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Abstract. The sharp isoperimetric inequality for non-compact Riemannian manifolds with non-
negative Ricci curvature and Euclidean volume growth has been obtained in increasing generality
with different approaches in a number of contributions culminated by Balogh and Kristdly (2023)
also covering metric-measure spaces satisfying the nonnegative Ricci curvature condition in the
synthetic sense of Lott, Sturm and Villani. In sharp contrast with the compact case of positive Ricci
curvature, for a large class of spaces including weighted Riemannian manifolds, no complete char-
acterization of the equality cases is present in the literature. The scope of this paper is to settle this
problem by proving, in the same generality as Balogh and Kristdly (2023), that the equality in the
isoperimetric inequality can be attained only by metric balls. Whenever this happens the space is
forced, in a measure theoretic sense, to be a cone. Our result applies to different frameworks yield-
ing as corollaries new rigidity results: it extends the rigidity results of Brendle (2023) for weighted
Riemannian manifolds and the rigidity results of Antonelli et al. (2023) for general RCD spaces.
It also applies to the Euclidean setting by proving that optimizers in the anisotropic and weighted
isoperimetric inequality for Euclidean cones are necessarily the Wulff shapes.

Keywords: isoperimetric inequality, metric geometry, CD condition, Ricci curvature, localization,
anisotropic perimeter.

1. Introduction

The Levy—Gromov isoperimetric inequality [36, Appendix C] asserts that if E is a (suffi-
ciently regular) subset of a Riemannian manifold (M", g) with dimension n and Ricy >
K > 0, then
[0E| _ |9B]|
T 2 _7
M|~ |S]
where B is a spherical cap in the model sphere, i.e., the n-dimensional sphere with con-
stant Ricci curvature equal to K, and |M |, |S|, |0E|, |0B| denote the corresponding n- or
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(n — 1)-dimensional volumes, and where B is chosen so that ||1€1_|| = %. If there exists

aset E C M with smooth boundary attaining the equality in (1.1), then M" is isometric
to the model space, i.e., the n-dimensional sphere of the same Ricci curvature of M",
and E is a metric ball.

If (M", g) is a Riemannian manifold, it is natural to consider more general measures
other than the Volg. Then the relevant object to control is the N-Ricci tensor intro-
duced in [11]: if & € C*(M) with h > 0, the generalized N-Ricci tensor, with N > n,
is defined by

V2h e

. . . g
Rng’h’N = Rng —(N - 7’!)—1
N—n

The weighted manifold (M", g, h Volg) is said to satisfy the Bakry—Emery curvature-
dimension condition CD(K, N) [12] if Ricg » v > Kg. The CD(K, N) condition incor-
porates information on curvature and dimension from both the geometry of (M", g) and
the measure & Volg. In its most general form, the sharp (with respect to all parame-
ters) extension of (1.1) to weighted manifolds (with also bounded diameter) verifies the
Bakry—Emery CD(K, N) due to [45]; we refer as well to [45] for the long list of previous
contributions that are too many to list them all.

In their seminal works, Lott—Villani [43] and Sturm [50, 51] introduced a synthetic
definition of CD(K, N) for complete and separable metric spaces (X, d) endowed with
a (locally-finite Borel) reference measure m (“metric-measure space” or m.m.s.). The
synthetic CD(K, N) is formulated in terms of optimal transport (see Section 2 for its
definition) and it was shown to coincide with the Bakry—Emery one in the smooth Rie-
mannian setting (and in particular in the classical non-weighted one), that it is stable under
measured Gromov—Hausdorff convergence of metric-measure spaces, and that Finsler
manifolds and Alexandrov spaces satisfy it.

In [24], the Levy—Gromov isoperimetric inequality has been generalized to the metric-
measure spaces satisfying the synthetic CD(K, N) by showing that the same sharp lower
bounds obtained in [45] applies to metric setting. The approach of [24] is based on
the localization paradigm, a powerful dimensional reduction tool from convex geome-
try extended to weighted Riemannian manifolds by means of an L' optimal transport
approach by Klartag [41], and then obtained for CD(K, N) spaces in [24].

In [24], in the case K > 0, the rigidity of (1.1) has been generalized as well. The
equality in the isoperimetric inequality implies that (X, d, mt) has maximal diameter. If in
addition (X, d, m) satisfies the RCD(0, N ) condition (see Section 2), then X is isomorphic
as m.m.s. to a spherical suspensions [24, Theorem 1.4]. As a consequence, the optimal
sets are characterized as well (are metric balls centered on the tips of the spherical sus-
pensions) producing a rather clear picture of the isoperimetric inequality in the setting
K > 0.

On the other hand, it is well known that without an additional condition on the geom-
etry of the space no isoperimetric inequality holds true in general spaces in the regime of
K =0, i.e., those with nonnegative Ricci curvature.
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However, the classical Euclidean isoperimetric inequality asserts that any Borel set
E C R" with smooth boundary satisfies

1 —1
|0E| > nwl |E|"7

Thus, a way to reconcile Levy—Gromov with the previous inequality is to impose a growth
condition on the space to match the Euclidean one. Letting

Br(x)={y e X :d(x,y) <r}

denoting the metric ball with center x € X and radius r > 0, by Bishop—Gromov volume
growth inequality, see [50, Theorem 2.3], the map r > %N(x)) is non-increasing over
(0, 00) for any x € X. The asymptotic volume ratio is then naturally defined by

AVR(x,4,m) = lim ItI(B—r(;[C))
r—o0o  WpNF

It is easy to see that it is indeed independent of the choice of x € X; the constant wy is the
volume of the Euclidean unit ball in RY whenever N € N, and it is classically extended
to real values of N via the gamma function. When AVR(x q.m) > 0, we say that (X, d, m)
has Euclidean volume growth. Whenever no ambiguity is possible, we will prefer the
shorter notation AVRy . In particular, if (M, g) is a non-compact, complete 7#-dimensional
Riemannian manifold having nonnegative Ricci curvature, the asymptotic volume ratio
of (M, g) is given by AVRg := AVR(p1,4,,vol,)- By the Bishop-Gromov theorem, one has
that AVR, < 1 with AVR; = 1 if and only if (M, g) is isometric to the usual Euclidean
space R” endowed with the Euclidean metric gg.

The sharp isoperimetric inequality for Riemannian manifolds with Euclidean volume
growth has been obtained in increasing generality with different approaches in a number
of contributions [1, 15, 35, 39]. The most general version (including as subclasses the
previous contributions) is the one valid for m.m.s.’s satisfying the CD(0, N) condition; it
has been obtained by Balogh and Kristaly in [13] and follows from a refined application
of the Brunn—Minkowski inequality given by optimal transport.

Theorem 1.1 ([13, Theorem 1.1]). Let (X, d, m) be an m.m.s. satisfying the CD(0, N)
condition for some N > 1, and having Euclidean volume growth. Then for every bounded
Borel subset E C X it holds

€1 1 _
mt(E) = NoY AVRY m(E) "~ (1.2)

Moreover, inequality (1.2) is sharp.

More challenging to prove are the rigidity properties of (1.2). So far it has been
obtained only under special assumptions on the space without matching the generality
of Theorem 1.1.

To the best of our knowledge, the following two are the most general results in the
literature. The first one is for the smooth setting and is due to Brendle [15].
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Theorem 1.2 ([15, Theorem 1.2]). Inequality (1.2) is valid for any non-compact, com-
plete n-dimensional Riemannian manifold (M, g) with nonnegative Ricci curvature and
Euclidean volume growth. The equality holds in (1.2) for some E C M with C' smooth
regular boundary and smooth manifold M if and only if AVRgy = 1 and E is isometric to
aball B C R".

Antonelli, Pasqualetto, Pozzetta and Semola [9] generalize [15, Theorem 1.2] to the
non-smooth setting by considering RCD(0, N) spaces and removes the regularity assump-
tions on the boundary of E.

Theorem 1.3 ([9, Theorem 1.3]). Ler (X, d, #V) be an RCD(0, N) m.m.s. having Eu-
clidean volume growth. Then equality (1.2) holds for some E C X with #N (E) € (0, 00)
if and only if X is isometric to a Euclidean metric-measure cone over an RCD(N — 2,
N — 1) space and E is isometric to a ball centered at one of the tips of X.

Both theorems deal with the unweighted case, i.e., m = Volg and m = JeN respec-
tively.

The scope of the present paper is to improve the generality of these rigidity results. We
will be able to characterize all the sets attaining identity (1.2) within the same generality
of Theorem 1.1; the rigidity of the space will follow as well.

1.1. The result
The following is the main result of the paper.

Theorem 1.4. Let (X, d, m) be an essentially non-branching m.m.s. satisfying the
CD(0, N) condition for some N > 1, and having Euclidean volume growth. Let E C X
be a bounded Borel set that saturates (1.2). Then there exists (a unique) o € X such that,
up to a negligible set, E = B,(0), with p = ( A\;;)((lZ))N )% Moreover, considering the dis-
integration of m with respect to d(-, 0), the measure w has the following representation:

w = / maq(da), g € P(9B,(0)), my € My (X), (1.3)
0B, (0)

where my is concentrated on the geodesic ray from o through o and identified (via the
unitary speed parametrization of the ray) with NU)NAVRX[N_lill_[O’OO).

The essentially non-branching assumption in Theorem 1.4 is necessary to prevent
pathological situation within the synthetic CD theory (see, for instance, the local-to-global
property [22]) and it is verified both by the class of weighted manifolds and the RCD(0, N)
spaces. The uniqueness of the point o has to be meant in the sense that ball E has a unique
center, i.e., if B,(0) = E = B,(0’), then 0 = 0’. The minimizer can be non-unique: for
instance, in the CD(0, 2) space (R x [0, 00), | - |, £72), all balls centered in (x,0), x € R
are isoperimetric sets.

It also has to be noticed that it is usually rare to obtain rigidities in our generality where
the failure of the linearity of Laplace operator prevents the use of several known rigidi-
ties results. Nonetheless the isoperimetric inequality seems to make an exception (see
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also [20] where optimal sets have been obtained in the same generality in the regime
K > 0 by a quantitative analysis).

In the more regular setting of RCD(0, N) spaces one can invoke [27, Theorem 1.1],
the so-called “volume cone implies metric cone”, to improve the measure rigidity of The-
orem 1.4 valid in the CD(0, N) setting to the stronger metric rigidity.

Theorem 1.5. Let (X, d, m) be an m.m.s. satisfying the RCD(0, N') condition for some
N > 1, and having Euclidean volume growth. Then equality (1.2) holds for some bounded
set E C X if and only if X is isometric to an Euclidean metric-measure cone over an
RCD(N —2,N — 1) space and E is isometric to the ball centered at one of the tips of X.

Thus, Theorem 1.5 recovers and extends both Theorems 1.2 and 1.3 by allowing more
general measures (other than the volume measure or the Hausdorff measure) and spaces
with not necessarily infinitesimally linear structures. In the case m = # ¥, the hypothesis
on the boundedness of E can be dropped. Indeed, it was proven [8, Theorem 1.3] that
minimizers of the perimeter are bounded: apply the cited theorem to our setting with
G = 0; the Bishop—Gromov inequality ensures # % (B;(x)) > woyAVRy > 0.

Remark 1.6. After this paper was submitted for publication, it has been proved [10] that
the minimizers of the perimeter are bounded for RCD(0, N') spaces whose reference mea-
sure is possibly not the Hausdorff measure #% . Therefore, the boundedness hypothesis
in Theorem 1.5 can be dropped.

Theorem 1.4 finds applications and covers new cases also in the Euclidean setting.
We postpone this discussion to the final part of the introduction and we now proceed
presenting the proof strategy and the structure of the paper.

The classical approach to rigidity results goes by inspecting known proofs of inequali-
ties to extract extra information whenever the equality happens. Our approach goes indeed
in this direction by starting from the proof of the isoperimetric inequality for non-compact
MCP spaces obtained in [21]. In [21], the argument uses the localization given by the opti-
mal transport problem between the given set £ and its complement inside a large ball of
radius R containing E. This produces a disjoint family of one-dimensional transport rays
and a corresponding disintegration of the reference measure m restricted to the metric
ball Br. Then one can apply the one-dimensional weighted Levy—Gromov isoperimetric
inequality to the traces of E along the transport rays and conclude the proof of (1.2) by
taking R — oo. For the reader’s convenience, we have included this proof also here, see
Theorem 4.3.

In order to capture the equality case following this proof, it is therefore necessary to
deal with this limit procedure. The intuition suggests that whenever a region E attains the
equality in (1.2), then for large values of R the one-dimensional traces have to be almost
optimal. The almost optimality has to be intended in many respects: along each geodesic
ray, the diameter has to be almost optimal, the one-dimensional conditional measures have
to be almost V=1 and the set has to be almost an interval starting from the starting point
of the ray. The main difficulty here is to perform a quantitative analysis of the right order
that will not vanish when R — oo. This is done in Section 5 that culminates with The-
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orem 5.11, where we summarize the crucial stability estimates for the one-dimensional
densities and the geometry of the traces of E.

Then the natural prosecution is to take the limit as R — oo and hopefully obtain
a disintegration of m on the whole space having conditional measures verifying the limit
estimates. Disintegration formulas are however typically hard to treat under a limit proce-
dure. For instance, the maximality of the transport rays is likely not preserved preventing
any chances to get limit estimates. Nonetheless, the almost maximality of £ and all the
almost optimal information deduced from it in Section 5 permit to bypass this intricate
issue and obtain a well-behaved limit disintegration. The limit is analyzed in Section 6
and summarized by Corollary 6.14.

The final part of Section 6 is then dedicated to the proof that the optimal set E is a ball
and that the disintegration formula (1.3) holds true (see Theorems 7.5 and 7.12).

1.2. Applications in the Euclidean setting

Theorem 1.4 implies new results also in the Euclidean setting, namely the characterization
of optimal regions for the anisotropic isoperimetric inequality for weighted cones.

The setting is the following: let ¥ C R” be an open convex cone with vertex at the
origin, and let H: R"” — [0, co) be a gauge, that is a nonnegative, convex and positively
homogeneous function of degree one. Moreover, w is weight that is supposed to be con-
tinuous on X and positive and locally Lipschitz in X.

For a smooth set E C R”, the weighted anisotropic perimeter relative to the cone X
is given by

P (E:D) = [ HOWW S,
JoE
where v(x) is the unit outward normal at x € dFE, and d.S is the surface measure. The main

result of [16] is the sharp isoperimetric inequality for the weighted anisotropic perimeter:
if in addition w is positively homogeneous of degree o > 0 and w« is concave in X, then

Pw,H(E;E)
w(E N )

Pw,H(W; Y)
wW N )&

>

(1.4)

where N = n 4+ o and W is the Wulff shape associated to H, for the details see [16,
Theorem 1.3]. The expression w(A) with A C R” is a shorthand notation for the integral
of w over A in dx.

Inequality (1.4), taking w = 1, ¥ = R”, and H = || - ||2, recovers the classical sharp
isoperimetric inequality. Taking w = 1 and H = || - |2, (1.4) gives back the isoperimetric
inequality in convex cones originally obtained by Lions and Pacella [42]. Finally, if w =1,
> = R" and H is some other gauge, then (1.4) is the Wulff inequality.

As observed in [16], Wulff balls W centered at the origin intersected with X are
always minimizers (1.4). However, in [16] a characterization of the equality case (or
a proof of uniqueness of those minimizers), is not carried over (see also [38] for a dif-
ferent approach). Despite the many recent contributions (and an announcement in [16]
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of the forthcoming work solving the problem), this characterization, in its full generality,
seems to be still not present in the literature.

We now briefly recall the known results. The characterization of the optimal sets has
been obtained in the unweighted and isotropic case (w = 1 and H = || - ||2) for smooth
cones in [42] and for general cones in [34] via a quantitative analysis. The same approach
of [34] has been recently used in [28] to characterize optimal sets in the unweighted and
anisotropic case with the gauge H assumed additionally to be a norm with strictly convex
unitary ball. Finally, [26] extended [28] to the case of H being a positive gauge (i.e., a not
necessarily reversible norm) still uniformly elliptic.

The characterization in weighted setting has been solved in [25], in the isotropic case
(H = || - ||2); in [46], the anisotropic case is treated, but the minimizer is assumed to be
convex.

It has been already observed in [16] that the assumption that wa is concave has
a natural interpretation as the CD(0, N) condition, where N = n + «, and reported as
well in [13] that (1.4) can be obtained as a particular case of (1.2) when H is a norm.
To be precise, if H is a norm, then its dual function Hy is a norm as well, and one
can associate to the triple X, H and w the metric-measure space (X, dg,,, w£"), where
dm,(x,y) := Ho(x — y). The perimeter associated to these metric-measure spaces (see
Section 2.2) will indeed coincide with Py, g.

Moreover, it is well known that for any norm | - ||, the associated metric-measure
space (R”, || - ||, £") satisfies the synthetic CD(0, ), see, for instance, [53]. From [31,
Proposition 3.3], one deduces that (R”, || - ||, w£") satisfies CD(0, n + «), provided wa
is concave. Moreover, by the homogeneity properties of H and w, one can check that

) deHO ®nz WdL" deHO mnswdL"
AVR(z apgwim = lim on RV = " > 0.

Indeed, recall that the Wulff shape W of H is the unitary ball of the dual norm H,, hence
the measure scales with power N = n 4 «. Conversely, the perimeter of the rescaled
Wulff shape is the derivative with respect to the scaling factor of the measure, hence the
perimeter of the Wulff shape is N times its measure, thus (1.4) can be seen as a particular
case of (1.2).

We can therefore apply Theorem 1.4 to (X, dg,, w£"): the differentiability of H
implies that the unitary ball of Hy is strictly convex, and therefore the distance dg, is
non-branching.

Theorem 1.7. Let ¥ C R” be an open convex cone with vertex at the origin, and let
Hy:R" — [0, 00) be a norm with strictly convex unitary ball. Consider moreover the o-
homogeneous weight w: X — [0, 00) such that wa is concave. Then the equality in (1.4)
is attained if and only if E = W N X, where W is a rescaled Wulff shape.

To conclude, we stress that assumption on w being a-homogeneous can actually be
removed and obtained as a consequence of the measure rigidity part of Theorem 1.4 if we
consider the modified version of (1.4) with the asymptotic volume 1ratio, 1.e., we assume
the right-hand side of (1.4) to be equal to (wn+aAVR(E,dH0,w$”))m > 0.
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In this case, Theorem 1.4 applies (the strict convexity of H and the concavity of wa
imply the non-branching hypothesis and the CD(0, N) condition, respectively).

The first part of Theorem 1.4 says that the isoperimetric set is a ball in the dual norm
of H,i.e., it is a rescaled Wulff shape.

The second part of Theorem 1.4, regarding the disintegration of the measures along the
rays, provides an integration formula in polar coordinates, where the Jacobian determinant
grows with exponent N — 1 = n + « — 1. Since the density of Lebesgue measure in polar
coordinates is (n — 1)-homogeneous, we deduce that w is ¢-homogeneous.

2. Preliminaries

In this section, we recall the main constructions needed in the paper. The reader familiar
with curvature-dimension conditions and metric-measure spaces will just need to check
Sections 2.3 and 2.4 for the decomposition of X into transport rays (localization) which
is going to be used throughout the paper. In Section 2.1, we review geodesics in the
Wasserstein distance and the curvature-dimension conditions; in Section 2.2, we recall
the perimeter and BV functions in the metric setting.

2.1. Wasserstein distance and the curvature-dimension condition

A metric-measure space (m.m.s.) (X, d, m) is a triple with (X, d) being a complete and
separable metric space and m being a Borel nonnegative measure over X. By M1 (X),
P (X), and P, (X) we denote the space of nonnegative Borel measures on X, the space of
probability measures, and the space of probability measures with finite second moment,
respectively. On the space &, (X ), we define the L2-Wasserstein distance W5, by setting,
for po, p1 € P2(X),

Wa (0. 11)? = inf f & (x. y) m(dxdy). @.1)
T JXxX

making (P, (X), W) complete. In W, the infimum is taken over all 7 € (X x X)
with po and 141 as the first and the second marginals, i.e., (P1)ym = o, (P2)ym = 1.
Of course, Py (resp. P») is the projection on the first (resp. second) factor, and (P;)y
denotes the corresponding push-forward map on measures.

Denote the space of geodesics on (X, d) by

Geo(X) :={y € C([0,1], X) : d(ys, ¥r) = |s — t|d(yo, y1) for every s, € [0, 1]}.

Any geodesic (its)sefo,1] in (P2(X), W2) can be lifted to a measure v € & (Geo(X)),
so that (e;)yv = u, forall ¢ € [0, 1], where, for each ¢ € [0, 1], e; is the evaluation map,

er: Geo(X) = X, ei(y) = vs.

Given g, 1 € P2(X), we denote by OptGeo(jg, £1) the space of all v € P (Geo(X))
for which (ep ® e1)yv realizes the minimum in (2.1). If (X, d) is geodesic, then the set
OptGeo(ug, p1) is non-empty for any g, 1 € Po(X).



Rigidities of isoperimetric inequality under nonnegative Ricci curvature 3243

A set F CGeo(X) is a set of non-branching geodesics if and only if for any y!, y2 € F,
it holds

37 € (0,1)suchthat V¢ €[0,7]y! = y? = y! =y Vs e[0,1].
With this terminology, we recall from [49] the following definition.

Definition 2.1. A metric-measure space (X, d, m) is essentially non-branching if and
only if for any po, w1 € P»(X), with o, (1 absolutely continuous with respect to mt,
any element of OptGeo(jtg, j¢1) is concentrated on a set of non-branching geodesics.

The CD(K, N) condition for m.m.s.’s has been introduced in the seminal works of
Sturm [50,51] and Lott—Villani [43]; here we briefly recall only the basics in the case
K =0, 1 < N < oo (the setting of the present paper) and its form under the additional
assumptions on the space to be essentially non-branching. For the general definition
of CD(K, N), see [43, 50, 51]. The equivalence between the two formulations follows
from [23] (see also [50, Proposition 4.2]).

Definition 2.2 (CD(0, N ) for essentially non-branching spaces). An essentially non-bran-
ching m.m.s. (X, d, m) satisfies CD(0, N) if and only if for all pg, 1 € $»(X,d, m), there
exists a unique v € OptGeo(io, (01) induced by a map (i.e., v = Sy(io) for some map
S: X — Geo(X)), ps := (er)sv K m for all ¢ € [0, 1], and writing u; = psm, we have
forallt € [0, 1],

_1 _1 _1
PV () = (1=1)pg ™ (yo) +1 0, ¥ (1) for v-ae. y € Geo(X).

If (X, d, m) satisfies the CD(0, N') condition, then the same is valid for (supp 1, d, m);
hence we directly assume X = supp m.

If (M, g) is a Riemannian manifold of dimension n and & € C?(M), with h > 0,
then the m.m.s. (M, dg, h Volg) satisfies CD(0, N) with N > n if and only if (see [50,
Theorem 1.7])

V2h e
Ricg 4n := Ricg —(N —n)—4—— >0,
hN—n

in other words, if and only if the weighted Riemannian manifold (M, g, h Vol,) has non-
negative generalized N -Ricci tensor. If N = n, the generalized N -Ricci tensor Ricg 5 y =
Ricg requires & to be constant.

Unless otherwise stated, we shall always assume that the m.m.s. (X, d, m) is essen-
tially non-branching and satisfies CD(0, N) for some N > 2 with supp(m) = X. This
implies directly that (X, d) is a geodesic, complete, and locally compact metric space.

2.2. Perimeter and BV functions in metric-measure spaces

Given u € Lip(X), the space of real-valued Lipschitz functions over X, its slope | Du|(x)
at x € X is defined by

— fim sup 1) Z ¥ O]
|Dul|(x) := hijn_f}clp ay)
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Following [2,3,47] and the more recent [5], given a Borel subset £ C X and 2 open, the
perimeter of E relative to 2 is denoted by P(E; 2) and is defined as follows:

P(E;:Q) := inf{liminf/ |Du,|dwm : u, € Lip(Q), u, — 1g in Ll(sz,m)}.
n—oo Q

We say that E C X has finite perimeter in X if P(E; X) < oo. We recall also a few
properties of the perimeter functions:

(a) P(E;Q) = P(F;Q), whenever m((EAF) N Q) = 0 (locality);

(b) the map E > P(E; Q) is lower-semicontinuous (l.s.c.) with respect to the L} ()
convergence;

(c) P(E;Q) = P(X\E; Q) (complementation).
Moreover, if E is a set of finite perimeter, then the set function 2 — P(E; A) is the
restriction to open sets of a finite Borel measure P(E;-) in X (see [5, Lemma 5.2]),

defined by
P(E; A) :=inf{P(E;Q) : Q D A, Q open}.

In order to simplify the notation, we will write P(E) instead of P(E; X). Finally, we recall
that the perimeter can be seen [6] as the l.s.c. envelope of the Minkowski content

it (E) 1= liminf W ED ~WE)
e—>0 &
where E¢ = {x € X : dist(x, E) < ¢&}.

The isoperimetric profile function of (X, d, m), denoted by J(x q.m), is defined as the
pointwise maximal function such that P(4) > d(x q,m)(m(A)) for every Borel set A C X,
that is,

d(x,a,m)(v) 1= inf{P(4) : A C X Borel, m(4) = v}.

Milman [45] gave an explicit isoperimetric profile x, x, p function such that if a Rieman-
nian manifold (M, g) with smooth density / has diameter at most D > 0, generalized N -
Ricci tensor Ricg 5 v > K € R, then the isoperimetric profile function of (M, dg, h Volg)
is bounded below by dx n,p. In this paper, we will make extensive use of dx, n, p in the
case K = 0. In this case, the isoperimetric profile computed by Milman [45, Corollary 1.4,
Case 4] is indeed given by the formula

do,n,p (V) := N inf Ad-v)E+DY +vv (- U)EN)%
P D ezo E+ DN —gV ’
and it is obtained by optimizing among a family of one-dimensional spaces; we will
expand this analysis in Section 4. In order to keep the notation short, we will write d y,p
in place of do v, p.

The classical theory of the perimeter in R” makes extensive use of BV function. The
notion of BV functions in the setting of m.m.s. has been first introduced in [47] and then
more deeply studied in [5]. In particular, three different definitions of BV functions has
been proven to be equivalent.
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One of these three notions is given by relaxation of the energy functional. We say that
a function f € LY(X) is in BVi((X,d, m)) if there exists a sequence f, € Lip(X) N
L'(X) converging to f in L' such that sup, Jx IV ful dm < oo. In this case, one can
define the relaxed total variation

IDf1(Q) :=inf{liminf[ IDfuldu: £, € Lipo (). fo —>finL1(S2)},
n—>oo X

where 2 C X is an open set. It has been shown in [47] that the total variation extends
uniquely to a finite Borel measure.

Another definition of BV functions is given using test plans. We say that a probability
measure 7 € L (C([0, 1]; X)) is an oco-test plan if

(1) 7 is concentrated on Lipschitz-continuous curves;

(2) there exists a constant C = C(7r) > 0 (named compression of the test plan) such that
(er)smr < Cmu.

A Borel subset I' C C(]0, 1]; X) is said to be 1-negligible if 7(I") = 0, for every oco-
test plan . We say that a function f € L'(X) is of weak-bounded variation (f €
w-BV((X,d, m))) if the following two conditions hold:

(1) there exists a 1-negligible subset I" such that f oy € BV((0,1)) Vy € C([0,1]; X)\T,
and

|f(vo) = f(yD| = [D(f o )|((0. 1));

(2) there exists a measure 4 € M7 (X) such that for every oo-test plan 7, for every Borel
set B C X, we have that

/V#ID(f oy|(B)n(dy) = C(x)|l S;pl] |Vl oo Gy i (B). 22

Moreover, one can prove that there exists the least measure satisfying (2.2). Such measure
is named weak-total variation and it is denoted by |Df |y, .

Theorem 2.3 ([5, Theorem 1.1]). Let (X, d, m) be a complete and separable metric-
measure space, with w a locally finite Borel measure (i.e., for all x € X, there exists
r > 0 such that mi(B,(x)) < o0). Then the spaces BV,((X,d, m)) and w-BV((X,d, m))
coincide and for every function

f € BViu((X,d, m)) = w-BV((X,d, m)),
it holds
|Df|«(B) = |Df|w(B) forevery Borel set B.

It is clear that a set £ C X has finite perimeter whenever 1z € BV, ((X,d, m)), and
in this case it holds

P(E; A) = |D1g|+«(Q) = |D1g|w () Y2 C X open.
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2.3. Localization

The localization method reduces the task of establishing various analytic and geometric
inequalities on a full-dimensional space to the one-dimensional setting.

In the Euclidean setting, it goes back to Payne and Weinberger [48], and it has been
developed and popularized by Gromov—Milman [37], Lovdsz—Simonovits [44], and Kan-
nan—Lovasz—Simonovits [40]. In 2015, Klartag [4 1] reinterpreted the localization method
as a measure disintegration adapted to L!-optimal transport, and extended it to weighted
Riemannian manifolds satisfying CD(K, N ). The first author and Mondino [24] have suc-
ceeded to generalize this technique to essentially non-branching m.m.s.’s satisfying the
CD(K, N) condition with N € (1, co). Here we only report the case K = 0.

Theorem 2.4 (Localization on CD(0, N) spaces [24, Teorem 3.28]). Let (X, d, m) be
an essentially non-branching m.m.s. with supp(m) = X satisfying CD(0, N) for some
N € (1,00). Let f: X — R be m-integrable with [, fm = 0 and

/X (0l dCx. xo)m(dx) < oo

for some (hence for all) xg € X. Then there exist an vi-measurable subset T C X (named
transport set) and a family { Xy }ae o of subsets of X, such that there exists a disintegration
of mLy on{Xy}eeo:

- / aq(da).
%

and for g-a.e. a € Q,

(1) Xgy is a closed geodesic in (X, d).

(2) myqy is a Radon measure supported on Xy with my <K J€1|_Xa.

(3) (Xq,d, my) satisfies CD(0, N).

4 [ fdmg =0 and f =0m-ae on X\T.

Moreover, the X, are called transport rays, and two distinct transport rays can only meet

at their extremal points (having measure zero for ny).

A few comments are in order.

By #! we denote the one-dimensional Hausdorff measure on the underlying met-
ric space.

Given { X, }oep a partition of X, a disintegration of m on { X, }oe is a measure space
structure (Q, @, g) and a map

Q0s>ar my € M(X,X)

such that

(1) For g-a.e. @ € Q, my is concentrated on Xy.

(2) Forall B € X, the map o — m(B) is g-measurable.

(3) Forall B € X, m(B) = fQ mgy (B)q(da); this is abbreviated by m = fQ mgyq(doa).
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We point out that the disintegration is unique for fixed g. That means that if there is a fam-
ily (fiy)q satisfying the conditions above, then for g-a.e. o, my, = . If we replace g
by a different measure @ such that § = pq, then the map o > p(a)mi, still satisfies the
conditions above, with @ in place of g.

Concerning the fact that (X, d, my) satisfies CD(0, N), since (Xg, d) is a geodesic,
it is isometric to a real interval, alnd therefore the CD(0, N') condition is equivalent to
having my = ha]fll_xa and 7 Y-T being concave (here we identify X, with a real
interval).

2.4. L'-optimal transportation

In this section, we recall only some facts from the theory of L!-optimal transportation
which are of some interest for this paper; we refer to [4,7, 14,19,22,32,33,41,52] and
references therein for more details on the theory of L!-optimal transportation.

Theorem 2.4 has been proven by studying the optimal transportation problem between
Mo := fTmand ) ;= f~m, where f* denote the positive and the negative part of f,
with the distance as cost function.

By the summability properties of f (see the hypothesis of Theorem 2.4) one deduces
the existence of an L!-Kantorovich potential ¢, solution of the dual problem. Using ¢,
we can construct the set

F:={(x,y) € X x X :9(x) —¢(y) =d(x, y)},

inducing a partial order relation whose maximal chains produce a partition made of one-
dimensional sets of a certain subset of the space, provided that the ambient space X
satisfies some mild regularity properties.

This procedure has been already presented and used in several contributions [7, 14,
33,41,52] when the ambient space is the Euclidean space, a manifold or a non-branching
metric space (see [14, 17] for extended metric spaces). The analysis in our framework
started with [19] and has been refined and extended in [22]; we will follow the notation
of [22] to which we refer for more details.

The transport relation R and the transport set with end-points T ¢ are defined as

R =T UT™" = {lp(x) — o(y)| = d(x, )},
T€:= Pi(R\{x = y}).

where {x = y} denotes the diagonal {(x,y) € X2 :x = yland "' ={(x,y) € X x X :
(y,x) € T'}. Since ¢ is 1-Lipschitz, T, ' and R€ are closed sets and therefore, from
the local compactness of (X, d), o-compact; consequently, 7¢ is o-compact.

We restrict 7€ to a smaller set where R is an equivalent relation. To exclude possible
branching, we need to consider the following sets, introduced in [19]:

AT ={x e T¢:3z,w e T(x), (z,w) ¢ R},
A" ={x €T :3z,w e I (%), (z,w) ¢ R},
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where I'(x) = {y € X : (x,y) € I'} denotes the section of I" through x in the first coor-
dinate; I ~!(x) and R¢(x) are defined in the same way. The sets A¥ are called the sets of
forward and backward branching points, respectively. Note that both A* are o-compact
sets. Then the non-branched transport set has been defined as

T :=7\ATUA),

and it is a Borel set; in the same way, define the non-branched relation as R = R° N
(T x 7). It was shown in [19] (cf. [14]) that R is an equivalence relation over 7 and that
forany x € 7, R(x) C (X, d) is isometric to a closed interval in (R, | - |).

A priori, the non-branched transport set 7 can be much smaller than 7¢. How-
ever, under fairly general assumptions one can prove that the sets AT of forward and
backward branching are both mi-negligible. In [19, Proposition 4.5], this was shown for
an m.m.s. (X, d, m) satisfying RCD*(K, N) and supp(m) = X. The same proof works
for an essentially non-branching m.m.s. (X, d, m) satisfying CD(0, N) and supp(m) = X
(see [23]).

One can choose Q C T a Borel section of the equivalence relation R (this choice is
possible as it was shown in [14, Proposition 4.4]). Define the quotient map Q: 7 — Q
as Q(x) = «, where « is the unique element of R(x) N Q. Given a finite measure g €
M™T(Q) such that g < Q24(mL7), the disintegration theorem applied to (7, B(7), mLy)
gives an essentially unique disintegration of m_g consistent with the partition of 7~ given
by the equivalence classes {R(c)}qep Of R:

mLy= [ my g(da).
o

In the sequel, we will also use the notation X, to denote the equivalence class R («). Note
that such measure g can always be build by taking the push-forward via 2 of a suitable
finite measure absolutely continuous with respect to mg .

The existence of a measurable section also permits a construction of a measurable
parametrization of the transport rays. First, define the (possibly infinite) length of a trans-
portray |Xg| := supy ,ex, d(x,y). Then, we can define

g: Dom(g) C Q x[0,4+00) > T

that associates to (¢, ¢) the unique x € R («) in such a way that ¢(g(, 1)) — ¢(g(a,s)) =
s —t, provided ¢, s € (0, |Xg|). In other words, g(«, -) is the unit-speed, maximal para-
metrization of X, such that %(p(g(oe, t)) = —1. We specify that this parametrization
ensures that f(g(c,0)) > 0. By continuity of g with respect to the variable ¢, we extend g
in order to also map the end-points of the rays Xy; the restriction of g to the set {(«, ) :
t € (0,]|Xq|)} is injective.

Finally, to prove that the disintegration is CD(0, N), i.e., that for g-a.e. ¢ € Q, the
space (Xg,d, mg) is CD(0, N), one uses the presence of the L2-Wasserstein geodesics
inside the transport set 7 (see [18, Lemma 4.6]). We refer to [24, Theorem 4.2] for all the
details.
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The measure m, will be absolutely continuous with respect to #!_x, as a conse-
quence of the CD(0, N) condition in one-dimensional spaces: there exists a map /g:
(0,]Xq|) — R such that my = (g(a, -))#(ha L (0, x,)- The construction does not
depend on the function f but only on the L!-Kantorovich potential ¢.

Theorem 2.5. Let (X, d, m) be an essentially non-branching m.m.s. with supp(m) = X
satisfying CD(0, N) for some N € (1,00). Assume that ¢: X — R is a 1-Lipschitz function,
and let T and (Xy)qep be respectively the transport set and the transport rays as they
were defined in the previous paragraphs. Let Q and : T — Q be the quotient set and
the quotient map, respectively, and assume that there exists a measure q < Qa(mg).
Then there exists a disintegration of mLg on {Xg}aeco,

- / e 4(da).
0

and for g-a.e. a € Q,

(1) Xgy is a closed geodesic in (X, d).

(2) wmy, is a Radon measure supported on X, with my < H ll—Xa'
(3) The metric-measure space (X, d, my) satisfies CD(0, N).

Theorem 2.4 follows from the previous theorem, provided that we are able to localize
constraint fX f dm = 0. The localization is a consequence of the properties of the L!-
optimal transport problem (see [24, Theorem 5.1]).

3. Localization of the measure and the perimeter

To prove Theorem 1.4, we will need to consider the isoperimetric problem inside a family
of large subsets of X with diameter approaching co. In order to apply the classical dimen-
sion reduction argument provided by localization theorem (see Sections 2.3 and 2.4), one
needs in principle these subsets to also be convex. As the existence of an increasing family
of convex subsets recovering at the limit the whole space X is in general false, we will
overcome this issue in the following way.

Given any bounded set £ C X with 0 < m(E) < oo, fix any point xg € E and then
consider R > 0 such that E C Bp (hereinafter we will adopt the notation Bg := Bg(xy)).
Consider then the following family of zero mean functions:

m(E) )
w(Bg) ) P*

fr0) = (15—

Clearly, fg satisfies the hypothesis of Theorem 2.4, so we obtain an mi-measurable subset
Tr C X and a family {Xq r}acoj Of transport rays, such that there exists a disintegration
of mLgy, on {Xg RlacOr:

mLTR=/Q mg,r qr(da), qr(QR) = m(JR), (3.1)
R
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with the probability measures my g having a CD(0, N) density with respect to J¢1 LXy R+
The localization of the zero mean implies that

m(E)
m(BRr)

ma,R(E) = ma,R(BR), qRr-a.e. o € QR~ (3.2)
We denote by gr (o, -):[0,| Xy r|] = X4, r the unit speed parametrization of the geodesic
X, r. For this reason, it holds

g, r = (g, ))#(ha,RE (0, 1X0 &)

for some CD(0, N) density /4 gr.

Also, we specify that the direction of the parametrization of Xy r is chosen such
that gr (e, 0) € E. Equivalently, if g denotes a Kantorovich potential associated to the
localization of g g, then the parametrization is chosen in such a way that ¢g is decreasing
along Xy, g with slope —1.

We then define Ty, g to be the unique element of [0, | X, g|] such that

Mg r(grR(e, [0, Tg,Rr])) = Mg ,r(BR).

Since gy, g is absolutely continuous with respect to # ll—Xa, - the existence of a unique
Ty, r follows. Moreover, from the measurability in « of my r, we deduce the same mea-
surability of Ty, g.

Notice that diam(Bg N X4 r) < R + diam(E): since gr(ct, -) is a unit speed param-
etrization of Xy g, then d(gr(a, 0), gr(e, t)) < d(gr(e, 0), xo) + d(gr(e, 1), x0) <
diam(E) + R, provided gr(c,t) € Br N Xy, r. Hence, the same upper bound is valid
for Ty R, i.e., Ty, g < R + diam(E).

We restrict nig, g to )?a, R = gr(a, [0, Ty, r]) to have the following disintegration:
e R %,

€ P(X),

mrLs = ft\l ,RaR(dOt), I/t\I ,R ‘=
Tk [QR * * Mo, r(BR) (3.3)

ar = m. gr(Br)ar.

where rJ:R = UaeQR )’(\%R; in particular, G g (Q r) = m(BRg), using (3.1) and the fact that
Br C TR.

Disintegration (3.3) will be a localization like (3.2) only if (E N X4 r) C Xg,r, imply-
ing that

Gr-a.e.a € ORg.

~ w(Bg)’
To prove this inclusion, we will impose that E C B% Since gr(e, -): [0, | Xa,R|] = Xa,R
has unit speed, we notice that

R
d(gr(a, 1), x9) < d(gr(e,0),x0) + ¢ < diam(E) + ¢ < 5+t

where in the second inequality we have used that each starting point of the transport ray
has to be inside E, being precisely where fr > 0. Hence, gr(c,?) € Bg forall t < %.
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This implies that (ggr(c, -))"'(Bgr) D [0, min{%, | Xo.r|}], hence there are “no holes”
inside (gr (o, -)) "' (BR) before min{g, | Xo,r|}, implying that |)?a,R| > min{g, | Xa,rI}
Since diam(E) < %, we deduce that (gg(a, -))"1(E) C [0, min{%, | Xo,r|}] implying that
(E N Xo,r) C Xa.R-

We can give an explicit description of the measure G g in term of a push-forward via
the quotient map Q g of the measure m._g,

B
f‘n(( ER)) fiaR(E)ir(da)

Sr(A) = [Q 14(@)

B =R _ ~
B [Q %mmw N2F (4)dr(da)

_ m(BpR)
 w(E)

wm(E N Q3(4)),

hence §r = (A (RR)s(mp).

We need to study the relation between the perimeter and the disintegration of mea-
sure (3.3). Fix an open set 2 C X and consider the relative perimeter P(E; 2). Let
U € Lipy, (2) be a sequence such that u, — 1g in L}, (Q) and lim, . [q [Dun|dm =
P(E; 2). Using the Fatou lemma, we can compute

P(E;Q)=nli)n;o/s;|Du,,|a’mZliln_l)inf/;2 _ |Duyldm

o0 NTR

:1iminf/ / |Duy| fitg, g(dx) Gr(da)
OrJQ

n—>oo

3/ liminf/ |Duy, | fig,g(dx) Gr(de)
0 Q

n—>o00
R

= [ timint [ fer(d) a(d)
(9] Xo, RN

R n—>oo
= [ Py, (E:@)ar(da),
ORr ’

where M;L denotes the derivative along the curve gg(c, -) and P Rk the perimeter of
m.m.s. (Xq R, d, tig,R).
By arbitrariness of €2, we deduce the following disintegration inequality:

P(E; ) > /Q Pr. o(E: )dr(da).
Moreover, the fact that the geodesic
gr(@ ): [0, | Xa Rl = Xa.r
has unit speed implies that

P, o(E:) = (gr(@ Di(Phy o ((gr (e ) (E): ).

We summarize this construction in the following assertion.
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Proposition 3.1. Given any bounded E C X with 0 < m(E) < oo, fix any point Xg € E
and then fix R > 0 such that E C B 2 (x0). Then there exists a Borel set 7 R C X, with
E C 7 R and a disintegration formula

mep = /Q fitg, Gr(A®), fa,r(Xe,r) = 1. Gr(QR) = m(Bg), (3.4)
R
such that
m(E) ~ ~ _ m(Bg)
w(Br) forqr-a.e.oc € Qp, Qr = w(E)

and the one-dimensional m.m.s. ()?a, R, d, Ty R) satisfies the CD(0, N') condition and has
diameter bounded by R + diam(E). Furthermore, the following formula holds true:

I/ﬁat,R(E) =

(2p)s(mig), (3.5

P(E;-)z;/; Pe. (E: )ir(da). (3.6)

The rescaling introduced in Proposition 3.1 will be crucially used to obtain non-trivial
limit estimates as R — oo.

4. One-dimensional analysis

Proposition 3.1 is the first step to obtain an almost optimality of E N )’(\a, Rr from the
optimality of a bounded set E. We now have to analyze in detail the one-dimensional
isoperimetric profile function.

We fix a few notations and conventions.

We will be considering the m.m.s. (I, |- |, h&£') with an interval I C R satisfying
the CD(0, N) condition; when the interval has finite diameter, we will always assume
that / = [0, D]. We will assume also that fOD hdx = 1, unless otherwise specified. For
consistency with the conditional measures from disintegration theorem, we will use the
notation m, = hE!.

We also introduce the functions

vp: [0, D] = [0,1] and ry: [0,1] — [0, D]

as

mm:Ahmw,mm=wﬂ%w

notice that from the CD(0, N) condition, 2 > 0 over I makes vy, invertible and in turn the
definition of rj well-posed.

We will denote by Py, the perimeter in the space ([0, D], | - |, hé‘i[o D] ).If E C [0, D]
is a set of finite perimeter, then it can be decomposed (up to a negligible set) into a family

of disjoint intervals
E = J@:. by,
i
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and the union is at most countable. In this case, we have that the perimeter is given by
Pi(E)= Y ha)+ Y h(b).
ita; #0 itbj#D
We shall denote by d, the isoperimetric profile 5 (v) := infg.;, (£)=v Pa(E).

4.1. Properties of the isoperimetric profile function

For our purpose, we consider the model spaces ([0, D], | - |, hn,p (&, - )£ Ljo,p)), for

N >1,D > 0, and, £ > 0, where

hwn,p(§.x) == % %

For the model spaces, we can easily compute the functions vy, p(§, +) := vy p (&) and

N ) = Thy pe):

(r +£D)V — DYV

DN((1+ &N —&N)’ 4.1)
rap(Ev) = D1 +HY + (1 - v)E™) ¥ —¢).

We can easily deduce that if E is an isoperimetric set of measure v € (0, 1) for a model

space, then (up to a negligible set)

vn,p(§.r) =

[0, 7n,p (&, V)] ifv

IA

E =
[rvp(E,1—v), D] ifv

v
N =N =

3

with the convention that if v = %, both cases are possible. Indeed, if v < %,

“push” all the mass to the left obtaining a new set E’ = [0, rxy,p (€, v)]; the monotonicity
of hy,p(€,-) ensures that £’ has smaller perimeter than E’. If, on the contrary, v > 1
then we have that the complementary [0, D]\ E is an isoperimetric set, then [0, D]\E =
[0, ry,p(1 — v)]. This allows us to explicitly compute the isoperimetric profile of the
model spaces

In,p(§.v) = hn,p(§, ry,p(min{v, I —v}))

N (min{v, 1 —v}(€ + 1)V 4+ max{v, 1 — v}EN)%
D E+ DN ¢V ‘
We also define an auxiliary function ¥y as

(€ + DV + (& — eV
(E+ DN —¢N

we can

Gn(§.v) =

4.2)

Notice that, if v < %, then

2 JN,D(E’ l)) )

() = o T
VITN
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One advantage of this function is that it does not depend on D. This is indeed quite
natural, as the isoperimetric profile scales with D.

For the family of one-dimensional CD(0, N) spaces with diameter not larger than D,
an explicit and sharp lower bound for the isoperimetric profile function has been estab-
lished in [45] (see, for instance, [45, Corollary 1.4] and [24, Section 6.1] for the non-
smooth analog). Defining

(mm{v 1= v} + DN + max{v, 1 — v} %"
D s>o (E+ DN —¢gN
= gEEJN,D(Ss V),

Idn,p (V) :

then one obtains that 5, (v) > Jn,p(v) for every h:[0, D'] — R satisfying the CD(0, N)
condition, with D’ € (0, D].
We obtain the following lower bound.

Lemma 4.1. Fix N > 1. Then, we have the following estimate for d y p:
I %wl—ﬁ(l —O@wW)) = %(wl—% —O(w)) asw — 0.
Proof. Recalling the definition of ¥, what we have to prove becomes
nf Gy (g w) > 1 - OwWN) asw — 0.

The minimum in the infimum in the expression above is attained, at least for all w small
enough. Indeed, we have that

A+ +E - (+EHWY+E -1

WEV =T e o) T Qe NE T —e@ -1 Y
thus the limit et
lim gy w = E DY S g0w)
£—>o00 NS - N -

implies the coerciveness of § > G (€, w). Define &, € arg ming¢[o o) ¥n (£, w); we triv-
ially have that §y (&, w) <1.

First, we prove that lim sup,,,_,( &, <oo (we soon will improve this estimate). Suppose
the contrary, i.e., there exists some sequence w, — 0 such that Ewn — 00. Then we have

1 1) N 1
1> limsup g , Wy,) > limsu
i Sup N Gon - 1n) ,Hoop Gon DV £
(& -
= limsup 5 = 00, (4.4)

n—soo Ewy (1 + NSu_),z + 0(51;,}) -1

which is a contradiction. Since lim sup,,_, £, < 00, we have (&, + DVN"1 —£N-1< C,
for all w small enough, for some constant C > 0.
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We improve the estimate above

(CE

1 > limsup &y (&, w) > limsup

w—0 w—0 (Sw + 1)N71 - SuA;/
1Nyt
> lim sup M, 4.5)
w—0 C

which implies lim sup,,_,o &w < 0, i.e., &, — 0 as w — 0. We can improve the estimate
again

ég-N Ny N=1
. . (14 &)V + 5 —£]) N
1 > limsup 9y (€, w) = limsu ®
w—>0p Sw w—>0p (é‘-w + 1)N_1 - EUIY
N J—
= (1 + limsup %)*NN‘, (4.6)

w—0

yielding limsup,,_,, E“{ <0, ie., & = o(w%) as w — 0. Finally, we can conclude
N

noticing that v

| ~ (G DY+ G - DE) T
e oy

(4o
T 1+ 0w

Corollary 4.2. Fix N > 1. Then forall D > D’ > 0 and for all h: [0, D'] — R satisfying
the CD(0, N) condition, it holds that

—1-0(wW). -

Pn(E)

v

Dy () = oy (B)'H (1 = Oy (E) )

> %mhw)l-ﬁ(l — O(mp(E)VY),

for any Borel set E C [0, D’].

\

4.2. Sharp isoperimetric inequalities in CD(0, N) spaces with Euclidean volume growth
We re-obtain Theorem 1.2 via localization.

Theorem 4.3. Let (X, d, m) be an essentially non-branching CD(0, N) space having
AVRy > 0. Let E C X be any bounded Borel set, then

€1 1 _
P(E) > NoJ AVRY m(E) "V 4.7)

Proof. Let xo € E be any point. We then consider R > 0 such that £ C Bg(y). For
shortness, we will write Bg = Br(x¢). We use Proposition 3.1 and in particular (3.6),
obtaining

P(E) = /Q Pg. o (E)3r(da). (48)
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Using Corollary 4.2 and the fact that each ray )?a, R has length at most diam £ + R,
we deduce

m(E) )

P(E) > / I N, diam E+R (Mg, R(E)) Gr(der) > m(BR) JN,diamE+R<
ORr m(BR)

i) g () (o (1))

diam £ + R \m(Bg) m(BR)
BR)\~ o(1
=N<m( R))Nm(E)l_%— : (1) _
RN diam E + R
We conclude by taking the limit as R — oo in the equation above. ]

4.3. One-dimensional reduction for the optimal region

Assuming that £ C X turns inequality (4.7) into an identity and following the proof of
Theorem 4.3, a natural guess is that the right-hand side of (4.8) converges to the left-hand
side as R — oo. The measure

Gr(QR) = m(Bg)

is converging to infinity with order O(RY), so the integrand should converge to 0 with
order O(R™V). We now confirm this heuristic.

Definition 4.4. Let D > D’ > 0 and let 4: [0, D'] — R be a CD(0, N) density. If E C
[0, D'] is Borel subset, we define the D-residual of E as

Res? (E) i= ————— — 1. (4.9)

Ifv € (0, %) we define the D-residual of v as

Dh
Res}? (v) := Res,ll)([O, rp(v)]) = (L(?)) —1.
Nvl~~
Corollary 4.2 can be restated as
Res? (E) = —O(my(E)V). (4.10)

We now apply the definition of residual to the disintegration rays.

In order to simplify the notation, we denote by Py g the perimeter measure of the
one-dimensional m.m.s. (fa, R, d, g, g). The measure @ity g Will be identified with the
ray map g to hy g£!. Then

Resy R := Resf;iiam(E)(g(a,-)_l(E N X,r) fora € Qg,

Resy g := Resg p(x),r forx € E.

The good rays are those rays having small residual. We quantify their abundance.
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Proposition 4.5. Assume (X, d, m) is an essentially non-branching CD(0, N) space such
that AVRy > 0. If E C X is a bounded set attaining equality in (4.7), then

lim [Resa,rlIL1(0g) _

R—00 m(BR) 0. “.11)

where the reference measure for the Lebesgue space L' (QR) is qr.

Proof. We first check that the function o — Resq r is integrable. To this extent, it is
enough to check that (Resy g)~ is integrable; indeed, this last fact derives from the
isoperimetric inequality Resq, g = —O(( r?(gi)) ) ~ ), as stated in (4.10). We can now com-

pute the integral in (4.11)

1 R B 1 ) )
m(BR) /QR [Resa,r| Gr(der) = w(Br) QR(Z(Resa,R) + Resa,r)qR(da)
w(E) \& 1 )
< 0((m(BR)) ) + w(Br) Jo, Resy g Gr(da).

The first term is infinitesimal, so we focus on the second one

/QR Resa & 3r(da) = /QR ((R + diam(E))Py, r(E) (m(BR))l—% B 1) s r(de)

N m(E)

R + diam(E .
- LB [ ey k(B Gr(de) - m(Bp)
m(Br)¥ ! Nm(E)!=~ Jog
R + diam(E
< HdamlE) by (g
m(Bg)N ' Nm(E)'~~
R + diam(E 1
< w(B) S EE) Ry won) ¥ — w(Ba),
m(BRr) NV
yielding
1 R+ di E
Resq,r qr(da) < [ damt®) lamf )(AVRXwN)ﬁ —1,
m(BR) ORr m(BR)W
and the right-hand side goes to 0 as R — oo. [

Corollary 4.6. Let (X, d, m) be an essentially non-branching CD(0, N) space having
AVRy > 0. Let E C X be a set saturating the isoperimetric inequality (4.7), then it
holds true

ngnoo [Resg zx).RllL1 (&) = 0.

Proof. A direct computation gives
IResa o kllrcer = [ IResa okl p(@)inde)
R

= [ |Resq, R[N, R(E)GR(dax)
ORr

() IR [ >0
= €S, . | |
m(BR) o, RIIL1(QR)
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5. Analysis along the good rays

We now use the residual to control how distant the density 4: [0, D'] — R is from the
model density x € [0, D] le[)v*1
optimal ones.

The results in this section go in the direction of proving that, given D > D’ > 0,
h:[0, D’'] - R a CD(0, N) density, a subset E C [0, D], if the measure my,(E) and the
residual Res}? (E) are small, then the set E is closed to the interval [0, D1y (E )%] and

the density A is closed to the model density &= g -

as well as the one-dimensional traces of E from the

Remark 5.1. We will make an extensive use of Landau’s “big-O” and “small-0” notation.
If we are in a situation where several variables appear, but only a few of them are con-
verging, either the “big-O” or “small-0” could depend on the non-converging variables.

In our setting, the converging variables will be w — 0 and § — 0. The free variables
will be the following:

(1) D, abound from above on the diameter of the space;

(2) D’ € (0, D], the diameter of the space;

(3) h:[0,D'] - R, aCD(0, N) density;

(4) E C [0, D], a set with measure mj(E) = w and residual Res}’lD (E) <3.

The following estimates are infinitesimal expansions as w — 0 and § — 0 and when-
ever a “big-O” or “small-O” appears, it has to be understood that this expression can be
substituted with a function going to 0 with the same order uniformly with respect to the
other free variables.

Remark 5.2. Another point to remark is the fact that we focus only on the case when E is
on the left. We will sometimes assume that E is of the form [0, ] C [0, D’] and sometimes
that £ C [0, L], with the tacit understanding that r < D’ or L <« D’. This is possible
because the rays come from the L!-optimal transport problem from the measure r’::(f) to
the measure :un(LTiR), where E is our original set. Hence, the rays are lines starting from E
and going away, thus the intersection of E with any ray lies at the beginning of the ray.

5.1. Almost rigidity of the diameter

We start our analysis by focusing on the diameter of the space: the inequality D > D’
tends to attain equality if m,(E) = w — 0 and Res}? (E) <6 — 0. It follows from the
fact that the isoperimetric profile d y, p scales according to D.

Proposition 5.3. Fix N > 1. The following estimate holds for w — 0 and § — 0:
D" > D(1 —o(1)), (5.1)

where D > D’ > 0 and h: [0, D'] — R is a CD(0, N) density such that E C [0, D'] is
a subset satisfying wmy(E) = w and Res,ll) (E) <6é.
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Proof. The definition of residual (4.9) gives

N _ 1 / N _ 1
ﬁwl V(1 4 ResP (E)) = Pi(E) = Bwl N (1 + ResP (E)). (5.2)
Since 1

Res; (E) > O(w™)

1
D'wN !

by (4.10), if w is small enough, we can multiply equation (5.2) by the factor NU+RD(E))’
obtaining g

D' 1+Res?(E) _ 1-0@ww) _ 1—0@ww

i h ( )> UL > (w )=1—0(1). [

D 1+ResP(E) ~ 1+Res?’(E) = 1+

5.2. Almost rigidity of the set E: The convex case

We now prove that the set E has to be close to [0, Dy (E )%] We start by considering
the special case when the set E is of the form E = [0, r].

Proposition 5.4. Fix N > 1. The following estimates hold for w — 0 and § — 0:
rn(w) < D™ (1 + o(1))), (5.3)
(W) = D™ (1 + o(1))). (5.4)

where D > D’ > 0 and h: [0, D'] — R is a CD(0, N) density such that Res;?(w) =
Res? ([0, rj(w)]) < 6.

Proof. In order to simplify the notation, we write r = rp(w).

Part 1. Inequality (5.3). By the CD(0, N) of the function 4, we have h(x) < rh,\f—r_)lxN_l
for r < x < D’.If we integrate in [r, D’], we obtain

D’ IN _ .N IN N
—w </ %XN_ldx _ h()(@ - ) . h(r)D_ 3 h(r)D_ |
ro T NriN-1 NrN-1 NrN-1

yielding to
DN DN N . 1
N-1 1-4 D A \N-1
r <—h(r)= ————w ¥ (1l +Res; (w)) < (Dw¥
< N0 = Ny p® N0+ ResP @) = (Dw)
Part 2. Inequality (5.4). This second part is a bit more difficult. The first step is to show
that we can lead ourselves back to the case of model spaces, namely that we can assume
h =hp,p(,-) for some £ > 0 (cf. (4.1)). That is, we want to show that given /1, we find &
such that

1+6
1—w’

ReS;?NVD/(g,.)(w) <ResP(w) <8 and rpy )W) <.
To this extent, consider the function s: [0, c0) — R given by
D’ 1
s@:= [ (h@)¥T +a(x—r)Ndx.

r
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Clearly, this function is strictly increasing and it holds
1 ’ /
h(ryN=t D p D
S(L) = / %xlv*ldx > h(x)dx =1—w,
r ;T ,
/ ’ N - D 1-4
5(0) = (D" —r)h(r) = (D" - r)Bw ¥ (14 Resy (w)) < 2Nwy

<l—wy <1—-w,

where we assumed that Res,? (w) <8 <1and w < wy (for some wy > 0 depending
only on N), which is possible since w — 0 and18 — 0. From the two inequalities above, it
follows that there exists a unique a € (0, 2D ¥ ] sych that s(a) = 1 — w. We can define
the CD(0, N) density h(x) := (h(r)ﬁ + ar(x —r))¥~1, which satisfies

/rD/i_z(x)dx=/rD/h(x)dx=1—w.

By mean value theorem, there exists y € (r, D') such that i(y) = h( y), thus, by convexity
of hﬁ, h(x) > h(x) for all x € [0, r]. This implies that
r _ r
/ h(x)dx > / h(x)dx = w.
0 0
Define

D’ ﬁ r_ N _ ﬁ _ N
Ve [ i dx = BOTT £a(D =) — () ¥ —ar)
0 Na

= /D/}_z(x)dx—k/r};(x)dxzl—w—i-/rh(x)dx:l,
r 0 0
o= ) < gV = = wp = i [ Reodx) =

where wV <V — (1 — w) follows from 1 —w € [0, 1] and V' > 1. Finally, we renormal-
ize h, defining

. E h = _ N—-1
Vo ) S (D = )N — (h(r) w5 —an)V
1
If weset & = h(')gl% > 0, then it turns out that (cf. (4.1))

N(x 4+ D'§)N !
DN((1+§N —EN)

h(x) = hn,p(§,x) =
This function satisfies

rnp(Ew) =7 <ry(w) and hyp/(ET) < h(F) < h(r) = h(r)



Rigidities of isoperimetric inequality under nonnegative Ricci curvature 3261

(the inequality h(F) < h(r) follows from the fact that a > 0, hence £ is non-increasing).
This latter inequality can be restated as

Res, (6.9 (W) < Resy (w) < 6. (5.5)

For this reason, we can assume that / is of the type in,p- (-, £) for some & > 0.
Recalling equation (4.1), we notice that

rvprEw) = D' (w1 +HY + (1 —wEN)¥ —6) = D'V —§).  (5.6)

What we are going to prove is that £ is “small” in a sense that we will soon specify. Using
the definition of residual, inequality (5.5) can be restated as (we already defined §y in
equation (4.2))

(A+ON + (& —neM™ D

Gy (. w) = AT N — &N =y U+H=1+8.

Define the set
Ls(w):={:8xv(n,w)>1+68Vn>E}
We have already proved in (4.3) that
=N

lim §y(E,w)=N"1w ¥,
E—>o00

hence the set Lg(w) is non-empty.
At this point, define the function £5(w) := inf Lg(w). By the definition of &5 and the
continuity of &y, it clearly holds that

v w) < 1+68 = £ <&w), InvEs(w),w)=1+34.

Now we follow the line of the proof of Proposition 4.1. First, like in (4.4), we can see
that €5 (w) is bounded as w — 0 and § — 0. Indeed, suppose the contrary, i.e., that there
exist two sequences w, — 0 and §,, — O such that &5, (w,) — oo. Then we have

N—1
(2 =1~ &, (w,)V !
1> limsup ¥ Wy), W) = limsu Wn
= limsup S (65, (wn). wn) = Hmsup = S TN — &, (wn)¥
(-1~
> lim sup — N = 00,
n—>oo £s, (wn)((m + DN —1)

which is a contradiction. Like in (4.5), we can prove that £5(w) — 0 as w — 0 and § — 0:

(£ = DEs )N 'F

1 > limsup &y (€5(w), w) > lim sup

w—0 w—0 (&(w) + I)N - ES(w)N
§—0 §—0
L 1)y ™)
> Jim sup (5 — Dés(w)™) .
w—0 C

§—0
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Finally, like in (4.6), we have that

(1 + &)V + (& — DEs(w)N) 7
(1 + & (w)N — & W)V

1 = lim &y (&5, (w), w) = lim
w—0 w—0

§—0 §—0
N_ N—1
— lim (1 + M) N ,
w—0 w
§—0
yielding
gV
lim ——— = 1.
w—0 w
§—0

Using Landau’s notation, the above becomes &5 (w) = o(wﬁ) asw — 0and § — 0.
At this point, we can recall (5.6), obtaining

. (E3(w).w) 2 D'V — & (w)) 2 D'V —o(w™)).

If we use estimate (5.1), we can continue the chain on inequalities and conclude

”N,D’(ES(W)»W) - 2’
D =D
wn (1= o(1)). -

WA —o(w™)) = (1—o(1)(W¥ —o(wW))

5.3. Almost rigidity of the set E: The general case

We now drop the assumption E = [0, r]. Up to a negligible set, E = | J; < (ai, b;), where
the intervals (a;, b;) are far away from each other (i.e., b; < a; or b; < a; for i # j).
By boundedness of the original set of our isoperimetric problem, we can also assume
that E is included in the interval [0, L] for some L > 0. Define b(E) := esssup E < L.

In the next proposition, we exclude the existence of a sequence such that (a;,, b;,)
goes to b(E).

Lemma 5.5. Fix N > 1 and L > 0. Then there exist two constants W > 0 and § > 0
(depending only on N and L) such that the following happens. For all D > D’ > 0
with D > 3L, for all h:[0, D'] — R satisfying the CD(0, N) condition, and for all E C
[0, L], such that wy(E) < w and Resi? (E) <6, there exista € [0,b(E)) and an at-most-
countable family of intervals ((a;, b;)); such that, up to a negligible set,

E = U(ai»bi) U (a.b(E)),

with a;,b; < a VYi. Moreover, h is strictly increasing on [0, b(E)].

Proof. By Proposition 5.3, we have that if m;(E) and Res,? (E) are small enough,
then D’ is close to D > 3L and in particular D’ > 2 L. We already know that the set E is
of the form E = | J; (a;, b;) (up to a negligible set); our aim is to prove that there exists j
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such that a;, b; < a; for all i # j. In this case, a = a;. Suppose the contrary, i.e., ¥ j
di # j such that a; > a;. With this assumption, we can build a sequence ()., so that
(@}, )n s increasing, thus converging to some y € (0, L]. By continuity of /, we have that
h(aj,) = h(y) > 0. We can compute the perimeter

0o = Y hiaz,) = Pu(E) = 3 (ua(ED'H (1 + Resp (E)) < oo,
neN

which is a contradiction.
It remains to prove that / is increasing on [0, b(E)]. In order to simplify the notation,
let b := b(E). Denote by

h(b+ 2)NT — h(b)NT
t:= lim
zZ\0 z

. L L. . . 1.
the right derivative of V=T in b, which must exists because &/ ¥=T is concave. We want
. L. oo .
to prove that ¢ > 0; from this and the fact that A ¥—T is concave, it will follow that % is
. . _ . . 1
strictly increasing in [0, b]. Suppose the contrary, i.e., # < 0. Then, by concavity of A N—T,
we have that

h(x) < h(b)(%)lv_l Vx €[0,6], and h(x) < h(b) Vx € [b, D].

If we integrate, we obtain

1< /Obh(b)(D/_x)N_ldx +/bD/h(b)dx

D'—b
B hz(\]zj : (D/Zv DT_(Db;;_bl)N +N(D' b))
< Ph]f/E)((D/?gN_l +ND’) - %)D’((l B %)I—N N N)
:%)D/OHN_I)%“(%)“V)' (5.7)

Consider the two factors in the right-hand side of the estimate above. The former is con-
trolled by using the definition of residual

PHEIDT  PHED )= (1 + ResP (B,

and if my,(E) — 0 and Res}? (E) is bounded, then the term above goes to 0. Regarding
the latter factor, we just need to prove that % is bounded,
b L L 1
—_— < — < — = —,
D' — D —2L 2
If we put together these last two estimates, we obtain that the right-hand side of (5.7)
converges to 0 as m,(E) — 0 and Res,],lJ (E) — 0, whereas the left-hand side is equal
to 1, obtaining a contradiction. ]
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What we have just proven is that there exists a connected component of E, which is
extremal on the right; this component is precisely the interval (a, b(E)). We will denote
by a(E) the number a given by the proposition we just have proved. Since our estimates
are infinitesimal expansions in the limit as m;, (E) — 0 and ReshD (E) — 0, we will always
assume that m(E) < w and Res}? (E) < 8, so that the expression a(E) makes sense.
We will make an extensive use of the fact that / is increasing in the interval [0, b(E)]:
since, again, our estimates are in the limit as m;(£) — 0 and Resfl) (E) — 0, the fact
that % is increasing in [0, b(E)] will be taken into account, without explicitly referring to
the previous lemma.

We now prove that this component (a(E), b(E)) tends to fill the set £ and that b(E)
converges as expected to Dy, (E )ﬁ.

Proposition 5.6. Fix N > 1 and L > 0. The following estimates hold for w — 0 and
§—0:

b(E) < Dw¥ + Do(w™), (5.8)
b(E) = Dw™ — Do(w™), (5.9)
a(E) < Do(w™), (5.10)

where D > 3L, D' € (0, D], h:[0, D'] = R is a CD(0, N) density, and the set E C [0, L]
satisfies my(E) = w and ReshD (E) <6é.

Proof. Part 1. Inequality (5.9). Since the density /& is strictly increasing on [0, b(E)]
and E C [0,b(E)] (up to a null measure set), we have that r,(w) < b(E) and
_ Dh(n(w)) — _ Dh(b(E)) . _ DPu(E)

ResP(w) = —2— —1 < 1< —1=Res?(E) <.
" Nw'=~ Nwl=~ Nw'=~ "

We now exploit Proposition 5.4 (in particular, estimate (5.4)), yielding
DWW — o)) = ry(w) = b(E),
and we have concluded the proof of (5.9).

Part 2. Inequality (5.10). First we prove that a(E) < rp(w) for w and § small enough.
Suppose the contrary, i.e., that a(E) > rp(w). This implies that h(a(E)) > h(ry(w)),
hence

Pr(E) = 2h(rp(w)).

‘We deduce that
Dh(ry(w)) | _ DP4(E) _

Nwl—# T ONw!w
L ResP(£) 1) < 2!
= —(Res — —
2V )

1

—O(w%) < Res,?(w) =

If we take the limit as w — 0 and § — 0, we obtain a contradiction.
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We exploit the Bishop—Gromov inequality and the isoperimetric inequality (respec-

tively) to obtain
N—
Ma(E) = Ay (L2

rp(w)

N
hB(E) 2 h(r(w) 2 Hw' ™ (1= 0™)).
Putting together the inequalities above and using the definition of residual, we obtain

%wl_%(l +Resy, (E)) = Py(E) = h(b(E)) + h(a(E)) = h(rp(w)) + h(a(E))

a(E))N—l)

rp(w)

> %wl—%a — 0@ (1+(

= hira(w))(1+ (

a(E)\N-1
”h(w)) )
yielding

1 + Res?(E) B
1+ O(w™)

< rp(w)o(1) < Dw¥ (1 + o(1))o(1) = Do(w ™),

a(E) = ry(w)( D™ = n@)( + 81 - 0@r) — 1w

where estimate (5.3) was taken into account. This concludes the proof of (5.10).

Part 3. Inequality (5.8). To simplify the notation, in the following integrals, we omit
writing the differentials: the integrals are performed with the respect to the Lebesgue

measure. Since
rp(w)
L=
E 0

we can deduce (together with the fact that a(E) < rj(w) < b(E))

b(E)
/ e[ n= h [ h
EN[0,rp(w)] rp(w) EN[0,rp(w)] [0.rp(w)NE

ST
EN[0,rp(w)] [0,a(E)\E

hence
b(E) a(E)
(B(E) — r(w))h(rp(w)) < fr,,(w) h= f[o,a(E)]\Eh < /0 h < a(EYh(a(E)).
yielding
h
b(E) - ry(w) < a(E)% < a(E).

We conclude by combining the inequality above with estimate (5.9) and estimate (5.3)
from Proposition 5.4. u
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5.4. Almost rigidity of the density h

. . N—1
We now prove that the density & converges to the density of the model space N ’z) -

Relying on the Bishop—Gromov inequality, we obtain an estimate of 4 from below.

Proposition 5.7. Fix N > 1 and L > 0. The following estimate holds for w — 0 and
§—0:

N
h(x) > WxN—l(l —o(1)), uniformly w.rt. x € [0,b(E)], (5.11)
where D > 3L, D’ € (0, D], h:[0, D'] — R is a CD(0, N) density, and the set E C [0, L]
satisfies my(E) = w and Res,ll) (E) <.
Proof. Fix x € [0,b(E)]. We can compute, using the Bishop—-Gromov inequality,

xN—l XN_l

h(x) = h(b(E))W z h(rh(w))m-

The first factor is controlled by using the isoperimetric inequality

N N

h(rn(w)) = S~V (1= 0wN)) = Zw' =V (1 - o(1)).

D D

For the term b(E), we use estimate (5.8)
b(E) < Dw™ (1 + o(1)).
The thesis follows from the combination of these last two inequalities. ]
Before going on, we prove the following, purely technical lemma.

Lemma 5.8. Fix N > 1 and consider the function f:[0,1) x [0, 00] — R given by

1+n—1tV

L= ———
VAGY)) T—:
Define the function g by

g(n) =sup{t —s: f(z,0) < f(s, )}
Then limy—o g(n) = 0.

Proof. The proof is by contradiction. Suppose that there exist ¢ > 0 and three sequences
(Mn)ns (tn)n and (sp)n such that n, — 0, f(tr,0) < f(sn,nn) and 1, —sp > €. Up to
taking a subsequence, we can assume that #,, — ¢ and s, — s, hence 1 > ¢ > s + €. The
functions f(-, 7,) converge to f(-,0), uniformly in the interval [0, 1 — Z]. This implies
S (Sn,nn) = f(s,0), yielding f(z,0) < f(s,0). Since t — f(¢,0) is strictly increasing,
we obtaint < s <t — &, which is a contradiction. n

We now obtain an estimate of & from above in the interval [a(E), b(E)] going in the
opposite direction of the Bishop—Gromov inequality.
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Proposition 5.9. Fix N > 1 and L > 0. The following estimate holds for w — 0 and
§—0:

X N-1
h(x) < h(b(E))(m + 0(1)) , uniformlyw.rt. x € [a(E),b(E)], (5.12)

where D > 3L, D' € (0, D], h:[0, D'] — R is a CD(0, N) density, and the set E C [0, L]
satisfies my(E) = w and Res,?(E) <.

Proof. Fix x € [a(E),b(E)] and, in order to simplify the notation, define
a:=a(E), b:=b(E), k:=h(x)¥T, [:=h(b(E)~T,
By concavity of hﬁ, it holds true that

h(y) = (X)N_lk"”1 Vy € [a,x],

X
b—y\N-
h(y) > (z +(k —z)ﬁ) Y vy enl]

We can integrate these two inequalities, obtaining

x ,N—1 b _
y N-1 bV
wz/a Sk dy+/ (l+(k z)b_x) dy

X
KN (N —a®) +b—xlN—kN
NxN-1 N -k’

yielding
k N1 (xN —aN) Nw kN 1xN-aV)
1— (DY Nw-—"—F7"— pr BN
1_§ - IN-1(h —x) -3
Nw _ xN—aVN Nw “rﬂ—ﬂ
< BINTT BN _ BIN-T " pN T N
b b
where in the last inequality we used the Bishop—Gromov inequality written in the form
N-—1 N—1 . . . N .
];N_—l > ZN_—I' At this point, we estimate the terms blAf/V_w—l and Z—N. Regarding the former,

taking into account (5.9) and the isoperimetric inequality, we notice

Nw Nw - Nw
bIN=Y " b(E) h(b(E)) = b(E) h(ry(w))
Nw
< ; ; — = 1+4o(1).
Dww~ (1 —o(1)Xwl=~¥(1 - 0wwn))
The latter term is even more simple (recall (5.8) and (5.10)),
N N N
a® a(E) - D% o(w) — o(l).

bN " b(E)N T DNw(l—o(1)¥
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We can put all the pieces together obtaining

N N N
k -V S+ - 1+o() -4y x
f(j,O)— - < i < —f(z,o(l)),

where f is the function of Lemma 5.8. We can apply said lemma (and in particular (5.8)),
and we get

T < ko) = o1).

If we explicit the definitions of k, [, and b, it turns out that the inequality above is precisely
the thesis. ]

5.5. Rescaling the diameter and renormalizing the measure

We now obtain a first limit estimate of the density 4. The presence of factor DLN in esti-
mate (5.11) suggests the need of a rescaling to get a non-trivial limit estimate. We will
rescale by ﬁ and renormalize the measure by my (E).

Fix k > 0 and define the rescaling transformation Sy (x) = %. If h:[0, D'] — R is
adensity and E C [0, L], we can define

myLEg
v = (o)) € P(10.1)),
Oy (E)
The probability measure vy, g is absolutely contlnuous with respect to £'. Denote by
hi: [0,1] — R the Radon-Nikodym derivative % The density hE can be computed

explicitly

déCl

e ) = 1B )

)h(b(E)t) (5.13)

~ 1
Since E could be disconnected, the indicator function in (5.13) prevents 7/~ from being
concave and therefore ([0, 1], | - |, vy, g) from satisfying the CD(0, N) condition.

Proposition 5.10. Fix N > 1 and L > 0. The following estimate holds for w — 0 and
§—0:
lhe = NtV Leoo,1y < o(1),

where D > 3L, D' € (0, D], h:[0, D'] — R is a CD(0, N) density, and the set E C [0, L]
satisfies my(E) = w and Res,?(E) <.

Proof. Fixt € [0, 1]. The proof is divided into four parts.

Part 1. Estimate from below and t > Zgg; Since ¢t > b(E%, then th(E) € E (for a.e. 1).

By a direct computation, we have
b(E) Nb(EWN
DNy

he@) = —y hb(E) = ——— N1 —o(1)

- NDNw(l +o(1)N
- DNy

N1 —o0(1) = NtV = NV T1o(1),
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where we have used estimate (5.11), with x = tb(E), in the first inequality and (5.9) in
the first and second inequalities, respectively. Since ¢ € [0, 1], then —t~¥~1o(1) > o(1)
and we conclude this first part.

Fart 2. Estimate from below and t < Zg; In this case, it may happen that tb(E) ¢ E, so

the best we can say about /1 g is that it is nonnegative in ¢. The point here is to exploit the
fact that the interval [0, Zgg] is “short” and that ¢ < Zgg; By a direct computation (we

recall (5.9) and (5.10)), we have

a(E)N—l

hg(t)>0> NNV o NeN-1 > NyN-1T oy 227
E()— - sl b(E)N_l

pN-1 1-4
ow V) > NeN-1 Zo(1).

> NV - 1 =
DN_lwl_W(l +0(1))N—1

Part 3. Estimate from above and t > Z( )" We take into account estimate (5.12) with

x = th(FE) and compute

i = "Pianey < "B + o)

< "Bp(ena +o(1) =

PuRC 0 We, £y ¥ + 0(1)

_ w%wl—m + Res (E)(t"™" +o(1)

N1 4 o(1)(A + 8N +0(1)) = NtV +0(1)

IA

(in the second inequality, we exploited the uniform continuity of 7 € [0, 1] = ¥ ~1; in the
third one, estimate (5.8)).

Part 4. Estimate from above and t <

e @) = b E vy < 2B oy
wn(E) 2(E)

b(E) (E) a(E)
= W (E) ( (& )(Z(E) )) = hs (mﬂ)

“(g. Fix £ > 0 and compute

and the last equality holds true for a.e. ¢ small enough. At this point, we can take into
account the previous part and continue

ﬁE(Z) < EE (ZEE; + s) < N(Zgg + 8>N71 +o(1).

If we take the limit as € — 0, we can conclude

a(E))N—l

) T =e® =N ko), .

he(t) < N(

The following theorem summarizes the content of this section.
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Theorem 5.11. Fix N > 1 and L > 0. Then there exists a function w:Dom(w) C (0, 00) X
R — R, infinitesimal in 0, such that the following holds. For all D > 3L, D' € (0, D),
forall h:[0, D'] — R a CD(0, N) density, and for all E C [0, L], it holds

Ib(E) — Dwp(E)V| < Dy (E)V o(my(E), Res? (E)). (5.14)
g — NtV Lo < w(my(E), ResP (E)), (5.15)
where b(E) = esssup E and

1 d(Spe))wmpe

he =
E= Al

X
with Sb(E)(X) = m

6. Passage to the limit as R — oo

We now go back to studying the identity case of the isoperimetric inequality, where E is
a bounded Borel set such that

P(E) = N(wyAVRy) N i (E)! "~

where (X, d, m) is an essentially non-branching CD(0, N) space having AVRy > 0.

We make use of the notation of Section 3; denote by ¢g the Kantorovich potential
associated to fr and (3.1). Since the construction does not change if we add a con-
stant to @r, we can assume that ¢ is equibounded on every bounded set. Using the
Ascoli—Arzela theorem and a diagonal argument, we deduce that, up to subsequences,
@R converges to a certain 1-Lipschitz function ¢, uniformly on every bounded set.

We recall the disintegration given by Proposition 3.1,

s, = /Q fanGade) and PE:) =z [ Py (Eidrda). (6D
R ORr

We would like to take the limit in the disintegration formula (6.1). To the knowledge
of the authors, there is no easy way to take such a limit. For this reason, the effort of this
section goes in the direction to understand how the properties of the disintegration behave
at the limit.

6.1. Passage to the limit of the radius

We start by defining the radius function rg: E — [0, diam E]. Fix x € E N ’JA'R, and let
Ex,r = (§R(QR(xX),) N (E) C [0, [Xq(x).rl]. Define
esssupEyp ifx e EN ’J:R,

) (6.2)
0 otherwise.

rr(x) := {

Notice that rgr(x) = b(Ex, g), where the notation b(E) was introduced in Section 5.3.
The function rg is defined on E for two motivations: we require a common domain
to not depend on R and the domain must be a compact metric space.
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Remark 6.1. The set £ N ’JA'R has full m_ g-measure in E. This means that it does not
really matter how rg is defined outside £ N flcR. This fact is particularly relevant because
we will only take limits in the m_g-a.e. sense or in senses which are weaker than the
pointwise convergence.

The next proposition ensures that, in the limit as R — oo, the function rg converges

1 o . .
to the constant (%) ~ , which is precisely the radius that we expect.

Proposition 6.2. Up to subsequences, it holds true

lim rp =
R—o0

( m(E)

—) N, meg-a.e.
wpnAVRy

Proof. By Corollary 4.6, we have that [[Resg g r(x)ll1(F:m, ) — 0> as R — 00, hence
there exist a negligible subset N C E and a sequence R, — oo, such that

lim Resy g, =0 forallx € E\N.

n—00

Define G := ), ?QR,, \N and notice that m(E\G) = 0. Now fix n € N and x € G,
and let o := Qpg, (x) € Qpg,. By triangular inequality, it holds

7R, () - (Cﬁ_\fgb{)ﬁv‘ < |rR, (X) = (Ry + diam E)(_m“(‘l(;i’)l)y
+ |(Ry + diam E)(%ii))}“ - (—w;ns;x)}v ,

and the second term goes to 0 by definition of AVR.
Let us focus on the first term. Consider the ray (Xg,r,,d, fiig,r,). By definition,
we have that
Ry +diam E
Resh:,;nlam (Ex,r,) = Resq.R, -

We are in position to use Theorem 5.11 and, in particular, estimate (5.14) implies
m(E) >ﬁ )
w(Bg,)
. L
= |r&, (¥) = (R, + diam E)(a, , (Ex, ) ¥ |

7R, () = (R + diam E)(

< (Ry + diam E)uy,,, . ( E)%a)(mhagkn (E). Res;f;;jiamE (Ex.r,))

m(E) )%a)( m(E)
m(Bg,) m(Bg,)’

Since the right-hand side in the inequality above is infinitesimal, we can take the limit as
n — oo and conclude. ]

= (Rn =+ dlam E)( ReSQR(x),Rn )

Hence, in the limit the length of the rays converges to a well-defined constant; this
m(E) ) %
w N AVRy :

will turn out to be the radius of E. From now on, we will write p := (



F. Cavalletti, D. Manini 3272

6.2. Passage to the limit of the rays

Consider now a constant-speed parametrization of the rays inside E:

N

xR . | ERBR().5TR(X) if x € E N T
' X otherwise,

where x € E and s € [0, 1]. Remark 6.1 also applies to the map x — p*R. A direct
consequence of the definition of y* R is
dr R yER) = or(7R) —or(yFR) VO <t <s <1, formaexeE, (6.3)
d(yg’R, yf’R) =rg(x) form-ae.x € E, (6.4)
x e y©R form-ae x e E. (6.5)
We stress out the order of the quantifiers in (6.3): the said equation has to be understood
in the sense that AN C E such that m(N) = 0 and V¢t < s, Vx € E\N, (6.3) holds true.
Regarding (6.5), we point out that the expression x € y*® means that 3¢ € [0, 1] such
__ .Xx,R . . x,R\ __
that x = y;~, or, equivalently, min;¢[o, 1] d(x, ¥; )=0.
In order to capture the limit behavior of y**® as R — oo, we proceed as follows.

First define K := {y € Geo(X) : yo.y1 € E}. Since a CD(K, N) space is locally compact
and E is bounded, E is compact and so is K. Then define the measure

R = (Id x y F)ymipe M(E x K).
The measure tg has mass mi(E) and enjoys the following immediate properties:
(Py)stg =mLg and y = yx’R for tg-a.e. (x,y) € E x K.

We can restate properties (6.3)—(6.5) using a more measure-theoretic language

dler(y).es(y)) —@r(e:(y)) + ¢r(es(y)) =0 VO<t<s<1, (6.6)
d(eO(y)7 €1 ()’)) — TR (.)C) = 07 (67)
X €7, (6.8)

for tg-a.e. (x,y) € E x K. Since the measures 7g have the same mass and E x K is
compact, the family of measures (tg)g>o is tight, thus we can extract a subsequence
(which we do not relabel) such that tg — 7 weakly, i.e., (5, x ¥V dtr = [5,x ¥V d7, for
all € Cp(E x K).

The next proposition affirms that properties (6.6)—(6.8) pass to the limit as R — oo.

Proposition 6.3. For t-a.e. (x,y) € E x K, it holds that
d(e:(y). es(¥)) = ¢oo(e1(¥)) — ¢ooles(y)) VO=t=<s=<1, (6.9)

d(eo(y), e1(y)) = p, (6.10)
X €Y. (6.11)
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Proof. Fix t < s and integrate (6.6) in E x K, obtaining
0= [ (e e) = grleir) + orte.Mridx dy)
= LY (y)tr(dx dy),
[ Ly rmaxay)

where we have set

Ly (y) = d(ec (), es(y)) — ¥(er(y)) + ¥ (es(y)).

The map Ltw’;: K — R is clearly continuous and converges uniformly (recall that
@R —> Yoo Uniformly on every compact) to Lfo’;o. For this reason, we can take the limit in
the equation above obtaining

0= [ L oraxdy
- /E @1, (1) = gosler (7)) + s ).

’ (y) > 0Vy € K, hence

oo

The 1-lipschitzianity of ¢ yields pr’

d(es(y). es(¥)) = pooler(¥)) — @ooles(y))  for t-ae. (x,y) € E x K.

In order to conclude, fix a countable dense subset P C [0, 1], and find a t-negligible set
N C E x K such that

d(er (y).es(¥) = @oo(er(¥)) — poo(es(y)) Vi,s€ P, witht <s,V(x,y) € (Ex K)\N.

If we have 0 <t < s < 1, we approximate ¢ and s with two sequences in P, and we can
pass to the limit in the equation above concluding the proof of (6.9).

Now we prove (6.10). The idea is similar, but in this case we need to be more careful,
because the function rg fails to be continuous. Like before, we can integrate equation (6.7)
obtaining

0=/_ |d(eo(y), e1(y)) —rr(x)|tr(dx dy).
ExX

If the functions rg were continuous and converged uniformly to p, then we could pass
to the limit and conclude. Unfortunately, Proposition 6.2 provides a limit only in the a.e.
sense. We overcome this issue using Lusin’s and Egorov’s theorems. Fix ¢ > 0 and find
a compact set L C E such that

(1) the restrictions rg|z, are continuous;

(2) the restricted maps rg|z converge uniformly to p;

() m(E\L) <.
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We can now compute the limit

0= lim [ . ld(eo(y). e1(y)) — rr(x)|tr(dx dy)

—>00 Ex

> lim inf / ld(eo (). e1(¥)) — rr(x)|tr(dx dy)
—0 JLxK

= [ lateon).er(r) ~ pletdxdy) = o
LxK
hence
d(eg(y),e1(y)) =p forr-ae. (x,y)e L xK.

This means that the equation above holds true except for a set of measure at most &.
By arbitrariness of ¢, we conclude the proof of (6.10). Finally, we prove (6.11). Consider
the continuous, nonnegative function

L(X, V) = lnf d(x7et()’))'
t€l0,1]

Equation (6.8) implies
0= /_ L(x,y)tr(dxdy).
ExK

The equation above passes to the limit as R — oo, hence we deduce L(x, y) = 0 for
r-ae. (x,y) € E x K, which is precisely (6.8). n

6.3. Disintegration of the measure and the perimeter
Recalling the disintegration formula (6.1), we define the map E 3 x Ux,R € P(E) as

m(BR)

Mx,R ‘= m(E)
Oy otherwise.

(Mg e).R)LE ifx € ENTg,

This new family of measures satisfies the disintegration formula

mLg= /_ Wx, RMLE (dX). (6.12)
E

Indeed, by a direct computation (recall (3.4)—(3.5))

m(ANE)= fitg, R(A N E)gr(da)
ORr
_ w(Bgr)
m(E) ORr
m(BR)

- m(E) /XI?IQR(X),R(A N E)mLg (dx)

/ Mx,R(A)mI—E (dx)
X

g, R(A N E)(QAR)#(mLg)(da)
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Remark 6.4. We give a few details regarding the measurability of the integrand function
in equation (6.12). The said equation should be interpreted in the following sense: the map
X > x,r(A) is measurable and formula (6.12) holds. Indeed, the map x > px r(A) is
(up to excluding the negligible set E\(E N ’J:R)) the composition of

m(BR) .
m(E) ma,R(A n E)

and the projection Q. The former map is g g-measurable, while the map Qg is m-
measurable, with respect to the o-algebra of Q g, thus the composition is measurable.

QRBOH—>

Since g, r = (gr(a, -))#(ha,RO‘Cll_[o £, R\])’ we can explicitly compute the mea-
sure x, g (recall that by (6.2) rr(x) = ess sup Ey rformig-ae. x)

m(BR)

Har = o (gr(AR(X), )#((gRARX), ) (E)hg o). RE LL0r()])
B
— (@) o1, o e 2.0 L 0 000)

= (J/x’R)#(ild)ERéﬁlL[O,l]) for m_g-ae. x € E,

where (Br)
7x,R m(bR
g™ (1) = IEX,R(rR(x)f)TR(X)m
Thanks to (3.6), we can perform a similar operation for the perimeter. Having in mind
that 2R, 5z (x) "R(X))8rr(x) = Phg g povy (Ex.R: ), We define the map

hg g (x),R(rR(X)1).

min{m(BR)
m(E)

—6y if x € E\(E N TR).
P

N . &
hR.2p ) (FR(X)), ;}5gk(aR(x),rR(x» if x € ENTg,
Px,R ‘=

Using the maps y*® and hyx,Rr, we can rewrite px g as

hy.r(1 N .
min{%, —}8 xr ifxe ENJTg,
= diyg "y P
Px,R = N 0 1

— 8y if x € E\(E N TR).
p
The definition of px r immediately yields
m(BR) —
DPx,R = WPXR*D“R(X) (E;-) form_g-ae x € E,

hence we deduce the following “disintegration” formula (equations (3.6) and (3.5) are
taken into account)

m(BR)
m(E)

P(E; A) > /Q Paa. (E: A) G r(da) = P (B A) g (d)
R E

> /_ px.rR(A)m(dx) VYA C E Borel. (6.13)
E
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Let F :=e,1)(K) ={y: : vy € K,t € [0,1]}, and let S C M (F) be the subset of
the nonnegative measures on F' with mass at most %. We endow the sets P (F) and S
with the weak topology of measures. Since K and F are compact Hausdorff spaces, by
Riesz—Markov representation theorem, the weak topology on & (F) and S coincides with
the weak™* topology induced by the duality against continuous functions C(F). It is well
known that the weak* convergence can be metrized on bounded sets if the primal space
is separable. For instance, a possible suitable metric is given by

[e.o]

) = 3 g [ ean= [ seav

k=1

, (6.14)

where { fi }x is dense set in C(X). We endow the spaces & (F) and S with the distance
defined in (6.14).
Define the map Gg: E x K — P(F) x S as

i;f,R(l) E} )
deo(y),er(y)) p 71 )

The function G g is measurable with respect to the variable x and continuous with respect
to the variable y. At this point, we can define the measure

Gr(x,y) = <V#(E)§R§ﬁll_[0,1]), min{

or :=(Id x GR)stpr € MT(E x K x P(F) x S).

Notice that the mass of og is m(E) for all R > 0. In order to simplify the notation, set
Z=ExKxP(F)xS.

Proposition 6.5. The measure oR satisfies the following properties:

/ ¥ dm = / / Vu(dy)or(dx dy dudp) Yy € CO(E),
E ZJE (6.15)

/_ Y (y)P(E.dy) = / /_ v (y)p(dy)or(dx dy diudp) Yy € CQ(E), ¥ = 0.
E Z JE

Proof. Fix a test function ¥ € Cl? (E). First we notice that for og-a.e. (x,y, i, p) € Z,
we have that &t = py, g. Indeed, it holds that

= yehgRe  o1) = FRegRL o)) = uxr  forog-ae. (x,y, 1, p) € Z,

and we used the fact that y = y, g for tg-a.e. (x,y) € E x K. We conclude this first part
by a direct computation,

[vaw=[ [vomemnao = [ [ vorriyorixdydudp

- / / Y )uldy)or(dx dy du dp)
Z JE

that gives the proof of inequality (6.15).
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Now fix an open set 2 C X and compute using (6.13)

hE (1 N
{;‘+(5R —}3VX.R(Q) dw(dx)
diyg vy 1T
_/min hf’R(l) ﬂ
z d(eo(y*R), e1(y*R)" p

P(E;Q)z/ min

E

}Sel(VX‘R)(Q) dogr(dxdy dudp)

. 55,R(1) N
= Lmln{m, F}(sel(y)(ﬂ) dUR(dX d)/ d[,L dp)

If we use the fact that

, { hEx()  N(wonAVRy)N

p = min , ] () forog-ae. (x,y,u,p) € Z,
d(eo(y). e1(y)) m(E)V } e1(y) R

we continue the chain of inequalities obtaining
e N

d(eo(y).e1(¥))” p

— [ p@ dontaxay dp).

P(E: Q) z/

g 18e, () do(dx dy dytdp)

min {

Since the perimeter is outer-regular, i.e., P(E; A) = inf{P(E; ) : Q D A is open}, we can
conclude. ]

At this point, we are in position to take the limit as R — oo, as the properties we
have proven pass to the limit, but before proceeding we prove the following technical
lemma.

Lemma 6.6. Let X be a complete and separable metric space, let Y, Z be two compact
metric spaces, and let mu be a finite Radon measure on X. Consider a sequence of func-
tions fn: X XY > Z and f: X xY — Z, such that f, and f are Borel-measurable
in the first variable and continuous in the second. Assume that for m-a.e. x € X, the
sequence f(x,-) converges uniformly to f(x,-). Consider a sequence of measures |1, €
MT(X x Y) such that ju, — w weakly in MY (X x Y) and (mwx)sptn = m. Then it holds

(Id x fu)apn, — Ad x fasp, weaklyin M(X xY x Z).

Proof. In order to simplify the notation, set v, = (Id X f;)sp, and v = (Id x f)up.
Fix ¢ > 0.

We would like to use an extension of Egorov’s and Lusin’s theorems for functions
taking values in separable metric spaces. The reader can find a proof these theorems
in [30, Theorem 7.5.1] (for Egorov’s theorem) and [29, Appendix D] (for Lusin’s the-
orem). In this setting, we deal with maps taking value in C(Y, Z), the space of con-
tinuous functions between the compact spaces Y and Z, which turns out to be sepa-
rable.
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Using said theorems, we can find a compact K C X such that

(1) the maps x € K — f,(x,) € C(Y, Z) are continuous (and the same holds for f in
place of fy);

(2) the restricted maps x € K — f,(x,-) converge to x € K +> f(x,-), uniformly in the
space C(K,C(Y, Z2));

(3) m(X\K) <.

Regarding point (2), this immediately implies that the restriction f,|gxy — f|kxy con-
verges uniformly in K x Y.
We check the convergence of v,, using the test function ¢ € C[;’ (X xY x 2Z),

‘/ (pdvn—/ gadv)
XXYxXZ XxYxZ

=< ll@llcovn((X\K) XY x Z) + v((X\K) x ¥ x Z))

+)/ godvn—/ (pa’v‘
KxYxZ KXY xZ

= lplleo (K +mCAKN + | [ pdvi= [ g

§2<9||(/1||Co+’[ (pdvn—f (pdv‘.
KXY xZ KXY XZ

We focus on the second term and compute the integral

/ @dvy =/ @(x.y, fa(x,y)) pn(dx dy).
KxYxZ KxY

The function ¢|gxyxz is uniformly continuous (because it is continuous and defined
on a compact space), hence ¢(x, y, f,(x, y)) converges to ¢(x, y, f(x, y)) uniformly
in K x Y. For this reason, together with the fact that y, — u weakly, we can take the
limit in the equation above obtaining

im [ oGy falr ) (dx dy) = /
KxY K

n—oo

, e(x,y, f(x,y)u(dx dy)

X

=/ pdv,
KxYxZ

and this concludes the proof. |

Corollary 6.7. Consider the function G: E x K — P (F) x S defined as

_ N— N N
G(x,y) = (V#(Nl lcfll-[o,l])»max{m, F}5e1(y)>,

and let 0 := (Id XG)st. Then we have that cgr — o in the weak topology of measures.

Proof. We just need to check the hypotheses of the previous lemma. The set E is compact,
hence complete and separable. The set K is compact and so is & (F) x S (with respect to
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the weak topology). As we have already pointed out, the maps G g are measurable in the
first variable and continuous in the second variable. Finally, we need to see that for a.e. x,
the limit Ggr(x, y) — G(x, y) holds uniformly with respect to y. Fix x and y and pick
a test function ¥ € Cp(F). Compute

| [F YU £ o) (dy) — [F Y7L o, 10)(dy)

1
= | [ vo@® = NV dt] < e 15 = NV .

The right-hand side of the inequality above does not depend on y (but only on x and )
and converges to 0 by Theorem 5.11, in particular (5.15). This means that the first com-
ponent of Ggr(x,y) converges (in the weak topology of & (F')), uniformly with respect
to y (see (6.14)). For the other component, the proof is analogous, so we omit it. [

The next proposition reports all the relevant properties of the limit measure o.

Proposition 6.8. The measure o satisfies the following disintegration formulas:

1
/ v ()m(dy) = / / Ve O)INN TV dio(dxdydudp)  (6.16)
E Z JO

forally € LY(E;m_g), and

N
/E VOIP(E:dy) = = /Z Y(er ()Y o(dx dy dy dp) (6.17)
forall y € L'Y(E;P(E; -)). Furthermore, for o-a.e. (x,y, jt, p) € Z, it holds

d(e:(y),es(y)) = pooler(¥)) —pooles(y)) VO <1 <s <1, (6.18)
d(eo(y),e1(y)) = p, (6.19)

x ey, (6.20)

p= (NN TE o 0), 6.21)

N
p= ;5e1(y)~ (6.22)

Proof. Equations (6.18)—(6.20) are just a restatement of (6.9)—(6.11), respectively. Equa-
tion (6.21) is an immediate consequence of the definition of G. Similarly, taking into
account (6.19), we can deduce (6.22),

N N

N
=miny————, —¢§ = —4 .
P {d<eo<y),e1(y>) p} a) = oam

In order to prove (6.16), fix ¥ € C}?(F) = Cl?(e(o,l)(K)) and define the function
Ly:P(F)—Ras

Ly = [ wan.
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This function is bounded and continuous with respect to the weak topology of P (F).
Hence, we take into account the definition of weak convergence of measures and compute
the limit using (6.15) and (6.21),

/E ydw = Jim /Z /F () u(dv)or(dx dy dudp)

o e
R—o0 J7

/ / v ()u(dy)o(dx dy dudp)
Z JF

1
=/[ V(e (y))NtN "V dto(dx dy du dp).
ZJo

Using standard approximation arguments, we see that the equation above holds true also
forany ¥ € L'(E;m_g).
Regarding (6.17), using the same argument we can deduce that

N _
/_w(yw(E;dy) - / Vex(o(dxdy dudp) Yy € LNE:P(E: )., ¢ = 0.
E P Jz

If we test the inequality above with iy = 1, the inequality is satisfied meaning that the two
measures have the same mass, so the inequality improves to an equality. ]

6.4. Back to the classical localization notation

We are now in position to re-obtain the “classical” disintegration formulas for both the
measure m and the perimeter of E.

We recall the definitions of some of the objects that were introduced in Section 2.4.
For instance, let [oo = {(x, )) : ¢o0(X) — ¢oo(¥) = d(x, y)} and RE, = s U T be the
transport relation. The transport set with endpoints is 75 := P (R \{x = y}); clearly,
E C 7%, up to a negligible set. The sets of forward and backward branching points are
defined as

AL = {x e T8 3z, w € Too(x), (z, w) & RE),
Ay ={x e T8 :Az,w e T (x), (z,w) ¢ RE).

o o

The transport set is defined as Too := TE\(AL U AZ); since the sets AT and A
are negligible, then 75 has full measure in 7. Let Qo be the quotient set and let
Qoo: Too — Qoo be the quotient map; denote by Xy o0 := Q7 !() the disintegration
rays and let goo: Dom(gs) C R X Qoo — X be the parametrization of the rays such
that 4 oo (goo(t, @) = —1. For every @ € Qoo, let ty: Xq,00 — [0, 00) be the function
te(x) 1= (g(a, -))7! = d(x, goo(Qoo(x), 0)); the function #, measures how much points
are translated from the starting point of the ray Xg,oo-

The following proposition guarantees that the geodesics, on which the measure o is
supported, lay on the transport set 7.
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Proposition 6.9. For o-a.e. (x,y, i, p) € Z, it holds that e,(y) ¢ AX, U Ay for all
t €(0,1).

Proof. Fix ¢ > 0 and let
P:={(x,y,u,p) € Z :e.(y) € A;Lo and conditions (6.16)—(6.22) hold}.
Notice that by definition of AL, if (x,y, u, p) € P, theny, € AL, forallz € [0, €], thus
we can compute
1
0= m(A;"o) = / / 1,+ (er(y))Nt¥N ' dt o(dx dy du dp)
zJo 7

&
= [ [ L tomniNtarotx dy dudp) = Vo (p),

so P is negligible. Fix now (x, y, i, p) ¢ P. By definitions of AZ and P, we have that
y: € AL, forallt € [g, 1]. By arbitrariness of &, we deduce that for o-a.e. (x,y,u, p) € Z,
it holds that e;(y) ¢ AL, forall 7 € (0, 1]. The proof for the set A is analogous. |

Corollary 6.10. Foro-a.e. (x,y, [, p) € Z, it holds that e;(y) € Xg(x),00 and

er(y) = g(B(x), tam(eo(y)) + pt). (6.23)

Define G := ﬁ(&m)#(mLE) < (Qoo)s#mLy,,, and let @ be a probability mea-
sure such that (Qeo)s#miLy, < q. The disintegration theorem gives the following two
formulas:

e p— / famb(de) and g = / figool(da),  (624)
O Oco

where the measures fily,0o and Mg, o are supported on Xy 0. By comparing the two
expressions above, it turns out that Z—g(a)ff[a,oo = 1y, 00. Theorem 2.5 ensures that
the space (Xq,00, d, fllg,00) satisfies the CD(0, N) condition. Note that the disintegration
« > fiiy, o does not fall under the hypothesis of Theorem 2.5: indeed, in this case we are
disintegrating a measure concentrated on E and not on the transport set J5,. Define the
functions /4, and &, such that

~ 7 ol ~ ool

Me,00 = (g(a, '))#(hai(0,|Xa_oo|)) and  fg,c0 = (g(@, '))#(hai(o,\xamp)-
Clearly, it holds that

98 @hat) = 15 (e a0,
aq

Al
thus we can derive a somehow weaker concavity condition for the function hg' " : for all
X0, X1 € (0,]Xq,00|) and for all ¢ € [0, 1], it holds that

ha((1 =% + t20) V1 2 (1= Dha(xo) VT + thy(x1) V.

if hig (1 — £)x0 + £x1) > 0.
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The inequality above implies that

he(r)
N-1

the map r — is decreasing on the set {r € (0, | Xq,00]) : il\a (r)>0}. (625

Define the set Z C Z as

Z = {(x, v, I, p) € Z : x € EN Ty, and the properties given by
equations (6.16)—(6.17) and (6.23) hold}.

Clearly, Z has full o-measure in Z. We give a partition for Z
Zo i ={x, 7., p) € Z : Qoo(x) = a},

and we disintegrate the measure o according to the partition (Zﬂaegm
o= / oga(da), (6.26)
Oco

where the measures o, are supported on Zo. Moreover, let v € P ([0, 00)) be the measure
given by

Vo i= Il‘[(lE) (tacego nK)#(Ga)

(we recall that £, = (g(a, -))~ ' and g (x, y, 1, p) = p).
The following proposition states that the density /4 is given by the convolution of the
model density and the measure vg,.

Proposition 6.11. For G-a.e. @ € Qo, it holds that

ha(r) = NowAVRy /[Om)(r — OV M) (Va(dr) Y € (0, [Xaoo]).
Proof. Fix ¥ € L'(m_g) and compute its integral using equations (6.16) and (6.26)

[ weoman = [ e IN T di o(dx dy dyedp)
- [ e yININ di oyl dy du dp)a(da).

Fix now o € Qo and compute (recall (6.23) and the definition of Z )

1
/;/W(et(y))NtN_ldtoa(dxdydudp)
Zy JO

4 sN—l
:/za/o Vo3 (N dsou(dx dy dyudp)

p gN-1
=ﬁ / ¥ (800 (R(x), 1(a, y0) + $))N —5— ds 0 (dx dy dp dp)
Zy JO P
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-/ /0 o NN T 1y ()

x drog(dx dy dudp)

ool (r = t(@, o))V !
- / ¥ (goole. 1)) / N 0 oo (r)
0 Zy 1Y
X oq(dx dy dudp)dr,

hence, by the uniqueness of the disintegration, we deduce that

- (r —t(a yo))V !
Fu(r) = fz N 1 atwr o ()0 dy di dp)
= NwyAVRy '/[‘ )(r - t)N_ll(,,Hp)(r)va(dt). |
0,00

Proposition 6.12. For G-a.e. « € Qyo, it holds that v, = 6.

Proof. Let T := infsuppvy. If wesetr € (T, T + p), we can compute

haoo (1) / Not / Not
—_— = r—t 1 v (dt) = r—t Ve (dt
Neowvy = o0 =0 Marep@at@n = | ¢ =0V vatan

r—T N-1
> (—1 pir (z)) ve(d1)
/[.T,r) 2 e ¢

- ()
r+T

By definition of T', we have that v, ([T, 1) > 0, hence

2
ﬁa(r) >0 forallr e (T,T + p).

On the other hand,

iz\a,oo(r) = Na)NAVRX/ (r— t)N_lva(dt)

(7.r)

< NonAVRx(r — T)N Yo (T, r)) > 0 asr — T, (6.28)

)

>

We claim that T = 0. Indeed, if 7 > 0, then lim, _, 7+ 24 = 0 contradicting (6.25).
We now derive the non-increasing function

hoe(r)  NwyAVRy
0,p) > = dt),
0.0 57> ) = YN /[o,,) valdt)

obtaining

1-N 1 d
0> NwyAVR — )Ny, (dt ——/ — )N, (dp)).
= NoyAR (o [ =0t + g [ e 0" )
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The second term can be computed as

d h—t)N-1
L / (r — YNy, (df) = lim C+h=0""
dr Jio,r h=0 Jr,r+h) h
h—t N—-1 _ —t N—-1
+ lim / rth=t) =0T
h—0 J[o0,r) h
_AN-1_(p _ N1
30+/ lim LA =0 =077 @)
[0,r) h—>0 h
=(N-1 (r = )N g (dr),
[0,r)
yielding
N-1 d N-1
0>(1-N) (r—1) va(dt)—i-rd— (r—1) Ve (dt)
[0,r) r Jio,r)

(N—l) (r(r—r)N 72— (r =)V e (dr)

= (N — 1)/ — )N "2, (d1).

The inequality above implies that v, ((0, 7)) = 0 for all r € (0, p), hence v4(0, p) = 0.
We deduce that

ho(r) = Na)NAVRX/ (r — )NV vy (dr)
[0.r)

= NoyAVRy rN 1u,({0})  Vr € (0, p).

If vy ([p, 0)) = 0, then vy, = 8¢ (because vy has mass 1) completing the proof. Assume on
the contrary that v, ([p, 00)) > 0, and let S := inf supp(veL[p,00)) = p. In this case, we fol-
low computations (6.27) and (6.28), with S in place of T, deducing lim, _, g+ h (ry=0,
contradicting (6.25). [

Corollary 6.13. For G-a.e. & € Qco, for 64-a.e. (X, y, L, p) € Zy, it holds that e;(y) =
gla, pt), Vi €[0,1].

Proof. The fact that v, = 8¢, implies #4(yo) = 0 for o4-a.e. (x,y, u, p) € Zq, hence,
recalling (6.23) and the definition of Z, we have that

e (y) = gla, ty(eg) + pt) = g(a, pt). L]

The next corollary concludes the discussion of the limiting procedures of the localiza-
tion.

Corollary 6.14. For G-a.e. @ € Q o, it holds that

Ea(r) = Na)NAVRXI(O,p)(r)rN_l.
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Moreover, the following disintegration formulas hold:
m = NoyAVRy /Q (g Du(rV T L1 L0,0)3 (dor), (6.29)
P(E;-) = P(E)/Q 8e(a,p)G(d). (6.30)

Proof. The only non-trivial part is equation (6.30). Using (6.17) and Corollary 6.13,
we can deduce that Vi € L (E;P(E; -))

/_wx)P(E;dx) N / V(er ()Y o(dx dy du dp)
E P Jz

N
N / / ¥ (er(7)ou(dx dy dp dp)(de)
P JOo JZy

N
N / ¥ (g(e. p) / ou(dxdy dudp)i(da).  m

7. E is a ball

The aim of this section is to prove that E coincides with a ball of radius p. Before starting
the proof, we give a few technical lemmas. The first lemma states that a BV function
with null differential on an open connected set is constant. This fact is already known
for Sobolev functions and it follows from either the Sobolev-to-Lipschitz property or the
local Poincaré inequality.

Lemma 7.1. Let (X, d, m) be an essentially non-branching CD(K, N) space with X =
supp m, and let  C X be an open connected set. If v € w-BV((2,d, m)) and |Du| = 0,
then u is constant in 2 (i.e., there exists C € R such that v(x) = C for m-a.e. x € Q).

Proof. The proof in given only for the case K = 0. We refer to Section 2.2 for the notation.
Fix x € Q and let r > 0 be such that B3, (x) C 2. Assume by contradiction that there are
two constants ¢ < b such that the sets

A:={ye B (x):v(y)<a} and B:={y € B,(x):v(y)>b}

have strictly positive measures. Let us consider the probability measures (o = ( A) and
n1 = m(B) Let 7 € OptGeo(io, 41) and pu; = (e;)#7. The CD(K, N') condition (as stat-
ed in Definition 2.2) is the following:

pe(re) < (1= 1pg ™ (o) + 1y ¥ )N < (1= Dpo() + tor(11)
=m(A) ' +m(B)"! form-ae. y,

and this proves that there exists a constant C > 0 such that (e;)sw < C . What we have
proven and the fact that Lip(y) = d(yo, y1) < 2r, for w-a.e. y, implies that 7 is an co-test
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plan. For w-a.e. y, we have that | D(v o y)|([0, 1]) > b — a, because y is a curve from A
to B, thus

b—a< / Yol D(v o Y)|(X) 7(dy) < C|Lip()||L2o(myit(X) < 2rCpu(X).

where p is any weak upper gradient for v. Since we can choose the null measure as weak
upper gradient, we obtain a contradiction. Thus, there exists a constant ¢, such that v = ¢
a.e. in B, (x). Taking into account the connectedness of €2, we deduce that v is globally
constant. |

The following lemma is topological. It can be seen as a weak formulation of the fol-
lowing statement: let 2 be an open connected subset of a topological space X, and let
E C X beany set; if Q N E # @ and Q\E # @, then 0E N Q # 0.

Lemma 7.2. Assume that (X, d, m) is an essentially non-branching CD(K, N) space
with X = suppm. Let E C X be a Borel set, and let Q@ C X be an open connected set.
Ifm(E N Q) > 0and m(Q\E) > 0, then P(E; Q) > 0.

Proof. Assume on the contrary that P(E; ) = 0. In this case, there exists a sequence
un € Lip;,.(2) such that u, — 1 in L} and [q |lipu,|dm — 0. This immediately
implies that u,, — v in the space BV ((£2,d, m1)) for some v € BV, ((£2,d, m)) such that
|Dv| = 0. By uniqueness of the limit, 1z = v a.e. in Q, whereas Lemma 7.1 implies

that v is constant, which is a contradiction. [
The next lemma ensures that if two balls coincide, then they must share their center.

Lemma 7.3. Assume that (X, d, m) is an essentially non-branching, CD(K, N) space
with X = suppm andlet x,y € X andr > 0. If B,(x) = B,(y) and m(X\ B, (x)) > 0,
then x = y.

Proof. Assume by contradiction x # y. Since (X, d) is a geodesic space, then (B, (x))’ =
By4+:(x) = By44(y), hence if z € X issuch thatd(z,x) =r + ¢, thenz € Byys4e(x) =
Biiiye(y) foralle >0, thusd(z,y) <r +1t =d(z,x). We deduce d(z, y) =d(z, x) forall
z € X\ B, (x). Consider now two disjoint sets A, B C X\ B, (x), such that m(A4) = m(B).
Consider the maps

x ifz e A, y ifzeA,
T(z) = . S(z) = .
y ifz e B, x ifz € B.

Since d(S(z), x) = d(S(z),y) =d(T(z),x) =d(T,x) Vz € AU B, these maps are two
different solutions of the Monge problem infg fAuB d?(z, R(z))m(dz), among all possi-
ble maps R: X — X such that Rg(mqup) = m(A4)(8x + Jy). Since said problem admits
a unique solution [23, Theorem 5.1], we have found a contradiction. [

Proposition 7.4. For g-a.e. & € Qco, it holds that

Poo(goo(,0)) < esssup s and Yool(gool(t, p)) > essEinf(poo.
E
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Proof. We prove only the former inequality since the latter has the same proof. In order to
simplify the notation, define M := essSupg ¢oo. Let H := {& € Qoo : Yoo(goo(et, 0)) >
M + 2¢}. Define the following measure on E:

&€
w(T) = Na)NAVRX/ / 17 (oo, ))r¥ "1 dr (da) VT C E Borel.
HJo

Clearly, 1 < m (compare with (6.29)), s0 ¢oo(x) < M for n-a.e. x € E. We can compute
the integral

0> / (¢oo(6) — M)n(dx)
E
— NowAVRy fH /0 (600 (g0 (@, 1)) — M)V dt §(dar)
_ NowAVRx fH /0 (oo (gool@. 0) — £ — MY di §(da)
> NwNAVRX/ /EstN_l dt §(da) = eNG(H).
HJO

We deduce that (H) = 0 and, by arbitrariness of &, we can conclude. ]

Theorem 7.5. There exists a unique point o € X, such that, up to a negligible set,

E = By(0), where p = (w::f\gg)( )ﬁ Moreover, it holds that

©Yoo(0) = €8S SUp Yoo = MAX Poo. (7.1)

E By(0)
Proof. Define E:= supp 1g. Recall that by definition of support, E = Uc C, where
the intersection is taken among all closed sets C such that m(E\C) = 0; in particular,
m(E\E) = 0. Let 0 € argmax £ 9Poo- The uniqueness will follow from Lemma 7.3.

First, we prove the first equality of (7.1). Let N := {x € E : ¢oo(X) > ¢o(0) =
max j Poo). By definition of maximum, N N E =0,s0 N C E\E, hence m(N) = 0,
thus
M = essSup Yoo < Poo(0).
E

On the other side, consider the open set P := {x : ¢(x) > M }. By definition of essential
supremum, we have that m(E N P) = 0, hence EcXx \ P, thus ¢oo(0) < M. The other
equality in (7.1) will follow from the fact E = B,(0) (up to a negligible set).

It is sufficient to prove only that B,(0) C E, for the other inclusion is a consequence.
Indeed, the Bishop—Gromov inequality, together with the definition of asymptotic volume
ratio yields

w(E) > m(B,(0)) > onAVRxp" = m(E),

and the equality of measures improves to an equality of sets.
Fix now & > 0 and define A = B,_.(0). If m(E\A) = 0, then we deduce that
B,_¢(0) C E and, by arbitrariness of ¢, we can conclude.
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Suppose the contrary, i.e., that m(E\A) > 0. Clearly, the set A is connected and
m(AN E) > 0 (otherwise o ¢ E), so we exploit Lemma 7.2 obtaining P(E; A) > 0.
Define H = {o € Qo : goo(, p) € A}. A simple computation shows that the set H is
non-negligible (recall (6.30)),

T = [ el ) §d) = [ a(goolr ) 3d) = 30D,
(E) 0 H

(e}

The Lipschitz-continuity of ¢ yields
Poo(X) > 9o(0) —p+e>M —p+e Vxe A= B, .(0),

hence
Voo(goo(, p)) > M —p+e VYaeH.

We continue the chain of inequalities, obtaining
Po0(800(,0)) = Poo(8oo(@. p)) + p = M +& Va € H.

The line above, together with the fact that g(H) > 0, contradicts Proposition 7.4. m

7.1. ¢oo(x) coincides with —d(x, 0)
The present section is devoted to proving that ¢ (x) = —d(x, 0) + @0 (0).
Proposition 7.6. For gG-a.e. & € Qco, it holds that
d(o,g(a, 1)) =t Vit €]0,p]. (7.2)

Proof. The 1-lipschitzianity of ¢, and the fact that £ = B,(0) (up to a negligible set)
imply that g0 (X) > @oo(0) — p for m-a.e. x € E. Thus, we deduce, using Proposition 7.4
and equation (7.1), that

Poo(800(@,0)) = Poo(0)  and  Poo(goo(@; p)) = Poo(0) — p-

Since %cpoo (goo(et, 7)) = —1,1¢ € (0, p), the inequalities above are satisfied and
Voo(goo (0, 1)) = @oo(0) —t VYt €0, p], for G-a.e. @ € Qoo.

The 1-lipschitzianity of ¢, together with the equation above, yields
d(0, oo (@, 1)) = Yoo (0) — Poo(goo(, 1)) =t Vit €10, p], for G-ae. @ € Qoo. (7.3)
Fixe > 0andlet C = {0 € O : d(0, goo (e, 0)) > 2¢}. The function
f() :=inf{d(0, goo(, 1)) : ¢ € C}
is 1-Lipschitz and satisfies f(0) > 2¢, hence f(¢) > 2¢ — ¢, yielding (cf. (7.3))

f(t) > max{(2e —t),t} > &.
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The inequality above implies that goo (e, 7) ¢ Be(0) forall¢ € [0,1] for all o« € C. We com-
pute the measure of B, (0) using the disintegration formula (6.29)

m(Bs(0))

P
NovAVRy 1.0 NN drg(d
NwyAVRy /QOO/O Be(0)(8oo (@, 1)) d(da)

o
_ / / 13,0y (goo (et )V ' dt §(d).
0\C JO

If 15, (0)(8oo (e, 1)) = 1, then inequality (7.3) yields ¢ < &, so we continue the computation

m(B;(0))

P
= 1 NN deg(d
NoyAVRy /QOO\C/O Be(0)(8oo(@. 1)) G(da)

&
- / / 15, (0) (goo (et )Y~ dt §(dar)
0c0\C JO

° N-1 ~ ~ R 8N
S/Qoo\c/o 177 di§(da) = (§(Qo0) —3(C)) 77

On the other hand, the Bishop—Gromov inequality states that

N N
(B (0)) ;—wap(o)) = ;—Nmuz) = ¥ oy AVRy,

thus, comparing with the previous inequality, we obtain G(C) = 0. By arbitrariness of ¢,
we deduce that goo (¢, 0) = o for G-a.e. @ € Qco.
Finally, using again (7.3), we can conclude

t E d(O, gOO(a5 t)) S d(O) gOO(avo)) + d(goo(as 0)7 gOO(a5 t)) =1
forall ¢ € [0, p], for G-a.e @ € Q. [
Corollary 7.7. It holds that for all x € B,(0), Poo(X) = ¢o(0) = —d(x,0).

Proof. If x € E N T, then x = g(«, t) for some ¢, with @ = Q4 (x). By the previous
proposition, we may assume that g (e, 0) = 0, hence we have that

Poo(X) = P00 (0) = Yoo (goo (0, 1)) — Yoo (oo (@, 0)) = —d(goo (e, 1), goo(e,0)) = —d(x,0).

Since To, N E has full measure in B,(0) and supp m = X, we conclude. ]

7.2. Localization of the whole space

At this point, we are in position to extend the localization given in Section 6.4 to the
whole space X. Since we do not know the behavior of ¢, outside of B,(0), we take as
reference function —d(o, - ), which coincides with ¢, on B,(0).

In this section, we will use some of the concepts introduced in Section 2.4. In partic-
ular, we will refer to the transport relation R¢; the transport set 7 turns out to have full
m-measure. We will denote by Q the quotient set, and let 2: T — Q be the quotient



F. Cavalletti, D. Manini 3290

map; let X, := Q71 (a) be the disintegration rays, and let g: Dom(g) C R x Q — X be
the standard parametrization. Define q := ﬁg# (mLg) (note that for the moment we
still do not know if Qu(mLg) <K q).

Proposition 7.8. For g-a.e. o € Q, it holds that d(o, g(a,t)) =t forallt € [0, | Xy]]-

Proof. Let @ € P(Q) be a measure such that § < Q4(m) < §. The maximality of the
rays (see [22, Theorem 7.10]) guarantees that Re (a) C Xy, for §-a.e. o € Q, where R ()
denotes the relative interior of R (er). By definition of distance, 0 € R?(«) foralla € Q,
thus g(«,0) = o for g-a.e. ¢ € Q. Since g K Qs K §, the thesis follows. |

Proposition 7.9. It holds true that Qym K q.

Proof. Letq € £ (Q) be a measure such that Q4(m) < §. Using the localization theorem,
we get that m = |, 0 My q(da), where the measures 1, are supported on X, and satisfy
the CD(0, N) condition. Let A C Q be a set such that q(A) = 0, that is,

0=wm(B,(0) N Q7' (A)) = /Am(Bp(O)) q(da),

thus fi, (B,) = 0, for G-a.e. « € A. Since d(o, g(a, 1)) = t, for §-a.e. « € A (compare
with the previous proof), the CD(0, N) condition applied to every i, yields i, = O for
G-a.e. o € Q. It follows that m(Q71(4)) = 0. "

The previous proposition allows us to use Theorem 2.5, hence there exists a unique
disintegration for the measure 1,

m =/ myq(da) (7.4)
o

such that

(1) the measures nt, are supported on Xy;

(2) the space (Xq, d, m) satisfies the CD(0, N) condition.

We denote by hgy: (0, | X¢|) — R the density function such that
my = (g(a, ‘))#(hacfl(_o’ma\))

The next two propositions bound together the localization obtained in Section 6.4
(in particular Corollary (6.14)) with the localization using —d(o, -) as 1-Lipschitz refer-
ence function.

Proposition 7.10. There exists a unique measurable map
L: Dom(L) C Qoo — O
such that the domain of L has full § in Qo and it holds

L(Qx(x)) =Q2(x) VxeBy(o)NTNT, and g = L4j.



Rigidities of isoperimetric inequality under nonnegative Ricci curvature 3291

Proof. Since ¢oo = @oo(0) —d(0, +) on B,(0), the partitions (Xq¢,00)ac 0o aNd (Xo)aeco
agree on the set B,(0) N Too N T, that is, given x, y € B,(0) N Too N T, we have that
(x,y) € R if and only if (x, y) € R. Consider the set

H:={(x,0,8) € (By(0) NTooc NT) X O X O : Neo(x) = o and A(x) = B},

and let G := g xo(H) be the projection of H on the second and third variable. For
what we have said, G is the graph of amap L:Dom(L) C Qs — Q. The other properties
easily follow. ]

Proposition 7.11. For g-a.e. « € Q, it holds that | Xy| > p and
ha(r) = NoyAVRxr¥ =1 Vr €0, p].

Proof. Comparing equation (7.2) with Proposition 7.8, we deduce that for G-a.e. @ € Q o,
it holds that

goo(et, 1) = goo(L(e),1) Vi € (0, min{p, | Xal}).
Comparing the disintegration formulas (6.24) and (7.4), we deduce

- /Q fao08 (dat) = [Q oL a(da) = /Q (L) £ (da),

hence fily,00 = (ML (y))LE, thus, recalling (6.29), we deduce that
he(r) = NoyAVRxr¥ =1 Vr e (0, min{p, | Xq|}).
The fact that | X, | > p follows from the expression above. ]

Theorem 7.12. For q-a.e. @ € Q, it holds that | Xy| = oo and
ho(r) = NwnyAVRxrV =1 vr > 0.

Proof. Fix & > 0 and let

R
h
C = {a eQ: hm —‘;v < wyAVRx (1 —5)},
R—o0 0 R
with the convention that the limit above is 0 if | X4| < oo (notice that the limit always
exists and it is not larger than wy AVRy by the Bishop—Gromov inequality applied to each
density /). We compute the asymptotic volume ratio using the disintegration

AVRyoy = lim BB Rﬁa%/l/ aa)dt(da)

R—o00 RN

2/ lim a( ) dtg(da)

(R ha(1)
lim lim N
c R—oo o\C R—o0 Jg R

5/ wnAVRy (1 —s)q(doz)+/ wnAVRy g (da)
c o\C

= wyAVRx (1 — eq(C)),
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thus q(C) = 0. By arbitrariness of ¢ we deduce that limg_, oo fOR 1};—3‘\, = wyAVRy, hence
he(t) = NoyAVRxtV ! for g-ae. o € Q ]

The proof of Theorem 1.4 is therefore concluded. As described in the introduction,
Theorems 1.5 and 1.7 are immediate consequences.
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