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On complete cohomogeneity one hypersurfaces
in the hyperbolic space

Felippe Guimaraes, Fernando Manfio and Carlos E. Olmos

Abstract. We study isometric immersions f: M" — H"*! into hyperbolic space
of dimension n + 1 of a complete Riemannian manifold of dimension n on which
a compact connected group of intrinsic isometries acts with principal orbits of codi-
mension one. We provide a characterization if either n > 3 and M™ is compact,
or n > 5 and the connected components of the set where the sectional curvature is
constant and equal to —1 are bounded.

1. Introduction

The study of homogeneous n-dimensional submanifolds M”, i.e., where the isometry
group Iso(M™) acts transitively on M", was initiated by Kobayashi in [14], where the
author proved that every compact homogeneous Euclidean hypersurface must be a round
sphere. The complete classification of homogeneous hypersurfaces in simply connected
Riemannian manifolds with constant sectional curvature ¢ € R, denoted by Q" !, without
the compactness hypothesis, was later achieved in the works [13, 18,22-24].

Subsequent studies relaxed the homogeneity assumption, focusing on isometric immer-
sions f: M" — Q"*! where a compact, connected subgroup G of Iso(M™) acts with
orbits of codimension one. Such f is referred to as a hypersurface of G-cohomogeneity
one. In this work, we will always assume that G is compact unless stated otherwise.
In [20], it was shown that compact Euclidean hypersurfaces of G-cohomogeneity one with
umbilical principal orbits must be rotational (cf. Definition 2.3). Subsequent works, such
as [3, 15], have introduced other conditions on the orbits, also leading to the hypersurfaces
being rotational.

A more complete understanding of Euclidean hypersurfaces of G-cohomogeneity one
was obtained in [16], where they dropped the restrictive assumption that principal orbits
be umbilical and generalized the previous results on the topic (cf. [25] and references
therein for a discussion), and it can be stated as follows.
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Theorem 1.1 (Theorem 1.1 in [16]). Let f: M™ — R"*! be a complete hypersurface of
G -cohomogeneity one. Assume either that n > 3 and M" is compact or that n > 5 and
the connected components of the flat part of M" are bounded. Then f is either rigid or a
hypersurface of revolution.

Note that the assumption concerning the boundedness of the connected components
of the flat part is necessary. Otherwise, it is possible to construct flat cylinders over planar
curves that do not meet the conclusions of the theorem. In their result, they made use of an
unpublished version of the main result in [21] due to Ferus (cf. Theorem 13.2 in [5]). To be
able to use such a result, they needed to understand the hypersurface of G-cohomogeneity
one that has at least one complete (n — 2)-dimensional leaf of the relative nullity distribu-
tion, i.e., the kernel of the second fundamental form. They showed that, as in the case of
homogeneous hypersurfaces, they must be isometric to M” = S? x R”~2 and the isomet-
ric immersion is canonical in R**1, i.e., as a product of a hypersurface and the Euclidean
factor.

Hypersurfaces of G-cohomogeneity one in the hyperbolic space with umbilical prin-
cipal orbits were studied in [2]. They showed that, when G is compact, the hypersurface
must be rotational. In this work, we address complete hypersurfaces of G-cohomogeneity
one in hyperbolic space without assuming the umbilicity in the orbits. As these orbits will
be homogeneous submanifolds with codimension two in the hyperbolic space, we employ
the tools developed in [7] to show that the main result in [16], as stated below, holds in the
hyperbolic setting.

Theorem A. Let f: M" — H"*! be a complete hypersurface of G-cohomogeneity one.
Assume either that n > 3 and M™ is compact or that n > 5 and the connected components
of the set {x € M" : v(x) > n — 1} are bounded. Then f is either rigid or a rotational
submanifold.

Similar to the work that inspired this one, it is necessary to understand the hyper-
surfaces that admit a complete leaf of dimension n — 2 from the distribution of relative
nullity. Unlike the homogeneous case, where such hypersurfaces do not exist as shown
in [23], examples appear in the scenario of hypersurfaces with cohomogeneity one. These
are necessarily rotational submanifolds, not over a profile curve, but over a 3-dimensional
Riemannian manifold as the profile.

Theorem B. Let f: M" — H"*!, withn > 5, be a complete hypersurface of G-cohomo-
geneity one. If there exists a complete leaf of relative nullity with dimension n — 2, then M™
is isometric to R X, Sq Xp1 Se, 3, for some constants ¢; > 0 and ¢, > 0 and warping
functions po and py defined on ]R{ Additionally, there exists a warped product represen-
tation W; V1t Xgo Qi{“‘ Xy S" 3 > H", where io + i1 = 1 and VYT is an open
subset of a totally geodesic submamfold with warping functions oy and o1 defined on
Vtio in which f admits an extrinsic warped proa’uct structure. More precisely, there

exist isometric immersions fo:R — V1T and f;:S c1 — Q?‘Hl such that pg = o9 o fo,
p1 =010 f1,and f = Vo (fy X f1 x1d), where 1d is the identity map defined on SZZ_3.
Moreover, v = n — 2 throughout the submanifold and the leaves of relative nullity are
given by R X, {p} xp, 8?2_3 forp e Sgl. In particular, f is a rotational submanifold.
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The manuscript is organized as follows: in Section 2 we introduce the notation to be
used, as well as results from the literature that play a key role in this work. In Section 3,
we present the proofs of the main theorems.

2. Preliminaries

Let f: M" — Q;H'p be an isometric immersion of a Riemannian manifold. For a point
x € M" and a normal vector £ € Ty M, we denote by as(x) the second fundamental

form of f, and by Ag (x) the shape operator of f with respect to &, respectively. These
are related by the equation

(A[X.Y) = (s (X.Y).§), forall X.Y €T M.

The relative nullity subspace A(x) C TxyM of f at x € M" is the kernel of its second
fundamental form at x € M", specifically,

AXx)={XeTM :a7(X,Y) =0, forall Y e T, M}.

The dimension v(x) of the subspace A(x) is called the index of relative nullity at x € M™.
We say that x € M" is a totally geodesic point of M" if v(x) = n. If f has constant
index of relative nullity on an open subset U C M”, then A is an autoparallel distribution,
ie.,
VrSel(A), forall T,S eT'(A).

Moreover, its leaves are totally geodesic submanifolds of M” and their images under f
are totally geodesic submanifolds of QZ‘H. The index of relative nullity v is upper semi-
continuous and, in particular, the subset My = {x € M" : v(x) = vo} where v attains its
minimum value vg is open. Moreover, if M" is complete, then the leaves of relative nullity
are also complete (cf. [9]).

We are now in a position to state the version of Sacksteder’s theorem that will be used
in this work. Recall that f is said to be rigid if any other isometric immersion g: M" —
Q"*? is congruent to f by an isometry of the ambient space Q" That is, there exists
an isometry J € Iso(Q'c'+p) suchthatg = dJ o f.

Theorem 2.1 (Theorem 13.2 in [5]). Let f: M" — QZ‘H be an isometric immersion of a
complete Riemannian manifold with n > 3 and ¢ < 0. If there exists no complete leaf
of relative nullity of dimension n — 1 or n — 2, then for any other isometric immer-
sion [ M" — QZ’H, the following holds:

(i) The set BY of totally geodesic points of f coincides with that of f .

(ii) On each connected component of M\ B, the shape operators of f and f satisfy

AT =47

In particular, if BY does not disconnect M™, then f is rigid.

Remark 2.2. Theorem 2.1 also holds when the ambient space is the sphere S"*! without
any restriction on the leaves of relative nullity, but it requires 7 > 4 (cf. Lemma 32 in [10]).
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We briefly recall the notion of a warped product of isometric immersions into a space
form Qi. This relies on the warped product representations of QIC, that is, isometries of
warped products onto open subsets of Qé. All such isometries were described by Nolker
in [19] for warped products with arbitrarily many factors. In particular, any isometry of a
warped product with two factors onto an open subset of Qé arises as a restriction of an
explicitly constructible isometry

WV, QF — QL

onto an open dense subset of Qlc, where Q7' is a complete spherical submanifold of Qé
and V!=" is an open subset of the unique totally geodesic submanifold Qlc_m of Qé,
whose tangent space at some point Z € Q7' is the orthogonal complement of the tangent
space of Q7' at Z. The isometry W is completely determined by the choice of Q7' and of
apoint Z € QF, and it is called the warped product representation of Qé determined by
these data.

Definition 2.3. An isometric immersion f: Ny x, N;'* — Q”*? is said to be an extrin-
sic warped product if there exist isometric immersions fo: NJ° — V"% and f1: N —
Q'cfﬁ'll, with ng 4+ ny = n, and a warped product representation W: 10+l x Q'cfl"'ll —
Q"7 withlp +1; = pand p = o o fo, and such that f = Wo (fy x f1). Equivalently,

if the following diagram commutes:

Vn()-‘rl() Xg Qfl"l‘ll
v
fo S
O

n n n+p
No™® x, Ni™! Qz™r.

S =W¥ol(fox f1)

If /; = 0, then f is called a rotational submanifold with profile fy. We point out that
this definition differs subtly from the definition of a hypersurface of revolution, which
requires the profile submanifold fy to be a curve (cf. Definition 2.2 in [8]).

Remark 2.4. A method for constructing examples of rotational submanifolds involves
polar actions (cf. [11,17]) on the ambient space. If the principal orbits of such an action are
spheres or contain a spherical factor (cf. Remark 3.4), then any hypersurface contained in
a totally geodesic section, when acted upon by the group, yields a rotational submanifold
whose profile is precisely that hypersurface.

The following lemma was established in Lemma 3.8 of [20] for the case in which the
ambient space is the Euclidean space, and the same ideas can be applied to other space
forms. Since the result will be used in the proof of Theorem B, we present a proof for the
general case here.

Lemma 2.5. Let I C R be an open interval, let N"~! be a Riemannian manifold with
constant sectional curvature ¢, and consider the warped product M" = I x, N =1 yith
warping function p. Given a hypersurface f: M" — Q"*1 where c € R and n > 3, its
shape operator A satisfies one of the following conditions:
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(1) rankA(p) >n—1,
(ii) rank A(p) <1,
at each point p € M".

Proof. 1t is known that the curvature tensor of a warped product Riemannian manifold
satisfies

RM(X.6)¢ = —H‘”S"T@’E) X,
2.1 RMXx,v)e =0,
RMx,v)Z =RN(X,Y)Z — ”VP’ZHZ (Y, Z)X — (X, Z)Y),

forall X,Y,Z €T'(TN), where RM and RY denote the curvature tensor of M™ and N*~1,
respectively, and £ is a vector field tangent to the factor /. We will divide the proof into
two cases.

First, suppose A§ = 0 at a point p. This implies that AX € T, N and that rank 4 =
rank A|7,n, where A|7,y is the restriction of A to T, N. From the Gauss equation, we
have

RM(X, YWZ =c({Y,Z)X —(X,Z)Y)+ (AY, Z)AX — (AX, Z)AY.
Using (2.1) and the fact that N has constant sectional curvature ¢, it follows that

IVl
02

(AY, Z)AX — (AX, Z)AY = (5 - )((Y, ZVX — (X, Z)Y).

Thus, at the point p, we have rank A = n — 1 or rank A < 1 depending on whether the
expression (¢ — ¢ — || Vp||?/p?) is different from zero or equal to zero, respectively.

Now, suppose that A§ # 0. If Af = € at a point p, then by (2.1) and the Gauss
equation, we have

Hessy(£.6) |
0

= RM(X,§)§ = c((§. )X — (X, £)§) + (A5, §)AX — (AX, E) A&
cllENPX + pllE|>AX,

for all X € T, N. This is equivalent to

Hess, (&,
pAx = —(clg? + L E0)
0
Thus, rank A|7,y = n — 1 or rank A|7,y = 0, i.e., tank A = n or rank A = 1. Consider
now the case

AE = pé + W,

with 0 # Vo € T, N and p € R. Given W € span{£, Vo), using (2.1) and the Gauss equa-
tion, we get
RM(W, Vo) & = (AVo, E)AW — (AW, £) AV = 0,
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which implies
(Vo, Vo)AW = (A§, W)AV, = 0.

Hence, span{Vp, £} C ker A. Therefore, rank A < 2. We will show now that AV, and A£
are linearly dependent. Since n > 3, taking W € ker A N T, N, the warped metric and the
Gauss equation give us

_HeSSpT(?f) W= RM(W.6)¢ = c(£.E)W,

which implies

Hess, (§.§)
——Ee = gl
0
at the point p. It follows from the expression of the curvature tensor RM and the Gauss
equation

_He“”Tm Vo= RM(Vo, £)& = clEI*Vo + (A, £)AVo — (V0. £) AE,

that
(AE.§)AVy — (AVp, §)AE = 0.

This implies rank A = 1, which concludes the proof of the lemma. ]

Finally, we present here the characterization of the objects studied in this paper when
the principal orbits are umbilical and G is compact.

Theorem 2.6. Let f: M" — H"T! be a complete hypersurface of G-cohomogeneity
one whose principal orbits are umbilical in M". Assume either that n > 3 and M" is
compact, or that n > 4 and the connected components of the set {(x e M" : v(x) > n —1}
are bounded. Then f is a rotational submanifold.

The case where M" is complete and n > 4 follows from Theorem 6.1 in [2]. Note
that they allowed G to be non-compact, which can lead to non-rotational examples. How-
ever, in this case, the orbits are necessarily non-compact. The case where the manifold is
compact and n > 3 follows from the same arguments as in Corollary 4 of [17] (see also
Proposition 2.2 in [16]). These arguments involve a group homomorphism that naturally
arises in this setting. Due to its inherent interest, we present the statement of this homo-
morphism for the case when the ambient space is also hyperbolic. The proof is the same
as in the Euclidean case, but uses Theorem 2.1.

Theorem 2.7. Let f: M" — QZH be a complete hypersurface with n > 3 and ¢ < 0.
If there exists no complete leaf of relative nullity of dimension n — 1 or n — 2, then the
identity component 1s0®(M™) of the isometry group of M™ admits an orthogonal repre-
sentation p:Iso®(M™) — IsoO(QZH) such that f o g = p(g) o f forall g €Iso®(M™).
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3. The proofs

Proof of Theorem B. The beginning of the proof closely follows the proof of Proposi-
tion 2.3 in [16], establishing the objects to be used (such a structure was also provided in
Proposition 3.1 of [2]). Since M" carries a complete leaf of relative nullity ¥, it cannot
be compact. Thus the orbit space 2 = M" /G is homeomorphic to either R or [0, c0).
Moreover, if 7: M" — €2 denotes the canonical projection and y: R — M" is a normal
geodesic parameterized by arc-length, then 7w o y maps R homeomorphically onto €2 in
the first case, and it is a covering map of R \ {0} onto the subset Q° of interior points of £
in the latter. Set I = y~1(G(¥F)). Since G(¥) is a closed unbounded connected subset,
and using that G(¥) = G(y (1)), it follows easily that if I # R then I = [a, 00) for some
a € R in the first case, and I = (—o0, b] U [a, co) for some a, b > 0 in the latter. Note
that the shape operator has constant rank two on G(¥). This is because at points where
v =n— 2, the relative nullity distribution A equals the kernel of the tensor RM _ ¢Ry,
where Ro(X,Y)Z = (Y,Z)X — (X, Z)Y forall X,Y,Z € TM and ¢ = —1. Therefore,
the set where the second fundamental form has rank two is invariant under isometries. Let
p = y(to) and consider ¢ > 0 such that (#p — &, o + €) C I and such that the map

<I>:(to—s,to+£)x2p—>7r71(t0—s,t0+5)

given by

(1. g(p) = gy(1)
is a G-equivariant diffeomorphism, where ¥, = G - p denotes the orbit of p under the
action of G. We call T' = w1 (g — &, ty + €) a tube around = p- We have a well-defined

vector field & on T given by £(y) = g«(y())y'(¢t) for y = g(y(¢)), t € (to — &, to + &),
and £(y) is orthogonal to X,,(;) at y.

Now let 1 be a local unit normal vector field to f on I" and let A{ be the shape operator
of f with respect to 7. Given a principal orbit ¥, = G - p C I' of G, the vector fields
£ = f« (§|2p) and ) = 5|z, determine an orthonormal normal frame of the restriction

f (X, = H"*! of f to Xp. Denote by Az and Ag the corresponding shape operators
(here we omit the superscript for clarity, as there is no ambiguity). By construction, we
have Ag 08y = g« O Ag for any g € G, hence the eigenvalues of Ag are constant. On
the other hand, A7 = ITo A,,f , where IT is the orthogonal projection of TM" onto T X,,.
In particular, rankA; < rankA,/,[ , 50 we have rank A5 < 2 on X,. Since A £ is G-invariant

and Eg_l is homogeneous, it follows from the Gauss equation that we have the following
two cases to consider:

(1) rank A5 < 1 on each principal orbit contained in I';
(2) rank A5 = 2 on some principal orbit contained in I".

First, we show that (1) does not occur. Assume the opposite. Since E;_l is a compact
submanifold of H"*!, there is a point x € Z;‘,_l where v/ (x) = 0 (the index of relative
nullity of ). From Theorem 6 in [7], the universal cover flz_l of £7~! is isometrically
immersed in H" as a compact isoparametric hypersurface. This means 22_1 is isometric
to Sg_l for some ¢ > 0. Additionally, the shape operator A £ of Ef,_l will be a constant
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multiple of the identity. In particular, the principal orbits in I" are umbilical in M". Given
that the integral curve of £ is the normal geodesic, we derive from the main result of [12]
that there is an open subset U C M", U =1 x, N, c”_l, where N is a Riemannian manifold
with constant curvature ¢ > 0, and f(U) C I (see also Proposition 3.2 in [2]). Considering
n > 5and v/ |r = n — 2, this leads to a contradiction with Lemma 2.5.

If rank A5 = 2 along a principal orbit EZ‘I C T, then the same rank condition holds on

a smaller tube around Z;’,_l within I, which we continue to denote by I". Our goal now is
to obtain a decomposition of the tangent space of M" compatible with a warped structure
as stated in the theorem, in order to use the main result in [19]. To achieve this, we need to
show that v/ is constant throughout M” and that the eigenspaces of A g are autoparallel

distributions in 2:‘,_1. This will follow from the series of assertions proved below. In the
proof, V will denote the connection on EZ_I and MV will denote the connection on M™".

Claim 3.1. The vector field 7} is parallel along the distribution ker Az with respect to the
normal connection of f, represented here simply by V.

It follows from the compactness of Zl’;_l that there exist a point g € Ef,_l and a direc-
tion in the normal space { € T/ﬂ:Z (¢) such that the shape operator A is positive definite.
In particular, it follows that there exist a, b € R such that

A;— = aA;] + bAg,

and since the rank of Az is 2 and n > 5, it follows that » # 0 and, consequently, A§|ker A;
is a definite matrix at the point ¢. Since A £ is G-equivariant, we have that A £ is a definite

operator when restricted to ker A5 along Zz_l. Now consider the Codazzi equation
AV#ﬁX + A5(Vy X) = AV)%ﬁY + A5(VxY),

for vectors Y, X € I"(ker Az). Since n > 5, the kernel of the linear form (V.7, § ) restricted

to ker A5 has dimension at least » — 4 > 1, so we can choose Y € ker(V.7, §) |ker 4;;- Taking
the inner product of the previous Codazzi equation with Y, we obtain the relation

(V7. E)(4gY.Y) =0,
which holds for any X € I"(ker A5) and implies the parallelism of 7) along ker A5. A

Let h: NJ=3 — H"*! be the restriction of 7 to the leaf N}'=3 of ker A passing
through the point p. It is not difficult to see that ker A5 is G-invariant and the leaves of
the distribution are homogeneous submanifolds, hence we omit the point in the notation.
Therefore, if one leaf of the distribution ker Aj is autoparallel, then all are.

Claim 3.2. ker Aj is an autoparallel distribution in Z;‘,_l.

Consider the Codazzi equation
—AV%ﬁX —A;5(VzX) = Vx Az Z — Av)ﬁZ — A;(Vx Z),

for X e I'(ker A7) and Z € I'(ImA5).
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Taking the inner product with Y € ker A5 and using the parallelism of 7 along ker A,
we obtain

(3.1) (VZ 7. E)a f(X. 1), €) = (VxY, 45 Z).

Define w as the one-form where w(X) = (V}J('é n) for X e TE. Let {Z, Z,} be a local
orthonormal frame for ImAy, and let Wy, W, € (ker Aﬁ)J- be the vector fields such that
AWy = Zy and Az W, = Z,, with W, € ker w. From (3.1), the second fundamental form
of h, denoted by «j,, evaluated on X, Y € TN is

A:X,Y £ + (Vi 7, V4 if ker A; is not autoparallel,
32 ozh(X,Y)z{( X V)E+ (Vi 6)Z1) if kerdy p

(AgX, Y)é if ker Ay is autoparallel.
Therefore, the first normal bundle N{’ ={ap(X,Y) : X,Y € ker Az} of h is locally
generated by £ + <VIJ4_’1 1, £)Z; and therefore one-dimensional. Given n > 5, we apply
Theorem A in [4] (or Proposition 2.7 in [5]) to obtain that § + (V%Vlﬁ, é)z 1 is parallel
and we have a reduction of codimension for 4: N"~3 — H" 2. Since the image of &
is bounded, the classification of homogeneous hypersurfaces implies that % is umbilical
and N"~3 is isometric to a sphere 82;3 for some constant ¢ > 0. Since N3 is not

isometric to R” 73, it follows from the same arguments in Lemma 4.8 of [6] (or Lemma 17
in [7]) that ker A5 must be autoparallel in E;’,_l. A

Our goal now is to show that the shape operator A £ has only two distinct eigenvalues,
and the associated eigenspaces will give rise to the distributions that allow us to obtain the
warped structure mentioned in the theorem statement.

Claim 3.3. We have that £ € AY, v/ = n — 2, and the operator Ag has only two distinct

eigenvalues, with the eigenspaces being autoparallel distributions in E;‘l.
Using the umbilicity of %, equation (3.2) simplifies to
an(X,Y) = (AgX, Y)E = A(X,Y)E forall X,Y € TN,

for some constant A # 0. The constancy of A follows from the G-invariance of A & while

A # 0 follows from the Gauss equation and the compactness of N 1;’_3 (more precisely, we
have that |A| > 1). Moreover, since ker A5 is autoparallel, (3.1) implies that

(3.3) (Vi ii,E) = 0 forall W € Im 4;.

This is equivalent to (A{ W,&) =0forall W € Im A5, since 7 and £ are just the restrictions
of nand £ to Z;’,_l, and therefore (Vi) 7, €) = (" Vyn, £). Given that rank Aj =rank Ay,
it follows that & € A/ (g) for all g € E;’,_l. Since £ is the field generated by the nor-
mal geodesic, we conclude that £ € A/ everywhere. Therefore, the segments of normal
geodesics in T are contained in the leaves of A/ = ker A4,. Since these leaves are assumed
to be complete, we obtain that v/ = n — 2 throughout M".

It follows from equation (3.3) that f has a flat normal bundle, and therefore the shape
operators Ag and Aj are simultaneously diagonalizable in a local orthonormal frame

{X1,X2,X3,..., Xy—1} of T, where X; and X, generate (kerA;])L. Let §; and 6, be
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the eigenvalues of Ay, and let A; be the constant eigenvalues of A £ The Codazzi equation
for X; and X> in the direction 7 gives

(Vx, X2, X)8> = (Vx, X1, X) 61,

for all X € ker Aj. Since §; # 0, the orthogonal projections of Vx, X and Vy, X; onto
ker Aj are linearly dependent. From the previous discussion on umbilicity, it follows that
A; = Afori > 3. The goal is to show that A} = A, # A. If A} = A, = A, the distribution
(span{£})™ is spherical in M™, since at each point p € M", (span{£})* is identified with
the tangent space of the orbit EZ_I. It follows from [12] that M" = I x, P" !is a
warped product of / C R and some manifold P of constant sectional curvature ¢ > 0,
which contradicts the dimension of relative nullity as stated in Lemma 2.5. Assuming
that A; # A,, we apply the Codazzi equation for Ag to the vectors X € ker A5 and X; (for
i = 1,2) to obtain

(3.4) (Ai = A) (X, Vx, X;) = 0.

Thus A; # A implies (X, Vx, X;) = 0. Moreover, from the Gauss equation and the homo-
geneity of ZZ‘I, the sectional curvature K(Xp, X») is constant. Since K(X;, X,) =
A1Az + 8162 — 1 and A1 and A, are constant, it follows that §; 8, is constant. Now, using
the Codazzi equation for A5 with X € ker A5 and X;, we obtain

X(8;) = 8 (X, Vx, Xi).
Since 8§16, is constant, X(§162) = 8, X(61) + §;1 X(82) = 0, which implies
§182((X, Vx, X1) + (X, Vx, X3)) = 0.

As 818, # 0, we have (X, Vx, X1) + (X, Vx, X2) = 0. Since A; # A, at least one of A;
and A, is different from A. From (3.4), the corresponding term (X, Vx, X;) is zero, and
hence both are zero. Choosing X € ker Az orthogonal to the projections Vy, X and
Vx, X1, we conclude

(VXinXi,X)ZO, fori 6{1,2},

since (Vx; X;, X) = 0 and ker A5 is an autoparallel distribution. As ImA3 is parallel along
ker A5 and by our choice of X, we obtain

(Vx;Vx X;, X) =0, fori e{l,2}.
Using all the previous information, we also get
(Vix,xXi, X) =0, forie{l,2}.
From these relations, it follows that
(R(X,X)X;,X)=0, forie{l,2}.
From the Gauss equation, we have
0=KX,X;)=—-1+ Ai(AgX,X), fori e {1,2},

contradicting A1 # A,.
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Now we have Ay :== A; = A5, and Ag is expressed in this basis as
Ao O

—o 2| °
0 Tl

(3.5) Ag
A direct application of the Codazzi equation, together with the constancy of A¢ and A,
implies that the eigenspaces £, and £ of 4 g are autoparallel distributions in E;’,_l. A

We thus have the natural decomposition TM = span{§} & Vy @ V; everywhere, where
Vo = (AF)L and V; is the orthogonal complement of span{é} in A/. Since expres-
sion (3.5) holds for all principal orbits of G, it follows that V4 at the point g € M" is
identified with the eigenspace £, of A £ and is therefore an umbilical distribution whose
mean curvature vector is parallel to & with constant norm along the principal orbits of
G, making it a spherical distribution in M”. Similarly, V7 is also a spherical distribution
in M". In summary, it follows from the claims proven above that

MVeE =0, MVyY; CVi@span{€}, YVeY; CV; and YVy&CV;

forall X;,Y; €V;,i €{0,1}. Therefore, V, and V7 are spherical distributions in M ", whose
orthogonal complements are autoparallel distributions in M. It follows from the results
of [19] (see also Theorem 10.21 in [5]) that M" is isometric to R x,, Pc21 Xpy N&y~ 3,
where Pcz1 and NC"Z_3 are manifolds with constant sectional curvatures ¢; > 0 and ¢, > 0
respectively, and pg, p; are warping functions defined on R. Moreover, f admits an
extrinsic warped product structure. More precisely, there exists a warped product rep-
resentation W: 1+ x gl"’” Xy 212_3'“2 — H"*!, where iy + i1 +i» = 1 and
V10 is an open subset of a totally geodesic submanifold, with warping functions o
and 01 defined on V™. Furthermore, there exist isometric immersions fo: R — V1t
fi: P2 — QZ and fo: NE73 — Q27+ such that pg = 00 © fo., p1 = 01 0 fi, and

f=Vo ( fo x fl X f2).In partlcular, the following diagram commutes:

2+i n—3+i
V1+zo X0 Q 1 X o, Q 2
v

Jo [fl sz
O

R X po Pc21 Xpy NP3 > H"TL
J=Yo(fox fixf2)

If i = 1, using that TN"~3 A/ at all points, it is straightforward to verify from the
curvature tensor equations of a warped product that ¢, = ¢, > 0, which implies that f,
is a totally geodesic immersion (cf. Corollary 7.13 in [5]). As a result, f would be totally
geodesic. Consequently, i = 0 and iy + i; = 1. This places us precisely in the scenario of
the statement of the theorem. In particular, P2 = Sgl N3 =S 3 and we have a rota-
tional submanifold whose profile submamfold is R xp, S ¢, » the immersion is determined
by fo and f1, and the warped product representation W, thus concluding the proof. ]

Remark 3.4. In the proof of Theorem B, the decomposition TM = span{{} & Vp & V3
yields a totally geodesic distribution span{£} @ Vjp, and a spherical distribution V7, satis-
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fying ar (X,Y) = O forall X € span{é} @ Vj and Y € V;. This structure implies that M"
is isometric to a warped product L3 x, SZZ_Z’ for some warping function p: L3 — R,
where L3 is a profile manifold, and thus the submanifold is rotational. The proof actually
provides a more precise characterization by showing that the submanifold arises from the
action of SO(3) x SO(n — 2) on a complete geodesic within a totally geodesic section H?.
Consequently, the profile submanifold is foliated by spheres and the principal orbits of G
are products of spheres.

Proof of Theorem A. 1t follows from our assumption on the set {x e M" : v(x) > n — 1}
that there does not exist a complete leaf of relative nullity with v/ =n — 1 or with v/ =n.
If there exists a complete leaf of relative nullity with v =n-— 2, then, by Theorem B, M"
must be a rotational submanifold. Thus, we can assume that there are no complete leaves
of relative nullity with v/ > n — 3. Let B/ denote the set of totally geodesic points of f.
According to Theorem 2.1, f is either rigid or B/ disconnects M . We will show that if we
are in the latter case, f is a rotational submanifold. First we verify that B/ is G-invariant.
By applying Theorem 2.1 to each pair f and f o g, where g € G, we find

(3.6) Al =47,
Moreover, for any vector fields X, Y € I'(TM) and normal vector field n € T(T+ M),
(AJEX.Y) = ("Vy(eux) fu(geY ) 0 8) = (4] (82 X). gxY) = (g, A] (g X). ).

This leads to A{O‘)}f =g lo Ag o g, forall g € G, along with (3.6), which shows that B/
is G-invariant. Since B/ disconnects M” and the singular orbits have dimension less than
n — 1, we can take a point p € B n Mo, where M., denotes the set of regular points
of M"™ with respect to the action, and consider the orbit Z;’,_l =G-p.letg= foi:
Al — H"*!, where i : £~' — M" is the inclusion. The strategy is to show that 7~
is an umbilical hypersurface in M” and so the theorem will follow from Theorem 2.6.
Since E;_l c BS , the second fundamental form of f vanishes on ZZ‘I, so we have

BT ag(X,Y) = faai(X,Y) + af(ixX,ix¥) = fua;y(X,Y) forall X,Y eTE.

As in the beginning of Theorem B, we have the unit normal vectors é ,N€E TgLE given
by the restriction of the normal geodesic to the regular orbits and the unit normal vec-
tor 1 from the isometric immersion f. By construction, Ag is G-invariant. The Codazzi

equation for vectors X, Y € T X in the direction of 7 simplifies to

3.8) o(X)AzY = o(Y)AX,

where w(X) = (V}J‘;ﬁ é ) for X € TX. Using ideas analogous to those in the proof of
Claim 3.1, we will prove that g? is parallel along E;’,_l, which is equivalent to 7%, = kerw.
Assuming otherwise, let x € EZ‘I with ker w(x) # Ty Xp. Then (3.8) implies ker w(x) C
ker 4 & leading to vg (x) >n —2 > 2. Since A;f is G-invariant, it follows that v, > 2 every-
where, contradicting the compactness of ZZ‘I because complete leaves of relative nullity
for submanifolds in H”*! are unbounded. Hence, kerw = TS p- From (3.7), the first nor-
mal bundle N := span{ag(X,Y) : X,Y € TZ} of g is a one-dimensional distribution
spanned by é , therefore ng is a parallel distribution along Ez_l. By Proposition 2.1 in [5]
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(see also [1]), we have a reduction of codimension, that is, g lies in a totally geodesic
submanifold H” C H"*!. Given the compactness and classification of homogeneous
hypersurfaces in hyperbolic space, Ef,_l is isometric to Sg” ! and the isometric immer-
sion g is totally umbilical, as desired. This, together with (3.7), implies that ZZ‘I is
umbilical in M". Since the principal orbits are totally umbilical, Theorem 2.6 implies
that f is a rotational submanifold. ]

Remark 3.5. Although there are versions of Theorem 2.1, and consequently of Theo-
rem 2.7, where the ambient space is the sphere, the principal orbits of G will be homo-
geneous hypersurfaces of some totally geodesic submanifold of the ambient space, and in
particular, they will be isoparametric. However, it cannot be guaranteed that they will be
intrinsically umbilical (see also Remark 12 in [17]).
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