have trivial Sen operator and by Corollary 2.5.7 we have

d .
RT(T Ape) = @ A® )\ LieD)V[-i].
i=0
In particular, H'(X, Gx(l)) is a free A-module of rank d. Let us now see that the con-
necting map
d:A— H! (X 0x(1) ~ A4

prokét

is a derivation. For this, we see lemkét(X ,Ox (1)) as isomorphic to the group cohomology

H' (T, Aoo(1)) = H' (I, A(1)) 2 A% which can be computed via 1-cocycles of T'. The
map d is constructed as follows. Let y1,...,ys € I be the standard basis obtained by
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fixing a sequence & = ({pn), of p-power roots of unity. Let a,b € A C Apoo and let
a,be B(}; /1?(Apoo) be lifts of a and b respectively. The map d sends the element a to
the 1-cocycle of I" on A given by the tuple d(a) = ((1 — y1)(@), ..., (1 — yq)(@)) € A%.
One has

(1—y:)(@h) = (1 —y;)@)yi (b) + @(1 — y;)(b) = d(a)y; (b) + ad(b) = d(a)b + ad(b)

as elements in 4, showing that d satisfies the Leibniz rule. The map d is clearly C-linear
as I' acts trivially on ]B% < (C). This proves that d is a C-linear derivation and so it induces
a natural map
B Q= Hyyu (X, 0x (1),

We now want to show that 8 induces an isomorphism ! 4 (log) = lemket(X ,Ox (1)); note

that if this isomorphism exists it must be unique since €2 }1( — Q )1( (log) is an inclusion of
A-vector bundles of the same rank and H! . (X, Ox(1)) is a vector bundle itself.

prokét
By construction, the space of log differentials of X has basis given by = dTl s dTZ" ,
dsi e_:' ey ﬁ . Thus, in order to show that 8 induces the desired 1somorphlsm it suffices

to compute the map d on the coordinates 7; and S;. For this, let [T"] € IB% r (Apoo) be the
Teichmiiller lift of the sequence of p-power roots of 7; (and similarly [S }b] for S;). Then

d(Ty) = (1= y)(ATD. ... (1 =y (TPD),
which vanishes in all but the i -th entry which is equal to the class of

l¢]

W“ ~ [eYDITF] = 11 = eI}

(1= [eDIT}] =
in A(1) = A which is nothing but 9((1 [e]l/P)[T 1) = (1 = ¢,)T; (after trivializing the
Tate twist with ¢), with 9 : ]B%dR — OX being Fontaine’s map. Similarly, one finds that
d(S;) = (1 —=¢p)S;. Therefore, if {v; }l_l is the standard basis of A%, the map B sends
dT’ to the vector (1 — {,)v; and dS; to the vector (1 — ¢,)S;v;. This implies that 8
extends uniquely to an isomorphism

Qk(log) = H! (X, 0x (1)),

prokét
proving what we wanted. u
Remark 3.1.7. One can easily show that the two isomorphisms Q}( (log) =~ Rlv*ax

of Propositions 3.1.2 and 3.1.6 are the same. For this it suffices to see that one has a
morphism of short exact sequences

0 —— Z,(1) —— l(lnp My My 0
| =
0 — Ox(1) —— Bf/12 y Ox > 0

where the middle map sends a sequence (a'/?"), in My to the Teichmiiller lift
[(ee(a'/P")),] where a : My — Ox — Oy is the monoid map of the log structure.
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3.2. The geometric Sen operator: Local computation

In this section we prove a local version of Theorems 1.0.4 and 1.0.5 depending on toric
charts. Let (C, C ") be a perfectoid field containing Q. Let X be an fs log adic space
over (C, C) with log structure arising from reduced normal crossing divisors. We define
the relevant pro-Kummer-étale sheaves that will admit decompletions via locally analytic
vectors.

Definition 3.2.1. A pro-Kummer-étale 6X -module ¥ over X is a relative locally analytic
ON Banach Ox-sheaf’ if there is a Kummer-étale cover {U; };e; of X such that

(i) for all i, the restriction J|y, admits a p-adically complete (AD;(r -lattice 3"?,

(ii) there is & > 0 (depending on i) such that F?/p® ~* ), O;,r/ps as almost O;/ps-
modules'’ for some index set J.

3.2.1. The set-up. For the rest of the section we will assume that X = Spa(4, A™) is
affinoid and has a toric chart ¥ : X — S(Ce’d_e) where Sg’d_e) = Tg X Dg_e, and that
Y factors as a composite of finite étale maps and rational localizations. We highlight that,
by definition of X, the charts v exist étale locally on X [6, Example 2.3.17]. We let T;
fori =1,...,eand Sj for j =e + 1,...,d denote the coordinates of the torus and

disc components of S(g 4=e) respectively. Let S(g ’iﬁe) be the pro-Kummer-étale torsor

over Sg’d_e) obtained by taking p-power roots of the coordinates 7; and S;, and let
Xoo = Spa(Aco, AL) beits pullback along ¥. Let ' = Zp(l)d denote the Galois group of
Xoo — X,andlet yy,.. ., y4 denote the coordinates of I" obtained after fixing & = ({pn )n,
a compatible sequence of p-power roots of unity.

Remark 3.2.2. Note that the underlying adic space of X is an affinoid perfectoid space,
but as an object in X it is not a log affinoid perfectoid space in the sense of [6,
Definition 5.3.1], namely, the sheaf of monoids of X, is not modelled on an n-divisible
monoid for n # p. However, thanks to Lemma 3.1.5 the sheaves & of Definition 3.2.1 are
acyclic on X (after passing to a Kummer-étale cover such that F has a lattice 70 as in
the definition). This yields a quasi-isomorphism

RFprokét(X7 37) = RF(F7 S:(XOO))

between the pro-Kummer-étale cohomology of J and the continuous I'-cohomology of
its X o-points, whenever J admits such a lattice F0. Furthermore, the lemma also implies
that 70(X )/ p® = et AL/ p? as T-representations. Then, after modifying the lat-
tice 79(X ) if necessary, the I'-representation F(X) is a relative locally analytic ON
Aoo-Banach representation of I' as in Definition 2.3.5. Furthermore, the natural map

5L.'()(OO) ®Aoo 6Xoo :) EF|Xo<:x

is an equivalence of I'-equivariant pro-Kummer-étale sheaves on Xo.

9The abbreviation ON comes from orthonormalizable, meaning that locally we have a Banach
basis.

10Recall that O;/pg = (5;('/p8 as (?); is the p-completion of (‘);.
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3.2.2. Local version of Theorem 1.0.4. Proposition 2.2.14 implies that the ring Ao, has
Sen traces Rf, t Ao — Aﬁ, fori = 1,...,d such that the triple (Ao, T, (RZ)n) isad-
dimensional Sen theory as in Definition 2.2.5. We deduce the following proposition:

Proposition 3.2.3. Let F be a relative locally analytic ON (ADX—module over X admitting
a lattice F° such that F°/ p® ~* P O;('/ps for some & > 0. Then there is an Oy -linear
local geometric Sen operator functorial in F (but a priori depending on the chart )

05 : F - F @0y Q(log)(—1)

such that:
(1) 05 is a Higgs field, i.e. 65 A 05 = 0.

(2) Higgs cohomology computes pro-Kummer-étale cohomology: if v . Xproxe —> X and
1 Xprokét —> Xan are the projections of sites, then

RviF = v H' (05,F) and R'1F = nH' (05, F)
where H' (0, F) is the cohomology of the Higgs complex
0= F = FQoy Qk(og)(—=1) = - = F ®p, Q%(log)(—d) — 0.

(3) Suppose that 05 = 0. Then there are natural equivalences

d
Rv, T =~ @ VxT Qoy Qﬁg(log)(—i)[—ilv
i=0
d .
i=0

depending on the toric chart . Moreover, v+ F is an ON Ox -Banach sheaf locally in
the finite-Kummer-étale site of X, and we have

9'. = 6)( ®Ox v*?.

Conversely, if G is a locally ON Banach Ox-module in the Kummer-étale topology,
then the geometric Sen operator of Ox ®¢ « G vanishes.

We write Seng : Q3 (log)V (1) ®0y F — F for the adjoint of 5.
Proof. By Remark 3.2.2 the sheaf F is acyclic on X, and F(Xo) is a relative loc-
ally analytic ON Aoo-Banach representation of I'. Since (Aoo, I') admits Sen traces R,

and (Ao, I, (R%),) is a Sen theory by Proposition 2.2.14, we have an As-linear I'-
equivariant Sen operator

05 : T(Xoo) = T(Xoo) ® (LieT)Y. (3.3)
By Proposition 2.5.7 we can identify (depending on the chart )

Hl

prokét

(X,0x) = A ®q, (LieT)".



J. E. Rodriguez Camargo 3430

From Propositions 3.1.2 or 3.1.6 we can also naturally identify (independently of the
chart )

lerokét(X’ Ox (1)) = 2} (log).

Combining these two isomorphisms the map (3.3) becomes
07 : F(Xoo) = F(Xoo) ®a 2 (log)(—1).

Taking the completed base change to 6Xoo and keeping track of the I'-equivariance we
have constructed an Ox -linear map of pro-Kummer-étale sheaves on Xp,ox4

b5 : F — F(Xoo) ®4 Q) (log)(—1).

The map 65 is clearly functorial in F (though a priori it depends on ) being construc-
ted by taking the derivation of Lie I" on the locally analytic vectors of F(X ). From the
construction it is also clear that 0 is a Higgs field, proving (1). The comparison between
invariants of Higgs cohomology and pro-étale cohomology is a consequence of Propos-
ition 2.5.5; this gives (2). The cohomology computation of (3) follows from Proposition
2.5.7, and similarly for the statements about v.J being ON Ox-Banach module locally
finite Kummer-étale and ®X ®o v T =T [

3.2.3. Local version of Theorem 1.0.5. Next, we construct the geometric Sen operator
for a pro-Kummer-étale torsor with Galois group given by a p-adic Lie group. We let G
denote a compact p-adic Lie group and let X > Xbea pro-Kummer-étale torsor over X
with Galois group G.

Proposition 3.2.4. Let V be a locally analytic Banach representation of G, and let Vi be
the pro-Kummer-étale sheaf over X constructed by V via the G-torsor X — X. Then there
is a geometric Sen operator for the torsor X — X (a priori depending on the chart V)

0z : Ox ®q, (Lie G)Y, — Ox ®oy 2k (log)(—1), (3.4)
or dually a map
Seng : Q (log)¥ (1) ®o, Ox — (Lie G)e ®q, Ox.

where Lie G is endowed with the adjoint action of G, and such that we have a commutative
diagram of pro-Kummer-étale sheaves

. ~ dy ®id6X R ~ . v
Ve ®g, Ox — (Vi ®q, Ox) ®q,, (Lie G)kél

m lidy ®b5

(Vie ®0, Ox) ®oy QL (log)(—1)

suchthatdy 1V —V Qq, (LieG)" is induced by the derivation, and Oy is the geometric
Sen operator of Vi @)QP Ox of Proposition 3.2.3.
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Proof. First, we highlight that by Lemma 2.1.5, Vig ®q » Oy is a relative locally analytic
ON 6X-sheaf on X,g, and so by Proposition 3.2.3 it admits a geometric Sen oper-
ator Oy . We want to show that 6y actually only depends on a universal map as in (3.4).
Let W = CH(G,Q p)x, be the space of A-analytic functions of G (for a fixed local chart
Go = Zk and radius of analyticity p~"*) endowed with the right regular action of G. Let
Xoo = X xx Xoo be the pullback in the pro-Kummer-étale site of X with ring of func-
tions Aeo. The map Xoo > X isa pro-Kummer-étale G x I'-torsor.

By construction, the action of the Sen operators of Lie I" on the algebra W ®q » Ao is
by left G-invariant Auo-linear derivations. Indeed, set F = Wi ®Q » 6X. The sheaf J is
an 6X—algebra, so its evaluation at X is an Aso-algebra. By construction, the Sen oper-
ators are given by the derivations of Lie I" on the locally analytic vectors S(F (X)) =
F(Xoo)T™. Since F(Xoo)T ™ is an algebra, this action by derivations satisfies the Leib-
niz rule. In addition, Lie I" acts A&la = Agsm-linearly on F(Xoo)T ™. Since F is nothing
other than the base change of S(F (X)) from Agjm to Oy, one deduces that Lie I acts
on J by 6X linear derivations. Furthermore, the action of Lie I' is G-equivariant for the
left regular action on F, hence the Sen operators act by left G-invariant derivations.

The previous shows that the action of Lie I' on W ®Q Ao must factor through an
Aoo-linear G x T'- -equivariant map

Seng : LieI' ®q, Ao — Lie G ®q, Ao

where Lie G acts on W via right derivations (i.e. left G-invariant derivations). Dually, we
have a map

0z : Ao ®q, (Lie G)Y — As ®q, (LieD)Y = Ay ®4 2} (log)(—1).
In particular, we have a G x I'-equivariant commutative diagram

~ d i .
W R, Ao 25 W 80, Ao ®g, (LicG)

QV\) lidy ®9X~

W &g, Aco ®4 Q) (log)(—1)

Taking base change to ) o and keeping track of G x I'-equivariance, we have a map of
pro-Kummer-€étale sheaves over X as in (3.4) which is compatible with the geometric
Sen operator of W. Let now V be a general Banach locally analytic representation of G.
Then by using the orbit map we get a G-equivariant inclusion

Oy :V — Ch(G,Qp)*z ®Qp Vo

for some 4 > 0 where V} has the trivial action of G. Passing to pro-Kummer-étale sheaves
and since the formation of 6y is functorial in V', we deduce that 9); also computes the
geometric Sen operator of V', finishing the proof of the proposition. ]
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Remark 3.2.5. Proposition 3.2.4 shows that in order to compute the geometric Sen oper-
ator of a torsor it suffices to compute the geometric Sen operator of a faithful representa-
tion of Lie G.

A direct consequence of the previous proposition is the vanishing of the action of the
geometric Sen operators at infinite level. Let A = Ox (X) be the algebra of completed
functions on X.

Corollary 3.2.6. LetV = C'%(G, Q)+, be the left regular locally analytic representation
of G and let Vig be the pro-Kummer-étale sheaf over X obtained from V via the G -torsor
X — X. The following hold:

(1) HO . (X, Vi ®q, Ox) = AC™,

prokét

(2) Consider the action of AGa ®q, Lie G on AS2 obtained by the AS4_Jinear exten-
sion of the derivation action of Lie G. Then the restriction of this action to the
geometric Sen operators

Senyg : AG @, Q}l(log)(—l) — AG ®q, Lie G
vanishes.
Proof. For the first claim note that

HO (X, Vkét ®(@p 6X) — HO(G, C]a(G,Qp) ®Q[) A’) — A~G—la.

prokét
For the second statement, by Proposition 3.2.3 we have
H[?rokét(X’ Vkét ®Qp OX) = H;?rokét(Xv (Vkét ®Q,, OX)OV =0)
= H%(G.(C™(G,Q,) &q, A)?+1=0).
In other words, if Orb : 4612 — C(G, Qp) ®q, AG1 denotes the orbit map a —
(g +> ga), it factors through the subspace (C'*(G,Q,) ®q, A°)?*1=0 where Oy
acts by zero via AGlinear left derivations.

LetgeGand f: G — AGay locally analytic function. Let us write x5 for the right
regular action. We have

(g*x1 /) = f(g71) = (g7 %2 H(D).
This implies that for X € AGa ®q,, Lie G and f as before,
(X *1 f)(1) = =(X »2 f)(1).

On the other hand, a retract of the orbit map Orb is given by evaluation at 1, and
additionally the orbit map is G-equivariant for the right regular action on the locally
analytic functions. Thus, for X € Im(Seng) C AGa ®q, LieG anda € A2 we get

X -a = (X x, Orb(a))(1) = —(X %1 Orb(a))(1) =0,

proving the vanishing of the Sen operators on AG1 a5 desired. ]
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3.2.4. Vanishing of higher locally analytic vectors. As a first application of Proposi-
tion 3.2.4 let us prove local vanishing of higher locally analytic vectors at infinite level.
Lety : X — S(g’d—e) be as before. Let G be a compact p-adic Lie group and let X—>X
be a pro-Kummer-étale G-torsor. Let us write X = Spa(A4, A1) and let A= @X ()’(~ ) be
the completed functions on X.

Proposition 3.2.7. Suppose that the geometric Sen operator
05 : Ox ®q, (Lie G)Y, — Ox ®oy 2k (og)(—1)

is surjective. Let V = C(G, Qp)«, be the space of locally analytic functions of G
endowed with the left regular action, and let Vig be the pro-Kummer-étale sheaf over
X attached to V via the G-torsor X — X. Then the natural map

A% 2 RTpga(X. Vi ®q, Ox)
is a quasi-isomorphism. In particular, the right-hand side is concentrated in degree 0.

Proof. By Corollary 3.2.6 we know that H[?rokél(X Vi ®0 » ("jx) = AG1 Therefore, it
suffices to prove the vanishing of higher cohomology groups.
Write V = H_r)nh V, with V;, = Ch(G, Qp) the spaces of h-analytic functions for

h — oo. Since X is qcgs, we have

Rrpmkét(Xv Vkét ®Qp OX) = 11_1’)1’1 RFprokét(X7 Vh,két ®Qp OX)
h
By Proposition 3.2.4, the Sen operator of V}, arises from the left derivation of Lie G and
the dual of the map 6. On the other hand, by Proposition 3.2.3 (2) we have
H o (X, Vi g, Ox) = H) (X, H' (B, Vi, ®g, Ox)).

prokét

Therefore, in order to prove the vanishing of higher cohomology groups it suffices to show
that
H'(by.V &q, Ox) := lim H' (0y,. V4 ®q, Ox) = 0 (3.5)
h
fori > 1.

The vanishing will follow essentially from the Poincaré-Birkhoff—Witt theorem by
using a complementary basis of the image of the Sen operators in Lie G to construct
local coordinates of the group G. To make this idea precise, it is more convenient to take
colimits along compact-open subgroups Go C G. For Gy C G normal compact-open let
X6, — X be the finite Kummer-étale extension obtained by the quotient X /Gy in the
pro-Kummer-étale site. One has

C"(G.Qp) = Indg (C*(Go.Qp)).

and by Shapiro’s lemma we have

RT e (X, (C™(G, Qp))ei0@, Ox) = RT o (XG4 (C™(Go, Qp))iaiOa, Ox).
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Therefore, in order to show that (3.5) vanishes it will suffice to work locally on G, and

even to work as Gy — 1. We fix a basis Xy, ..., X, of the Lie algebra Lie G and for

h > 0 we let Gh be the Stein analytic group induced by the exponentlal of the ba51s
pPhEL,....p Zf Then (Gh is isomorphic to the open polydisc ]D)g (p_h) of radius p~"

and dimension g. Given & > 0 we let Gj, = Gh (Qp); it is an open compact subgroup
of G. We can write the space of locally analytic functions as the colimit

C™(G,Qp) = lim Ind§, O(G)).

h—o0

Therefore, to prove the vanishing of (3.5) it suffices to show that

lim H(Xg,. H' (6y. 0(Gh)a ®q, Ox)) =0,
h

where O(@h)ké[ is the pro-Kummer-étale sheaf over X¢, associated to O(@h). Let us take
an arbitrary map U = Spa(R, RT) — X with U log affinoid perfectoid. It suffices to see
that .
lim H' (6, 0(G) &g, R) = 0.
h
By hypothesis, we have a direct sum decomposition

Lie G ®q, R = Qy(log)(1) ®4 R & W.

Fix R°-lattices W® C W and £ C Q}(log)(1) ®4 R. For r > 0 the R°-lattice
p"WO @ p"L of Lie G ®q , R is stable under the Lie bracket and it gives rise to Stein
analytic groups }ﬁlr over Spa(R, R™). Given & there is some r such that p" W% @ p"C
contains the lattice RO p"%, @& --- ® ROp"% ¢ and conversely. We deduce that

%gnO(Gh) ®q, R =lim O(H,) (3.6)
r

as modules over the R-linear Lie algebra R ® Lie G. Finally, we can write

O(L,) = O(exp(p7£)) &r Olexp(prWO))

as modules over the Lie algebra R ®q,, Lie I' (acting by left derivations on the left term),
where the exponentials of the lattices are simply given by open polydiscs over Spa(R, R™)
after picking a basis. Finally, the action of the image of the Sen operators in Lie I' is

induced by the left regular action, and so it only acts on the term O(exp(;ﬂﬁ)) of the
tensor product. Since Lie I' is abelian, this action is induced by the linear action of p" L
on the adic space, and by picking coordinates the cohomology

RT (Lie T, O(exp(p” £)))
is identified with the de Rham cohomology of O(exp(;ﬂ £)). One has

RT(Lie T, O(exp(pTL£))) = R
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by the Poincaré lemma for open polydiscs [31, Lemma 26]. We deduce that
RT (0y, O(H,)) = O(exp(p” W?))

is concentrated in degree 0. This implies that the 6y -cohomology of (3.6) is in degree 0
and therefore (3.5) holds. This finishes the proof of the proposition. ]

Remark 3.2.8. Let G be a compact p-adic Lie group and let X > Xbea pro-Kummer-
étale G-torsor. Let X, 00 = X be the I'-torsor that arises from the coordinates. Then the
G x T-torsor Xoo = X Xy Xoo — X satisfies the hypothesis of Proposition 3.2.7.

3.3. The geometric Sen operator: Globalization

In Propositions 3.2.3 and 3.2.4 we proved local versions of Theorems 1.0.4 and 1.0.5
respectively. In order to obtain the global version we need to show that the Sen operators
glue in toric charts ¥ according to Q} y (log).

3.3.1. Key case. Let X and Y be affinoid fs log smooth adic spaces over (C, CT), and
suppose we have two toric charts Yy : X — S(Ce’d_e) and Yy : Y — S(Cg’h_g). Let Xoo
and Yo be the pro-Kummer-étale torsors over X and Y obtained by taking p-power
roots of the coordinates of the charts, and let I'y and I'y denote the Galois groups of
Xoo — X and Yo, — Y respectively. Let f : ¥ — X be amorphism over (C,C ™), and let
f*Xoo =Y xx Xoo, seen as an object in X ,o1s- The following is a direct generalization
of [17, Lemma 3.4.3]; we thank Lue Pan for the simplifications of a previous proof.

Proposition 3.3.1. Let vx : X — X and vy @ Yprokee — Yiee be the projections of
sites. We have a commutative diagram of Oy -linear pro-Kummer-étale sheaves over Y,

~ 0 = ~
(LieTx)" ®q, Oy ——225 QL (log)(~1) ®v, Oy

f*Q5 (log)(—1) ®oy, Oy

where the upper horizontal map is the Sen operator of the I'x-torsor [*Xoo — Y of
Proposition 3.2.4, the diagonal map is the pullback of differentials, and the left vertical
map is the composite

B A .
Qy(=1) = R'vy .Ox = (LieTx)" ®q, Ox

with the first map being the natural isomorphism of Propositions 3.1.2 and 3.1.6, and the
second map obtained from Corollary 2.5.7 by computing R'vx «Ox as Tx-cohomology.

Proof. 1t suffices to compute the geometric Sen operators over Y for a faithful repres-
entation of I'y. Let I/ be the unique unipotent algebraic representation of I'y fitting in a
short exact sequence

0—> Qpe -V — (LieTx)" — 0 3.7)
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such that

o the action of Lie I'y is trivial on the left and right terms of (3.7),
e if Y)Y € (LieTx)" and X € Lie 'y, then for any lift %)Y € V of %) we have X - )V =
VY(X) -e.

Itis clear that V' is a faithful representation of I'y . Let Vy y¢ be the pro-Kummer-étale
sheaf over Y that arises from V via the 'y -torsor f* X, — Y, and let

Senyy : (R4 (102)V (1) ®o, Oy ®, Vrxa = Vi ®q, Oy

A~

be the local Sen operator of Vig ®q, Oy of Proposition 3.2.3. Similarly, we let Vx4 be
the pro-Kummer-étale sheaf over X associated to V' via the ['y-torsor X, — X. We also
have a geometric Sen operator over X,

Seny.x : (24 (102))" (1) ®oy Ox ®q, Vi = Vi ®0, Ox.

Note that f™*Vx prokée = Vy,prokér @s pro-Kummer-étale sheaves. We want to show that the
following diagram is commutative:

(2} (102)¥ (1) ®oy Oy ®0, Vyia

| \ (3.8)

£*( Q5 109)¥ (1) ®0y Oy ®0, Vysa —age Vrsa ®g, Oy

where fy : (R} (log))Y — f*(22% (log))" is dual to the pullback map of log differentials.

For this we need to do a computation. Write X = Spa(4, A1) and Y = Spa(B, B*)
as affinoid spaces. Let Xoo = Spa(Aeo, AL) and Yoo = Spa(Bso, BY) be the perfectoid
torsors arising from the coordinates of X and Y respectively, and write f*Xoo Xx Yoo
= Spa(Boo,00> B;,oo) for the 'y x 'y -torsor over Y. We have maps of rings

B > Boo > Boo,oo

T 7

A— A

By Remark 3.2.8 we find that B;‘;‘,Eg“”)‘l"‘ = ng;”‘a sits in degree 0. By Lemma
3.1.5 we can compute

H. (Y.0y) = H'(Tx x Ty, Boo.oo)-

prokét

By Theorem 2.1.2 (4) and the vanishing of higher locally analytic vectors of Boo 0o We
have
H'(Tx x Ty, Boo,co) = H'(Lie Ty x Lie 'y, BRXZ ¥ 1)fx =Ty

The map B induces an isomorphism

Qp(log)(—1) = H

proét

(Y,0y) = H'(LieTy x Lie Iy, BLxFrisDexIy - (39
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Let (Vi,X)f:l and ()/j,y);l=1 be the standard bases of the groups I'y = Zp(l)d and
I'y = Zp(l)h obtained after fixing a compatible sequence & = ({,»), of p-power roots
of unity. Let (log y;,x) and (log y;,y) be the corresponding bases of the Lie algebras.

By Corollary 3.1.4 we have a commutative diagram

Qp(log)(—1) 2 H! (v, 0y) — H'(Ty.B) = (LieTy)" ®, B

f*T f*T AT

Ql(log)(—1) —2 H1 (v.0y) —— H(Iy. A) = (Lie Tx)" ®g, A

proét
where we have identified group cohomology with Lie algebra cohomology of the trivial
representation, and where A = (a;,;) is the induced matrix from the basis ((log y;,x)");
to ((log yj,¥)");-

Thanks to (3.9), and the interpretation of Lie algebra cohomology as cocycles, we can

find locally analytic functions (z; )?=1 in B{o{;”‘“‘ such that
logy; x - zk =0k and logyry - zk = —ak,. (3.10)

Indeed, the 1-cocycle (log yk,x)¥ — >_; ak,j(log yj,y)" in the Koszul complex of
BIx>xTy-la for Lie Ty x Lie I'y is cohomologically trivial and so there exists an element
7 € BIx>Ty-la guch that

> (ogyix - zi)(logyix)¥ + Y (logyjy - zi)(log yjy)”

: J
= (logyk.x)¥ — Y ak.j(logy;y)".
J

which yields (3.10).

Consider a Q,-vector space splitting V = Qe @ (Lie I'y)" and write (log y;,x)" for
the lift of (log y;,x)". Using the elements vg, and after shrinking 'y and T'y if necessary
for them to act analytically on the z, we find a I'y x I'y-equivariant isomorphism

h

(V 80, Boo,0o) 2= Boo,co¢ & EP) vk Boo,oo
k=1

such that vy = (log vk, x)" — zk - e has a trivial action of I'y. Taking invariants under 'y
we get

h
(V ®q, Boo,oo)™ = Bose & D) vi Boo
k=1
as Boo-semilinear ['y-representations. The basis (e, vy, ..., vy) is I'y-locally analytic,

e is already 'y -invariant, and the other vectors satisfy

(logyjy) - vk = —((logy;y) - zx)e = ag je.

This shows the commutativity of (3.8), proving the proposition. ]
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Theorem 3.3.2. Let F be a relative locally analytic ON Banach (AOX -sheaf over X. Then
the local geometric Sen operators of Proposition 3.2.3 glue to an Ox-linear global geo-
metric Sen operator

05 : F — F R0y Qx(log)(—1).
Furthermore, the following properties hold:

(1) The formation of O is functorial in F and 05 A 05 = 0.

(2) Letv: Xprons — Xie be the projection from the pro-Kummer-étale site to the Kummer-
étale site. Then there is a natural equivalence

R'v,F = v H (05, 9),

where H' (0, F) is the cohomology of the Higgs complex

052, T ®oy 2y(0g)(—1) = -+ = F R0, Q% (log)(—d) — 0.

(3) Suppose that 85 = 0. Then v F is locally in the Kummer-étale topology of X an
ON Oy -Banach module and F = Oy ®Ox v« F. Conversely, for any locally ON Oy -
Banach module G the pullback Ox ® oy G has trivial Sen operator.

(4) If X has a form X' over a discretely valued field with perfect residue field (K, KT)
and ¥F is defined over X', then 05 is Galois equivariant. In particular, we recover the
natural splitting

d
Rv,0x = (P Qi (log) (=) [i].
i=0
(5) Let Y be another fs log smooth adic space over (C,C™V), andlet f : Y — X be a
morphism. Then there is a commutative diagram of geometric Sen operators

7 L 5 8,, QL Gog)(-1)

lid@f*
f*F ®oy Qy (log)(—1)

9/‘*3

Proof. The gluing of the local Sen operators of Proposition 3.2.3 follows from Proposi-
tion 3.3.1. Indeed, we can suppose that X is affinoid and has two charts ¥y, ¥ : X —
Sg A4=e) (these exist by definition of X having log structure arising from reduced normal
crossing divisors; see [6, Example 2.3.17]). Let X0 and Xy o be the pro-Kummer-
étale I'-torsors obtained from the perfectoid toric charts v; and ¥, respectively, and let
Xoo,00 = Xo00,0 Xx X0,00- Let us write I'y and I'; for the Galois groups of X 0 and Xg o0
respectively. Then, by Proposition 2.2.14 and Theorem 2.4.4 there is n >> 0 such that we
have a 'y x I';-equivariant isomorphism

6X (Xoo,oo) ®OX(X<>0,0)I)”F1 ?(XOO,O)p”Fl-an

= ?(Xoo,oo) = GX(Xoo,oo) ®@X(XO.OO)/)”T2 ?(Xo,oo)pnrz_an~
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Therefore, by Proposition 3.2.4, the action of the Sen operators
LieT) ®g, Ox = (2 (log)” (1) ®o, Ox

on J via the chart ¥; can be computed either as the extension of the scalars via the natural
derivations on F(X, oo,o)Pnrl'a“, or as the extension of the scalars of the action of Lie I'y
on F(Xo,00)?" 22" by precomposing with the Sen map

Sen : (Lie ') ®q, ®X — (LieI2) ®q, 6X o~ (Q}((log))v(l) Qoy (ADX.

These two actions agree thanks to Proposition 3.3.1.

Now, part (1) follows from the gluing and the functoriality of Proposition 3.2.3. Parts
(2) and (3) are consequences of parts (2) and (3) of loc. cit. respectively. For part (4),
note that the Galois action of Galg on the Lie algebra Lie I' induced by some local toric
coordinate ¥ : X — S(é’d—e) is given by the cyclotomic character y. Finally, part (5)
follows from Proposition 3.3.1 by using an analogous argument to the one at the beginning
of the proof. ]

Under further assumptions on the space X and the sheaf F we can even compute the
projection to the analytic site:

Corollary 3.3.3. Let n: Xproree — Xan be the projection of sites. Suppose that I admits a
lattice F* such that F+ | p® ~* P, O;/psfor some & > 0 and some index set I, and X
admits toric charts locally in the analytic topology. Then there are natural isomorphisms

Ri’l*ffr: n*Hi(QCr,&’),
Proof. This follows from Theorems 2.4.4, 3.3.2 and Corollary 2.5.7 by applying Sen
theory to toric coordinates arising locally in the analytic topology of X . ]
3.3.2. Gluing for general G. We have made all the preparations to prove Theorem 1.0.5.

Theorem 3.3.4. Let X be an fs log smooth adic space over Spa(C, C ™) with log structure
given by normal crossing divisors. Let G a p-adic Lie group and X—>Xa pro-Kummer-
étale G-torsor. Then the geometric Sen operators of Proposition 3.2.4 given by local
charts of X glue to a morphism of ) x -vector bundles over X ok

0z : Ox ®q, (Lie G)Y, — Ox (1) ®o, Q(log),

such that 0 N 05 = 0. In particular, for any locally analytic Banach representation V
of G, we have a commutative diagram

~ ~ dy®idg = A : v
Vi ®Qp Ox —— (Mt ®Qp Ox) ®Qp (Lie G)két

9‘/\} J(idv@@j(‘

(Vier ®q, Ox(—1)) ®oy QL (log)
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suchthatdy :V —V ® (Lie G)V is induced by derivations, and Oy is the geometric Sen
operator of Vig ®Qp Ox.

Moreover, let H — G be a morphism of p-adic Lie groups, let Y an fs log smooth adic
space over (C,C™) and let Y — Y’ be an H -torsor: Suppose we are given a commutative
diagram compatible with the group actions

(3.11)

~ <
D >y

—_—
f
—
Then the following square is commutative:

. A frOg -
f*(LieG)Y, ®q, Oy —= f*QL(log) ®v, Oy (1)

l l (3.12)

9
(Lie H)ket ®g, OY —r Q! y(og) ®o, OY( 1)

Proof. We first construct the geometric Sen operator 6 ¢ for the G-torsor X > X.LetV
be a locally analytic representation of G on a Banach space, and consider the inclusion of
the orbit map

V =V &g, C*(G.Qp)u,.
where G acts via the right regular action on the right-hand side. By writing C'*(G,Q,) =
lim Cc"(G,Q p) as the colimit of /-analytic functions on G (for some fixed local coordin-

ates) we can just assume without loss of generahty that V Cc"G.Q )+, endowed with
the r1ght regular action. Let F = C"(G,Q p) %o Két ®@ » (‘)X be the relative locally analytic
ON OX Banach module over X defined by V,andlet 05 : J — F ®o, X(log)( 1) be
the geometric Sen operator on J of Theorem 3.3.2. Consider the adjoint map

Seny : Qy" (log)(1) ®oy F — F.

By Proposition 3.2.4, locally in the Kummer-étale topology of X, Seng acts by 0) x -linear
derivations on J that are in addition left G-equivariant. Then the local maps of Proposition
3.2.4 glue to an Ox-linear morphism

Seng : 2y (10g) ®oy Ox(1) = (Lie G)g ®q, Ox,
or equivalently, by taking adjoints, to a map
0z : (Lie G)Y, ®qg, Ox — Q% (log) ®oy Ox(—1)

satisfying the conclusion of the theorem.
Next, we prove functoriality for the commutative square (3.11). Consider the space
C"(G,Qp) = li_r)nh Cc (G, Qp) of locally analytic functions of G, written as the colimit

of h-analytic functions. By restriction, we can also see C*(G,Q p) as an H -representation
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via the map H — G. Let
F = C"G,Qp)ur e B, Ox
be the pro-Kummer-étale sheaf over X associated to C*(G, Qp). The sheaf f*JF over
Y is also the Oy-extension of scalars of the pro-Kummer-étale sheaf associated to the
H -representation C"(G, Q )| . Let 05 and 074 be the geometric Sen operators on J
and f*J respectively. By Theorem 3.3.2 (5) we have a commutative diagram
* f*os * *01
SFF — [TF Qoy [Ty (log)(—1)
lid f*
[*T ®oy Qy(log)(—1)

9/*:;

The action of f*6s and 65 is also given by left G-invariant (?)y—linear derivations. This
implies that they must arise from the Lie algebra action of Lie G on the square (3.12),
proving that it commutes. This finishes the proof of the theorem. ]

The Sen morphism should encode the directions of perfectoidness of X. We have
the following conjecture, which is a generalization of a theorem of Sen saying that a p-
adic Galois representation of a p-adic field has vanishing Sen operator if and only if it is
potentially unramified [10, Corollary 3.32].

Conjecture 3.3.5. Let X be an fs log smooth adic space over (C, CT) with normal

crossing divisors, let G be a compact p-adic Lie group and X — X a pro-Kummer-

étale G-torsor. Then the geometric Sen operator 05 : Ox ®6 (Lie G)l‘(/, — Ox ®oy
p et

Q}l( (log)V (—1) is surjective if and only if Xisa perfectoid space.

Remark 3.3.6. In [20], we show that the pro(-Kummer-)étale torsors defining the infinite
level Shimura varieties satisfy the hypothesis of Conjecture 3.3.5. The proof of this fact
never uses the perfectoidness of the Shimura variety, only the p-adic Riemann—Hilbert
correspondence of [7]. Moreover, in [20] we use the explicit construction of the geometric
Sen operators for Shimura varieties to prove the vanishing part of the rational Calegari—
Emerton conjectures [4].

Remark 3.3.7. In his original work [28,29], Sen shows that an algebraic extension K
of Q, with Galois group a p-adic Lie group G is deeply ramified (equivalently, its com-
pletion is perfectoid) if and only if the Sen operator seen as an object 6 € Lie G ®q,, K
is non-zero. Recently in [12], He proved that Conjecture 3.3.5 holds for residue fields of
rigid varieties. This pointwise perfectoidness criterion is sufficient for proving the vanish-
ing of the Calegari—-Emerton conjectures integrally.

3.4. Locally analytic vectors of pro-Kummer-étale towers

We keep the previous notations, i.e. (C, CT) is a perfectoid field containing Q,°, X is
an fs log smooth adic space over (C, CT) with log structure given by normal crossing
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divisors, G a compact p-adic Lie group, and Xa pro-Kummer-étale G-torsor over X. In
this last section we apply Theorem 3.3.2 to study the locally analytic vectors of 0 5 for
the action of G. We also extend the cohomology computations of the theorem to log adic
spaces arising from the boundary of X.

3.4.1. Pro-Kummer-étale cohomology of the boundary. Let X and X — X be as before.
Let D C X be the boundary divisor. By definition, étale locally on X, D can be written as
a disjoint union of irreducible components, D = | J ac1 Da, where the finite intersections
of the D,’s are smooth (cf. [6, Examples 2.3.17 and 2.3.18]). For the rest of the section
we work with a boundary divisor D decomposed as D = | J,¢; Da as before. Given a
finite subset J C I we set Dy = (),c; Da endowed with the log structure pulled back
from X and write ty : Dy C X for the inclusion map. We denote by (‘)(+) the sheaf
Ly, *O ) over Xprokét-

In thls section we write Oy y¢ and Oy, for the structural sheaves on the Kummer-
¢tale site and the analytic site respectively. We also denote by Op, v and Op, an the
sheaves defined by the boundary divisor D .

We start with a partial extension of Theorem 3.3.2 to the boundary.

Proposition 3.4.1. Let F be a relative locally analytic ) x -module over X e and let O
F—=> T Roy Q)l( (log)(—1) be the geometric Sen operator of F. Let vy : Xpronse — Xy be
the projection of sites, and let J C I be a finite subset. Then there is a natural isomorphism

RivtyothT = vi(H (05, 13 ). (3.13)

Moreover, let n : Xprokee — Xan be the projection of sites and suppose that I has a lat-
tice It such that I+ /p¢ =* @, O}'/ps as Kummer-étale O;/ps-modules for some
&> 0. Then

R nuty 3T = nu(H (05, 1:55)). (3.14)

Proof. All the statements are local on X for the Kummer-étale or analytic topology, so
we can assume that we have a toric chart ¥ : X — S(Ce’d_e), and take D = Dy to be
the vanishing locus of Se4; = -+ = Sz = 0. We also write t : D — X for the inclusion
map. We can also assume that F admits an almost (?);g-lattice F* as in Definition 3.2.1.
In particular, notice that

L*L*(3r+/pa) ~vde @ Oz/pe
1

Let Xoo be the I' = Z p(l)d-torsor over X obtained via ¥ by taking p-power roots
of the coordinates 7; and S;, set Doo = Xoo Xx D. Let Aoy = Ox(Xoo) be the sheaf
of functions of X and AOo D = (‘_)D(Doo) By Example 2.2.7(5), the boundary of

sled=e) — Spa(C(T"oo S"oo) CJF(T”oo S” )) admits Sen traces for the action
of I', and by Proposition 2. 2 14 these Sen traces extend to a d-dimensional Sen theory
(Ap.c0, T, (Ril)n,i) to the boundary of X

By Lemma 3.1.5 applied to t4t*F, we have

RT (Xoo, txt*F) = F(Doo).
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The condition on It/ p® together with the derived Nakayama lemma yields
sL
F(Doo) = AD,oo ®Aoo F(Xoo)

as I'-equivariant A,o-modules.

The Sen operators on F(Dy) are constructed from the action of Lie I' on its locally
analytic vectors. By the projection formula for locally analytic vectors of Lemma 2.1.6
we get

F(Doo) ™ = (Ap o B, F(Xoo)™™

= (4D, @j&m F(Xoo) )

1 sl la
= AEI ®Agg,"‘ G:(XOO)FI .

,00
where in the second equivalence we have used Theorem 2.4.4 to decomplete F(X ) via
locally analytic vectors.

This shows that the geometric Sen operators on ¢t *JF are just the base change along
6X — 60 of the geometric Sen operators on F. Since (Ap,co, I, (R;)n,i) is a Sen theory
satisfying (AST), formulas (3.13) and (3.13) follow from Proposition 2.5.5 as the left-
hand sides are computed via I"-group cohomology. ]

3.4.2. Locally analytic vectors of @x. Let (C,C™*) be a perfectoid field containing Qy°,
X an fs log smooth adic space over (C, C ") with normal crossing divisors, and X — X
a pro-Kummer-étale torsor for a compact p-adic Lie group G. For an open subgroup
Go C G we let Xg, be the finite Kummer-étale extension over X given by the quo-
tient X /Go in Xprors- The space X has an underlying topological space given by | X | =
l(ir_nGocG | XG, |, where | Xg,,| is the underlying adic~space of Xg,. The analytic site of X
is the site of disjoint unions of open subspaces of | X|.

Definition 3.4.2. Let O 5 be the restriction of the completed structural sheaf of X4 to
the analytic site of X. We let Ol)'% C O be the presheaf mapping a qcqs open subspace

U C X to the ind-Banach space
0%(0) := 0x(0)%0™
of G-locally analytic sections of 65(-((7), where G is the stabilizer of U.

Lemma 3.4.3. The presheaf O?{Jla is a sheaf for the analytic topology of X.

Proof. Note ~that for any gcqs open subEpace U c X, the ring 0) }?((7 ) is a Q,-Banach
space. Let {V;}7_, be an open cover of U by qcgs open subspaces. We have a short exact
sequence R R R
0— 0g(@) =[]0V = [[0x(Vi n V). (3.15)
i i,j
Let Go C G be an open compact subgroup stabilizing all the V;’s. Then G stabilizes U
and the intersections 17, N 17]-, and (3.15) is a Gg-equivariant exact sequence of Banach
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spaces. Then, tensoring with C'*(Go, Q,)«, and taking Go-invariant vectors we get an
exact sequence

0 — 0%(0) — [T0% (V) — [Tos (i n 7)),
i i,j
proving what we wanted. ]

The following definition is useful to construct sheaves over X.

Definition 3.4.4. Let Go C G be an open compact subgroup, denote by 16, : X, prokét —
XG,,an the projection of sites. Let I := (Fg,)G,cc be a compatible sequence of pro-

. . . G/
Kummer-étale sheaves on Xg, in the sense that if G; C Go we have a map ng :

G// G/ G//
" / 0 [ J— 0
F6, |X66 — ?G(r), and for Gy C G C Go we have 1//66 °oVg, = Vg, - We define

R”Ioo,*ff = 1(1}_1)11 RnGo,*?Go
0

seen as a sheaf over |f |.

Let D C X be the boundary divisor and suppose that D = | J;; D;, a disjoint union
of irreducible divisors with smooth finite intersections. Given a finite subset J C [as we
let Dy = ﬂie 7 Di we declare Dy = X. Let (ADD , be the sheaf of completed functions
on Dy ;g seen as a sheaf over X4 after pushforward along the inclusion.

Theorem 3.4.5. Let 1 : Xyons —> Xan be the projection of sites, and let
C*(Lie G, Qp)+, k7= (C*(Go, Qp) v, 1) GocG

be the ind-sequence of pro-Kummer-étale sheaves obtained from left regular representa-
tions over the tower (Xg,)G,cG as in Definition 3.4.4. Suppose that the following axiom
holds:

(BUN) The geometric Sen operator of X
0z : Ox ®q, (Lie G)Y, — Ox ®o, Qy(log)(~1)
is surjective.
Then, for any finite subset J C I, we have
Rioo,+(C"(Lie G, Qp)s, st R0, Op,) = 0},

where (9151 is the sheaf of locally analytic sections of Op , restricted to |)? |. Furthermore,

we have an exact sequence of sheaves in | X |,

O+ @b, ~ @05, b0 G
acl ‘-‘;lC_Iz

induced by the boundary divisors.
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Proof. This follows formally from Propositions 3.2.7 and 3.4.1. Indeed, we can work
locally in the analytic topology of X, and even after a finite Kummer-étale cover of the
form Xg,. Thus, we can assume without loss of generality that X = Spa(A, A™) is affin-
oind and that it admits a chart to S(g’d—e) with coordinates 7;, S; such that D = Dy is
the vanishing locus of Se41 = --- = Sg = 0. Let us write Vg, = C'"*(Go, Qp)«, for the
left regular representation of Go. We want to see that

lim RT (XGo,prokét: Vouét ®0, Op) = Op.
Go

The vanishing of higher cohomology groups follows from Proposition 3.2.7. The identi-
fication of the degree 0 cohomology is also clear.
It is left to show that (3.16) is an exact sequence. By Theorem 3.3.2 (2) we know that
~ ) P
O"(X) = lim HJ . (X6,. Ve, ®g, 0x)™ ™).

prokeét
Go

By the proof of Proposition 3.2.7, the filtered system (Vg, @)@p 6X)9V =0 of pro-étale
sheaves on the tower Xg, is ind-equivalent to a system (Fg,)g, of pro-¢tale sheaves
where each Jg, is a relative locally analytic sheaf on X, admitting a lattice S"go as in
Definition 3.2.1. Indeed, in the notation of the proposition, these are the sheaves corres-
ponding to

O(exp(p"W?)) = O(H,)" ="

Hence, we can write
la/ v .
0 (X) = lir_)n:TGo(XGo)'
Go
Let X be the I'-torsor over X obtained by adding p-power roots of the coordin-
ates S; and 7}, set Xoo = Xoo Xx Xoo. For Go C G an open compact subgroup denote
XGy,00 = XGo Xx Xoo. Then we can write

H%(XG,.F6,) = H(Go x T, F6,(Xeo)) = H(T, F(XG4.00))-

By Proposition 2.2.14 we have a Sen theory on O(Xg,,00) for the action of I'. Since the
Sen operators on Fg, are trivial, by Corollary 2.5.7 there is an open subgroup I'g, C I"
(depending on Gy) such that

fT’~G0 = ?(XGO=OO)FGO ®O(XG().OO)FGO OXG()

with S"(XGO,OO)FGO an ON O(XGO,OO)FGO -Banach module.
We have an exact sequence of pro-Kummer-étale Oy -modules on X e

6x—>@6pa—> @ 6DJ —)---—)6D1 — 0.

acl Jcl
[J|=2
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Tensoring with Fg,,, evaluating at X¢, o and taking I'g,-invariant vectors, we get an
exact sequence

T (XGo,00) % = @D T (X0.00)"% &

acl

Fg
60,0060 Op,(XGg,00) 90

> Sr(XGo,Oo)FGO ® Gy Op, (XGO,OO)FGO -0

O(XG(),OO)
(this is the same as tensoring F(X GO’OO)FGO with the exact sequence induced by divisors
of the rigid space Xg,,ry := XGo,00/ I'G,; it remains exact since F(X GO,OO)FGO admits
an ON basis). Taking group cohomology for the finite group action I'/ I'g,,, we obtain an
exact sequence

F60(X6o) = P Fa, 85, Op,)(Xa,) = -+ = (Fa, 85, Op,)(Xg,) = 0.
acl

Taking colimits as Gy — 1 one obtains the exact sequence (3.16) as desired. ]

3.5. Relation to the p-adic Simpson correspondence

We finish this section with the relationship between the geometric Sen operator and the
p-adic Simpson correspondence of [7, 15,33]. We shall write (K, KT) for a complete
discretely valued non-archimedean extension of @, with perfect residue field, and let
(C, C™) be the completion of an algebraic closure of K. We let 1 € B(;E(C ,CT)bea
generator of the kernel of the map of Fontaine 6 : B&E(C, C*t) — C,eg t =log([e])
where ¢ = ({pn), is a sequence of compatible p-power roots of unity.

Let us recall the following result.

Theorem 3.5.1 ([15, Theorem 2.1] and [7, Theorem 3.2.4] ). Let X be an fs log smooth
adic space over Spa(K, K*) and let L° be a pro-Kummer-étale Z.,-local system, and
write L = ]LO[%]. Let OCiyy = er® OBqr,i0g be the Hodge—Tate period sheaf, and v :
Xc prokét = Xc k& be the projection of sites. Then

H (L) := Rv«(L ®q, OCiq)

is a Galg -equivariant log Higgs bundle concentrated in degree 0. Let 0 denote the Higgs
field of #H (). Then

RviL ®q, Ox = RI'(6, #(LL)). (3.17)

To re-prove this theorem in our theory we first need to compute the geometric Sen

operator of OCiq,.

Proposition 3.5.2. The geometric Sen operator of

OCiog = 2r’(OBur 1og) = lim Sym” (gr! OB 1op) 17"

n
is given by
-v
OClog — O(Clog(_l) ®OX Ql(log),

where V is the residual connection of V : OBgr,1og = OBgr,10g @0y Ql(log).
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Proof. It suffices to identify 6oc,,, with —V locally on X, we can then assume that X
has toric coordinates ¢ : X — Sg’dfe). Let Xcoo = X ng,d—e) S(Ce”go*e) the I"-torsor
over X. Then by [7, Proposition 2.3.15] we have a presentation

A [IOg(I_lLT]b) 10g(§_1§"])]

OCioglxc 00 = OXc 0o ; ;

where TP = (TV/?"),en, S° = (SV/7") e, and 1 = log([e]). We see from this present-
ation that

og(@ 1)) =~ and Tatox(s~'[")) = 2.

—1p log(S71[S;1°
log(T; : [T g 2SS t[ 1 form a locally

analytic basis of the 6X—module OC\oq over X, 0. Hence, to compute the Sen operator
of OCq, it suffices to know the derivative of the action of I' on them. Let y; be the
standard basis of I". Since

Note that the products of the variables

yf (log(T; [Ti]")) = log(Ti ' [Te]’) + 8 kat
(and similarly for the S;), we deduce that

d

and Goclog(logé'_l[LS'b]) = ?_

proving that foc,,, = —V as desired. [

Proof of Theorem 3.5.1. We first need to make a construction. Let us suppose without
loss of generality that IL? is of rank 7. Define the GL, (Z,)-torsor

X :=Isom(Z",1L°).

Thus, L is constructed from the standard representation of GL, via the torsor X. In
particular, by Theorem 3.3.4, L ®q, Ox has a Sen operator 6, arising from a map of
pro-Kummer-étale sheaves

0% : (aln)s ®, Ox = Qx(log) ®oy Ox(~1),
or equivalently a map

Seng : Qy(og)Y ®o, (A‘)X(l) — gl 4 ®0, Ox.

On the other hand, by Proposition 3.5.2, the Sen operator on OCio, is —V. Thus, by
Theorem 3.3.2 (2) one gets

R'v.(L ®q, OCiog) = Ve H' (—OL0Cpy- L ®Q, OClog).

where fLgoc,, = 0L ® idoc,, —idL ®q, V. We want to show that R v, (L ®g,, OCjo,)
= 0 for i > 0 and that it is a vector bundle of rank n for i = 0. We need the following
lemma, which is the Lie algebra incarnation of [15, Lemma 2.15].
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Lemma 3.5.3. The image of Seny : Q)l( (log)Y ®oy (5X(1) = al, ke ®Q, Ox is con-
tained in a nilpotent subalgebra.

Proof. Since LL is obtained by the standard representation of gl,,, it is enough to prove
that the action of Seng on I ®q, Ox is nilpotent. The coefficients of the characteristic
polynomial of Sen g are given by Galois equivariant maps

~ i A\ Tt A
o - Q}((log)v ®oy Ox(1) = End6X (/\ L ®q, Ox) = Ox.

Since we are working over a discrete valuation field, Tate’s theorem on the vanishing of
Galois cohomology [32, Proposition 8] forces 0; = 0 for all i = 1,..., n, proving that
Sen g is nilpotent. ]

We have proven that the Sen operator 0, of L ®q, 6X is nilpotent. We claim that
H(L) := va(LL ®q, OCy) is a vector bundle of rank 7 and that the natural map

H (L) @0y OCiog 5L ®q, OCy
is an isomorphism. If this holds, then
Rv, (L ®qQ, OClog) = Rvx(H (L) @9y OCiog) = H (L) @0y RvxO0Cioy = H (L),

where the vanishing of Rv,OC,,, follows from the computation of its Sen operator in
Proposition 3.5.2 and Theorem 3.3.2 (2). The quasi-isomorphism (3.17) then follows by
taking cohomology for the Higgs field of OCy,, and F(IL).

We are left to show that # (IL) is an Ox-vector bundle in the Kummer-étale site with
the aforementioned properties. This property is local in the Kummer-étale site, so we
can assume that X is affinoid and has toric coordinates ¥ : X — Sg’d_e)
ates T;, S;. Let Xo c be the I'-torsor over Xc obtained by taking p-power roots of
T; and S}, let Aoo = O(Xoo,c) be the perfectoid algebra of functions of X c. Write
F=L®q, Ox.

By shrinking X if necessary, we can assume that F(Xo,c) is a free module over Ao
of rank n. Let v € F(Xoo,c). Let us write I' = Zg with coordinates y;, and let 6; be the
Sen operator arising from the derivation along the direction of y;. By Lemma 3.5.3 the
Sen operators 6; are nilpotent on F. On the other hand, we have an explicit description as
a polynomial algebra

with coordin-

O(Clog()(oo,C) = Aoo[Zly [N Zd]

where the Z; satisfy 0;(Z;) = §;,; see the proof of Proposition 3.5.2. Then, in the tensor
product (F ®p, OChog)(Xoo,c) = F(Xoo,c)[Z] We can consider the element

n—1

1 Kok ZY
v =" (=16 )
k=0 ’

One has 0; (v(") = 0. By repeating this construction for all the operators 6;, we find an
element ¥ € F(Xoo,c)[Z] with constant term given by v such that 6;(v) = 0 for all i.
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By picking a locally analytic basis {vy, ..., v,} of F(Xs,c), the previous algorithm con-
structs locally analytic elements vy, ..., 0, € F(Xoo,c)[Z] with 8;(v;) = 0 for all i, j.
Thus, the elements v; are fixed by the action of an open compact subgroup 'y C T and,
after localizing in the Kummer-étale topology, they give rise to a vector bundle # (IL)
over X¢ such that

H(L) ®oy OCiop = F ®5, OCiq.

Thus, we must have
H (L) = v4(F ®p, OCig),

proving what we wanted. ]

Remark 3.5.4. The previous argument can be extended to any 6x-vect0r bundle J.
Indeed, we can always find locally Kummer-étale on X a lattice F* C J such that
Ft/p == DB/, O}' / p as pro-Kummer-étale sheaves. By Theorem 3.3.2, the sheaf F
admits a geometric Sen operator 05 : F — F(—1) ® Q} (log) computing its cohomology.
Then, since X is defined over a discretely valued field, the proof of Lemma 3.5.3 shows
that O is actually a nilpotent operator. This would prove in particular that Theorem 3.5.1
holds not just for local systems but for any 6X-vector bundle when X is defined over a
discretely valued field. We thank Ben Heuer for pointing this out.

Finally, let us mention the relation to the work of Wang [33]. Let X be a rigid analytic
space over C,, admitting a liftable good reduction X over Oc,, (this means that X admits
a lifting over Ajye/&2 where £ = ([¢] — 1)/([e'/?] — 1)). Recall the following theorem.

Theorem 3.5.5 ([33, Theorem 5.3]). Let O(Cltg denote the overconvergent Hodge—Tate
period sheaf of Wang. Leta > 1/(p — 1) and v : X ke — Xk be the projection of sites.
Then the functor

H (L) = va(£ ®5, OC)

induces an equivalence from the category of a-small generalized representations to the
category of a-small Higgs bundles.

We do not pretend to give a new proof of this statement, instead let us translate some
of the main players into the language used in this paper. An a-small generalized repres-
entation of rank / is a locally free 6X-m0dule £ admitting a lattice £° such that there
is b > a + val(pg) with £°/pP =2 (O;/pb)l (pk being an element in mc, depend-
ing on the ramification of a discretely valued subfield). In particular, this is a relative
locally analytic 0) x -sheaf as in Definition 3.2.1. Wang constructs the sheaf O(C;Lg by con-
sidering a particular lattice of the Faltings extension provided by the lifting of X to A,
(cf. [33, Corollary 2.19]). Locally in coordinates, the ring O(C;Lg is nothing other than the
algebra of functions of an overconvergent polydisc of radius | px| (cf. [33, Theorem 2.27]).
The a-smallness condition is a finite rank version of the relative locally analytic condition,
where one imposes a fixed radius of analyticity. Finally, the decompletion used by Wang
[33, Section 3.1] is the integral version of the decompletion provided by Berger—Colmez
axiomatic Sen theory [1].
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