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Abstract. A simply laced Dynkin diagram gives rise to a family of curves over Q and a coregular
representation, using deformations of simple singularities and Vinberg theory, respectively. Thorne
conjectured and partially proved a strong link between the arithmetic of these curves and the rational
orbits of these representations. In this paper, we complete Thorne’s picture and show that 2-Selmer
elements of the Jacobians of the smooth curves in each family can be parametrised by integral orbits
of the corresponding representation. Using geometry-of-numbers techniques, we deduce statistical
results on the arithmetic of these curves. We prove these results in a uniform manner. This recovers
and generalises results of Bhargava, Gross, Ho, Shankar, Shankar and Wang. The main innovations
are an analysis of torsors on affine spaces using results of Colliot-Thélène and the Grothendieck–
Serre conjecture, a study of geometric properties of compactified Jacobians using the Białynicki-
Birula decomposition, and a general construction of integral orbit representatives.
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1. Introduction

1.1. Context

This paper is a contribution to arithmetic statistics of algebraic curves: given a family of
curves F over Q, what can be said about the rational points of C (or related objects) as C
varies in F ? Over the last twenty years, Bhargava and his collaborators have made spec-
tacular progress in this direction. One of their key ideas is that many arithmetic objects
can be parametrised by rational or integral orbits of a representation .G; V /. When the
representation is coregular, meaning that the ring of invariants QŒV �G is a polynomial
ring, they have developed powerful geometry-of-numbers techniques to count integral
orbits of V . Combining orbit parametrisations with these counting techniques has led to
many striking results; see [7,9,12–15] for some highlights and [5,38] for surveys of these
results.

This raises the question: how does one find such orbit parametrisations? Typically they
arise from classical algebro-geometric constructions. For example, elements of Sel2E for
an elliptic curve E=Q correspond to locally soluble genus-1 curves C that are double
covers of P1Q [29, §1.3], so give rise to PGL2.Q/-orbits of binary quartic forms [14, The-
orem 3.5]. This example goes back to Birch and Swinnerton-Dyer [17] (building on ideas
of Mordell) and has been used by Bhargava and Shankar to compute the average size
of the 2-Selmer group of elliptic curves [14]. See [10] for an exhaustive list of orbit
parametrisations of genus-1 curves which are obtained using similar (but more difficult)
algebro-geometric constructions. See also [7] for an orbit parametrisation of 2-Selmer
groups of odd hyperelliptic curves using the geometry of pencils of quadrics [82]. Even
though these considerations have been hugely successful, Wei Ho writes that ‘Finding
appropriate groups G and vector spaces V related to the Selmer elements is still a relat-
ively ad hoc process’ [38, p. 45].

Gross [35] observed that most coregular representations employed in arithmetic stat-
istics arise from Vinberg theory, that is the theory of graded Lie algebras. This suggests
the possibility to take Vinberg theory as a starting point, and to attempt to naturally con-
struct families of curves in this setting. This is exactly the perspective taken in Thorne’s
Ph.D. thesis [77] in the case of 2-Selmer groups. Given a simply laced Dynkin diagram
of type A, D, E, he canonically constructs a family of curves and a coregular represent-
ation whose rational orbits should be related to the arithmetic of the curves in the family.
This canonical construction unifies many orbit parametrisations in the literature and has
already produced new results in arithmetic statistics; see [65, 78, 80]. However, to obtain
all the expected consequences it remained to be shown that all elements of the 2-Selmer
group give rise to rational orbits [77, Conjecture 4.16] and that such rational orbits admit
integral representatives.

The main goal of this paper is to resolve both these questions, and to do so in a uniform
manner for all the ADE-families considered. By using geometry-of-numbers techniques
developed by Bhargava and his collaborators, we obtain an upper bound on the average
size of the 2-Selmer group of the Jacobians of the smooth curves in each family. This has
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Type Equation m

A2g y2 D x2gC1 C p2x
2g�1 C � � � C p2gC1 1

A2gC1 y2 D x2gC2 C p2x
2g C � � � C p2gC2 2

D2gC2 (g � 1) y.xy C p2gC2/ D x
2gC1 C p2x

2g C p4x
2g�1 C � � � C p4gC2 3

D2gC1 (g � 2) y.xy C p2gC1/ D x
2g C p2x

2g�1 C p4x
2g�2 C � � � C p4g 2

E6 y3 D x4 C .p2x
2 C p5x C p8/y C .p6x

2 C p9x C p12/ 1

E7 y3 D x3y C p10x
2 C x.p2y

2 C p8y C p14/C p6y
2

C p12y C p18 2

E8 y3 D x5 C .p2x
3 C p8x

2 C p14x C p20/y

C .p12x
3 C p18x

2 C p24x C p30/ 1

Tab. 1. Families of curves.

consequences for the ranks of the Jacobians and the rational points of the curves in these
families.

1.2. Statement of results

Let D be a Dynkin diagram of type An, Dn or En and let C ! B be the family of
projective curves over Q with affine equation given by Table 1. For example, if D D A2g ,
then B D Spec QŒp2; : : : ; p2gC1� and C ! B is the family of all monic odd hyperelliptic
curves of genus g. If D D E7, then C ! B is the family of all plane quartic curves with
a marked rational flex point. The family C ! B is a semi-universal deformation of its
central fibre (by setting all coefficients pi equal to zero), which is a simple singularity of
type D. (See Proposition 3.13.) We exclude the case D D A1.

Write B rs � B for the locus above which C ! B is smooth, the complement of a dis-
criminant hypersurface. For every field k=Q and b 2 B rs.k/, write Jb for the Jacobian of
the smooth projective curve Cb , an abelian variety over k of dimension equal to the genus
of Cb . Our first main theorem is an orbit parametrisation for elements of Jb.k/=2Jb.k/.

To each diagram D, one may canonically associate a representation V of a reductive
group G=Q. This construction, due to Thorne [77], is recalled in Section 3.1 and is based
on Vinberg’s theory of graded Lie algebras. See Section 3.2 for an explicit description
of G and V , although we will almost never use this description. The geometric quotient
V == G D Spec QŒV �G (parametrising G-invariant polynomials of V ) turns out to be iso-
morphic to B . For every field k=Q and b 2 B.k/, write Vb for the subset of elements of V
which map to b under the map V ! V == G ' B .

Theorem 1.1 (Theorem 6.6). For every field k=Q and element b 2 B rs.k/, there exists
an injection �b WJb.k/=2Jb.k/ ,! G.k/nVb.k/ compatible with base change.

See Theorem 6.6 for a more precise formulation and an explicit construction of this
injection. Using a local-global principle for G, one can also embed the 2-Selmer group
of Jb inside the G.Q/-orbits of V.Q/. Recall that the 2-Selmer group of an abelian vari-
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ety A=Q is a finite-dimensional F2-vector space Sel2 A defined by local conditions and
fitting inside an exact sequence

0! A.Q/=2A.Q/! Sel2A! TS.A=Q/Œ2�! 0:

Theorem 1.2 (Corollary 6.9). For every b 2 B rs.Q/, the injection �b extends to an injec-
tion Sel2 Jb ,! G.Q/nVb.Q/.

If D is of type A2, C ! B is the family of elliptic curves in short Weierstrass form,
and we essentially recover the orbit-parametrisation of Birch–Swinnerton-Dyer [17] used
by Bhargava–Shankar [14]. If D is of type A2g , we recover the orbit parametrisation of
Bhargava and Gross [7].

Crucially, we additionally show that the G.Q/-orbits corresponding to Sel2 Jb using
Theorem 1.2 have integral representatives away from small primes, see Corollary 7.21.
Using geometry-of-numbers techniques to count integral orbits of V , Theorem 1.2 may
thus be used to give an upper bound on the average size of the 2-Selmer group of Sel2 Jb .
Using the identification B D Spec QŒpd1 ; : : : ; pdr � from Table 1, let F be the subset of
elements b D .pd1.b/; : : : ; pdr .b// 2 Zr with b 2 B rs.Q/. We define the height of b 2 F

by the formula

ht.b/ WD max.jpd1.b/j
1=d1 ; : : : ; jpdr .b/j

1=dr /:

Note that for every X 2 R>0, the set ¹b 2 F j ht.b/ < Xº is finite. To state the next the-
orem, note that each curve Cb has points at infinity not lying in the affine patch of Table 1,
and we call those points the marked points. Their cardinality is displayed in Table 1.

Theorem 1.3 (Theorem 9.1). Let m be the number of marked points. Then when ordered
by height, the average size of the 2-Selmer group of Jb for b 2 F is bounded above
by 3 � 2m�1. More precisely, we have

lim sup
X!C1

P
b2F ; ht.b/<X # Sel2 Jb

#¹b 2 F j ht.b/ < Xº
� 3 � 2m�1:

The same result holds true even if we impose finitely many congruence conditions
on F . Assuming a certain plausible uniformity estimate (Conjecture 8.19), we show that
the limit exists and the bound 3 � 2m�1 is sharp, see Section 9.2. The constant 3 � 2m�1

is consistent with the heuristics of Poonen and Rains [58], once we incorporate the fact
that the m marked points give rise to a ‘trivial’ subgroup of Sel2 Jb which has size 2m�1

most of the time (Proposition 9.4). See Section 1.3 for a comparison of this theorem with
previously obtained results.

Just like in previous cases, Theorem 1.3 implies a bound on the average of the Mord-
ell–Weil rank rk.Jb/ of Jb , the rank of the finitely generated abelian group Jb.Q/. Let
Seltriv2 Jb � Sel2 Jb be the subgroup generated by the differences of the marked points.
By the chain of inequalities

rkJb � dimF2.Sel2 Jb= Seltriv2 Jb/C .m � 1/ �
1

2
.#.Sel2 Jb= Seltriv2 Jb//C .m � 1/
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combined with Theorem 1.3 and the fact that Seltriv2 Jb is of size 2m�1 for 100% of curves,
we obtain the following assertion.

Corollary 1.4. Let m be the number of marked points of the family C ! B . Then when
ordered by height, the average rank rk.Jb/, where b 2 F , is bounded above by mC 1=2.

1.3. Relation to other works

Theorem 1.3 has been previously obtained for many D:

� A2: Bhargava–Shankar [14], who prove in this case that the average is exactly 3.

� A2g : Bhargava–Gross [7].

� A2gC1, g � 2: Shankar–Wang [69].

� D2gC1, g � 2: Shankar [70].

� A3, D4: Bhargava–Ho [11, Theorem 1.1 (c), (g)].

� E6: Laga [43].

All these works combine geometry-of-numbers techniques with the orbit parametrisation
of Theorem 1.2 to obtain Theorem 1.3 in their specific case, just as we do here. However,
their construction of orbits (in other words, the proof of Theorem 1.2) and analysis of the
representation .G; V / require specific arguments in each case. One of the main points of
this paper is that we are able to prove Theorem 1.3 in a uniform way. Inspecting the above
list, we see that the only cases not previously considered in the literature are D D D2gC2
with g � 2, E7 and E8. Concretely, this concerns the universal family of hyperelliptic
genus g curves with two non-conjugate non-Weierstrass points (D2gC2), the universal
family of plane quartic curves with a marked flex point (E7) and the universal family of
trigonal genus 4 curves with a marked triple ramification point (E8).

Theorem 1.3 has a number of interesting consequences for the rational points of Cb ,
typically using various forms of the Chabauty–Coleman method. See, for example, [7,
Corollary 1.4] and [59] for such results in the case D D A2g , and [43, Corollary 1.3 and
Theorem 1.4] in the case D D E6. Theorem 1.3 should give similar consequences for
D D D2gC2, E7 and E8, but we have not pursued this in this paper.

We describe what is new in this paper compared with Thorne’s work. He has shown
the analogue of Theorem 1.1 for the subset of Jb.k/=2Jb.k/ lying in the image of the
Abel–Jacobi map Cb.k/! Jb.k/=2Jb.k/ with respect to a fixed marked point [77, The-
orem 4.15]. This allowed him and Romano to deduce arithmetic statistical results on the
2-Selmer set of the curve Cb (a pointed subset of Sel2 Jb) and the integral points of
the affine curve C ı

b
, see [65, 78]. The first main innovation of this work is the construc-

tion of orbits associated with all elements of Jb.k/=2Jb.k/, as was conjectured in [77,
Conjecture 4.16]. The second main innovation is an integral study of the representations
.G; V /. In particular, we show that orbits arising from Theorem 1.2 admit integral rep-
resentatives away from small primes (Theorem 7.6). This technical result is essential for
applying orbit-counting methods and allows us to obtain new results on the arithmetic of
the curves Cb .
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1.4. Method of proof

We briefly describe the proof of Theorem 1.1, which is the first main novelty of this paper.
Thorne has shown that the stabiliser ZG.v/ of an arbitrary element v 2 Vb.k/ is canon-
ically isomorphic to JbŒ2�, the 2-torsion subgroup of the Jacobian of Cb . In fact, there
always exists a distinguished orbit �b 2 G.k/nVb.k/, and a well-known lemma in arith-
metic invariant theory (Lemma 2.13) shows that by twisting �b the set G.k/nVb.k/ can
be identified with the pointed kernel of the map on Galois cohomology H1.k;ZG.�b//!
H1.k;G/.

To prove Theorem 1.1, it therefore suffices to prove that the composition

Jb.k/=2Jb.k/
ı
�! H1.k; JbŒ2�/ ' H1.k;ZG.�b//! H1.k;G/; (1.1)

where ı is the 2-descent map of Jb , is trivial. We solve this problem by considering it
universally. More precisely, a ‘categorified’ version of (1.1) associates to every element
P 2 Jb.k/ a G-torsor TP ! Spec k such that its isomorphism class ŒTP � 2 H1.k; G/
equals the image of P under (1.1). This process can be carried out in a relative setting:
let J rs be the relative Jacobian of the family of smooth curves C jB rs ! B rs. Then we
may construct a G-torsor T ! J rs whose pullback along a point P W Spec k ! J rs is
isomorphic to TP . The crucial observation is that the geometry of the total space J rs is
very simple, despite the fibres of J rs ! B rs being abelian varieties so arguably not so
simple. For example, J rs is a rational variety. This fact (or rather a similar, more precise
statement), together with an analysis of G-torsors on affine spaces and progress on the
Grothendieck–Serre conjecture, allows us to prove J rs admits a Zariski open cover above
which T is trivial. This implies that each TP is trivial, proving the theorem.

To analyse the geometry of J rs, we introduce a compactification of J rs over the whole
of B: there exists a projective scheme xJ ! B restricting to J rs over B rs called the com-
pactified Jacobian of C ! B . The scheme xJ parametrises rank-1 torsion-free sheaves
following Altman–Kleiman [1], with the caveat that in the reducible fibres of C ! B

we have to impose a stability condition in the sense of Esteves [33] to obtain a well-
behaved moduli problem. The main selling point of this paper can be summarised as
follows: geometric properties of xJ are very useful in the construction of orbits associ-
ated with elements of J rs. For example, we show that even though the fibres of xJ ! B

might be highly singular, xJ is a smooth and geometrically integral variety. Moreover, the
Białynicki-Birula decomposition from geometric representation theory shows that xJ has
a decomposition into affine cells, so has a very transparent geometry. The consequences
for the geometry of J rs are strong enough to carry out the strategy of the previous para-
graph and consequently prove Theorem 1.1. The smoothness of xJ is essential and follows
from the fact that C ! B is a semi-universal deformation of its central fibre.

The second main innovation of this paper is a uniform construction of integral rep-
resentatives, and we again exploit the geometry of the compactified Jacobian. We achieve
this by deforming to the case of square-free discriminant and using a general result on
extending reductive group schemes over open dense subschemes of regular arithmetic sur-
faces (Lemma 7.13). We are able to deform to this case using Bertini theorems over Qp
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and Fp and (again!) the smoothness of xJ . Many of the ideas were already present in our
earlier work [43] treating the E6 case, but we use stack-theoretic language to streamline
it significantly. Constructing integral orbits has often been a subtle point in the past, and
we expect that our methods will have applications to settings different to the one con-
sidered here.

To deduce Theorem 1.3 from Theorem 1.2, we use the robust geometry-of-numbers
methods developed by Bhargava and his collaborators to count integral orbits coregular
representations, about which we make two remarks. Firstly, the only step in the counting
argument that cannot be carried out uniformly is controlling orbits lying in the cuspidal
region of the fundamental domain, the so-called ‘cutting of the cusp’. For every ADE
diagram, this relies on combinatorial calculations in the associated root system. These
calculations have appeared in the literature (on which we rely) except for the D2gC2
case, which we handle explicitly in Appendix A. This is the only part of the paper where
we rely on the previous works listed at the beginning of Section 1.3. It would be very
interesting to find a less computational or even uniform proof for these calculations. This
remark extends to other representations employed in arithmetic statistics, for example,
the ones used in [12, 13]. See [13, Table 2] for an example of the intricacies involved.
Secondly, the reason that we only obtain an upper bound in Theorem 1.3 is our failure to
prove the uniformity estimate of Conjecture 8.19, which is the crucial ingredient for the
square-free sieve needed to obtain the lower bound. For the representations considered
in this paper, this conjecture has only been solved in the A2 case [14, Theorem 2.13].
Establishing more cases of this conjecture would be very interesting but seems difficult at
present.

1.5. Other coregular representations

There are at least two ways in which coregular representations can arise from Vinberg
theory that are not treated in this paper. In both cases, we expect that our methods go
a long way towards proving analogous results to Theorem 1.3.

Firstly, one may try to incorporate gradings on nonsimply laced Lie algebras (so of
type B , C , F , G) into the picture. Again, there will be families of curves, but the relevant
Selmer groups may arise from a general isogeny, not just multiplication by an integer.
Such gradings have already appeared in the literature, implicitly and explicitly: a Z=2Z-
grading on G2 has been used to study 2-Selmer groups of elliptic curves with a marked
3-torsion point [11, Theorem 1.1 (f)]; a Z=3Z-grading on G2 has been used to study 3-
isogeny Selmer groups of the curves y2 D x3 C k [6]; a Z=2Z-grading on F4 has been
used to study 2-Selmer groups of a family of Prym surfaces [44].

Secondly, although their occurrence is more sporadic, there are also interesting
Z=mZ-gradings on simple Lie algebras for m � 3; see, for example, [66], where the
authors calculate the average size of the 3-Selmer group of the family of odd genus-2
curves using a Z=3Z-grading on E8. The representations used by Bhargava–Shankar
for 3-, 4- and 5-Selmer groups of elliptic curves [12, 13, 15] can also be interpreted
this way.
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To the best of our knowledge, every coregular representation appearing in the literat-
ure on arithmetic statistics of algebraic curves arises from Vinberg theory (that is, from
a Z=mZ-grading on a semisimple Lie algebra), except for one family of notable examples:
the representation of SLn acting on pairs of symmetric matrices Sym2.n/ ˚ Sym2.n/.
This representation is used in [9] to show that a positive proportion of locally soluble
hyperelliptic curves over Q of fixed genus have no points over any odd degree extension.
One feature that distinguishes their setting from ours is that their representation lacks
a ‘Kostant section’, which is related to the fact that the curves they study do not come
with specified marked points. We wonder if one can still interpret this representation in
terms of Lie theory and study its arithmetic from this perspective.

1.6. Organisation

We now summarise the sections of this paper. In Section 2, we recall some background
results in Vinberg theory and arithmetic invariant theory. In Section 3, we recall the con-
structions and main results of Thorne’s thesis and introduce the Vinberg representation
.G; V / and family of curves C ! B . In Section 4, we extend the results of Thorne’s
thesis from the smooth fibres of C ! B to those fibres admitting at most one singular
nodal point. In Section 5, we introduce and study compactified Jacobians of the family
C ! B . In Section 6, we analyse torsors on affine spaces and use this and our results
from the previous sections to prove Theorems 1.1 and 1.2 on the construction of orbits.
In Section 7, we prove that such orbits admit integral representatives away from small
primes. In Section 8, we employ Bhargava’s orbit-counting techniques and count integral
orbits of the representation .G; V /. We combine all the results from the previous sections
in Section 9 to obtain Theorem 1.3. In Appendix A, we perform some combinatorial cal-
culations in the root system of typeD2n to complete the proof of Proposition 8.12 (cutting
off the cusp) in this case. We note that the main novel contributions of this paper lie in
Sections 4, 5, 6 and 7.

1.7. Notation

Table 2 summarises the main objects used throughout the paper.

1.7.1. General. For a field k, we write ks for a fixed separable closure and

�k D Gal.ks=k/

for its absolute Galois group.
If X is a scheme over S and T ! S is a morphism, we write XT for the base change

of X to T . If T D SpecA is an affine scheme, we also write XA for XT .
If G is a smooth group scheme over S , then we write H1.S; G/ for the set of iso-

morphism classes of étale sheaf torsors under G over S , which is a pointed set coming
from nonabelian Čech cohomology. If S D SpecR, we write H1.R; G/ for the same
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Symbol Definition Reference in paper

H Split adjoint group of type ADE Section 3.1
.T; P; ¹X˛º/ Pinning of H Section 3.1
� Split stable involution of H Section 3.1
G Fixed points of � on H Section 3.1
V .�1/-part of action of � on h Section 3.1
B GIT quotient V == G Section 3.1
� WV ! B Invariant map Section 3.1
�E WB ! V Kostant section associated to E Section 3.6
C ı ! B Family of affine curves Section 3.7
C ! B Family of projective curves Section 3.7
11; : : : ;1m Marked points of C ! B Section 3.7
pd1 ; : : : ; pdr Invariant polynomials of G-action on V Section 3.7
�WB ! V Fixed choice of Kostant section Section 3.8
A;Z ! B rs Centraliser of �jB rs in H and G Section 3.8
ƒ! B rs Character group scheme of the torus A! B rs Section 3.8
Nƒ image.ƒ=2ƒ! ƒ_=2ƒ_/ Section 3.8
J rs ! B rs Jacobian variety of C rs ! B rs Section 3.7
D Zero locus of discriminant � 2 QŒB� Section 4.1
B1 Complement of singular locus of D in B Section 4.1
xJ ! B Compactified Jacobian Section 5.2
H , G, V Extensions of above objects over Z Section 7.1
N Sufficiently large integer Section 7.2
S ZŒ1=N � Section 7.2

Tab. 2. Notation used throughout the paper.

object. If k is a field, then H1.k; G/ coincides with the first nonabelian Galois cohomo-
logy set of G.ks/.

If G ! S is a group scheme acting on X ! S and x 2 X.T / is a T -valued point,
we write ZG.x/! T for the centraliser of x in G. It is defined by the following pullback
square:

ZG.x/ T

G �S X X �S X:

HereG �S X !X �S X denotes the map .g;x/ 7! .g � x;x/, and T !X �S X denotes
the composition of x with the diagonal X ! X �S X .

If V is a vector space over a field k, we write kŒV � for the graded algebra Sym.V _/.
Then V is naturally identified with the k-points of the scheme SpeckŒV �, and we call this
latter scheme V as well. If G is a group scheme over k acting on V , we write V == G WD
Spec kŒV �G for the GIT quotient of V by G.



Graded Lie algebras, compactified Jacobians and arithmetic statistics 3305

1.7.2. Root lattices. We define a lattice to be a finitely generated free Z-module ƒ to-
gether with a symmetric and positive-definite bilinear form .�; �/Wƒ �ƒ! Z. We write
ƒ_ WD ¹� 2 ƒ˝Q j .�;ƒ/ � Zº for the dual lattice of ƒ, which is naturally identified
with Hom.ƒ;Z/. We say ƒ is a root lattice if .�; �/ is an even integer for all � 2 ƒ and
the set

¹˛ 2 ƒ j .˛; ˛/ D 2º

generates ƒ. If ˆ � Rn is a simply laced root system, then ƒ D Zˆ is a root lattice.
In that case, we define the type of ƒ to be the Dynkin type of ˆ.

If S is a scheme, an étale sheaf of root latticesƒ over S is defined as a locally constant
étale sheaf of finite free Z-modules together with a bilinear pairingƒ�ƒ! Z (where Z
denotes the constant étale sheaf on S ) such that for every geometric point xs of S , the
stalk ƒxs is a root lattice. In that case, Aut.ƒ/ is a finite étale S -group.

1.7.3. Reductive groups and Lie algebras. A reductive group scheme over S is a smooth
S -affine group scheme G ! S whose geometric fibres are connected reductive groups.
See [72] for the basics of reductive groups over a field and [27] for reductive group
schemes over a general base. A reductive group is assumed to be connected.

If G;H; : : : are algebraic groups, then we will use Gothic letters g; h; : : : to denote
their Lie algebras. If G is a reductive group with split maximal torus T � G, we shall
write ˆt � X

�.T / for the set of roots of T in g, and ˆ_t � X�.T / for its set of coroots.
The map ˛ 2 ˆt 7! d˛ 2 Hom.t; k/ identifies ˆt with the set of roots of t in g, and we
will use this identification without further comment.

If x is an element of a Lie algebra g, then we write zg.x/ for the centraliser of x in g,
a subalgebra of g. We note that if G is an algebraic group over a field k and x 2 g any
element, then the inclusion LieZG.x/ � zg.x/ is an equality if the characteristic of k is
zero or if x is semisimple [39, Proposition 1.10].

2. Background

2.1. The adjoint quotient of a Lie algebra

To motivate the results in Vinberg theory, we first recall some classical results in the
invariant theory of Lie algebras.

Let H be a connected reductive group over a field k of characteristic zero with Lie
algebra h. The group H acts on h via the adjoint representation. Let pW h ! h ==H D

Spec kŒh�H be the so-called adjoint quotient induced by the inclusion kŒh�H � kŒh�.
We interpret h ==H as the space of invariants of theH -action on h and p as the morphism
of taking invariants. Recall that an element x 2 h is said to be regular if dim zh.x/ is
minimal among elements of h; this minimal value equals the rank of H . The subset of
regular elements defines an open subscheme hreg

� h. The following classical proposition
summarises the invariant theory of h.
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Proposition 2.1. (1) Every semisimple element of h is contained in a Cartan subalgebra,
and if k is algebraically closed, every two Cartan subalgebras are H.k/-conjugate.

(2) Let c � h be a Cartan subalgebra and let W D NH .c/=ZH .c/. Then the inclusion
c � h induces an isomorphism (the Chevalley isomorphism)

c == W ' h ==H:

Since W is a finite reflection group, this quotient is isomorphic to affine space.

(3) If k is algebraically closed and b 2 .h ==H/.k/, the fibre p�1.b/ contains a unique
open H.k/-orbit (consisting of the regular elements with invariants b) and a unique
closed H.k/-orbit (consisting of the semisimple elements with invariants b).

We will often use induction arguments to reduce a statement for h to a reductive Lie
algebra of smaller rank. To this end, the following lemma will be helpful. We suppose
for this lemma that H is split and T � H is a split maximal torus. This determines
a root datum .X�.T /; ˆt; X�.T /; ˆ

_
t / (in the sense of [72, §7.4]) and a Weyl group

W D NG.T /=T .

Lemma 2.2. Let x 2 t be a semisimple element. Then the centraliser ZH .x/ is a (con-
nected) reductive group. Moreover, let

ˆt.x/ D ¹˛ 2 ˆt j ˛.x/ D 0º and ˆ_t .x/ D ¹˛
_
2 ˆ_t j ˛ 2 ˆt.x/º:

LetWx DZW .x/. Then the root datum ofZH .x/ is .X�.T /;ˆt.x/;X�.T /;ˆ
_
t .x//, and

the Weyl group of ZH .x/ with respect to T is isomorphic to Wx .

Proof. The centraliser ZH .x/ is connected by [74, Theorem 3.14]. The fact that it is
reductive and has the above root datum follows from [74, Lemma 3.7]. The claim about
the Weyl group of ZH .x/ follows from [74, Lemma 3.7 (c)], again using the fact that
ZH .x/ is connected.

Let c � h be a Cartan subalgebra. The discriminant polynomial � 2 kŒh�H is the
image of the product of all the roots

Q
˛ 2 kŒc�W with respect to c under the Chevalley

isomorphism kŒc�W ��! kŒh�H ; it is independent of the choice of c. For x 2 h, we have
�.x/ ¤ 0 if and only if x is regular semisimple. The discriminant locus (or discriminant
divisor) D � h ==H is the zero locus of �. This subscheme will play a fundamental role
later in this paper (in particular, in Section 4).

The next lemma says that the étale local structure of h ==H and D near a point is
determined by the centraliser of a semisimple lift of that point.

Lemma 2.3. Let x 2 h be a semisimple element with centraliser zh.x/. Let c � h be
a Cartan subalgebra containing x. Let W and Wx be the respective Weyl groups of h

and zh.x/ with respect to c. Consider the diagram

c

c == Wx c == W:

�x
�
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Then  is étale at �x.x/. Moreover, if D and Dx denote the discriminant divisors of h

and zh.x/, respectively, then  �D D Dx C R, where R is a divisor of c == Wx not con-
taining �x.x/ in its support.

Proof. We may assume that k is algebraically closed and hence that h is split. Since �
and �x are finite and faithfully flat (they are even Galois with Galois groups W and Wx),
the map  is finite and faithfully flat. The fact that  is étale at �x.x/ follows from the
fact that the stabiliser of the W -action on x is precisely Wx (Lemma 2.2).

To prove the claim about the discriminant divisors, let � D
Q
˛2ˆc

˛ 2 kŒc�W and
�x D

Q
˛2ˆc.x/

˛ 2 kŒc�Wx denote the respective discriminant polynomials. By definition
ofˆc.x/,�D�x �R as elements of kŒc�Wx , where R 2 kŒc�Wx is a polynomial that does
not vanish at x. Since D and Dx are the zero loci of � and �x , respectively, this proves
the claim.

2.2. Vinberg theory

We keep the notations from Section 2.1. Let m � 1 be an integer. A Z=mZ-grading on h

is, by definition, a direct sum decomposition

h D
M

i2Z=mZ

h.i/

into linear subspaces satisfying Œh.i/;h.j /� � h.i C j /. Given a Z=mZ-grading on h, let
g WD h.0/ and V WD h.1/. Then g is a subalgebra of h, and the restriction of the adjoint
representation of h induces an action of g on V . If � 2 k is a primitive m-th root of
unity, giving a Z=mZ-grading amounts to giving, by considering �i -eigenspaces, an auto-
morphism � of h of order dividingm. In general, when no such � exists or is fixed, giving
a Z=mZ-grading amounts to giving a homomorphism �m ! Aut.h/ of group schemes
over k.

Suppose that �m ! Aut.H/ is a morphism of group schemes. The composition
�m ! Aut.H/! Aut.h/ determines a Z=mZ-grading on h. If G is the identity com-
ponent of the centraliser of �m in H , then G has Lie algebra g and acts on V D h.1/ by
restriction of the adjoint action. The pair .G; V / is called a Vinberg representation, and
its study is dubbed Vinberg theory [81]. If h is a semisimple Z=mZ-graded Lie algebra,
a natural choice for H is the adjoint group Aut.h/ı of h: this is the unique (up to non-
unique isomorphism) connected semisimple group with trivial centre and Lie algebra h.

We now summarise some of the highlights of Vinberg theory, referring to [47, 55]
for proofs. We call an element x 2 V semisimple, nilpotent or regular if it is so when
considered as an element of h. We call a subspace c � V that consists of semisimple
elements, that satisfies Œc; c� D 0, and is maximal with these properties (among subspaces
of V ) a Cartan subspace.

Lemma 2.4. If x 2 V has Jordan decomposition x D xs C xn, where xs , xn are com-
muting elements that are semisimple and nilpotent respectively, then xs; xn 2 V .
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Proposition 2.5. Every semisimple x 2 V is contained in a Cartan subspace of V . Every
two Cartan subspaces are G.ks/-conjugate.

We call a triple .e; h; f / an sl2-triple of h if e, h, f are nonzero elements of h

satisfying the following relations:

Œh; e� D 2e; Œh; f � D �2f; Œe; f � D h:

The classical Jacobson–Morozov lemma states that every nilpotent element in h can
be completed to an sl2-triple. If h is Z=mZ-graded, we say an sl2-triple is normal if
e 2 h.1/, h 2 h.0/ and f 2 h.�1/.

Lemma 2.6 (Graded Jacobson–Morozov). Every nilpotent e 2 h.1/ is contained in a nor-
mal sl2-triple .e; h; f /.

Proof. See [42, Proposition 4], which only treats the case m D 2 but whose proof works
for any m. (We will only need the m D 2 case in this paper.)

The next proposition describes the basic geometric invariant theory of the represent-
ation .G; V /. Let � W V ! V == G D Spec kŒV �G be the graded analogue of the adjoint
quotient from Section 2.1.

Proposition 2.7. (1) Let c � V be a Cartan subspace andW.c/ WD NG.c/=ZG.c/. Then
the inclusion c � V induces an isomorphism

c == W.c/ ' V == G:

The group W.c/ is a finite pseudo-reflection group, so the quotient is isomorphic to
affine space.

(2) If k is algebraically closed and b 2 .V == G/.k/, then the fibre ��1.b/ contains
a unique closed G.k/-orbit, the set of semisimple elements with invariants b.

Remark 2.8. In contrast to the m D 1 case, it is not true in general that two regular ele-
ments x; y 2 V.k/ with the same invariants (that is, with the same images in V == G)
are G.ks/-conjugate. Indeed, it follows from Proposition 3.8 below that the Z=2Z-grad-
ings introduced in Section 3.1 can have multiple G.ks/-orbits of regular nilpotent ele-
ments.

2.3. Stable gradings

We keep the notations of Sections 2.1 and 2.2. Of particular interest to us are the stable
gradings.

Definition 2.9. Suppose that k is algebraically closed. We say a vector v 2 V is stable
(in the sense of geometric invariant theory) if the G-orbit of v is closed and its stabil-
iser ZG.v/ is finite. We say .G; V / is stable if V contains stable vectors. If k is not
necessarily algebraically closed, we say .G; V / is stable if .Gks ; Vks / is.
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Stable gradings of simple Lie algebras over an algebraically closed field of character-
istic zero have been classified [62, §§7.1 and 7.2] in terms of regular elliptic conjugacy
classes of (twisted) Weyl groups. In the case of involutions (in other words, Z=2Z-
gradings), this classification takes the simple form of Lemma 2.10, see [77, Lemma 2.6]
for a proof. We say two involutions �; � 0WH ! H are H.k/-conjugate if there exists an
h 2 H.k/ such that � 0 D Ad.h/ ı � ı Ad.h/�1.

Lemma 2.10. Suppose that k is algebraically closed. Then there exists a unique H.k/-
conjugacy class of stable involutions.

For example, if H is a torus, then the only stable involution is given by the inversion
map h 7! h�1.

One of the main advantages of stable gradings is that they have a particularly good
invariant theory. The next proposition describes this more precisely in the case of Z=2Z-
gradings. In particular, it shows that regular semisimple orbits over algebraically closed
fields are well understood. We refer to [77, §2] for precise references.

Proposition 2.11. Suppose that � WH !H is a stable involution, with associated Vinberg
representation .G; V /. Then the following properties are satisfied:

(1) Let c� V be a Cartan subspace andW.c/ WDNG.c/=ZG.c/. Then c is a Cartan sub-
algebra of h and the mapNG.c/!Wc WDNH .c/=ZH .c/ is surjective. Consequently,
the inclusions c � V � h induce isomorphisms

c == Wc ' V == G ' h ==H:

In particular, the quotient is isomorphic to affine space.

(2) Let k be algebraically closed and let x; y 2 V.k/ be regular semisimple elements.
Then x is G.k/-conjugate to y if and only if x, y have the same image in V == G.

(3) Let � 2 QŒV �G be the restriction of the Lie algebra discriminant of h to the sub-
space V and let k be algebraically closed. Then for all x 2V.k/, x is regular semisim-
ple if and only if �.x/ ¤ 0, if and only if x is stable in the sense of Definition 2.9.

2.4. Arithmetic invariant theory

Let k be a field with separable closure ks . Let G=k be a smooth algebraic group acting
on a k-vector space V . In general, a fixed G.ks/-orbit in V.ks/ might break up into mul-
tiple G.k/-orbits, and the study of this phenomenon is referred to as arithmetic invariant
theory [8]. We recall its relation to Galois cohomology, which lies at the basis of the orbit
parametrisations in this paper.

Lemma 2.12. Suppose that G acts on a k-scheme X . Suppose that the k-point e 2 X.k/
has smooth stabiliser ZG.e/ and that the action of G.ks/ on X.ks/ is transitive. Then
there is a natural bijection

G.k/nX.k/
1W1
 ! ker.H1.k;ZG.e//! H1.k;G//:
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Proof. This is [8, Proposition 1]. The bijection is explicitly constructed as follows: if
x 2 X.k/, transitivity ensures that there exists an element g 2 G.ks/ with x D g � e.
For every element � 2 �k D Gal.ks=k/, we again have x D �.g/ � e, so the map � 7!
g�1�.g/ defines a 1-cocycle with values in ZG.e/ which is trivial in H1.k;G/.

In fact, we will need a relative version of Lemma 2.12 which is valid over any base
scheme.

Lemma 2.13. Let G ! S be a smooth affine group scheme acting on an S -scheme X .
Let e 2 X.S/ be an S -point, and suppose that the action map mWG ! X , g 7! g � e is
smooth and surjective. Then the assignment x 7! ‘isomorphism class of theZG.e/-torsor
m�1.x/’ induces a bijection between the set of G.S/-orbits of X.S/ and the kernel of the
map of pointed sets H1.S;ZG.e//! H1.S;G/.

Proof. This is [27, Exercise 2.4.11]: the conditions imply thatX 'G=ZG.e/ and sinceG
and ZG.e/ (the fibre above e of the smooth map m) are S -smooth, we can replace fppf
cohomology by étale cohomology.

2.5. The Grothendieck–Serre conjecture

In this subsection, we discuss some general results concerning principal bundles over
reductive group schemes which will be useful in Section 6. Recall from [27, Defini-
tion 3.1.1] that a reductive group scheme over S is a smooth S -affine group scheme
G ! S whose geometric fibres are connected reductive groups.

Definition 2.14. Let R be a regular local ring with fraction field K and let G ! SpecR
be a reductive group scheme. We say that the Grothendieck–Serre conjecture holds for R
and G if the restriction map

H1.R;G/! H1.K;G/

is injective.

Note that the injectivity H1.R; G/! H1.K; G/ is stronger than requiring that this
map has a trivial kernel, since this is merely a map of pointed sets. It is conjectured that
the Grothendieck–Serre conjecture holds for every reductive group scheme over every
regular local ring; see [53] for a survey and [23, §1.4] for a short summary of known
results. Below we will single out the known cases that we will need.

Lemma 2.15. LetX be a regular integral scheme with function fieldK. LetG be a reduc-
tive X -group scheme. Suppose that the Grothendieck–Serre conjecture holds for all local
rings ofX andG. Then every twoG-torsors overX that are generically isomorphic (that
is, isomorphic overK) are Zariski locally isomorphic (that is, isomorphic after restricting
to a Zariski open cover).

Proof. Let T , T 0 be two G-torsors over X which are generically isomorphic and let
x 2 X . We need to prove that x has an open neighbourhood over which T and T 0 are
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isomorphic. Since the Grothendieck–Serre conjecture holds for the local ring OX;x , the
torsors T and T 0 are isomorphic when restricted to Spec OX;x . The result follows from
spreading out this isomorphism.

Proposition 2.16. LetR be a regular local ring andG a reductiveR-group. Suppose that
at least one of the following is satisfied:

� R is a discrete valuation ring;

� R contains an infinite field.

Then the Grothendieck–Serre conjecture holds for R and G.

Proof. The case of a discrete valuation ring was proved by Nisnevich [51], with correc-
tions by Guo [37]. The case whereR contains an infinite field was proved by Fedorov and
Panin [34].

The conjecture is known in many other cases; see [23] for a recent general result
when R is of mixed characteristic and [54] for the case where R contains a finite field.

Corollary 2.17. LetX be a regular integral scheme andG a reductiveX -group. Suppose
that at least one of the following conditions is satisfied:

� X is a Dedekind scheme;

� X has a map to the spectrum of an infinite field.

Then every two G-torsors over X that are generically isomorphic are Zariski locally
isomorphic.

Proof. Combine Lemma 2.15 and Proposition 2.16.

3. Around Thorne’s thesis

In the remainder of this paper, we will focus on a particular Vinberg representation. Given
a Dynkin diagram of type A, D, E, we will canonically construct a stable Z=2Z-grading
on the Lie algebra of the corresponding type following Thorne’s thesis [77, §2]. We then
recall and extend some of its basic properties in Sections 3.2–3.6. In Section 3.7, we intro-
duce the corresponding family of curves C ! B , and in Section 3.8 we recall the relation
between stabilisers in V and the 2-torsion in the Jacobians of smooth fibres of C ! B .
We do not claim any originality in this section, except maybe for some of the calculations
in Section 3.9.

3.1. A split stable Z=2Z-grading

Let H be a split adjoint simple group of type A, D, E over Q with Dynkin diagram D.
We have an exact sequence

1! H ! Aut.H/! Aut.D/! 1: (3.1)
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Assume that H is equipped with a pinning .T; P; ¹X˛º/. By definition, this means that
T � H is a split maximal torus (which determines a root system ˆH WD ˆt), P � H
is a Borel subgroup containing T (which determines a root basis SH � ˆH ), and X˛ is
a generator for each root space h˛ for ˛ 2 SH . The subgroup Aut..H; T; P; ¹X˛º// �
Aut.H/ of elements preserving the pinning determines a splitting of sequence (3.1).

On the other hand, if W D NH .T /=T denotes the Weyl group of ˆH , we have an
exact sequence

1! W ! Aut.ˆH /! Aut.D/! 1: (3.2)

We define # 2 Aut.H/ as the unique element of Aut..H; T; P; ¹X˛º// whose image in
Aut.D/ under (3.1) coincides with the image of �1 2 Aut.ˆH / in Aut.D/ under (3.2).
Note that # D 1 if and only if �1 2 W .

Write {� 2 X�.T / for the sum of the fundamental coweights with respect to SH , char-
acterised by the property that .˛ ı {�/.t/ D t for all ˛ 2 SH . Let

� WD # ı Ad.{�.�1// D Ad.{�.�1// ı #:

Then � defines an involution of h, and thus by considering .˙1/-eigenspaces it determines
a Z=2Z-grading

h D h.0/˚ h.1/:

LetG WD .H � /ı be the identity component of the centraliser of � inH and let V WD h.1/.
The space V defines a representation of G by restricting the adjoint representation. If we
write g for the Lie algebra of G, then V is a Lie algebra representation of g D h.0/. The
Vinberg representation .G; V / is a central object of study of this paper. Its relevance can
be summarised in the following proposition, proved in [79, Proposition 1.9].

Proposition 3.1. Up to H.Q/-conjugacy, � is the unique involution of H with the prop-
erty that � is stable (Definition 2.9) and the reductive group G is split over Q.

The first property of Proposition 3.1 is geometric: it characterises the H.xQ/-conju-
gacy class of � . The second property is arithmetic, and it is equivalent to requiring the
existence of a regular nilpotent in V.Q/. (For the last claim, see [77, Corollary 2.15].)
Note that in our construction of � the element E D

P
˛2SH

X˛ is a regular nilpotent
in V.Q/.

Write B WD V == G D Spec QŒV �G and � W V ! B for the natural quotient map.
We have a Gm-action on V given by � � v D �v, and there is a unique Gm-action on B
such that � is Gm-equivariant. The invariant theory of the pair .G; V / is summarised in
Proposition 2.11. We additionally record the following fact concerning the smooth locus
of � , which follows from the proof of [77, Proposition 3.10].

Lemma 3.2. Let x 2 V and let d�x be the induced map on tangent spaces TxV !
T�.x/B . Then d�x is surjective if and only if x is regular. Consequently, the smooth locus
of � coincides with V reg WD V \ hreg.
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Type G V �0.H
� /

A2r SO2rC1. Sym20.2r C 1/ 1

A2rC1 PSO2rC2 Sym20.2r C 2/ Z=2Z

D2r .SO2r � SO2r /=�.�2/ .2r/� .2r/ Z=2Z � Z=2Z

D2rC1 SO2rC1 � SO2rC1 .2r C 1/� .2r C 1/ Z=2Z

E6 PSp8 ^40.8/ 1

E7 SL8 =�4 ^4.8/ Z=2Z

E8 Spin16 =�2 half spin 1

Tab. 3. Short description of each representation.

3.2. Explicit determination of .G; V /

Using the results of [61] applied to the Kac diagram of � [62, §§7.1 and 7.2] (or an explicit
description of � in the case of classical groups), one may calculate the isomorphism class
of the split group G and the representation V explicitly. These results are summarised in
Table 3, where we have used the following notation:

� IfG is defined as a subgroup of GLn, then .n/ denotes the representation of G corres-
ponding to this embedding.

� In the case An, Sym2
0.n/ denotes the unique codimension one G-subrepresentation of

Sym2.n/. Equivalently, Sym2
0.n/ can be viewed as the set of self-adjoint linear maps

.n/! .n/ of trace zero.

� In the case D2r , �.�2/ denotes the image of �2 diagonally embedded in the centre
�2 � �2 of SO2r � SO2r .

� In the case E6, ^40.8/ denotes the unique 42-dimensional subrepresentation of the
PSp8-representation ^4.8/.

� In the case E8, Spin16 =�2 denotes a �2-quotient of Spin16 that is not isomorphic
to SO16; it does not seem to have a more succinct name.

We will only need these explicit identifications in the proof of Proposition 8.12. Moreover,
we will calculate the component group of H � and the centre of G more uniformly in
Sections 3.3 and 3.4.

We treat the E7 case as an example. The extended Dynkin diagram is given by

˛0 ˛1 ˛3 ˛4 ˛5 ˛6 ˛7

˛2

The normalised Kac coordinates of � (given in [62, §7.1, Table 4]) are everywhere zero,
except at the bottom node ˛2, which has coordinate 1. We may now apply the results
of [61, §2.4]. Since the Kac coordinates are invariant under the automorphism of the
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extended diagram, the component group of H � is of order 2. Since the highest root has
coordinate 2 at ˛2, the centre of G is of order 2. If we delete the node ˛2, we obtain
a diagram of type A7, so G semisimple is of type A7. Since G is split, it follows that
G ' SL8 =�4. Moreover, the representation V has highest weight the fundamental weight
corresponding to ˛4, so is isomorphic to ^4.8/, where .8/ denotes the defining represent-
ation of SL8.

3.3. The component group of H �

The group H � is typically disconnected, and we have a tautological exact sequence

1! G ! H �
! �0.H

� /! 1:

The component group �0.H � / is a finite étale group scheme over Q. We will show that
�0.H

� / is split and describe it in two different ways, which will be useful in the proof of
Proposition 6.10.

Firstly, we use Weyl groups. Recall that WH D NH .T /=T denotes the Weyl group
of H . We know that T � D T # is a maximal torus of G, and moreover the centraliser
ZH .T

� / of T � equals T ; these claims can be verified explicitly or follow from [63,
Lemmas 5.1 and 5.3]. It follows that NH .T � / � NH .T /, so WH� WD NH� .T

� /=T � is
naturally a subgroup of WH . Let WG WD NG.T � /=T � be the Weyl group of G, a normal
subgroup of WH� . We have inclusions WG � WH� � WH .

Lemma 3.3. The inclusion NH� .T
� / � H � induces an isomorphism

WH� =WG ' �0.H
� /:

Proof. This is implicit in the proof of [61, Lemma 3.9]; we sketch the details. It suffices
to prove that H � D G � NH� .T

� /. This can be checked on geometric points, so let k=Q
be an algebraically closed field and let h 2 H � .k/. The conjugate subgroup Ad.h/ � T �

is a maximal torus of Gk . Since Gk is reductive, G.k/ acts transitively on its maximal
tori, so Ad.h/ � T � D Ad.g/ � T � for some g 2 G. We see that g�1h 2 NH� .T

� /, as
claimed.

Corollary 3.4. The finite étale Q-group �0.H � / is constant (in other words, has trivial
Galois action) and the map H � .Q/! �0.H

� / is surjective.

Proof. It suffices to prove the latter claim. Since T is a maximal torus of H , WH is
a constant group scheme, so its subgroup WH� is constant too. By Lemma 3.3, it suffices
to show thatNH� .T

� /.Q/!WH� is surjective. This follows from Hilbert’s Theorem 90
since the torus T � is Q-split.

For the second description, choose a Cartan subspace c � V and let C � H be the
maximal torus with Lie algebra c. Since � acts as�1 on c, it acts via inversion on C hence
C Œ2� � H � . The next lemma is [42, Proposition 1].
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Lemma 3.5. We have H � D G � C Œ2�. In other words, the inclusion C Œ2� � H � induces
a surjection C Œ2�� �0.H

� /.

Lemma 3.5 allows us to give an explicit description of �0.H � /.

Corollary 3.6. Let Hsc ! H be the simply connected cover of H and let �1.H/ denote
the centre of Hsc. Then there is an isomorphism �0.H

� / ' �1.H/=2�1.H/.

Proof. Let C � H be a maximal torus whose Lie algebra is a Cartan subspace of V .
(Such a torus certainly exists: take the centraliser of a regular semisimple element of V .)
Let Csc � Hsc be its preimage in Hsc. We have an exact sequence

1! �1.H/! Csc ! C ! 1: (3.3)

Examining the long exact sequence associated with the 2-torsion of (3.3) shows that

C Œ2�

image.CscŒ2�! C Œ2�/
' �1.H/=2�1.H/:

We claim that the left-hand side is isomorphic to �0.H � /. Indeed, the involution � W
H ! H uniquely extends to an involution of Hsc, still denoted by � , and a theorem of
Steinberg [73, Theorem 8.1] shows that H �

sc is connected. It follows that the induced map
H �

sc ! H � surjects onto G. Therefore, the kernel of the natural map C Œ2�! �0.H
� /

(which is surjective by Lemma 3.5) agrees with the image of the map CscŒ2� ! C Œ2�,
as claimed.

3.4. The fundamental group of G

Proposition 3.7. The group G is semisimple and its fundamental group has order equals
2#�0.H � /.

Proof. LetHsc!H be the simply connected cover ofH and let �1.H/ denote the centre
ofHsc. By the previously invoked theorem of Steinberg [73, Theorem 8.1],H �

sc is connec-
ted. Therefore, the induced map H �

sc ! G is surjective with kernel �1.H/Œ2�. Moreover,
�1.H/Œ2� has cardinality #�0.H � / by Corollary 3.6. Hence it suffices to prove that H �

sc
is semisimple and its fundamental group is of order 2. This is a result of Kaletha, see [79,
Proposition A.1].

3.5. Regular nilpotent elements in V

The next proposition describes the set of regular nilpotent elements in V [77, Lem-
ma 2.14].

Proposition 3.8. For every field k=Q, the group H � .k/ acts simply transitively on the
set of regular nilpotent elements of V.k/.



J. Laga 3316

Corollary 3.9. Let k=Q be a field and E 2 V.k/ a regular nilpotent. (For example, E DP
˛2SH

X˛ .) Then the map h 7! h �E induces a bijection between �0.H � / and the set of
G.k/-orbits of regular nilpotent elements in V.k/.

Proof. Follows from Proposition 3.8 and the fact that H � .k/ ! �0.H
� / is surjective

(Corollary 3.4).

We see in particular that if H � is disconnected, then there are multiple G-orbits of
regular nilpotent elements in V . To state the next result, recall from Section 2.2 the notion
of a normal sl2-triple.

Corollary 3.10. Let k=Q be a field and E 2 V.k/ a regular nilpotent element. Then E
is contained in a unique normal sl2-triple.

Proof. Proposition 3.8 shows that the stabiliser ZG.E/ is trivial. Therefore, the corollary
follows from [77, Lemma 2.17].

3.6. Kostant sections

We describe sections of the GIT quotient � W V ! B whose remarkable construction is
originally due to Kostant. Let E 2 V.Q/ be a regular nilpotent element and let .E;X;F /
be the unique normal sl2-triple containing E using Corollary 3.10. We define the affine
linear subspace

�E WD .E C zh.F // \ V � V:

We call �E the Kostant section associated with E, or simply a Kostant section.

Proposition 3.11. (1) The composition �E ,! V ! B is an isomorphism.

(2) �E is contained in the open subscheme of regular elements of V .

(3) The morphism G � �E ! V , .g; v/ 7! g � v is étale.

Proof. Parts (1) and (2) are [77, Lemma 3.5]; the last part is [77, Proposition 3.4], together
with the fact that G � �E and V have the same dimension (apply [77, Lemma 2.21] to
x D 0).

Every Kostant section �E determines a morphism B ! V that is a section of the
quotient map � W V ! B , and we denote this section by �E too. For any b 2 B.k/, we
write �E;b for the fibre of �E over b.

Definition 3.12. Let k=Q be a field and v 2 V.k/. We say v is k-reducible if v is not
regular semisimple or v isG.k/-conjugate to �E;b for some Kostant section �E and where
b D �.v/. Otherwise, we call v k-irreducible.

If k is algebraically closed, then every element of V.k/ is k-reducible by Proposi-
tion 2.11.
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3.7. A family of curves

If k=Q is a field, an element v 2 h.k/ is called subregular if dim zh.x/D r C 2, where r is
the rank of h. By [77, Proposition 2.27], the vector space V contains subregular nilpotent
elements; let e 2 V.Q/ be such an element, and fix .e;x;f / a normal sl2-triple extending
it, using Lemma 2.6.

Slodowy [71] has shown that the restriction of the invariant map .e C zh.f //! B is
a family of surfaces. Moreover, he has shown that this family is a semi-universal deform-
ation of its central fibre, which is a simple surface singularity of the type corresponding
to that of H . Proposition 3.13 is a Z=2Z-graded analogue of Slodowy’s result, due to
Thorne. Define C ı WD .e C zh.f // \ V . Restricting the invariant map � WV ! B to C ı

defines a morphism 'WC ı ! B .

Proposition 3.13. (1) The geometric fibres of ' are reduced connected curves.

(2) The central fibre C ı0 D '
�1.0/ has a unique singular point which is a simple singu-

larity of type Ar , Dr , Er , corresponding to that of H .

(3) We can choose coordinates pd1 ; : : : ; pdr on B , where pdi is homogeneous of degree
di , and coordinates .x; y; pd1 ; : : : ; pdr�1/ on C ı such that C ı ! B is given by the
affine equation of Table 1.

(4) The formal completion ofC ı!B along its central fibre defines a morphism of formal
schemes cC ı ! yB which is a semi-universal deformation of its central fibre.

(5) The morphism ' is faithfully flat. It is smooth at x 2 C ı if and only if x is a regular
element of V .

(6) The action map G � C ı ! V , .g; x/ 7! g � x is smooth.

Proof. This is proved in Thorne’s thesis. The first three parts are [77, Theorem 3.8]; for
the definition of a simple curve singularity, see [76, end of §2]. The fourth part follows
from the fact that the semi-universal deformation of an isolated hypersurface singularity
can be explicitly computed [71, §2.4] and agrees with the equations given in Table 1. The
last two parts are contained in [77, Propositions 3.4 and 3.10].

The next lemma describes the singularities of the fibres of C ı ! B very precisely;
see [77, Corollary 3.16] for its proof.

Lemma 3.14. Let k=Q be a field, let b 2 B.k/ and let v 2 Vb.k/ be a semisimple ele-
ment. Then there is a bijection between the connected components of the Dynkin diagram
of ZH .v/ and the singularities of C ı

b
, which takes each (connected, simply laced) Dynkin

diagram to a singularity of the corresponding type.

We compactify the flat affine family of curves C ı ! B to a flat projective family of
curves C !B as described in [77, Lemma 4.9]. That lemma implies that the complement
C n C ı is a disjoint union of sections 11; : : : ;1mWB ! C and C ! B is smooth in
a Zariski open neighbourhood of these sections. For every field k=Q and b 2 B.k/, the
curve Cb has k-rational points11;b; : : : ;1m;b 2 Cb.k/; we call these the marked points
of Cb .
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Lemma 3.15. There are natural bijections between

(1) the sections11; : : : ;1m of C ! B;

(2) irreducible components of C0;

(3) G-orbits of regular nilpotent elements of V whose closure contains e.

The bijections are given as follows: given a section1i , map it to the irreducible compon-
ent containing1i;0 2 C0; given an irreducible component of C0, map it to the G-orbit
of any point on its smooth locus.

Proof. See [77, Lemma 4.14] and its proof.

For the remainder of this paper, we fix a section 11 D 1 of C ! B and a regu-
lar nilpotent element E 2 V.Q/ whose G-orbit corresponds to 1 under Lemma 3.15.
Moreover, we fix a choice of polynomials pd1 ; : : : ; pdr 2 QŒV �G and coordinates x, y
of C ı satisfying the conclusions of Proposition 3.13. Recall that we have defined a Gm-
action on B which satisfies � � pdi D �

dipdi . There exist unique positive integers a, b
such that � � .x; y; pd1 ; : : : ; pdr�1/ WD .�ax; �by; �2d1pd1 ; : : : ; �

2dr�1pdr�1/ defines
a Gm-action on C and such that the morphism C ! B is Gm-equivariant with respect
to the square of the usual Gm-action on B . (The integers .a; b/ are given by .wr ; wrC1/
in the table of [77, Proposition 3.6]. These weights can also be defined Lie theoretically,
but we will not need this fact in what follows.)

3.8. Universal centralisers

Recall from the last paragraph of Section 3.7 that we have fixed a regular nilpotent
E 2 V.Q/; let �WB ! V be the Kostant section corresponding to E constructed in Sec-
tion 3.6. Recall from our conventions in Section 1.7 that if vWS ! V is an S -point of V ,
then ZG.v/! S denotes the centraliser of v in G.

Definition 3.16. Let Z ! B be the centraliser ZG.�/ of the Kostant section �WB ! V

with respect to the G-action on V . Similarly, let A ! B be the centraliser ZH .�/ of
�WB ! h with respect to the H -action on h.

For every field k=Q and b 2 B.k/, the group scheme Zb (resp. Ab) is the centraliser
ZG.�b/ � G of �b in G (resp. ZH .�b/ �H ). We have Z D A\ .G �B/. Since � lands
in the regular locus of V , A and Z are commutative group schemes. To state the next
lemma, recall that V reg � V denotes the open subscheme of regular elements and that
� WV ! B and pW h! B denote the morphisms of taking invariants.

Lemma 3.17. Let vW S ! V reg be a morphism with b D �.v/ 2 B.S/. Then there is
a canonical isomorphism ZG.v/ ' Zb . Similarly, if vW S ! hreg is a morphism with
invariants b D p.v/ 2 B.S/, then there is a canonical isomorphism ZH .v/ ' Ab .

Proof. The isomorphismZG.v/'Zb follows from [77, Proposition 4.1] and a very sim-
ilar proof works for A; we briefly sketch it. The morphismH �B! hreg, .h; b/ 7! h � �b
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is smooth and surjective [64, Lemma 3.3.1], so has sections étale locally. It follows that v
isH -conjugate to �b étale locally on S . Conjugating defines isomorphismsZH .v/' Ab ,
again étale locally on S . Since Ab is commutative, these isomorphisms do not depend
on the choice of element by which we conjugate v to �b . Using étale descent, these iso-
morphisms glue to give an isomorphism of group schemes ZH .v/ ' Ab .

The next lemma gives a useful description of the fibres of Z ! B .

Lemma 3.18. Let k=Q be a field and x 2 V.k/ a regular element, with Jordan decom-
position x D xs C xn. Let c � V be a Cartan subspace containing xs and let C � H
denote the maximal torus with Lie algebra c. LetHsc!H be the simply connected cover
of H and Csc ! C its restriction to C . Then there is a canonical isomorphism

Hom.ZG.x/;F2/ ' image
� X�.C /

2X�.C /C Zˆc.x/
!

X�.Csc/

2X�.Csc/C Zˆc.x/

�
:

Proof. A theorem of Steinberg [73, Theorem 8.1] shows that .Hsc/
� is connected. There-

fore, ZG.x/ D image.Z.Hsc/�
.x/! ZH� .x//. Now use [77, Corollary 2.9].

Let B rs denote the image of the subscheme regular semisimple elements in V under
� W V ! B . Then B rs is also the complement of the discriminant locus .� D 0/ in B ,
by part (3) of Proposition 2.11. For a B-schemeX , we denote its restriction to B rs byX rs.
The group scheme Zrs ! B rs is finite étale and Ars ! B rs is a family of maximal tori.

Definition 3.19. Let ƒ! B rs be the character group of Ars.

In other words, ƒ is the Cartier dual Hom.Ars;Gm/ of Ars. The B rs-scheme ƒ is an
étale sheaf of root lattices in the sense of Section 1.7.2. In particular, it comes equipped
with a pairing h�; �iWƒ�ƒ!Z. This pairing induces an alternating pairing .�; �/Wƒ=2ƒ�
ƒ=2ƒ! F2 which might be degenerate. Setting

Nƒ WD image.ƒ=2ƒ! ƒ_=2ƒ_/;

we see [77, Lemma 2.11] that .�; �/ descends to a nondegenerate pairing on Nƒ. Lem-
ma 3.18 implies the following.

Lemma 3.20. There exists a canonical isomorphism Zrs ' Nƒ.

We use the isomorphism of Lemma 3.20 to transport the pairing from Nƒ to Zrs:
we thus obtain a nondegenerate pairing Zrs �Zrs ! F2.

It follows from Lemma 3.14 that the restriction C rs ! B rs is a family of smooth
projective curves; write J rs ! B rs for the relative Jacobian of the family of smooth pro-
jective curves C rs! B rs [21, §9.3; Theorem 1]. The next result is one of the main results
of Thorne’s thesis and a first step towards relating the curves C rs ! B rs to the represent-
ation .G; V /.

Proposition 3.21. There exists a canonical isomorphism J rsŒ2�'Zrs of finite étale group
schemes that sends the Weil pairing on J rsŒ2� to the pairing on Zrs defined above.



J. Laga 3320

Proof. Since both group schemes are finite étale and B rs is normal, it suffices to prove
the statement above for the generic point of B rs by [75, Tag 0BQM]. In that case, the
statement follows from [77, Corollary 4.12].

Part (2) of Proposition 3.23 implies that the isomorphism J rsŒ2� ' Zrs is unique.

3.9. Monodromy of J rsŒ2�

We give some additional properties of the group scheme J rsŒ2�! B rs, which by Lem-
ma 3.20 and Proposition 3.21 we may identify with Nƒ! B rs. Before we state them, we
recall some definitions and set up notation.

Recall from Section 3.1 that T is a split maximal torus of H with Lie algebra t

and Weyl group W . Let L WD X�.T / be its character group and NL WD image.L=2L!
L_=2L_/. Consider the composition t ! t ==W �

�! h ==H �
�! V == G D B , where

t! t ==W is the natural projection, t==W ��! h==H is the Chevalley restriction isomorph-
ism (Proposition 2.1), and h==H ��! V ==G is the isomorphism induced from the inclusion
V � h (Proposition 2.11). Restricting to regular semisimple elements defines a finite étale
cover f W trs ! B rs with Galois group W .

Proposition 3.22. The finite étale group scheme J rsŒ2�! B rs becomes trivial after the
base change f W trs!B rs, where it becomes isomorphic to the constant group schemeNL.
The monodromy action is induced by the natural action of W on L.

Proof. Since J rsŒ2� is isomorphic toNƒ, it suffices to prove that the torus A! B rs is iso-
morphic to the constant torus T � trs ! trs after pulling back along f , with monodromy
given by the action of W on T .

To prove this, note that by Lemma 3.17, if xW S ! hrs is an S -point with invariants
b D p.x/ 2 B rs.S/, then ZH .x/ ' Ab as group schemes over S . (Here hrs

� h denotes
the subset of regular semisimple elements.) In particular, we can apply this to the trs-point
i W trs ! hrs (where i is the inclusion map), giving an isomorphism T � trs ' Atrs . Since
this isomorphism is induced by étale locally conjugating i to � by elements of H , the
monodromy action is indeed given by the natural action of W on T .

Proposition 3.22 shows that it suffices to understand the W -action on NL if we wish
to understand the group scheme J rsŒ2�. To this end, we perform some root system calcu-
lations in the following proposition.

Proposition 3.23. Suppose that H is not of type A1.

(1) L_=2L_ has no nonzero W -invariant elements.

(2) The F2ŒW �-representationNL is absolutely irreducible, so everyW -equivariant auto-
morphism NL ! NL is the identity.

(3) There exists an element w 2 W that has no nonzero fixed points on NL.

Proof. (1) Note thatL_=2L_DHom.L=2L;F2/, so let f WL=2L!F2 be a nonzeroW -
invariant functional. If f vanishes on a root ofL, then f vanishes on all of them since they

https://stacks.math.columbia.edu/tag/0BQM
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form a single W -orbit. Since the roots of L generate L=2L, it follows that f .˛/ D 1 for
every root. Since we have assumed thatL is not of typeA1, there exist roots ˛, ˇ such that
˛C ˇ is also a root. But then we would have 1D f .˛C ˇ/D f .˛/C f .ˇ/D 1C 1D 0.
This is a contradiction, hence no such nonzero f exists.

(2) Let S � NL ˝ xF2 be a W -stable subspace, and assume that v 2 S is a nonzero
element. Since the pairing .�; �/ on NL is nondegenerate, there exists a root ˛ 2 L such
that .v; ˛/ ¤ 0 in xF2. If w˛ 2 W denotes the reflection associated with ˛, then wa.v/ D
v � .v; ˛/˛ also lies in S . It follows that wa.v/� v D .v; ˛/˛ lies in S , hence ˛ also lies
in S . Since W acts transitively on the roots, every root is contained in S . Since the roots
generate L, it follows that S D NL ˝ xF2, as claimed. The second claim follows from
Schur’s lemma. (We thank Beth Romano for helping us with the proof of this fact.)

(3) We first consider the case that the pairing on L=2L is nondegenerate, which is
equivalent to the projection map L=2L! NL being injective. Since L=2L and L_=2L_

have the same order, the latter statement is also equivalent to the fact that L=2L !
L_=2L_ is an isomorphism. We show that in this case it suffices to take a Coxeter
element wcox of W . Indeed, let Hsc ! H be the simply connected cover of H , let
�1 be the centre of Hsc and let Tsc be the preimage of T in Hsc. It is a classical fact
that the inclusion �1 � Tsc restricts to an equality �1 D T wcox

sc , see [32, Theorem 1.6].1

Taking 2-torsion implies that �1Œ2� D TscŒ2�
wcox . Since the map L=2L ! L_=2L_ is

an isomorphism, the same is true for the map TscŒ2� ! T Œ2� which has kernel �1Œ2�,
hence TscŒ2�

wcox D �1Œ2� D ¹1º. Since TscŒ2�' L=2L, we have shown that .L=2L/wcox D

N
wcox
L D 0, as claimed.

We now consider the general case. Let S be a root basis of L, which is an F2-basis
of the vector space L=2L. Since L=2L! NL is surjective, there exists a subset SM � S
projecting onto a basis of NL. Let M be the F2-span of SM . Then M is a (possibly
reducible) root lattice associated with the sub-root system generated by SM , and the com-
positionM=2M ,! L=2L� NL is an isomorphism. The pairing .�; �/ on L=2L restricts
to a pairing on M=2M , and the previous sentence shows that this pairing on M=2M is
nondegenerate. It follows that M is a direct sum of irreducible root lattices of the form
considered in the first case of this proof. Let w be a Coxeter element with respect to SM ,
i.e., a product of the simple reflections in SM . Then .M=2M/w D 0 by the first case of
the proof, so Nw

L D 0 too.

4. The mildly singular locus

We keep the notations from Section 3. Recall from Section 3.8 that B rs � B denotes
the locus where the discriminant polynomial � is nonzero, and that the family of curves
C ! B is smooth exactly above B rs (Lemma 3.14). In this section, we introduce an

1The reference assumes that T is a maximal torus in a compact Lie group, but this implies the
corresponding result for a maximal torus in a semisimple group over a field of characteristic zero.
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open subset B1 � B strictly containing B rs where we allow the fibres of C ! B to
have one nodal singular point. We therefore call B1 n B rs the ‘mildly singular locus’
of B . We then extend some results concerning the representation V and the family of
curves from B rs to B1 in Sections 4.2 and 4.3, and generalise Proposition 3.21 in Sec-
tion 4.4. This will be useful for the construction of orbits in Section 6 and for the analysis
of integral orbits of square-free discriminant in Section 7.4. To avoid stating the same
assumption repeatedly, we will make the following assumption throughout the rest of this
paper.

Convention 4.1. The group H is not of type A1.

4.1. The discriminant locus

Recall that we have fixed a maximal torus T �H in Section 3.1. Recall from Section 2.1
that the discriminant polynomial � 2 QŒh�H is the image of

Q
˛2ˆt

˛ 2 QŒt�W under
the isomorphism QŒt�W ��! QŒh�H of the Chevalley restriction theorem. Using the iso-
morphism QŒh�H ��! QŒV �G D QŒB� from Proposition 2.11, we view � as an element
of QŒB�.

Lemma 4.2. For every field k=Q, � is irreducible in kŒB�.

Proof. It suffices to prove that we cannot partition ˆt into two nonempty W -invariant
subsets. Equivalently, we need to prove that W acts transitively on ˆt. This is true
since ˆt is irreducible and simply laced.

We write D for the subscheme of B cut out by �. Lemma 4.2 implies the following.

Corollary 4.3. The scheme D is geometrically integral.

Write Dsing for the singular locus of D, a closed subscheme of D.

Definition 4.4. We define B1 as the complement of Dsing in B . We define D1 as the
complement of Dsing in D; we call D1 the mildly singular locus.

The subscheme B1 � B is open, and we have inclusions B rs ¨ B1 ¨ B . Since D
is geometrically integral, the complement of B1 in B has codimension � 2. (In fact,
Lemma 4.5 shows that it has codimension exactly 2.) As a general piece of notation, if X
is a B-scheme, we write X1 for its restriction to B1.

4.2. Representation theory over B1

If b is a point of B , we write hb for the fibre of the adjoint quotient h
p
�! h==H D B along

this point.

Lemma 4.5. Suppose that k=Q is an algebraically closed field and b 2 B.k/. Then b 2
D1.k/ if and only if some (equivalently, every) semisimple x 2 hb.k/ has the property
that the derived subgroup of ZH .x/ is of type A1.
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Proof. As every two semisimple elements in hb.k/ areH.k/-conjugate (Proposition 2.1),
requiring the last claim for some semisimple element of hb.k/ is equivalent to requiring it
for all of them. Let T �H be the fixed maximal torus of Section 3.1, with root systemˆt

and Weyl group W . Let x be an element of t with invariants b. By Lemma 2.2, ZH .x/ is
a reductive group with root systemˆt.x/D ¹˛ 2 ˆt j ˛.x/D 0º, and its Weyl groupWx
is the subgroup of W generated by the reflections through ˆt.x/.

To prove the lemma, we need to prove that b 2 D1.k/ if and only if ˆt.x/ is of
type A1. Let bx be the image of x in t ==Wx and let Dx � t ==Wx be the discriminant
locus of ZH .x/, with smooth locus D1

x . By Lemma 2.3, Dx ! D is étale at bx , hence
b 2 D1.k/ if and only if bx 2 D1

x.k/. So it suffices to prove that bx 2 D1
x.k/ if and only

if ˆt.x/ is of type A1.
Firstly, suppose that ˆt.x/ D ¹˛;�˛º is of type A1, so Wx D ¹1; w˛º is generated

by the reflection through ˛. Then one can compute Dx explicitly: t ==Wx is given, up to
taking a product with an affine space, by the quotient of Spec kŒX� by the Z=2Z-action
X 7! �X . This quotient is SpeckŒX2� and Dx is the vanishing locus of X2, hence Dx is
smooth. Therefore, bx 2 D1

x.k/, which proves one direction.
Conversely, suppose that ˆt.x/ is not of type A1. If ˆt.x/ were empty, then b 2

B rs.k/, so ˆt.x/ is nonempty and of rank � 2. We need to prove that D is singular
at b. Since the singular locus of D is closed and x is the specialisation of a point y for
which the rank of ˆt.y/ is exactly 2, we may assume that ˆt.x/ is either of type A2
or A1 � A1. In both cases, one can compute explicitly that Dx is not smooth at bx , as
required.

Recall from Proposition 3.21 that if k=Q is a field and b 2 B rs.k/, we have an iso-
morphism Zb ' JbŒ2� of finite étale k-groups. So if g denotes the common arithmetic
genus of the curves Cb , the group scheme Zb has order 22g .

Lemma 4.6. If b 2 D1.k/, the group scheme Zb has order 22g�1.

Proof. The group scheme Zb is the centraliser of the element �b , which is regular by
Proposition 3.11. By Lemma 3.18, it suffices to prove that if L is a root lattice of the
same type asH , NL D image.L=2L! L_=2L_/ and ˛ 2 L is a root, then ˛ is nonzero
inNL. Since L is not of type A1 (Convention 4.1), there exists a root ˇ with .˛;ˇ/D �1.
Therefore, ˛ 62 2L_, so ˛ is nonzero in NL, as claimed.

Before we state the last result of this section, we record a useful lemma.

Lemma 4.7. Let k=Q be a field and x 2 h.k/ a semisimple element with centraliser
L WD ZH .x/. Then the centre of L is connected.

Proof. We may assume that k is algebraically closed and that x lies in t.k/, the Lie
algebra of the maximal torus T � H fixed in Section 3.1. It suffices to prove that the
character group of the centre of L is torsion-free. By Lemma 2.2, this group can be iden-
tified withX�.T /=Zˆt.x/. SinceH is adjoint,X�.T /D Zˆt. The definition of the root
systemˆt.x/ shows that it is Q-closed in the sense of [71, §3.5]. By [71, Proposition 3.5],
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every root basis of ˆt.x/ can be extended to a root basis of ˆt. This implies that Zˆt.x/

is a direct summand of Zˆt so the quotient Zˆt=Zˆt.x/ is indeed torsion-free.

To state the next proposition, recall that V reg � V denotes the open subscheme of
regular elements and that we have fixed a Kostant section � in Section 3.8.

Proposition 4.8. The action map G � B1 ! V regjB1 , .g; b/ 7! g � �b is surjective.

Proof. Part (2) of Proposition 2.11 implies that this map is surjective when restricted
to B rs. Therefore, it suffices to prove that if k=Q is algebraically closed and b 2 D1.k/,
then every two elements x; y 2 V reg

b
.k/ are G.k/-conjugate. Let x D xs C xn and y D

ys C yn be the Jordan decompositions of x and y. Since the semisimple parts xs and ys
are G.k/-conjugate by Proposition 2.7, we may assume that xs D ys . The centraliser
L WD ZH .xs/ is a reductive group with derived subgroup of typeA1 (Lemma 4.5); write l

for its Lie algebra. The involution � restricts to a stable involution � jL on L [77, Lem-
ma 2.5]. Since x and y are regular, xn, yn are regular nilpotent elements of l�D�1.
Therefore, to prove the lemma, it suffices to prove that L� \ G acts transitively on the
regular nilpotents in l�D�1. (Note that L� � H � but we do not have L� � G in gen-
eral.)

We first claim that L� acts transitively on the regular nilpotents in l�D�1. To this end,
let Z.L/ denote the centre of L and consider the exact sequence

0! Z.L/! L! PGL2 ! 0: (4.1)

The involution � preserves Z.L/ (acting via inversion by [77, Lemma 2.7 (3)]), and
by Lemma 2.10 we may choose the isomorphism L=Z.L/' PGL2 so that � corresponds
to the standard stable involution � D Ad.diag.1;�1// of PGL2 from Section 3.1. An ele-
mentary computation in sl2 (or Proposition 3.8) shows that PGL�2 acts transitively on the
regular nilpotents in l�D�1. To prove the claim, we only need to show that L� ! PGL�2
is surjective. Since Z.L/ is connected (Lemma 4.7), Z.L/=.1 � �/Z.L/ is trivial and
therefore taking � -invariants of (4.1) shows that indeed L� ! PGL�2 is surjective, prov-
ing the claim.

To prove that L� \ G acts transitively on the regular nilpotents in l�D�1, it suffices
to prove by the previous paragraph that L� \ G surjects onto PGL�2. We first claim that
there exists a semisimple element t 2 V with centraliser M D ZH .t/ such that L � M
and such that the derived subgroup of M is of type A2. Indeed, take a Cartan subspace
c � V containing xs; then ˆc.xs/ D ¹˙˛º for some root ˛. Since ˆc is not of type A1,
there exists a root ˇ such that ¹˙˛;˙ˇ;˙.˛ C ˇ/º � ˆc. Taking t to be an element of c

that vanishes exactly on those roots satisfies the requirements.
Again, � restricts to a stable involution onM and the isomorphismM=Z.M/' PGL3

can be chosen so that � agrees with the standard stable involution  of PGL3 from Sec-
tion 3.1. Again,Z.M/ is connected by Lemma 4.7 and taking � -invariants of the analogue
of sequence (4.1) for M gives an exact sequence

1! Z.M/� !M �
! PGL 3 ! 1:
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A component group calculation (Corollary 3.6) shows that PGL 3 is connected. Therefore,
the identity component .M � /ı maps surjectively onto PGL 3 . Since .M � /ı � M � \ G,
this implies that M � D .M � \ G/ � Z.M/� . It follows that L� D .L� \ G/ � Z.L/� .
Indeed, if l 2 L� , there exists an element z 2 Z.M/� such that lz 2 M � \ G. Since
Z.M/� �Z.L/� , we have lz 2L� \G. We have established the equalityL�D .L�\G/ �
Z.L/, and it implies that L� \G surjects onto PGL�2.

Remark 4.9. Proposition 4.8 is false when H is of type A1. Indeed, in that case 0 2
B1 D B , G D

®�
0 x
y 0

�
j xy D 0

¯
' Gm and there exist two G-orbits on V reg

0 D
®�
0 x
y 0

�
j

xy D 0
¯
. The problem is that, in the notation of the proof, L� \G D G does not surject

onto the disconnected group PGL�2.

4.3. Geometry over B1

Recall from Section 3.7 that we have introduced a family of projective curves C ! B

which is smooth exactly above B rs.

Lemma 4.10. Let k=Q be a field and let b 2 B.k/. Then b 2 D1.k/ if and only if the
curve Cb has a unique nodal singularity.

Proof. A node is a simple singularity of type A1. Therefore, the lemma follows from
Lemmas 3.14 and 4.5.

The fibres of the morphism C ! B may be reducible. However, this does not happen
over B1.

Lemma 4.11. The fibres of C 1 ! B1 are geometrically integral.

Proof. The geometric fibres of C ! B are reduced, connected, and over B rs these fibres
are smooth. Therefore, it suffices to prove that Cb is irreducible if k=Q is algebraically
closed and b 2 D1.k/. This can be verified by computation in each case, or by the fol-
lowing uniform argument.

Let Z � D1 be the locus above which the fibres fail to be geometrically integral.
Then Z is closed by [36, Théorème 12.2.1 (x)]. We claim that Z is also open. To prove
this, it suffices to prove that Z is closed under generalisation [75, Tag 0903]. By [75,
Tag 054F], this amounts to showing that for every complete discrete valuation ring R
and morphism SpecR! D1, the generic point of SpecR lands in Z if the closed point
of SpecR does. If b 2 D1.k/, then Cb has a unique nodal singularity by Lemma 4.10,
so either Cb is irreducible with one node or a union of two irreducible components inter-
secting transversally. Therefore, if b 2 D1.k/, then Cb is reducible (in other words,
b 2 Z) if and only if the generalised Jacobian Pic0Cb=k is an abelian variety [21, §9.2,
Example 8]. On the other hand, since the locus of SpecR where the relative Jacobian
Pic0CR=R! SpecR (which exists and is a semi-abelian scheme by [21, §9.3, Theorem 7])
is an abelian variety is open (this follows from looking at torsion points), we conclude
that the generic fibre of Pic0CR=R is an abelian variety if its special fibre is. It follows

https://stacks.math.columbia.edu/tag/0903
https://stacks.math.columbia.edu/tag/054F
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that Z is closed under generalisation, proving the claim. Since D1 is irreducible and Z
is open and closed, it follows that Z is empty or equal to D1; we will exclude the latter
case.

To this end, it suffices to prove that C� is geometrically integral, where � is the generic
point of D. Assume by contradiction that this is not the case. As observed in the previous
paragraph, this implies that Pic0C�=� is an abelian variety. Therefore, the finite étale group
scheme J rsŒ2�!B rs is unramified alongD. By Zariski–Nagata purity for finite étale cov-
ers [75, Tag 0BJE], this implies that J rsŒ2� extends to a finite étale cover over B . Since B
is isomorphic to affine space over k, this cover must be trivial. However, a monodromy
calculation (Propositions 3.22 and 3.23) shows that J rsŒ2� is nontrivial. (Recall that we
have excluded that H is of type A1.) This is a contradiction, completing the proof of the
lemma.

Since C 1 ! B1 has geometrically integral fibres by Lemma 4.11, the group scheme
Pic0

C1=B1
is well defined, and we denote it by J 1 ! B1 [21, §9.3, Theorem 1]. It is

a semi-abelian scheme. The 2-torsion subgroup J 1Œ2�! B1 is a quasi-finite étale group
scheme; we may therefore view it as a sheaf on the étale site of B1.

Lemma 4.12. Let j WB rs ,! B1 be the open inclusion. Then j�J rsŒ2� D J 1Œ2� as étale
sheaves on B1.

Proof. Consider the natural morphism

�W J 1Œ2�! j�j
�J 1Œ2� D j�J

rsŒ2�

obtained by adjunction. Since J 1 ! B1 is separated, J 1Œ2�! B1 is separated as well,
so � is injective. To prove that � is an isomorphism, it suffices to check this at geometric
points of B1. Combining the last two sentences, it suffices to prove that .J 1Œ2�/xb and
.j�J

rsŒ2�/xb have the same cardinality for all geometric points xb of B1, or even that the
cardinality of the latter is bounded above by the cardinality of the first. This is obvious
if xb lands in B rs, so assume that xb lands in D1.

By Lemma 4.11, Cxb is integral and has a unique singularity, which is a node. It fol-
lows that J 1

xb
has order 22g�1, where g is the arithmetic genus of Cb . On the other hand,

the order of .j�J rsŒ2�/x for x 2 D1 can only go down under specialisation. It therefore
suffices to prove that if � denotes the generic point ofD, then .j�J rsŒ2�/� has order 22g�1.
In fact, we claim that �� is an isomorphism.

To this end, letK be the fraction field of the discrete valuation ring OB;� and let j� be
the inclusion SpecK ,! Spec OB;� . Then the pullback of j�J rsŒ2� along Spec OB;� ! B

equals .j�/�J rs
K Œ2�, where J rs

K denotes the pullback J rs along the generic point of B .
The curve COB;� is regular since Spec OB;� ! B , hence COB;� ! C is formally smooth
and the total space C is smooth. Therefore, a result of Raynaud [21, §9.5, Theorem 1]
shows that the identity component of the Picard functor of COB;� , which equals J 1

OB;�
by

definition, is isomorphic to the Néron model of JK . By the Néron mapping property, this
shows that J 1� Œ2� D .j�J

rsŒ2�/� . This completes the proof of the claim, hence that of the
lemma.

https://stacks.math.columbia.edu/tag/0BJE
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4.4. Summary of properties of B1

We summarise the properties of D1 in the next theorem.

Theorem 4.13. Let k=Q be an algebraically closed field and let b 2 B.k/. Then the
following are equivalent:

(1) b 2 D1.k/;

(2) for every semisimple v 2 Vb.k/, the derived subgroup of ZH .v/ is of type A1;

(3) Cb is irreducible and has a unique singular point, which is a node.

Proof. Combine Lemmas 4.5 and 4.10.

Theorem 4.14. The isomorphism J rsŒ2�' Zrs from Proposition 3.21 uniquely extends to
an isomorphism J 1Œ2� ' Z1 of separated étale group schemes over B1.

Proof. Since J rsŒ2� and Zrs are dense in J 1Œ2� and Z1, respectively, uniqueness is clear.
For the existence, denote the open immersion B rs ,! B1 by j . Consider the composition

 W Z1 ! j�Z
rs �
�! j�J

rsŒ2�
�
�! J 1Œ2�

of the adjunction morphism Z1 ! j�Z
rs, the pushforward of the isomorphism Zrs ��!

J rsŒ2� along j and the isomorphism j�J
rsŒ2�

�
�! J 1Œ2� of Lemma 4.12. Since Z1 ! B1

is separated,  is injective. It therefore suffices to prove that Z1
xb

and J 1
xb

have the same
cardinality for every geometric point xb of D1. If g denotes the common arithmetic genus
of the fibres of C ! B , then Z1

xb
has cardinality 22g�1 by Lemma 4.6. On the other hand,

J 1
xb

also has cardinality 22g�1 by Lemmas 4.10 and 4.11.

Although it is not necessary for this paper, we expect that an isomorphism similar
to the one of Theorem 4.14 holds over the whole of B , but we have not been able to
prove it.

5. The compactified Jacobian

We keep the notations from Section 3. Recall from Section 3.8 that the family of smooth
projective curves C rs ! B rs has Jacobian variety J rs ! B rs which is itself a smooth and
projective morphism. The goal of this section is to extend the B rs-scheme J rs to a proper
B-scheme xJ with good geometric properties. We achieve this using the theory of the
compactified Jacobian of Altman–Kleiman [1], extended by Esteves [33] to incorporate
reducible curves. Its construction is given in Section 5.2 and its basic properties are sum-
marised in Theorem 5.14. Note that the occurrence of reducible fibres is the reason why
the definition of xJ is more involved here than in our previous work [43, §4.3], which
treats the E6 case and where only irreducible fibres are present.

The results of this section will be useful for the construction of orbits in Section 6
(specifically Section 6.2) and the construction of integral representatives in Section 7.5.



J. Laga 3328

5.1. Generalities on sheaves

The following material is largely taken from [33, 48]. Let k be an algebraically closed
field. By a curve we mean a reduced projective scheme of pure dimension 1 over k.

Definition 5.1. A coherent sheaf I on a connected curve X is said to be

(1) rank-1 if I� ' OX;� as OX;�-modules for every generic point � 2 X ;

(2) torsion-free if the associated points of I are precisely the generic points of X ;

(3) simple if Endk.I / D k.

We remark that the first two conditions imply the third if X is irreducible and that
every torsion-free rank-1 sheaf on a smooth curve is invertible.

To obtain a well-behaved moduli problem of torsion-free rank-1 sheaves on a redu-
cible curve, we use stability conditions introduced by Esteves [33]. A subcurve Z of
a curve X is a closed k-subscheme that is reduced and of pure dimension 1. If I is
a torsion-free sheaf on X , its restriction to a subcurve I jZ is not necessarily torsion-free;
it contains a biggest torsion subsheaf and the quotient of I jZ by this subsheaf is denoted
by IZ . The sheaf IZ is the unique torsion-free quotient of I whose support is equal to Z.

Definition 5.2. Let E be a vector bundle on a connected curve X of rank r � 1 and
degree�rd . Let I be a torsion-free rank-1 sheaf onX with Euler characteristic �.I /D d .
We say that I isE-semistable if for every nonempty proper subcurve Y ¨X , we have that

�.IY / � �
deg.EjY /

r
: (5.1)

We say that I is E-stable if for every nonempty proper subcurve, inequality (5.1) is strict.

Given a vector bundle E on X , we may define its multislope qE D ¹qECi º as follows.
It is a tuple of rational numbers, one for each irreducible component Ci of X , defined by
setting

qECi WD �
deg.EjCi /

rankE
:

If Y � X is a subcurve, write qEY WD
P
Ci�Y

qECi
, where the sum is taken over those

irreducible components Ci that are contained in Y . If E is of rank r and degree �rd , then
qEX D d . When the vector bundle E is clear from the context, we omit the superscript
from the notation qE .

Definition 5.3. Let X be a curve and E a vector bundle on X of rank r and degree �rd
with multislope q. We say that E is general if qY 62 Z for any nonempty proper subcurve
Y ¨ X .

If I is torsion-free rank-1 on X , then I is E-semistable if and only if �.IY / � qY for
every nonempty proper subcurve Y � X , and E-stable if every such inequality is strict.
Therefore, if E is general, a torsion-free rank-1 sheaf on X is E-semistable if and only if
it is E-stable.
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The next lemma shows that a family of simple torsion-free rank-1 sheaves has no
unexpected endomorphisms. For a quasi-coherent sheaf F on a scheme X , we write
End.F / for the sheaf of OX -module endomorphisms of F , which is again a quasi-
coherent sheaf on X .

Lemma 5.4. Let pWX ! T be a flat family of projective curves whose geometric fibres
are reduced and connected. Let I be a locally finitely presented OX-module, flat over T ,
whose geometric fibres above T are simple torsion-free rank-1. Then p�End.I / D OT .

Proof. Use [1, Corollary 5.3] and the assumption that I is simple in each geometric
fibre.

5.2. The definition

Recall from Section 3.7 that C ! B is a flat projective morphism whose geometric fibres
are reduced connected curves, and that this morphism has sections11; : : : ;1mWB ! C

landing in the smooth locus.

Lemma 5.5. For every field k=Q and b 2 B.k/, the irreducible components of Cb are
geometrically irreducible. Moreover, every such irreducible component contains1i;b in
its smooth locus for some i .

Proof. The first claim follows from the second one. For the second one, we may assume
that k is algebraically closed. Consider the line bundle L D OC .11 C � � � C1m/ on C
associated with the divisors1i of C . For every b 2B.k/, Lb is ample if and only if every
irreducible component of Cb contains1i;b for some i . Moreover, the locus of elements
b 2 B for which Lb is ample is open [36, Corollaire 9.6.4], Gm-invariant (with respect
to the Gm-action on C ! B introduced in Section 3.7) and contains the central point by
Lemma 3.15. These three facts imply that it must be the whole of B .

In order to define a compactified Jacobian of C ! B , we first construct a vector
bundle E on C using properties of the central fibre C0. Recall from Lemma 3.15 that
each of them irreducible components ofC0 contains a unique marked point1i;0. Let qD
¹q1; : : : ; qmº be a tuple of rational numbers such that

Pm
iD1 qi D �.OC0/ D 1 � pa.C0/

and
P
i2I qi 62 Z for every nonempty proper subset I � ¹1; : : : ; mº; it is easy to see

that such a tuple exists. Write qi D ei=r for some ei 2 Z and r 2 Z�1. By further mul-
tiplying ei and r , we may assume that r � m. Let E be the following vector bundle
on C :

E D OC .�e1 � 11/˚ � � � ˚OC .�em � 1m/˚O˚r�mC :

Since the image of1i WB ! C is a divisor of C , the line bundles OC .�ei � 1i / are well
defined. Note that the vector bundle EjC0 has multislope q by construction. For every
geometric point b of B , EjCb is a vector bundle of rank r and degree �r.1� pa.C0// on
the curve Cb .
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Lemma 5.6. For every geometric point b of B , the vector bundle EjCb is general in the
sense of Definition 5.3.

Proof. Follows from Lemma 5.5 and the construction of E.

We are now ready to define the compactified Jacobian associated with E. We assume
we have made a choice of q and E as above. Consider the functor

xJE W ¹B-schemesº ! ¹setsº

sending a B-scheme T to the set of equivalence classes of pairs .I; �/, where

� I is a locally finitely presented OCT -module, flat over T , with the property that for
every geometric point t of T , It is simple torsion-free rank-1, �.It /D �.OC0/ and It
is Et -stable;

� � is an isomorphism1�1;T I ' OT of OT -modules.

We say two pairs .I; �/ and .I 0; �0/ are equivalent if there is an isomorphism I ' I 0

mapping � to �0. We have the following basic representability result [33, Theorem B].

Proposition 5.7 (Esteves). The functor xJE is representable by a B-scheme xJE .

Proof. Let F be the functor from B-schemes to sets, sending a B-scheme T to the set
of equivalence classes of locally finitely presented OCT -modules I , flat over T , with
the property that for every geometric point t of T , It is simple torsion-free rank-1,
�.It / D �.OC0/ and It is Et -stable. (In contrast to xJE , we omit the rigidification �.)
Here we say I and I 0 are equivalent if there exists an invertible sheaf L on T such that
I 0 ' LCT ˝ I . Let F et denote the étale sheafification of F . By [33, Proposition 34], the
functor F et is representable by an open subspace of the algebraic space parametrising
simple torsion-free rank-1 sheaves with no Euler characteristic or stability condition.
By Lemma 5.5 and [33, Theorem B], the latter algebraic space is in fact a scheme, so F et

is representable by a scheme as well.
On the other hand, the forgetful morphism xJE ! F , .T; �/ 7! T is an isomorphism

of functors, since every I 2 F.T / is equivalent to another element I 0 2 F.T / admitting
a rigidification. Since elements of xJE have no nontrivial automorphisms by Lemma 5.4,
étale descent of quasi-coherent sheaves implies that xJE is an étale sheaf, so we have
natural identifications xJE D F D F et. Since F et is representable by a scheme by the
previous paragraph, the same is true for xJE .

Definition 5.8. We call xJE a compactified Jacobian of C ! B associated with E.

If C ! B has reducible fibres, different choices of q may give rise to different com-
pactified Jacobians. For our purposes, these differences will be harmless and for the
remainder of this paper we fix a choice of q andE as above and we simply write xJ D xJE .

Lemma 5.9. Let k be a field and b 2 B.k/ such that the curve Cb is integral. Then xJb
parametrises torsion-free rank-1 sheaves on Cb with degree zero, i.e., Euler characteristic
1 � pa.C0/.
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Proof. If Cb is integral, the Eb-stability condition and the simplicity of the sheaves are
automatic.

5.3. Basic properties of xJ

Lemma 5.10. The morphism xJ ! B is projective.2

Proof. Since the vector bundle E is chosen to be general (Lemma 5.6), the notions of
E-stable and E-semistable agree. Therefore, a theorem of Esteves [33, Theorems C.1
and C.4] shows that xJ is quasi-projective. Moreover, [33, Theorem A.1] shows that
xJ ! B is universally closed. We conclude that xJ is projective over B .

Recall from Section 3.7 that we have defined a Gm-action on C such that C ! B is
Gm-equivariant with respect to the square of the usual Gm-action on B . By functoriality,
this induces a Gm-action on xJ too such that xJ ! B is Gm-equivariant (again with respect
to the square of the usual Gm-action on B). The following argument will be used in the
next two lemmas: if U � xJ is an open Gm-invariant subset containing the central fibre xJ0,
then U D xJ . Indeed, by the properness of xJ ! B , the complement of U in xJ projects to
a closed Gm-invariant subset of B that does not contain the central point 0 2 B , so must
be empty.

Lemma 5.11. The variety xJ is smooth.

Proof. The family C ! B is a semi-universal deformation of the plane curve singu-
larity C0 (Proposition 3.13). Therefore, [48, Fact 4.2 (ii)] implies that xJ is smooth in
a neighbourhood of xJ0. Since the smooth locus of xJ is open, Gm-invariant and con-
tains xJ0, it must be the whole of xJ .

We emphasise that the fibres of xJ ! B might be singular above points that do not lie
in B rs. In fact, we have a precise description of the smooth locus.

Lemma 5.12. The morphism xJ ! B is flat of relative dimension pa.C0/. The smooth
locus of xJ ! B coincides with the locus of invertible sheaves.

Proof. By [48, Theorem 5.5 (ii)], the morphism xJ ! B is flat in a neighbourhood of xJ0.
Since the flat locus is open and Gm-invariant, it follows that it must equal the whole of xJ .
The claim about the smooth locus is [48, Theorem 5.5 (iii)].

Lemma 5.13. The geometric fibres of xJ ! B are reduced and connected. Consequently,
xJ is geometrically integral. Moreover, if k=Q is an algebraically closed field and b 2B.k/
is such that Cb is integral, then xJb is integral.

2There are several nonequivalent definitions of a projective morphism but in this case they all
agree, see [75, Tag 0B45].

https://stacks.math.columbia.edu/tag/0B45
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Proof. Since all the fibres of C ! B have planar singularities, [48, Theorem A (i)–(iii)]
shows that xJ ! B has geometrically reduced and connected fibres. Since xJ is B-flat, this
implies that xJ is geometrically connected. Since xJ is smooth, it follows that it is geomet-
rically irreducible. To establish the last claim, [48, Corollary 5.14] shows that the number
of irreducible components of xJb can be calculated in terms of the intersections between
the irreducible components of Cb . This number is always 1 when Cb is irreducible, as can
be seen from [48, Definition 5.12].

For future reference, we summarise the above properties in the following theorem.
Write xJ 1 for the restriction of xJ to B1. Recall from Section 4.3 that J 1 ! B1 is the
relative generalised Jacobian of the family of integral curves C 1 ! B1. Note that by
Lemma 5.9 and the definition of J 1 we have an open embedding J 1 ! xJ 1.

Theorem 5.14. Let xJ ! B be a compactified Jacobian associated with some choice
of E as in Definition 5.8. Then the morphism xJ ! B is flat, projective and restricts to J rs

over B rs. Its geometric fibres are reduced and connected. The scheme xJ is geometrically
integral and smooth over Q. The smooth locus of xJ 1 ! B1 is isomorphic to J 1 ! B1.
The complement of J 1 in xJ has codimension � 2.

Proof. Only the last two sentences remain to be established. The claim about the smooth
locus of xJ 1 follows from Lemmas 5.9 and 5.12 and the definition of J 1. For the claim
about the codimension, let Z be the complement of J 1 in xJ . Then Z is supported above
the discriminant locus D of B . Moreover, the fibres of the map xJ jD1 ! D1 are geo-
metrically integral by Lemmas 4.11 and 5.13, so the fibres of the map ZjD1 ! D1 have
dimension strictly less than those of xJ jD1!D1. Combining the last two sentences proves
the claim.

5.4. The Białynicki-Birula decomposition of xJ

We recall the Białynicki-Birula decomposition [16] from geometric representation theory.
If k is a field and X is a scheme of finite type of k, we define a decomposition of X to
be a collection of locally closed subschemes X1; : : : ; Xn of X such that the underlying
topological space of X is a disjoint union of the underlying topological spaces of the Xi .
If in addition X is separated over k and endowed with a Gm-action and if x 2 X , we say
that lim�!0 � � x exists if the action map

Gm ! X; � 7! � � x

extends (necessarily uniquely) to a morphism A1
k
! X .

Proposition 5.15. Suppose that X is a smooth and separated scheme of finite type over
a field k, endowed with a Gm-action. Then the closed subscheme of fixed points XGm

is smooth; let F1; : : : ; Fn denote its connected components. Suppose in addition that
lim�!0 � � x exists for every x 2 X . Then there exists a decomposition of X into locally
closed subschemes Xi and morphisms Xi ! Fi which are affine space fibrations in the
Zariski topology.
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Proof. See [40, Theorem 1.5] for a modern proof, which treats the generality in which
we have stated it. We may informally describe Xi as those points x 2 X whose limit
lim�!0 � � x lies in Fi , and the map Xi ! Fi as taking the limit x 7! lim�!0 � � x.

Corollary 5.16. In the setting of Proposition 5.15, assume furthermore thatX is geomet-
rically integral and XGm is finite. Then there exists an open subset of X isomorphic to
affine space AdimX

k
.

Proof. Let F1; : : : ; Fn denote the connected components of XGm ; since XGm is smooth
and finite, each Fi is the spectrum of a separable field extension ki of finite degree over k.
Let X1; : : : ; Xn be the decomposition of X of Proposition 5.15. Then each Xi is iso-
morphic to Ani

ki
for some integer ni � 0. There exists an Xi , say X1, which is of maximal

dimension dimX . Since X1 is locally closed, it is an open subset of its closure xX1 D X ,
so X1 is an open subset of X . Since X is geometrically irreducible, the same is true
for X1. This implies that X1 �k k1 is irreducible, so k1 D k. Therefore, X1 is isomorphic
to AdimX

k
.

Remark 5.17. The proof shows that under the assumptions of Corollary 5.16, X is even
decomposed into affine cells.

We will apply Corollary 5.16 to the compactified Jacobian xJ ! B constructed in
Section 5.2. Recall from Section 5.3 that xJ inherits a Gm-action from C . We denote the
central fibre of xJ by xJ0.

Lemma 5.18. The set of Gm-fixed points xJ Gm
0 is finite.

Proof. This follows from calculations of Beauville [3, §4.1] if C0 is integral. It seems
likely that one can extend his analysis to reducible curves, but we will proceed differ-
ently. We will assume that all schemes are base changed to a fixed algebraic closure k
of Q. Let J.C0/ be the generalised Jacobian of C0 parametrising line bundles having
multidegree zero, i.e., degree zero on each irreducible component of C0. Then J.C0/ is
an algebraic group acting on xJ0, compatibly with the Gm-actions on J.C0/ and xJ0.

Firstly, we claim that the closure of every Gm-orbit of a point in J.C0/ contains
the identity. Indeed, every point of ŒL� 2 J.C0/.k/ is represented by a Cartier divisor
D1 � deg.D1/11;0 C � � � CDm � deg.Dm/1m;0, whereDi is a Cartier divisor suppor-
ted on the smooth affine part of the irreducible component C0;i of C0 containing 1i;0.
Since every smooth point P of C0;i satisfies lim�!1 � � P D 1i;0 (as can be seen from
the definition of the Gm-action on C0 in Section 3.7 and Table 1), we see that � � ŒL�! 0

as �!1, proving the claim.
Secondly, we claim that the action of J.C0/ on xJ0 has finitely many orbits. Indeed,

let p 2 C0 be the unique singular point. Since p is an ADE-singularity, there are only
finitely many isomorphism classes of torsion-free rank-1 modules over the completed
local ring yOC0;p (see [41], in fact this property can be used to characterise ADE-singu-
larities amongst Gorenstein singularities). It therefore suffices to prove that if ŒF �; ŒG � 2
xJ0.k/ are two sheaves whose completed stalks at p are isomorphic, then F ' G ˝L ,
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where L is a line bundle on C0 whose multidegree can only take finitely many values
(independently of F and G ). To prove this, consider the Hom-sheaf H D Hom.F ;G /

and the endomorphism sheaf E D End.F /. Since F jC0n¹pº is a line bundle, E is a coher-
ent commutative OC0 -algebra which is generically isomorphic to OC0 , and H is a coher-
ent E -module. Since the formation of H and E commutes with flat base change [75,
Tag 0C6I], the completed stalk Hp ˝

yOC0;p is free of rank 1 over Ep ˝ yOC0;p . It follows
that Hp is free of rank 1 over Ep , so the stalks Fp , Gp are isomorphic OC0;p-modules.
(An isomorphism is given by choosing an Ep-generator of Hp .) By spreading out such
an isomorphism, we may find an open subset U � C0 containing p and an isomorph-
ism �U WF jU

�
�! G jU . The restrictions of F , G to C0 n ¹pº are line bundles. Since C0

is connected and p is its unique singular point, the complement C0 n U is a union of
finitely many points. We may therefore find an open subset V � C0 n ¹pº containing
those points and an isomorphism �V WF jV

�
�! G jV . The transition map .�V /j�1U\V ı

.�U /jU\V WF jU\V
�
�! F jU\V defines an element f 2 H0.U \ V;O�C0/. Let L be the

line bundle on C0 obtained by glueing OU and OV along the automorphism f . One can
then explicitly check that the maps

FU ˝OU ! GU W s ˝ 1 7! �U .s/;

FV ˝OV ! GV W s ˝ 1 7! �V .s/;

glue to an isomorphism F ˝L ' G . The multidegree of L can only take finitely many
values (when we vary F and G in xJ0) because of the E-stability condition imposed on
sheaves in xJ0. This completes the proof of the claim. (We thank Jesse Leo Kass for his
help with the proof of this claim.)

We now use the last two paragraphs to show that xJ Gm
0 is finite. Indeed, by the second

claim, it suffices to prove that every J.C0/-orbit contains at most one Gm-fixed point.
If x 2 xJ Gm

0 and g 2 J.C0/ are such that g � x 2 xJ Gm
0 , then g�1.� � g/ lies in the stabiliser

of x in J.C0/ for all � 2 Gm. Since this stabiliser is closed, the first claim implies that it
contains lim�!1 g

�1� � gD g�1. Therefore, g lies in the stabiliser of x, that is g � x D x.
We conclude that x is the only Gm-fixed point in the J.C0/-orbit of x.

Theorem 5.19. The variety xJ has a dense open subset isomorphic to affine space AdQ
for some d � 1.

Proof. The compactified Jacobian is a smooth, geometrically integral and quasi-projec-
tive scheme over Q (Theorem 5.14). Since xJ ! B is proper and lim�!0 � � b exists for
every b 2 B , lim�!0 � � x exists for every x 2 xJ . We wish to apply Corollary 5.16, so
it suffices to prove that the fixed point locus xJ Gm is finite. Since BGm consists of the
central point 0, it suffices to prove that xJ Gm

0 is finite, which is exactly Lemma 5.18.

Remark 5.20. The Białynicki-Birula decomposition gives a canonical decomposition
of xJ into locally closed subschemes isomorphic to affine space. This can be made very
explicit when H is of type A2. In that case, C ! B is the universal family of elliptic
curves with short Weierstrass form y2 D x3 C p2x C p3 (see Table 1), and it turns

https://stacks.math.columbia.edu/tag/0C6I
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out [48, Proposition 7.3] that there is an isomorphism of B-schemes xJ ' C respecting
the Gm-actions. The BB decomposition of C has the form

C D C ı t1.B/;

where C ı is the affine part and1.B/ ' B is the image of the marked section at infinity
1WB ! C . The fact that these strata are isomorphic to affine space can be seen directly:
1.B/ ' B D A2Q and C ı is isomorphic to the closed subscheme ¹.x; y; p2; p3/ j y2 D
x3 C p2x C p6º � A4Q, which via projection to the first three coordinates is isomorphic
to A3Q.

In the caseA2g , it is true (but we do not show) that the BB decomposition stratifies the
smooth locus of xJ ! B according to the Mumford representation of a divisor on a hyper-
elliptic curve [50, Chapter IIIa, Proposition 1.2]. It would be interesting to obtain a simil-
arly concrete interpretation of this decomposition for other families of curves studied here.

6. Constructing orbits

We keep the notations from Section 3. The goal of this section is to construct for every
b 2 B rs.Q/ and every element of Sel2 Jb a G.Q/-orbit of Vb.Q/, see Corollary 6.9. The
technical input is the Zariski triviality of a certain universal torsor on J rs in Section 6.2,
see Theorem 6.4. This will be achieved using generalities concerning torsors on open
subsets of affine spaces developed in Section 6.1.

6.1. Torsors on open subsets of affine space

The purpose of this subsection is to prove the following theorem, which will be useful in
the proof of Theorem 6.4.

Theorem 6.1. Let k be a field of characteristic zero and X an open subset of An
k

whose
complement has codimension � 2. Let G be a reductive group over k and let T ! X be
a G-torsor. Suppose that X contains a k-rational point over which T is trivial. Then T is
Zariski locally trivial.

Example 6.2. We illustrate Theorem 6.1 in the concrete case G D PGL2. If k and X
are as in the theorem, then a PGL2-torsor can alternatively be viewed as a Severi–Brauer
curve C ! X . In other words, C ! X is a smooth projective family of genus zero curves
(i.e., conics). Suppose that X contains a point x 2 X.k/ such that the conic Cx has a k-
rational point. Then Theorem 6.1 says that C is a projective bundle over X . This implies
that all the other fibres of C ! X also contain a k-rational point.

Theorem 6.1 might be unsurprising to experts, although we have not been able to loc-
ate it explicitly in the literature. It follows from a slight variant of the formalism developed
in [25, §1] using pointed sets rather than abelian groups. We take a different route and give
a short proof which was suggested to us by Colliot-Thélène. We thank him for letting us
to include the argument here.
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The crucial input is the following result of Raghunathan–Ramanathan, see [60, The-
orem 1.1] and the remark immediately thereafter.

Proposition 6.3. Let k be a perfect field and G a reductive group over k. Then every
G-torsor on A1

k
is isomorphic to the pullback of a G-torsor on Spec k along the map

A1
k
! Spec k.

Proof of Theorem 6.1. Let pWAn
k
! An�1

k
be the projection onto the first n � 1 coordin-

ates and let pX WX!An�1
k

be its restriction toX . IfK denotes the function field of An�1
k

,
then the assumptions onX imply that the generic fibre of pX is isomorphic to A1K . By Pro-
position 6.3, the restriction of T to this generic fibre is induced from a torsor T0 on SpecK
along the map A1K ! SpecK.

Since k is infinite, we may choose a section sWAn�1
k
! An

k
of p such that its image

does not contain any generic point of the complement of X in An
k

. Suppose that X1 D
s�1.X \ s.An�1

k
// and let T1 be the pullback of T along sjX1 WX1 ! X . By our choice

of s, X1 is an open subset of An�1
k

whose complement has codimension � 2. The generic
fibre of T1 is a torsor on SpecK isomorphic to T0.

Replacing T by T1 and iterating this process, we obtain a torsor Tn on Spec k whose
pullback along X ! Spec k is generically isomorphic to T . By known cases of the
Grothendieck–Serre conjecture (Corollary 2.17), T and Tn �k X are Zariski locally iso-
morphic. Since X has a k-point above which T is trivial, the same is true for Tn �k X ,
hence Tn is trivial itself. We conclude that T is Zariski locally trivial, as desired.

6.2. A universal torsor

Recall from Section 3.8 that J rs ! B rs denotes the relative Jacobian of the family of
smooth curves C rs ! B rs, that Z ! B denotes the universal stabiliser of the Kostant
section �, and that there is an isomorphism of finite étale group schemes J rsŒ2� ' Zrs

over B rs.
Since J rs ! B rs is an abelian scheme, the multiplication-by-2 map J rs �2�! J rs is

a J rsŒ2�-torsor. Pushing out this torsor along the maps J rsŒ2�
�
�! Zrs ,! G defines a G-

torsor T rs ! J rs. (This procedure is also called ‘changing the structure group’.) The
following theorem is one of the main technical results of this paper, and is the essential
input for constructing orbits associated with elements of Jb.Q/ (Theorem 6.6).

Theorem 6.4. The torsor T rs is Zariski locally trivial. That is, for every x 2 J rs there
exists an open subset U � J rs containing x such that T rsjU is trivial.

To briefly explain why this is relevant for constructing orbits, note that if b 2 B rs.Q/
and P 2 Jb.Q/, the image of P under the composition

Jb.Q/=2Jb.Q/! H1.Q; JbŒ2�/
�
�! H1.Q; Zb/! H1.Q; G/

coincides with the isomorphism class of the pullback of T rs along P W Spec Q ! J rs.
Theorem 6.4 implies that this pullback defines the trivial class in H1.Q;G/, which implies
that it corresponds to a G.Q/-orbit of Vb.Q/; see Theorem 6.6 for full details.
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Proof of Theorem 6.4. Recall from Section 4 that B1 � B is an open subset contain-
ing B rs and that the family of curves J 1!B1 is the relative (generalised) Jacobian of the
family of curvesC 1!B1. By Theorem 4.14, the isomorphism J rsŒ2�'Zrs extends to an
isomorphism J 1Œ2�'Z1 of quasi-finite étale group schemes overB1. The multiplication-
by-two map J 1 �2�! J 1 is a J 1Œ2�-torsor, and pushing out this torsor along the composition
J 1Œ2�

�
�! Z1 ! G defines a G-torsor T 1 ! J 1. By construction, the restriction of T 1

to J rs is isomorphic to T rs.
To prove the theorem, it suffices to prove that T 1 is Zariski locally trivial. Using

known cases of the Grothendieck–Serre conjecture (Corollary 2.17), it even suffices to
prove that T 1 is Zariski locally trivial when restricted to a nonempty open subset of J 1.

Recall from Section 5 that we have constructed a scheme xJ ! B containing J 1 as
an open subscheme. By Theorem 5.14, the complement of J 1 in xJ has codimension � 2;
by Theorem 5.19, xJ contains an open dense subscheme U isomorphic to affine Q-space.
This implies that the complement of U 1 WD U \ J 1 in U has codimension � 2.

We claim that T 1jU 1 is Zariski locally trivial. By Theorem 6.1, it suffices to prove
that T 1x is trivial for some x 2 U 1.Q/. In fact, we will show the stronger statement that
¹x 2 J 1.Q/ j T 1x is trivialº is Zariski dense in J 1. Indeed, since J 1 is a rational variety
(it contains U 1 as a dense open subscheme), the set J 1.Q/ is dense in J 1. Since the
multiplication-by-two map J 1 �2�! J 1 is dominant, the subset 2J 1.Q/ � J 1.Q/ is still
dense in J 1. By construction of T 1, the pullback of T 1 along a point x 2 2J 1.Q/ is
trivial. This completes the proof of the claim, hence the proof of the theorem.

6.3. Constructing orbits for 2-descent elements

We start by applying a well-known lemma from arithmetic invariant theory recalled in
Section 2.4 to give a cohomological description of the G-orbits of V . For every Q-
algebra R and b 2 B rs.R/, we write Jb WD J rs

b
for the Jacobian of Cb .

Corollary 6.5. Let R be a Q-algebra and let b 2 B rs.R/. Then the association v 7!
¹g 2 G j g � v D �bº induces an injection


b W G.R/nVb.R/ ,! H1.R; JbŒ2�/:

Its image coincides with the pointed kernel of the map H1.R; JbŒ2�/
�
�! H1.R; Zb/!

H1.R;G/.

Proof. We apply Lemma 2.13 to the action of GB rs on V rs. Indeed, the action map

G � B rs
! V rs; .g; b/ 7! g � �b

is étale (Proposition 3.11) and it is surjective by Proposition 2.11. Pulling back along
bWSpecR! B rs and using the isomorphism JbŒ2� ' Zb from Proposition 3.21 gives the
desired bijection.

We now piece all the ingredients obtained so far together to deduce our first main
theorem.
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Theorem 6.6. Let R be a local Q-algebra (for example, a field of characteristic zero)
and let b 2 B rs.R/. Then the image of the 2-descent map Jb.R/=2Jb.R/! H1.R;JbŒ2�/
lies in the image of 
b of Corollary 6.5. Consequently, there is a canonical injection

�b W Jb.R/=2Jb.R/ ,! G.R/nVb.R/

compatible with base change.

Proof. By Corollary 6.5, it suffices to prove that the composition Jb.R/=2Jb.R/ !
H1.R; JbŒ2�/ ' H1.R; Zb/! H1.R; G/ is trivial. Recall that in Section 6.2, we have
constructed a G-torsor T rs ! J rs such that its pullback along a point P W SpecR ! J rs

defines a G-torsor T rs
P ! SpecR whose isomorphism class equals the image of P under

the above composite map. Since T rs is Zariski locally trivial by Theorem 6.4, T rs
P is Zar-

iski locally trivial. Since R is a local ring, it follows that T rs
P is trivial. This completes

the proof.

Remark 6.7. In the proof of Theorem 6.4, we have shown the stronger statement that the
torsor T 1 ! J 1 (a natural extension of T rs to J 1) is Zariski locally trivial. A straight-
forward adaption of the proof of Theorem 6.6 then shows that if R is a local ring and
b 2 B1.R/ (instead of b 2 B rs.R/), then there exists an injection J 1

b
.R/=2J 1

b
.R/ ,!

G.R/nV
reg
b
.R/. We do not know if this observation is useful.

6.4. Constructing orbits for 2-Selmer elements

The next proposition might be well known to experts – see, for example, [56, Remark
after Theorem 6.22] – but we believe it deserves to be stated explicitly. We slightly deviate
from our standing notation and allow G to be an arbitrary split semisimple group in this
proposition.

Proposition 6.8. LetG be a split semisimple group over a number field k. Then the kernel
of H1.k;G/!

Q
v H1.kv; G/ (where v runs over all places) is trivial.

We emphasise that H1.k; G/!
Q
v H1.kv; G/ is merely a map of pointed sets, and

that it need not be injective. (Take G to be a special orthogonal group.)

Proof of Proposition 6.8. We have an exact sequence

1! �! Gsc ! G ! 1;

where Gsc is simply connected and � is a finite subgroup of a split torus (i.e., a product
of �n’s). This sequence induces a long exact sequence in nonabelian cohomology. Let
˛ 2H1.k;G/ be a class with ˛v D 1 for all places v of k. Since H2.k;�/!

Q
v H2.kv;�/

is injective by the Hasse principle for the Brauer group, we see that ˛ lifts to a class
ˇ 2 H1.k; Gsc/. Since � is a central subgroup of Gsc, any other lift of ˛ is given by �ˇ,
where � 2 H1.k; �/ is a cocycle. We will show that we can choose � so that �ˇ is
trivial. By the Hasse principle for simply connected groups [56, Theorem 6.6], the map
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H1.k; Gsc/!
Q
v H1.kv; Gsc/ is injective. (This map is even bijective.) If v is a finite

or complex place, then H1.kv; Gsc/ is trivial [57, Theorem 5.12.24 (b)]. If v is real, then
ˇv 2 H1.kv;Gsc/ has trivial image in H1.kv;G/ so comes from an element of H1.kv; �/.
Since H1.k; �/!

Q
v real H1.kv; �/ is surjective (this follows from the case � D �n),

we may choose � 2 H1.k; �/ such that �vˇv D 1 for every real place v. This implies
that �ˇ is trivial, as required.

Corollary 6.9. Let k be a number field and let b 2 B rs.k/. Let Sel2 Jb be the 2-Selmer
group of the abelian variety Jb=k. Then Sel2 Jb � H1.k; JbŒ2�/ is contained in the image
of 
b . Consequently, the injection �b from Theorem 6.6 extends to an injection

Sel2 Jb ,! G.k/ n Vb.k/:

Proof. We have a commutative diagram for every place v,

Jb.k/=2Jb.k/ H1.k; JbŒ2�/ H1.k;G/

Jb.kv/=2Jb.kv/ H1.kv; JbŒ2�/ H1.kv; G/:

ı

ıv

By Corollary 6.5, it suffices to prove that 2-Selmer elements in H1.k; JbŒ2�/ are killed
under the composition H1.k; JbŒ2�/

�
�! H1.k; ZG.�b//! H1.k; G/. By definition, an

element of Sel2 Jb consists of a class in H1.k; JbŒ2�/ whose restriction to H1.kv; JbŒ2�/
lies in the image of ıv for every place v. So by Theorem 6.6, the image of such an element
in H1.kv; G/ is trivial for every v. Proposition 6.8 completes the proof.

6.5. Reducible orbits and marked points

Recall from Definition 3.12 that an element of V rs.k/ is k-reducible if it isG.k/-conjugate
to a Kostant section. Recall from Section 3.7 that11; : : : ;1m denote the set of marked
points of C ! B .

Proposition 6.10. Let k=Q be a field and suppose that b 2 B rs.k/. Then the image
under �b W Jb.k/=2Jb.k/ ,! G.k/nVb.k/ of the subgroup of Jb.k/=2Jb.k/ generated by
¹12 �11; : : : ;1m �11º coincides with the set of k-reducible G.k/-orbits of Vb.k/.
Moreover, the set of k-reducible G.k/-orbits has the maximal size 2m�1 if and only if the
inclusion ZG.�b/ � ZH� .�b/ is surjective on k-points.

Proof. The proof is very similar to [65, Lemma 2.11]. For a scheme X=k, we write
H1.X;F2/ WD Hom.H1et.Xks ;F2/;F2/, where H1et denotes étale cohomology. We have an
exact sequence of étale homology groups

1! �m2 =�.�2/! H1.C ıb ;F2/! H1.Cb;F2/! 1: (6.1)

Let Hsc ! H be the simply connected cover of H and let CHsc be the centre of Hsc.
By [77, Theorem 4.10], sequence (6.1) is isomorphic to

1! CHsc Œ2�! ZH�sc
.�b/! ZG.�b/! 1: (6.2)
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It follows that the duals of these sequences are also isomorphic. We will calculate these
duals and their connecting maps in Galois cohomology.

The dual of (6.1) is isomorphic to

1! JbŒ2�! H1et.C
ı
b;ks ;F2/! .�m2 /†D0 ! 1: (6.3)

Here we use the identification JbŒ2� D H1et.Cb;ks ; F2/, and .�m2 /†D0 denotes the subset
of �m2 of elements summing to zero. An explicit calculation shows that the image of the
connecting map .�m2 /†D0.k/! H1.k; JbŒ2�/ coincides with the image of the subgroup
of Jb.k/=2Jb.k/ generated by ¹12 � 11; : : : ;1m � 11º under the 2-descent map
Jb.k/=2Jb.k/ ,! H1.k; JbŒ2�/.

On the other hand, we claim that the dual of (6.2) is isomorphic to

1! ZG.�b/! ZH� .�b/! �0.H
� /! 1: (6.4)

Indeed, the identification of the first two terms follows from [77, Corollary 2.9] and
the existence of a nondegenerate pairing on ZG.�b/ [77, Corollary 2.12]. It follows
from Lemma 3.5 that we may identify the last term with �0.H � /. Next, we claim that
the image of the connecting map �0.H � /! H1.k; ZG.�b// coincides with the image
of the k-reducible orbits in Vb.k/ under the map G.k/nVb.k/ ,! H1.k; ZG.�b// from
Lemma 2.13. Indeed, consider the commutative diagram

G.k/nVb.k/ H � .k/nVb.k/

H1.k;ZG.�b// H1.k;ZH� .�b//;

where the horizontal maps are induced by the inclusionsG�H � andZG.�b/�ZH� .�b/,
and the vertical maps arise from Lemma 2.13. It follows from Corollary 3.4 that the map
H1.k; G/ ! H1.k; H � / has trivial pointed kernel. Moreover, all k-reducible elements
in Vb.k/ areH � .k/-conjugate by Proposition 3.8. Therefore, the set of k-reducibleG.k/-
orbits corresponds to the kernel of H1.k;ZG.�b//!H1.k;ZH� .�b//which, using (6.4),
coincides with the image of the map �0.H � /! H1.k; ZG.�b//. This proves the claim
and the first part of the proposition.

To prove the remaining part, note that there are 2m�1 k-reducible orbits if and only
if the map .�m2 /†D0.k/! H1.k; JbŒ2�/ is injective. By considering the long exact se-
quences associated with the isomorphic sequences (6.3) and (6.4), this is equivalent to the
surjectivity of H0.k;ZG.�b//! H0.k;ZH� .�b//.

7. Integral representatives

We keep the notations from Section 3. In this section, we introduce integral structures
for G and V and prove that for large primes p, the image of the map from Theorem 6.6
applied toRDQp lands in the orbits which admit a representative in Zp . See Theorem 7.6
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for a precise statement. In Section 7.6, we deduce an integrality result for orbits over Q
(as opposed to orbits over Qp).

7.1. Integral structures

So far we have considered properties of the pair .G; V / over Q. In this subsection, we
define these objects over Z.

Let H (resp. G) be the unique (up to isomorphism) split reductive group over Z with
generic fibreH (resp. G). The automorphism � WH !H extends by the same formula to
an automorphism H ! H , still denoted by � .

Lemma 7.1. The equality .H � /ı DG extends to an isomorphism .H �
ZŒ1=2�/

ı ' GZŒ1=2�,
where .H �

ZŒ1=2�/
ı is the relative identity component of H �

ZŒ1=2�.

Proof. This follows from the fact that .H �
ZŒ1=2�/

ı is a reductive group scheme of the same
type as GZŒ1=2�, which follows from [27, Remark 3.1.5].

To obtain a Z-structure for V , choose a Chevalley basis of g with respect to the max-
imal torus T � , and choose an admissible Z-form V of theG-representation V with respect
to this basis [20, Proposition 2.4]. Since G acts faithfully on V , the results of [20, §3]
imply that G is isomorphic to the Zariski closure of G in GL.V /. We henceforth view G

as a closed subgroup of GL.V /, so V is a representation of G.
Recall from Section 3.7 that we have fixed polynomials pd1 ; : : : ; pdr 2 QŒV �G satis-

fying the conclusions of Proposition 3.13. Note that those conclusions are invariant under
the Gm-action on B . By rescaling the polynomials pdi using this Gm-action, we can
assume they lie in ZŒV �G . We may additionally assume that the discriminant � from
Section 4.1 lies in ZŒV �G . Define

B WD Spec ZŒpd1 ; : : : ; pdr � and B rs
WD Spec ZŒpd1 ; : : : ; pdr �Œ�

�1�:

Taking invariants defines a map � WV ! B .
We extend the family of curves given by the equation in Table 1 to the family C ! B

given by that same equation.

Proposition 7.2. The group G has class number 1: G.A1/ D G.Q/G.bZ/.
Proof. The group G is the Zariski closure of G in GL.V / and in a suitable basis of V ,
G contains a maximal Q-split torus T � consisting of diagonal matrices in GL.V /. There-
fore, G has class number 1 by [56, Theorem 8.11; Corollary 2] and the fact that Q has
class number one.

7.2. Spreading out

Our constructions and theorems for .G; V / of the previous sections will continue to be
valid over ZŒ1=N � for some appropriate choice of integer N , in a sense we will now
explain.
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Let us call a positive integer N admissible if the following properties are satisfied (set
S WD ZŒ1=N �):

(1) Each prime dividing the order of the Weyl group of H is a unit in S . (In particular,
2 is a unit in S .)

(2) The zero locus DS ! SpecS of the discriminant � is flat and its smooth locus D1
S

coincides with the regular locus of DS . Moreover, the nonsmooth locus of DS !

SpecS is flat over SpecS .

(3) The morphism C S ! BS is smooth exactly above B rs
S .

(4) The affine curve C ıS is a closed subscheme of V S and the action map GS � C
ı
S !

V S , .g; x/ 7! g � x is smooth.

(5) For a field k of characteristic not dividing N , b 2 D1.k/ if and only if every semi-
simple lift v 2 V b.k/ has centraliser ZH .v/ of semisimple rank-1 if and only if the
curve C b has a unique nodal singularity. In that case, the curve C b is geometrically
integral.

(6) There exist open subschemes V rs
� V reg

� V S such that if k is a field of charac-
teristic not dividing N and v 2 V .k/, then v is regular if and only if v 2 V reg.k/,
and v is regular semisimple if and only if v 2 V rs.k/. Moreover, V rs is the open
subscheme defined by the nonvanishing of the discriminant polynomial � in V S .

(7) The morphism � WV S ! BS is smooth exactly at V reg.

(8) SŒV �G D SŒpd1 ; : : : ; pdr �. The Kostant section � fixed in Section 3.7 extends to
a section �WBS ! V reg of � satisfying the following property: for any b 2 B.Z/ �
BS .S/, we have �N �b 2 V .Z/. Moreover, each G.Q/-orbit of Kostant sections has
a representative which satisfies the same property.

(9) Let B1 be the complement of the nonregular locus of D in B . Then the action map
GS � BS ! V reg, .g; b/ 7! g � �b is étale and its image contains V reg

jB1S
.

(10) Let J 1S ! BS denote the relative generalised Jacobian of the family of integral
curves C S jB1S ! B1S [21, §9.3, Theorem 1] and let J rs

S ! B rs
S denote its restriction

toB rs
S . LetZS !BS be the centraliser of the Kostant section � inGS . Then there is

an isomorphism J rs
S Œ2� ' Z

rs
S of finite étale group schemes over B rs

S whose restric-
tion to B rs is the isomorphism of Proposition 3.21. It extends to an isomorphism
J 1S Œ2� ' Z

1
S .

(11) TheB-scheme xJ constructed in Section 5 extends to aBS -scheme xJ S !BS which
is flat, projective, with geometrically integral fibres and whose restriction to B rs

S is
isomorphic to J rs

S . Moreover, xJ S ! S is smooth with geometrically integral fibres,
and the smooth locus of the morphism xJ S!BS is an open subscheme of xJ S whose
complement is S -fibrewise of codimension at least two.

(12) The G-torsor T ! J rs from Section 6.2 extends using the same definition to a GS -
torsor T S ! J rs

S , and T S is Zariski locally trivial.

It might be possible to construct an explicit admissible integer for every pair .G; V /.
We will content ourselves with the following.
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Proposition 7.3. There exists an admissible integer N .

Proof. The proof is very similar to the proof of [43, Proposition 4.1]. It follows from the
results of the previous sections and the principle of spreading out [57, §3.2]. We omit the
details, but refer in each case to the corresponding property over Q.

Properties (1) and (2) follow from spreading out; property (3) follows from Lem-
ma 3.14; property (4) follows from the definition of C ı in Section 3.7 and part (6) of
Proposition 3.13; property (5) follows from Theorem 4.13; property (6) follows from
an argument similar to Property 5 of [43, Proposition 4.1]; property (7) follows from
Lemma 3.2; property (8) follows from an argument similar to Property 4 of [43, Proposi-
tion 4.1]; property (9) follows from Propositions 3.11 and 4.8; property (10) follows from
Proposition 3.21 and Theorem 4.14; property (11) follows from Theorem 5.14; finally,
property (12) follows from Theorem 6.4.

For the remainder of the paper, we fix an admissible integer N and continue to write
S D Spec ZŒ1=N �. Moreover, to simplify notation, we will drop the subscript . /

S
and

write G; V;B; J; C; : : : for GS ; V S ; BS ; J S ; C S ; : : :
Using these properties, we can extend our previous results to S -algebras rather than

Q-algebras. We mention in particular the following two, which follow from properties (9),
(10) and (12). (Recall from Section 1.7 the definition of H1.)

Proposition 7.4 (Analogue of Corollary 6.5). Let R be an S -algebra and let b 2 B rs.R/.
Then we have a natural bijection of pointed sets

G.R/nVb.R/ ' ker.H1.R; JbŒ2�/! H1.R;G//:

Proposition 7.5 (Analogue of Theorem 6.6). Let R be a local S -algebra and let b 2
B rs.R/. Then there is an injective map

�b W Jb.R/=2Jb.R/ ,! G.R/nVb.R/

compatible with base change on R.

We are now ready to state the main theorem of this section. Write Ep for the set of all
b 2B.Zp/ that lie inB rs.Qp/. It consists of those elements ofB.Zp/ of nonzero discrim-
inant. (This is different toB rs.Zp/, which consists of those b 2B.Zp/whose discriminant
is a unit in Zp and for which integral orbits are already constructed in Proposition 7.5.)

Theorem 7.6. Let p be a prime not dividingN . Then for any b 2 Ep , the image of the map

�b W Jb.Qp/=2Jb.Qp/! G.Qp/nVb.Qp/

from Theorem 6.6 is contained in the image of the map V.Zp/! G.Qp/nV.Qp/.

The proof of Theorem 7.6 will be given at the end of Section 7.5. The essential ingredi-
ents are Lemmas 7.13 and 7.16 and the good geometric properties of the compactified
Jacobian summarised in Theorem 5.14. We refer to the start of Section 7.5 for a general
overview of the proof strategy.



J. Laga 3344

7.3. Some stacks

For technical purposes related to the proof of Theorem 7.6, we need to introduce some
stacks relevant to our setup. This can be seen as an attempt to ‘geometrise’ the set of
G-orbits of V , and allows for more flexibility in glueing and descent arguments. Hope-
fully, we soothe the reader by mentioning that we will not need any serious properties
of stacks, and we mainly think of them as collections of groupoids where one can glue
objects suitably. All stacks introduced in this paper are considered in the étale topology.
Recall from Section 7.2 that we have fixed an admissible integer N and we have set
S D ZŒ1=N �.

Definition 7.7. Let BG D ŒSpec S=G� be the classifying stack of G. By definition, for
any S -scheme X the groupoid BG.X/ has as objects G-torsors over X . Morphisms are
given by isomorphisms of G-torsors.

Definition 7.8. Let M D ŒGnV � be the quotient stack of V by the natural G-action
on V . By definition, for any S -scheme X an object of M.X/ consists of a G-torsor
T ! X together with a G-equivariant morphism �W T ! V . A morphism between two
objects .T; �/ and .T 0; �0/ consists of an isomorphism ˛WT ! T 0 of G-torsors satisfying
�0 ı ˛ D �.

Finally, recall that Z ! B denotes the centraliser of the Kostant section �, an exten-
sion of the group scheme of Definition 3.16 to S . Consider the quotient stack ŒB=Z�!B ,
where Z acts trivially on B . For any B-scheme X , an X -point of ŒB=Z�.X/ consists of
a Z-torsor on X .

These stacks come with a few natural maps between them:

� M! BG: sends a pair .T; �/ to the G-torsor T .

� M ! B: sends a pair .T
˛
�! X; T

�
�! V / to the unique morphism X

f
�! B fitting in

the commutative diagram

T V

X B:

�

˛ �

f

(Here � denotes the invariant map, and the existence and uniqueness of f follow from
étale descent.) We will often regard M as a stack over B . In particular, if b 2 B.X/
is an X -point, we write Mb for the pullback of M along this point; it is isomorphic
to ŒGnVb�.

� V ! M: sends an X -point X
v
�! V to .G � X; �v/, where �vWG � X ! V sends

.g; x/ to g � v.x/.

� There is a substack ŒB=Z� ,!M obtained by ‘twisting’ the Kostant section. For any
B-schemeX , its image consists of those elements of M that are étale locally conjugate
to �b (or rather to its image under V !M.)
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If G is a groupoid, we write �0G for its set3 of isomorphism classes.

Lemma 7.9. Let b be an X -point of B . The map Vb.X/!Mb.X/ induces a bijection
between the G.X/-orbits of Vb.X/ and elements of �0.Mb.X// that map to the trivial
element in �0.BG.X//.

Proof. This follows formally from the definitions. Indeed, if v; v0 2 Vb.X/ give rise to
isomorphic elements .G � X; �v/ and .G � X; �v0/ in Mb.X/, then there exists an iso-
morphism G � X

�
�! G � X of G-torsors mapping �v to �v0 . Such an isomorphism is

defined by multiplying an element of G.X/, so v and v0 are G.X/-conjugate. The argu-
ment can be reversed, so we obtain an injection

G.X/nVb.X/ ,! �0.Mb.X//:

Since an object .T;�/ of Mb.X/ is isomorphic to .G �X;�v/ for some v 2 Vb.X/ if and
only if T is the trivial torsor, we conclude.

Example 7.10. Suppose that X D Spec Zp , where p is coprime to N and b 2 B.Zp/.
Since every G-torsor over Spec Zp is trivial (by [49, Chapter III, Remark 3.11 (a)] and
Lang’s theorem), Lemma 7.9 gives a bijection betweenG.Zp/nVb.Zp/ and �0.Mb.Zp//.
Therefore, when we want to show that an orbit x 2 G.Qp/nVb.Qp/ has an integral rep-
resentative, it suffices to extend it to a Zp-point of quotient stack Mb . This will be used
in the proof of Theorem 7.6.

The next lemma can be interpreted as a categorical version of Corollary 6.5.

Lemma 7.11. The inclusion ŒB=Z� ,!M induces an isomorphism of stacks ŒB rs=Zrs�'

Mrs over B rs.

Proof. It suffices to prove that for any B-scheme X and b 2 B rs.X/, every two objects
in Mb.X/ are étale locally isomorphic. (Since then every object will be étale locally
isomorphic to the Kostant section.) By passing to an étale extension, we may assume
that these objects map to the trivial element in �0.BG.X//. It therefore suffices to prove
that every two elements of V rs

b
.X/ are étale locally G.X/-conjugate. This is true since

G � B rs ! V rs is smooth and surjective so has sections étale locally; see property (9) of
Section 7.2.

Let Mreg �M be the open substack whose X -points consist of those objects .T; �/
of M.X/ such that � lands in the locus of regular elements V reg and all morphisms
between them. Note that the map ŒB=Z� ! M factors through Mreg by (a spreading
out of) part (2) of Proposition 3.11.

Lemma 7.12. The inclusion ŒB=Z�,!Mreg induces an isomorphism of stacks ŒB1=Z1�'
MregjB1 over B1.

3Assuming it is a set, which will always be the case in this paper.
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Proof. By the same reasoning as the proof of Lemma 7.11, it suffices to prove that G �
B1 ! V 1;reg is smooth and surjective. This follows from property (9) of Section 7.2,
which is a spreading out of Propositions 3.11 and 4.8.

The next lemma is a purity result for the stack M, and will be a crucial ingredient in
the proof of Theorem 7.6.

Lemma 7.13. Let X be a regular integral 2-dimensional scheme, let U � X be an open
subscheme whose complement is finite and let b 2 B.X/. Then the restriction Mb.X/!

MbjU .U / is an equivalence of categories.

Proof. We will use the following fact [26, Lemme 2.1 (iii)] repeatedly: if Y is an affine
X -scheme of finite type, then restriction of sections Y.X/! Y.U / is bijective. To prove
essential surjectivity, let .TU ; TU

�U
��! Vb/ be an object of MbjU .U /. According to [26,

Théoreme 6.13], the G-torsor TU ! U extends to a G-torsor T on X . By the fact above
applied to Y D Vb , �U uniquely extends to a morphism �WT ! Vb . The uniqueness of �
guarantees that � is G-equivariant. Since the scheme of isomorphisms IsomM.A;A

0/

between two objects of Mb.X/ isX -affine, fully faithfulness follows from the fact applied
to this isomorphism scheme.

7.4. Orbits of square-free discriminant

In this subsection, we study orbits of square-free discriminant, which will be useful in the
proof of Theorem 7.6 and in Section 9. For the remainder of Section 7.4, we fix a discrete
valuation ring R with fraction field K, uniformiser � , residue field k and normalised
discrete valuation ordK WK�� Z. We assume that the integer N fixed in Section 7.2 is
a unit in R.

Lemma 7.14. Suppose that b 2 B.R/ satisfies ordK.�.b// D 1. Then bk 2 D1.k/.

Proof. We may assume that R is complete. Since �.b/ reduces to 0 2 k, we have that
bk 2 D. Since�.b/ is a uniformiser ofR, the quotient of the regular ring H0.BR;OBR/D
RŒpd1 ; : : : ;pdr � by the maximal ideal .pd1 �pd1.b/; : : : ;pdr �pdr .b/;�/ is isomorphic
to k. Therefore, the elements ¹pd1 � pd1.b/; : : : ; pdr � pdr .b/;�º form a regular system
of parameters at bk . HenceDRD SpecRŒ¹pdi º�=.�/ is regular at bk . We conclude that bk
is a regular point of DR. To prove the lemma, it suffices to prove that the regular locus
of DR coincides with the smooth locus D1

R of DR ! SpecR.
Indeed, let Z � D be the nonsmooth locus of D ! Spec S , which coincides with

the nonregular locus of D and is S -flat by property (2) of Section 7.2. Let Z0 be the
nonregular locus of DR, which is closed by the excellence of R. Since taking the smooth
locus commutes with base change,ZR agrees with the nonsmooth locus ofDR! SpecR.
It therefore suffices to show that ZR D Z0. Since every smooth point of DR ! SpecR
is regular, Z0 � ZR. To prove the opposite inclusion, let L be the prime subfield of K,
in other words the residue field of the image of SpecK ! Spec S . Since L is perfect,
ZL is the nonregular locus of DL and every point of DL n ZL is geometrically regular.
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It follows that ZK is the nonregular locus of DK and so ZK D Z0K . Since Z is S -flat
by assumption, ZR is R-flat, so ZK is dense in ZR. Since Z0 contains the closure of
Z0K D ZK which is ZR, we conclude that ZR � Z0.

Lemma 7.15. Suppose that b 2 B.R/ satisfies ordK.�.b// D 1. Then the scheme Vb is
regular.

Proof. The idea of the proof is to reduce the statement to sl2; this will be achieved by
a sequence of standard but somewhat technical reduction steps. Since regularity can be
checked after étale extensions and completion, we may assume thatR is complete and k is
separably closed. By Lemma 7.14, bk 2 D1.k/. Let v 2 Vb.k/ be a semisimple element.
Then the centraliser ZH .v/ is a reductive group of semisimple rank-1 (property (5) of
Section 7.2).

We claim that there exists a lift zv 2 V.R/ of v such that zvK 2 V.K/ � h.K/ is
semisimple and such that the group scheme ZH .zv/! SpecR is smooth with connected
fibres. Indeed, let c � Vk be a Cartan subspace containing v (here we use the exten-
sion of Vinberg theory to positive characteristic of [47]). Let x 2 V.R/ be a lift of some
regular semisimple element in c. Then xK is regular semisimple (this being an open
condition) and its centraliser zc WD zh.x/ � VR is a Cartan subspace lifting c. Since k
is separably closed, c is a split Cartan subalgebra; since R is complete the same is true
for zc. We may therefore choose an element zv 2 zc lifting v that vanishes on the same roots
of c as v; this zv will satisfy the desired properties. The smoothness of the centraliser
L WD ZH .zv/ ! SpecR follows from [28, Theorem 1.1 (1)]. The connectedness of the
fibres follows from Lemma 2.2, whose proof continues to hold if the characteristic of k is
not a torsion prime for h, which is weaker than our assumption that the order of the Weyl
group is invertible in k (property (2) of Section 7.2).

The involution � Wh! h restricts to a stable involution of the Lie algebra l ofL by [77,
Lemma 2.5]. We claim that the morphism ofR-schemesG � l�D�1! VR, .g;x/ 7! g � x

is smooth. Since the domain and target areR-flat, it suffices to check thisR-fibrewise [31,
Chapitre I, §7.4]. This follows from [77, Proposition 4.5] (noting that X1 D l�D�1 in this
case), whose proof continues to hold when the characteristic of k does not divide the
order of the Weyl group of H .

Let l
�L
��! BL WD l == L be the GIT quotient, and let �WBL!B be the map induced by

the inclusion l� h. Since � is étale at �L.v/ 2BL.k/ (Lemma 2.3), theR-point b 2B.R/
uniquely lifts to an R-point bL 2 BL.R/ satisfying bL;k D �L.v/. Since bL is open in
the fibre ��1.b/, lbL WD ��1L .bL/ is an open subscheme of l \ hb . Using the previous
paragraph, this implies that the action map mWG � l�D�1

bL
! Vb is smooth. We claim

that m is also surjective. By property (9) of Section 7.2, the image of m contains the set
V

reg
b

of regular elements (in the sense of Lie theory). The complement Vb n V
reg
b

consists
of the semisimple elements of the special fibre Vb;k . Since all such semisimple elements
areG.xk/-conjugate and since the image ofm contains v, we conclude thatm is surjective.

Since regularity is a smooth-local property [75, Tag 036D], the smooth surjective
morphismm shows that it suffices to prove that l�D�1

bL
is a regular scheme. We now make l

https://stacks.math.columbia.edu/tag/036D
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more explicit. Since 2 is invertible in R and since L is reductive of semisimple rank 1,
lDZ.l/˚ lder, whereZ.l/ and lder are the centre and the derived subalgebra of l, respect-
ively. Since k is separably closed, lder ' sl2;R. We claim that any two stable involutions
on l are étale locally conjugate. Indeed, the subscheme of elements ofLmapping one such
involution to another is smooth, so to prove that it has sections étale locally we merely
have to show it surjects on SpecR, which follows from spreading out of Lemma 2.10.
(See [44, Proposition 5.6] for the proof of a similar statement.) Therefore, we may assume
that in the decomposition l ' Z.l/˚ sl2;R, � corresponds to the standard stable involu-
tion Ad..1;�1// of sl2;R and to �1 on Z.l/. Moreover, if �L denotes the discriminant
polynomial of l, then �L.bL/ equals �.b/ up to a unit in R (Lemma 2.3). We may now
calculate that l�D�1

bL
is isomorphic to the scheme .xy D �L.bL//. This scheme is regular

since �.b/, and hence �L.bL/ is a uniformiser of R.

Lemma 7.16. Let b 2 B.R/ with ordK.�.b// D 1. Then Cb is regular and its geometric
special fibre is integral and has a unique singularity, which is a node. Moreover, the group
scheme J 1

b
! SpecR (where J 1 is introduced in Section 4.3) is the Néron model of its

generic fibre.

Proof. By Lemma 7.15, the scheme Vb is regular. Moreover, since C ı is (the spread-
ing out of) a transverse slice of the G-action on V , the map G � C ı

b
! Vb is smooth

(property (4) of Section 7.2). Since regularity is smooth-local, it follows that C ı
b

is a reg-
ular scheme. Since Cb is smooth in a Zariski neighbourhood of the marked points1i;b ,
the scheme Cb is regular too. We have bk 2 D1.k/ by Lemma 7.14. Therefore, the spe-
cial fibre Cbk is geometrically integral and has a unique nodal singularity (property (5)
of Section 7.2). The claim about J 1

b
follows from the regularity of Cb and a result of

Raynaud [21, §9.5, Theorem 1].

The next theorem is not necessary for the proof of Theorem 7.6, but completely
determines the integral orbits in the case of square-free discriminant and will be useful in
Sections 8.10 and 9.

Theorem 7.17. Let R be a discrete valuation ring in which N is a unit. Let K D FracR
and let ordK WK�� Z be the normalised discrete valuation. Let b 2 B.R/ and suppose
that ordK �.b/ � 1. Then

(1) If x 2 Vb.R/, then ZG.x/.K/ D ZG.x/.R/.

(2) The natural map ˛WG.R/nVb.R/!G.K/nVb.K/ is injective and its image contains
�b.Jb.K/=2Jb.K//.

(3) If furthermore R is complete and has finite residue field, then the image of ˛ equals
�b.Jb.K/=2Jb.K//.

Proof. If ordK �.b/ D 0, Jb is smooth and proper over R. Since ZG.x/ is finite étale
over R, the first part follows. By Proposition 7.4 and Lemma 7.18 below, ˛ is inject-
ive. Proposition 7.5 and the equality Jb.K/ D Jb.R/ imply that �b W Jb.K/=2Jb.K/!
G.K/nVb.K/ factors through G.R/nVb.R/, so the second part follows. If R is complete
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and the residue field k is finite, the pointed sets H1.R; G/ and H1.R; Jb/ are trivial
by [49, Chapter III, Remark 3.11 (a)] and Lang’s theorem. The third part then follows
from the fact that the 2-descent map Jb.R/=2Jb.R/! H1.R; JbŒ2�/ is an isomorphism.

We now assume that ordK �.b/ D 1. Then bk 2 D1.k/ by Lemma 7.14. According
to Lemma 7.16, Cb=R is regular, has geometrically integral fibres and its special fibre has
a unique nodal singularity. By the same lemma, the group scheme J 1

b
=R introduced in

Section 4.3 is the Néron model of its generic fibre. Moreover, we have an isomorphism
Z1
b
' J 1

b
Œ2� of quasi-finite étale group schemes over R by Theorem 4.14 (or rather its

spreading out, property (10) of Section 7.2).
By Lemmas 7.15 and 3.2 (and the spreading out of the latter, property (7) of Sec-

tion 7.2), the scheme Vb is regular and the smooth locus of the morphism Vb ! SpecR
coincides with the locus V reg

b
of regular elements of Vb (this time in the sense of Lie

theory). Since a section of a morphism between regular schemes lands in the smooth
locus [21, §3.1, Proposition 2], we see that Vb.R/ D V

reg
b
.R/. By property (9) of Sec-

tion 7.2, the morphism G � SpecR ! V
reg
b

, .g; b/ 7! g � �b is a torsor under the group
scheme Z1

b
from Section 4.2. By Lemma 2.13, we obtain a bijection of pointed sets

G.R/nVb.R/ D G.R/nV
reg
b
.R/ ' ker.H1.R; J 1b Œ2�/! H1.R;G//: (7.1)

We now prove the first part of the theorem. Since x 2 V reg
b
.R/ is étale locallyG-conjugate

to �b by the previous paragraph, we may assume that x D �b . But then ZG.�b/ D Z1b '
J 1
b
Œ2� and J 1

b
satisfies the Néron mapping property, so J 1

b
Œ2�.R/ D J 1

b
Œ2�.K/.

To prove the remaining parts, note that the map H1.R; J 1
b
Œ2�/ ! H1.K; J 1

b
Œ2�/ is

injective (Lemma 7.18 below), so by (7.1) the map G.R/nVb.R/ ! G.K/nVb.K/ is
injective too. To show that the image ofG.R/nVb.R/!G.K/nVb.K/ contains the subset
�b.Jb.K/=2Jb.K//, note that we have an exact sequence of smooth group schemes

0! J 1b Œ2�! J 1b
�2
�! J 1b ! 0;

since J 1
b

has connected fibres. This implies the existence of a commutative diagram

J 1
b
.R/=2J 1

b
.R/ Jb.K/=2Jb.K/

H1.R; J 1
b
Œ2�/ H1.K; JbŒ2�/:

D

It therefore suffices to prove that every element in the image of the map J 1
b
.R/=2J 1

b
.R/!

H1.R; J 1
b
Œ2�/ has trivial image in H1.R;G/. This is true, since the pointed kernel of the

map H1.R;G/! H1.K;G/ is trivial (Proposition 2.16).
If R has finite residue field, then [49, Chapter III, Remark 3.11 (a)] and Lang’s the-

orem imply that H1.R;G/ D ¹1º. In this case, the G.R/-orbits of Vb.R/ are in bijection
with H1.R; J 1

b
Œ2�/ by (7.1). The triviality of H1.R; J 1

b
/ (again by Lang’s theorem) shows

that H1.R; J 1
b
Œ2�/ is in bijection with J 1

b
.R/=2J 1

b
.R/ D Jb.K/=2Jb.K/. This proves

part (3), completing the proof of the theorem.
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Lemma 7.18. Let � be a quasi-finite étale commutative group scheme over SpecR. Sup-
pose that � is a Néron model of its generic fibre: for every étale extension R ! R0 of
discrete valuation rings, we have �.R0/ D �.FracR0/. Then the map of étale cohomo-
logy groups H1.R; �/! H1.K; �/ is injective.

Proof. Let j W SpecK ! SpecR denote the natural inclusion. Then the Néron mapping
property translates into the equality of étale sheaves j�j �� D � . The map H1.R; �/!
H1.K; �/ is therefore injective because it is the first term in the five-term exact sequence
associated with the Leray spectral sequence Hp.R;Rqj�j ��/) HpCq.K; �/.

7.5. Proof of Theorem 7.6

In this section, we use the results from Sections 7.3 and 7.4 to complete the proof of
Theorem 7.6.

We start by summarising the broad strategy. Let p be a prime not dividing N , let b 2
B.Zp/\B rs.Qp/,P 2 Jb.Qp/, and let �b.P / 2G.Qp/nVb.Qp/ be the orbit constructed
in Theorem 6.6. Let

�W Spec Qp !Mb D ŒGnVb�

be the Qp-point of Mb corresponding to �b.P / under Lemma 7.9. We wish to show that
�b.P / has a representative in Vb.Zp/. According to Example 7.10, this is equivalent to
showing that � extends to a morphism z�W Spec Zp !Mb . Instead of constructing such
a z� directly, we will build a 2-dimensional scheme around Spec Zp , construct a map to M

on a large open subscheme of this scheme and use Lemma 7.13 to extend this map to
the whole scheme, which can then be specialised to Spec Zp giving the desired z�. More
precisely,

(1) Using Bertini theorems and properties of the compactified Jacobian, we construct a 2-
dimensional regular integral scheme X together with a morphism xW Spec Zp ! X

and a morphism zbWX! B such that zb extends b in the sense that zb ı x D b, and such
that �.zb/ is square-free in some sense. (See Corollary 7.20 for a precise statement.)

(2) Using the results of Section 7.4 (more specifically Lemma 7.16), we find an open
subset U � X such that xQp 2 X.Qp/ lies in U.Qp/, X n U is a finite set of closed
points and such that �W Spec Qp !Mb extends to a morphism U !Mzb .

(3) By the purity Lemma 7.13, the latter morphism extends to a morphism X!Mzb . Pre-
composing with xW Spec Zp ! X gives a morphism z�W Spec Zp !Mb extending �,
as desired.

Before we carry out this proof strategy precisely, we need to state the following Bertini
type theorem over Zp , proved in [43, Proposition 4.22].

Proposition 7.19. Let p be a prime number. Let Y ! Zp be a smooth, quasi-projective
morphism of relative dimension d � 1 with geometrically integral fibres. Let D � Y be
an effective Cartier divisor. Assume that YFp is not contained in D (i.e., D is horizontal)
and that DQp is reduced. Let P 2 Y.Zp/ be a section such that PQp 62 DQp . Then there
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exists a closed subscheme X ,! Y containing the image of P satisfying the following
properties:

� X ! Zp is smooth of relative dimension 1 with geometrically integral fibres.

� XFp is not contained in D and the (scheme-theoretic) intersection XQp \DQp is
reduced.

Recall that xJ denotes the compactified Jacobian introduced in Section 5, which has
been spread out in Section 7.2 to a scheme over ZŒ1=N �.

Corollary 7.20. Suppose that p is a prime not dividing N . Let b 2 B.Zp/ \ B rs.Qp/

and P 2 Jb.Qp/. Then there exists a morphism X ! Zp which is of finite type, smooth
of relative dimension 1 and has geometrically integral fibres, together with a morphism
X ! xJZp satisfying the following properties:

(1) Let zb be the composition X ! xJZp ! BZp . Then the discriminant of zb, seen as
a map X! A1Zp , is square-free on the generic fibre of X and not identically zero on
the special fibre.

(2) There exists a section x 2X.Zp/ such that the composition Spec Qp

xQp
���!X! xJZp

coincides with P .

Proof. We apply Proposition 7.19 with Y D xJZp . We define D to be the pullback of
the discriminant locus ¹�D 0º � BZp under the morphism xJZp ! BZp . Since the latter
morphism is proper, we can extend P 2 Jb.Qp/ to an element of xJb.Zp/, still denoted
by P . We claim that the triple .Y;D ; P / satisfies the assumptions of Proposition 7.19.
This follows from an argument identical to [43, Corollary 4.23], using property (11) of
Section 7.2.

Proof of Theorem 7.6. Choose a relative curve X ! Zp , a map X ! xJZp and a section
x 2 X.Zp/ satisfying the conclusions of Corollary 7.20, and let zb be the composition
X ! xJZp ! BZp . Recall that J 1 is an open subscheme of xJ ; let X1 denote the open
subscheme of X landing in J 1Zp .

We claim that the complement of X1 in X is a union of finitely many closed points.
Indeed, by Lemma 7.16 and the fact that the discriminant of zbQp is square-free, the group
scheme

J 1
zbQp
! XQp

is a Néron model of its generic fibre. By the Néron mapping property, the section

XQp !
xJ 1Qp

must land in J 1Qp . Since the discriminant of X is nonzero on the special fibre, it fol-
lows that X1

Fp
is nonempty. Combining the last two sentences and the fact that XFp is

irreducible proves the claim.
To carry out the second step in the proof strategy sketched in the beginning of this

section, we construct a morphism X1!Mzb such that precomposing this morphism with
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xQp WSpec Qp !X equals the morphism �WSpec Qp !Mb that corresponds to the orbit
�b.P / under Lemma 7.9. The multiplication-by-2 map J 1 �2�! J 1 on the semiabelian
scheme J 1 ! B1 is a J 1Œ2�-torsor, and pulling back this torsor along the morphism
X1 ! J 1 defines a J 1Œ2�-torsor T ! X1. Using the isomorphism J 1Œ2� ' Z1 of The-
orem 4.14 (and its spreading out version of property (10) in Section 7.2), we obtain
a Z1-torsor T 0 ! X1. In the language of Section 7.3, this torsor determines a morphism
X1! ŒB=Z�. Composing this morphism with the inclusion ŒB=Z� ,!M (given by twist-
ing the Kostant section and described in Section 7.3), we obtain a morphism X1 !Mzb .
Specializing this morphism at xQp corresponds to the orbit �b.P / under Lemma 7.9,
by the explicit construction of �b in Theorem 6.6.

Finally, by Lemma 7.13 – and this is the key point – the above morphism X1 !Mzb
extends (uniquely) to a morphism X!Mzb . Precomposing with xWSpecZp!X defines
a morphism z�W Spec Zp !Mb whose Qp-fibre corresponds to �b.P / under Lemma 7.9.
By Example 7.10, z� actually arises from an element of Vb.Zp/. We conclude that �b.P /
has a representative in Vb.Zp/, completing the proof.

7.6. Orbits over Z

Recall that Ep D B.Zp/ \ B rs.Qp/ for all p. Define E WD B.Z/ \ B rs.Q/. We state
the following corollary, whose proof is completely analogous to the proof of [66, Corol-
lary 5.8] and uses the fact that G has class number 1 (Proposition 7.2).

Corollary 7.21. Let b0 2 E . Then for each prime p dividing N , we can find an open
compact neighbourhoodWp of b0 in Ep and an integer np � 0 with the following property.
Let M D

Q
pjN p

np . Then for all b 2 E \ .
Q
pjN Wp/ and for all y 2 Sel2.JM �b/, the

orbit �M �b.y/ 2 G.Q/nVM �b.Q/ contains an element of VM �b.Z/.

This statement about integral representatives will be strong enough to obtain the main
theorems in Section 8.

8. Geometry-of-numbers

In this section, we will apply the counting techniques of Bhargava to provide estimates for
the integral orbits of bounded height in the representation .G; V /. We keep the notation
from the previous sections and continue to assume that H is not of type A1.

8.1. Heights

Recall thatB D SpecZŒpd1 ; : : : ;pdr � and that � W V !B denotes the morphism of taking
invariants. For any b 2 B.R/, we define the height of b by the formula

ht.b/ WD sup
1�i�r

jpi .b/j
1=i :
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We define ht.v/D ht.�.v// for any v 2 V.R/. We have ht.� � b/D j�jht.b/ for all � 2 R
and b 2 B.R/. If A is a subset of V.R/ or B.R/ and X 2 R>0, we write A<X � A for
the subset of elements of height < X . For every such X , the set B.Z/<X is finite.

The next lemma records a numerological fact, which implies that B.Z/<X has an
order of magnitude XdimV .

Lemma 8.1. We have d1 C � � � C dr D dimQ V .

Proof. Recall from Section 3.1 that ˆH denotes a root system of H . We prove the two
equalities

d1 C � � � C dr D
1

2
#ˆH C rankH D dimV:

The first one is classical, see [22, Corollary 10.2.4]; the second one follows from [77,
Lemma 2.21] applied to x D 0.

8.2. Measures on G

Let !G be a generator for the Q-vector space of left-invariant top differential forms on G
over Q. It is well defined up to an element of Q� and it determines Haar measures dg
on G.R/ and G.Qp/ for each prime p.

Recall from Section 3.7 that m denotes the number of marked points of the family of
curves C ! B .

Proposition 8.2. The product vol.G.Z/nG.R// �
Q
p vol.G.Zp// converges absolutely

and equals 2m, the Tamagawa number of G.

Proof. Proposition 7.2 implies that the product equals the Tamagawa number �.G/ of G.
By Proposition 3.7, G is semisimple and its fundamental group has order 2#�0.H � /; let
Gsc ! G be its simply connected cover. The proof of Proposition 6.10 (more precisely,
the isomorphism between (6.3) and (6.4)) shows that #�0.H � / has order 2m�1. Now use
the identities �.G/ D 2m�.Gsc/ [52, Theorem 2.1.1] and �.Gsc/ D 1 [46].

We study the measure dg on G.R/ using the Iwasawa decomposition, after introdu-
cing some notation. Recall from Section 3.1 that we have fixed a maximal torus T � H
with set of roots ˆH . Moreover, we have fixed a Borel subgroup P containing T , which
determines a root basis SH � ˆH and a set of positive roots ˆCH . Then T � is a maximal
torus of G and P � is a Borel subgroup of G [63, Lemma 5.1]. Let ˆG D ˆ.G; T � / be
its set of roots, SG D ¹b1; : : : ; bkº the corresponding root basis and ˆ˙G the subsets of
positive/negative roots. Fix, once and for all, a maximal compact subgroup K � G.R/.
If N is the unipotent radical of P � , we have a decomposition P � D T �N � G. Let
xP D T xN � G be the opposite Borel subgroup. Then the natural product maps

xN.R/ � T � .R/ı �K ! G.R/; T � .R/ı � xN.R/ �K ! G.R/

are diffeomorphisms. If t 2 T � .R/, let ıG.t/ D
Q
ˇ2ˆ�

G
ˇ.t/ D det Ad.t/jLie xN.R/. The

following result follows from well-known properties of the Iwasawa decomposition; see
[45, Chapter 3, §1].
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Lemma 8.3. Let dt , dn, dk be Haar measures on T � .R/ı, xN.R/,K, respectively. Then
the assignment

f 7!

Z
t2T � .R/ı

Z
n2 xN.R/

Z
k2K

f .tnk/ dk dn dt

D

Z
t2T � .R/ı

Z
n2 xN.R/

Z
k2K

f .ntk/ıG.t/
�1 dk dn dt

defines a Haar measure on G.R/.

We now fix Haar measures on the groups T � .R/ı, K and xN.R/, as follows. We give
T � .R/ı the measure pulled back from the isomorphism

Q
ˇ2SG

ˇW T � .R/ı ! R#SG
>0 ,

where R>0 gets its standard Haar measure d��D d�=�. We giveK the probability Haar
measure. Finally, we give xN.R/ the unique Haar measure dn such that the Haar measure
on G.R/ from Lemma 8.3 coincides with dg.

8.3. Measures on V

Let !V be a generator of the free rank-1 Z-module of left-invariant top differential forms
on V . Then !V is uniquely determined up to sign and it determines Haar measures dv
on V.R/ and V.Qp/ for every prime p. We define the top form !B D dpd1 ^ � � � ^ dpdr
on B . It defines measures db on B.R/ and B.Qp/ for every prime p.

Lemma 8.4. There exists a unique rational numberW0 2Q� with the following property.
Let k=Q be a field extension, let c be a Cartan subalgebra of hk contained in Vk , and let
�cWGk � c! Vk be the action map. Then ��c!V D W0!G ^ �j

�
c!B .

Proof. The proof is identical to that of [78, Proposition 2.13]. Here we use the fact that the
sum of the invariants equals the dimension of the representation: d1C � � � C dr D dimQ V

(Lemma 8.1).

Lemma 8.5. Let W0 2 Q� be the constant of Lemma 8.4.

(1) Let V .Zp/rs WD V .Zp/ \ V rs.Qp/ and define a function mpWV .Zp/rs ! R�0 by the
formula

mp.v/ D
X

v02G.Zp/n.G.Qp/�v\V .Zp//

#ZG.v0/.Qp/

#ZG.v0/.Zp/
:

Then mp is locally constant.

(2) Let B.Zp/rs WD B.Zp/\B rs.Qp/ and let  pWV .Zp/rs! R�0 be a bounded, locally
constant function which satisfies  p.v/D p.v0/ when v;v0 2 V .Zp/rs are conjugate
under the action of G.Qp/. Then we have the formulaZ
v2V .Zp/rs

 p.v/dvD jW0jp vol.G.Zp//
Z
b2B.Zp/rs

X
v2G.Qp/nV b.Zp/

mp.v/ p.v/

#ZG.v/.Qp/
db:

Proof. The proof is identical to that of [65, Proposition 3.3], using Lemma 8.4.
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8.4. Fundamental sets

Let K � G.R/ be the maximal compact subgroup fixed in Section 8.2. For any c 2 R>0,
define Tc WD ¹t 2 T � .R/ı j 8ˇ 2 SG ; ˇ.t/ � cº. A Siegel set is, by definition, any subset

S!;c WD ! � Tc �K;

where ! � xN.R/ is a compact subset and c > 0.

Proposition 8.6. (1) For every ! � xN.R/ and c > 0, the set

¹
 2 G.Z/ j 
 �S!;c \S!;c ¤ ;º

is finite.

(2) We can choose ! � xN.R/ and c > 0 such that G.Z/ �S!;c D G.R/.

Proof. The first part follows from the Siegel property [19, Corollaire 15.3]. By [56, The-
orem 4.15], the second part is reduced to proving that G.Q/ D P.Q/ � G.Z/, which
follows from [18, §6, Lemma 1(b)].

Fix ! � xN.R/ and c > 0 so that S!;c satisfies the conclusions of Proposition 8.6.
By enlarging !, we may assume that S!;c is semialgebraic. We drop the subscripts, and
for the remainder of Section 8 we write S for this fixed Siegel set. The set S will serve
as a fundamental domain for the action of G.Z/ on G.R/.

A G.Z/-coset of G.R/ may be represented more than once in S, but by keeping
track of the multiplicities this will not cause any problems. The surjective map 'WS!
G.Z/nG.R/ has finite fibres and if g 2 S, we define �.g/ WD #'�1.'.g//. The func-
tion �WS! N is uniformly bounded by �max WD #¹
 2 G.Z/ j 
S \S ¤ ;º and has
semialgebraic fibres. By pushing forward measures via ', we obtain the formulaZ

g2S

�.g/�1 dg D vol.G.Z/nG.R//: (8.1)

We now construct special subsets of V rs.R/ which serve as our fundamental domains
for the action of G.R/ on V rs.R/. By the same reasoning as in [78, §2.9], we can find
open subsets L1; : : : ; Lk of ¹b 2 B rs.R/ j ht.b/ D 1º and sections si WLi ! V.R/ of the
map � WV ! B satisfying the following properties:

� For each i , Li is connected and semialgebraic and si is a semialgebraic map with
bounded image.

� Set ƒ D R>0. Then we have an equality

V rs.R/ D
k[
iD1

G.R/ �ƒ � si .Li /:

If v 2 si .Li /, let ri D #ZG.v/.R/; this integer is independent of the choice of v.
We record the following change-of-measure formula, which follows from Lemma 8.4.



J. Laga 3356

Lemma 8.7. Let f W V.R/ ! C be a continuous function of compact support and i 2
¹1; : : : ; kº. Let G0 � G.R/ be a measurable subset and let m1.v/ be the cardinality of
the fibre of the mapG0 �ƒ�Li ! V.R/, .g;�; l/ 7! g � � � si .l/ above v 2 V.R/. ThenZ

v2G0�ƒ�si .Li /

f .v/m1.v/ dv D jW0j

Z
b2ƒ�Li

Z
g2G0

f .g � si .b// dg db;

where W0 2 Q� is the scalar of Lemma 8.4.

8.5. Counting integral orbits of V

For any G.Z/-invariant subset A � V .Z/, define

N.A;X/ WD
X

v2G.Z/nA<X

1

#ZG.v/.Z/
:

(Recall that A<X denotes the set of elements of A of height < X .) Let k be a field of
characteristic not dividing N . We say an element v 2 V.k/ with b D �.v/ is

� k-reducible if �.b/ D 0 or if it is G.k/-conjugate to a Kostant section, and k-irre-
ducible otherwise.

� k-soluble if �.b/ ¤ 0 and v lies in the image of the map

�b W Jb.k/=2Jb.k/! G.k/nVb.k/

of Proposition 7.5.

For any A � V .Z/, write Airr � A for the subset of Q-irreducible elements. Write
V.R/sol � V.R/ for the subset of R-soluble elements. Write g for the common arithmetic
genus of the curves C ! B .

Theorem 8.8. We have

N.V .Z/irr \ V.R/sol; X/ D
jW0j

2g
vol.G.Z/nG.R// vol.B.R/<X /C o.XdimV /;

where W0 2 Q� is the scalar of Lemma 8.4.

Remark 8.9. It is possible to obtain a power saving error term in Theorem 8.8 using
a finer analysis and the methods of [68], but we have not pursued this here.

We first explain how to reduce Theorem 8.8 to Proposition 8.10. Recall that there exist
Gm-actions on V and B such that the morphism � W V ! B is Gm-equivariant and that
we write ƒ D R>0. By an argument identical to [43, Lemma 5.5], the subset V.R/sol �

V rs.R/ is open and closed in the Euclidean topology. Therefore, by discarding some of
the subsets L1; : : : ; Lk of Section 8.4, we may write V.R/sol D

S
i2J G.R/ �ƒ � si .Li /

for some J � ¹1; : : : ; kº. Moreover, for every b 2 B rs.R/ we have equalities

#.G.R/nVb.R/sol/=#ZG.�b/.R/ D #.Jb.R/=2Jb.R//=#JbŒ2�.R/ D
1

2g
;
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where the first follows from the definition of R-solubility and Proposition 3.21, and the
second is a general fact about real abelian varieties. Therefore, by the inclusion-exclusion
principle, to prove Theorem 8.8 it suffices to prove the following proposition. (See [43,
§5.2] for more details concerning this step.)

For any nonempty subset I of ¹1; : : : ; kº, write LI D �.
T
i2I G.R/ � si .Li //. Fix

an i 2 I , write sI for the restriction of si to LI and write rI D ri . (The section sI may
depend on i but the number rI does not if LI is nonempty.)

Proposition 8.10. Suppose I is a nonempty subset of ¹1; : : : ; kº and write .L; s; r/ D
.LI ; sI ; rI /. Then as X !C1, we have

N..G.R/ �ƒ � s.L// \ V .Z/irr; X/

D
jW0j

r
vol.G.Z/nG.R// vol..ƒ � L/<X /C o.XdimV /:

So to prove Theorem 8.8, it remains to prove Proposition 8.10. For the latter, we
will follow the general orbit-counting techniques established by Bhargava, Shankar and
Gross [7, 14] closely. The only notable differences are that we work with a Siegel set
instead of a true fundamental domain and that we have to carry out a case-by-case analysis
for cutting off the cusp in Section 8.11. For the remainder of Section 8, we fix a triple
.L; s; r/ as above with L ¤ ;.

8.6. First reductions

We first reduce Proposition 8.10 to estimating the number of (weighted) lattice points
in a region of V.R/. Recall that S denotes the Siegel set fixed in Section 8.4 which
comes with a multiplicity function �WS!N. BecauseG.Z/ �SDG.R/, every element
of G.R/ � ƒ � s.L/ is G.Z/-equivalent to an element of S � ƒ � s.L/. In fact, we can
be more precise about how often a G.Z/-orbit will be represented in S � ƒ � s.L/. Let
�WS �ƒ � s.L/! R>0 be the ‘weight’ function defined by

x 7! �.x/ WD
X
g2S

x2g �ƒ�s.L/

�.g/�1: (8.2)

Then � takes only finitely many values and has semialgebraic fibres. We now claim that
if every element of S �ƒ � s.L/ is weighted by �, then the G.Z/-orbit of an element x 2
G.R/ � ƒ � s.L/ is represented exactly #ZG.x/.R/=#ZG.x/.Z/ times. More precisely,
for any x 2 G.R/ �ƒ � s.L/ we haveX

x02G.Z/�x\S�ƒ�s.L/

�.x0/ D
#ZG.x/.R/
#ZG.x/.Z/

:

This follows from an argument similar to [14, p. 202] by additionally keeping track of the
multiplicity function �.
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In conclusion, for any G.Z/-invariant subset A � V .Z/ \G.R/ �ƒ � s.L/ we have

N.A;X/ D
1

r
#ŒA \ .S �ƒ � s.L//<X �; (8.3)

with the caveat that elements on the right-hand side are weighted by �. (Recall that r D
#ZG.v/.R/ for some v 2 s.L/.)

8.7. Averaging and counting lattice points

We consider an averaged version of (8.3) and obtain a useful expression for N.A; X/
(Lemma 8.11) using a trick due to Bhargava. Then we use this expression to count orbits
that lie in the ‘main body’ of V using geometry-of-numbers techniques, see Proposi-
tion 8.15.

Fix a compact, semialgebraic subset G0 � G.R/ �ƒ of nonempty interior, which in
addition satisfiesK �G0 D G0, vol.G0/D 1 and the projection ofG0 ontoƒ is contained
in Œ1; K0� for some K0 > 1. Moreover, we suppose that G0 is of the form G00 � Œ1; K0�,
where G00 is a subset of G.R/. Equation (8.3) still holds when L is replaced by hL for
any h 2G.R/, by the same argument as above. Thus for anyG.Z/-invariant A� V .Z/\
G.R/ �ƒ � s.L/, we obtain

N.A;X/ D
1

r

Z
h2G0

#ŒA \ .S �ƒ � hs.L//<X � dh; (8.4)

again with the caveat that elements on the right are weighted by a function similar to (8.2).
We use equation (8.4) to define N.A; X/ for any subset A � V .Z/ \ G.R/ � ƒ � s.L/
which is not necessarilyG.Z/-invariant. We can rewrite this integral using the decompos-
ition S D ! � Tc �K, Lemma 8.3 and an argument similar to [14, §2.3], which we omit.

Lemma 8.11. Given X � 1, n 2 xN.R/, t 2 T � .R/ and � 2 ƒ, define B.n; t; �; X/ WD
.nt�G0 � s.L//<X . Then for any subset A � V .Z/ \ .G.R/ �ƒ � s.L//, we have

N.A;X/ D
1

r

Z X

�DK�1
0

Z
t2Tc

Z
n2!

#ŒA \ B.n; t; �;X/��.nt/�1

� ıG.t/
�1 dn dt d��; (8.5)

where an element v 2 A \ B.n; t; �; X/ on the right-hand side is counted with weight
#¹h 2 G0 j v 2 nt�h � s.L/º.

Before estimating the integrand of (8.5) by counting lattice points in the bounded
regions B.n; t; �; X/, we first need to handle the so-called cuspidal region after introdu-
cing some notation.

Let ˆV be the set of weights of the T � -action on V . Any v 2 V.Q/ can be decom-
posed as

P
va, where va lies in the weight space corresponding to a 2 ˆV . For a subset

M � ˆV , let V.M/� V be the subspace of elements v with va D 0 for all a 2M . Define
S.M/ WD V.M/.Q/ \ V .Z/.
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Let a0 2X�.T � / denote the restriction of the highest root ˛0 2ˆH to T � . It turns out
that a0 2 ˆV : if H is not of type A2n, this follows from the fact that the Coxeter number
of H is even so the root height of ˛0 with respect to SH is odd; if H is of type A2n, this
can be checked explicitly.

We define S.¹a0º/ (sometimes written S.a0/) as the cuspidal region and define
V .Z/ n S.a0/ as the main body of V . The next proposition, proved in Section 8.11, says
that the number of irreducible elements in the cuspidal region is negligible.

Proposition 8.12. There exists ı > 0 such that N.S.a0/irr; X/ D O.XdimV�ı/.

Remark 8.13. The method of proof shows that an explicit ı can in principle be obtained
in each case. For example, we may take ı D 1C � for every � > 0 whenH is of type A2n
by [7, Proposition 10.5].

Having dealt with the cuspidal region, we may now count lattice points in the main
body using the following proposition [2, Theorem 1.3], which strengthens a well-known
result of Davenport [30].

Proposition 8.14. Letm;n� 1 be integers and letZ �RmCn be a semialgebraic subset.
For T 2 Rm, let ZT D ¹x 2 Rn j .T; x/ 2 Zº, and suppose that all such subsets ZT are
bounded. Then for any unipotent upper-triangular matrix u 2 GLn.R/, we have

#.ZT \ uZn/ D vol.ZT /CO.max¹1; vol.ZT;j /º/;

where ZT;j runs over all orthogonal projections of ZT to all j -dimensional coordinate
hyperplanes .1 � j � n � 1/. Moreover, the implied constant depends only on Z.

Proposition 8.15. Let A D V .Z/ \ .G.R/ �ƒ � s.L//. Then

N.A n S.a0/; X/ D
jW0j

r
vol.G.Z/nG.R// vol..ƒ � L/<X /C o.XdimV /:

Proof. Choose generators for the weight space V a (as a finite free Z-module) for every
a 2 ˆV and let k � k denote the supremum norm of V.R/ with respect to this choice
of basis. Since the set ! � G0 � s.L/ is bounded, we can choose a constant J > 0 such
that kvk � J for all v 2 ! �G0 � s.L/. Let F.n; t; �;X/D ¹v 2 B.n; t; �;X/ j va0 ¤ 0º.
If F.n; t;�;X/\V .Z/¤;, there exists an element v 2B.n; t;�;X/ such that kva0k� 1,
hence �a0.t/ � 1=J .

We wish to estimate #Œ.A n S.a0// \ B.n; t; �; X/� D #ŒV .Z/ \ F.n; t; �; X/� for
all t 2 Tc , n 2 !, � � K�10 and X using Proposition 8.14. An element v 2 F.n; t; �;X/
has weight #¹h 2 G0 j v 2 nt�h � s.L/º, and F.n; t; �; X/ is partitioned into finitely
many bounded semialgebraic subsets of constant weight. Moreover, we have an equality
of (weighted) volumes vol.F.n; t; �; X// D vol.B.n; t; �;X//. Since t and � stretch the
elements of V a by factors a.t/ and �, respectively, for anyM �ˆV the volume of the pro-
jection of F.n; t; �;X/ to V.M/.R/ is bounded above byO.�dimV�#M Q

a2ˆV nM
a.t//.

Since ˆV is closed under inversion, we have
Q
a2ˆV

a.t/ D 1. Moreover, since a0 is
the highest weight of the representation V , we know that for every a 2 ˆV we can write



J. Laga 3360

a D a0 �
P
ˇ2SG

nˇˇ for some nonnegative rationals nˇ . Since t 2 Tc by assumption,
we have a.t/ � c�

P
nˇa0.t/. It follows that

�dimV�#M
Y

a2ˆV nM

a.t/ D �dimV�#M
Y
a2M

a.t/�1 � �dimV�#Ma0.t/
�#M :

Putting the results from the previous paragraph together, we conclude by Proposi-
tion 8.14 that the number of weighted elements of Œ.A n S.a0// \ B.n; t; �; X/� is given
by the formula´

0 if �a0.t/ < 1=J;

vol.B.n; t; �;X//CO.�dimV�1a0.t/
�1/ otherwise.

By that same proposition, the implied constant in this estimate is independent of t 2 Tc ,
n 2 !, � � K�10 and X . Therefore, by Lemma 8.11 N.A n S.a0/; X/ equals

1

r

Z X

�DK�1
0

Z
t2Tc ;a0.t/�1=�J

Z
n2!

.vol.B.n; t; �;X//CO.�dimV�1a0.t/
�1//

� �.nt/�1ıG.t/
�1 dn dt d��: (8.6)

We first show that the integral of the second summand is o.XdimV /. One easily reduces
to showing thatZ X

�DK�1
0

Z
t2Tc ;a0.t/�1=�J

�dimV�1a0.t/
�1ıG.t/

�1 dt d�� D o.XdimV /:

Write SG D ¹ˇ1; : : : ; ˇkº and identify T � .R/ı with Rk>0 using the isomorphism
t 7! .ˇi .t//. Write a0 D

P
hiˇi and

P
ˆ
C

G

ˇ D
P
ıiˇi with hi ; ıi 2 Q. Since the coef-

ficients ıi are strictly positive, there exists an � 2 .0; 1/ such that ıi � �hi > 0 for all i .
Since �1��a0.t/1�� � 1 on ¹t 2 Tc j a0.t/ � 1=�J º, it follows thatZ X

�DK�1
0

Z
t2Tc ;a0.t/�1=�J

�dimV�1a0.t/
�1ıG.t/

�1 dt d��

�

Z X

�DK�1
0

�dimV��
Z
t2Tc ;a0.t/�1=�J

a0.t/
��ıG.t/

�1 dt d��: (8.7)

Since the exponents of ti in a0.t/��ıG.t/�1 are strictly positive, the inner integral of the
right-hand side of (8.7) is bounded independently of �. It follows that the right-hand side
of (8.7) is�

R X
�DK�1

0
�dimV��d�� D O.XdimV��/, as claimed.

On the other hand, the integral of the first summand in (8.6) is

1

r

Z
g2S

vol..g �ƒ �G0 � s.L//<X /�.g/�1 dg C o.XdimV /;

using the fact that vol.B.n; t; �;X// D O.�dimV /. Lemma 8.7 shows that

vol..g �ƒ �G0 � s.L//<X / D jW0j vol..ƒ � L/<X / vol.G0/ D jW0j vol..ƒ � L/<X /:

The proposition follows from formula (8.1).
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8.8. End of the proof of Proposition 8.10

The following proposition is proven in Section 8.10.

Proposition 8.16. Let V red denote the subset of Q-reducible elements v 2 V .Z/ with
v 62 S.a0/. Then N.V red; X/ D o.XdimV /.

We now finish the proof of Proposition 8.10. Again letAD V .Z/\ .G.R/ �ƒ � s.L//.
Then

N.Airr; X/ D N.Airr
n S.a0/; X/CN.S.a0/

irr; X/:

The second term on the right-hand side is o.XdimV / by Proposition 8.12, and
N.Airr n S.a0/;X/ D N.A n S.a0/;X/C o.X

dimV / by Proposition 8.16. Using Propos-
ition 8.15, we obtain

N.Airr; X/ D
jW0j

r
vol.G.Z/nG.R// vol..ƒ � L/<X /C o.XdimV /:

This completes the proof of Proposition 8.10, hence also that of Theorem 8.8.

8.9. Congruence conditions

We now introduce a weighted version of Theorem 8.8. If wWV .Z/! R is a function and
A � V .Z/ is a G.Z/-invariant subset, we define

Nw.A;X/ WD
X

v2G.Z/nA
ht.v/<X

w.v/

#ZG.v/.Z/
: (8.8)

We say a function w is defined by finitely many congruence conditions if w is obtained
from pulling back a function xwWV .Z=MZ/!R along the projection V .Z/!V .Z=MZ/
for some M � 1. For such a function, write �w for the average of xw where we put the
uniform measure on V .Z=MZ/. The following theorem follows immediately from the
proof of Theorem 8.8, compare [14, §2.5].

Theorem 8.17. Let wW V .Z/ ! R be defined by finitely many congruence conditions.
Then

Nw.V .Z/
irr
\ V.R/sol; X/ D �w

jW0j

2g
vol.G.Z/nG.R// vol.B.R/<X /C o.XdimV /;

where W0 2 Q� is the scalar of Lemma 8.4.

Next we will consider infinitely many congruence conditions. Suppose we are given
for each prime p aG.Zp/-invariant functionwpWV .Zp/! Œ0; 1�with the following prop-
erties:

� The G.Zp/-invariant function wp is locally constant outside the closed subset
¹v 2 V .Zp/ j �.v/ D 0º � V .Zp/.

� For p sufficiently large, we have wp.v/ D 1 for all v 2 V .Zp/ such that p2 − �.v/.
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In this case, we can define a function wWV .Z/! Œ0; 1� by the formula w.v/D
Q
p wp.v/

if �.v/ ¤ 0 and w.v/ D 0 otherwise. Call a function wW V .Z/! Œ0; 1� defined by this
procedure acceptable.

Theorem 8.18. Let wWV .Z/! Œ0; 1� be an acceptable function. Then

Nw.V .Z/
irr
\ V sol.R/; X/

�
jW0j

2g

�Y
p

Z
V .Zp/

wp.v/dv
�

vol.G.Z/nG.R// vol.B.R/<X /C o.XdimV /:

Proof. This inequality follows from Theorem 8.17; the proof is identical to the first part
of the proof of [14, Theorem 2.21].

To obtain a lower bound in Theorem 8.18 when infinitely many congruence condi-
tions are imposed, one needs a uniformity estimate that bounds the number of irreducible
G.Z/-orbits whose discriminant is divisible by the square of a large prime. The following
conjecture is the direct analogue of [14, Theorem 2.13].

Conjecture 8.19. For a prime p, let Wp.V / denote the subset of v 2 V .Z/irr such that
p2 j �.v/. Then for any M > 0, we have

lim
X!C1

N.
S
p>M Wp.V /; X/

XdimV D O
� 1

logM

�
;

where the implied constant is independent of M .

Conjecture 8.19 is related to computing the density of square-free values of polyno-
mials. See [4] for some remarks about similar questions, for known results and why these
uniformity estimates seem difficult in general. By an identical proof to that of [14, The-
orem 2.21], we obtain the following assertion.

Proposition 8.20. Assume that Conjecture 8.19 holds for .G; V /. Let wW V .Z/! Œ0; 1�

be an acceptable function. Then

Nw.V .Z/
irr
\ V sol.R/; X/

D
jW0j

2g

�Y
p

Z
V .Zp/

wp.v/dv
�

vol.G.Z/nG.R// vol.B.R/<X /C o.XdimV /:

8.10. Estimates on reducibility and stabilisers

In this subsection, we give the proof of Proposition 8.16 and the following proposition,
which will be useful in Section 9.

Proposition 8.21. Let V bigstab denote the subset of Q-irreducible elements v 2 V .Z/ with
#ZG.v/.Q/ > 1. Then N.V bigstab; X/ D o.XdimV /.

By the same reasoning as [7, §10.7] it will suffice to prove Lemma 8.22 below, after
having introduced some notation.
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Let N be the integer of Section 7.1 and let p be a prime not dividing N . We define
V red
p � V.Zp/ to be the set of vectors whose reduction mod p is Fp-reducible. We de-

fine V bigstab
p � V.Zp/ to be the set of vectors v 2 V.Zp/ such that pj�.v/ or the image

of v in V.Fp/ has nontrivial stabiliser in G.Fp/.

Lemma 8.22. We have
lim

Y!C1

Y
N<p<Y

Z
V red
p

dv D 0;

and similarly

lim
Y!C1

Y
N<p<Y

Z
V

bigstab
p

dv D 0:

Proof. The proof is very similar to the proof of [66, Proposition 6.9] using the root lat-
tice calculations of Section 3.9. We first treat the case of V bigstab

p . Let p be a prime not
dividing N . We have the formulaZ

V
bigstab
p

dv D
1

#V.Fp/
#¹v 2 V.Fp/ j �.v/ D 0 or ZG.v/.Fp/ ¤ 1º:

Since ¹� D 0º is a hypersurface, we have

1

#V.Fp/
#¹v 2 V.Fp/ j �.v/ D 0º D O.p�1/: (8.9)

If v 2 V rs.Fp/, then #ZG.v/.Fp/ depends only on �.v/ by (the ZŒ1=N �-analogue of)
Lemma 3.17. Therefore, if b 2 B rs.Fp/, Proposition 7.4 and Lang’s theorem imply that
#Vb.Fp/ is partitioned into #H1.Fp; JbŒ2�/ many orbits under G.Fp/, each of size
#G.Fp/=#JbŒ2�.Fp/. Since #JbŒ2�.Fp/D #.Jb.Fp/=2Jb.Fp//D #H1.Fp; JbŒ2�/, we have
#V rs.Fp/ D #G.Fp/#B rs.Fp/.

So to prove the lemma in the case of V bigstab
p , it suffices to prove that there exists

a ı 2 .0; 1/ such that

1

#B rs.Fp/
#¹b 2 B rs.Fp/ j JbŒ2�.Fp/ ¤ 1º ! ı

as p ! C1. We will achieve this using the results of [67, §9.3]. Recall from Sec-
tion 3.1 that T is a split maximal torus of H with Lie algebra t and Weyl group W .
These objects spread out to objects T , H , t over Z. In Section 3.9, we have defined
a W -torsor f W trs ! B rs which extends to a W -torsor trs

S ! B rs
S , still denoted by f . The

group scheme J Œ2�! B rs
S is trivialised along f and the monodromy action is given by

the natural action of W on NL using the same logic and notation as Proposition 3.22.
Let C � W be the subset of elements of W which fix some nonzero element of NL.
Then [67, Proposition 9.15] implies that

1

#B rs.Fp/
#¹b 2 B rs.Fp/ j JbŒ2�.Fp/ ¤ 1º D

#C
#W
CO.p�1=2/: (8.10)
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Since C ¤ W by part (3) of Proposition 3.23, we conclude the proof of the lemma in
this case.

We now treat the case V red
p . Again by (8.9), it suffices to prove that there exists a non-

negative ı < 1 such that

1

#V rs.Fp/
#¹v 2 V rs.Fp/ j v is Fp-reducibleº < ı (8.11)

for all sufficiently large p. By the first paragraph of the proof of this lemma, there are
exactly #JbŒ2� orbits of Vb.Fp/ for all b 2 B rs.Fp/, each of size #G.Fp/=#JbŒ2�.Fp/.
Therefore, (8.11) equals

1

#B rs.Fp/

X
b2B rs.Fp/

#¹Fp-reducible orbits in Vb.Fp/º
#JbŒ2�.Fp/

: (8.12)

Each summand in (8.12) belongs to the set ¹1=22g ; 2=22g ; : : : ; .22g � 1/=22g ; 1º; let �p
be the proportion of b 2 B rs.Fp/ for which this summand equals 1. The quantity in (8.12)
is� �p C .1� �p/.22g � 1/=22g D 1C .�p � 1/=22g . By (8.10), �p! � WD 1� #C=#W
as p tends to infinity. Since 1 2 C , we see that � < 1 and hence 1C .� � 1/=22g < 1,
completing the proof of the lemma.

Proof of Proposition 8.16. We first claim that if v 2 V .Z/ with b D �.v/ is Q-reducible,
then for each prime p not dividingN the reduction of v in V.Fp/ is Fp-reducible. Indeed,
either �.b/ D 0 in Fp (in which case v is Fp-reducible), or p − �.b/ and v is G.Q/-
conjugate to �0

b
for some Kostant section �0. In the latter case, part (2) of Theorem 7.17

implies that v is G.Zp/-conjugate to �0
b
, so their reductions are G.Fp/-conjugate, prov-

ing the claim. By a congruence version of Proposition 8.15, for every subset L � B.R/
considered in Proposition 8.10 and for every Y > 0 we obtain the estimate

N.V red
\G.R/ �ƒ � s.L/;X/ � C

� Y
N<p<Y

Z
V red
p

dv
�
�XdimV

C o.XdimV /;

where C > 0 is a constant independent of Y . By Lemma 8.22, the product of the integrals
converges to zero as Y tends to infinity, so

N.V red
\G.R/ �ƒ � s.L/;X/ D o.XdimV /:

Since this holds for every such subset L, the proof is complete.

Proof of Proposition 8.21. Note that we have not used Theorem 8.8 in the proof of Pro-
position 8.16, but we may use it now to prove Proposition 8.21. Again, the reduction of
an element of V bigstab modulo p lands in V bigstab

p if p does not divide N , by part (1) of
Theorem 7.17. Since limX!C1N.V bigstab; X/=XdimV is O.

Q
N<p<Y

R
V red
p
dv/ by The-

orem 8.17 and the product of the integrals converges to zero by Lemma 8.22, the proof is
complete.
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8.11. Cutting off the cusp

In this subsection, we consider the only remaining unproved assertion of this section,
namely Proposition 8.12. This is the only substantial part of this paper where we rely on
previous papers treating specific cases. The case A2g is treated in [7, Proposition 10.5];
the case A2gC1 (g � 1) is [69, Proposition 21]; the case D2gC1 (g � 2) is [70, Proposi-
tion 7.6]; the case E6 is [78, Proposition 3.6]; cases E7 and E8 are [65, Proposition 4.5].
Note that these authors sometimes use a power of the height that we use. It remains to
consider the case where H is of type D2n and n � 2. We first reduce the statement to
a combinatorial result, after introducing some notation. This reduction step is valid for
any H , and we do not yet assume that H is of type D2n.

Recall that every element a 2 X�.T � /˝Q can be uniquely written as
Pk
iD1 ni .a/ˇi

for some rational numbers ni .a/. We define a partial ordering on X�.T � /˝Q by declar-
ing that a � b if ni .a � b/ � 0 for all i D 1; : : : ; k. By restriction, this induces a partial
ordering on ˆV . The restriction of the highest root a0 2 ˆV is the unique maximal ele-
ment with respect to this partial ordering.

If .M0;M1/ is a pair of disjoint subsets of ˆV , we define S.M0;M1/ WD ¹v 2 V .Z/ j
8a 2 M0; va D 0I 8a 2 M1; va ¤ 0º. Let C be the collection of nonempty subsets
M0 � ˆV with the property that if a 2 M0 and b � a, then b 2 M0. Given a subset
M0 2 C , we define �.M0/ WD ¹a 2 ˆV nM0 j M0 [ ¹aº 2 Cº, i.e., the set of maximal
elements of ˆV nM0.

By definition of C and �, S.¹a0º/ D
S
M02C S.M0; �.M0//. Therefore, to prove

Proposition 8.12, it suffices to prove that for each M0 2 C , either S.M0; �.M0//
irr D

; or N.S.M0; �.M0//; X/ D O.XdimV��/ for some � > 0. By the same logic as [78,
Proposition 3.6 and §5] (itself based on a trick due to Bhargava), the latter estimate holds
if there exists a subsetM1 �ˆV nM0 and a function f WM1!R�0 with

P
a2M1

f .a/ <

#M0 such that X
ˇ2ˆ

C

G

ˇ �
X
a2M0

aC
X
a2M1

f .a/a

has strictly positive coordinates with respect to the basis SG . It will thus suffice to prove
the following combinatorial proposition, which is the analogue of [7, Proposition 29].

Proposition 8.23. Let M0 2 C be a subset such that V.M0/.Q/ contains Q-irreducible
elements. Then there exist a subset M1 � ˆV nM0 and a function f WM1 ! R�0 satis-
fying the following conditions:

� We have
P
a2M1

f .a/ < #M0.

� For each i D 1; : : : ; k, we haveX
ˇ2ˆ

C

G

ni .ˇ/ �
X
a2M0

ni .a/C
X
a2M1

f .a/ni .a/ > 0:

We will prove Proposition 8.23 in the remaining case D2n in Appendix A.



J. Laga 3366

9. The average size of the 2-Selmer group

9.1. An upper bound

In this section, we prove Theorem 1.3 stated in the introduction. Recall that we write E

for the set of elements b 2 B.Z/ of nonzero discriminant. We recall that we have defined
a height function ht for E in Section 8.1. We say a subset F � E is defined by finitely
many congruence conditions if F is the preimage of a subset of B.Z=nZ/ under the
reduction map E ! B.Z=nZ/ for some n � 1.

Theorem 9.1. Let F � E be a subset defined by finitely many congruence conditions.
Let m be the number of marked points. Then we have

lim sup
X!C1

P
b2F ; ht.b/<X # Sel2 Jb

#¹b 2 F j ht.b/ < Xº
� 3 � 2m�1:

The proof is along the same lines as the discussion in [66, §7].
We first prove a ‘local’ result. Recall that Ep denotes the set of elements b 2 B.Zp/

of nonzero discriminant. Define Fp as the closure of F in Ep , equivalently Fp is the
preimage in Ep of a subset of B.Z=nZ/ that defines F .

For every b 2 B rs.Q/, consider the subgroup of Jb.Q/=2Jb.Q/ generated by differ-
ences of the marked points ¹11 �12; : : : ;11 �1mº. The image of this subgroup under
the map Jb.Q/=2Jb.Q/ ,! Sel2 Jb is by definition the subgroup Seltriv2 Jb of ‘marked’
elements. Its complement Seltriv2 Jb is the subset of ‘nonmarked’ elements.

Proposition 9.2. Let b0 2 F . Then we can find for each prime p dividing N an open
compact neighbourhoodWp of b0 in Ep such that the following condition holds. Let FW D

F \ .
Q
pjN Wp/. Then we have

lim sup
X!C1

P
b2FW ; ht.b/<X # Seltriv2 Jb

#¹b 2 FW j ht.b/ < Xº
� 2m:

Proof. Choose the sets Wp and integers np � 0 for pjN satisfying the conclusion of
Corollary 7.21. If p does not divide N , set Wp D Fp and np D 0. Let M WD

Q
p p

np .
For v 2 V .Z/ with �.v/ D b, define w.v/ 2 Q�0 by the following formula:

w.v/ D

8̂̂̂̂
<̂
ˆ̂̂:
�P

v02G.Z/n.G.Q/�v\V .Z//
#ZG.v0/.Q/
#ZG.v0/.Z/

��1 if b 2 pnp �Wp and
G.Qp/ �v2�b.Jb.Qp/=2Jb.Qp//

for all p;

0 otherwise.

Define w0.v/ by the formula

w0.v/ D #ZG.v/.Q/w.v/:

Corollaries 6.9 and 7.21 and Proposition 6.10 imply that if b 2M � FW , nonmarked ele-
ments in the 2-Selmer group of Jb correspond bijectively to G.Q/-orbits of Vb.Q/ that
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intersect V .Z/ nontrivially, that are Q-irreducible and that are soluble at R and Qp for
all p. In other words, in the notation of (8.8) we have the formulaX

b2FW
ht.b/<X

# Seltriv2 Jb D
X

b2M �FW
ht.b/<MX

# Seltriv2 Jb D Nw0.V .Z/
irr
\ V.R/sol;MX/: (9.1)

Proposition 8.21 implies that

Nw0.V .Z/
irr
\ V.R/sol;MX/ D Nw.V .Z/

irr
\ V.R/sol;MX/C o.XdimV /: (9.2)

It is more convenient to work with w.v/ than with w0.v/ because w.v/ is an acceptable
function in the sense of Section 8.9. Indeed, for v 2 V .Zp/with �.v/D b, definewp.v/ 2
Q�0 by the following formula:

wp.v/ D

8̂̂̂̂
<̂
ˆ̂̂:
�P

v02G.Zp/n.G.Qp/�v\V .Zp//
#ZG.v0/.Qp/
#ZG.v0/.Zp/

��1 if b 2 pnp �Wp
and G.Qp/ � v

2 �b.Jb.Qp/=2Jb.Qp//;

0 otherwise.

Then an argument identical to [14, Proposition 3.6] (using that G has class number 1 by
Proposition 7.2) shows thatw.v/D

Q
pwp.v/ for all v 2 V .Z/. The remaining properties

for w.v/ to be acceptable follow from part (1) of Lemma 8.5 and Theorem 7.17. Using
Lemma 8.5, we obtain the formulaZ

v2V .Zp/
wp.v/dv D jW0jp vol.G.Zp//

Z
b2pnp �Wp

#Jb.Qp/=2Jb.Qp/

#JbŒ2�.Qp/
db: (9.3)

Using the equality #Jb.Qp/=2Jb.Qp/ D j1=2
g jp#JbŒ2�.Qp/ for all b 2 Ep (which is

a general fact about abelian varieties), we see that the integral on the right-hand side
equals j1=2g jp vol.pnp �Wp/ D j1=2g jpp�np dimQ V vol.Wp/. Combining identities (9.1)
and (9.2) shows that

lim sup
X!C1

X� dimV
X
b2FW

ht.b/<X

# Seltriv2 Jb D lim sup
X!C1

X� dimVNw.V .Z/
irr
\ V.R/sol;MX/:

This in turn by Theorem 8.18 is less than or equal to

jW0j

2g

�Y
p

Z
V .Zp/

wp.v/dv
�

vol.G.Z/nG.R//2dimBM dimV :

Using (9.3) this simplifies to

vol.G.Z/nG.R//
Y
p

vol.G.Zp//2dimB
Y
p

vol.Wp/:

On the other hand, an elementary point count shows that

lim
X!C1

#¹b 2 FW j ht.b/ < Xº
XdimV D 2dimB

Y
p

vol.Wp/:
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We conclude that

lim sup
X!C1

P
b2FW ; ht.b/<X # Seltriv2 Jb

#¹b 2 FW j ht.b/ < Xº
� vol.G.Z/nG.R// �

Y
p

vol.G.Zp//:

Since the Tamagawa number of G is 2m (Proposition 8.2), the proposition follows.

To deduce Theorem 9.1 from Proposition 9.2, choose for each i � 1 sets Wp;i � Ep
(for p dividingN ) such that ifWi D E \ .

Q
pjN Wp;i /, thenWi satisfies the conclusion of

Proposition 9.2 and we have a countable partition F DFW1 tFW1 t � � � . By an argument
identical to the proof of Theorem 7.1 in [66], we see that for any " > 0, there exists k � 1
such that

lim sup
X!C1

P
b2
F
i�k FWi ;ht.b/<X # Seltriv2 Jb

#¹b 2 F j ht.b/ < Xº
< ":

This implies that

lim sup
X!C1

P
b2F ;ht.b/<X # Seltriv2 Jb

#¹b 2 F j ht.b/ < Xº
� 2m lim sup

X!C1

#¹b 2
F
i<k FWi j ht.b/ < Xº

#¹b 2 F j ht.b/ < Xº
C "

� 2m C ":

Since the above inequality is true for any " > 0, it is true for " D 0. Since the subgroup
Seltriv Jb has size at most 2m�1, we conclude the proof of Theorem 9.1.

Remark 9.3. A small modification of the above argument shows that Theorem 9.1 re-
mains valid when F � E is the subset of so-called ‘minimal’ elements, namely those
elements b 2 E with N�1 � b 62 B.Z/ for all integers N � 1.

9.2. A conditional lower bound

We show that the upper bound in Theorem 9.1 is sharp if we assume Conjecture 8.19.
We first need to establish (unconditionally) a lower bound for the subgroup of marked
elements Seltriv Jb .

Proposition 9.4. Let F � E be a subset defined by finitely many congruence conditions.
Then the limit

lim
X!C1

#¹b 2 F j ht.b/ < X; # Sel2.Jb/triv D 2m�1º
#¹b 2 F j ht.b/ < Xº

exists and equals 1.

Proof. Let b 2 F and consider the maximal torus ZH .�b/ of H . By Proposition 6.10,
# Sel2.Jb/triv D 2m�1 if and only if the map ZG.�b/ ! ZH� .�b/ is surjective on Q-
points. The Galois action onZH .�b/ induces a homomorphism Gal.Qs jQ/!W by Pro-
position 3.22, whereW is the Weyl group of the split torus T �H with character groupL.
If this homomorphism is surjective, then ZH� .�b/.Q/ D T Œ2�

W D .L_=2L_/W D ¹0º
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by part (1) of Proposition 3.23, so ZG.�b/ ! ZH� .�b/ is automatically surjective on
Q-points.

It therefore suffices to prove that the limit

lim
X!C1

#¹b 2 F j ht.b/ < X;Gal.Qs j Q/! W surjectiveº
#¹b 2 F j ht.b/ < Xº

exists and equals 1. This follows from a version of Hilbert’s irreducibility theorem; see
[24, Theorem 2.1], adapted as in [24, §5, Notes (iii)] to account for the fact that the
coordinates of B have unequal weights.

Theorem 9.5. Assume that Conjecture 8.19 holds for .G; V /. Let F � E be a subset
defined by finitely many congruence conditions. Then the limit

lim
X!C1

P
b2F ; ht.b/<X # Seltriv2 Jb

#¹b 2 F j ht.b/ < Xº

exists and equals 2m. Moreover, the average size of the 2-Selmer group Sel2 Jb exists and
equals 3 � 2m�1.

Proof. The proof of the first statement is identical to the proof of Theorem 9.1, using
Proposition 8.20 instead of Theorem 8.18. The second statement follows from the first
and Proposition 9.4.

Appendix A. Cutting off the cusp forD2n

In this appendix, we prove Proposition 8.12 in the case that H is of type D2n for all
n � 2. The methods employed here are fairly standard but somewhat intricate, and are
sometimes inspired by [70, §7.2.1]. In Appendix A.1, we recall some results and nota-
tion on groups of type Dn. In Appendix A.2, we make the representation .G; V / in the
caseD2n and some related objects explicit. In Appendix A.3, we establish sufficient con-
ditions for a vector v 2 V.Q/ to be Q-reducible. In Appendix A.4, we finish the proof of
Proposition 8.12.

A.1. Recollections on even orthogonal groups

Let n � 2 be an integer. Let W be a 2n-dimensional Q-vector space with basis B D

¹e1; : : : ; en; e
�
n ; : : : ; e

�
1 º. Let b be the symmetric bilinear form with the property that

b.ei ; ej / D b.e
�
i ; e
�
j / D 0 and b.ei ; e�j / D ıij for all 1 � i; j � n. For every linear map

f WW ! W , there is a unique adjoint linear map f �WW ! W satisfying b.f v; w/ D
b.v; f �w/ for all v; w 2 W . We define the Q-algebraic group H WD SO.W; b/ D ¹g 2
SL.W / j gg� D 1º. Then h WD LieH can be naturally identified with ¹f 2 End.W / j
f C f � D 0º. Below we will make various aspects of the semisimple group H explicit.

Using B to represent an element f WW ! W as a 2n � 2n matrix A, we have that
f � corresponds to reflecting A along its antidiagonal. Consider the maximal torus T D
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¹diag.t1; : : : ; tn; t�1n ; : : : ; t�11 /º � H . Its character group X�.T / is freely generated by
the characters .t1; : : : / 7! ti with 1 � i � n, and we abusively denote these characters by
ti 2 X

�.T / too.

Root system. The roots of h with respect to T are given by

ˆH D ¹˙ti ˙ tj j 1 � i ¤ j � nº � X
�.T /:

The standard upper triangular Borel subgroup of GL2n (with respect to the basis B ofW )
determines a root basis of ˆH , given by

SH D ¹t1 � t2; : : : ; tn�1 � tn; tn�1 C tnº: (A.1)

We denote the elements of this root basis by ˛1; : : : ; ˛n. The highest root of ˆH with
respect to SH is t1 C t2, which has height 2n � 3.

Weyl group. The Weyl groupWH is isomorphic to Sn Ì .Z=2Z/n�1. Explicitly, elements
ofWH correspond to pairs .�; .�i //, where � 2 Sn is a permutation and �i 2 ¹˙1º is a sign
for each 1 � i � n, with the property that

Q
i �i D 1. An element .�; .�i // acts on X�.T /

via the rule ti 7! �i t�.i/. In particular, �1 2 WH if and only if n is even.

Stable involution. To describe the stable involution of H in Appendix A.2 in the case
that n is even, we determine the elements s 2 T with the property that ˛.s/ D �1 for
every simple root ˛ 2 SH . Such an s is not uniquely determined since H is not adjoint,
but it is uniquely determined up to multiplication by the element .�1; : : : ;�1/ 2 T of the
centre of H . Using description (A.1), we see that s is of the form

˙.1;�1; 1;�1; : : : ; .�1/n/: (A.2)

Change of variables. We record the following computation which will be useful in Ap-
pendix A.4: 8̂̂̂̂

<̂
ˆ̂̂:
ti D ˛i C � � � C ˛n�2 C

1

2
.˛n�1 C ˛n/; 1 � i � n � 2;

tn�1 D
1

2
.˛n�1 C ˛n/;

tn D
1

2
.�˛n�1 C ˛n/:

(A.3)

Sum of positive roots. The sum of the positive roots of ˆH with respect to SH isX
˛2ˆ

C

H

˛ D 2.n � 1/t1 C 2.n � 2/t2 C � � � C 2tn�1

D

n�2X
kD1

k.2n � k � 1/˛k C
n.n � 1/

2
.˛n�1 C ˛n/:

Discriminant. Let t WD LieT and write an element of t as diag.t1; : : : ; tn;�tn; : : : ;�t1/.
Let � 2 QŒh�H be the discriminant polynomial of H , defined as the image of

Q
˛2ˆH

˛
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under the Chevalley isomorphism QŒt�WH !QŒh�H of Proposition 2.1. Let Pff 2QŒh�H

be the image of the product
Qn
iD1 ti 2 kŒt�

WH under the Chevalley isomorphism. If we
write ti WD t2nC1�i for nC 1 � i � 2n, then we may compute thatY

1�i<j�2n

.ti � tj /
2
D

Y
˛2ˆH

˛.t/2
nY
iD1

t2i :

It follows that if we write �v for the characteristic polynomial of a square matrix v and
disc.�v/ for its discriminant, we have the identity

disc.�v/ D �.v/2 Pff.v/2 (A.4)

for every v 2 h.

A.2. An explicit model for the split stable involution of D2n

Let n � 2 be an integer. LetW1 be the Q-vector space with basis ¹e1; : : : ; en; e�n ; : : : ; e
�
1 º,

and let b1 be the symmetric bilinear form with the property b1.ei ; ej / D b1.e�i ; e
�
j / D 0

and b1.ei ; e�j / D ıij for all 1 � i; j � n. Let W2 be the Q-vector space with basis
¹f1; : : : ; fn; f

�
n ; : : : ; f

�
1 º, and let b2 be the bilinear form of W2 constructed similarly

to b1 with ei and e�i replaced by fi and f �i . Let .W; b/ WD .W1; b1/ ˚ .W2; b2/. Let
H 0 WD SO.W;b/, letH be the quotient ofH 0 by its centre of order 2 and let h WD LieH D
LieH 0. With respect to the basis

¹e1; : : : ; en; e
�
n ; : : : ; e

�
1 ; f1; : : : ; fn; f

�
n ; : : : ; f

�
1 º; (A.5)

the adjoint of a .4n/ � .4n/-block matrix
�
A B
C D

�
with respect to b is given by

�
A� C�

B� D�

�
.

Here if X is a 2n � 2n matrix, we write X� for its reflection around the antidiagonal. It
follows that in this basis h is given by²�

B A

�A� C

� ˇ̌
B� D �B; C � D �C

³
:

Stable involution. The ordered basis

¹e1; f1; : : : ; en; fn; f
�
n ; e

�
n ; : : : ; f

�
1 ; e

�
1 º (A.6)

of W determines a maximal torus and root basis of H as in Appendix A.1. Let � be the
involution ofH constructed using the recipe in Section 3.1 with respect to this root basis.
Since �1 is contained in the Weyl group of H (as observed in Appendix A.1), � is inner.
The description of (A.2) shows that with respect to the first basis (A.5) of W , � is given
by conjugating by the element s0 D diag.1; : : : ; 1;�1; : : : ;�1/, where the first 2n entries
are 1 and the last 2n entries are �1. Using this description, it is easy to see that

g WD h� D

²�
B 0

0 C

� ˇ̌
B� D �B; C � D �C

³
;

V WD h�D�1 D

²�
0 A

�A� 0

� ˇ̌
A 2 Mat2n;2n

³
:



J. Laga 3372

Moreover, G WD .H � /ı is isomorphic to .SO.W1/ � SO.W2//=�.�2/, where �.�2/ de-
notes the image of the diagonal inclusion of �2 into the centre �2 � �2 of SO.W1/ �
SO.W2/. Using these identifications, we see that the map�

0 A

�A� 0

�
7! A

establishes a bijection between V and the representation Hom.W2; W1/, where .g; h/ 2
SO.W1/� SO.W2/ acts on f WW2!W1 via g ı f ı h�1. In terms of matrices, the action
is given by .g; h/ �A D gAh�1. We will typically view an element of V.Q/ as a 2n � 2n
matrix A or a linear operator f WW2 ! W1.

Roots. Let T 0 be the maximal torus diag.t1; : : : ; tn; t�1n ; : : : ; t�11 ; s1; : : : ; sn; s
�1
n ; : : : ; s�11 /

ofH 0 (again using the basis (A.5)), and let T be its image inH . Then T is a maximal torus
of H and G. Let ˆH and ˆG be the corresponding sets of roots. Let WH D NH .T /=T
and WG D NG.T /=T be the respective Weyl groups. Basis (A.6) determines a set of
positive rootsˆCH ofH (as in Appendix A.1) and by restriction a set of positive rootsˆCG
of G. The corresponding simple roots are given by

SH D ¹t1 � s1; s1 � t2; : : : ; sn�1 � tn; tn � sn; tn C snº;

SG D ¹t1 � t2; : : : ; tn�1 � tn; tn�1 C tnº [ ¹s1 � s2; : : : ; sn�1 � sn; sn�1 C snº:

We label the elements of SG by ¹ˇ1; : : : ; ˇn�1; ˇnº [ ¹
1; : : : ; 
n�1; 
nº. We haveˆH D
ˆG tˆV and ˆV D ¹˙ti ˙ sj j 1 � i; j � nº.

Component group. Let s be the image of s0 (defined below (A.6)) in T .Q/. Lemma 3.3
shows that the inclusionNH� .T / ,!H

� induces an isomorphismZWH .s/=WG'H
�=G.

In fact, let
� WD ¹w 2 WH j w.SG/ D SGº:

Then using the description of the Weyl group ofH andG from Appendix A.1, we see that
ZWH .s/ D WG Ì� and � ' Z=2 � Z=2. Explicit generators of � are given by !1, !2,
where

!1W ti $ si ; !2W

´
si 7! si ; ti 7! ti ; 1 � i � n � 1;

tn 7! �tn; sn 7! �sn:

Weights. Using the description of elements of V as 2n � 2n matrices, we organise the
weights ˆV using the position of their eigenspaces:0BBBBBBBBB@

t1 � s1 � � � t1 � sn t1 C sn � � � t1 C s1
:::

: : :
:::

:::
: : :

:::

tn � s1 � � � tn � sn tn C sn � � � tn C s1

�tn � s1 � � � �tn � sn �tn C sn � � � �tn C s1
:::

: : :
:::

:::
: : :

:::

�t1 � s1 � � � �t1 � sn �t1 C sn � � � �t1 C s1

1CCCCCCCCCA
: (A.7)
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The group � acts on the set of weights ˆV as follows: !1 flips the elements of ˆV along
the antidiagonal of (A.7), and !2 swaps the two middle rows and the two middle columns.

The partial ordering. Recall from Section 8.11 that we have defined a partial ordering
on X�.T 0/ by declaring that a � b if and only if a � b has nonnegative coordinates with
respect to the basis SG . Note that this partial ordering is preserved by the action of �
on X�.T 0/.

We describe the induced partial ordering on the subset ˆV using organisation (A.7).
We first consider the restriction of the partial ordering to the rows and columns of (A.7).
Let 1� i � 2n and write ti WD �t2nC1�i ; si WD �s2nC1�i if i � nC 1. The Hasse diagram
of the partial ordering restricted to the weights of row i is given by

ti � s1 � � � ti � sn�1

ti � sn

ti C sn

ti C sn�1 � � � ti C s1

(In this diagram, a � b if and only if b is to the right of a.) The Hasse diagram of column
2n C 1 � i is given by swapping the roles of sj and tj in the above diagram for every
1 � j � 2n. The partial ordering ˆV is the one generated by the relations between two
elements lying in the same row or column.

For example, t1 C s1 is the maximal element of ˆV , and the restriction of the partial
ordering to the four n� n blocks is given by: a � b if and only if b is to the top right of a.

Regular nilpotent element. For ˛ 2 ˆV , let X˛ be the 2n � 2n matrix with coefficient 1
at the entry corresponding to ˛ using (A.7) and zeroes elsewhere. The element E WDP
˛2SH

X˛ is a regular nilpotent element of V.Q/ and gives rise to an sl2-triple .E;X;F /
and Kostant section � D E C zh.F /, see Section 3.6. Since elements of zh.F / are sup-
ported on ˆV \ˆ�H (where ˆ�H D ˆH nˆ

C

H ), every element of � is of the form0BBBBBBBBBBBBBBB@

1 0 � � � 0 0 � � � � � � 0

�
: : :

: : :
:::

:::
: : :

: : :
:::

:::
: : :

: : :
::: 0

: : :
: : :

:::

� � � � � 1 1 0 � � � 0

� � � � � � � � � 1 � � � 0
:::

: : :
: : :

:::
:::

: : :
: : :

:::
:::

: : :
: : :

:::
:::

: : :
: : : 1

� � � � � � � � � � � � � � � �

1CCCCCCCCCCCCCCCA
: (A.8)

If ! 2 �, then E! WD
P
˛2!.SH /

X˛ is again regular nilpotent and gives rise to a Kostant
section �! . Then ¹�! j ! 2 �º is a full set of representatives of G.Q/-orbits of Kostant
sections.
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A.3. Reducibility conditions

Recall that if A is a 2n � 2n matrix, then A� denotes its reflection along the antidiagonal.

Proposition A.1. Let k=Q be a field and let A 2 V.k/. The following are equivalent:

(1) A is a regular semisimple element of V.k/;

(2) AA� is a regular semisimple 2n � 2n matrix (in other words, the characteristic poly-
nomial of AA� has distinct roots in ks);

(3) A�A is a regular semisimple 2n � 2n matrix.

Proof. Let� 2QŒV �G be the discriminant polynomial of h' so4n restricted to V . LetD
be the block matrix

�
0 A
�A� 0

�
. IfC is a square matrix, write �C 2 kŒX� for its characteristic

polynomial. If f is a polynomial, write disc.f / for its discriminant in the usual sense.
Identity (A.4) implies that disc.�D/ D �.A/2 � Pff.D/2. We have Pff.D/ D ˙ det.A/
since both square to det.D/, so

disc.�D/ D �.A/2 � det.A/2: (A.9)

On the other hand, if f .X/D g.X2/ for some polynomial g 2 kŒX�, then it is elementary
to check that disc.f / D ˙ disc.g/2f .0/. Moreover, by calculating determinants of block
matrices we have �D.X/ D ��AA�.X2/. Therefore,

disc.�D/ D ˙ disc.��AA�/2 � det.A/2: (A.10)

Both identities (A.9) and (A.10) hold in QŒV �ŒX�, i.e., they hold when the coefficients
of A are interpreted as variables. Since det 2 QŒV � is not identically zero, it follows that

�.A/ D ˙ disc.��AA�/ D ˙ disc.�AA�/:

Since �AA� D �A�A, we also have�.A/D˙disc.�A�A/. SinceA is a regular semisimple
element of V.k/ if and only if �.A/ ¤ 0, the proposition follows.

In the next corollary, we organise the set ˆV using matrix (A.7), and we recall from
Section 8.7 that for a subset M � ˆV we have defined V.M/ as the subspace of v DP
a2ˆV

va 2 V with the property that va D 0 for all a 2M .

Corollary A.2. Suppose that a subset M � ˆV satisfies at least one of the following
conditions:

(1) M contains a top right i � .2nC 1 � i/ block for some 1 � i � 2n;

(2) M contains the top right i�j and j� i blocks for some i; j � 1 satisfying iCj D2n.

Then every element of V.M/.Q/ is not regular semisimple.

Proof. (1) We may suppose (using the fact that A 7! A� preserves regular semisimpli-
city) that i � n. Let X1 D span¹e1; : : : ; enº �W1. Then GL.X1/ embeds inside SO.W1/,
using the map g 7!

� g 0

0 .g�/�1

�
. Suppose that A 2 V.M/.Q/. Using the GL.X1/-action

to put the top left i � .i � 1/ block of A in row echelon form, we may suppose that M
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contains the top right 1 � 2n block; in other words, we may suppose that i D 1. In that
case, the matrix AA� has zeroes on the first row and the last column. This implies that the
characteristic polynomial of AA� is divisible by X2, which implies that A is not regular
semisimple by Proposition A.1.

(2) Assume that i � j and let A 2 V.M/.Q/. Then the matrix B D AA� is of the
following form: 0@ B1 0 0

� B2 0

� � B3

1A :
Here B1, B3 are i � i matrices and B2 is a .j � i/ � .j � i/ matrix (it is possible that
i D j ). Recall that �C denotes the characteristic polynomial of a square matrix C . Then
we have

�AA� D �B1�B2�B3 :

Since B3 D B�1 , the polynomial �AA� D �2B1�B2 has repeated roots. By Proposition A.1,
this shows that A is not regular semisimple.

Recall from Appendix A.2 that we may interpret an element A 2 V.Q/ as a linear
map W2! W1. Using the perfect pairings bi on Wi , we may thus interpret A� as a linear
map W1 ! W2, and AA� as a linear map W1 ! W1.

Proposition A.3. Let k=Q be a field and A 2 V.k/. Assume that there exists an .n � 1/-
dimensional subspaceX �W1 such that span¹X;AA�.X/º is an n-dimensional isotropic
subspace of .W1; b1/. Then A is k-reducible.

Proof. IfA is not regular semisimple thenA is k-reducible by definition, so assume thatA
has invariants b 2 B rs.k/. (Recall that B D V == G.) The Grassmannian of n-dimensional
isotropic subspaces of .W1; b1/ has two connected components called rulings of .W1; b1/,
and the subspaces spanned by ¹e�1 ; : : : ; e

�
nº and ¹e�1 ; : : : ; e

�
n�1; enº lie in distinct rul-

ings [83, §2.2]; let R be the ruling containing the subspace

X1 WD span¹e�1 ; : : : ; e
�
nº:

Using the �-action we may assume that span¹X;AA�.X/º lies in R. To prove the pro-
position, it suffices to prove the claim that G.k/ acts simply transitively on the set of
pairs .D; Y /, where D 2 Vb.k/ and Y � W1 is an .n � 1/-dimensional subspace such
that span¹Y; DD�.Y /º is an n-dimensional isotropic subspace of .W1; b1/ contained in
the ruling R. Indeed, the description of the Kostant section �b from (A.8) shows that
.�b; X1/ is such a pair, so the claim implies that .A;X/ and .�b; X1/ are G.k/-conjugate.
The proof of the claim is identical to the proof of [70, Proposition 4.4] using the results
of [83, §2.2.2]; we omit the details.

Corollary A.4. Suppose thatM contains the top right .n� 1/� .nC 1/ and n� .n� 1/
blocks. Then every element of V.M/.Q/ is Q-reducible.
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Proof. If A 2 V.M/.Q/, a computation shows that the entries of AA� in the top right
.n � 1/ � n and n � .n � 1/ blocks are zero. In other words, AA� looks like0BBBBBBB@

� � � 0 0 0

� � � 0 0 0

� � � � 0 0

� � � � � �

� � � � � �

� � � � � �

1CCCCCCCA :

It follows that the subspace X D span¹e�n�1; : : : ; e
�
1 º satisfies the assumptions of Propos-

ition A.3.

Recall that C denotes the collection of subsets M of ˆV with the property that for all
a; b 2 ˆV with b 2 M and a � b, it follows that a 2 M . Also recall the description of
the partial ordering on ˆV in Appendix A.2.

Proposition A.5. Let M 2 C and suppose that V.M/.Q/ contains Q-irreducible ele-
ments. Then the following properties hold:

(1) ¹ti � si ; si � tiº � ˆV nM for all 1 � i � n � 1;

(2) ¹tn � sn; tn C sn;�tn C sn;�tn � snº � ˆV nM ;

(3) for every 1 � i � n � 2, either ti � siC1 or si � tiC1 lies in ˆV nM ;

(4) #.¹tn�1 � sn; tn�1 C sn; tn C sn�1;�tn C sn�1º \M/ � 2.

Proof. Note that if ! 2 �, then V.M/.Q/ contains Q-irreducible elements if and only
if V.!.M//.Q/ does. The first three parts follow from applying Corollary A.2 to !.M/

for all ! 2 � and properties of the partial ordering of ˆV . Part (4) follows from applying
Corollary A.4 to !.M/ for ! 2M .

The reader is invited to visualise the conditions of Proposition A.5 using the organisa-
tion of the weights ˆV of (A.7).

A.4. Bounding the remaining cusp integrals

Let Cgood be the subset of C consisting of those M 2 C that satisfy parts (1)–(4) of
Proposition A.5. Note that !.M/ 2 Cgood if M 2 Cgood and ! 2 �.

Lemma A.6. If M 2 Cgood, then every element of SG is of the form a1 C a2 for some
a1; a2 2 ˆV nM .

Proof. Using the �-action, it suffices to consider ˇ1; : : : ; ˇn�1. For 1 � i � n � 2, we
have identities

ˇi D ti � tiC1 D .ti � si /C .si � tiC1/

D .ti � siC1/ C .siC1 � tiC1/:
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At least one of the two boxed terms is in ˆV nM by part (3) of Proposition A.5, and
the unboxed terms are always in ˆV nM by part (1) of that proposition. To treat ˇn�1,
consider the identities

ˇn�1 D tn�1 � tn D .tn�1 � sn/ C .sn � tn/

D .tn�1 C sn/ C .�sn � tn/

D .tn�1 � sn�1/C .sn�1 � tn/ :

One of the three boxed terms must be contained inˆV nM by part (4) of Proposition A.5,
and all the unboxed terms are contained in ˆV nM by parts (1) and (2) of that proposi-
tion.

The discussion in Section 8.11 and Proposition A.5 shows that in order to prove Pro-
position 8.12 when H is of type D2n for all n � 2, it suffices to prove the following
proposition.

Proposition A.7. For every M 2 Cgood, there exists a function f WˆV nM ! R�0 with
the following properties:

(1)
P
a2ˆV nM

f .a/ < #M ;

(2) the vector X
ˇ2ˆ

C

G

ˇ �
X
a2M

aC
X

a2ˆV nM

f .a/a

has strictly positive coefficients with respect to the basis SG .

We prove Proposition A.7 using induction on n. The base case n D 2 is easy to check
explicitly, and also follows from Case 1 of the proof of Proposition A.8 below (which
only assumes n � 2). See [80, p. 1217] which considers the D4 case in detail and also
proves this base case.

To perform the induction step, let ˆŒ1�V be the subset of ˆV of vectors of the form
¹˙t1 ˙ siº [ ¹˙ti ˙ s1º; in other words, ˆŒ1�V consists of the first and last rows and
columns of (A.7). Similarly, let ˆŒ1�G be the subset of roots of ˆG that have a nonzero
coordinate at ˇ1 or 
1 in the root basis SG . Write ˆV D ˆ

Œ1�
V tˆ

Œn�1�
V and ˆG D ˆ

Œ1�
G t

ˆ
Œn�1�
G . Then ˆŒn�1�V and ˆŒn�1�G arise from the constructions of Appendix A.2 with n

replaced by n� 1. Moreover,
P
ˇ2ˆ

Œ1�;C
G

ˇ D .2n� 2/t1 C .2n� 2/s1. To prove Propos-
ition A.7, it therefore suffices to prove the following statement.

Proposition A.8. Let n � 3 be an integer, let M 2 Cgood and write M Œ1� WD M \ ˆ
Œ1�
V .

Then there exists a function f Œ1�WˆV nM ! R�0 with the following properties:

(1)
P
a2ˆV nM

f Œ1�.a/ < #M Œ1�;

(2) the vector

.2n � 2/t1 C .2n � 2/s1 �
X

a2M Œ1�

aC
X

a2ˆV nM

f Œ1�.a/a (A.11)

has strictly positive coefficients with respect to the basis SG .
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Proof. Note that if the proposition is true forM , it is also true for !.M/ for every ! 2�.
We may therefore replace M by a �-conjugate in what follows. We also note that it
suffices to find for each M 2 Cgood a function f Œ1�WˆV nM ! R�0 that satisfies the
first property and such that (A.11) has nonnegative (instead of positive) coefficients with
respect to SG . Indeed, by Lemma A.6, every element of ˇ 2 SG is a sum a1 C a2 of two
elements of ˆV nM , so by adding to f Œ1� the function a1 7! �, a2 7! � for some very
small �, we may ensure that f Œ1� has strictly positive coefficient at every element of SG .

We will distinguish three cases, after introducing some notation. We say M 2 Cgood

is bounded if there exists a function f Œ1�WˆV nM ! R�0 satisfying the conclusions of
Proposition A.8. IfM 2Cgood, we writew1.M/ WD .2n� 2/t1C .2n� 2/s1 �

P
a2M Œ1� a.

Recall that if nC 1 � i � 2n, then we write ti WD �t2nC1�i and si WD �s2nC1�i . We use
O.� 0/ as a shorthand for an element of X�.T 0/ that has nonnegative coordinates with
respect to SG . We also recall the useful formulae (A.3).

Case 1. Suppose thatM Œ1� � ¹t1 � sn; t1C sn; : : : ; t1C s1; : : : ; tnC s1;�tnC s1º. Let a
(resp. b) be the number of elements ofM Œ1� contained in the first row (resp. last column).
Then 1 � a; b � nC 1, and since we may switch the roles of tn and �tn and similarly
for ˙sn, we may assume that M Œ1� D ¹t1 C sa; : : : ; t1 C s1; : : : ; tb C s1º. Using the �-
action, we may assume that a � b. We have

w1.M/ D .2n � 2 � a/t1 � t2 � � � � � tb C .2n � 2 � b/s1 � s2 � � � � � sa:

If a; b � n � 1, then (A.3) shows that w1.M/ has positive SG coefficients, so M is evid-
ently bounded. We may therefore assume that a D n or nC 1. A computation shows that
the coefficients of w1.M/ at ¹ˇ1; : : : ; ˇn�2º [ ¹
1; : : : ; 
n�2º are nonnegative (in fact at
least nC 1� a), so we focus on the coefficients at ˇn�1, ˇn, 
n�1, 
n. If b � n � 1, then
w1.M/ D O.� 0/C .n � a/.ˇn�1 C ˇn/=2. This is negative only when a D nC 1, so
assume that this is the case. Using Lemma A.6, write ˇn�1 D a1 C a2, ˇn D a3 C a4
for some ai 2 ˆV nM . Choose a function f Œ1�WˆV nM ! R�0 such that f Œ1� sup-
ported on ¹a1; : : : ; a4º, such that

P
a2ˆV nM

f Œ1�.a/a D .ˇn�1 C ˇn/=2 and such thatP
a2ˆV nM

f Œ1�.a/ < #M Œ1�. Such a function exists since 2 < #M Œ1� and shows that M
is bounded in this case.

It remains to treat the case where n � a; b � nC 1. A calculation shows that

w1.M/ D

8̂̂̂̂
<̂
ˆ̂̂:
O.� 0/ �

1

2
ˇn �

1

2

n if .a; b/ D .n; n/;

O.� 0/ � ˇn if .a; b/ D .nC 1; n/;

O.� 0/ �
1

2
.ˇn�1 C ˇn C 
n�1 C 
n/ if .a; b/ D .nC 1; nC 1/:

In each of these cases, we can use Lemma A.6 to show that M is bounded.

Case 2. Suppose thatM Œ1� contains an element of the form t1 � sa with 2� a� n� 1 and
is contained in the set ¹t1 � sa; : : : ; t1 C s1; : : : ; tn C s1;�tn C s1º. Let b be the number
of elements ofM Œ1� contained in the last column, so that #M Œ1� D .n� a/C nC b. Then
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1 � b � n C 1, and by using the �-action we may assume that M Œ1� D ¹t1 � sa; : : : ;

t1 C s1; : : : ; tb C s1º. We have

w1.M/ D .a � 3/t1 � t2 � � � � � tb C .2n � 2 � b/s1 � s2 � � � � � sa�1:

By assumption, t1 � sa�1 2 ˆV nM and 2n � a � b � 0. We compute that

w1.M/C .2n� a � b/.t1 � sa�1/ D .2n� b � 3/t1 � t2 � � � � � tb CO.� 0/: (A.12)

All the SG coefficients of the above expression are nonnegative unless 2n� b � 2� b < 0,
in other words unless b � n. Therefore, if b < n, the function f Œ1� mapping t1 � sa�1 to
2n � a � b and all other elements of ˆV nM to zero shows that M is bounded, since
2n � a � b < #M Œ1� D 2n � a C b. If b D n, (A.12) equals O.� 0/ � ˇn. Therefore,
Lemma A.6 and the inequality .2n� a � b/C 2 < #M Œ1� show thatM is bounded in this
case. If b D nC 1, (A.12) equals O.� 0/ � ˇn�2 � ˇn�1 � ˇn. Therefore, Lemma A.6
and the inequality .2n � a � b/C 6 < #M Œ1� (which holds since n � 3) show that M is
again bounded in this case.

Case 3. Suppose that M Œ1� is of the form ¹t1 � sa; : : : ; t1 � sn; t1 C sn; : : : ; t1 C s1; : : : ;
tn C s1;�tn C s1; : : : ;�tb C s1º for some 2 � a; b � n� 1. Using the�-action, we may
assume that a � b. A calculation using (A.3) shows that

w1.M/ D .a � 3/t1 � t2 � � � � � tb�1 C .b � 3/s1 � s2 � � � � � sa�1

D .a � 3/ˇ1 C � � � C .a � b � 1/ˇb�1 C � � � C .a � b � 1/ˇn�2

C
1

2
.a � b � 1/.ˇn�1 C ˇn/C .b � 3/
1 C � � � C .b � a � 1/
a�1 C � � �

C .b � a � 1/
n�2 C
1

2
.b � a � 1/.
n�1 C 
n/:

By assumption, s1 � tb�1 2 ˆV nM and a � b, and we compute that

w1.M/C .a � b/.s1 � tb�1/ D O.� 0/ � ˇb�1 � � � � � ˇn�2 �
1

2
.ˇn�1 C ˇn/

CO.� 0/ � 
a�1 � � � � � 
n�2 �
1

2
.
n�1 C 
n/:

Therefore, to prove that M is bounded it suffices to prove (using Lemma A.6) that

.a � b/C 2..n � b C 1/C .n � aC 1// < #M Œ1�
D 4n � a � b C 1:

This inequality is equivalent to 2b > 3, which is true since b � 2.

Conclusion. Since M 2 Cgood, every M has an �-conjugate that falls under one of the
above three cases.
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