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Abstract. In this work we develop geometric Sen theory for rigid analytic spaces, generalizing
the previous work of Pan for curves. We also extend the axiomatic Sen–Tate formalism of Berger–
Colmez to a certain class of locally analytic representations.
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1. Introduction

Motivation

Let p be a prime number, GalQp
the absolute Galois group of Qp , and Cp the completion

of an algebraic closure of Qp . In [17], Lue Pan has introduced a new and powerful tool
to compute proétale cohomology of yO-modules over rigid analytic spaces based on the
axiomatic framework of Sen theory of Berger–Colmez [1, 2]. The objective of this paper
is to generalize Pan’s method from curves to log smooth adic spaces; our motivation to
develop such a theory is to study the Hodge–Tate structure of completed cohomology of
Shimura varieties, which is carried out in the author’s work [20].

Before discussing the technical aspects of the paper, let us give a summary of the
main ideas behind the construction of the geometric Sen operators. The departure point
is the classical method of Sen [28–30] which consists in extracting some linear datum
from a continuous Cp-linear representation V of GalQp

, called the Sen module of V
and usually denoted by DSen.V /, which carries the same information as V . Explicitly,
the construction of Sen goes as follows. Let Qp.�p1/ be the p-cyclotomic algebraic
extension of Qp obtained by adding all the p-power roots of unity, and let Qcyc

p be its
p-adic completion. The Galois group of Qp.�p1/ over Qp is naturally isomorphic to
� D Z�p via the cyclotomic character, and we have a short exact sequence of profinite
groups

1! H ! GalQp
! � ! 1:
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Then, given V a finite-dimensional continuous Cp-semilinear representation of GalQp
,

the Sen module DSen.V / is the subspace of V consisting of those vectors v which are
H -invariant, and for which the �-orbit �v � V is a finite-dimensional Qp-vector space.

The construction of the Sen module can be expressed in a different and more con-
venient way using the theory of locally analytic representations for which we will follow
[18, 19] (though classical versions of this theory have been known for a long time thanks
to the work of Lazard, Schneider–Teitelbaum, Emerton and others). Let V be as before.
Then DSen.V / is the same as the space .V H /�-la of �-locally analytic vectors in V H ; the
group � is a p-adic Lie group acting on a Banach representation V H , hence one defines
.V H /�-la � V H to be the subspace of vectors v for which the orbit map of � is given by
a locally analytic function on � with values in V H . Since the Sen module is nothing but
the decompletion by locally analytic vectors of the action of � , it carries a natural action
of Lie � which is a one-dimensional Lie algebra. The action of the generator given by
the derivative of the cyclotomic character �cyc W � ! Z�p is precisely the (arithmetic) Sen
operator of DSen.V /.

Of course, for the previous construction to be useful one needs to say something about
the Sen module of V . This has been worked out by Sen and the conclusion is the follow-
ing. First, if V D Cp is the trivial semilinear representation, then DSen.Cp/ D Qp.�p1/

is the algebraic p-cyclotomic extension of Qp . In particular, � acts locally constantly on
DSen.Cp/, and hence its Sen operator is trivial. Second, when V is a Cp-semilinear rep-
resentation of GalQp

of rank n, DSen.V / is a Qp.�p1/-vector space of rank n, and the
natural base change

DSen.V /˝Qp.�p1 /
Cp ! V

is a GalQp
-equivariant isomorphism. In other words, V can be fully recovered from the

locally analytic �-representation DSen.V /, which in addition has the same rank as V .
This is a huge simplification of the framework, namely, we started with an action of a
very complicated group such as GalQp

in a representation which is semilinear over a
very large field Cp , and obtained a locally analytic semilinear representation of the much
simpler group � Š Z�p in a vector space over the much smaller field Qp.�p1/. Note that,
since Lie� acts linearly on Qp.�p1/, after taking base change to Cp the Sen operator can
be thought of as a Galois equivariant Cp-linear operator on V itself; by abuse of language
we do not make a distinction between the two ways to interpret the Sen operator.

The key techniques that are tacitly used in the previous discussion are v-descent of
vector bundles on perfectoid spaces [27, Lemma 17.1.8] in order to descend from Cp
to Qcyc

p , and Tate’s normalized traces [32] that allow one to decomplete from Qcyc
p

to Qp.�p1/. A major part of our work is to study an abstract framework for the decom-
pletion by Tate’s normalized traces, following [1], in particular proving some permanence
properties along étale maps that are useful when considering Sen theory in sheaves over
geometric objects. We also study decompletions of a larger class of semilinear represent-
ations that we call relative locally analytic representations which show up naturally in
applications to the theory of p-adic automorphic forms, as has been demonstrated in [17].
This is exclusively the content of the long Section 2.
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Going back to our geometric applications, we want to perform an analogue simpli-
fication of the theory of continuous semilinear representations after replacing Qp by
some smooth rigid variety X over Cp . This requires rephrasing the framework in more
geometric terms. First, instead of studying Cp-semilinear representations of GalQp

, we
will study proétale yO-vector bundles over X ; when X D Spa.Qp;Zp/, both categories
are naturally equivalent. In the arithmetic situation we had a preferred algebraic exten-
sion of Qp thas was used to perform the decompletion, namely the cyclotomic exten-
sion. In the geometric context there is not a preferred cover of X that plays a similar
role, but it does exist locally after fixing some étale chart  W X ! Tn

Cp
, where Tn

Cp
D

Spa.CphT1; : : : ; Tni;OCp
hT1; : : : ; Tni/ is an n-dimensional torus. That is, after fixing

the map  , one can consider the proétale � Š Znp-torsor X1 ! X obtained by taking
p-power roots of the variables Ti . In this situation one can construct Tate’s normalized
traces for the completed functions ofX1, and apply the abstract framework of Sen theory
to decomplete the theory of yO-modules on X to some locally analytic semilinear repres-
entations of � over the �-smooth functions of X1; by taking the derivations of � one
constructs the so-called geometric Sen operators on yO-modules over X .

The local geometric decompletion above is well known; see for example [3]. The
abstract theory of locally analytic representations also implies that the Sen operators of the
local decompletion above can be used to compute proétale cohomology of vector bundles.
However, one would like to have an equally powerful global construction obtained by
gluing the local ones. Section 3 is dedicated to this gluing process. The key observation,
explained by Lue Pan to us, is that the local Sen operators should glue along the descent
datum of the sheafR1��yO, where � WXproKet!XKet is the projection from the proétale site to
the étale site ofX . By [25, Proposition 3.23] we know thatR1��yO is naturally isomorphic
to �1X .�1/ (where the .�1/ is the inverse of the Tate twist). Thus, the geometric Sen
operators of an yO-module should glue to a suitable Higgs field in XproKet. Furthermore, the
cohomology of this Higgs field should essentially compute the proétale cohomology.

In the next section we explain in more detail the ideas previously presented, stating the
main results of the paper, and sketching the construction of the geometric Sen operators
for the case of the torus.

Main results

Let Qcyc
p be the completion of the p-adic cyclotomic extension of Qp and let .C; CC/ be

a perfectoid field containing Qcyc
p . In the following we shall consider almost mathematics

with respect to the ideal mC � C
C of topologically nilpotent elements, and write “Dae”

for a natural equivalence in the category of almost modules (and “Šae” for a non-natural
isomorphism of almost modules).

Let X be a log smooth fs locally noetherian adic space over .C; CC/ with reduced
normal crossing divisors, let yO.C/X and O

.C/
X denote the structural sheaves of the pro-

Kummer-étale and Kummer-étale sites of X respectively, and finally let �1X .log/ be the
sheaf of log differential forms on X ; we refer to [6] for log geometry on adic spaces.
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In order to state the main theorem in geometric Sen theory we need the following
definition.

Definition 1.0.1. A pro-Kummer-étale yOX -module F over X is said to be relative loc-
ally analytic ON Banach1 if there is a Kummer-étale cover ¹Uj ºj2J of X such that, for
all j , the restriction FjUj

admits a p-adically complete yOCX -lattice F0j , and there is " > 0
(depending on j ) such that F0j =p

"ŠaeL
Ij
OCX =p

" for Ij an index set. Here p" 2K is an
element of norm jp"j D jpj".

Remark 1.0.2. The relative locally analytic condition can be considered as a “small-
ness” condition on the sheaf F in the sense of Faltings [9]. Examples of relative locally
analytic ON yOX -modules are yOX -vector bundles; this can be deduced from v-descent of
vector bundles on perfectoid spaces [27, Lemma 17.1.8]. See Example 2.3.8 below.

Remark 1.0.3. A more interesting class of relative locally analytic yOX -modules arises
from a pro-Kummer-étale G-torsor zX ! X with G a p-adic Lie group and V a locally
analytic representation of G; see the discussion after Theorem 1.0.4. These examples
appear naturally in the study of locally analytic vectors of completed cohomology of
Shimura varieties; see [17, 20].

On the other hand, the tag “relative locally analytic” for an yOX -module is inspired
from a similar property satisfied by locally analytic representations (see Lemma 2.1.5)
that informally says that an action of a p-adic Lie group G on a Banach representation V
is locally analytic if and only if for all g 2 G, the action of g � 1 has operator norm < 1

(for some fixed norm on V ).

Theorem 1.0.4 (Theorem 3.3.2). Let F be a relative locally analytic ON Banach yOX -
sheaf over X . Then there is an yOX -linear Higgs field

�F W F! F˝OX
�1X .log/.�1/;

(i.e. �F ^ �F D 0) called the geometric Sen operator2 satisfying the following properties:

(1) The formation of �F is functorial in F.

(2) Let � WXprokKet!XkKet be the projection from the pro-Kummer-étale site to the Kummer-
étale site. Then there is a natural equivalence

Ri��F D ��H
i .�F;F/;

where H i .�F;F/ is the cohomology of the Higgs complex

0! F
�F
��! F˝OX

�1X .log/.�1/! � � � ! F˝OX
�iX .log/.�i/

! � � � ! F˝OX
�dX .log/.�d/! 0:

1Where ON comes from orthonormalizable.
2Here .�1/ refers to the inverse of the Tate twist.
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(3) Suppose that �F D 0. Then ��F is locally in the Kummer-étale topology of X an
ON Banach OX -module3 and F D yOX y̋OX

��F. Conversely, for any ON Banach
OX -module G the pullback yOX y̋OX

G has trivial Sen operator.

(4) If X has a form X 0 over a discretely valued field with perfect residue field .K;KC/
and F is defined over X 0, then �F is Galois equivariant. In particular, we recover the
natural splitting

R��yOX D

dM
iD0

�iX .log/.�i/Œ�i �;

deduced from [25, Proposition 3.23] in the non-log case, and from [7, Theorem 3.2.4]
in the log case.

(5) Let f W Y !X be a morphism of smooth fs log adic spaces over .C;CC/. Then there
is a commutative diagram

f �F f �F˝OY
f ��1X .log/.�1/

f �F˝OY
�1Y .log/.�1/

f ��F

�f �F
id˝f �

The property of being a relative locally analytic yOX -module might look a bit myster-
ious. Nevertheless, these sheaves arise naturally when studying locally analytic vectors
of proétale cohomology. Let us explain the context in which they appear. Let G be a
compact p-adic Lie group and zX ! X a pro-Kummer-étale G-torsor (e.g. take for X
a finite level modular curve and for zX the perfectoid modular curve). Let V be a Qp-
Banach locally analytic representation of G, for example, we can take V D O.G/ for
some group affinoid neighbourhood G of G, endowed with the left regular action. Then
V defines a pro-Kummer-étale sheaf VkKet over X by descending the G-representation V
along the torsor zX ! X . By Lemma 2.1.5 below, there is a lattice V 0 � V and an open
subgroupG0 �G such thatG0 stabilizes V 0, and that the action ofG0 on V 0=p is trivial.
Therefore, the pro-Kummer-étale yOX -module VkKet y̋Qp

yOX is a relative locally analytic
sheaf. Indeed, the restriction of VkKet y̋Qp

yOX to XG0
WD zX=G0 satisfies the conditions of

Definition 1.0.1. In this situation we have a more refined result.

Theorem 1.0.5 (Theorem 3.3.4). Let X be an fs log smooth adic space over Spa.C;CC/
with log structure given by normal crossing divisors. Let G be a p-adic Lie group and
zX ! X a pro-Kummer-étale G-torsor. Then there is an yOX -linear map4

� zX W
yOX ˝Qp

.LieG/_kKet !
yOX .�1/˝OX

�1X .log/

3This means that locally in the Kummer-étale topology, ��F admits a Banach basis over OX .
4Here we see LieG as the adjoint representation of G.
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such that � zX ^ � zX D 0, called the geometric Sen operator of the torsor zX . Moreover, for
any locally analytic Banach representation V of G, we have a commutative diagram

VkKet y̋Qp
yOX .VkKet y̋Qp

yOX /˝Qp
.LieG/_kKet

.VkKet y̋Qp
yOX .�1//˝OX

�1X .log/

dV˝idyO

�V

idV ˝� zX

such that dV W V ! V ˝Qp
.LieG/_ is the connection induced by derivations, and �V

is the geometric Sen operator on VkKet y̋Qp
yOX of Theorem 1.0.4.

Remark 1.0.6. Let us explain the meaning of the condition � zX ^ � zX D 0 in Theorem
1.0.5. The map � zX is adjoint to a map

� W yOX ! .LieG/kKet ˝Qp
yOX .�1/˝OX

�1X .log/ DW E:

The condition � zX ^ � zX D 0 means that � ^ � D 0 in .LieG/kKet ˝Qp
�2X .log/ ˝OX

yOX .�2/ with respect to the Lie bracket in Lie G. Equivalently, the associated map
�1X .log/_ ˝OX

yOX .1/! .LieG/kKet ˝Qp
yOX is a morphism of yOX -linear Lie algebras,

where �1X .log/_ has the zero bracket.

Moreover, letH !G be a morphism of p-adic Lie groups, let Y an fs log smooth adic
space over .C;CC/ and let zY ! Y 0 be anH -torsor. Suppose we are given a commutative
diagram compatible with the group actions

zY zX

Y X
f

Then the following square is commutative:

f �.LieG/_kKet ˝Qp
yOY f ��1X .log/˝OY

yOY .�1/

.LieH/_kKet ˝ yQp

yOY �1Y .log/˝OY
yOY .�1/

f �� zX

� zY

Let Sen zX W�
1
X .log/_ ˝OX

yOX .1/! .LieG/kKet ˝Qp
yOX be the dual of the Sen oper-

ator � zX . As a corollary of the previous theorem we deduce that the locally analytic vectors
of the torsor zX satisfy some differential equations.

Corollary 1.0.7 (Corollary 3.2.6). Let j zX j be the underlying topological space of zX and
let yOX jj zX j be the restriction of yOX to a sheaf on j zX j. Let Ola

zX
� yOX jj zX j be the subsheaf

consisting of locally analytic sections for the action of G. Then the action of Ola
zX
˝Qp

LieG on Ola
zX

by derivations vanishes when restricted to the image of the Sen map Sen zX W
�1X .log/_ ˝OX

Ola
zX
.1/! LieG ˝Qp

Ola
zX
.
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To motivate the construction of the geometric Sen operator over rigid spaces, we recall
how the arithmetic Sen operator is defined.

Let Qp.�p1/ be the cyclotomic extension and Qcyc
p its p-adic completion, and let Cp

be the p-adic completion of an algebraic closure of Qp containing Qp.�p1/. We denote
H D Gal.xQp=Qp.�p1// and � D Gal.Qp.�p1/=Qp/. Let V be a finite-dimensional
representation of GalQp

over Qp . The Sen module Sen.V / attached to V is the finite-
dimensional Qp.�

1
p /-vector space consisting of the finite �-vectors of .V ˝Qp

Cp/H . It
turns out that the dimension of Sen.V / over Qp.�p1/ is equal to dimQp

V . Indeed, one
has a GalQp

-equivariant isomorphism

Sen.V /˝Qp.�
1
p / Cp D V ˝Qp

Cp:

As explained in [2], an equivalent way to construct Sen.V / is by taking the �-locally
analytic vectors of .V ˝Qp

Cp/H , in particular Sen.V / admits an action of Lie� . We let
�Qp
2 Lie� be the natural basis arising from the cyclotomic character �cyc W �

�
�! Z�p .

Since � acts locally constantly on Qp.�p1/ (i.e. for each v 2 Qp.�p1/ the orbit � � v is
finite), �Qp

is a Qp.�p1/-linear operator. One defines the Sen operator of V ˝Qp
Cp to

be the Cp-extension of scalars of �Qp
.

Summarizing, one can consider Sen.V / as a decompletion of the semilinear repres-
entation V ˝Qp

Cp by taking locally analytic vectors along the “perfectoid cyclotomic
coordinate” Qcyc

p =Qp . The Sen operator is then a “differential operator” obtained from
the cyclotomic extension.

Let us now sketch the definition of the geometric Sen operator. For simplicity, we
assume that X D T D Spa.C hT˙1i; CChT˙1i/ is a one-dimensional torus. Let F be a
relative locally analytic sheaf over T , and suppose in addition that there is a p-adically
complete lattice F0 � F and " > 0 such that F0=p" Dae L

I O
C

X =p
". We want to compute

the (geometric) proétale cohomology R�proKet.T ;F/. Let

Tn D Spa.C hT˙1=p
n

i; CChT˙1=p
n

i/;

and let T1 D lim
 �n

Tn be the perfectoid torus. Then T1 is a Galois cover of T with

group � D Zp.1/. By Scholze’s almost acyclicity of OCX =p in affinoid perfectoid spaces
[23, Proposition 7.13], one has

R�proKet.T ;F/ D R�.�;F.T1//:

By the comparison theorem between continuous and locally analytic cohomology (The-
orem 2.1.2), one sees that

R�proKet.T ;F/ D R�.�;F.T1/
R�-la/

D R�
�
�sm; R�.Lie�;F.T1/R�-la/

�
;

where V R�-la are the derived locally analytic vectors of a �-representation V ,
R�.Lie �; �/ is the Lie algebra cohomology (equivalently, the cohomology of a
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Chevalley–Eilenberg complex), and R�.�sm;�/ is the smooth group cohomology (equi-
valently, group cohomology for smooth or locally constant cochains); see Section 2.1
for the definitions. In other words, we have divided the problem of computing proétale
cohomology into three steps: first, we need to compute the derived locally analytic vec-
tors of F.T1/; second, we take the Lie algebra cohomology of F.T1/; and finally, we
take the �-invariants of a smooth representation.

Let us focus on the first step which seems to be the most subtle. For n � m there are
normalized traces (we call them Sen traces)

Rnm W C hT
˙1=pn

i ! C hT˙1=p
m

i

where Rnm D
1

pn�m

P
�2pm�=pn� � . These extend to Sen traces

Rm W C hT
˙1=p1

i ! C hT˙1=p
m

i

such that, for any f 2 C hT˙1=p
1

i, the sequence .Rm.f //m converges to f . Further-
more, the tuple .C hT˙1=p

1

i; �/ satisfies the Colmez–Sen–Tate axioms of [1].
Let .�pn/n be a compatible system of primitive p-power roots of unity, and let  W

Zp
�
�! � be the induced isomorphism. Using  we define the affinoid group Gn which

is a copy of the additive group of radius p�n (i.e. Gn.Qp/ D p
nZp). We will keep using

the expression “pn�-analytic” instead of Gn-analytic. The following theorem is a gener-
alization of [1, Proposition 3.3.1] to relative locally analytic sheaves; it can be seen as a
decompletion theorem à la Kedlaya–Liu [14] using locally analytic vectors.

Theorem 1.0.8 (Theorem 2.4.4). There exists n� 0 depending on " such that

F.T1/ D C hT
˙1=p1

i y̋ C hT˙1=pn
i
F.T1/

pn�-an:

Moreover,

F.T1/
R�-la

D F.T1/
�-la
D lim
�!
m

C hT˙1=p
m

i ˝C hT˙1=pn
i
F.T1/

pn�-an:

The theorem shows that, under certain conditions on F, the derived locally analytic
vectors of F.T1/ are concentrated in degree 0, and all the relevant information is already
encoded in the pm�-analytic vectors for some m� 0. In particular, we have

R�proKet.T1;F/ D R�
�
�sm; R�.Lie�;F.T1/p

n�-an/
�
: (1.1)

Thus, the problem of computing proétale cohomology has been reduced to the prob-
lem of computing Lie algebra cohomology. The module F.T1/p

n�-an is not mysterious
at all: it is the Higgs bundle attached to F via the local p-adic Simpson correspondence
of T .

Now, the action of Lie� is C hT˙1=p
n
i-linear and �-equivariant. By extending scal-

ars, it induces a �-equivariant C hT˙1=p
1

i-linear action on F.T1/. Moreover, if X has
a form X 0 over .K;KC/ and F is defined over X 0, this action is GalK-equivariant, where
GalK acts on Lie� via the cyclotomic character.
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By Proposition 3.1.2, Lie� ˝ C hT˙1=p
1

i D �
1;_
T .T /˝ C hT˙1=p

1

i.1/; this iden-
tification arises from the well known equivalence H 1

proKet.T ;
yO/ D �1T .�1/, and the fact

that the left term can be computed as

H 1.�; C hT˙1=p
1

i/ D H 1.Lie�;C hT˙1i/ D .Lie�/_ ˝Qp
C hT˙1i:

This shows that the action of Lie� defines an yOX -linear map of proétale sheaves over T ,

SenF W �
1;_
T ˝OX

F.1/! F;

or equivalently, it defines the geometric Sen operator

�F W F! F˝OX
�1T .�1/:

In general, we shall construct the Sen operators locally in the Kummer-étale topology
of X by taking charts to products of tori and closed affinoid discs. The fact that �F does
not depend on the charts and that it is functorial with respect to the sheaf and the space
will be proved in Section 3.3; this globalization of Sen operators should not be surprising
thanks to the isomorphism R1��yOX D �

1
X .log/.�1/.

An overview of the paper

In Section 2.1 we briefly review some basic facts of the theory of solid locally analytic rep-
resentations of the author and Rodrigues Jacinto [18, 19]. In Sections 2.2–2.5, we extend
the abstract formalism of Sen theory of Berger–Colmez [1] that will be used in the main
applications of the paper.

In Section 3.1 we extend the computation of R1��yOX .1/ D �1X of [25] from smooth
to log smooth adic spaces; this follows formally from Scholze’s proof using the formal-
ism of log adic spaces. In Section 3.2 we construct the geometric Sen operator in local
coordinates, proving local versions of Theorems 1.0.4 and 1.0.5; then, in Section 3.3 we
prove the global versions of the theorems. In Section 3.4 we study locally analytic vectors
of torsors of p-adic Lie groups. We finish in Section 3.5 by discussing the relation of
geometric Sen theory to the p-adic Simpson correspondence of [7, 15, 33].

2. Abstract Sen theory after Berger–Colmez

Sen theory has shown to be a powerful tool in the Galois theory of p-adic fields. For
example, it is used to compute Galois cohomology over period rings:

Proposition 2.0.1 ([32, Proposition 8]). Let Cp be the p-adic completion of an algebraic
closure of Qp , and let GQp

be the absolute Galois group. For i 2 Z we let Cp.i/ denote
the i -th Tate twist. Then

H k.GQp
;Cp.i// D

8̂̂<̂
:̂
0 if i ¤ 0;

Qp if i D 0 and k D 0;

Qp log�cyc if i D 0 and k D 1;
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where �cyc W GQp
! Z�p is the cyclotomic character, and log W Z�p ! Zp is the logarithm

map defined by log.a/D log.a=Œa�/ with Œa� 2 �p�1.Zp/ the Teichmüller lift of xa 2 F�p .5

In [1], Berger–Colmez defined an axiomatic framework where Sen theory can be
applied. Using this formalism, different constructions attached to finite-dimensional
Galois representations become formally the same: the Sen module (relative to Qcyc

p ),
the overconvergent .'; �/-module (relative to zB�.Qcyc

p /), the module Ddiff of differen-
tial equations (relative to BdR.Q

cyc
p /). Moreover, using Sen theory Berger–Colmez [2]

describe the locally analytic vectors of completed Galois extensions of Qp with Galois
group isomorphic to a p-adic Lie group.

The work of Lue Pan [17] is an excellent application of this tool. Inspired by the work
of Berger–Colmez, Pan describes the p-adic Simpson correspondence of the GL2.Qp/-
equivariant local systems of modular curves in terms of sheaves over the flag variety.
Furthermore, based on the strategy of [2], he manages to use the axiomatic Sen theory to
describe the Hodge–Tate structure of locally analytic “interpolations” of finite rank local
systems.

The main goal of this section is to provide a more conceptual understanding of the
work of Pan and Berger–Colmez via the theory of (solid) locally analytic representations.
More precisely, we will prove that the construction of the Sen module holds not only for
finite rank representations, but for a larger class of orthonormalizable (also denoted ON
in this paper) Banach locally analytic representations.

2.1. Recollections on locally analytic representations

In this section we recall some tools from the theory of locally analytic representations of
compact p-adic Lie groups. We will only be concerned with continuous representations
on (colimits of) Banach spaces, so everything can be stated in the classical language of
Schneider–Teitelbaum [21, 22] and Emerton [8]. However, we will use some technology
from the theory of solid locally analytic representations, as developed in [18, 19], which
will facilitate some technical arguments. For example, we will consistently use the general
comparison theorem between continuous and locally analytic cohomology.

Let G be a compact p-adic Lie group and let C la.G;Qp/ be the LB space of locally
analytic functions onG; it admits a description as a colimitC la.G;Qp/Dlim

�!h
C h.G;Qp/

of jphj-analytic (or h-analytic for simplicity) functions on G, which depends on the
choice of a uniform pro-p-subgroup G0 � G [19, Section 2]. Throughout this paper we
will take an arbitrary choice of G0, and we will freely change G0 to a smaller subgroup
when necessary.

We let C la.G;Qp/?1
denote C la.G;Qp/ with the left regular action (use similarly

?2 for the right regular action). Let QpŒŒG�� D ZpŒŒG��Œ
1
p
� denote the rational Iwas-

awa algebra of G, seen as a solid Qp-algebra. Let Solid.QpŒŒG��/ be the abelian cat-

5If p D 2 one needs to modify the definition since Z�2 D ¹˙1º � 1C 4Z2, namely, under this
presentation one projects Z�2 ! 1C 4Z2 and then takes the logarithm log W 1C 4Z2 ! Z2.
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egory of solid QpŒŒG��-representations, or equivalently the category of Qp-linear solid
G-representations [18, Definition 4.20]. We let D�.QpŒŒG��/ be the derived category of
Solid.QpŒŒG��/.

Definition 2.1.1. Let V 2 D�.QpŒŒG��/.

(1) The solid group cohomology of V is given by

R��.G; V / WD RHomQp ŒŒG��.Qp; V /;

where HomQp ŒŒG�� is the solid Hom space of QpŒŒG��-modules.6 We denote by
R��.G; V / WD R� �.G; V /.�/ the underlying Qp-vector space. We also write
H i .G; V / for the i -th cohomology group of R� �.G; V /, and H i .G; V / D

H i .G; V /.�/ for the underlying solid Qp-vector space.

(2) The derived locally analytic vectors of V is the solid QpŒŒG��-module defined by

V RG-la
WD R��.G; .V ˝

L
Qp;�

C la.G;Qp//?1;3
/;

where ˝LQp;�
is the solid tensor product, and the ?1;3 is the diagonal action on V

and C la.G;Qp/?1
. The G-action on V RG-la arises from the right regular action on

C la.G;Qp/. If V 2 Solid.QpŒŒG��/ we denote V G-la WD H 0.V RG-la/.

(3) We say that a solid G-representation V is locally analytic if the natural map
V RG-la ! V is a quasi-isomorphism of solid QpŒŒG��-modules (equivalently of solid
Qp-vector spaces).

The following theorem summarizes the main features of the category of solid locally
analytic representations.

Theorem 2.1.2. Let RepLCQp
.G/ be the category of Qp-linear compactly generated com-

plete locally convex continuous representations of G. The following hold:

(1) There is a fully faithful inclusion

.�/ W RepLCQp
.G/ ,! Solid.QpŒŒG��/:

(2) Under the inclusion of .1/, there is a natural quasi-isomorphism of Qp-vector spaces

R��.G; V / D R�.G; V /

between solid and continuous cohomology.

(3) The functor .�/RG-la is idempotent. Let D�.Qp/
Gla
� D�.QpŒŒG��/ be the full sub-

category of locally analytic representations. Then D�.Qp/
Gla

is stable under colimits
and tensor products. Moreover, the inclusion admits a right adjoint given by the func-
tor of derived locally analytic vectors .�/RG-la.

6The object Qp ŒŒG�� is an algebra in solid Qp-vector spaces; this makes Solid.Qp ŒŒG��/ natur-
ally enriched on solid Qp-vector spaces.
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(4) Let V 2 D�.QpŒŒG��/. Then there is a natural equivalence

R��.G; V / D R�
�
Gsm; R�.LieG; V RG-la/

�
;

whereR�.LieG;�/ is .the solid enriched/ Lie algebra cohomology, andR�.Gsm;�/

is .the solid enriched/ smooth group cohomology.

Proof. Parts (1) and (2) follow from [18, Proposition 3.7 and Lemma 5.2] respectively.
Part (3) follows from [19, Propositions 3.2.10 and 3.3.3]. Finally, part (4) follows from
[18, Theorems 5.3 and 5.5], or [19, Theorem 6.3.4].

Remark 2.1.3. In Theorem 2.1.2 (4) smooth G-cohomology and Lie algebra cohomo-
logy are as in [19, Definition 1.2.4], namely, the right adjoints of the natural trivial
representation map from solid Qp-vector spaces to the derived categories of smooth
G-representations or U.LieG/-modules respectively. For objects in the heart of the t -
structure of G-smooth representations, [19, Proposition 6.3.3] shows that smooth group
cohomology can be computed via smooth cochains. By the standard Koszul resolution
of Qp as a U.LieG/-module, Lie algebra cohomology can also be computed via the
explicit Chevalley–Eilenberg complex.

An immediate consequence of the theorem is the following corollary:

Corollary 2.1.4. Let V 2 Solid.QpŒŒG��/ be a solid G-representation. Suppose that
V RG-la D V G-la, i.e. the higher derived locally analytic vectors vanish. Then there are
isomorphisms

H i
�.G; V / D H

i .LieG; V G-la/G

of solid Qp-vector spaces. In particular, if V arises from a compactly generated loc-
ally convex Qp-vector space and has no higher locally analytic vectors, then we have
isomorphisms

H i .G; V / D H i .LieG; V G-la/G

of Qp-vector spaces.

Proof. This follows from parts (2) and (4) of Theorem 2.1.2.

The property of being a locally analytic representation roughly means that the oper-
ators Œg� � Œ1� for g 2 G have norm < 1. An example of this phenomenon appears in the
following lemma.

Lemma 2.1.5. Let V be a Qp-Banach representation of G. The following hold:

(1) If V is locally analytic then for any Zp-lattice V0 � V there is an open compact
subgroup G0 stabilizing V0 such that G0 acts trivially on V0=p.

(2) Conversely, suppose that there is a finite extension K=Qp with uniformizer $ such
that there is an OK-lattice W0 of V ˝Qp

K and an open compact subgroup G0 sta-
bilizing W0, with G0 acting trivially on W0=$ . Then V is locally analytic.
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Moreover, if V is locally analytic, then it is analytic in the following sense: there is a
uniform pro-p-subgroup G0 � G .cf. [22, Section 4]/ with coordinates, G0 Š Zdp , such
that the orbit map OV W V ! C.G0; V / factors through C an.G0; V / where C an.G0; V /D

C an.G0;Qp/ y̋Qp
V and C an.G0;Qp/ Š QphT1; : : : ; Td i is the space of analytic func-

tions on G0 with respect to the coordinates .T1; : : : ; Td / of Zdp .

Proof. Let us prove part (1). Let V be a locally analytic representation of G. By shrink-
ing G we can assume without loss of generality that G is a uniform pro-p-group and that
we have an isomorphismG ŠZdp of p-adic manifolds. The powersGp

n
are then uniform

pro-p-groups and we can write C la.G;Qp/ D lim
�!h!1

C h.G;Qp/ where C h.G;Qp/ is

the space of analytic functions in the coset decompositionG D
F
g2G=Gph gGp

h
. There-

fore, since V is locally analytic, its orbit map is a map of solid Qp-vector spaces

Ola
V W V ! lim

�!
h

V y̋Qp
C h.G;Qp/:

By [18, Lemma 3.32] there is some h such that OV factors through

Oh
V W V ! V y̋Qp

C h.G;Qp/:

The map Oh
V is G-equivariant for the natural action on V and for the right regular action

on the tensor. One can find a suitable Zp-lattice V0 � V such that Oh
V sends V0 to

V0 y̋Zp
C h.G;Zp/ (with C h.G;Zp/ the space of Zp-valued h-analytic functions). But

then it is easy to see that for any k � 1 there is h0 > h such that the action of Gp
h0

on C h.G;Zp/=pk is trivial (e.g. since C h.G;Zp/=pk is a Z=pk-algebra of finite type
and G acts via algebra morphisms, so that it suffices to trivialize the action on algebra
generators). Pick k such that Oh

V .V0/ \ p
k.V0 y̋Zp

C h.G; Zp// � Oh
V .pV0/ (which

is guaranteed by continuity of the orbit map). Then V0=p is a subquotient of V0 y̋Zp

C h.G;Zp/=pk and so it is a trivial representation of Gp
h0

as desired.
Part (2) follows from [19, Proposition 3.4.3] but let us give the details of how the

proposition is used. First, since the category of locally analytic representations is stable
under colimits on Qp-solid G-modules (Theorem 2.1.2 (3)), it suffices to show that W D
V ˝Qp

K is locally analytic (as V is a retract of W ). Then the same proof of [19, Pro-
position 3.3.3] applies for p replaced by the pseudo-uniformizer $ and the $ -adically
complete representation W0.

The last claim about the analyticity of a suitable uniform compact open subgroup
G0 � G follows from the proof of (1).

Finally, we will need a projection formula for the functor of locally analytic vectors.7

Lemma 2.1.6. Let A be a Banach Qp-algebra endowed with a locally analytic action
of G. Let X and M be G-equivariant Banach A-modules such that M has an ON basis

7This projection formula holds for general G-equivariant A-semilinear solid representations;
we keep the assumptions of the lemma for simplicity of exposition.
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over A and the action of G on M is locally analytic. Then there is a natural equivalence
of Qp-solid G-representations

XRG-la
˝
L
A;� M

�
�! .X y̋AM/RG-la: (2.1)

Proof. By the projection formula for locally analytic vectors [19, Corollary 3.2.14 (3)]
we know that, when A D Qp , the natural map (2.1) is an equivalence. We want to reduce
the general case to this situation by applying the bar construction of the relative tensor
product; cf. [34, discussion before Proposition 8.6.3] or [16, Construction 4.4.2.7].

First, since M Š y
L
IA, by [18, Lemma 3.13] we know that M D A ˝LQp ;�

P with

P D y
L
IQp . Then loc. cit. implies that

X y̋AM Š X y̋Qp
P D X ˝LQp;�

P Š X ˝LA;� M;

in particular X ˝LA;� M D X ˝A;� M sits in degree 0. Then, since Banach spaces are flat
solid Qp-vector spaces [18, Lemma 3.21], the bar resolution for the tensor product gives
rise to a G-equivariant long exact sequence of solid Qp-vector spaces

� � � ! X ˝Qp ;� A
˝n
˝Qp ;� M ! � � � ! X ˝Qp ;� M ! X ˝A;� M ! 0:

Hence, by the projection formula of [19, Corollary 3.2.14 (3)],

.X ˝Qp ;� A
˝n
˝Qp ;� M/RG-la

D XRG-la
˝Qp ;� A

˝n
˝Qp ;� M:

Since .�/RG-la has finite cohomological dimension [19, Corollary 3.2.14 (1)], one
deduces that

XRG-la
˝
L
A;� M

�
�! .X ˝LA;� M/RG-la

is an equivalence as desired.

Remark 2.1.7. The key input in the proof of Lemma 2.1.6 is the projection formula for
locally analytic vectors of [19, Corollary 3.2.14 (3)]. An analogous statement holds for
h-analytic vectors for a suitable notion of h-analyticity. Indeed, consider C h

�

.G;Qp/ D

lim
�!h0<h

C h
0

.G;Qp/, the space of locally analytic functions of G with radius of ana-

lyticity strictly greater than p�h. By the proof of [19, Proposition 3.2.10] the functor
of h�-analytic vectors defined to be the group cohomology of C h

�

.G;Qp/˝
L
Qp;�
� is

idempotent and so there is a well defined full subcategory of h�-analytic representations
of D�.QŒŒG��/. Then the proof of [19, Corollary 3.2.14] applies, which in particular yields
a projection formula for h�-representations. As a consequence, Lemma 2.1.6 also holds
for h�-analytic representations.

2.2. Colmez–Sen–Tate axioms

In this section we introduce the abstract framework of Sen theory that will be needed in
this paper. Our discussion follows [1].

Let F=Qp be an algebraic extension with p-adic completion yF , a perfectoid field.
Let A be a sous-perfectoid yF -algebra endowed with the spectral norm j � j (see [27, Sec-
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tion 6.3] for the definition of sous-perfectoid ring). We letA0 �A be the p-complete open
Zp-algebra of elements of norm� 1, equivalently, the open subalgebra of power bounded
elements. For a closed Banach vector subspaceW � A we letW 0 DW \A0 be the open
subspace of W of elements of norm � 1. Let I � R�0 be the positive additive valuation
monoid of xF normalized so that jpj D p�1. Given " 2 I n ¹0º let$" 2 F be an algebraic
pseudo-uniformizer with absolute value j$"j D jpj". The additive submonoid I � R�0
is dense as yF is a perfectoid field, and from now on we always take " 2 I . In the following
we shall consider almost mathematics with respect to the maximal ideal m yF

� O yF .

2.2.1. One-dimensional Sen theory. Let � Š Zp be a one-parameter group with gener-
ator 
 . Suppose that � acts continuously on A, in particular it acts by isometries with
respect to the spectral norm. For k 2 N�0, let �.k/ WD �p

k
� � .

Definition 2.2.1 (Colmez–Sen–Tate axioms). We consider the following axioms on the
pair .A; �/:

(CST1) Sen traces .or Tate’s normalized traces/. We are given the following data:

(a) For n� 0 we have a closed Qp-Banach subalgebra An � A stable under the action
of � .

(b) For n� 0 we have An-linear and �-equivariant projection maps Rn W A! An, i.e.

maps such that the composite An ! A
Rn
��! An is the identity morphism.8 We write

Xn WD kerRn.

The data are subject to the following conditions:

(1) We have F �
S
n An. Let Fn WD yF \ An and let In � I be its additive valuation

submonoid. For " 2 In we choose $" 2 Fn.

(2) For all " > 0 there is n1."/� 0 such that for n � n1."/ and x 2 A0 we have Rn.x/ 2
$�"A0n. In other words, kRn.x/k � j$�"j jxj for x 2 A.

(3) Given x 2 A the sequence .Rn.x//n2N converges to x in A.

(4) The action of � on the Banach algebraAn is locally analytic. Equivalently, by Lemma
2.1.5, for any " 2 In there is some k 2 N (depending on n and ") such that the action
of �.k/ � � on A0n=$

" is trivial.

(CST2) Bounds for the vanishing of cohomology. For all " > 0 and k 2 N there is
n2."; k/ � n1."/ such that if n � n2."; k/ then the map 1 � 
p

k
W Xn ! Xn is invert-

ible with inverse satisfying k.1 � 
p
k
/�1k � j$ j�".

We say that the tuple .A; �; .Rn/n2N/ is a one-dimensional Sen theory if the axioms
(CST1) and (CST2) hold.

8In particular, all the algebrasAn are sous-perfectoid andA0nDA
0 \An is the subring of power

bounded elements. Hence, our notation W 0 WD W \ A0 for closed Banach subspaces W � A is
consistent with that of Banach rings.
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The following lemma will be used later in the paper.

Lemma 2.2.2. Let .A; �; .Rn// be a one-dimensional Sen theory. Then the map
lim
�!n

A0n ! A01 induces an almost isomorphism after p-adic completions. In particular,
A is the uniform completion of the colimit lim

�!n
An of Banach rings.

Proof. Let B D lim
�!n

An and B0 D lim
�!n

A0n. By Nakayama’s lemma it suffices to see that
the map

B0=$ ! A0=$ (2.2)

is an almost equivalence. Let us first show that it is almost surjective. Let a 2 A0 and
" 2 I ; we want to show that there is b 2 B0 such that b �$"a 2 $A0. By (CST1) (3)
there is some n� 0 such that b WD Rn.$"a/ satisfies jb �$"aj � j$ j. By (CST1) (2)
we can even pick n such that b 2 A0n, proving what we wanted.

Now we need to show that the map (2.2) is almost injective; we will even show that
it is injective. For that, it suffices to see that A0n \ $A

0 D $A0n. But this is clear as
A0n D An \ A

0.

Example 2.2.3. (1) The most naive example of a Sen theory is a trivial Sen theory.
Namely, we let A be a Banach ring endowed with a locally analytic action of � . Then
the Sen traces Rn are just the identity maps on A, and it is straightforward to check that
all the axioms of Definition 2.2.1 hold. One may think that this example is strange, but it
actually shows up in practice: see Example 2.2.7 (5).

(2) The first non-trivial example of a Sen theory is the classical one presented by
Tate [32] and Sen [30], given by an abelian totally wildly ramified extension K1 of a
discretely valued field K with perfect residue field with Gal.K1=K/ a one-dimensional
p-adic Lie group. In this case one takesAD yK1 to be the completion of the abelian exten-
sion, and the Sen traces Rn are constructed from normalized traces [1, Proposition 4.1.1].
The prototypical example is given by the cyclotomic extension Qp.�p1/.

(3) The next example relevant for us arises from geometry. Let C=Qp be a perfectoid
field containing Qcyc

p . Let A D C hT˙1=p
1

i be the ring of functions on the perfectoid
torus and An D C hT˙1=p

n
i. Let � D Zp.1/ be the Tate group of p-power roots of unity,

and let us fix a compatible sequence 
 D .�pn/n of p-power roots of 1. We have a natural
action of � on A given by


a � T 1=p
k

D �a
pkT

1=pk

(2.3)

for all a 2 Zp . The ring A has a standard Banach C -basis given by the elements T r for
r 2 ZŒ1=p�. We have maps Rn W A! An given by taking the projection on the elements
¹T rºr in the basis with jr jp � jp�nj. It is straightforward to check that the axioms of
Definition 2.2.1 hold in this situation. Indeed, in this case one even has kRnk � 1 as
operators, i.e. that they send power bounded elements in A to power bounded elements
in An. LettingXn D kerRn, one sees thatXn is the Banach direct sum of the elements T r

with jr j > jp�nj. By (2.3), for k � n one sees that

.1 � 
p
k

/T r D .1 � �a
ps�k /T

r



Geometric Sen theory over rigid analytic spaces 3401

where r D a=ps with .a; p/ D 1. This immediately shows that 1 � 
p
k

is invertible

on Xn. Since j1� �bpm jp D p
� 1

.p�1/pm�1 for .b;m/D 1, we find that the inverse operator

.1 � 
p
k
/�1 has norm � j.1 � �pnC1�k /�1jp D p

1

.p�1/pn�k .
(4) We will also need a variant of the previous example. In this case we take A D

C hS1=p
1

i, the ring of functions on a perfectoid affinoid disc of radius 1. We take � D
Zp.1/ as before acting in the obvious way, the rings An D C hS1=p

n
i and the maps Rn W

A! An given by projecting to the basis elements ¹S rºr with jr j � jp�nj.

Remark 2.2.4. Strictly speaking, in order to have a Sen theory in Example 2.2.3 (2) in
the sense of Definition 2.2.1, one would need to take the restriction to an open subgroup
of the Galois group. Since Sen theory is of infinitesimal nature, i.e. it only depends on
open neighbourhoods of the identity of the group, we will omit this detail now and in the
future.

2.2.2. Products of Sen theories. In the previous section we defined a Sen theory for one-
dimensional p-adic Lie groups. In the following we extend the previous axioms to the
case when � Š Zdp as a p-adic Lie group. We fix a basis 
i 2 � with i D 1; : : : ; d and

let �i WD 

Zp

i � � be the one-parameter subgroup induced by 
i . Finally, consider a
continuous action of � on a sous-perfectoid ring A.

Definition 2.2.5. A d -dimensional Sen theory .A; �; .Rin/
d
iD1/ for .A; �/ is the datum of

Sen theories .A; �i ; .Rin/n2N/ in the sense of Definition 2.2.1 (with closed subrings Ain)
for all i D 1; : : : ; d , satisfying the following properties:

(a) For all i; j 2 ¹1; : : : ; dº the Sen traces commute, i.e.RinR
j
m DR

j
mR

i
n for all n;m� 0.

(b) The subrings Ain are �-stable and the Sen traces Rin are �-equivariant.

For all J � ¹1; : : : ; dº and all tuples nD .nj /j2J 2 NJ we let AJn � A be the closed
subring consisting of the image of the operator

Q
j2J R

j
nj
W A! A. For n� 0 we will

also simply write An for the image of
Qd
iD1R

i
n.

Remark 2.2.6. Keep the notation of Definition 2.2.5 and let J � ¹1; : : : ; dº. By an
inductive argument, Lemma 2.2.2 implies that A is the uniform completion of the
colimit lim

�!n2NJ
AJn of Banach rings, namely, by induction one can show that the map

lim
�!n2NJ

AJ;0n ! A0 is an almost isomorphism after p-completion.

Example 2.2.7. (1) A first example of this kind of multivariable Sen theory appears in
the work of Brinon [3] who introduces generalizations of Sen theories in the case of non-
archimedean fields with imperfect residue characteristic. Examples of such fields arise
from completions of fields on rigid varieties at Zariski generic points in their Berkovich
or adic spectrum. Since this theory will not be necessary for us, we will not attempt to
precisely construct a d -dimensional Sen theory as in Definition 2.2.5 in this situation.

(2) The main example for this paper will arise from products of tori. For later con-
venience, we will introduce the relevant geometric notation.



J. E. Rodríguez Camargo 3402

Let C=Qp be a perfectoid field containing Qcyc
p and CC � C an open bounded integ-

rally closed subring. Let TC WD Spa.C hT˙1i;CChT˙1i/ be the torus of dimension 1with
coordinate T over Spa.C; CC/. For integers k; n � 0 we let Tk

C;n be the k-dimensional

torus with coordinates T 1=p
n

1 ; : : : ; T
1=pn

k
. For n D 1 we let Tk

C;1 D lim
 �n

Tk
C;n be the

k-dimensional perfectoid torus with variables T 1=p
1

1 ; : : : ; T
1=p1

k
. Let A be the ring of

functions on Tk
C;n and let � D Zp.1/k act on A in the natural way. By taking completed

tensor products over C , the maps Rin on the one-dimensional torus with coordinate Ti of
Example 2.2.3 (3) give rise to a Sen theory .A; �; .Rin/n/ in the sense of Definition 2.2.5.
Note that in this case, the map Tk

C;1 ! Tk
C is a pro-finite-étale Zp.1/k-torsor.

(3) A variant of the previous example that will be needed in this paper is obtained
by discs instead of tori; we introduce the relevant geometric notation. Let DC WD
Spa.C hSi; CChSi/ be the one-dimensional disc over C with coordinate S . We endow
DC with the log structure arising from S D 0 (cf. [6, Example 2.3.17]). For integers
k; n � 0 let Dk

C;n be the k-dimensional polydisc with coordinates S1=p
n

1 ; : : : ; S
1=pn

k
.

Let Dk
C;1 D lim

 �n
Dk
C;n be the perfectoid polydisc of dimension k and coordinates

S
1=p1

1 ; : : : ; S
1=p1

k
. By letting A be the ring of functions on Dk

C;1 and � D Zp.1/k ,
the one-dimensional Sen theories of Example 2.2.3 (4) will combine together to a Sen
theory .A; �; .Rin/n;i / in the sense of Definition 2.2.5. Note that in this case the map
Dk
C;1 ! Dk

C is a pro-Kummer-étale Zp.1/k-torsor.
(4) By mixing the previous two examples of Sen theories, we can construct a Sen

theory for the product S.e;d�e/;1C WDT e
C;1 �Dd�e

C;1 of tori and polydiscs with coordinates

T1; : : : ; Te; SeC1; : : : ; Sd . We shall write S.e;d�e/C;n WD Td
C;n �Dd�e

C;n for n 2N [ ¹1º. By

letting A be the ring of functions on S.e;d�e/C;1 and � D Zp.1/d , one has a natural action
of � on A and the Sen theories of (2) and (4) combine to a Sen theory on .A; �/.

(5) We finally discuss an example that combines the mixed case of (4) and the trivial
Sen theory of Example 2.2.3 (1). Let S.e;d�e/C be as in (4). We see S.e;d�e/C as a log adic
space endowed with log structure arising from the normal crossing divisor SeC1 � � �SdD0.
For i 2 ¹e C 1; : : : ; dº let Di � S.e;d�e/C be the divisor defined by Si D 0, and given
J � ¹eC 1; : : : ; dº we letDJ D

T
i2J Di . We endowDJ with the log structure M given

by pullback along DJ ! S.e;d�e/C . For n 2 N [ ¹1º let DJ;n D S.e;d�e/C;n �
S.e;d�e/

C

DJ

where the fibre product is an fs log adic space [6, Proposition 2.3.27]. Without loss of
generality assume that J D ¹i C 1; : : : ; dº for some i � e. The underlying adic space
of DJ;1 is the perfectoid space

DJ D Spa.C hT˙
1

p1 ; S
1

p1

eC1 ; : : : ; S
1

p1

i i; CChT
˙ 1

p1 ; S
1

p1

eC1 ; : : : ; S
1

p1

i i/ D S.e;i�e/C :

On the other hand, the log structure M of D1 is induced by the map of monoids

ı W

�
N

�
1

p

��d
! AJ WD C hT

˙ 1
p1 ; S

1
p1

eC1 ; : : : ; S
1

p1

i i

mapping the j -th component to Sj if j � i , and to 0 if j > i . In particular, .DJ;1;M1/
! .DJ ;M/ is a � D Zp.1/d -torsor in the pro-Kummer-étale site of .DJ ;M/. Note,
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however, that only the first e C i components of � act non-trivially on AJ . The natural
normalized traces attached to the coordinates T1; : : : ; Td ; SeC1; : : : ; Si lead to Sen traces
on AJ and they give rise to a d -dimensional Sen theory for the pair .AJ ; �/, where the
last d � i components act trivially on AJ .

2.2.3. Base change and retracts of Sen theories. In this subsection we prove some sta-
bility properties of Sen theories that will be necessary for our applications. First, we need
stability under retracts in a suitable sense:

Lemma 2.2.8. Let � D Zp and consider a one-dimensional Sen theory .A; �; .Rn//,
and let B � A be a closed Banach yF -subalgebra stable under � and � W A ! B a
�-equivariant B-linear projection. Suppose that �Rn D Rn� for all n� 0 so that the
maps Rn restrict to R0n W B ! B . Then the tuple .B; �; .R0n/n/ is a one-dimensional Sen
theory.

Proof. Since B is a retract of A via the map � , B is sous-perfectoid and we see that
B0 DB \A0. Thus, the restriction of the spectral norm ofA toB agrees with the spectral
norm of B . The condition �Rn D Rn� implies that the Sen traces Rn leave B stable, and
so their images define closed Banach subalgebras Bn D B \ An. The axiom (CST1) of
Definition 2.2.1 holds for .B; �; R0n/. It is left to see that (CST2) holds, so let " 2 I and
let n� k be such that 1 � 
p

k
is invertible on Xn with inverse .1 � 
p

k
/�1 bounded

by $�". Let X 0n be the kernel of R0n. We have X 0n D Xn \ B and so 1 � 
p
k

is also
invertible on X 0n (since the projection � must commute with .1 � 
p

k
/�1 in Xn) and its

inverse is bounded by $�". This proves the lemma.

To extend Sen theories along étale maps we will need the following approximation of
étale maps for affinoid perfectoid rings.

Lemma 2.2.9. Let ¹Aiºi2I be a filtered system of sous-perfectoid yF -algebras with uni-
form completed colimit A D .lim

�!i
A0i /
^-pŒ 1

p
� given by a perfectoid ring .where the sub-

script .�/^-p denotes p-adic completion/. Let A! A0 be an étale extension of A that
factors as a composite of finite étale extensions and rational localizations.

(1) There is some index i and an étale extension Ai ! A0i that factors as a composite of
finite étale maps and rational localizations such that A0 D A y̋Ai

A0i .

(2) Let i 2 I and let Ai ! A0i be an étale map that factors as a composite of rational
localizations and finite étale maps. For j � i letA0j WDAj ˝Ai

A0i . Then for any " > 0
there is some j � i such that the map

A00j y̋A0
j
A0 ! A00

has cokernel killed by $".

Proof. Part (1) follows from [23, Lemma 6.13 (ii)] for rational localizations and from
[11, Proposition 5.4.53] for finite étale maps. The general case follows by an inductive
argument.
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Part (2) is [24, Lemma 4.5 (iii)]. Note that, in the notation of loc. cit. the fact that the
Ri are Tate algebras of finite type is never used in the proof, only that they are uniform
Tate algebras and that the étale extension Ri ! Si remains uniform. This holds in our
situation since the algebras Ai are sous-perfectoid.

The following lemma extends actions of profinite groups along étale maps.

Lemma 2.2.10. Let … be a profinite group acting continuously on a sous-perfectoid
ring A over Qp . Let A! A0 be an étale map that factors as a composite of finite étale
maps and rational localizations. Then there is an open compact subgroup …0 � … and a
continuous action � of …0 on A extending that on A. Given two such extensions �1 to …01
and �2 to …02, there is a compact open subgroup …03 � …

0
1 \…

0
2 such that �1 and �2

agree on …03. Furthermore, if … is a p-adic Lie group and the action on A is locally
analytic, then the action of …0 on A0 is also locally analytic.

Proof. One can separate the problem into one for open immersions and one for finite
étale maps. For open immersions U D Spa.A0; A0C/ � Spa.A;A0/ it suffices to take the
stabilizer GU of U in G. The case of finite étale maps is [26, Lemma] (except that there
it is stated only for strongly noetherian Tate rings but the argument works in general).

By shrinking… we can assume that it acts on both A and A0. It is left to show that the
action of… onA0 is locally analytic if it is onA. Since the mapA!A0 is topologically of
finite type (as it factors as a composite of finite étale maps and rational localizations, and
each of these maps is topologically of finite type), there is a ring of definition A0 � A and
elements f1; : : : ; fk 2 A00 such that the p-complete algebra A00 WD A0hf1; : : : ; fki � A

0

generated by the elements fi is a ring of definition of A0. By Lemma 2.1.5 it suffices
to show that the action of … on A00=p factors through a finite quotient. Since the action
on A is locally analytic, the same lemma implies that the action on A0=p factors through
a finite quotient, and by trivializing the action of the elements fi modulo p (which is
possible since the action of … on A00=p is smooth) one gets the desired factorization.

Lemma 2.2.11. Let .A; �; .Rn/n/ be a one-dimensional Sen theory. Let n � 0 be an
integer such that there is a Banach basis ¹eiºi2I of A0 as an A0n-module .contained
in A0/ such that

� I D
S
k�n Ik with ¹Ik � I ºk a sequential system of finite subsets,

� for m � n,
A0m D

M
i2Im

eiA
0
n;

� for m � n the Sen traces Rm W A! Am are given by the projection along the basis
¹eiºi2Im

.

Then the following hold:

(1) The solid base change along An ! A is flat.

(2) Let M be a Banach An-module and consider the base change MA D M y̋An
A as

well as Mm DM y̋An
Am. Then Mm �MA is a closed Banach A-module, the base
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change of Rm W A! Am gives rise to a retraction Rm WMA!Mm, and for x 2MA
the sequence .Rm.x//m of elements in MA converges to x.

Proof. By hypothesis, A is a Banach direct sum of copies of Am for m � n giving rise to
an isomorphism A Š An y̋Qp

y
L
IQp of An-modules. Since Banach Qp-vector spaces

are flat for the solid tensor product [18, Lemma 3.21], by base change the solid tensor
product along Am! A is flat for allm � n, and then so is the p-complete tensor product
of Banach Am-modules. The fact thatMm �MA is a closed Banach Am-module and that
we have the retraction MA !Mm is clear. This proves (1).

For part (2), by assumption on A we can write

MA D
yM
i2I

eiM

and the projection maps MA ! Mn are given by projecting onto a suitable subbasis
of ¹eiºi2I . The convergence of the sequence .Rm.x//x to x 2MA is then clear.

Finally, the following lemma extends Sen theories along étale maps under certain
hypotheses that will hold in practice.

Lemma 2.2.12. Let � D Zp and consider a Sen theory .A; �; .Rn/n/ as in Definition
2.2.1 with A perfectoid. Let A! A0 be an étale map obtained as a composite of finite
étale maps and rational localizations.

(1) There is some k � 0 and an étale map Ak ! A0
k

that factors as a composite of
rational localizations and finite étale maps such that A0 Š A˝Ak

A0
k

. Furthermore,
after taking a smaller open subgroup if necessary, the action of � on Ak extends
to A0

k
and so to A0. For n � k let R0n W A

0 ! A0n be the base change of the map
Rn W A! An along Ak ! A0

k
.

(2) Suppose that there is an integer n� 0 such that there is an A0n-Banach basis ¹eiºi2I
as in Lemma 2.2.11. Then the tuple .A0; �; .R0n/n/ is a Sen theory in the sense of
Definition 2.2.1.

Proof. Part (1) follows from Lemmas 2.2.9 (1) and 2.2.10. Indeed, A is the uniform com-
pletion of lim

�!n
An by Lemma 2.2.2.

Let us now suppose that Ak ! A0
k

is an étale map that factors as a composite of
rational localizations and finite étale maps, and suppose that the action of � onAk extends
toA0

k
. For n� k letA0n WDA

0
k
y̋Ak

An and letR0n WA
0!A0n be theA0

k
-linear extension of

the map Rn W A! An. We want to see that the axioms (CST1) and (CST2) of Definition
2.2.1 hold for .A0; �; .R0n/n/ provided they do for .A; �; .Rn/n/.

First, (CST1) (1) is obvious, (CST1) (3) follows from Lemma 2.2.11 when M D A0
k

,
and (CST1) (4) follows from Lemma 2.2.10. We need to show that the Sen traces R0n
satisfy the desired bound condition of (CST1) (2). Let " > 0. By Lemma 2.2.9 there is
some N � 0 such that for m� N the map

A00m y̋A0
m
A0 ! A00
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has cokernel killed by $". Note that the map must be injective since A0 has a Banach
basis as an A0m-module. In particular, A00m y̋A0

m
A0 is a ring of definition of A0. Similarly,

by (CST1) (2) for .A; �; .Rn/n/ we can take N � 0 such that for all m� N the trace
Rm induces a map

Rm W A
0
! $�"A0m:

This implies that the base change R0m W A
0 ! A0m induces a map

R0m W A
00
m
y̋
A0

m
A0 ! $�"A00m:

Hence, R0m induces a map R0m W A
0
0 ! $�2"A00m. Since " was arbitrary, this proves the

axiom.
To show that (CST2) holds, let Xm D kerRm and let X 0m be its base change along

Ak ! A0
k

. By hypothesis, we can write A0 D X0m ˚ A
0
m, and RmjA0 is given by the

projection onto A0m under this decomposition. In particular, the maps X0m y̋A0
m
A00m !

X0m y̋A0
m
A00 ! X 00m WD X

0
m \ A

00 are injective.
Let ">0. By takingm large enough we can assume that the injective mapX0m y̋A0

m
A00m

! X 00m has cokernel killed by $". Therefore, zX 00m WD X0m y̋A0
m
A00m is open in X 00 and

we can prove (CST2) using the subspace zX 00m instead of X 00m . Let 
 2 � be a generator.
By (CST2) for .A; �; .Rn/n/, for " > 0 and s 2 N there is n2."; s/ � n1."/ such that if
n� n2."; s/ then the map 1� 
 s WXn!Xn has an inverse .1� 
p

s
/�1 of norm� j$ j�".

This means that the map 1 � 
p
s
W X0n ! X0n has an inverse up to an $"-factor

.1 � 
p
s

/�1 W X0n ! $�"X0n :

On the other hand, by taking s � 0, since the action of � on Ak is locally analytic, by
Lemma 2.1.5 we can assume that 
p

s
acts trivially on A0

k
=$2" and A00

k
=$2". Consider

the image Y 0n D .1 � 

ps
/X0n . The space Y 0n is contained in X0n , contains $"X0n , and is

stable under multiplication by A0
k

.
By assumption (2) the A0

k
-module X0n has an ON basis, say ¹fj ºj2J . Since the ele-

ments $" are algebraic over Qp , we can choose s � 0 such that 
p
s

is $"-linear. Since
1 � 
p

s
is an isomorphism on X0n after inverting p, the above shows that the image of

¹fj ºj2J by 1� 
p
s

gives rise to an ON basis of Y 0n as an A0
k

-module. Indeed, one has an
A0
k

-linear map of torsion free $ -complete A0
k

-modules

yM
j2J

A0k.1 � 

ps

/fj ! Y 0$

which is an equivalence modulo $2", so by Nakayama’s lemma it must be an isomorph-
ism.

We deduce that the base change Y 00n D Y
0
n ˝A0

k
A00
k

is an ON Banach A00
k

-module and

that it gives rise to an open ball in Y 00n Œ
1
p
� D X 00n such that

$" zX 00n � Y
00
n �

zX 00n :



Geometric Sen theory over rigid analytic spaces 3407

Finally, one sees that the induced map 1� 
p
s
W X 0n! X 0n sends zX 00n to Y 00n . By reducing

modulo $2" this map is A00
k
=$2"-linear and is the base change along A0

k
! A00

k
of the

isomorphism
1 � 
p

s

W X0n=$
2" �
�! Y 0n =$

2":

By Nakayama’s lemma this implies that 1 � 
p
s
W zX 00n

�
�! Y 00n is also an isomorphism.

One deduces that 1 � 
p
s
W X 0n ! X 0n has an inverse .1 � 
p

s
/�1 with norm � j$�"j

with respect to the Banach ball zX 00n . Since zX 00n � X
00
n has cokernel killed by $", one

deduces that the norm of .1 � 
p
s
/�1 with respect to the ball X 00n is � j$�2"j. As " was

arbitrary, this shows (CST2) and finishes the proof of the lemma.

Remark 2.2.13. Thanks to Examples 2.2.3 (2)–(4), Lemma 2.2.12 applies for the per-
fectoid torus, the perfectoid disc and the cyclotomic tower. This will cover all the relevant
applications in this paper.

We conclude with the construction of Sen theories for smooth affinoid spaces. We
keep the notation of Example 2.2.7.

Proposition 2.2.14. Let .X;MX / be a log affinoid adic space over a perfectoid field
.C; CC/ containing Qcyc

p with X D Spa.A;AC/. Suppose that there is an étale chart

 W X ! S.e;d�e/C

written as a composite of finite étale maps and rational localizations, where the log struc-
ture of X arises from the log structure of the polydisc term on the right-hand side.
Let S.e;d�e/K;1 be the perfectoid product of tori and discs endowed with the action of

� D Zp.1/d , and let X1 D X �S.e;d�e/
C

S.e;d�e/C;1 be its base change to a pro-Kummer-

étale �-torsor ofX . LetA1 be the ring of functions ofX1, and letR0in be the base change
of the Sen traces of S.e;d�e/C;1 toA1. Then the tuple .A1;�; .R0in /n/ is a d -dimensional Sen
theory. A similar statement holds for the rings of functions A1;J obtained from boundary
divisors for some subset J � ¹e C 1; : : : ; dº as in Example 2.2.7 .5/.

Proof. The one-dimensional case follows from Lemma 2.2.12, and the higher-dimen-
sional case follows by induction on the number of coordinates.

2.3. Relative locally analytic representations

LetA be a sous-perfectoid ring and letA0 �A be the subring of power bounded elements.
Let … be a profinite group acting continuously on A.

The goal of this section is to introduce a relative analogue of ON Banach locally
analytic representations over A for the semilinear action of…. The motivation is provided
by Lemma 2.1.5, saying that a continuous action of a compact p-adic Lie group G on a
Banach space V is locally analytic if and only if there is a G-stable lattice V 0 � V such
that G acts through a finite quotient on V 0=p.
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Moreover, in order to adapt the decompletions of [1] in Section 2.4 for relative loc-
ally analytic representations, we shall need to study infinite-dimensional analogues of
1-cocycles. This requires a topological understanding of the automorphism group of an
infinite-dimensional ON Banach space:

Lemma 2.3.1. For I and J index sets, we have isomorphisms of A- and A0-modules

HomA
�
yM
I

A;
yM
J

A
�
D

�Y
I

yM
J

A0
�� 1
p

�
;

HomA0

�
yM
I

A0;
yM
J

A0
�
D

Y
I

yM
J

A0;

(2.4)

where the Hom spaces consist of continuous homomorphisms of A- or A0-modules. We
endow the HomA0 space with its natural product topology, and the HomA space with
the locally convex topology making the HomA0 subspace bounded. Equivalently, we can
endow the HomA0 and HomA spaces with the compact-open topology .these two topolo-
gies agree thanks to [5, Proposition 4.2]/.

Proof. We have HomA. y
L
I A;

y
L
J A/ D HomA0. y

L
I A

0; y
L
J A

0/Œ 1
p
�, so it suffices to

prove the second equality. One has

HomA0

�
yM
I

A0;
yM
J

A0
�
D lim
 �
n

HomA0=pn

�M
I

A0=pn;
M
J

A0=pn
�

D lim
 �
n

Y
I

M
J

A0=pn D
Y
I

yM
J

A0:

Remark 2.3.2. (1) Let V be an ON Banach A-module with a fixed ON lattice V 0

over A0. Classically, EndA.V / is endowed with two topologies. First, we have the strong
(or operator norm) topology, in which case it is a Banach space. Concretely, after fixing
the norm in V arising from V 0, the elements of norm � 1 in EndA.V / correspond to
EndA0.V 0/.

On the other hand, the topology used in Lemma 2.3.1 is the compact-open topology,
which naturally agrees with the condensed structure and with the weak topology. One has
a natural continuous map

End0A.V /! EndA.V /

where the left-hand side is endowed with the strong topology while the right-hand side is
endowed with the weak topology. This map is an isomorphism of the underlying vector
spaces but it is not an isomorphism of condensed A-modules. However, the existence of
this map shows that a sequence of endomorphisms of V that converges for the operator
norm topology will also converge for the compact-open topology.

(2) We can reinterpret Lemma 2.1.5 by saying that a representation of a p-adic Lie
group G on a Banach space V is locally analytic if and only if the action is continuous
with respect to the norm topology; we thank the referee for this observation.
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Definition 2.3.3. Let V be an ON Banach A-module. We define the topological group
AutA.V / to be the pullback

AutA.V / EndA.V / � EndA.V /

¹idV º � ¹idV º EndA.V / � EndA.V /

�

where �.f; g/ D .f ı g; g ı f /. Equivalently, it is the closed subspace of EndA.V / �
EndA.V / consisting on those pairs .f; g/ such that f ı g D idV D g ı f . If V 0 is an ON
A0-lattice on V , we define AutA0.V 0/ in a similar way.

The following lemma will be used to construct invertible elements in AutA.V /.

Lemma 2.3.4. Let V be an ON Banach A-module with a fixed ON lattice V 0 over A0.
LetM 2 EndA.V / be an endomorphism whose operator norm with respect to V 0 satisfies
kMk � j$"j for some " > 0. Then 1 �M 2 AutA.V / and its inverse is given by the
convergent series .1 �M/�1 D

P1
nD0M

n.

Proof. Write V 0 D y
L
I A

0 so that EndA.V / Š .
Q
I
y
L
I A

0/Œ 1
p
�. It is enough to show

that
P1
nD0M

n converges in EndA.V /, and that the sequence ..1 �M/
Pm
nD0M

n/m2N

converges to idV . By hypothesis, M 0 D 1
$"M is an operator on V 0, thus

P1
nD0M

n DP1
nD0$

"nM 0n converges since EndA0.V 0/ Š
Q
I
y
L
I A

0 is p-adically complete, and
both$" and p are topologically nilpotent units of A. One shows in a similar way that the
sequence ..1 �M/

Pm
nD0M

n/m2N converges to idV , finishing the proof.

Let… be a profinite group acting continuously on A. Given an index set I , we denote
by ei the standard basis of y

L
I A, and write GLI .A/ D AutA. y

L
I A/ (and similarly for

GLI .A0/). The groups GLI .A/ and GLI .A0/ have a natural continuous action of … on
the coefficients. Then ON Banach A-semilinear representations of “rank I ” with fixed
ON basis are equivalent to continuous 1-cocycles of … on GLI .A/.

More precisely, consider an A-semilinear representation � W … � V ! V on an ON
A-Banach module and let ‡ W y

L
i2I Aei

�
�! V be an A-linear isomorphism. Let � be

the A-semilinear action on y
L
i2I Aei where … acts trivially on the ei ’s. One defines the

1-cocycle attached to � as
U� W …! GLI .A/ (2.5)

via the formula
U�.g/ D ‡

�1
ı �.g/ ı ‡ ı �.g/�1:

Conversely, given U W … ! GLI .A/ a continuous 1-cocycle, one has the attached
representation �U on V via the formula

�U .g/ D ‡ ı U.g/ ı �.g/ ı ‡
�1:

One easily verifies that this produces a bijection between A-linear representations of …
on V (with a fixed ON basis) and continuous 1-cocycles of … on GLI .A/.

We give the following definition of relative locally analytic ON Banach representation.
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Definition 2.3.5. An ON Banach A-semilinear representation � W … � V ! V is said to
be relative locally analytic if there exists a basis ¹viºi2I generating an ON lattice V 0

over A0 such that

� there is an open subgroup …0 � … stabilizing V 0 and " > 0 such that the action of …0

on ¹vi mod $"ºi2I is trivial.

We say that ¹viºi2I is a relative locally analytic basis of V .

Remark 2.3.6. The previous definition can be rewritten in terms of 1-cocycles. Indeed,
let � be a continuous A-semilinear representation of … on an ON A-Banach module V .
Let ¹viºi2I be a fixed ON basis generating an ON A0-lattice V 0 stable under the action
of …. By the construction of (2.5), attached to � we have a 1-cocycle U� in GLI .A/.
Since … leaves V 0 stable, it even lives in GLI .A0/. Then ¹viºi2I is a relative locally
analytic basis if there is some$" such that the composite U� WGLI .A0/!GLI .A0=$"/

factors through a finite quotient …=…0, that is, the 1-cocycle U� is trivial on …0 � …
modulo $".

The following lemma says that composition with matrices in AutA.V / that are close
enough to idV preserves the relative locally analytic bases.

Lemma 2.3.7. Let V be a relative locally analytic representation of…, vD ¹viºi2I a rel-
ative locally analytic basis, and V 0 the A0-lattice spanned by ¹viºi2I . Let  2 EndA.V /
be an operator such that k1� k � j$"j for the operator norm induced by V 0 and some
" > 0. Then  .v/ D ¹ .vi /ºi2I is a relative locally analytic basis of V .

Proof. Let …0 � … be an open subgroup stabilizing V 0, and let "0 > 0 be such that the
action of…0 on ¹vi mod$"0ºi2I is trivial. Let "00Dmin¹";"0º. Then .vi /� vi mod$"00

and …0 acts on ¹ .vi / mod $"00ºi2I trivially. This proves the lemma.

Example 2.3.8. (1) Let … D G be a compact p-adic Lie group and W be a Banach
locally analytic representation over Qp . Then, by Lemma 2.1.5, W y̋Qp

A is a relative
locally analytic representation of ….

(2) Slightly more generally, suppose that … admits a compact p-adic Lie group G
as a quotient. Let W be a Banach locally analytic representation of G over Qp . Then
W y̋Qp

A is a relative locally analytic representation of …. This is the situation we will
face in the applications to rigid spaces.

(3) Let V be an A-finite free semilinear representation of …. Then V is relative loc-
ally analytic. Indeed, let V 0 � V be an A0-lattice with basis v1; : : : ; vk and …0 � … a
subgroup leaving V 0 stable. Then, after shrinking …0 if necessary, it acts trivially on all
the vi modulo pV 0.

2.4. The Sen functor

Let A be a sous-perfectoid ring and � Š Zdp a torsion free abelian p-adic Lie group
of dimension d . Let .A; �; .Rin/

d
iD1/ be a d -dimensional Sen theory. In this section we
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define the Sen functor for relative locally analytic ON A-Banach representations of �;
this is nothing but the decompletion by taking (derived) locally analytic vectors.

Definition 2.4.1 (The Sen functor). Let V be a relative locally analytic ON A-Banach
representation of � . We define the Sen module of V to be the subspace of locally analytic
vectors for the action of �:

S.V / WD V �-la:

We also define the derived Sen module of V to be the solid complex of derived �-locally
analytic vectors:

RS.V / WD V R�-la:

Remark 2.4.2. In Definition 2.4.1 (2) we see V as a solid Qp-vector space. Note also
that the derived Sen module can be constructed for any complex of solid A-semilinear
�-representations.

Before stating the main theorem, let us study the behaviour of passing through analytic
vectors for the action of � on A. Write C la.�;Qp/ D lim

�!h!1
C h.�;Qp/ as a colimit

of h-analytic functions. The following lemma says that the h-analytic vectors of A are
sandwiched between the images of the Sen traces.

Lemma 2.4.3. Let .A; �; Rn/ be a one-dimensional Sen theory and let 
 2 � be a gen-
erator. The following hold:

(1) Given h > 0 there is n.h/ such that for k � n.h/ one has XRh-an
k

D 0. In partic-
ular, ARhn-an D ARh-an

n.h/
, and the natural map ARh-an ! A induces an inclusion of

subalgebras of A,
Ah-an

� An.h/:

(2) Conversely, given n 2N there is h.n/ > 0 such thatAn is h.n/-analytic. In particular,
we have an inclusion of subalgebras of A,

An � A
h.n/-an:

(3) Taking colimits as n!1 we get

AR�-la
D A�-la

D lim
�!
n

An:

Proof. The second statement is just (CST1) (4). For the first statement, we need to see
that given h > 0 there is n.h/ such that for k � n.h/ the space Xk D ker.Rk W A! Ak/

has no h-analytic vectors.
By Lemma 2.1.5 given h > 0 and " > 0 there is some s 2 N such that the action of

1 � 
p
s

satisfies k.1 � 
p
s
/k � j$2"j as an operator on C h.�;Qp/. By (CST2) given

" > 0 and s 2N there is n."; s/ such that for k � n."; s/ the operator 1� 
p
s

is invertible
on Xk with inverse satisfying k.1 � 
p

s
/�1k � j$ j�". Then the operator 1 � 
p

s
is

invertible on Xk y̋Qp
C h.�;Qp/ with inverse given by the power series

.1 � 
p
s

/�1 D �

1X
iD0


�p
s

.
�p
s

� 1/�.iC1/ ˝ .
p
s

� 1/i :
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This implies that
XRh-an
k D R�.�;Xk y̋Qp

C h.�;Qp// D 0:

Taking n.h/ D n.s; "/ for a fixed " we get the first statement.
For the third statement, it suffices to write A D Xk ˚ Ak and to note that for some h

(which can be large as long as k is even larger) one has XRh-an
k

D 0. Hence

ARh-an
D ARh-an

k :

Taking colimits as h; k !1 one then gets

AR�-la
D lim
�!
k;h

ARh-an
k D lim

�!
k

Ak

as desired.

Let .A; �; .Rin/
d
iD1/ be a d -dimensional Sen theory. For a tuple n 2 Nd we let An DQd

iD1 R
i
ni
.A/ be the image of the composition of Sen traces. For n 2 N we will simply

write An D
Qd
iD1 R

i
n.A/. We state the main theorem of this section regarding the nice

behaviour of the Sen functor for relative locally analytic ON A-Banach representations
(cf. [1, Proposition 3.3.1]).

Theorem 2.4.4. Let V be a relative locally analytic ON A-Banach representation of �
with a fixed ON A0-lattice V 0 and vD ¹viºi2I a relative locally analytic A0-basis of V 0.
The following hold:

(1) For all " > 0 close enough to zero and n� 0 the A-module V contains a closed ON
Banach An-submodule Sn.V / with ON A0n-lattice Sn.V /0 D Sn.V /\ V 0 such that:

(a) Sn.V /0 admits an ON basis v0 D ¹v0iºi2I with v0i � vi mod$"V 0. In particular,
A y̋An

Sn.V / D V .

(b) The An-module Sn.V / is stable under the action of � . Moreover, Sn.V / is a
locally analytic representation.

(c) For m � n we have Sm.A/ D Am y̋An
Sn.A/.

We call Sm.V / the m-th Sen module of V , or the Sen module of V over Am.

(2) Given h� 0 depending on V , there is n.h/ 2 N with n.h/!1 as h!1 such
that:

(a) The Banach Ah-an-module V h-an admits an ON basis.

(b) We have a map Ah-an ! An.h/ as in Lemma 2.4.3 and

Sn.h/.A/ D An.h/ y̋Ah-an V h-an:

In particular, for n� 0 the An-module Sn.A/ of .1/ is unique and equal to the
.base change of the/ h-analytic vectors of V for a suitable h.
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(3) We have
RS.V / D S.V / D lim

�!
n

Sn.V /:

In other words, the derived Sen functor is concentrated in degree 0 and equal to the
colimit along n of the decompletions Sn.V /.

The proof of Theorem 2.4.4 consists of two steps. First, we generalize the decomple-
tion of [1] from finite rank A-modules to ON Banach A-modules; this will show part (1)
of the theorem. Second, we use the decompletion of part (1) and Lemma 2.4.3 to deduce
parts (2) and (3).

2.4.1. Reduction to the one-dimensional case. As a first technical step, let us reduce The-
orem 2.4.4 to the one-dimensional case by a simple inductive argument.

Proposition 2.4.5. Suppose that Theorem 2.4.4 holds for one-dimensional Sen theories.
Then it holds for Sen theories of arbitrary dimensions.

Proof. Let � Š Zdp and let .A; �; .Rin/
d
iD1/ be a d -dimensional Sen theory. Suppose

by induction that Theorem 2.4.4 holds for d � 1-dimensional Sen theories. Write � D
�1 � �Œ2;d� as a product of the first coordinate and the last d � 1 coordinates. Let R1n W
A ! A1n be the Sen traces attached to the first coordinate. Then .A; �1; R1n/ is a one-
dimensional Sen theory by definition, and by assumption Theorem 2.4.4 holds for it.
Thus, for all " > 0 close enough to 0 and n � 0 we have a Sen module S1n .V / � V
over A1n such that:

(i) There is an ON basis ¹v0iºi2I of S1n .V /
0DS1n .V /\V

0 such that v0i�vi mod$"V 0.

(ii) For n� 0 we can recover S1n .V / by the formula

S1n .V / D A
1
n ˝A�1;h-an V �1;h-an

where W �1;h-an are the h-analytic vectors of W for the action of �1 (for a suitable
choice of h). In particular, the action of � leaves S1n .V / stable.

(iii) We have RS1.V / D S1.V / D lim
�!n

S1n .V /, i.e. the higher locally analytic vectors
for the action of �1 vanish.

Let us now fix n1 � 0 such that the previous properties hold for all m � n1. Then
(i) implies that ¹v0iºi2I is a relative locally analytic basis of S1n .V / as an A1n-module
for the action of �Œ2;d�. By Lemma 2.2.8 the tuple .A1n; �Œ2;d�; .R

i
m/
d
iD2/ is a .d � 1/-

dimensional Sen theory. By the inductive hypothesis, for all m � n1 we have a Sen
module Sm.V / over Am D

Qd
iD2R

i
m.A

1
m/ satisfying the analogous properties (i)–(iii) for

the group �Œ2;d�.
We now deduce that (i)–(iii) hold for the whole group � (after increasing m if neces-

sary). Property (i) does not depend on the group. For (ii), since the action of �1 was
already locally analytic on S1m.V / and hence on Sm.V /, then by [19, Proposition 3.4.2]
the action of � on S1m.V / is also locally analytic. Since S1m.V / is a Banach space, Lemma
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2.1.5 implies that it is h-analytic as a �-representation for some h. By increasing m we
can then find h such that

Sm.V / D Am ˝Ah-an V h-an;

obtaining (ii). Note that, by taking h andm such thatAm �Ah-an and Sm.V / is h-analytic,
one has

V h-an
D .A y̋Am

Sm.V //
h-an
D Ah-an y̋Am

Sm.V /; (2.6)

in particular V h-an is also an ON Ah-an-Banach representation of � .
Let us briefly justify the projection formula for h-analytic vectors of (2.6): by using

the argument of Lemma 2.1.6 one reduces to the projection formula .V y̋Qp
W /Rh-an D

V Rh-an ˝LQp;�
W for W; V Banach representations of � with V being h-analytic. The

derived locally analytic vectors of the tensor V y̋Qp
W are the group cohomology of the

representation C h.�;Qp/ y̋Qp
W y̋Qp

V , where � acts on W and V as usual, and on
the h-analytic functions via the left regular action. Since the action of V is h-analytic,
there is a �-equivariant isomorphism

 W C h.�;Qp/ y̋Qp
V Š C h.�;Qp/ y̋Qp

V0

where the action of � on the right-hand side is trivial on V0 and the left regular action
on the h-analytic functions; this map is given by sending a function f W � ! V to the
function zf .g/ D g�1f .g/. Thus, we have

.V y̋Qp
W /Rh-an

D R�.G;C h.�;Qp/ y̋Qp
W y̋Qp

V /

Š R�.G;C h.�;Qp/ y̋Qp
W y̋Qp

V0/

D R�.G;C h.�;Qp/ y̋Qp
W /˝LQp;�

V

D W Rh-an
˝
L
Qp;�

V

where in the second equivalence we use the isomorphism  , in the third equivalence we
use the projection formula for group cohomology, and the last equivalence is the definition
of h-analytic vectors.

For (iii), fixm such that the Sen module Sm.V / is defined. Then V D A y̋Am
Sm.V /.

We pick h such that Am and Sm.V / are h-analytic. Then by Lemma 2.1.6 one has

V R�-la
D .A y̋Am

Sm.V //
R�-la

D AR�-la
˝
L
A;� Sm.V /;

where ˝LA;� is the derived tensor product of A-modules in solid Qp-vector spaces. For
k � m we can write A D X1

k
˚ A1m. Lemma 2.4.3 implies that lim

�!k!1
.X1

k
/R�1-la D 0,

and so AR�1-la D lim
�!n

A1n. By an inductive argument one deduces AR�-la D lim
�!n

An,
which yields

RS.V / D V R�-la
D AR�-la

˝
L
A;� Sm.V / D lim

�!
k�m

Ak ˝
L
A;� Sm.V / D lim

�!
k�m

Sk.V / D S.V /

sits in degree 0 and is the colimit of the Sen modules Sm.V / over Am. This finishes the
proof of (iii).
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The following lemma will reduce the proof of Theorem 2.4.4 to the construction of
the Sen modules Sn.V /.

Lemma 2.4.6. Keep the notation of Theorem 2.4.4 and suppose that � is a one-dimen-
sional p-adic Lie group. Suppose that we can find Sen modules Sm.V / overAm form� 0

satisfying parts .1/ and .2/ of Theorem 2.4.4. Then part .3/ of the theorem holds, namely,

RS.V / D S.V / D lim
�!
m

Sm.V /:

Proof. Let us take h> 0 andm� 0 such thatAh-an�Am, V h-an is an ON-Banach module
overAh-an and Sm.V /DAm y̋Ah-an V h-an. Then Sm.V / is a locally analytic representation
of � and by Lemma 2.1.6 we have

RS.V / D V R�-la
D .A y̋Am

Sm.V //
R�-la

D AR�-la
˝
L
Am;� Sm.V /:

By Lemma 2.4.3 we get AR�-la D lim
�!k

Ak , which implies what we want.

2.4.2. Decompletion after [1]. Let A be a sous-perfectoid ring. Let .A; �; Rn/ be a one-
dimensional Sen theory with 
 2 � a generator of � . Given n� 0 let c1; c2 > 0 be such
that kRnk � j$ j�c1 as a mapA!An and k.1� 
/�1k � j$ j�c2 onXnD kerRn. Recall
that we can take c1; c2! 0 as n!1. We let V be an ON A-Banach representation of �
with A0-lattice V 0. Suppose that V is relative locally analytic and that we are given a
relative locally analytic basis ¹viºi2I of V 0 as in Definition 2.3.5. Let UV W � ! GLI .A/
be the 1-cocycle constructed in (2.5) depending on the basis ¹viºi2I ; we will simply write
U D UV .
/.

Lemma 2.4.7 ([1, Lemme 3.2.3]). Let ı; a; b 2 R>0 be such that a � c1 C c2 C ı and
b � sup ¹aC c1; 2c1 C 2c2 C ıº. Suppose that

� U D 1C U1 C U2 where U1 2
Q
I
y
L
I A

0
n and U2 2

Q
I
y
L
I A

0,

� U1 � 0 mod $a and U2 � 0 mod $b .

Then there exists M 2 GLI .A0/ with M � 1 mod $b�c2�c3 such that

� M�1U
.M/ D 1C V1 C V2 with V1 2
Q
I
y
L
I A

0
n and V2 2

Q
I
y
L
I A

0,

� V1 � 0 mod $a and V2 � 0 mod $bCı .

Proof. The proof is exactly the same as the one of [1, Lemme 3.2.3]; we give the details
for completeness. Let Rn W A! An be the Sen trace and let Xn be its kernel. Since we
have the decomposition A D An ˚Xn, the following space decomposes via Rn:�Y

I

yM
I

A0
�� 1
p

�
D

�Y
I

yM
I

A0n

�� 1
p

�
˚

�Y
I

yM
I

Xn

�� 1
p

�
:

Then, using the bound of (CST1) (2), we can write U2 D Rn.U2/C .1 �Rn/.U2/ with

� Rn.U2/ 2
Q
I
y
L
IA

0
n and Rn.U2/ � 0 mod $b�c2 ,

� .1 �Rn/.U2/ 2
Q
I
y
L
IX

0
n and .1 �Rn/.U2/ � 0 mod $b�c2 .
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Using (CST2) we can write .1 � Rn/.U2/ D .1 � 
/V with V 2
Q
I
y
L
IX

0
n such that

V � 0 mod $b�c2�c1 . We now modify the cocycle U by the matrix M D 1C V , which
amounts to computing

.1C V /�1U
.1C V /:

By the conditions on a, b and ı we deduce that V 2, U1
.V /, U2
.V /, V U1 and V U2 are
equivalent to 0 mod $bCı . Reducing modulo $bCı we find that

.1C V /�1U
.1C V / � .1 � V /U.1C 
.V // mod $bCı

� 1 � V C U1 C U2 C 
.V / mod $bCı

� 1C U1 CRn.U2/ mod $bCı :

This shows thatM�1U
.M/D 1C V1 C V2 with V1 D U1 CRn.U2/ and satisfying the
requirements of the lemma.

Corollary 2.4.8. Let ı > 0 and b � 2c2 C 2c3 C ı. Let U 2 GLI .A0/ be a matrix such
that U � 1 mod $b . Then there exists M 2 GLI .A0/ with M � 1 mod $b�c3�c2 such
that M�1U
.M/ 2 GLI .A0n/.

Proof. By Lemma 2.4.7 there exists M .1/ 2 GLI .A0/ with M .1/ � 1 mod $b�c2�c3

such that
U .1/ WDM .1/;�1U
.M .1// 2 GLI .A0n/ mod $bCı :

Let k 2 N�1. By induction we can find matrices M .k/ 2 GLI .A0/ with

M .k/
� 1 mod $bCı.k�1/�c2�c3

with
U .k/ WDM .k/;�1U .k�1/
.M .k// 2 GLI .A0n/ mod $bCık :

Letting k ! 1 and M WD M .1/M .2/ � � � one sees that the matrix U 0 D M�1U
.M/

takes values in GLI .A0n/, and U 0 � 1 mod $b�c2�c3 .

Lemma 2.4.9 ([1, Lemme 3.2.5]). Let B 2 GLI .A/. Suppose that we are given V1; V2 2
GLI .A0n/ such that V1 � V2 � 1 mod $c2C" for some " > 0, and 
.B/ D V1BV2. Then
B 2 GLI .An/.

Proof. Consider C D B �Rn.B/. Then 
.C / D V1CV2. We have


.C / � C D .V1 � 1/CV2 C V1C.V2 � 1/ � .V1 � 1/C.V2 � 1/:

Then C 2$ r
Q
I
y
L
I X

0
n implies 
.C /� C 2$ rCc2C"

Q
I
y
L
I X

0
n . On the other hand,

(CST2) provides an isomorphism 1� 
 WXn ŠXn whose inverse has norm� j$�c2 j. We
deduce thatC 2$ rC"

Q
I
y
L
I X

0
n . Since r was arbitrary, one getsC 2$ rCs"

Q
I
y
L
I X

0
n

for all s � 1 and so C D 0, or equivalently B D Rn.B/, proving what we wanted.

We finally prove parts (1) and (2) of Theorem 2.4.4.
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Proposition 2.4.10. Let .A; �; Rn/ be a one-dimensional Sen theory. Then parts .1/
and .2/ of Theorem 2.4.4 hold.

Proof. Let V be an ON A-Banach relative locally analytic representation of � with ON
A0-Banach lattice V 0 � V . Let ¹viºi2I be a relative locally analytic basis of V 0 and let
UV W � ! GLI .A0/ be the 1-cocycle attached to V and the fixed basis. Given 
 2 � we
will write U
 for UV .
/.

Let us write �k WD �p
k

for a basis of open neighbourhoods of 1 in � , and let 
k 2 �n
be a generator. Since V is relative locally analytic, there are some " > 0 and k 2 N such
that U
 � 1 mod $" in EndA.V 0/ Š

Q
I
y
L
IA

0 for all 
 2 �n. Let us fix a k 2 N
satisfying this condition.

Now, by (CST1), for n� k the trace map Rn W A! An has norm � j$�c1 j with
c1 ! 0 as n!1. By (CST2), for k fixed, we can find m0 � k and a constant c2 > 0
such that for allm � m0 the operator 1� 
k is invertible in Xm D kerRm with inverse of
norm bounded by j$�c2 j. We can take c2 ! 0 as m!1. Taking the constants c1 and
c2 such that " > 2c1 C 2c2, we fix n D m satisfying the previous conditions. Thus, we
found some n� k such that kRnk � j$�c1 j and 1 � 
k is invertible on Xn with inverse
satisfying k.1 � 
k/�1k � j$�c2 j.

ThenU.
k/2GLI .A0/ is a matrix satisfyingU � 1mod$" and by taking ı > 0 such
that " > 2c1 C 2c2 C ı, Corollary 2.4.9 says that there is a matrix M 2 GLI .A0/ with
M � 1mod$"�c1Cc2 such thatM�1U.
k/
k.M/ 2 GLI .A0n/. Let U 0 W � ! GLI .A0/
be the cocycle U 0.
/ WD M�1U.
/
.M/. Then U 0 takes values in GLI .A0n/ for 
 2 �k
by construction. We claim that U 0 takes values in GLI .An/ for 
 2 � . Indeed, let 
 2 � .
Then, as � is commutative, we have the relation 

k D 
k
 , which yields the identity at
the level of cocycles

U 0.
/
.U 0.
k// D U
0.

k/ D U

0.
k
/ D U
0.
k/
k.U

0.
//:

Therefore,

k.U

0.
// D U 0.
k/
�1U.
/
U 0.
k/:

Since U 0.
k/ � 1 mod $" and " > c2, Lemma 2.4.9 shows that U 0.
/ 2 GLI .An/ for

 2 � , proving the claim.

Translating from cocycles to representations, U 0 gives rise to an ON An-Banach rep-
resentation Sn.V / of � such that A y̋An

Sn.V / Š V as a A-semilinear �-representation.
For m � n we simply define Sm.V / WD Am y̋An

Sn.V /. Since the action of � is locally
analytic on An, and the action of �k is trivial on the modified basis v0i D Mvi of Sn.V /
modulo some power of $ , Lemma 2.1.5 implies that the action of � on Sn.V / is locally
analytic (and so h-analytic for some radius p�h). It is straightforward to check that the
representation Sn.V / satisfies condition (1) of the theorem.

Let us now show that part (2) follows formally from part (1). Suppose that Sn.V / and
Vn are h-analytic for some h > 0. Then by (2.6) we have

V h-an
D .A y̋An

Sn.V //
h-an
D Ah-an y̋An

Sn.V /

and so V h-an is an ON Ah-Banach representation of � . Moreover, takingm� n such that
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Ah � Am we get

Am y̋Ah-an V h-an
D Am y̋An

Sn.V / D Sm.V /;

proving part (2).

2.5. Group cohomology via Sen theory

We finish the general discussion of Sen theory with some applications to the computation
of group cohomology. Let A be a sous-perfectoid ring, � Š Zdp a torsion free abelian
compact p-adic Lie group of dimension d and .A; �; .Rin/

d
iD1/ a d -dimensional Sen the-

ory on A. For n� 0 let An denote the image of the composition
Qd
iD1Rn. In the rest of

the section we make the following additional assumption that will always hold in practice,
and that already appeared in Lemmas 2.2.11 and 2.2.12.

Hypothesis 2.5.1. The maps An ! Am are finite flat and A has an ON basis over An for
all n� 0.

A first corollary is the computation of group cohomology in terms of Lie algebra and
smooth cohomology.

Corollary 2.5.2. Let V be a relative locally analytic ON A-Banach representation of � .
Then

R�.�; V / D R�
�
�sm; R�.Lie�; S.V //

�
:

In particular,
H i .�; V / D H i .Lie�; S.V //� :

Proof. By Theorem 2.4.4 we know that V R�-la D S.V / D lim
�!n

Sn.V / sits in degree 0
and is the colimit of the decompletion by Sen traces. Then Theorem 2.1.2 (4) yields the
desired result.

We will consider a last list of axioms that holds in the main geometric application
of this paper. In the arithmetic case over Qp , these axioms are key in the proof of the
Ax–Sen–Tate theorem.

(AST) We define the following axioms, inductively on the dimension of the Sen theory.

(1) A one-dimensional Sen theory .A; �; .Rn// satisfies the Ax–Sen–Tate property of
dimension 1 if the following conditions hold:

(i) Hypothesis 2.5.1 holds for .A; �; .Rn//.

(ii) An D A�n where �n D �p
n

.

(iii) The Sen traces Rn W A! An are constructed from the normalized traces

Rmn W Am ! An; x 7!
1

pm�n

X
g2�m=�n

g.x/:
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More precisely, the colimit as m!1 of the operators Rmn defines an operator
Rn W lim

�!m
Am ! An that completes to an operator on the uniform completion,

Rn WAD .lim
�!m

Am/
u!An, which agrees with the Sen trace (cf. Lemma 2.2.2).

(2) Let .A; �; .Rin/
d
iD1/ be a d -dimensional Sen theory. Write � D �1 � �Œ2;d� Š

Zp �Zd�1p . We say that .A;�; .Rin/
d
iD1/ satisfies the Ax–Sen–Tate property of dimen-

sion d if .A; �1; .R1n// satisfies the Ax–Sen–Tate property of (1), and for all n� 0

the d � 1-dimensional Sen theories .A1n; �Œ2;d�; .R
i
n/
d
iD2/ satisfy Hypothesis 2.5.1,

and the Ax–Sen–Tate property of dimension d � 1.

Example 2.5.3. (1) Let K be a p-adic discretely valued field over Qp with perfect
residue field. Then the cyclotomic tower K ! Kcyc satisfies the axiom (AST).

(2) Let .C; CC/ be a perfectoid field containing Qcyc
p and let X be an affinoid fs

log smooth adic space over .C; CC/ admitting a chart  W X ! S.e;d�e/C that factors

as a composite of finite étale maps and rational localizations. Let S.e;d�e/C;1 be the per-
fectoid product of tori and discs obtained by taking p-power roots in the coordinates
and let X1 D Spa.A1; AC1/ be the pullback over X . Let � be the Galois group of
X1 ! X . Then A1 is a perfectoid ring and by Proposition 2.2.14 the Sen traces Rin
of Example 2.2.7 (4) extend to a Sen theory .A1; �; .Rin/n/ satisfying the (AST) axiom.
The same holds for the rings of functions on the boundary divisor DJ;1 � X1 defined
by a subset J � ¹e C 1; : : : ; dº.

A Sen theory satisfying the Ax–Sen–Tate axiom can be endowed with a Sen operator
as follows.

Definition 2.5.4. Let .A; �; .Rin/
d
iD1/ be a d -dimensional Sen theory satisfying (AST).

Let V be a relative locally analytic ON A-Banach representation of � . The Sen operator
of V is the A-linear map

�V W V ! V ˝Qp
.Lie�/_

given by the A-extension of scalars of the connection

S.V /! S.V /˝Qp
.Lie�/_:

Equivalently, we define the Sen operator

SenV W Lie� ˝ V ! V

to be the extension of scalars of the derivation

Lie� ˝ S.V /! S.V /:

The Higgs cohomology R�.�V ; V / of V is defined to be the complex

0! V
�V
��! V ˝ .Lie�H 0/_ ! � � � ! V ˝

^d
.Lie�H 0/_ ! 0;

which is nothing other than the A-extension of scalars of the Chevalley–Eilenberg
complex of S.V / computing Lie �-cohomology. We also denote H i .�V ; V / WD

H i .R�.�V ; V //.
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In the rest of the section we suppose that the d -dimensional Sen theory
.A; �; .Rin/

d
iD1/ satisfies the Ax–Sen–Tate axiom. The next result describes some

cohomological properties of A-semilinear �-representations in terms of their Sen operat-
ors.

Proposition 2.5.5. Let V and W be relative locally analytic ON A-Banach representa-
tions of � , and W ! V an A-linear �-equivariant map. Consider the exact sequence in
solid Qp-vector spaces

0! K ! W ! V ! Q! 0:

Then the derived Sen modules RS.�/ ofK andQ .cf. Remark 2.4.2/ are in degree 0, and
we have an exact sequence of solid Qp-vector spaces

0! S.K/! S.W /! S.V /! S.Q/! 0:

In particular, we have isomorphisms of solid group cohomology

H i .�; V / D H i .�V ; V /
� :

Remark 2.5.6. One of the reasons we need to see W and V as solid Qp-vector spaces
in the previous proposition is for the Sen module of Q to be well defined. Otherwise
Q could be a non-Hausdorff topological space and there would not be a good theory of
locally analytic vectors.

We thank Lue Pan for the explanation of the following argument.

Proof of Proposition 2.5.5. By an inductive argument on the dimension of the Sen theory
we can assume without loss of generality that � Š Zp . Consider the map f WW ! V . By
taking h-analytic vectors and extending scalars to someAn such thatAh-an�An, Theorem
2.4.4 (2) gives a decompletion of f to a map fn W Sn.W /! Sn.V /. By Hypothesis 2.5.1,
A has an ON basis over An and so it is a flat solid An-module, being isomorphic to
V ˝Qp ;� An with V a Banach Qp-vector space (cf. [18, Lemma 3.21]). Let Sn.K/ WD
kerfn and Sn.Q/ WD cokerfn; these are locally analytic representations of � . The flatness
of An ! A implies that

K D A˝LAn;� Sn.K/ and Q D A˝LAn;� Sn.Q/:

Passing to locally analytic vectors, we see by the projection formula (Lemma 2.1.6) and
by Lemma 2.4.3 that

RS.K/ D KR�-la
D .A/R�-la

˝
L
An;� Sn.K/ D lim

�!
m

Am ˝
L
An
Sn.K/ D S.K/;

and similarly for Q, where in the last equivalence we have used the fact that the maps
An! Am are finite flat. We deduce thatK andQ have no higher locally analytic vectors
and thus we have an exact sequence of locally analytic representations

0! S.K/! S.W /! S.V /! S.Q/! 0:
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Let us now show the last statement about �-cohomology on V . By Corollary 2.5.2 we
know that R�.�; V / D R�.�sm; R�.Lie�; S.V /// and so

H i .�; V / D H i .Lie�; S.V //� :

Fix a basis of Lie� and consider the exact sequence

0! K ! V
�V
��! V ! Q! 0

given by the Sen operator of V . Then the previous point shows that we have an exact
sequence

0! S.K/! S.V /
�V
��! S.V /! S.Q/! 0:

We deduce that
H i .�V ; V /

R�-la
D H i .Lie�; S.V //;

and by taking invariants,

H i .�V ; V /
�
D H i .Lie�; S.V //� D H i .�; V /;

proving what we wanted.

Corollary 2.5.7. Keep the notation of Proposition 2.5.5. Suppose that �V D 0. Then there
is an equivalence

R�.�; V / D

dM
iD0

V � ˝
^i

Lie�Œ�i �:

Moreover, for n large enough we have Sn.V / D V �
pn

and so

V D A y̋An
V �

pn

:

Proof. The first claim of the corollary follows from Proposition 2.5.5 since the Higgs
complex of V is split.

For the second claim, by hypothesis we have �V D 0. This means that the action of
Lie � on S.V / D .V /�-la is zero, so that S.V / is a smooth representation of � . Since
A�

pn
-an D A�

pn

D An by the (AST) axiom, by Theorem 2.4.4 (2) there is n� 0 such
that Sn.V / D V �

pn
-an D V �

pn

.

Remark 2.5.8. The splitting of the cohomology of Corollary 2.5.7 depends on the Lie
algebra Lie� and so on the group � . In applications we will allow � to vary, and hence
to guarantee that the splitting is independent of � we shall need some additional structure
(e.g. Hodge–Tate weights arising from an arithmetic Galois action).

3. Geometric Sen theory

Let Qcyc
p be the completed cyclotomic extension of Qp , .C; CC/ a perfectoid field

over Qcyc
p , and letX be an fs log smooth adic space over .C;CC/ with log structure given
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by reduced normal crossing divisors. For ‹ 2 ¹an; Ket; kKet; proKet; prokKetº we let X‹ denote
the corresponding site over X (see [6, Example 2.3.17 and Sections 4 and 5]). We let
yO
.C/
X denote the (bounded) complete structural sheaf over XprokKet, and for ‹ 2 ¹an; Ket; kKetº

we let O.C/X be the (bounded) structural sheaf on X‹. We also let �X W XprokKet ! XkKet and
�X W XprokKet ! Xan be the projections of sites; if X is clear from the context we write
� and � instead. Suppose that .C; CC/ is the completion of an algebraic extension of a
discretely valued field with perfect residue field .K;KC/, and that X has a form X 0 over
.K; KC/, we shall write OB.C/dR;log and OClog WD gr0.OBdR;log/ for the log de Rham and
Hodge–Tate period sheaves over X 0prokKet (see [7]).

The main goal of this section is to use the abstract Sen theory formalism of Section 2
to study the Hodge–Tate cohomology of X , obtaining Theorems 1.0.4 and 1.0.5 of the
introduction. In Section 3.1 we prove thatR�1� yOX .1/Š�

1
X .log/where � WXprokKet!XkKet

is the projection of sites, following an argument of Scholze. In Section 3.2 we construct
the geometric Sen operator of X locally on toric coordinates, for which we are essentially
reduced to the Sen theory of a product of tori and discs as in Example 2.2.7 (4). Then, in
Section 3.3, we show that these local constructions of the Sen operator glue, following an
argument suggested by Lue Pan using the isomorphismR1��yOX Š�

1
X .log/.�1/. Finally,

in Section 3.4, we apply the previous results to study the locally analytic vectors of the
completed structural sheaf of pro-Kummer-étale torsors of p-adic Lie groups. We finish
by explaining the relation of geometric Sen theory to [7, 15, 33].

All the fibre products considered in the next sections are as fs log adic spaces in the
sense of [6, Proposition 2.3.27], in particular they might differ from the fibre products
of usual adic spaces (but both agree for trivial log structures). We shall consider almost
mathematics with respect to the ideal mC � C

C of topologically nilpotent elements of C .

3.1. Log-Kummer exact sequence

Let X be an fs log smooth adic space over .C; CC/ with log structure given by nor-
mal crossing divisors. Equivalently, locally in the étale topology, X admits an étale map
towards S.e;d�e/C WD T e

C �Dd�e
C with

T e
C WD Spa.C hT˙11 ; : : : ; T˙1e i; C

C
hT˙11 ; : : : ; T˙1d i/

and
Dd�e
C WD Spa.C hSeC1; : : : ; Sd i; CChSeC1; : : : ; Sd i/;

such that the log structure of X is the pullback of the log structure on S.e;d�e/C defined
by SeC1 � � � Sd D 0. An étale map  W X ! S.e;d�e/C factoring as a composite of finite
étale maps and rational localizations is called a toric chart of X (also called a frame in
the literature).

The log-Kummer exact sequence is constructed as follows.

Lemma 3.1.1. Let MX be the Kummer-étale sheaf of monoids defining the log structure
of X , and let M

gp
X be its group completion or group of fractions. We have a short exact
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sequence of pro-Kummer-étale sheaves over X ,

0! yZp.1/! lim
 �
p

M
gp
X !M

gp
X ! 0;

where the limit is given by multiplication by p.

Proof. Consider the usual Kummer short exact sequence

0! yZp.1/! lim
 �
p

O�X ! O�X ! 0

where OX is the uncompleted structural sheaf. To prove the lemma it suffices to see that
the quotient

xM
gp
X DM

gp
X =O

�
X

is a ZŒ 1
p
�-module. This property can be checked at the level of geometric points xx ofXkKet.

If xx is disjoint from the divisor D defining the log structure then xMgp
X;xx D 0 and we are

done. Otherwise, we can assume that X has a toric chart X ! S.e;d�e/C , which implies
that

xMX;xx Š Qk
�0 (3.1)

with 0 � k � d � e. Indeed, étale locally the log structure of X around x is modelled by
the monoid Nk for 0 � k � d � e, and (3.1) follows from [6, Construction 4.4.3]. Then
the group of fractions of xMX;xx is a Q-vector space proving the claim.

Proposition 3.1.2 ([25, Proposition 3.23] and [13, Proposition 2.25]). LetX be as before,
and let � W XprokKet ! XkKet be the projection of sites. Let ı WMX ! �1X .log/ be the map
of log differentials of the log structure [6, Construction 3.3.2]. Then there is a natural
isomorphism

R1��yOX .1/ Š �
1
X .log/

making the following diagram commute:

M
gp
X R1�� yZp.1/

�1X .log/ R1��yOX .1/

ı

�

obtained by the log-Kummer-étale sequence and the log differential map ı.

Remark 3.1.3. We prefer to keep the Tate twist even if C contains Qcyc
P ; when X has a

form X 0 over .K;KC/, the isomorphism of Proposition 3.1.2 is Galois equivariant. Later
in Section 3.4 we will show that, if X admits the form X 0, then

R��yOX D

dM
iD1

�iX .log/.�i/Œ�i �;

i.e. the pro-Kummer-étale cohomology of yOX naturally splits thanks to the Galois action.
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Proof of Proposition 3.1.2. If X has trivial log structure this is [25, Proposition 3.23];
let us show that the same argument holds in the log smooth situation. First, the image of
the map ı generates �1X .log/ as an OX -module, so if such an equivalence exists it must
be unique. We can then argue locally in the étale topology of X and assume it has toric
coordinatesX ! S.e;d�e/C . Then, using the approximation argument of [25, Lemma 3.24]
(which only requires that the mapX!S.e;d�e/C factors as a composite of finite étale maps
and rational localizations), we can assume that X ! S.e;d�e/C arises from base change of
an étale map X 0 ! S.e;d�e/Y D Y �Spa Qp

S.e;d�e/Qp
via a map Spa.C; CC/! Y where

Y is smooth of finite type over Qp . We endow X 0 with the log structure arising from
the normal crossing divisors of S.e;d�e/Qp

. Finally, the same argument of loc. cit. holds by
using instead the log-Faltings extension of X 0:

0! yOX 0.1/! gr1 OBCdR;log;X 0 ! �1X 0.log/˝ yOX 0 ! 0I

we leave the details to the reader.

Corollary 3.1.4. Let f W Y ! X be a map of fs log smooth adic spaces over .C; CC/
with normal crossing divisors. The following diagram is commutative:

f ��1X .log/ f �R1�X;�yOX .1/

�1Y .log/ f �R1�Y;�yOY .1/

f �

�

f �

�

Proof. This follows from Proposition 3.1.2, the commutative diagram

f �M�X f ��1X .log/

M�Y �1Y .log/

ı

ı

and the fact that the image of ı generates the sheaf of differentials as vector bundles.

We give a different construction of the isomorphism R1��yOX .1/ Š �
1
X .log/ sugges-

ted by the referee. We first need a lemma:

Lemma 3.1.5. Let X be an fs log adic space over .C; CC/ and let V 2 XprokKet be an
object in the pro-Kummer-étale site of X . Let V1 ! V be a pro-Kummer-étale torsor
with Galois group …, a profinite group with trivial pro-p-Sylow subgroup, and with V1
a log affinoid perfectoid space [6, Definition 5.3.1].

Let F be a p-torsion free, p-adically complete yOCX -module, pro-Kummer-étale sheaf
on XprokKet which is almost acyclic on log affinoid perfectoid spaces and such that F=p
arises from the fully-faithful map zXkKet ,! zXprokKet of topoi [6, Proposition 5.1.7]. Then
there is an almost quasi-isomorphism

R�prokKet.V;F/ D
ae F.V /:
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Moreover, for any " > 0 one has

R�prokKet.V;F=p
"/ Dae F.V /=p":

Proof. Since F is p-complete and p-torsion free, we have F D R lim
 �n

F=Lpn as sheaves

inXprokKet (whereM=Lpn is the cofiber of the multiplication by pn map cofib.M
pn

��!M/).
Moreover, F=Lpn D F=pn sits in degree 0. One formally has

R�prokKet.V;F/ D R lim
 �
n

R�prokKet.V;F=p
n/ D R lim

 �
n

R�kKet.V;F=p
n/

where in the last equivalence we use [6, Proposition 5.1.7]. Since V1 is log affinoid
perfectoid, F is almost acyclic on V1, which implies that F=p" is almost acyclic on V1
and .F=p"/.V1/ Dae F.V1/=p

" for all " > 0. Namely, from the short exact sequence

0! F
p"

�! F! F=p" ! 0 (3.2)

we get an almost short exact sequence

0! F.V1/
p"

�! F.V1/! .F=p"/.V1/! 0:

Since V1 ! V is a …-torsor, one deduces that

R�prokKet.V;F/ D
ae R lim
 �
n

R�.…;F.V1/=p
n/;

R�kKet.V;F=p
"/ Dae R�.…;F.V1/=p

"/:

Notice that the action of… on F.V1/=p
" is smooth as F=p" arises from the Kummer-

étale site. Now, since … has no pro-p-Sylow subgroup, it admits a Haar measure mod-
ulo p" for all " > 0, and …-cohomology is exact on smooth representations modulo p".
This implies that

R�prokKet.V;F=p
"/ Dae .F=p"/.V /:

On the other hand, form� n the map .F=pm/.V /! .F=pn/.V / is almost surjective and
one gets

R�prokKet.V;F/ D
ae R lim
 �
n

.F=pn/.V / D lim
n
.F=pn/.V / D F.V /;

proving the first claim. We deduce the second claim from the almost acyclicity of F in V
and the short exact sequence (3.2).

Proposition 3.1.6. Let X be an fs log adic space over .C; CC/ and consider the short
exact sequence of pro-Kummer-étale sheaves

0! yOX .1/! BCdR=t
2
! yOX ! 0

where t is a generator of the kernel of BCdR !
yOX . Then the connecting map

d W OX D ��yOX ! R1��yOX .1/
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is a C -linear continuous derivation inducing a natural map of OX -modules

ˇ W �1X ! R1��yOX .1/:

Moreover, the map ˇ extends uniquely to an isomorphism

�1X .log/ ��! R1��yOX .1/:

Proof. All statements are étale local on X , so we can assume without loss of generality
that X D Spa.A; AC/ is affinoid and admits a chart  W X ! S.e;d�e/C . Let T1; : : : ; Te
be the torus coordinates and SeC1; : : : ; Sd the disc coordinates of S.e;d�e/C . Let S.e;d�e/C;1

be the pro-Kummer-étale cover over S.e;d�e/C obtained by all n-th roots of the variables
Ti and Sj for all n 2 N. By [6, Definition 5.3.1], S.e;d�e/C;1 is a log affinoid perfectoid
space and then so is its pulback X1 D Spa.A1; AC1/ over X . Note that X1 ! X is
a pro-Kummer-étale torsor for the group yZ.1/d obtained as the Tate module of roots of
unity.

Let S.e;d�e/C;p1 be the pro-Kummer-étale � D Zp.1/d -torsor over S.e;d�e/C obtained by
taking only p-power roots of the Ti and Si , let Xp1 D Spa.Ap1 ; ACp1/ be its pullback
to X . The map X1 ! Xp1 is a yZ.p/;k.1/-torsor, where yZ.p/ D

Q
`¤p
yZ` has trivial

pro-p-Sylow subgroups. Since OCX is almost acyclic on log affinoid perfectoids (equival-
ently the topologically nilpotent elements OııX � OCX are acyclic, cf. [6, Theorem 5.4.3]),
Lemma 3.1.5 implies that

R�prokKet.Xp1 ;F/ D F.Xp1/

for F D yOX and BCdR=t
2.

Then, since Xp1 ! X is a pro-Kummer-étale �-torsor, one has an isomorphism of
cohomologies

R�prokKet.X;F/ D R�.�;F.Xp1//

where the right-hand side is the continuous cohomology of Banach representations. By
Proposition 2.2.14 there are Sen traces Rin W Ap1 ! Aip1;n arising from the normalized

traces of the product of tori and polydiscs S.e;d�e/C , and the triple .Ap1 ; �; .Rin// is a d -
dimensional Sen theory. Note that as A-semilinear �-representations, Ap1 and Ap1.1/
are trivial, so they have trivial Sen operator and by Corollary 2.5.7 we have

R�.�;Ap1/ Š

dM
iD0

A˝
^i

.Lie�/_Œ�i �:

In particular, H 1.X; yOX .1// is a free A-module of rank d . Let us now see that the con-
necting map

d W A! H 1
prokKet.X;

yOX .1// Š A
d

is a derivation. For this, we seeH 1
prokKet.X;

yOX .1// as isomorphic to the group cohomology

H 1.�; A1.1// D H
1.�; A.1// Š Ad which can be computed via 1-cocycles of � . The

map d is constructed as follows. Let 
1; : : : ; 
d 2 � be the standard basis obtained by
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fixing a sequence " D .�pn/n of p-power roots of unity. Let a; b 2 A � Ap1 and let
za; zb 2 BCdR=t

2.Ap1/ be lifts of a and b respectively. The map d sends the element a to
the 1-cocycle of � on A given by the tuple d.a/ D ..1� 
1/.za/; : : : ; .1� 
d /.za// 2 Ad .
One has

.1� 
i /.zazb/D .1� 
i /.za/
i .zb/C za.1� 
i /.zb/D d.a/
i .b/C ad.b/D d.a/bC ad.b/

as elements in A, showing that d satisfies the Leibniz rule. The map d is clearly C -linear
as � acts trivially on BCdR.C /. This proves that d is a C -linear derivation and so it induces
a natural map

ˇ W �1A ! H 1
prokKet.X;

yOX .1//:

We now want to show that ˇ induces an isomorphism�1A.log/ ��!H 1
prokKet.X;

yOX .1//; note
that if this isomorphism exists it must be unique since �1X ! �1X .log/ is an inclusion of
A-vector bundles of the same rank and H 1

prokKet.X;
yOX .1// is a vector bundle itself.

By construction, the space of log differentials of X has basis given by dT1

T1
; : : : ; dTe

Te
;

dSeC1

SeC1
; : : : ; dSd

Sd
. Thus, in order to show that ˇ induces the desired isomorphism it suffices

to compute the map d on the coordinates Ti and Sj . For this, let ŒT [i � 2 BCdR.Ap1/ be the
Teichmüller lift of the sequence of p-power roots of Ti (and similarly ŒS [j � for Sj ). Then

d.Ti / D
�
.1 � 
1/.ŒT

[
i �/; : : : ; .1 � 
d /.ŒT

[
i �/
�
;

which vanishes in all but the i -th entry which is equal to the class of

.1 � Œ"�/ŒT [i � D
1 � Œ"�

1 � Œ"�1=p
.1 � Œ"�1=p/ŒT [i � D t .1 � Œ"�

1=p/ŒT [i �

in A.1/ Š A which is nothing but �..1� Œ"�1=p/ŒT [i �/ D .1� �p/Ti (after trivializing the
Tate twist with t ), with � W BCdR !

yOX being Fontaine’s map. Similarly, one finds that
d.Sj / D .1 � �p/Sj . Therefore, if ¹viºdiD1 is the standard basis of Ad , the map ˇ sends
dTi

Ti
to the vector .1 � �p/vi and dSj to the vector .1 � �p/Sj vj . This implies that ˇ

extends uniquely to an isomorphism

�1X .log/ ��! H 1
prokKet.X;

yOX .1//;

proving what we wanted.

Remark 3.1.7. One can easily show that the two isomorphisms �1X .log/ Š R1��yOX
of Propositions 3.1.2 and 3.1.6 are the same. For this it suffices to see that one has a
morphism of short exact sequences

0 Zp.1/ lim
 �p

MX MX 0

0 yOX .1/ BCdR=t
2 yOX 0

Œ˛.�/�
˛

where the middle map sends a sequence .a1=p
n
/n in MX to the Teichmüller lift

Œ.˛.a1=p
n
//n� where ˛ WMX ! OX ! yOX is the monoid map of the log structure.
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3.2. The geometric Sen operator: Local computation

In this section we prove a local version of Theorems 1.0.4 and 1.0.5 depending on toric
charts. Let .C; CC/ be a perfectoid field containing Qcyc

p . Let X be an fs log adic space
over .C;CC/ with log structure arising from reduced normal crossing divisors. We define
the relevant pro-Kummer-étale sheaves that will admit decompletions via locally analytic
vectors.

Definition 3.2.1. A pro-Kummer-étale yOX -module F overX is a relative locally analytic
ON Banach yOX -sheaf 9 if there is a Kummer-étale cover ¹Uiºi2I of X such that

(i) for all i , the restriction FjUi
admits a p-adically complete yOCX -lattice F0i ,

(ii) there is " > 0 (depending on i ) such that F0i =p
" Šae L

J OCX =p
" as almost OCX =p

"-
modules10 for some index set J .

3.2.1. The set-up. For the rest of the section we will assume that X D Spa.A; AC/ is
affinoid and has a toric chart  W X ! S.e;d�e/C where S.e;d�e/C D T e

C � Dd�e
C , and that

 factors as a composite of finite étale maps and rational localizations. We highlight that,
by definition of X , the charts  exist étale locally on X [6, Example 2.3.17]. We let Ti
for i D 1; : : : ; e and Sj for j D e C 1; : : : ; d denote the coordinates of the torus and
disc components of S.e;d�e/C respectively. Let S.e;d�e/C;1 be the pro-Kummer-étale torsor

over S.e;d�e/C obtained by taking p-power roots of the coordinates Ti and Sj , and let
X1D Spa.A1;AC1/ be its pullback along . Let � DZp.1/d denote the Galois group of
X1!X , and let 
1; : : : ; 
d denote the coordinates of � obtained after fixing "D .�pn/n,
a compatible sequence of p-power roots of unity.

Remark 3.2.2. Note that the underlying adic space ofX1 is an affinoid perfectoid space,
but as an object in XprokKet it is not a log affinoid perfectoid space in the sense of [6,
Definition 5.3.1], namely, the sheaf of monoids of X1 is not modelled on an n-divisible
monoid for n¤ p. However, thanks to Lemma 3.1.5 the sheaves F of Definition 3.2.1 are
acyclic on X1 (after passing to a Kummer-étale cover such that F has a lattice F0 as in
the definition). This yields a quasi-isomorphism

R�prokKet.X;F/ Š R�.�;F.X1//

between the pro-Kummer-étale cohomology of F and the continuous �-cohomology of
its X1-points, whenever F admits such a lattice F0. Furthermore, the lemma also implies
that F0.X1/=p" Šae L

j2J A
C
1=p

" as �-representations. Then, after modifying the lat-
tice F0.X1/ if necessary, the �-representation F.X1/ is a relative locally analytic ON
A1-Banach representation of � as in Definition 2.3.5. Furthermore, the natural map

F.X1/ y̋A1
yOX1

�
�! FjX1

is an equivalence of �-equivariant pro-Kummer-étale sheaves on X1.

9The abbreviation ON comes from orthonormalizable, meaning that locally we have a Banach
basis.

10Recall that OC
X
=p" D yOC

X
=p" as yOC

X
is the p-completion of OC

X
.
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3.2.2. Local version of Theorem 1.0.4. Proposition 2.2.14 implies that the ring A1 has
Sen traces Rin W A1 ! Ain for i D 1; : : : ; d such that the triple .A1; �; .Rin/n/ is a d -
dimensional Sen theory as in Definition 2.2.5. We deduce the following proposition:

Proposition 3.2.3. Let F be a relative locally analytic ON yOX -module over X admitting
a lattice F0 such that F0=p" Šae LOCX =p

" for some " > 0. Then there is an yOX -linear
local geometric Sen operator functorial in F .but a priori depending on the chart  /

�F W F! F˝OX
�1X .log/.�1/

such that:

(1) �F is a Higgs field, i.e. �F ^ �F D 0.

(2) Higgs cohomology computes pro-Kummer-étale cohomology: if � WXprokKet!XkKet and
� W XprokKet ! Xan are the projections of sites, then

Ri��F D ��H
i .�F;F/ and Ri��F D ��H

i .�F;F/

where H i .�F;F/ is the cohomology of the Higgs complex

0! F! F˝OX
�1X .log/.�1/! � � � ! F˝OX

�dX .log/.�d/! 0:

(3) Suppose that �F D 0. Then there are natural equivalences

R��F Š

dM
iD0

��F˝OX
�iX .log/.�i/Œ�i �;

R��F Š

dM
iD0

��F˝Qp
˝OX

�iX .log/.�i/Œ�i �;

depending on the toric chart  . Moreover, ��F is an ON OX -Banach sheaf locally in
the finite-Kummer-étale site of X , and we have

F D yOX y̋OX
��F:

Conversely, if G is a locally ON Banach OX -module in the Kummer-étale topology,
then the geometric Sen operator of yOX y̋OX

G vanishes.

We write SenF W �
1
X .log/_.1/˝OX

F! F for the adjoint of �F.

Proof. By Remark 3.2.2 the sheaf F is acyclic on X1 and F.X1/ is a relative loc-
ally analytic ON A1-Banach representation of � . Since .A1; �/ admits Sen traces Rin
and .A1; �; .Rin/n/ is a Sen theory by Proposition 2.2.14, we have an A1-linear �-
equivariant Sen operator

�F W F.X1/! F.X1/˝ .Lie�/_: (3.3)

By Proposition 2.5.7 we can identify (depending on the chart  )

H 1
prokKet.X;

yOX / Š A˝Qp
.Lie�/_:
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From Propositions 3.1.2 or 3.1.6 we can also naturally identify (independently of the
chart  )

H 1
prokKet.X;

yOX .1// D �
1
A.log/:

Combining these two isomorphisms the map (3.3) becomes

�F W F.X1/! F.X1/˝A �
1
A.log/.�1/:

Taking the completed base change to yOX1 and keeping track of the �-equivariance we
have constructed an yOX -linear map of pro-Kummer-étale sheaves on XprokKet,

�F W F! F.X1/˝A �
1
A.log/.�1/:

The map �F is clearly functorial in F (though a priori it depends on  ) being construc-
ted by taking the derivation of Lie� on the locally analytic vectors of F.X1/. From the
construction it is also clear that �F is a Higgs field, proving (1). The comparison between
invariants of Higgs cohomology and pro-étale cohomology is a consequence of Propos-
ition 2.5.5; this gives (2). The cohomology computation of (3) follows from Proposition
2.5.7, and similarly for the statements about ��F being ON OX -Banach module locally
finite Kummer-étale and yOX y̋OX

��F D F.

3.2.3. Local version of Theorem 1.0.5. Next, we construct the geometric Sen operator
for a pro-Kummer-étale torsor with Galois group given by a p-adic Lie group. We let G
denote a compact p-adic Lie group and let zX ! X be a pro-Kummer-étale torsor over X
with Galois group G.

Proposition 3.2.4. Let V be a locally analytic Banach representation ofG, and let VkKet be
the pro-Kummer-étale sheaf overX constructed by V via theG-torsor zX!X . Then there
is a geometric Sen operator for the torsor zX ! X .a priori depending on the chart  /

� zX W
yOX ˝Qp

.LieG/_kKet !
yOX ˝OX

�1X .log/.�1/; (3.4)

or dually a map

Sen zX W �
1
X .log/_.1/˝OX

yOX ! .LieG/kKet ˝Qp
yOX ;

where LieG is endowed with the adjoint action ofG, and such that we have a commutative
diagram of pro-Kummer-étale sheaves

VkKet y̋Qp
yOX .VkKet y̋Qp

yOX /˝Qp
.LieG/_kKet

.VkKet y̋Qp
yOX /˝OX

�1X .log/.�1/

dV˝idyOX

�V

idV ˝� zX

such that dV W V ! V ˝Qp
.LieG/_ is induced by the derivation, and �V is the geometric

Sen operator of VkKet y̋Qp
yOX of Proposition 3.2.3.
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Proof. First, we highlight that by Lemma 2.1.5, VkKet y̋Qp
yOX is a relative locally analytic

ON yOX -sheaf on XprokKet, and so by Proposition 3.2.3 it admits a geometric Sen oper-
ator �V . We want to show that �V actually only depends on a universal map as in (3.4).
Let W D C h.G;Qp/?2

be the space of h-analytic functions of G (for a fixed local chart
G0 Š Zkp and radius of analyticity p�h) endowed with the right regular action of G. Let
zX1 D zX �X X1 be the pullback in the pro-Kummer-étale site of X with ring of func-

tions zA1. The map zX1 ! X is a pro-Kummer-étale G � �-torsor.
By construction, the action of the Sen operators of Lie� on the algebraW y̋Qp

zA1 is
by left G-invariant zA1-linear derivations. Indeed, set F D WkKet y̋Qp

yOX . The sheaf F is
an yOX -algebra, so its evaluation at X1 is an A1-algebra. By construction, the Sen oper-
ators are given by the derivations of Lie� on the locally analytic vectors S.F.X1// D
F.X1/

�-la. Since F.X1/
�-la is an algebra, this action by derivations satisfies the Leib-

niz rule. In addition, Lie� acts A�-la
1 D A�-sm

1 -linearly on F.X1/
�-la. Since F is nothing

other than the base change of S.F.X1// from A�-sm
1 to yOX , one deduces that Lie� acts

on F by yOX -linear derivations. Furthermore, the action of Lie� is G-equivariant for the
left regular action on F, hence the Sen operators act by left G-invariant derivations.

The previous shows that the action of Lie� on W y̋Qp
zA1 must factor through an

zA1-linear G � �-equivariant map

Sen zX W Lie� ˝Qp
zA1 ! LieG ˝Qp

zA1

where LieG acts on W via right derivations (i.e. left G-invariant derivations). Dually, we
have a map

� zX W
zA1 ˝Qp

.LieG/_ ! zA1 ˝Qp
.Lie�/_ Š zA1 ˝A �1A.log/.�1/:

In particular, we have a G � �-equivariant commutative diagram

W y̋Qp
zA1 W y̋Qp

zA1 ˝Qp
.LieG/_

W y̋Qp
zA1 ˝A �

1
A.log/.�1/

dW˝id

�V

idV ˝� zX

Taking base change to yO zX1 and keeping track of G � �-equivariance, we have a map of
pro-Kummer-étale sheaves overXprokKet as in (3.4) which is compatible with the geometric
Sen operator of W . Let now V be a general Banach locally analytic representation of G.
Then by using the orbit map we get a G-equivariant inclusion

OV W V ,! C h.G;Qp/?2
y̋Qp

V0

for some h > 0where V0 has the trivial action ofG. Passing to pro-Kummer-étale sheaves
and since the formation of �V is functorial in V , we deduce that � zX also computes the
geometric Sen operator of V , finishing the proof of the proposition.



J. E. Rodríguez Camargo 3432

Remark 3.2.5. Proposition 3.2.4 shows that in order to compute the geometric Sen oper-
ator of a torsor it suffices to compute the geometric Sen operator of a faithful representa-
tion of LieG.

A direct consequence of the previous proposition is the vanishing of the action of the
geometric Sen operators at infinite level. Let zA D yOX . zX/ be the algebra of completed
functions on zX .

Corollary 3.2.6. Let V DC la.G;Qp/?1
be the left regular locally analytic representation

ofG and let VkKet be the pro-Kummer-étale sheaf overX obtained from V via theG-torsor
zX ! X . The following hold:

(1) H 0
prokKet.X; VkKet y̋Qp

yOX / D zA
G-la.

(2) Consider the action of zAG-la ˝Qp
LieG on zAG-la obtained by the zAG-la-linear exten-

sion of the derivation action of Lie G. Then the restriction of this action to the
geometric Sen operators

Sen zX W zA
G-la
˝A �

1
A.log/.�1/! zAG-la

˝Qp
LieG

vanishes.

Proof. For the first claim note that

H 0
prokKet.X; VkKet y̋Qp

yOX / D H
0.G; C la.G;Qp/ y̋Qp

zA/ D zAG-la:

For the second statement, by Proposition 3.2.3 we have

H 0
prokKet.X; VkKet y̋Qp

yOX / D H
0
prokKet.X; .VkKet y̋Qp

yOX /
�VD0/

D H 0.G; .C la.G;Qp/ y̋Qp
zA/�V;?1

D0/:

In other words, if Orb W zAG-la ! C la.G;Qp/ y̋Qp
zAG-la denotes the orbit map a 7!

.g 7! ga/, it factors through the subspace .C la.G;Qp/ y̋Qp
zAG-la/�V;?1

D0 where �V
acts by zero via zAG-la-linear left derivations.

Let g 2 G and f W G! zAG-la a locally analytic function. Let us write ?2 for the right
regular action. We have

.g ?1 f /.1/ D f .g
�1/ D .g�1 ?2 f /.1/:

This implies that for X 2 zAG-la ˝Qp
LieG and f as before,

.X ?1 f /.1/ D �.X ?2 f /.1/:

On the other hand, a retract of the orbit map Orb is given by evaluation at 1, and
additionally the orbit map is G-equivariant for the right regular action on the locally
analytic functions. Thus, for X 2 Im.Sen zX / � zA

G-la ˝Qp
LieG and a 2 zAG-la we get

X � a D .X ?2 Orb.a//.1/ D �.X ?1 Orb.a//.1/ D 0;

proving the vanishing of the Sen operators on zAG-la as desired.
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3.2.4. Vanishing of higher locally analytic vectors. As a first application of Proposi-
tion 3.2.4 let us prove local vanishing of higher locally analytic vectors at infinite level.
Let  W X ! S.e;d�e/C be as before. Let G be a compact p-adic Lie group and let zX ! X

be a pro-Kummer-étale G-torsor. Let us write X D Spa.A; AC/ and let zA WD yOX . zX/ be
the completed functions on zX .

Proposition 3.2.7. Suppose that the geometric Sen operator

� zX W
yOX ˝Qp

.LieG/_kKet !
yOX ˝OX

�1X .log/.�1/

is surjective. Let V D C la.G;Qp/?1
be the space of locally analytic functions of G

endowed with the left regular action, and let VkKet be the pro-Kummer-étale sheaf over
X attached to V via the G-torsor zX ! X . Then the natural map

zAG-la �
�! R�prokKet.X; VkKet y̋Qp

yOX /

is a quasi-isomorphism. In particular, the right-hand side is concentrated in degree 0.

Proof. By Corollary 3.2.6 we know that H 0
prokKet.X; VkKet y̋Qp

yOX / D zA
G-la. Therefore, it

suffices to prove the vanishing of higher cohomology groups.
Write V D lim

�!h
Vh with Vh D C h.G;Qp/ the spaces of h-analytic functions for

h!1. Since X is qcqs, we have

R�prokKet.X; VkKet y̋Qp
yOX / D lim

�!
h

R�prokKet.X; Vh;kKet y̋Qp
yOX /:

By Proposition 3.2.4, the Sen operator of Vh arises from the left derivation of LieG and
the dual of the map � zX . On the other hand, by Proposition 3.2.3 (2) we have

H i
prokKet.X; Vh y̋Qp

yOX / D H
0
prokKet.X;H

i .�Vh
; Vh y̋Qp

yOX //:

Therefore, in order to prove the vanishing of higher cohomology groups it suffices to show
that

H i .�V ; V y̋Qp
yOX / WD lim

�!
h

H i .�Vh
; Vh y̋Qp

yOX / D 0 (3.5)

for i � 1.
The vanishing will follow essentially from the Poincaré–Birkhoff–Witt theorem by

using a complementary basis of the image of the Sen operators in LieG to construct
local coordinates of the group G. To make this idea precise, it is more convenient to take
colimits along compact-open subgroups G0 � G. For G0 � G normal compact-open let
XG0

! X be the finite Kummer-étale extension obtained by the quotient zX=G0 in the
pro-Kummer-étale site. One has

C la.G;Qp/ D IndGG0
.C la.G0;Qp//;

and by Shapiro’s lemma we have

R�prokKet.X; .C
la.G;Qp//kKet

yOQp
yOX / D R�prokKet.XG0

; .C la.G0;Qp//kKet
yOQp
yOX /:
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Therefore, in order to show that (3.5) vanishes it will suffice to work locally on G, and
even to work as G0 ! 1. We fix a basis X1; : : : ;Xg of the Lie algebra LieG and for
h � 0 we let VGh be the Stein analytic group induced by the exponential of the basis
phX1; : : : ; p

hXg . Then VGh is isomorphic to the open polydisc VDg
Qp
.p�h/ of radius p�h

and dimension g. Given h� 0 we let Gh D VGh.Qp/; it is an open compact subgroup
of G. We can write the space of locally analytic functions as the colimit

C la.G;Qp/ D lim
�!
h!1

IndGGh
O. VGh/:

Therefore, to prove the vanishing of (3.5) it suffices to show that

lim
�!
h

H 0.XGh
;H i .�V ;O. VGh/kKet y̋Qp

yOX // D 0;

where O. VGh/kKet is the pro-Kummer-étale sheaf overXGh
associated to O. VGh/. Let us take

an arbitrary map U D Spa.R;RC/! zX with U log affinoid perfectoid. It suffices to see
that

lim
�!
h

H i .�V ;O. VGh/ y̋Qp
R/ D 0:

By hypothesis, we have a direct sum decomposition

LieG ˝Qp
R Š �1X .log/.1/˝A R˚W:

Fix R0-lattices W 0 � W and L � �1X .log/.1/ ˝A R. For r � 0 the R0-lattice
prW 0 ˚ prL of LieG ˝Qp

R is stable under the Lie bracket and it gives rise to Stein

analytic groups VHr over Spa.R; RC/. Given h there is some r such that prW 0 ˚ prL

contains the lattice R0phX1 ˚ � � � ˚R
0phXg and conversely. We deduce that

lim
�!
h

O. VGh/ y̋Qp
R D lim

�!
r

O. VHr / (3.6)

as modules over the R-linear Lie algebra R˝ LieG. Finally, we can write

O. VHr / D O. Vexp.prL// y̋R O. Vexp.prW 0//

as modules over the Lie algebra R˝Qp
Lie� (acting by left derivations on the left term),

where the exponentials of the lattices are simply given by open polydiscs over Spa.R;RC/
after picking a basis. Finally, the action of the image of the Sen operators in Lie � is
induced by the left regular action, and so it only acts on the term O. Vexp.prL// of the
tensor product. Since Lie� is abelian, this action is induced by the linear action of prL
on the adic space, and by picking coordinates the cohomology

R�.Lie�;O. Vexp.prL///

is identified with the de Rham cohomology of O. Vexp.prL//. One has

R�.Lie�;O. Vexp.prL/// D R
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by the Poincaré lemma for open polydiscs [31, Lemma 26]. We deduce that

R�.�V ;O. VHr // Š O. Vexp.prW 0//

is concentrated in degree 0. This implies that the �V -cohomology of (3.6) is in degree 0
and therefore (3.5) holds. This finishes the proof of the proposition.

Remark 3.2.8. Let G be a compact p-adic Lie group and let zX ! X be a pro-Kummer-
étale G-torsor. Let X1 ! X be the �-torsor that arises from the coordinates. Then the
G � �-torsor zX1 D zX �X X1 ! X satisfies the hypothesis of Proposition 3.2.7.

3.3. The geometric Sen operator: Globalization

In Propositions 3.2.3 and 3.2.4 we proved local versions of Theorems 1.0.4 and 1.0.5
respectively. In order to obtain the global version we need to show that the Sen operators
glue in toric charts  according to �1X .log/.

3.3.1. Key case. Let X and Y be affinoid fs log smooth adic spaces over .C; CC/, and
suppose we have two toric charts  X W X ! S.e;d�e/C and  Y W Y ! S.g;h�g/C . Let X1
and Y1 be the pro-Kummer-étale torsors over X and Y obtained by taking p-power
roots of the coordinates of the charts, and let �X and �Y denote the Galois groups of
X1!X and Y1! Y respectively. Let f W Y !X be a morphism over .C;CC/, and let
f �X1 D Y �X X1, seen as an object in XprokKet. The following is a direct generalization
of [17, Lemma 3.4.3]; we thank Lue Pan for the simplifications of a previous proof.

Proposition 3.3.1. Let �X W XprokKet ! XkKet and �Y W YprokKet ! YkKet be the projections of
sites. We have a commutative diagram of yOY -linear pro-Kummer-étale sheaves over Y ,

.Lie�X /_ ˝Qp
yOY �1Y .log/.�1/˝OY

yOY

f ��1X .log/.�1/˝OY
yOY

�f �X1

f �
ž

where the upper horizontal map is the Sen operator of the �X -torsor f �X1 ! Y of
Proposition 3.2.4, the diagonal map is the pullback of differentials, and the left vertical
map is the composite

�1X .�1/
ˇ
�! R1�X;�yOX Š .Lie�X /_ ˝Qp

OX

with the first map being the natural isomorphism of Propositions 3.1.2 and 3.1.6, and the
second map obtained from Corollary 2.5.7 by computing R1�X;�yOX as �X -cohomology.

Proof. It suffices to compute the geometric Sen operators over Y for a faithful repres-
entation of �X . Let V be the unique unipotent algebraic representation of �X fitting in a
short exact sequence

0! Qpe ! V ! .Lie�X /_ ! 0 (3.7)
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such that

� the action of Lie�X is trivial on the left and right terms of (3.7),

� if Y_ 2 .Lie�X /_ and X 2 Lie�X , then for any lift eY_ 2 V of Y we have X � eY_ D
Y_.X/ � e.

It is clear that V is a faithful representation of �X . Let VY;kKet be the pro-Kummer-étale
sheaf over Y that arises from V via the �X -torsor f �X1 ! Y , and let

SenV;Y W .�1Y .log//_.1/˝OY
yOY ˝Qp

VY;kKet ! VY;kKet ˝Qp
yOY

be the local Sen operator of VkKet ˝Qp
yOY of Proposition 3.2.3. Similarly, we let VX;kKet be

the pro-Kummer-étale sheaf over X associated to V via the �X -torsor X1! X . We also
have a geometric Sen operator over X ,

SenV;X W .�1X .log//_.1/˝OX
yOX ˝Qp

VX;kKet ! VX;kKet ˝Qp
yOX :

Note that f �VX;prokKet D VY;prokKet as pro-Kummer-étale sheaves. We want to show that the
following diagram is commutative:

.�1Y .log//_.1/˝OY
yOY ˝Qp

VY;kKet

f �.�1X .log//_.1/˝OY
yOY ˝Qp

VY;kKet VY;kKet ˝Qp
yOY

SenV;Y
f�

f � SenV;X

(3.8)

where f� W .�1Y .log//_! f �.�1X .log//_ is dual to the pullback map of log differentials.
For this we need to do a computation. Write X D Spa.A;AC/ and Y D Spa.B; BC/

as affinoid spaces. Let X1 D Spa.A1; AC1/ and Y1 D Spa.B1; BC1/ be the perfectoid
torsors arising from the coordinates of X and Y respectively, and write f �X1 �X Y1
D Spa.B1;1; BC1;1/ for the �X � �Y -torsor over Y . We have maps of rings

B B1 B1;1

A A1

By Remark 3.2.8 we find that BR.�X��Y /-la
1;1 D B

�X��Y -la
1;1 sits in degree 0. By Lemma

3.1.5 we can compute

H 1
prokKet.Y;

yOY / Š H
1.�X � �Y ; B1;1/:

By Theorem 2.1.2 (4) and the vanishing of higher locally analytic vectors of B1;1 we
have

H 1.�X � �Y ; B1;1/ D H
1.Lie�X � Lie�Y ; B�X��Y -la

1;1 /�X��Y :

The map ˇ induces an isomorphism

�1B.log/.�1/ D H 1
proKet.Y;

yOY / Š H
1.Lie�X � Lie�Y ; B�X��Y -la

1;1 /�X��Y : (3.9)
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Let .
i;X /diD1 and .
j;Y /hjD1 be the standard bases of the groups �X D Zp.1/d and
�Y D Zp.1/h obtained after fixing a compatible sequence " D .�pn/n of p-power roots
of unity. Let .log 
i;X / and .log 
j;Y / be the corresponding bases of the Lie algebras.

By Corollary 3.1.4 we have a commutative diagram

�1B.log/.�1/ H 1
proKet.Y;

yOY / H 1.�Y ; B/ Š .Lie�Y /_ ˝Qp
B

�1A.log/.�1/ H 1
proKet.Y;

yOY / H 1.�X ; A/ Š .Lie�X /_ ˝Qp
A

ˇY �

f �

ˇX �

f � A

where we have identified group cohomology with Lie algebra cohomology of the trivial
representation, and where A D .ai;j / is the induced matrix from the basis ..log 
i;X /_/i
to ..log 
j;Y /_/j .

Thanks to (3.9), and the interpretation of Lie algebra cohomology as cocycles, we can
find locally analytic functions .zj /hjD1 in B�X��Y -la

1;1 such that

log 
l;X � zk D ık;l and log 
l;Y � zk D �ak;l : (3.10)

Indeed, the 1-cocycle .log 
k;X /_ �
P
j ak;j .log 
j;Y /_ in the Koszul complex of

B�X��Y -la for Lie�X � Lie�Y is cohomologically trivial and so there exists an element
zk 2 B

�X��Y -la such thatX
i

.log 
i;X � zk/.log 
i;X /_ C
X
j

.log 
j;Y � zk/.log 
j;Y /_

D .log 
k;X /_ �
X
j

ak;j .log 
j;Y /_;

which yields (3.10).
Consider a Qp-vector space splitting V ŠQpe˚ .Lie�X /_ and write C.log 
i;X /_ for

the lift of .log 
i;X /_. Using the elements vk , and after shrinking �X and �Y if necessary
for them to act analytically on the zk , we find a �X � �Y -equivariant isomorphism

.V ˝Qp
B1;1/ Š B1;1e ˚

hM
kD1

vkB1;1

such that vk DD.log 
k;X /_ � zk � e has a trivial action of �X . Taking invariants under �X
we get

.V ˝Qp
B1;1/

�X Š B1e ˚

hM
kD1

vkB1

as B1-semilinear �Y -representations. The basis .e; v1; : : : ; vh/ is �Y -locally analytic,
e is already �Y -invariant, and the other vectors satisfy

.log 
j;Y / � vk D �..log 
j;Y / � zk/e D ak;j e:

This shows the commutativity of (3.8), proving the proposition.
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Theorem 3.3.2. Let F be a relative locally analytic ON Banach yOX -sheaf over X . Then
the local geometric Sen operators of Proposition 3.2.3 glue to an yOX -linear global geo-
metric Sen operator

�F W F! F˝OX
�1X .log/.�1/:

Furthermore, the following properties hold:

(1) The formation of �F is functorial in F and �F ^ �F D 0.

(2) Let � WXprokKet!XkKet be the projection from the pro-Kummer-étale site to the Kummer-
étale site. Then there is a natural equivalence

Ri��F D ��H
i .�F;F/;

where H i .�F;F/ is the cohomology of the Higgs complex

0! F
�F
��! F˝OX

�1X .log/.�1/! � � � ! F˝OX
�dX .log/.�d/! 0:

(3) Suppose that �F D 0. Then ��F is locally in the Kummer-étale topology of X an
ON OX -Banach module and F D yOX y̋OX

��F. Conversely, for any locally ON OX -
Banach module G the pullback yOX ˝OX

G has trivial Sen operator.

(4) If X has a form X 0 over a discretely valued field with perfect residue field .K;KC/
and F is defined over X 0, then �F is Galois equivariant. In particular, we recover the
natural splitting

R��yOX D

dM
iD0

�iX .log/.�i/Œ�i �:

(5) Let Y be another fs log smooth adic space over .C; CC/, and let f W Y ! X be a
morphism. Then there is a commutative diagram of geometric Sen operators

f �F f �F˝OY
f ��1X .log/.�1/

f �F˝OY
�1Y .log/.�1/

f ��F

�f �F
id˝f �

Proof. The gluing of the local Sen operators of Proposition 3.2.3 follows from Proposi-
tion 3.3.1. Indeed, we can suppose that X is affinoid and has two charts  1;  2 W X !
S.e;d�e/C (these exist by definition of X having log structure arising from reduced normal
crossing divisors; see [6, Example 2.3.17]). Let X1;0 and X0;1 be the pro-Kummer-
étale �-torsors obtained from the perfectoid toric charts  1 and  2 respectively, and let
X1;1 DX1;0 �X X0;1. Let us write �1 and �2 for the Galois groups ofX1;0 andX0;1
respectively. Then, by Proposition 2.2.14 and Theorem 2.4.4 there is n� 0 such that we
have a �1 � �2-equivariant isomorphism

yOX .X1;1/ y̋OX .X1;0/
pn�1

F.X1;0/
pn�1-an

D F.X1;1/ D yOX .X1;1/ y̋OX .X0;1/
pn�2

F.X0;1/
pn�2-an:
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Therefore, by Proposition 3.2.4, the action of the Sen operators

Lie�1 ˝Qp
yOX Š .�

1
X .log//_.1/˝OX

yOX

on F via the chart  1 can be computed either as the extension of the scalars via the natural
derivations on F.X1;0/

pn�1-an, or as the extension of the scalars of the action of Lie�2
on F.X0;1/

pn�2-an by precomposing with the Sen map

Sen W .Lie�1/˝Qp
yOX ! .Lie�2/˝Qp

yOX Š .�
1
X .log//_.1/˝OX

yOX :

These two actions agree thanks to Proposition 3.3.1.
Now, part (1) follows from the gluing and the functoriality of Proposition 3.2.3. Parts

(2) and (3) are consequences of parts (2) and (3) of loc. cit. respectively. For part (4),
note that the Galois action of GalK on the Lie algebra Lie� induced by some local toric
coordinate  W X ! S.e;d�e/C is given by the cyclotomic character �. Finally, part (5)
follows from Proposition 3.3.1 by using an analogous argument to the one at the beginning
of the proof.

Under further assumptions on the space X and the sheaf F we can even compute the
projection to the analytic site:

Corollary 3.3.3. Let � W XprokKet! Xan be the projection of sites. Suppose that F admits a
lattice FC such that FC=p" Šae L

I O
C

X =p
" for some " > 0 and some index set I , and X

admits toric charts locally in the analytic topology. Then there are natural isomorphisms

Ri��F D ��H
i .�F;F/:

Proof. This follows from Theorems 2.4.4, 3.3.2 and Corollary 2.5.7 by applying Sen
theory to toric coordinates arising locally in the analytic topology of X .

3.3.2. Gluing for general G. We have made all the preparations to prove Theorem 1.0.5.

Theorem 3.3.4. LetX be an fs log smooth adic space over Spa.C;CC/ with log structure
given by normal crossing divisors. Let G a p-adic Lie group and zX ! X a pro-Kummer-
étale G-torsor. Then the geometric Sen operators of Proposition 3.2.4 given by local
charts of X glue to a morphism of yOX -vector bundles over XprokKet,

� zX W
yOX ˝Qp

.LieG/_kKet !
yOX .�1/˝OX

�1X .log/;

such that � zX ^ � zX D 0. In particular, for any locally analytic Banach representation V
of G, we have a commutative diagram

VkKet y̋Qp
yOX .VkKet y̋Qp

yOX /˝Qp
.LieG/_kKet

.VkKet y̋Qp
yOX .�1//˝OX

�1X .log/

dV˝ idyO

�V

idV˝ � zX
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such that dV W V ! V ˝ .LieG/_ is induced by derivations, and �V is the geometric Sen
operator of VkKet y̋Qp

yOX .
Moreover, letH !G be a morphism of p-adic Lie groups, let Y an fs log smooth adic

space over .C;CC/ and let zY ! Y 0 be anH -torsor. Suppose we are given a commutative
diagram compatible with the group actions

zY zX

Y X
f

(3.11)

Then the following square is commutative:

f �.LieG/_kKet ˝Qp
yOY f ��1X .log/˝OY

yOY .�1/

.LieH/_kKet ˝ yQp

yOY �1Y .log/˝OY
yOY .�1/

f �� zX

� zY

(3.12)

Proof. We first construct the geometric Sen operator � zX for the G-torsor zX ! X . Let V
be a locally analytic representation of G on a Banach space, and consider the inclusion of
the orbit map

V ,! V y̋Qp
C la.G;Qp/?2

;

whereG acts via the right regular action on the right-hand side. By writing C la.G;Qp/D

lim
�!h

C h.G;Qp/ as the colimit of h-analytic functions onG (for some fixed local coordin-

ates), we can just assume without loss of generality that V D C h.G;Qp/?2
endowed with

the right regular action. Let F D C h.G;Qp/?2;kKet y̋Qp
yOX be the relative locally analytic

ON yOX -Banach module over X defined by V , and let �F W F! F˝OX
�1X .log/.�1/ be

the geometric Sen operator on F of Theorem 3.3.2. Consider the adjoint map

SenF W �
1;_
X .log/.1/˝OX

F! F:

By Proposition 3.2.4, locally in the Kummer-étale topology of X , SenF acts by yOX -linear
derivations on F that are in addition leftG-equivariant. Then the local maps of Proposition
3.2.4 glue to an yOX -linear morphism

Sen zX W �
1;_
X .log/˝OX

yOX .1/! .LieG/kKet ˝Qp
yOX ;

or equivalently, by taking adjoints, to a map

� zX W .LieG/_kKet ˝Qp
yOX ! �1X .log/˝OX

yOX .�1/

satisfying the conclusion of the theorem.
Next, we prove functoriality for the commutative square (3.11). Consider the space

C la.G;Qp/ D lim
�!h

C h.G;Qp/ of locally analytic functions of G, written as the colimit

of h-analytic functions. By restriction, we can also see C h.G;Qp/ as anH -representation
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via the map H ! G. Let

F D C h.G;Qp/?2;kKet y̋Qp
yOX

be the pro-Kummer-étale sheaf over X associated to C h.G;Qp/. The sheaf f �F over
Y is also the yOY -extension of scalars of the pro-Kummer-étale sheaf associated to the
H -representation C h.G;Qp/jH . Let �F and �f �F be the geometric Sen operators on F

and f �F respectively. By Theorem 3.3.2 (5) we have a commutative diagram

f �F f �F˝OY
f ��1X .log/.�1/

f �F˝OY
�1Y .log/.�1/

f ��F

�f �F
id˝f �

The action of f ��F and �f �F is also given by leftG-invariant yOY -linear derivations. This
implies that they must arise from the Lie algebra action of LieG on the square (3.12),
proving that it commutes. This finishes the proof of the theorem.

The Sen morphism should encode the directions of perfectoidness of X . We have
the following conjecture, which is a generalization of a theorem of Sen saying that a p-
adic Galois representation of a p-adic field has vanishing Sen operator if and only if it is
potentially unramified [10, Corollary 3.32].

Conjecture 3.3.5. Let X be an fs log smooth adic space over .C; CC/ with normal
crossing divisors, let G be a compact p-adic Lie group and zX ! X a pro-Kummer-
étale G-torsor. Then the geometric Sen operator � zX W yOX ˝ yQp

.LieG/_kKet !
yOX ˝OX

�1X .log/_.�1/ is surjective if and only if zX is a perfectoid space.

Remark 3.3.6. In [20], we show that the pro(-Kummer-)étale torsors defining the infinite
level Shimura varieties satisfy the hypothesis of Conjecture 3.3.5. The proof of this fact
never uses the perfectoidness of the Shimura variety, only the p-adic Riemann–Hilbert
correspondence of [7]. Moreover, in [20] we use the explicit construction of the geometric
Sen operators for Shimura varieties to prove the vanishing part of the rational Calegari–
Emerton conjectures [4].

Remark 3.3.7. In his original work [28, 29], Sen shows that an algebraic extension K
of Qp with Galois group a p-adic Lie group G is deeply ramified (equivalently, its com-
pletion is perfectoid) if and only if the Sen operator seen as an object � 2 LieG ˝Qp

yK

is non-zero. Recently in [12], He proved that Conjecture 3.3.5 holds for residue fields of
rigid varieties. This pointwise perfectoidness criterion is sufficient for proving the vanish-
ing of the Calegari–Emerton conjectures integrally.

3.4. Locally analytic vectors of pro-Kummer-étale towers

We keep the previous notations, i.e. .C; CC/ is a perfectoid field containing Qcyc
p , X is

an fs log smooth adic space over .C; CC/ with log structure given by normal crossing
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divisors, G a compact p-adic Lie group, and zX a pro-Kummer-étale G-torsor over X . In
this last section we apply Theorem 3.3.2 to study the locally analytic vectors of yO zX for
the action of G. We also extend the cohomology computations of the theorem to log adic
spaces arising from the boundary of X .

3.4.1. Pro-Kummer-étale cohomology of the boundary. Let X and zX ! X be as before.
LetD �X be the boundary divisor. By definition, étale locally onX ,D can be written as
a disjoint union of irreducible components, D D

S
a2I Da, where the finite intersections

of the Da’s are smooth (cf. [6, Examples 2.3.17 and 2.3.18]). For the rest of the section
we work with a boundary divisor D decomposed as D D

S
a2I Da as before. Given a

finite subset J � I we set DJ D
T
a2J Da endowed with the log structure pulled back

from X , and write �J W DJ � X for the inclusion map. We denote by yO.C/DJ
the sheaf

�J;�yO
.C/
DJ

over XprokKet.
In this section we write OX;kKet and OX;an for the structural sheaves on the Kummer-

étale site and the analytic site respectively. We also denote by ODJ ;kKet and ODJ ;an the
sheaves defined by the boundary divisor DJ .

We start with a partial extension of Theorem 3.3.2 to the boundary.

Proposition 3.4.1. Let F be a relative locally analytic yOX -module overXprokKet and let �F W
F! F˝OX

�1X .log/.�1/ be the geometric Sen operator of F. Let �� WXprokKet!XkKet be
the projection of sites, and let J � I be a finite subset. Then there is a natural isomorphism

Ri���J;��
�
JF D ��.H

i .�F; ���
�
JF//: (3.13)

Moreover, let � W XprokKet ! Xan be the projection of sites and suppose that F has a lat-
tice FC such that FC=p" Dae L

I O
C

X =p
" as Kummer-étale OCX =p

"-modules for some
" > 0. Then

Ri���J;��
�
JF D ��.H

i .�F; ���
�
JF//: (3.14)

Proof. All the statements are local on X for the Kummer-étale or analytic topology, so
we can assume that we have a toric chart  W X ! S.e;d�e/C , and take D D DJ to be
the vanishing locus of SeC1 D � � � D Sd D 0. We also write � W D ! X for the inclusion
map. We can also assume that F admits an almost yOCX -lattice FC as in Definition 3.2.1.
In particular, notice that

���
�.FC=p"/ Šae

M
I

OCD=p
":

Let X1 be the � Š Zp.1/d -torsor over X obtained via  by taking p-power roots
of the coordinates Ti and Sj , set D1 D X1 �X D. Let A1 D yOX .X1/ be the sheaf
of functions of X1 and A1;D D yOD.D1/. By Example 2.2.7 (5), the boundary of

S.e;d�e/1 D Spa.C hT
1

p1

i ; S
1

p1

j i; CChT
1

p1

i ; S
1

p1

j i/ admits Sen traces for the action
of � , and by Proposition 2.2.14 these Sen traces extend to a d -dimensional Sen theory
.AD;1; �; .R

i
n/n;i / to the boundary of X1.

By Lemma 3.1.5 applied to ����F, we have

R�.X1; ���
�F/ D F.D1/:
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The condition on FC=p" together with the derived Nakayama lemma yields

F.D1/ D AD;1 y̋
L

A1
F.X1/

as �-equivariant A1-modules.
The Sen operators on F.D1/ are constructed from the action of Lie� on its locally

analytic vectors. By the projection formula for locally analytic vectors of Lemma 2.1.6
we get

F.D1/
�-la
D .AD;1 y̋

L

A1
F.X1//

�-la

D .AD;1 y̋
L

A�-la
1

F.X1/
�-la/�-la

D A�-la
D;1

y̋
L

A�-la
1

F.X1/
�-la:

where in the second equivalence we have used Theorem 2.4.4 to decomplete F.X1/ via
locally analytic vectors.

This shows that the geometric Sen operators on ����F are just the base change along
yOX ! yOD of the geometric Sen operators on F. Since .AD;1; �; .Rin/n;i / is a Sen theory
satisfying (AST), formulas (3.13) and (3.13) follow from Proposition 2.5.5 as the left-
hand sides are computed via �-group cohomology.

3.4.2. Locally analytic vectors of yOX . Let .C;CC/ be a perfectoid field containing Qcyc
p ,

X an fs log smooth adic space over .C; CC/ with normal crossing divisors, and zX ! X

a pro-Kummer-étale torsor for a compact p-adic Lie group G. For an open subgroup
G0 � G we let XG0

be the finite Kummer-étale extension over X given by the quo-
tient zX=G0 in XprokKet. The space zX has an underlying topological space given by j zX j D
lim
 �G0�G

jXG0
j, where jXG0

j is the underlying adic space of XG0
. The analytic site of zX

is the site of disjoint unions of open subspaces of j zX j.

Definition 3.4.2. Let yO zX be the restriction of the completed structural sheaf of XprokKet to
the analytic site of zX . We let Ola

zX
� yO zX be the presheaf mapping a qcqs open subspace

zU � zX to the ind-Banach space

Ola
zX
. zU/ WD yO zX .

zU/G zU -la

of G zU -locally analytic sections of yO zX . zU/, where G zU is the stabilizer of zU .

Lemma 3.4.3. The presheaf OG-la
zX

is a sheaf for the analytic topology of zX .

Proof. Note that for any qcqs open subspace zU � zX , the ring yO zX . zU/ is a Qp-Banach
space. Let ¹ zViºsiD1 be an open cover of zU by qcqs open subspaces. We have a short exact
sequence

0! yO zX .
zU/!

Y
i

yO zX .
zVi /!

Y
i;j

yO zX .
zVi \ zVj /: (3.15)

Let G0 � G be an open compact subgroup stabilizing all the zVi ’s. Then G0 stabilizes zU
and the intersections zVi \ zVj , and (3.15) is a G0-equivariant exact sequence of Banach
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spaces. Then, tensoring with C la.G0;Qp/?1
and taking G0-invariant vectors we get an

exact sequence

0! Ola
zX
. zU/!

Y
i

Ola
zX
. zVi /!

Y
i;j

Ola
zX
. zVi \ zVj /;

proving what we wanted.

The following definition is useful to construct sheaves over zX .

Definition 3.4.4. LetG0�G be an open compact subgroup, denote by �G0
WXG0;prokKet!

XG0;an the projection of sites. Let F WD .FG0
/G0�G be a compatible sequence of pro-

Kummer-étale sheaves on XG0
in the sense that if G00 � G0 we have a map  

G0
0

G0
W

FG0
jX

G0
0

! FG0
0
, and for G000 � G

0
0 � G0 we have  

G00
0

G0
0

ı  
G0

0

G0
D  

G00
0

G0
. We define

R�1;�F WD lim
�!
G0

R�G0;�FG0

seen as a sheaf over j zX j.

Let D � X be the boundary divisor and suppose that D D
S
i2I Di , a disjoint union

of irreducible divisors with smooth finite intersections. Given a finite subset J � I as we
let DJ D

T
i2J Di we declare D; D X . Let yODJ

be the sheaf of completed functions
on DJ;prokKet seen as a sheaf over XprokKet after pushforward along the inclusion.

Theorem 3.4.5. Let � W XprokKet ! Xan be the projection of sites, and let

C la.LieG;Qp/?1;kKet WD .C
la.G0;Qp/?1;kKet/G0�G

be the ind-sequence of pro-Kummer-étale sheaves obtained from left regular representa-
tions over the tower .XG0

/G0�G as in Definition 3.4.4. Suppose that the following axiom
holds:

(BUN) The geometric Sen operator of zX

� zX W
yOX ˝Qp

.LieG/_kKet !
yOX ˝OX

�1X .log/.�1/

is surjective.

Then, for any finite subset J � I , we have

R�1;�.C
la.LieG;Qp/?1;kKet y̋Qp

yODJ
/ D Ola

DJ
;

where Ola
DJ

is the sheaf of locally analytic sections of yODJ
restricted to j zX j. Furthermore,

we have an exact sequence of sheaves in j zX j,

Ola
zX
!

M
a2I

Ola
Da
!

M
J�I
jJ jD2

Ola
DJ
! � � � ! Ola

DI
! 0; (3.16)

induced by the boundary divisors.
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Proof. This follows formally from Propositions 3.2.7 and 3.4.1. Indeed, we can work
locally in the analytic topology of X , and even after a finite Kummer-étale cover of the
form XG0

. Thus, we can assume without loss of generality that X D Spa.A;AC/ is affin-
oind and that it admits a chart to S.e;d�e/C with coordinates Ti ; Sj such that D D DJ is
the vanishing locus of SeC1 D � � � D Sd D 0. Let us write VG0

D C la.G0;Qp/?1
for the

left regular representation of G0. We want to see that

lim
�!
G0

R�.XG0;prokKet; VG0;kKet y̋Qp
yOD/ D Ola

D :

The vanishing of higher cohomology groups follows from Proposition 3.2.7. The identi-
fication of the degree 0 cohomology is also clear.

It is left to show that (3.16) is an exact sequence. By Theorem 3.3.2 (2) we know that

Ola. zX/ D lim
�!
G0

H 0
prokKet.XG0

; .VG0
y̋Qp

yOX /
�VD0/:

By the proof of Proposition 3.2.7, the filtered system .VG0
y̋Qp

yOX /
�VD0 of pro-étale

sheaves on the tower XG0
is ind-equivalent to a system .FG0

/G0
of pro-étale sheaves

where each FG0
is a relative locally analytic sheaf on XG0

admitting a lattice FCG0
as in

Definition 3.2.1. Indeed, in the notation of the proposition, these are the sheaves corres-
ponding to

O.exp.prW 0// D O.Hr /
Lie�D0:

Hence, we can write
Ola. zX/ D lim

�!
G0

FG0
.XG0

/:

Let X1 be the �-torsor over X obtained by adding p-power roots of the coordin-
ates Si and Tj , set zX1 D zX1 �X X1. For G0 � G an open compact subgroup denote
XG0;1 D XG0

�X X1. Then we can write

H 0.XG0
;FG0

/ D H 0.G0 � �;FG0
. zX1// D H

0.�;F.XG0;1//:

By Proposition 2.2.14 we have a Sen theory on O.XG0;1/ for the action of � . Since the
Sen operators on FG0

are trivial, by Corollary 2.5.7 there is an open subgroup �G0
� �

(depending on G0) such that

FG0
D F.XG0;1/

�G0 y̋
O.XG0;1/

�G0

yOXG0

with F.XG0;1/
�G0 an ON O.XG0;1/

�G0 -Banach module.
We have an exact sequence of pro-Kummer-étale yOX -modules on XprokKet,

yOX !
M
a2I

yODa
!

M
J�I
jJ jD2

yODJ
! � � � ! yODI

! 0:
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Tensoring with FG0
, evaluating at XG0;1 and taking �G0

-invariant vectors, we get an
exact sequence

F.XG0;1/
�G0 !

M
a2I

F.XG0;1/
�G0 y̋

O.XG0;1/
�G0

ODa
.XG0;1/

�G0

! � � � ! F.XG0;1/
�G0 y̋

O.XG0;1/
�G0

ODI
.XG0;1/

�G0 ! 0

(this is the same as tensoring F.XG0;1/
�G0 with the exact sequence induced by divisors

of the rigid space XG0;�0
WD XG0;1=�G0

; it remains exact since F.XG0;1/
�G0 admits

an ON basis). Taking group cohomology for the finite group action �=�G0
, we obtain an

exact sequence

FG0
.XG0

/!
M
a2I

.FG0
y̋
yOX

yODa
/.XG0

/! � � � ! .FG0
y̋
yOX

yODI
/.XG0

/! 0:

Taking colimits as G0 ! 1 one obtains the exact sequence (3.16) as desired.

3.5. Relation to the p-adic Simpson correspondence

We finish this section with the relationship between the geometric Sen operator and the
p-adic Simpson correspondence of [7, 15, 33]. We shall write .K; KC/ for a complete
discretely valued non-archimedean extension of Qp with perfect residue field, and let
.C; CC/ be the completion of an algebraic closure of K. We let t 2 BCdR.C; C

C/ be a
generator of the kernel of the map of Fontaine � W BCdR.C; C

C/! C , e.g. t D log.Œ"�/
where " D .�pn/n is a sequence of compatible p-power roots of unity.

Let us recall the following result.

Theorem 3.5.1 ([15, Theorem 2.1] and [7, Theorem 3.2.4] ). Let X be an fs log smooth
adic space over Spa.K; KC/ and let L0 be a pro-Kummer-étale Zp-local system, and
write L D L0Œ 1

p
�. Let OClog D gr0 OBdR;log be the Hodge–Tate period sheaf, and � W

XC;prokKet ! XC;kKet be the projection of sites. Then

H .L/ WD R��.L˝Qp
OClog/

is a GalK-equivariant log Higgs bundle concentrated in degree 0. Let � denote the Higgs
field of H .L/. Then

R��L˝Qp
yOX D R�.�;H .L//: (3.17)

To re-prove this theorem in our theory we first need to compute the geometric Sen
operator of OClog.

Proposition 3.5.2. The geometric Sen operator of

OClog D gr0.OBdR;log/ D lim
�!
n

Symn.gr1 OBCdR;log/ � t
�n

is given by

OClog
�xr
��! OClog.�1/˝OX

�1.log/;

where xr is the residual connection of r W OBdR;log ! OBdR;log ˝OX
�1.log/.
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Proof. It suffices to identify �OClog with �r locally on X , we can then assume that X

has toric coordinates  W X ! S.e;d�e/K . Let XC;1 D X �S.e;d�e/
C

S.e;d�e/C;1 the �-torsor
over X . Then by [7, Proposition 2.3.15] we have a presentation

OClogjXC;1
D yOXC;1

�
log.T �1ŒT �b/

t
;

log.S�1ŒS [�/
t

�
;

where T [ D .T 1=p
n
/n2N , S [ D .S1=p

n
/n2N , and t D log.Œ"�/. We see from this present-

ation that

xr.log.T �1ŒT [�// D �
dT

T
and xr.log.S�1ŒS [�// D �

dS

S
:

Note that the products of the variables log.T�1
i
ŒTi �

[/

t
and

log.S�1
j
ŒSj �

[/

t
form a locally

analytic basis of the yOX -module OClog over XC;1. Hence, to compute the Sen operator
of OClog it suffices to know the derivative of the action of � on them. Let 
i be the
standard basis of � . Since


ai .log.T �1k ŒTk �
[// D log.T �1k ŒTk �

[/C ıi;kat

(and similarly for the Sj ), we deduce that

�OClog.logT �1ŒT [�/ D
dT

T
and �OClog.logS�1ŒS [�/ D

dS

S
;

proving that �OClog D �
xr as desired.

Proof of Theorem 3.5.1. We first need to make a construction. Let us suppose without
loss of generality that L0 is of rank n. Define the GLn.Zp/-torsor

zX WD Isom.Znp;L
0/:

Thus, L is constructed from the standard representation of GLn via the torsor zX . In
particular, by Theorem 3.3.4, L ˝Qp

yOX has a Sen operator �L arising from a map of
pro-Kummer-étale sheaves

� zX W .gln/
_

kKet ˝Qp
yOX ! �1X .log/˝OX

yOX .�1/;

or equivalently a map

Sen zX W �
1
X .log/_ ˝OX

yOX .1/! gln;kKet ˝Qp
yOX :

On the other hand, by Proposition 3.5.2, the Sen operator on OClog is �xr. Thus, by
Theorem 3.3.2 (2) one gets

Ri��.L˝Qp
OClog/ D ��H

i .��L˝OClog ;L˝Qp
OClog/;

where �L˝OClog D �L˝ idOClog � idL˝Qp
xr. We want to show thatRi��.L˝Qp

OClog/

D 0 for i > 0 and that it is a vector bundle of rank n for i D 0. We need the following
lemma, which is the Lie algebra incarnation of [15, Lemma 2.15].
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Lemma 3.5.3. The image of Sen zX W �
1
X .log/_ ˝OX

yOX .1/! gln;kKet ˝Qp
yOX is con-

tained in a nilpotent subalgebra.

Proof. Since L is obtained by the standard representation of gln, it is enough to prove
that the action of Sen zX on L˝Qp

yOX is nilpotent. The coefficients of the characteristic
polynomial of Sen zX are given by Galois equivariant maps

�i W �
1
X .log/_ ˝OX

yOX .1/! EndyOX

�^i
L˝Qp

yOX

�
Tr
�! yOX :

Since we are working over a discrete valuation field, Tate’s theorem on the vanishing of
Galois cohomology [32, Proposition 8] forces �i D 0 for all i D 1; : : : ; n, proving that
Sen zX is nilpotent.

We have proven that the Sen operator �L of L ˝Qp
yOX is nilpotent. We claim that

H .L/ WD ��.L˝Qp
OClog/ is a vector bundle of rank n and that the natural map

H .L/˝OX
OClog

�
�! L˝Qp

OClog

is an isomorphism. If this holds, then

R��.L˝Qp
OClog/ D R��.H .L/˝OX

OClog/ D H .L/˝OX
R��OClog D H .L/;

where the vanishing of R��OClog follows from the computation of its Sen operator in
Proposition 3.5.2 and Theorem 3.3.2 (2). The quasi-isomorphism (3.17) then follows by
taking cohomology for the Higgs field of OClog and H .L/.

We are left to show that H .L/ is an OX -vector bundle in the Kummer-étale site with
the aforementioned properties. This property is local in the Kummer-étale site, so we
can assume that X is affinoid and has toric coordinates  W X ! S.e;d�e/K with coordin-
ates Ti ; Sj . Let X1;C be the �-torsor over XC obtained by taking p-power roots of
Ti and Sj , let A1 D O.X1;C / be the perfectoid algebra of functions of X1;C . Write
F D L˝Qp

yOX .
By shrinking X if necessary, we can assume that F.X1;C / is a free module over A1

of rank n. Let v 2 F.X1;C /. Let us write � Š Zdp with coordinates 
i , and let �i be the
Sen operator arising from the derivation along the direction of 
i . By Lemma 3.5.3 the
Sen operators �i are nilpotent on F. On the other hand, we have an explicit description as
a polynomial algebra

OClog.X1;C / D A1ŒZ1; : : : ; Zd �

where the Zi satisfy �i .Zj /D ıi;j ; see the proof of Proposition 3.5.2. Then, in the tensor
product .F˝yOX

OClog/.X1;C / Š F.X1;C /ŒZ� we can consider the element

v.1/ D

n�1X
kD0

.�1/k�k1 .v/
Zk1
kŠ
:

One has �1.v.1// D 0. By repeating this construction for all the operators �i , we find an
element zv 2 F.X1;C /ŒZ� with constant term given by v such that �i .zv/ D 0 for all i .
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By picking a locally analytic basis ¹v1; : : : ; vnº of F.X1;C /, the previous algorithm con-
structs locally analytic elements zv1; : : : ; zvn 2 F.X1;C /ŒZ� with �j .zvi / D 0 for all i; j .
Thus, the elements zv1 are fixed by the action of an open compact subgroup �0 � � and,
after localizing in the Kummer-étale topology, they give rise to a vector bundle H .L/
over XC such that

H .L/˝OX
OClog D F˝yOX

OClog:

Thus, we must have
H .L/ D ��.F˝yOX

OClog/;

proving what we wanted.

Remark 3.5.4. The previous argument can be extended to any yOX -vector bundle F.
Indeed, we can always find locally Kummer-étale on X a lattice FC � F such that
FC=p Dae Ln

iD1 O
C

X =p as pro-Kummer-étale sheaves. By Theorem 3.3.2, the sheaf F
admits a geometric Sen operator �F W F! F.�1/˝�1X .log/ computing its cohomology.
Then, since X is defined over a discretely valued field, the proof of Lemma 3.5.3 shows
that �F is actually a nilpotent operator. This would prove in particular that Theorem 3.5.1
holds not just for local systems but for any yOX -vector bundle when X is defined over a
discretely valued field. We thank Ben Heuer for pointing this out.

Finally, let us mention the relation to the work of Wang [33]. Let X be a rigid analytic
space over Cp admitting a liftable good reduction X over OCp

(this means that X admits
a lifting over Ainf=�

2 where � D .Œ"� � 1/=.Œ"1=p� � 1/). Recall the following theorem.

Theorem 3.5.5 ([33, Theorem 5.3]). Let OC�
log denote the overconvergent Hodge–Tate

period sheaf of Wang. Let a � 1=.p � 1/ and � W XprokKet! XkKet be the projection of sites.
Then the functor

H .L/ WD ��.L˝yOX
OC�

log/

induces an equivalence from the category of a-small generalized representations to the
category of a-small Higgs bundles.

We do not pretend to give a new proof of this statement, instead let us translate some
of the main players into the language used in this paper. An a-small generalized repres-
entation of rank l is a locally free yOX -module L admitting a lattice L0 such that there
is b > a C val.�k/ with L0=pb Dae .OCX =p

b/l (�K being an element in mCp
depend-

ing on the ramification of a discretely valued subfield). In particular, this is a relative
locally analytic yOX -sheaf as in Definition 3.2.1. Wang constructs the sheaf OC�

log by con-
sidering a particular lattice of the Faltings extension provided by the lifting of X to A2
(cf. [33, Corollary 2.19]). Locally in coordinates, the ring OC�

log is nothing other than the
algebra of functions of an overconvergent polydisc of radius j�kj (cf. [33, Theorem 2.27]).
The a-smallness condition is a finite rank version of the relative locally analytic condition,
where one imposes a fixed radius of analyticity. Finally, the decompletion used by Wang
[33, Section 3.1] is the integral version of the decompletion provided by Berger–Colmez
axiomatic Sen theory [1].
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