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Abstract. We prove that, for all fields F of characteristic different from 2 and all a, b, c € F*, the
mod 2 Massey product {a, b, c,a) vanishes as soon as it is defined. For every field Fg, we construct
a field F containing Fo and a,b,c,d € F* such that {a, b, c) and (b, c,d) vanish but {a, b, c,d)
is not defined. As a consequence, we answer a question of Positselski by constructing the first
examples of fields containing all roots of unity and such that the mod 2 cochain differential graded
algebra of the absolute Galois group is not formal.
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1. Introduction

A fundamental and difficult problem in Galois theory is to characterize those profinite
groups which are realizable as absolute Galois groups of fields. The first result in this
direction is due to Artin and Schreier, who proved that the only non-trivial finite subgroups
of an absolute Galois group are cyclic of order 2. The structure of absolute Galois groups
of general fields has been investigated by a large number of authors. The highlights of this
theory are the study of projective profinite groups, pseudo-algebraically closed fields, the
p-descending series and the p-Zassenhaus series, where p is a prime number.

Another approach to this problem is to find constraints on the cohomology of absolute
Galois groups. The most spectacular development in this direction is the proof of the
Bloch—Kato conjecture by Rost and Voevodsky. This gives very strong restrictions on
the mod p cohomology of the absolute Galois group of a field of characteristic not p
and containing a primitive p-th root of unity: it admits a presentation with generators in
degree 1 and relations in degree 2.
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Let p be a prime number, let F be a field, and let I'r be the absolute Galois group
of F.Foralln >3andall yy,..., x, € H'(F,Z/pZ), we denote by

(Xlw--»)(n) CHZ(F’Z/pZ)

the Massey product of 1, ..., xn; see Section 2 for the definition. We say (y1,..., xn)
is defined if it is non-empty, and that it vanishes if it contains 0. In [9], Hopkins and
Wickelgren proved that all defined Massey products vanish whenn = 3, p = 2 and F is
a number field. In [18], Min4¢ and Tén generalized this result to the case when the field F'
is arbitrary, and formulated the following conjecture.

Conjecture 1.1 (Mindc¢, Tan). For every field F, every prime p, every n > 3 and all
Yis--os Xn € HY(F,Z/pZ), if the Massey product (x1,...,xn) C H*(F,Z/pZ) is
defined, then it vanishes.

It was observed by Mind¢ and Tan that all mod p Massey products are defined and
vanish when F has characteristic p; see [18, Remark 4.1]. Therefore, for the purpose
of proving Conjecture 1.1 one may assume that char(F) # p. Moreover, if F contains
a primitive p-th root of unity (this is automatic if p = 2), then by Kummer theory homo-
morphisms I'p — Z/pZ correspond to elements of F*/F*?, and hence we may talk
about Massey products of elements of F*. In this case, Conjecture 1.1 is equivalent to
the prediction that for all ay,...,a, € F*, the Massey product (a1, ...,a,) vanishes as
soon as it is defined.

Conjecture 1.1 has stimulated a large number of works in recent years. It is now known
to be true when n = 3, for all fields F and primes p, by work of Efrat and Matzri and
of Mina¢ and Tén [5, 13, 16]. Conjecture 1.1 is also known when F is a number field,
by Guillot, Minac, Topaz and Wittenberg [7] in the case p = 2 and n = 4, and Harpaz
and Wittenberg [8] in the case of arbitrary p and n > 3.

Ifn>3and (y1,...,xn) C H*(F,Z/pZ) is defined, then y; U ;11 = 0 for all
i=1,...,n—1;see Remark 2.2. In [17, Question 4.2], Min4¢ and Tan asked whether
the converse is also true.

Question 1.2 (Min4¢, Tan). Let F be a field, let p be a prime number and let n > 3 be
an integer. Is it true that for all yy,..., y, € H'(F,Z/pZ) such that y; U y;+; = 0 in
H?*(F,7Z/pZ) foralli = 1,...,n — 1, the Massey product {y1,..., x») is defined?

Again, if F contains a primitive p-th root of unity, by Kummer theory in Question 1.2
we may replace elements of H'(F,Z/pZ) by elements of F*. Question 1.2 has an
affirmative answer when n = 3. Harpaz and Wittenberg produced a counterexample to
Question 1.2, forn =4, p = 2 and F = Q; see [7, Example A.15]. More precisely, if
b=2,¢c=17anda =d = bc = 34, then (a,b) = (b,c) = (c,d) = 0 in Br(Q) but
{(a,b,c,d) is not defined over Q. We will refer to this example as the Harpaz—Wittenberg
example. In contrast, [7, Theorem 6.2] shows that over any number field F, if a, b, c, d
are independent in F*/F*2, the identity (a,b) = (b,c) = (c,d) = 0 in Br(F) implies
that {a, b, ¢, d) vanishes.
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The aforementioned examples and results suggest studying Conjecture 1.1 and Ques-
tion 1.2 for mod 2 Massey products of the form (a, b, ¢, a), or even (bc, b, c,bc), over
an arbitrary field F of characteristic different from 2. Our first theorem is a proof of
Conjecture 1.1 for all mod 2 Massey products of the form (a, b, ¢, a).

Theorem 1.3. Let p = 2, let F be a field of characteristic different from 2, and let
a,b,c,d € F* be such that ad is a square in F. Then the Massey product {a,b,c,d)
vanishes if and only if it is defined.

We can be more explicit when a = d = bc, that is, for Massey products of the form
(bc,b,c,bc).

Theorem 1.4. Let p = 2, let F be a field of characteristic different from 2, and let
a,b,c,d € F* be such that ad and abc are squares in F. Then the following are equiv-
alent:

(1) the Massey product {(a,b,c,d) is defined,
(2) the Massey product {a, b, c,d) vanishes,
(3) (b,c¢) =0inBr(F) and —1 € Np.

Here Nj . denotes the image of the norm map F,‘, — F*, where
Fpe = F[xb,xc]/(xg — b,xc2 —c);

see the notation section below. In particular, Question 1.2 has a positive answer for mod 2
Massey products of the form (bc, b, c,bc) if F contains a primitive 8-th root of unity.
Condition (3) of Theorem 1.4 allows us to recover the Harpaz—Wittenberg example; see
Proposition 5.3.

We say that a differential graded ring A is formal if it is quasi-isomorphic to its coho-
mology ring H"(A), viewed as a differential graded ring with zero differential. We write
C*(F,Z/ pZ) for the differential graded algebra (DGA) of mod p continuous cochains
of 'p. If C*(F,7Z/ pZ) is formal, then Conjecture 1.1 holds for F and Question 1.2 has
a positive answer for F; see [19, Theorem 3.8].

In [9, Question 1.4], Hopkins and Wickelgren asked whether C*(F,Z/ pZ) is formal
for every field F. Positselski [22, Example 6.3] showed that the answer to this question is
negative. More precisely, Positselski proved that C*(F, Z/pZ) is not formal when F is
a local field of residue characteristic different from p and containing a primitive p-th root
of unity if p is odd, or a square root of —1 if p = 2. (In contrast, Conjecture 1.1 is known
and Question 1.2 has an affirmative answer for local fields.) The Harpaz—Wittenberg
example implies that C*(F, Z/pZ) is not formal for F = Q.

P4l and Quick showed that C*(F, Z/27) is formal for every field F of cohomological
dimension < 1; see [19, Theorem 1.8]. (Pal and Szab6 [21] had previously shown that
Question 1.2 has a positive answer for such F'.)

The following refinement of the question of Hopkins and Wickelgren, due to Positsel-
ski [22, p. 226], is well known among experts.
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Question 1.5 (Positselski). Do there exist a prime number p and a field F of characteris-
tic different from p and containing all the p-power roots of unity such that C*(F,Z/pZ)
is not formal?

We settle Question 1.5 in the affirmative.

Theorem 1.6 (Theorem 6.3). For every field Fy of characteristic different from 2, there
exists a field extension F [ Fy such that Question 1.2 has a negative answer for F, p =2
and n = 4. In particular, Question 1.5 has a positive answer.

It follows that Question 1.2 has a negative answer in general, even if F contains an
algebraically closed subfield. (The more precise Theorem 6.3 (a) shows that we may even
find counterexamples of the form (a, b, ¢, a). By Theorem 1.4, there are no such examples
if we further assume that ¢ = bc.) In view of the recent work of Quadrelli [23], it seems
natural to amend Question 1.2 by requiring that F' contains a square root of —1 when
p = 2. By Theorem 1.6, even this weakening of Question 1.2 has a negative answer.

The main ingredient in the proof of Theorem 1.6 is a new criterion for when a fourfold
Massey product is defined; see Propositions 3.7 and 4.1 (a). As we explain below, this
criterion also plays an important role in the proof of Theorem 1.3.

We now explain the main ideas of the proof of Theorem 1.3. For every n > 2, let
Un41 C GL,41(FF,) be the group of unipotent upper triangular matrices, and let U, be
the group of unipotent upper triangular matrices with entry (1,7 + 1) erased; see (2.5).
Givena,b,c,d € F*, consider the Galois (Z/27)*-algebra

Faped = F[xa,xb,xc,xd]/(xg —a,xZ —b,xc2 — c,xﬁ —d),

where the first (resp. second, third, fourth) factor of (Z/27)* sends x, (resp. Xp, X¢, Xg)
to its opposite and fixes the other three variables. By a theorem of Dwyer [4], the Massey
product {(a, b, ¢, d) is defined (resp. vanishes) if and only if F, p . 4/F can be embedded
into a Galois Us-algebra (resp. Us-algebra) over F; see Corollary 2.6 for the precise
statement.

If u € F*, we let N,, be the image of the norm map F, — F*, where F, is the
étale F-algebra F[x,]/(x2 — u). Suppose that (a,b) = (b,c) = (c,d) = 0 in Br(F).
(As we mentioned before Question 1.2, this condition is satisfied if (a, b, ¢, d) is defined.)
By a careful study of Galois Us-algebras, Uy-algebras and Us-algebras over F, in Propo-
sition 3.7 we associate to a, b, ¢, d a scalar e € F*, uniquely determined in the quotient
F*/NgNgeNgNpg, such that (a,b,c,d) is defined if and only if e € NyNye Ny Npg.
The scalar e is defined in terms of a pair (¢, v) € F. X F, bf 4 satisfying certain properties:
roughly speaking, & and v correspond to Galois Uy-algebras K;/F and K,/ F inducing
Fape/F and Fy . q/F (whose existence essentially amounts to the validity of Conjec-
ture 1.1 forn = 3 and p = 2), and e measures the failure of K; and K, of being induced
by a common Galois Us-algebra K/ F .

Let o € F; and § € F be such that Ny(a) = b and Ng(§) = ¢ in F*. (Such &
and § exist because (a,b) = (¢, d) = 0.) It was shown in [7, Theorem A] that {a, b, c, d)
vanishes if and only if there exist x, y € F* such that (ax, §y) = 0 in Br(F, 4); see
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Proposition 3.11 and Corollary 3.12 for a short proof. In order to prove Conjecture 1.1
for n = 4 and p = 2, it suffices to show that our condition is equivalent to that of [7,
Theorem A]. We are able to show the equivalence when a = d, thus proving Theorem 1.3,
by the following strategy. Conjecture 1.1 is true when F is finite (see Corollary 2.5), hence
we may suppose that F is infinite. Since (b, ¢) = 0, multiplying b and ¢ by non-zero
squares if necessary, we may suppose that b + ¢ = 1, and since (a,b) = (c¢,d) = 0, there
exist vy, Vg, U1, Up € F* such that vf —bv% = a and u% - cu% =d. If v, vy, U1, Us
are general enough, we may use them to define three scalars r, s, € F*; see below (4.1).
The conclusion follows from the diagram of equivalences below:

Proposition 4.2

Proposition 4.2
F € NgNagpNae &35 € NpNapNpe t € NeNge Npe
ﬁProposition 4.1 (a) ﬁProposition 4.1 (b)

{(a,b,c,a) defined {(a,b, c,a) vanishes.

We will prove the vertical equivalence on the left by showing that e = r in the group
F>/NgNgp N, via an explicit computation; see Proposition 4.3. (Note that, when a = d,
the subgroup N, N, Ng Npg is equal to Ny Ngp Nye.) The equivalences in the top row are
formal consequences of the identity (r,a) + (s, b) + (¢, ¢) = 0 in Br(F'), which is also
proved by a computation; see Lemmas 4.8 and 4.9.

For the vertical equivalence on the right, we show that # € N, N, Np is equivalent to
the condition of [7, Theorem A]. The key point is that, under the assumption a = d, the
condition of [7, Theorem A] may be replaced by the system of two equations (ax,y) =0
and (ax,c) = 0in Br(F,); see Corollary 3.13. The first equation has a solution (x, y) €
F* x F* if and only if x € N.Np.: we prove this in Corollary 4.5 using the theory
of Albert forms attached to biquaternion algebras. As we prove in Lemma 4.7, a scalar
x € F* solves the second equation if and only if x € t N, Ny.. All in all, the condition of
[7, Theorem A] is satisfied if and only if t N, Ny N N Npe # 0, thatis, t € NeNge Npe.
This proves the vertical equivalence on the right and completes our sketch of proof of
Theorem 1.3.

We conclude this introduction by describing the content of each section. In Section 2,
we collect the definitions and basic properties of Galois algebras and Massey products
in Galois cohomology, and we recall Dwyer’s theorem, which connects the two notions.
We then establish some specialization lemmas for Massey products, which will be used
in the proof of Theorem 1.6. Section 3 is devoted to the proof of Propositions 3.5 and 3.7,
which give the aforementioned equivalent condition for a fourfold Massey product to
be defined. Some of our results may be interpreted in terms of splitting varieties; see
Section 3.4. In Corollary 3.12, we give a proof of [7, Theorem A] using our methods,
and in Corollary 3.13, we specialize to the case a = d. Section 4 is devoted to the proof
of Propositions 4.1 and 4.2, from which Theorem 1.3 follows. In Section 5, we prove
Theorem 1.4 and use it to recover the Harpaz—Wittenberg example. Theorem 1.6 is a direct
consequence of Theorem 6.3, which is proved in Section 6. Finally, Appendix A contains
some known results about biquadratic extensions which are used throughout the paper.
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Notation

In this paper, we let F be a field, Fi., be a separable closure of F, and I'r := Gal(Fep/ F)
be the absolute Galois group of F. We often use additive notation while working with
elements of ['r: forall 0,7 € I'r and x € F, we have

(0+17)(x) =0(x)t(x) and (o7)(x) =0(r(x)).

If E is an F-algebra, we write H'(E, —) for the étale cohomology of Spec(E) (possi-
bly non-abelian if i < 1). If E is a field, H'(E, —) may be identified with the continuous
cohomology of the absolute Galois group of E.

Suppose that char(F) # 2. If E is an F-algebra and aq,...,a, € E*, we define the
étale E-algebra E,, . 4, by

Ea1 ..... an 1=E[Xl,u-,xn]/(Xf—al,...,xﬁ—an),

and we set /a; := x;. Thus, for all a € F*, the elements 1, J/a form an F-basis of F,.
We denote by Ry, .....q, (—) the Weil restriction functor along Fy, .. 4,/ F.lfu € Fy, . a4,
we denote by Ny, . .4,(u) and Try, . 4, (1) the norm and trace of u with respect to
Fa,,...an/ F, respectively. We also let Ny, ... 4, be the image of the norm map.

We write Br(F) for the Brauer group of F. The group operation on Br(F’) is denoted
additively. If char(F) # 2 and a, b € F*, we write (a, b) for the corresponding quaternion
algebra over F and for its class in Br(F). We write Ny, ... 4,:Br(Fy,,.. qa,) = Br(F) for
the corestriction map along Fy, .. 4,/ F.

An F-variety is a separated integral F-scheme of finite type. If X is an F-variety,
we denote by F(X) the function field of X. If x is a point of X, we denote by Ox , the
local ring of X at x and by F(x) the residue field of x.

,,,,,

2. Preliminaries

2.1. Galois algebras

Let G be a finite (abstract) group. By definition, a G-algebra L/ F is an étale F-algebra
on which G acts via F-algebra automorphisms. We say that the G-algebra L is Galois if
|G| = dimg L and LG = F; see [11, Definitions 18.15]. A G-algebra L/ F is Galois if
and only if the morphism of schemes Spec(L) — Spec(F) is an étale G-torsor. By [11,
Example 28.15], we have a canonical bijection

H'(F,G) = {Isomorphism classes of Galois G-algebras over F} (2.1)

which is functorial in F and G.

Suppose now that G = N x S, where N is a normal subgroup of G and S is a sub-
group of G. Let E be a Galois S-algebra over F, and let 7: 'r — S be a continuous
group homomorphism whose class in H(F, S) coincides with the class of E/F. The
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group S acts on N by conjugation. We view N as a I'r-module via 7, and we write N,
for the twist; see [11, §28.C]. We have a canonical bijection

H'(F. N;) = {Isomorphism classes of pairs (K, ¢),
where K/ F is a Galois G-algebra
and @: KN — Eisan isomorphism of Galois S-algebras}, (2.2)

which is functorial in F. Here, an isomorphism of pairs (K, ¢) — (K’, ¢’) is defined as
an isomorphism of Galois G-algebras o: K — K’ over F such that ¢ = ¢’ oo on KV
Under the identification of (2.2), the surjective twisting map

HY(F, N;) — Fiber,[H'(F,G) — H'(F, S)] (2.3)

of [11, Proposition 28.11] sends the class of a pair (K, ¢) to the class of K.

2.2. Kummer theory

Suppose that char(F') # 2. Then Z /27 ~ u, over F, and so the Kummer sequence yields
an isomorphism

Hom(Tr,Z/27) = H'(F,Z/2Z) ~ H'(F, u,) ~ F*/F*. (2.4)

For every a € F*, we let y4: 'r — Z /27 be the homomorphism corresponding to
the coset a F*2 under (2.4). Explicitly, letting a’ € F.J, be such that (a)> = a, we have
g(a@) = (—=1)*«® g’ for all g € T'x. The definition of y, does not depend on the choice
of a’.

Now letn > 1.Foralli = 1,...,n, let 0; be the canonical generator of the i -th factor
Z./27 of (Z./27)". 1t follows from (2.4) that all Galois (Z/27)"-algebras over F are of
the form Fy, . 4,, Where ay,...,a, € F* and the Galois (Z/2Z)"-algebra structure is
defined by 0; (\/a;) = —./a; for all i and 0;(,/a;) = ,/a; for all j # i. The elements
ai,...,a are uniquely determined modulo F X2

The Kummer sequence provides a group isomorphism

i H3(F,7/27) = Br(F)[2].

For all a,b € F*, t(xa U yxp) is equal to (a, b); see [24, Chapter XIV, Proposition 5].
The next lemma is well known and will be used several times in what follows.

Lemma 2.1. Suppose that char(F) # 2 and let a,b € F*. The following are equivalent:
1  (a,b) =0inBr(F);

(1)) b € Ng;

(ili) a € Np;

(iv)  the smooth projective F -conic of equation aX?+ bY? = Z? has an F -point (equiv-

alently, it is isomorphic to P 11,- ).

Proof. See [6, Propositions 1.1.7 and 1.3.2]. ]
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2.3. Massey products

Let (A4, 0) be a DGA over 5, that is, a graded associative [F,-algebra A = @izo A® with
a homomorphism d: A — A of degree 1 (called the differential) such that

dod=0 and d(ab) = d(a)b + ad(b)
foralla, b € A. We denote by
H*(A) := Kerd/Imad

the cohomology of (A4, d), and we write U for the multiplication (cup product) on H*(A).

Letn > 2 be an integer and a1, . .., a, € H'(A). Consider a collection M = (aij) of
elements of A', where 1 <i <j <n+1,(i,j) # (1,n + 1). We say that M is a defining
system for the n-th order Massey product (a1, ..., a,) if

(1) d(aii+1) = 0 and a; ;41 represents a; in H'(A).
() day) = YiZ}, anay foralli < j — 1.

It follows from (2) that >/, a17a; 541 is a 2-cocycle. We write (a1, ...,an)p for
its cohomology class in H?(A). By definition, the Massey product of ai, ..., ay is the
subset (ai,...,a,) C H?(A) of elements of the form (a1, ...,a,)y for some defining
system M.

We say that the Massey product {(ap,...,a,) is defined if it is non-empty, that is,
if there exists a defining system for {(a1,...,a,). We say that {(ay,...,a,) vanishes if
0€{ay,...,an). If {ay,...,an) vanishes, then it is defined.

Remark 2.2. Suppose thatn > 3, and letay,...,a, € H'(A) and M = (a;;) be a defin-

ing system for the Massey product (a,...,a,). As a special case of (2), d(aj i4+2) =
@ji+10i+1,i+2 represents a; U a; 41 in H?(A). Thus, if (aj,...,a,) is defined, then
aiJay; =aUasz =---=ay,—1 Uay =0inH2(A).

Example 2.3. (a) Let I" be a profinite group. The complex (C*(I', Z/2Z), d) of mod 2
non-homogeneous continuous cochains of I' with the standard cup product is a DGA
over . We write H*(I", Z/27Z) for the cohomology of (C*(I', Z/2Z), d). By the pre-
vious discussion, it makes sense to talk about (mod 2) Massey products of elements of
HY\(T,Z/27).

(b) As aspecial case of (a) when I' = ['r, we may talk about (mod 2) Massey prod-
ucts of elements of H!(F, Z/27). Suppose that char(F) # 2. By Section 2.1, elements
of HY(F,7Z/2Z) correspond to elements of F*/F*2, hence it makes sense to talk about

Massey products of elements of F*. If ay,...,a, € F*, we denote by {(ay,...,a,) C
H?(F,Z/2Z) their (mod 2) Massey product. By definition, (a1, ...,a,) is defined (resp.
vanishes) if and only if so does (x4, ---. Xay,)-

Let Uy4+1 C GL,+1(F2) be the subgroup of all upper-triangular unipotent matrices.
Forall 1 <i < j <n + 1, we denote by u; ;: U,+1 — Z/2Z the (i, j)-th coordinate
function on U, 4 1. The functions u; ; are group homomorphisms only when j =i + 1.
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The center Z,, 41 of Uy, is the subgroup of all matrices such that u; ; = 0 when (i, j) #
(1,n + 1); in particular, Z, 1 ~ Z/27. We have a commutative diagram

Il — Zpy1 —— Upp > Un+1 > 1,
\ (2.5)
z/2z)y"
where the homomorphism Uy, 1 — (Z/2Z)" is given by (41,2, 42,3, . ..,Upn n+1) and the

row is exact. The group U, may be identified with the group of all upper triangular
unipotent matrices of size (n + 1) x (n + 1) with the entry (1,7 + 1) omitted.
The following result is due to Dwyer [4].

Theorem 2.4. Let T be a profinite group, x = (X1,--, xn): T — (Z/27Z)" be a contin-
uous group homomorphism, and consider the mod 2 Massey product ()1, ..., Xn)-

()  If ©:T — Un41 is a continuous homomorphism lifting x, then the collection of
1-cochains My := {u; j o ¥} forms a defining system for (x1, ..., Xn)-

(i1)  There is a bijective correspondence between continuous lifts of x and defining sys-
tems for (x1,..., Xn), given by sending a lift y: T — U, 41 to M5.

(iii) Let 3: HY(T, Uy41) — H?(T,Z/27Z) be the connecting homomorphism induced
by (2.5). Then

(1s-osxn) =07 : T:T = Unsy is a continuous lift of y).

(iv) In particular, (1, ..., xn) is defined (resp. vanishes) if and only if y lifts to a con-
tinuous homomorphism I' — Un+1 (resp. T' = Uy+1).

Proof. See [4] or [8, Proposition 2.2]. Although the theorem had originally been stated by
Dwyer for discrete groups I', it can be readily extended to the case of profinite groups. m

Corollary 2.5. Let T be a profinite group such that the group H*(T,Z./2) is trivial. Then,
for all n > 1 and all continuous homomorphisms y1, ..., yn: U — Z /27, the Massey
product (x1, ..., Xn) is either empty or equal to {0}.

The assumptions of Corollary 2.5 are satisfied, for example, when I'" is the absolute
Galois group of a field of characteristic 2 or of a finite field; see [25, Chapter II, §§3.3 (a)
and 2, Proposition 3].

Proof. This is an immediate consequence of Theorem 2.4 (iii). ]
We also let

On+1 :=Ker(Uny1 = (Z/22)").  Ont1:=Ker(Uny1 > (Z/22)") = Oni1/ Zn+1-

The induced maps

H'(F,Ups1) — H'(F.(Z/22)"), H'(F.Up+1) - H'(F,(Z/2L)")
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send a Galois Uy 11-algebra L/F (resp. a Galois U, +1-algebra K/F) to the (Z/27)"-
algebra L2n+1/F (resp. K@n+1/F).

Corollary 2.6. Suppose that char(F) # 2, and let ay, ...,a, € F*. Then the Massey
product {ay, ..., ay) is defined (resp. vanishes) if and only if there exists a Galois Upi1-
algebra K/ F (resp. Galois U, 41-algebra L/ F) such that K@n+1 = Fa,,...a, (resp.
LQn+l = Fal,...,an)-

Proof. Immediate consequence of Theorem 2.4 (iv), Example 2.3 (b) and (2.1). ]

We conclude Section 2.3 with some observations. We have a Cartesian square of
groups

— On+1
Un+1 E— Un

l‘f’;wl l‘/);, (2.6)

Un L Un—l,

where ¢, and @,+1 (resp. ¢, and ¢, ;) are given by forgetting the right-most column
(resp. the top row).

Proposition 2.7. The map
H'(F,Up41) = H' (F.Un) X (g, HV(F.U—1) () H ' (F. Un)
induced by (¢, , 1. ¢y,) is surjective.

Proof. Since (2.6) is Cartesian, to give a continuous group homomorphism I'r — Uy, 1
is the same as to give two continuous homomorphisms f, f":T'r — U, such that g, o f =
@, o f'. It follows that the square of pointed sets

Hom(T'r, Up41) Pnri)s Hom(['r, Uy)
l((p;Hrl)* l(qﬁi,)* 2.7)
(on)=

Hom(T'r,U,) —— Hom(I'r, Uy—1)

is also Cartesian.
Recall that, for every finite group G, we have

H'(F.G) = Hom(T'r. G)/~,

where if ¥, ¥': Tr — G are continuous group homomorphisms, we write ¢ ~ v’ if and
only if there exists g € G such that gy/'g~! = . Suppose given ¥, ': T'r — U, and
g € Uy,—1 such that

g(@)« (g™ = (en)«(¥)  inHom(TF, Up—1).

Let g € Uy, be such that ¢, (2) = g. Then (¢,)«(8Y¥'") = (¢n)«(¥). Since (2.7) is
Cartesian, there exists ¥ € Hom(I'r, U, 1) lifting v and gy’g~!. This completes the
proof. ]
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Lemma 2.8. Suppose that char(F) # 2. Let n > 2 be an integer and K be a Galois U, 4 1 -
algebra over F. Suppose that there exists a Galois Uy, y 1 -algebra L such that L%n+1 ~ K,
and write L = K for some & € K*. Then

(a) forallt € F*, the F-algebra K, has the structure of a Galois U, 41-algebra such
Zn+1
that K;7" = K, and

(b) all Galois Uy, 41-algebras E such that E4n+! ~ K arise in this way.
Proof. Passing to Galois cohomology in (2.5) yields an exact sequence of pointed sets
1 - F*/)F*? > HY(F,Uyy) — HY(F,Up11).

The group F*/F>2 acts transitively on the fibers of H'(F, U,y1) = H'(F, Uy11).
A simple cocycle calculation shows that t € F*/F*? sends the class of K,/F to the
class of K;,/F. This proves (a) and (b) at once. ]

2.4. Specialization

In this section, we prove some specialization properties of Massey products. They can be
useful to avoid case-by-case analysis, for example when certain quantities become zero
or undefined.

Lemma 2.9. Let R be a discrete valuation ring with fraction field K and residue field k,
and suppose that char(k) # 2. Let ay,...,a, € R*, and let ay, ...,a, € k* be their
reductions.

(a) If the Massey product (a1, ...,ay) is defined over K, then (ay,...,a,) is defined
overk.

(b) If the Massey product {(ai,...,an) vanishes over K, then (a,...,a,) vanishes
overk.

Proof. The completion of R has residue field equal to k and fraction field containing K.
We may thus replace R by its completion and assume that R is complete.

Let ¢ > 1 be the characteristic exponent of K, that is, ¢ = char(K) if char(K) > 0
and g = 1 if char(K) = 0. Let # € R be a uniformizer. For every d > 1 prime to g,
choose a d-th root 7/4 of 7 such that for all dy,d, > 1 prime to ¢, we have that
(rV/d2ydr = 71/d2 Define Ko = U4 K(n'/4), where d > 1 ranges over all integers
prime to q. Let A := I'k__, and define L := K,y K. Then I'f, is a pro-g-group (trivial if
g = 1) and Gal(L/K) = Gal(Ky/K) = k. It follows that for every finite 2-group G,
the natural map

Hom(I'x, G) = Hom(Gal(L/ K ), G) — Hom(A, G)
is an isomorphism. The map

Hom(T'gx, G) - Hom(A, G) = Hom(T';, G)
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induces a specialization map
st HY(K,G) - H'(k, G),

which is covariant in G.
For all @ € R, we denote by a € k™ the reduction of @ modulo the maximal ideal
of R. Under the identification of (2.4), s: HY(K,Z/27Z) — H'(k,Z/27Z) sends a K*?
to ak>*2. Therefore, for all n > 1,
The map s: H' (K, (Z/2Z)") — H(k,(Z/2Z)")
sends (ay,...,an)to (dy,...,ay). (2.8)

(a) We have a commutative square of pointed sets

HY(K,Upt1) —— H'(k,Ups1)

l l (2.9)

HY(K,(Z)2Z)") —— H'(k,(Z/2Z)").

By Corollary 2.6, (ay,...,ay,) lifts to H'(K, l_/,,+1), hence (2.8) and (2.9) imply that
@i, ....ay,) € H'(k,(Z/27Z)") lifts to H'(k, Uy41). The conclusion follows from The-
orem 2.4 (iv).

(b) We may argue as in the proof of (a), replacing U, 11 by Uy, 41 everywhere. ]

Proposition 2.10. Let ay,...,a, € F*, let X be an F-variety with a regular F -point.
Then we have the following:

(a) The Massey product {ay,...,ay) is defined over F if and only if it is defined over
F(X).

(b) The Massey product {(ai,...,a,) vanishes over F if and only if it vanishes over
F(X).
Proof. Ttisclear thatif (ay,...,a,) is defined (resp. it vanishes) over F, then it is defined

(resp. it vanishes) over F(X).

For the converse, let x € X(F) be a regular F-point, that is, the local ring Ox
is regular. Let d be the dimension of X and #1,...,?; € Ox,x be a regular system of
parameters. For every i = 1,...,d, let O; be the localization of Ox x/(f1,...,ti—1)
at the prime ideal generated by the image of #;. Since Oy x is regular, the quotient of
aregular local ring by a non-zero divisor is regular, and the localization of a regular local
ring is regular, every O; is a regular local ring of dimension 1, that is, a discrete valuation
ring. Moreover, the fraction field of O; is F(X), the residue field of Oy is F, and for all
i =1,...,d — 1, the residue field of O; coincides with the fraction field of O; . Now (a)
(resp. (b)) follows from Lemma 2.9 (a) (resp. (b)), appliedto R = O; fori =1,...,d. =

Remark 2.11. Let p be a prime number, and suppose that char(F) # p and that F
contains a primitive p-th root of unity. Then the definition of mod p Massey product
given in Example 2.3 (b) for p = 2 extends to all p. The constructions and the results of
Sections 2.3 and 2.4 extend to arbitrary p, with the same proofs.
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3. Massey products and Galois algebras

From now on in this paper, we suppose that char(F) # 2.

3.1. Galois Us-algebras

Let a,b € F*, and suppose that (a, b) = 0 in Br(F). We write (Z/27)% = (04.03),
and we view F,p as a Galois (Z/27)?-algebra as in Section 2.1. Let @ € F* satisfy
Ng(a) = bx? for some x € F*, and consider the étale F-algebra (F, p)y. We have

Us = (04,05 : 03 = sz = [04.0p]2 = 1).
Moreover, Us = (Z/27)? and the surjective homomorphism Us — Us is given by
0, > 04 and 0p — 0p. Observe that
2

b
og(a) = % and op(x) = a.

We may thus define a Galois Us-algebra structure on (F, p)q by letting Us act on F p
via U and by setting

Vb
Ua(\/a) = xﬁ,

We leave to the reader the verification that 07 = 07 = [04.05]> = 1 0on (F, )y, that
(Fa,b)q 18 a Galois Usz-algebra and that the subalgebra of Q3-invariants is F p.

op(Va) = Va. (3.1)

Lemma3.1. Let KT = (F, 4)q with the Galois Us-algebra structure of (3.1) and K~ :=
(Fa.b)a> with the Galois Us-algebra structure given by

N
o.(Va) = —x—, op(vo) = Vo
N
Then op: Kt — K™ is an isomorphism of Galois Us-algebras.

Note that 0: K™ — K~ is not F, ,-linear.

Proof. For all n € (F,p)q, we write nT and 5™~ for the element 7, viewed as an element
of K+ and K, respectively. Then 03: K™ — K~ sends ™+ to o, (n*) = 05 (). Since o,
is an isomorphism of étale algebras, it suffices to check that it is compatible with the
Galois Usz-algebra structures. This follows from the fact that 0,0, = 050, on Fy p, and

+ _
ab(Oa(\/aJr)) = a;{x%) — —x% =0,

Symmetrically, if B € F,* satisfies Np(B) = ay? for some y € F*, the étale F-algebra
(Fa,p)p has structure of a Galois Us-algebra defined by

oa(+/B) = vVB. on(VB) = y%. (3.2)

(V&) =oa(op(v/a')). =
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Proposition 3.2. Leta,b € F*.

(a) Every Galois Us-algebra K over F such that K23 = Fu.p is of the form (Fg p)a for
some o € F)* with the property Ng(a) = b in F*/F*? and Us-algebra structure as
in (3.1).

(b) Every Galois Us-algebra K over F such that K23 = F, b is of the form (Fg p) g for
some B € F,* with the property Np(B) = a in F*/F*2 and Us-algebra structure as
in (3.2).

(c) Leta€Fy, B € F, besuchthat Ng(at) =b in F*/F*2 and Ny(B) = a in F*/F*2.
The two Galois Us-algebras (Fyp)oa and (Fup)p (with Us-algebra structure as
in (3.1) and (3.2), respectively) are isomorphic if and only if there exists w € F,:b
such that

af =w?, (04— 1)(op — Do = —1.

Proof. (a) We have U3 = N x S, where

1 0 =% 1 x 0
N = 1 x|, S= 1 0
1 1

We let S act on N by conjugation. Then N has a permutation basis given by

1 00 1 01
I 1], 1 1].
1 1

Therefore, we have a commutative square of S-modules:

N —=— Ind},,(Z/2Z)

l s (3.3)

7)27 ——— 7,)21.

Let p: U3 — S be the projection map, and let N, be the twist of N by p; see
[11, §28.C]. Then (3.3) induces a commutative square of Uz-modules:

N, —=— Ind%*(Z/27)
l(uzs)p lNorm 34)
7)27 ——— 7./27.
Let p: T — Us be a continuous homomorphism whose class in H ! (F, Usz) coincides
with that of K, and define 7: T — S by 7 := p o p. Since KN = F,, the class of 7 in

HY(F,S)= H'(F,7/2Z) is equal to y,. Pullback of (3.4) along p yields the following
commutative square:

Ny —=— Ind};, (Z/2Z)
l(u23)n lNa (3.5)
7)27 —— 7.J27.
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Here Ind;a (Z/27Z) indicates the I'-module corresponding to the pushforward of the
constant étale sheaf Z /27 on Spec(F,) to Spec(F); see [14, Theorem I1.1.9]. Combin-
ing (3.5) with Faddeev—Shapiro’s lemma, we deduce that the composition

®: H'(F, Ny) 25 HY(F,, N) 2% HY(F,,7/27)

is an isomorphism fitting in the commutative diagram

HY(F,Ny) —2— H(F,,7.)27) —— F)/F)>
lom),, lNa lNa (3.6)
HY(F,7/27) =—— H(F,7/27) —— F*/F*2.

Let E be a Galois Us-algebra and ¢: EN — F, be an isomorphism of Galois Usz-algebras
over F. By base change, we obtain an isomorphism of Galois Us-algebras ¢r,: (E My, >
(Fa)a = [lyes Fa over F,. Therefore, we may write E; = [[,cg Eg,o, Where E, o is
the subalgebra of E, lying over the inverse image of the factor in [ [, g Fu corresponding
to 0. In terms of identification (2.2), the Faddeev—Shapiro isomorphism & sends the class
of the pair (E, ¢) to the class of the Z /27Z-Galois algebra E, o/ F,, where 0 € S is the
identity element.

Since K93 = F,.p, the pair (K, id) defines an element in H!(F, N;). Let @ € F.¢
be such that ® sends the class of (K, id) to (Fy)a/Fs. By (3.6), we have N, (a) = bx?
for some x € F*. The pair ((F, p)a,id), where (F, p)q is the Galois Us-algebra of (3.1),
also defines an element of H ' (F, N, ) which is mapped to (F, )/ F, by ®. The injectivity
of ® now implies that the Galois Usz-algebras K and (Fy p)q are isomorphic over F, as
desired.

(b) Analogous to (a), after replacing N and S by

1

* 1
N = 1

—_ o

and S’ =

—_ O %

respectively.
(c) Suppose given an isomorphism between two Us-algebras (Fy p)e and (Fup)g.
Write B’ € (F, p)q for the image of B under the isomorphism and set

w = o B.

We have [o,, 0p]w = w, that is, @ is invariant under Z3 = Q3, and hence w € Faxb.

Moreover,

vay_ o

\/ﬂ’> S
We have w? = aff’. Since F}, coincides with the N’-invariant subalgebra of (Fap)p
and (Fy p)a, the isomorphism (£, p)e — (Fap)g restricts to an automorphism of Fp.

(0a = Doy — Do = (0u = 1)y
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If this automorphism is the identity, then B’ = B, and hence w? = «af. If this auto-
morphism is non-trivial, then it must be equal to op, and hence 8’ = o3(B). Define

o' = (wp)/(yva) € F;',. Then

oy B @B

yla  ya

af.

Since B/(y+/a) belongs to F.,, we have (0q — 1)(0p — 1)(B/y+/a) = 1, and hence
(0a — D)(0p — D" = (04 — 1)(0p — Dw = —1.

It thus suffices to replace w by w’.

Conversely, suppose a8 = w? for some w € Fafb such that (o, — 1)(0p — N = —1.

We have B

b b\2

(0a — Dw? = (0, — o = xz—2 = (x—) .

o o

Let
. o X
{a = (0 — Do - (m) € Fa,b'

Then (0 — 1)y = (—1) - (—=1) = 1, and hence n, € F. . Moreover, we have 2 = 1 and
Na(ng) = Na()/(x2b) = 1. It follows that 5, = =1, which is equivalent to

(0, — Do = ixﬁ.
o

Replacing x by —x if necessary (by Lemma 3.1, this does not change the Us-algebra up to
isomorphism), we may assume that (o, — 1)@ = x+/b/«. Similarly, we have (65 — 1) =
y+/a/p. A calculation shows that the assignment /& > @/ /B yields an isomorphism
of Usz-algebras (Fy p)e and (Fy5)g. |

3.2. Galois Us-algebras

Leta,b,c € F*, and suppose that (a,b) = (b, c) = 0 in Br(F). We write (Z/27)3 =

(04,0, 0) and view F, p, . as a Galois (Z /27.)3-algebra over F asin Section 2.1. Let & €

Fj5, satisfy Ny c(e) = bx? for some x € F*.Seta = N.(¢) € F)and y = N,(¢) € FX.
We have

Us = (04.0p.0c : 02 = 0f =02 = 1, [04.0p]* = [0p.0]* = [04,0.] = 1,

[[02, 03], 0c] = [0a, [05, 0c]], [[0as 0b), 0c]* = 1).

The quotient map Uy — (Z/27Z)3 is given by 0, +> 04, 0} +> 03 and o, > o.. The étale
F-algebra (Fyp.c)a,y,e may be given the structure of a Galois Us-algebra as follows:
we let 04, 0p, 0, acton F, p . via the quotient (Z/27)3, and set

_ﬂ O, & _\/—& O, o —xﬁ O, —xﬁ
Ua(\/g)— \/Z’ c(\/_)— \/E’ a(\/_)— \/&, c(ﬁ)— \/?7

(05— D(v@) = (05— D(V7) = (@ — D(/8) = (6a— D(/7) = (0c— D) = L.
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We leave it to the reader to verify that this defines a Galois Uy-algebra structure on
(Fa,b,c)a,y,e» that is, that o,, 0p, 0c act via F-algebra automorphisms, that these auto-
morphisms satisfy the above relations, and that the subalgebra of Q4-invariants is Fy p ..

Proposition 3.3. Let a,b,c € F*. Then every Galois Us-algebra K over F such that
K94 = Fyp,c is of the form (Fup.c)N,(e),Na(e).e for some & € F. with the property
Nac(e) = bin F*/F*2.

Proof. The proof is similar to that of Proposition 3.2 (a). We have Uy = N x S, where

1 0
1

1 = 0
1 0
N = S = X

—_ % O O

*
*
1 o’
1

The coordinate functions 11, and u34 determine a group isomorphism S ~ (Z/27)2.
Let p: T'r — Ujs be a homomorphism whose class in H!(F, Uy) is equal to the class

of K,and let 7 := p o p, so that the class of w in H'(F,S) = H'(F,(Z/27)?) is equal to

(Xa> xp). Write N, for the twist of N. The S-module N has a permutation basis given by

0 1 0 0 1 0
0 1 10 I 1
0 0
1 1

1 0 1
1 1
1 0
1

1 0
1

)

_—— O

0
1
’ 1 1

—_— O = O

This choice of basis gives a commutative square of continuous I'-modules

Ny —— Indf, (Z/2Z)

l(u23)7r lNa.c

7)27 ——— 7./27.

From Faddeev—Shapiro’s lemma, we obtain an isomorphism

U4

®: H'(F,Ny) - H' (Fye. N) —> HY(Fuc,7/27)

fitting into the commutative diagram

HY(F,Ny) —2— H'(Fa,Z/2L) == FJ./F}?
J/(u23)n J/Na,c lNa,(‘ (37)
HY(F,7)27) =—— H(F,7/2Z) =——— F*/F*2.

Let E be a Galois Us-algebra over F and ¢: E94 — F4 b, be an isomorphism. Base
change to F, . yields an isomorphism ¢f, : (EN)a’c — (Fae)ae = [lyes Fa,e. and
so we may write E; . = [[,e5 Eg,0» Where E, o is the subalgebra of E, . lying over
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the inverse image of the factor of [[;cg Fa,c corresponding to o. Under the identifica-
tion of (2.2), the map @ sends the pair (£, ¢) to the class of the Galois Z/2Z-algebra
Ey,0/Fa,, where 0 € S is the identity element.

Since K94 = Fup.c, the pair (K, id) defines an element of H'(F, Ny). Let e € F.
be such that ® sends the class of (K, id) to (F,.c)e. By (3.7), we have N, () = bx? for
some x € F*.Leto := N¢(¢) € F and y := N,(g) € F, and consider on (Fgp ¢)a,y,e
the Galois Uy-algebra structure over F given by (3.3). Then ® sends the class of the
pair ((Fg,p,c)a,s.s.1d) to the class of the Z /27Z-algebra (Fy ¢ )¢/ Fa,c- Since @ is injective,
we deduce an isomorphism K 2= (Fj p ¢)a,y,s of Galois Uy-algebras over F. m

The following theorem was proved by Hopkins and Wickelgren [9] when F is a num-
ber field, and by Mina¢ and Tan [15] when F is arbitrary. We give an alternative proof.

Corollary 3.4. Suppose that p =2, and let a,b,c € F* be such that (a,b) = (b,c) =0
in Br(F). Then the Massey product {(a, b, c) is defined and vanishes.

Proof. Since (a,b) = (b,c¢) = 0,by Lemma 2.1 we have b € N, N N.. By Lemma A.5,
there exists & € FX, such that N, .(¢) = b in F*/F*2. By the discussion preceding

a,c
Proposition 3.3, K = (F,p.¢)N.(e),N,(e),e 1S a Galois Us-algebra over F such that
K94 = F4 p.c. The conclusion follows from Corollary 2.6. ]

3.3. Galois Us-algebras

Leta,b,c,d € F*. We write (Z/2Z)4 = (04, 0p,0c,04) and regard F, p . 4 as a Galois
(Z /27)*-algebra over F as in Section 2.1.

Proposition 3.5. Let a,b,c,d € F*. Then the Massey product {a, b, c,d) is defined if
and only if there are ¢ € F ., v € F,*, and w € F;’ such that
(1) Ngc(e) =bin F*/F*%;
(2) Npa(v) =cin F*/F*?;
3) Na(e)Na(v) = 0?;
4 (op — D(0oc — Do = —1.
Proof. Denote by U, 4+ and U, the top-left and bottom-right 4 x 4 corners of Us, respec-
tively, and let S := U, 4+ N U, be the middle subgroup Us. Let Qi" and Q be the kernels
of the maps U4+ — (Z/27)* and U; — (Z/27Z)3, respectively, and P4+ and P, be
the kernels of the maps U, 4+ — Uz and U, — Us, respectively. By Proposition 2.7, there
exists a Galois Us-algebra K/ F such that K Os — F4 b.c,q if and only if there are a Galois
U 4+-algebra K1/ F and a Galois U, -algebra K,/ F such that

+ —

; Q o
) Kt = Fape. K, i = Fb,c,d; and
(ii) the Usz-algebras K 1P * and Kf * are isomorphic.

By Proposition 3.3, giving K; and K> satisfying (i) is equivalent to giving two elements
e € Fy. and v € F;*, such that N, c(¢) = b and Np 4(v) = c in F*/F*2. According
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to Proposition 3.2 (c), K; and K, satisfy (ii) if and only if there is w € FbX . such that

Na(e)Ng(v) = w? and (0p — 1) (0, — DN = —1. i
Remark 3.6. Lete € F.,v € FJ, e € FX,w € F, be such that Ng(e) Ny (v) = ew?.

Then (6 — 1)N4(¢) = 1 and (6. — 1)N4z(v) = 1, hence (0 — 1)(0. — 1)w? = 1. There-
fore, (op — 1)(0, — Nw € {£1}.

Suppose now thata, b, c,d € F* satisfy (a,b) = (b,c) = (¢,d) = 0. By Lemma A.5,
there exist & € F;, v € F); such that Ngc(e) = b in F*/F*2 and Np4(v) = ¢
in FX/F>*2 Bvenif (a,b,c,d) is defined, it is not true that one may find € Fy, such
that (¢, v, w) satisfies the equations of Proposition 3.5: one might need to change ¢ and v.
It will be useful to have a criterion for {(a, b, ¢, d) to be defined in terms of any given &

and v. This is the content of the next proposition.
Proposition 3.7. Leta,b,c,d € F* be suchthat (a,b) = (b,c) = (c,d) =0. Lete € F,
and v € Fy'; be such that N c(g) = b in F*/F*2? and Np 4(v) = c in F*/F*2.

(a) There existe € F* and w € Fy', such that
Ny(e)Ng(v) = ew?, (0p — 1)(0c — Do = —1.

(b) Letting € and v vary, the corresponding e form an Ny Nge Ny Npg-coset of F*.
(c) The Massey product {(a, b, c,d) is defined if and only ife € NgNgeNjNpg.

Proof. (a) By Lemma 2.8, there exists e € F such that (Fp ¢)n,(e) = (Fp,c)en, (v)- Thus
Proposition 3.2 (c) implies the existence of @ € F,*_ such that

Na(e)Ng(v) = ew?, (op — 1)(0e — Do = —1.

(b) We first show that any two values of e differ by an element of NyNy.NgNpg.
For this, we suppose given ¢ € F; ., v € Fy°;, x,y,e € F* and w € Fy°, such that
Ngc(e) = x2, Npa(v) = y2, Nu(8) Ny (v) = ew?, and we prove that e € Ny Ny NgNpq.
(We could also assume that (o, — 1)(0, — 1)w = 1, but we will see that it follows from
the rest.)

By Lemma A.3 (1), there exist e, € F, ec € F and &4, € F,". such that e = g48.64¢,
aswell as vy € F,,vg € Ff and vpg € Fy;; such that v = vpvgvpq.

We have

Na(e) = Na(€a)Nac(€ac)ez,  Na(v) = Na(va) Npa (vba)vi-
Define w; := w/(ecvp) € F;',. Then Ny(e)Ng(v) = ew? may be rewritten as
Na(€a) Nac(¢ac)Na (va)Noa (vpa) = ewi. (3.8)

In particular, w{ belongs to F*, therefore w; belongs to at least one of F,*, F and F.<.
ngs «
A simple computation now shows that w; = f~/b /¢’, where f € F*andi, j €{0,1}.
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Since b = (—=d) - (=bd)-d~% € NyNpy and ¢ = (—a) - (—ac) - ¢ =2 € Ny Nge, we deduce
that a)f € NgNgeNgNpg. Now (3.8) implies that e € Ny Ny Ng Npg, as desired.

For the converse, suppose that e = Ny (€4) Nac (8ac) Ng (va) Npg (Vg ), where e, € F,
€ac € Faeo va € Fj and vpg € Fpy. Set & = €484¢, V = VgVpg and w = 1. Then
Nac(e) € F*2, Npg(v) € F*2, Ny(e)Nyg(v) = ew? and (0p — 1)(0. — Do = 1, as
desired.

(c) This follows from (b) and Proposition 3.5. ]

3.4. Splitting varieties

We now interpret Proposition 3.5 in terms of splitting varieties. The material of this sec-
tion is not needed for the proofs of Theorems 1.3, 1.4 and 1.6.

Let n > 2 be an integer, ay,...,a, € F*, and V be an F-variety. Consider the fol-
lowing property: For all field extensions K/ F, we have

V(K) #@ < (ai,...,a) vanishes over K. (3.9

In the literature, a variety V satisfying (3.9) is sometimes called a splitting variety for
(ay,...,an).

The geometry of splitting varieties becomes increasingly complicated as n gets bigger.
When n = 2, a splitting variety for (a1, az) is the F-conic corresponding to the symbol
(a1,a2). Hopkins and Wickelgren [9] constructed a splitting variety for n = 3: it is a torsor
under a torus. When n = 4, a splitting variety was obtained in [7]. P4l and Schlank [20]
constructed splitting varieties for all n: their examples are homogeneous spaces under SL,,
with finite supersolvable stabilizers. These varieties were exploited by [8] for the proof of
Conjecture 1.1 when F is a number field.

Leta,b,c,d € F*, and consider the F-torus

S = Ra,c(Gm) X Rp,a(Gm) X G2 X Rp o (G),

whose coordinates we denote by (¢, v, x, y,w). Let T C S be the F-subgroup defined by
the equations

(1) (0. — Dw = x/Ng(e);
() (op — Do = y/Na(v);
(3) Na(e)Ng(v) = o2

Lattice computations show that T is a torus. Consider the T-torsor X C § given by the
equations

(1) (0c — D = x/b/Ny(e);
2) (op— Do = y/c/Ng(v);
(3) Na(e)Ng(v) = 0.

We now show that X satisfies a variant of (3.9), where “vanishes” is replaced by “is
defined”.
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Proposition 3.8. For all field extensions K/ F, we have that X(K) # @ if and only if
(a,b,c,d) is defined over K.

Proof. Since the formation of 7" and X commutes with arbitrary field extensions, we may
suppose that K = F.If (¢, v, x, y, w) belongs to X(F), then

Na,c(g) = bxz, Nb,d(V) = cy2

and

’

(05 = (0 = Do = (0 = D(x Nj(b;))

hence (a, b, ¢, d) is defined by Proposition 3.5.
Conversely, suppose that (a, b, c,d) is defined. By Proposition 3.5, there exist ¢ €
F..v e Fy,and o € F, such that

Na(e)Ng(v) = w?, (0p — (0 — Do = —1.

Define x,y € F;*, by

(0c — Dw - Nqa(e) _ (op —Dw-Ng(v)

ET 4 NG

Then
(0p — Dx = (0p — D(oc — Do - (0 — D(Na(e)) - (1 —0p)vVb = (1) - 1 - (=1) = 1.
Moreover, since Ng(v) € F*, we have (0¢ — 1)(Na(e)) = (0¢ — 1)(?), therefore

(0c — Dx = (0c — 1)*(@) - (0 = D(Na(e)) = 2 —20c) (@) - (0 — D(@?) = 1.

It follows that x belongs to F*. Similar calculations show that y belongs to F*, and
hence (e, v, x, y, w) belongs to X(F). This completes the proof. |

Corollary 3.9. Leta,b,c,d € F*. Then {a, b, c,d) is defined over F if and only if there
exists a finite field extension of odd degree F'/F such that {a,b,c,d) is defined over F'.

Proof. The Massey product (a,b,c,d) vanishes if a, b, ¢, d are all squares (this is
immediate, for example, from Theorem 2.4 (iv)), hence (a, b, ¢, d) vanishes over Fj p ¢ 4.
By Proposition 3.8, this implies that X(F, pc,q4) # 9, that is, the T-torsor X is split by
Fup.c.a/F. Thus, by a restriction-corestriction argument, the order of [X] € H!(F, T)
is a power of 2. Therefore, if X is split by an extension of odd degree, the order of [X] in
H'(F,T)isodd and a power of two, hence 1. [

Remark 3.10. The variety X is a torsor under a torus. In contrast, all known splitting
varieties for n = 4 are quite involved. In particular, while Conjecture 1.1 predicts that
Corollary 3.9 should also be true if “defined” is replaced by “vanishing”, we do not know
how to prove it.
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3.5. Galois Us-algebras

Leta,b,c,d € F*. In [7, Theorem A}, an equivalent condition for the vanishing of the
Massey product {a, b, c,d) was given. In this section, we recover this result using our
methods, and then we specialize to the case a = d. Our proof and that of [7, Theorem A]
are closely related. In particular, the short exact sequence (3.10) below has been used in
the proof of [7, Theorem AJ; see [7, §2.4 and proof of Theorem 3.3].

Proposition 3.11. Let a,b,c,d € F*. The Massey product {a, b, ¢, d) vanishes if and
only if there exist a € F, and § € F such that

(1) Ng(e) = b in F*/F*2;

(2) Ng(§) =cin F*/F*?;

(3) («,8) = 0in Br(Fy q).

Proof. Write P for the subgroup of Us defined by u1o = u13 = Up3 = Uzqg = U35 =
u45 = 0. This is an abelian normal subgroup of Us. There is an exact sequence

1> P —-Us > U3 xUz —> 1, (3.10)

so P has a natural structure of a (U3 x Uz)-module.

Let N and S be the subgroups of Uj as in the proof of Proposition 3.2 (a). In particular,
N is an S-module (by conjugation). Let N’ and S’ be the corresponding subgroups of Us;
as in the proof of Proposition 3.2 (b).

The bilinear map

NxN — P
taking a pair of matrices
1 0 fl 1 (5} f2
1 e |, 1 0
1 1
to
1 00 fiee fife
1 0 e1ey €1f2
1 0 0
1 0
1

yields an isomorphism of (Us x Uz)-modules

~

N®N = P.

The natural projections ¢: U3 — N and t": U3 — N’ are 1-cocycles. A direct calcu-
lation shows that the class in H2(Us x Us, P) ~ H?(Usz x U3, N ® N') of the exact
sequence (3.10) is equal to the cup-product ¢ U ¢’.



Degenerate fourfold Massey products over arbitrary fields 3521

Leta € F,* be such that N, (o) = b € F*/F*2,and let h: T — Us be a group homo-
morphism corresponding to the Galois Us-algebra (F p)e via (2.1). Similarly, let § € Ff
be such that Ny(§) = c € FX/F*2, and let ¥’:Tr — Us be a group homomorphism
corresponding to (F, 4)s via (2.1).

As in the proof of Proposition 3.2, the I'r-module N, where ' acts via A, is the
induced module Indga (Z./27Z). 1t follows that the image of ¢ under the composition

h*
H'(U3,N) — H'(F,N) = H'(F,,Z/27) = F)/F,?
is equal to the class of «. Similarly, the image of ¢ under the composition

h/ *
H U3, N Y HY(F.N') = H'(Fy.2)22) = F}/F}

is equal to the class of §.
Note that

P=N®N =Ind; (Z/27).

where we view P as a I'gp-module via (4, 1'):Tp — U; x Us.
Consider the commutative diagram

H'(Us,N)® H' (U3, N') —~— H*(Us x Us, P)

lh*®(h/)* l(h,h/)*

HY(F,N)® H'(F.N') ——Y— H?(F, P)

HY(F,.7./27) ® H'(F;,7/27) — H?(Fy4,2/27).
It follows that the image of ¢ @ ¢’ under the composition

h,h, *
H?*(Us x Us, P) RGN H*(F,P) = H*(Fy4,7/27) C Br(F, 4)

is equal to the cup-product (¢, §). The homomorphism (k, '): Trp — Us x Us lifts to
a homomorphism I'r — Us if and only if the pullback of the exact sequence (3.10) via
(h,R") is split, that is, if and only if the image of t ® " in H*(F, P) = H*(F, 4,7/27) is
trivial. Since this image is («,8) € H*(F,,q4,7Z/2Z) C Br(F, 4), this and Theorem 2.4 (iv)
imply the conclusion. u

The following result is a reformulation of [7, Theorem A].

Corollary 3.12. Leta,b,c,d € F* be such that (a,b) = (c,d) =0inBr(F). Letoc € F )
and § € F be such that N,(o) = b in F*/F*? and Ny (8) = c in F*/F*2. The Massey
product {(a, b, ¢, d) vanishes if and only if there exist x, y € F* such that (ax,8y) =0
in Br(Fg q).
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Proof. Recall that o and § exist by Lemma 2.1. Suppose («x, 8y) = 0 in Br(F, 4) for
some x,y € F*.Since Ny(ax)=bhin F*/F>*? and N;(8y) = ¢ in F*/F*2, the Massey
product {a, b, ¢, d) vanishes by Proposition 3.11.

Conversely, if (a, b, ¢, d) vanishes, then Proposition 3.11 givesa’ € F*and 8’ € F ;
such that N, (o) = bin F*/F*2, Ny(§') = cin F*/F*? and (¢/,§') = 0in Br(F, 4).
There existu, € F* andu, € F* such that N, (a') = N, (o)u2 = N, (ou,) and Ny (8') =
Ny (8)u§ = Ng4(6ug). Now Hilbert’s Theorem 90 implies the existence of 1, € F,¢ such
that o’ = au, (o, — 1)ng = aug Ny (na)n;2. Similarly, there exists g € Fa’,‘ such that
8" = S8ugNa(na)ny>. Set

X = Ny(ma)ug € F* and y:= Ny(ng)uqg € F*.

Then
0= (,8) = (axn,? 8yn;%) = (ax,8y) inBr(F,q).

as desired. [

Corollary 3.13. Leta,b,c € F* be suchthat (a,b) = (c,a) =0inBr(F). Leta,§ € F )
be such that N,(a) = b and N, () = c. The Massey product {a, b, c, a) vanishes over F
if and only if there exist x, y € F* such that (ax,8y) = (ax,c) = 0in Br(F,).

Proof. Write F, = Flu,]/(u2 —a) and F,, = F[vg, wa]/(v2 —a, w2 — a). We have
an F-algebra isomorphism

@ Faq —> Fax Fgy, va > (Ug,ug), Wa > (Ug, —Ug).
If 7 = w1 4+ w4 + T3Wg + T4V W € Fy 4, then
() = (1 + amy + (w2 + 73)ug, w1 — amy + (T2 — 73)Ug). (3.11)

Let x, y € F*. Since « is in the F-span of 1 and v,, and § is in the F-span of 1 and w,,
by (3.11) we have

p(ax) = (ax.ax) and @(8y) = (8y.0a(8)y).

It follows that, letting
@x: Br(F,4) = Br(F,) x Br(F,)

be the isomorphism induced by ¢, we have

@«((ax,8y)) = ((ax,8y). (ax,04(8)y)).

In particular, (ax, §y) = 0 in Br(F,4) if and only if (@x, 8y) = (ax,0,(§)y) = 0 in
Br(F,). Since
(ax,8y) + (ax,04(8)y) = (ax,c) inBr(F,),

we deduce that (ax,8y) = 0 in Br(Fy 4) if and only if (ax, §y) = (ax,c) = 0in Br(Fy,).
The conclusion follows from Corollary 3.12. ]
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4. Proof of Theorem 1.3

Leta,b,c,d € F*, suppose that b + ¢ = 1 and let vy, v, Uy, us € F be such that

—bv? =a,
u? —cu? =d, 4.1)
v1vau Uz (V1 + v2) (U + u2)(vy +uy) # 0.
By Lemma 2.1, this implies that (a, b) = (b,c) = (¢,d) = 0in Br(F).
Define r, s, € F* as follows:

r:=2(vy + v2) (U1 + uz)vaus,
s =2(v1 +uy)(u; + uy),
t:=2(v1 + uy)(v1 + v2).
As we will explain in Section 4.4, the proof of Theorem 1.3 will follow from the next
two propositions.
Proposition 4.1. Suppose thata = d.
(a) The Massey product {(a, b, c, a) is defined over F if and only if r € Ny Nyp Nge.
(b) The Massey product {(a, b, c, a) vanishes over F if and only if t € No Ng¢ Npe.

Proposition 4.2. Suppose that a = d. Then

r € NgNypyNye <& s € NyNypNpe <t € NoeNge Npe .

4.1. Proof of Proposition 4.1 (a)

We maintain the notations and assumptions of the beginning of Section 4. Since (a, b) =

(b,c) = (c,d) = 0in Br(F), by Corollary 3.4 the Massey products {(a, b, c) and (b, c,d)

vanish. Therefore, by Proposition 3.3, there exist ¢ € F‘. and v € F, bx 4 such that Ky =

(Fa b,c)Ne(e),Na(e),e and Ko = (Fpc d) N, (v),Npw),v are Ga101s Uy-algebras such that

K; Q4 — = F,p,c and KQ4 Fp.c.a. By Proposition 3.7 (a), there existe € F* and w € F*,

such that ’
Na(&)Ng(v) = ew?,  (0p — 1)(0c — Do = —

Proposition 4.3. We have e = r in F*/NyzNycNg Npg. In particular, {a,b,c,d) is de-
fined if and only ifr € NgNgye NgNpg.

Proof. (a) Define

1
a;:ﬂ+—ﬁeFax, ,B::l—l—x/ZerX,
U2 U2
yi=1+ceF} 8:=—+—«/_eFd

Uz
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Note that Ny(o) = b = N.(y) and Np(B) = ¢ = N;z(§). Set

se=a+yeFS

a.c’

By Lemma A.4 (1), we have

Na(e) = yx. Na(v) =By,

where
U1 x
X = Tra(@) + Tre(y) = 2(— + 1) € FX,
U2
V= Tip(B) + Tra(8) = 2(1 v ﬂ) € F*.
Uz
In particular,
Nac(e) = bx%, Npa(v) = cy?.
Define N
14+ /b
i IEVEEVE o
VoUp ’

Note that @ # 0 because 1, +/b and /¢ are linearly independent over F. Moreover,
~ (opoc + Do (1+ Vb + Jo)(1 — Vb — \/c)
(0p +0)o (1 =b+ /o)1 + Vb — Jo)
_ —2«bc
2+/bc
We have (1 + /b + /¢)? = 2(1 + v/b)(1 + /c), hence
Na(e)Ng(v)  xy(1+ Vb)(1 + Joywsud  xyviul
w? (1 4+ Vb + Jc)? 2
_ (U Uiy, 2 2 _
= 2(1)2 + 1)(1 + uz)vzu2 =r.
Thus N,(g)Ng(v) = rw?. We conclude from Proposition 3.7 (b) that e = r modulo
NaNgeNgNpg. un

(0p — D(oc — Do

—1.

Proof of Proposition 4.1 (a). Since a = d, we have NyNgeNgNpg = NgNapNye. The
conclusion follows from Propositions 4.3 and 3.7. ]

4.2. Proof of Proposition 4.1 (b)

The next proposition is the key step for our proof of Proposition 4.1 (b). Its proof is the
only place where we need to use quadratic form theory in this paper.

Proposition 4.4. Leta € F* and w, u € F,¢ be such that Ny (7, ) = 0 in Br(F). Then
there exists z € F* such that (7, uz) = 0 in Br(Fy).
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Proof. Here we use the theory of Albert forms attached to biquaternion algebras; see
[11, §16.A]. As explained in [11, Example 16.4], given a biquaternion F-algebra A :=
(a1,b1) ® (az, by), the quadratic form (a1, by, —a1by, —az, —ba, azb,) is an Albert form
of A. Given two presentations of A as a tensor product of two quaternion algebras, the
corresponding Albert forms are similar to each other; see [11, Proposition 16.3].

Let K/ F be an étale algebra of degree 2, let s: K — F' be a non-zero linear map such
that s(1) = 0, let Q be a quaternion algebra over K, let Q° C O be the subspace of pure
quaternions, let g: Q° — K be the quadratic form given by squaring, and let s.(g) be
the transfer of g; see [12, Chapter VII, §1]. Then it follows from [11, Propositions 16.23
and 16.27] that s.(q) is similar to an Albert form over F of the biquaternion F-algebra
given by the corestriction Ng,r(Q); see the proof of [11, Corollary 16.28]. Thus, by
Albert’s theorem [11, Theorem 16.5]:

If Nx,r(Q) is split, then s«(q) is hyperbolic. 4.2)

Now let K = F,, lets: F; — F be a non-zero F-linear map such that s(1) = 0, and
let Q = (s, u). Then ¢ = (7, w, —m ). By assumption, N, (7, i) is split, hence by (4.2)
the 6-dimensional quadratic form s« (q) is hyperbolic. Since 4 > 6/2, the 4-dimensional
subform s, (, —m ) of s«(g) is isotropic. We deduce that the form (u, —mu) over F,
represents an element of F. If (u, —mu) is isotropic, then = € F%, hence (7, n) = 0
in Br(F,), and we may take z = 1. Otherwise, the form (u,—mu) over F, represents
an element z € F*, then wz is represented by (1, —). By Lemma 2.1, this implies that
(7, uz) = 01in Br(F,) and completes the proof. |

We maintain the notations and assumptions of the beginning of Section 4. Suppose
further that e = d. Let

[ :=vi+u;, a=Iv+IlJaeF), §=Iu;+IJaeF). (4.3)

By (4.1), we have
Na(a) = b(Iv2)*.  Na(8) = c(luz)*.

Corollary 4.5. (a) If Ny(ax,8y) = 0in Br(F) for some x,y € F*, then x € N Np..
(b) For every x € N.Np,, there exists y € F* such that (ax,8y) = 0 in Br(Fy).

Proof. We first show that for all x, y € F*:
Ng(ax,8y) = (b,y) + (x,¢) inBr(F). (4.4)
Indeed, since o + 04(8) = [2, by Lemma 2.1 we have (&, 04(8)) = 0 in Br(F,), hence
(. 8) = (. 8) + (&, 04(8)) = (@, Na(6)) = (@, ¢) inBr(Fy).
It follows that

(ax.8y) = (. 8) + (. y) + (x.8) + (x.y)
= (@.0) + (@, y) + (x.8) + (x,y) inBr(Fy). u
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Now (4.4) follows by applying N, and using that N, («) = b, N,(8) = ¢, (b,¢) = 0 and
Na(x,y) =2(x,y) = 0.
(a) By (4.4), we have (b, y) + (x, c) = 0. The conclusion follows from Lemma A.1.
(b) Write x = ncnp., where n. € N, and np. € Np.. Then by formula (4.4), we have
Ng(ax,dnp.) = 0. By Proposition 4.4 applied to # = ax and u = dnp,, there exists
z € F* such that (ax, np.z) = 0in Br(Fy). Letting y := np.z, we obtain (ax,y) =0
in Br(Fy,), as desired.

Remark 4.6. We give a proof of Corollary 4.5 (b) that minimizes the use of quadratic
form theory. Let x € F* and consider the quadratic form ¢, := (§, —ax8) over F,.
We first show that

(ax,8y) = 0forsome y € F* & g, represents an element of F . 4.5)

Indeed, let y € F*. Then (ax, §y) = 0 in Br(F,) if and only the quadratic form (1, —ax)
over F, represents §y. This is in turn equivalent to y being represented by g,. This
proves (4.5).

Now let s: F;, — F be the F-linear map such that s(1) = 0 and s(4/a) = 1. The
form g, over F, represents a value in F if and only if the form s (g, ) over F is isotropic.

Suppose first that gy is isotropic. Then ax € F %, hence (ex, §) = 0 in Br(F,), that
is, the conclusion of Corollary 4.5 (b) is true for y = 1.

Suppose now that gy is anisotropic. A simple computation shows that

sx(qx) = (l,—lc,—Ix,lbcx). (4.6)

Since x € N, Np,, there exist wy, wy, w3, ws € F such that

w? — cw? = x(w3 — bcwi) # 0.

Multiplying both sides by [ and using (4.6), we deduce that s«(qgy) is isotropic. It follows
that ¢, represents a value in F. Since ¢, is anisotropic, it represents a value in F*, and
so by (4.5) there exists y € F* such that (ax,y) = 0 in Br(F,). This implies Corol-
lary 4.5 (b) when ¢ is anisotropic, thus completing the proof.

Lemma 4.7. Let x € F*. Then (ax,c) = 0in Br(F,) if and only if x € tN;Nge.
Proof. We have
Na(@) = b(lv2)> = (1 = ¢)(Iv2)* = Ne(lva(1 + V/c))
and
Tra(er) + Tre(lva (1 + /) = 2lvy + 2[vy = t.
Now Lemma A .4 (3) implies (¢, ¢) = (¢, ¢) in Br(F,), hence, adding (x, ¢) to both sides,
(ex,c) = (tx,c) in Br(F,).

Thus (ax,c) = 0 in Br(F,) if and only if (tx,c) = 0 in Br(F,). By [24, Chapter XIV,
Proposition 2], this is in turn equivalent to the existence of y € F* such that (tx,c) =
(a,y)inBr(F). By Lemma A.1, this is equivalent to tx € N Ny, thatis, x €tN.Nye. ®
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Proof of Proposition 4.1 (b). By Corollary 3.13, the Massey product {a, b, ¢, a) vanishes
over F if and only if there exist x, y € F* such that

(ax,8y) = (ax,c¢) =0 inBr(F,).

According to Corollary 4.5 (a) and Lemma 4.7, the two equations are satisfied if and only
if tN:Nge N N¢ Ny is non-empty, thatis, t € N Nge Npe. [

4.3. Proof of Proposition 4.2
We maintain the notations and assumptions of the beginning of Section 4.
Lemma 4.8. We have (r,a) + (s,b) + (¢t,c) = 0in Br(F).
Proof. We have

u? +v3 = (v} —bv3 + cud) + v = v¥ + c(v3 + u),
hence

(V1 +up + v2)? = vf + (u% + v%) + 2v1uq + 2v1v3 + 2u Vs
= 2vf + c(v% + u%) + 2viuq + 20102 + 2uq v,
=1+ c(v3 +u3).

In other terms, the conic of equation tX? + ¢(v3 + u3)Y? = Z? (which is smooth if
v3 + u3 # 0) has the F-point (1 : 1 : vy 4+ uy + u3). Thus by Lemma 2.1,

(t,c) = (t,v3 +u3) ifvd+u3#0, 4.7
and (7,¢) = 0if v3 + u3 = 0. Similarly,

(s,b) = (s, v% + u%) if v% + u% #0,
and (s, b) = 0if v2 4+ u3 = 0. We also have

(Vauz + vz + voup)?
= v3u3 + viuj + v3ud + 2vaus(viug + viuy + vaus)
= —v%u% + vfu% + v%u% + 2vun (ViU + viUuy + VU + VaUp)
= —v%u% + (a + bv%)u% + v%(a + cu%) +r= a(v% + u%) +r.
Now Lemma 2.1 implies
(r,a) = (r,v3 +ud) ifvi+uZ#0,

and (r,a) = 0if v2 + u2 = 0. In particular, when v3 + u3 = 0, we have (r,a) = (s,b) =
(¢, c) = 0, which implies the conclusion in this case. Suppose now that v% + u% # 0.

Note that
rl \2
rst = 2vaus - ( ) .
UaUp
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Finally,
(Quauta, v3 +u3) =0 (4.8)

since the smooth conic of equation (2vuz)X? + (v% + u%)Y2 = Z? has the F-point
(1:1: vy + uy). Putting (4.7) and (4.8) together, we conclude that

(r,a) + (s,b) + (t,c) = (r,v3 +ud) + (s,v3 + u3) + (¢,v3 + u3)

= (rst,v3 +u3) = 2uau,v3 +u3) =0,
which completes the proof. ]
Lemmad4.9. Letra’,b’, ¢’ € F* be suchthat (a’,a) + (b',b) + (¢’,¢) = 0 in Br(F), then
a € NgNypNaoe & b’ € NyNypNpe < ¢’ € NeNgeNpe.
Proof. Suppose that ¢’ = nengehpe, where ne € Ne, nge € Nge and npe € Npe. Then

0=1(c,c)+ (' b)+ (d,a) = (nengenpe,c) + (b',b) + (a’,a)
= (Nac,¢) + (npe.¢) + (b, b) + (@', a) = (nac,a) + (npe.b) + (b'.b) + (da’,a)
= (”aca/’a) + (nbcb/vb)-

Thus Lemma A.1 implies that ng,.a’ € Ny N,y and npeb’ € Ny N,yp. Since the statement
of Lemma 4.9 is symmetric in a, b, ¢, this completes the proof. [

Proof of Proposition 4.2. Immediate from Lemmas 4.8 and 4.9. ]

4.4. Proof of Theorem 1.3

As anticipated, Theorem 1.3 will follow from Propositions 4.1 and 4.2.

Proof of Theorem 1.3. Suppose that the Massey product {(a, b, c,a) is defined over F.
By Remark 2.2, we have (a,b) = (b,c) = (c,a) = 0 in Br(F). If F is a finite field,
{(a, b, ¢, a) vanishes by Corollary 2.5. We may thus assume that F is infinite. The Massey
product (a, b, c,a) depends only on the classes of a, b, ¢ in F*/F*2. Since (b,c) = 0,
by Lemma 2.1 there exist x, y € F* such that bx? 4 c¢y? = 1. Replacing b by bx? and ¢
by c¢y?, we may suppose that b 4+ ¢ = 1.

Consider (A%)? with coordinates (v1, v2,u1,u2), and let Y C (A%)? be the locally-
closed subvariety given by (4.1). Since (a,b) = (a,c) = 0 in Br(F) and F is infinite,
Y is F-rational and so has an F-point, that is, (4.1) has a solution. Now Proposition 4.1 (a)
implies that r € Ny Ngp N, . It follows from Proposition 4.2 thatt € N. N, Np. By Propo-
sition 4.1 (b), the Massey product {(a, b, ¢, a) vanishes, as desired. |

Remark 4.10. The final part of the proof of Theorem 1.3 may be replaced by the follow-
ing specialization argument. Suppose that F is infinite, consider (A%,)2 with coordinates
(v1,v2,u1,uz), and let Z C (A%,)2 be the smooth variety given by the first two equali-
ties of (4.1). Then the restrictions to Z of the coordinate functions of (A%,)Z satisfy (4.1)
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over F(Z). Since Z is smooth and has an F'-point, by Proposition 2.10 we may replace F'
by F(Z). The conclusion then follows from Propositions 4.1 and 4.2. A similar argument
could also be used for the proof of Theorem 1.4 in the next section.

5. Proof of Theorem 1.4

Let b,c € F* be such that b 4+ ¢ = 1. In particular, (b, ¢) = 0 in Br(F). Suppose fur-
ther that (bc, b) = (bc, ¢) = 0. This is equivalent to (b, —1) = (¢, —1) = 0, that is, by
Lemma 2.1,to —1 € Ny N N,.

Before moving to the proof of Theorem 1.4, we specialize some of the definitions of
Section 4 to the case a = d = bc. Let (vq, v2, U1, Us) € (F*)* be a solution of (4.1),
where we seta = d = bc. Set

vi=1v; + Vb € FY. u:=uy+uz/c € F),
so that Np(v) = N.(u) = bc. The definition of (4.3) specializes to
l'=vi+uy, a:=Ivy+IvbceFy., &:=Iuy+IvbceFy,. (5.1

We have
Npe(a) = b(lv2)*,  Npe(8) = c(luz)®.

We may also write
Npe(@) = b(lv2)> = (1 = ¢)(1v2)* = N(lv2(1 + V).
Following the definition given after (4.1), we have
t:=2l(v; + v2) = Trpe(ar) + Tre(lva (1 + /).
Since v; + vy # 0 by (4.1), we have ¢ # 0.

Lemma 5.1. We have —t? € Nj ..

Proof. According to Lemma A.4 (2) applied to p = « and u = [v2(1 + +/c), we have
that b(lv,)?t? e Np,c. Thus, in order to prove that —12 € Ny, it suffices to show that
—b(lv2)? € Np . Since Np(v) = N.(u), by Lemma A.4 (2) applied to p = v and 0 = u,
we have 4bcl? € Np .

We also have v

Vb

hence by Lemma A.4 (2) applied to p = v/\/E and . = /c, we obtain that —4c¢ v% € Np c.
Since 16¢% = Np (24/¢), it follows that

Ny(==) = —c = Ne(Wa),

—b(lv2)* = (4bcl?) - (—4cv3) - (16¢*) 7 € Ny,

as desired. [



A. Merkurjev, F. Scavia 3530

Proof of Theorem 1.4. If F is a finite field, then N . = F* and by Corollary 2.5 every
Massey product over F' vanishes, hence Theorem 1.4 is true in this case. From now on,
we suppose that F is infinite. Multiplying a, b, ¢, d by non-zero squares does not alter
the Massey product (a, b, ¢, d), hence we may suppose that

a=d=bc and b+c=1.

By Theorem 1.3, we know that (1) is equivalent to (2).

We now prove that (2) is equivalent to (3). We have (b, ¢) = 0, and we may suppose
that (be, b) = (bc,c) = 0, as it is implied by either (2) or (3). Consider (A%)? with
coordinates (vy, vz, U1, u3), and let ¥ C (Afp)2 be the locally-closed subvariety given
by (4.1). The F-variety Y is rational because (bc, b) = (bc,c) = 0. Thus, since F is
infinite, Y has an F-point, that is, (4.1) has a solution.

Recall that we defined o« € F; and § € F such that Np.(a) = b in F*/F*2 and
Npe(8) = cin F*/F*2in (5.1), as a special case of (4.3). By Corollary 3.13, the Massey
product {bc, b, ¢, bc) vanishes if and only if there exist x, y € F* such that (ax,c) =
(ax,8y) = 0in Br(Fp.). By Corollary 4.5 and Lemma 4.7, these equalities are equiva-
lent to NoNpe. N tNp N, # @. The latter is equivalent to t € Np N, Np., which by Lem-
ma A.3(2) is equivalent to t? e Np . By Lemma 5.1, this is equivalent to —1 € Nj ¢,
as desired. This shows that (2) is equivalent to (3), as desired. [

As an application of Theorem 1.4, we recover the Harpaz—Wittenberg example [7,
Example A.15].

Let K/ F be a Galois extension of number fields, v be a place of F and w be a place
of K above v. Let F, be the completion of F' at v and K,, be the completion of K at w.
By definition, the local degree of K/ F at v is equal to [Ky, : Fy].

Let wq, ..., w, be the places of K above v. Since Gal(K/F) acts transitively on
the wj;, the local degree of v does not depend on the choice of w. Moreover, the natural
homomorphism of Fy-algebras K ® p F, — []i=; Kuw,; is an isomorphism (see, e.g.,
[1, Chapter VII, proof of Proposition 1.2]), hence the local degree of v is a divisor of
[K : F],anditis equal to [K : F]if and only if m = 1, thatis, if and only if K @ F}, is
a field.

Lemma 5.2. Let F = Q. Then —1 does not belong to N3 7.

Proof. Let K := Q(~/2, +/17). It is not difficult to prove that the local degree of K/Q at
any place v of Q is either 1 or 2. For all ¢ € Q*, define

o) = [T17.0),

veS)

where S is the set of places v of Q that split in Q(+/2), and (17, ¢),, denotes the symbol
(17, ¢) in Br(Q,). By a result due to Serre and Tate, ¢ belongs to N> N17 N34 if and only
if w(c) = 1; see [1, Exercise 5.2] or [10, p. 114, Lemma].

Note that 3 does not belong to S; while 17 belongs to S;. Moreover, 3 is not square
modulo 17, and hence w(3) = (17, 3);7 = —1. By the aforementioned result of Serre
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and Tate, 3 is not in N, N17 N34, which by Lemma A.3 (2) implies that 9 does not belong
to N,17. On the other hand,

3 1
9= N, 17(1 _2a- —@),
’ 2 2
and hence —1 does not belong to N3 17. [

Proposition 5.3 (Harpaz—Wittenberg). Let F =Q,b=2,¢c =17 anda =d = bc = 34.
Then (a,b) = (b,c) = (¢, d) = 0 but the Massey product {(a, b, c, d) is not defined.

Proof. We first show that (34,2) = (2,17) = (17, 34) = 0, or equivalently (2,17) =
(2,—1) = (17, —1) = 0. These follow from the identities

2424 17-12=7%, 2-12-1-1>2=1, 17-12—-1-4*>=12

By Theorem 1.4, to prove that {(a, b, ¢, d) is not defined, it suffices to show that —1 does
not belong to N3 17, which was proved in Lemma 5.2. [

6. Proof of Theorem 1.6

Recall that a field E is said to be 2-special if the degree of every finite field extension
of E is a power of 2.

Lemma 6.1. Suppose that F is a 2-special field, and let a € F* \ F*2. Let X be a non-
split smooth projective conic over F, let ¢: X, — X be the projection map, and consider
the proper pushforward homomorphism

¢«: Div(XF,) — Div(X).

Let Y myx € Div(X) be a principal divisor in the image of ¢«. Then the sum of the m
over all closed points x € X such that F(x) >~ F, is even.

Proof. Let x € X be a closed point. Note that deg(x) := [F(x) : F] is a power of 2,
and it is different from 1 since X(F) = @. Moreover, ¢! (x) = Spec(F, ®  F(x)) and
[Fa ®F F(x): F(x)] = 2, hence either F, ®  F(x) ~ F, x F, or it is a quadratic field
extension of F(x). In other words, either ¢~!(x) is the union of two closed points of
degree 1 over x, or it consists of a single closed point of degree 2 over x. Therefore, there
are three mutually exclusive possibilities for the closed point x:

(1)  deg(x) is divisible by 4,

(i) deg(x) = 2 and ¢~ !(x) consists of a single closed point of degree 2 over x,

(iii) deg(x) = 2 and ¢~!(x) consists of two closed points of degree 1 over x.
Moreover, x satisfies (iii) if and only if deg(x) = 2 and @ € F(x)*2, that is, if and only if

F(x) >~ F,. Thus, the proof will be complete once we show that the sum of the m, over
all closed points x € X satisfying (iii) is divisible by 4.
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If x satisfies (i), the number m, deg(x) is divisible by 4. If x satisfies (ii), then m is
divisible by 2, hence m, deg(x) is divisible by 4. Since the divisor Y mx is principal,
its degree is equal to zero, that is, Y m, deg(x) = 0. It follows that the sum of the m, x
for those x as in case (iii) is divisible by 4, as desired. [ ]

Lemma 6.2. Let E be a 2-special field, and let a,b € E* be such that

(1) a, b and ¢ := 1 — b are independent in E*/E*2, and

(2) (a,¢) =0and (a,b) # 0inBr(E).

Let X be the smooth projective conic over E corresponding to (a,b), and set F := E(X).

Then (a,b) = (a,c) = (b,c¢) = 0 in Br(F) but the Massey product {a,b,c,a) is not
defined over F.

Proof. We have (a,b) = (b,c) = (c,a) = 0 in Br(F) because b + ¢ = 1 and every
quaternion algebra splits over the function field of the corresponding conic.

Consider the projective plane IP’% with homogeneous coordinates vy, vi, vz, and
choose a model of X C IP’% given by the equation

2 2 _ .2
vy — bvy = avg.
Define
v + vy
f = e F*.
U2

Simple computations show that the equation v; 4+ v, = 0 cuts out a point x; € X of
degree 2 with residue field E(x;) = E,¢, and that the equation v, = 0 cuts out a point
X2 € X of degree 2 with E(x;) = E,. Thus

div(f) = x1 — x2.

Since (a, b) # 0in Br(FE), the field £ must be infinite. Thus, as (a,¢) = 0 in Br(E), we
may find u1,u, € E* such that uy + u, # 0 and u? — cu3 = a. Suppose by contradiction
that the Massey product (a, b, ¢, a) is defined. Then by Proposition 4.1 (a), we have

201 + u2)uz f = 2(v1 + v2) (U1 + u2)v2u205 2 € NgNgp Nac.
Since 2(u; + uz)u, € E*, we may write
f = fonanaphac

for some fo € E*,ng € Ny, ngp € Ngp and nge € Ny Passing to divisors and using that
div( fo) = 0, we conclude that

div(f) = div(ng) + div(ngp) + div(nge). 6.1

We write div(ng) = > myx, div(ngp) =Y m’.x and div(ng.) = Y m'yx. By Lemma 6.1,
the sum of the m,, over all closed points x such that E(x) >~ E, is even. By assumption ab
and ac are not squares in E. It follows that the inverse image of X;; — X and X,;c —> X
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at every closed point of x with residue field £ (x) >~ E, consists of a single closed point
whose residue field has degree 2 over E(x). Therefore, the sum of the m’, (resp. m’;) over
all closed points x such that E(x) >~ E, is also even. However, by (6.1) the sum of the
my + m’, + m’, over all closed points x such that E(x) >~ E, is equal to 1, which is
a contradiction. Therefore, the Massey product {a, b, ¢, a) is not defined over F'. n

Recall from the introduction that the DGA C*(F, Z/2Z) is formal if it is quasi-
isomorphic to its cohomology algebra H*(F,Z/27Z), viewed as a DGA with zero dif-
ferential. If C*(F, Z/27) is formal, then by [19, Theorem 3.8] for all n > 3 and all
ai,...,ay € F*suchthatay Uay =ax Uaz =--- = ay—1 Ua, =0, the Massey product
(a1, ...,ay) vanishes. Therefore, the next theorem, which implies Theorem 1.6, answers
Positselski’s Question 1.5 affirmatively.

Theorem 6.3. Let Fy be a field of characteristic different from 2.

(a) There exist a field extension F/ Fy and elements a,b,c € F*, independent in F*/ F*?
such that (a,b) = (b,c) = (a,c) = 0in Br(F) but the Massey product {a, b, c,a) is
not defined over F.

(b) There exist a field extension F/Fy and elements a,b,c,d € F*, independent in
F*/F>*2, such that (a,b) = (b,c¢) = (a,d) = 0 in Br(F) but the Massey product
{(a,b,c,d) is not defined over F.

Proof. (a) Leta and b be algebraically independent variables over Fy, set F := Fy(a,b),
and define ¢ ;== 1 — b € F;. Write C for the smooth projective conic over F; correspond-
ing to (a,c) € Br(Fy), let F, := F1(C), and let F3 be a 2-closure of F3, that is, the
subfield of (F3)sp fixed by a Sylow 2-subgroup of I'z, . The field F3 is 2-special. We have
the inclusions

FyC F; C F, C Fs.

In order to complete the proof, it suffices to show that assumptions (1) and (2) of Lem-
ma 6.2 are satisfied by a, b, ¢ over E = F3.
(1) Consider the group homomorphisms

FIX/FIXZ N FZX/FZXZ N FSX/F3X2.

The homomorphism on the left is injective because Fj is algebraically closed in F5, and
the homomorphism on the right is injective by a restriction—corestriction argument. It is
clear that a, b, ¢ are independent in F}*/ F“?, hence they are independent in F;*/ F;2.
(2) We have (a, ¢) = 0 in Br(F3;) because C is the conic corresponding to (a, ¢),
hence (a, c¢) = 0 in Br(F3). Suppose that (a, ) = 0 in Br(F3). Then there exists a finite
extension L/F, of odd degree such that (a, ) = 0 in Br(L). Since [L : F3] is odd,
a restriction-corestriction argument shows that the restriction map Br(F;) — Br(L) is
injective, hence (@, b) = 0 in Br(F>). By [2, Proposition 7.2.4 (b)], the kernel of the
restriction map Br(F;) — Br(F3) is generated by (a, c¢), hence either (a,b) = 0 or
(a,b) = (a, c) (that is, (a, b(1 — b)) = 0) in Br(F7). Taking residues with respect to
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the valuation determined by a, we see that neither of these equalities can be true, a con-
tradiction. Therefore, (a, b) # 0 in Br(F3), as desired.

(b) By (a), there exist a field extension L/ Fy and a,b,c € L*, independent in L* /L*?,
such that (a,b) = (b, c¢) = (¢,a) = 0in Br(L) and the Massey product {(a, b, ¢, a) is not
defined. Let F := L(u), where u is a variable over L, let R := L[u]—1) C F, and define
d :=ua € L*. Then a, b, c, d belong to R*, they are independent in L*/L*?, and by
Lemma 2.9 the Massey product (a, b, ¢, d) is not defined over F. |

Appendix A. Lemmas on biquadratic extensions

We collect some known results on Galois (Z /27)?-algebras that are needed for the proofs
of Theorems 1.3 and 1.4. They are all consequences of Hilbert’s Theorem 90.
Let F be a field of characteristic different from 2, leta, b € F*, and let

Fap = F[xa,xb]/(xg —a,xi —b)
be the corresponding étale F-algebra. We write (Z/27)% = (04, 05) and view F,; as
a Galois (Z/27)?-algebra via
0a(Xa) = —Xa, 0Oa(xp) =xp, 0p(Xa) = Xa, 0p(xp) = —Xp.

Lemma A.l. Let u,v € F*. Then (a,u) = (b, v) in Br(F) if and only if there exist
ng € Ng, np € Np and ngp € Nyp such that u = ngngp and v = npngyp.

Proof. 1t follows from Lemma 2.1 that (a,ngngp) = (b, npngp) forall n, € Ny, np € Np
and ngp € Ngp. Conversely, if (a, u) = (b, v), then, by the common slot theorem [12,
Chapter III, Theorem 4.13], there exists w € F* satisfying

(a,u) = (a,w) = (b,w) = (b,v).
It follows from Lemma 2.1 that w € N,p, u/w € Ng and v/w € Np, as desired. [ ]

Lemma A.2. Forallw € F,, we have (0, — 1)(0p — 1) = 1 if and only if o = wawyp
for some w, € F, and wp € F.

Proof. See [3, Theorem 4]. Let T C R, 5(Gyy) be the torus image of the multiplication
map
w: Ra(Gm) X Rp(Gm) = Rap(Gm).

A character lattice computation shows that the torus 7" is defined by the equation
(04 —1)(0p — )@ = 1l inside Ry p(Gn). Therefore, forall w € F*,, we have w € T(F)
if and only if (0, — 1)(0p — 1) = 1. We have a short exact sequence

1 = Gm — Ra(Gm) X Rp(Gr) -5 T — 1.

Passing to F-points, we see that an element w € F, belongs to T'(F) if and only if
w = wqwy for some w, € F, and wp € F;". [ ]



Degenerate fourfold Massey products over arbitrary fields 3535

Lemma A.3. (1) Letp € F,. Then Ngp(p) € F** ifand only if p € F}F}FJ,.
(2) Letu € F*. Thenu € NgNpNgyp if and only if u®> € N, p.

Proof. (1) Suppose first that p = pq 0p Pap, Where p, € F,, pp € F, and pyp € F;. Then

Nap () = Nap(PappPab) = Na(pa)?No(0p)* Nap(pap)? € F*2.

Conversely, suppose that N, ;(p) = x2 for some x € F*. Let

N
o = NeaslFar®)
X

Then Ngp(w) = Ny p(p)/x? = 1, hence by Hilbert’s Theorem 90 there is pgp € F 7 such
that (1 — 0,)pap = w. Since 0,0} fixes F,p, we have

(00 — 1)(0p — D)pap = (2 —204) pap = w27
where the first equality follows from the fact that o, = 03 on Fj. On the other hand,

Nrg, ,/F,,(p)? >
60— 1)(0p — 1)p = —FaolFan™lV_ 2
(0a = 1) S N

and hence

ab

(00— 1)(op — DL = 1.
0

By Lemma A.2, we deduce that p = pyp040p for some p, € F; and pp € F)°.
(2) See [1, Exercise 5.1]. Suppose that u = N4 (042) Np(0p) Nab (pab), where p, € FX,
py € F,f and pgp € F;. Then

Na,b(PanPab) = A’a()Oa)zjvb(pb)z]vab(pab)2 =u?

Conversely, suppose that u> = N, ;(p) for some p € F a)fb' By (1), there exist p, € FJ,
pp € Fyf and pap € Fy such that p = pgpppap- It follows that

u® = Ngp(p) = Na(pa)> Np(05)* Nab (pap)?.

hence either u = Ng(pa) Np(05) Nab(Pap) O U = —Na(pa) Np(05)Nab(Pap). Since
—a € N;, —b € Ny and —ab € N,p, we have —1 € N,NpN,p, hence u € NyNpNyp
in either case. u

Lemma A4. Let p € F and ju € Fy* be such that N,(p) = Np(u). Set

d = Tra(p) + Trp ().

Suppose that d # 0. Then

(1) ud = Na(p + p),

(2) Np(n)d?* € Ngp, and

(3) (u,a) = (d,a) in Br(Fp).
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Proof. We have

Na(p+ 1) = (p+ 1) (0a(p) + 1) = poa(p) + ppt + poa(p) +
= pop (1) + ppt + poa(p) + > = w(Tra(p) + Trp () = pd.

This proves (1). Taking norms in (1) yields

Nap(p+ p) = Np(ud) = Np(n)d?,

which implies (2). Now Lemma 2.1 implies that (ud, a) = 0 in Br(F}), which is equiva-
lent to (3). [

Lemma A.5. We have N, N N = N, p F>2.

Proof. If F is finite, then N, = Np = N, = F*, which implies the conclusion. We may
thus assume that F is infinite.

Letu € Ny p F*2, and let ¢ € Fax,b and v € F* be such that u = N, ;(¢)v?. Then
u = Ny(Np(e)v) € Ny, and u = Np(N,(e)v) € Np, henceu € N, N Np.

Conversely, letu € N, N Np. Let 1 € F,* such that Np(u) = u. The solutions p € F,f
to Ng(p) = u form the set of F-points of a smooth affine F-conic. Thus, since F is
infinite, there exists p € F,* such that N,(p) = u and Tr,(p) # 0. Therefore, replacing p
by —p if necessary, we may suppose that d := Tr,(p) + Trp(u) is non-zero. By Lem-
ma A.4(2), we have ud? € Ng b, as desired. ]
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