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On complete cohomogeneity one hypersurfaces
in the hyperbolic space

Felippe Guimarães, Fernando Manfio and Carlos E. Olmos

Abstract. We study isometric immersions f WMn ! HnC1 into hyperbolic space
of dimension nC 1 of a complete Riemannian manifold of dimension n on which
a compact connected group of intrinsic isometries acts with principal orbits of codi-
mension one. We provide a characterization if either n � 3 and Mn is compact,
or n � 5 and the connected components of the set where the sectional curvature is
constant and equal to �1 are bounded.

1. Introduction

The study of homogeneous n-dimensional submanifolds M n, i.e., where the isometry
group Iso.M n/ acts transitively on M n, was initiated by Kobayashi in [14], where the
author proved that every compact homogeneous Euclidean hypersurface must be a round
sphere. The complete classification of homogeneous hypersurfaces in simply connected
Riemannian manifolds with constant sectional curvature c 2R, denoted by QnC1

c , without
the compactness hypothesis, was later achieved in the works [13, 18, 22–24].

Subsequent studies relaxed the homogeneity assumption, focusing on isometric immer-
sions f WM n ! QnC1

c where a compact, connected subgroup G of Iso.M n/ acts with
orbits of codimension one. Such f is referred to as a hypersurface of G-cohomogeneity
one. In this work, we will always assume that G is compact unless stated otherwise.
In [20], it was shown that compact Euclidean hypersurfaces ofG-cohomogeneity one with
umbilical principal orbits must be rotational (cf. Definition 2.3). Subsequent works, such
as [3,15], have introduced other conditions on the orbits, also leading to the hypersurfaces
being rotational.

A more complete understanding of Euclidean hypersurfaces of G-cohomogeneity one
was obtained in [16], where they dropped the restrictive assumption that principal orbits
be umbilical and generalized the previous results on the topic (cf. [25] and references
therein for a discussion), and it can be stated as follows.
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Theorem 1.1 (Theorem 1.1 in [16]). Let f WM n ! RnC1 be a complete hypersurface of
G-cohomogeneity one. Assume either that n � 3 and M n is compact or that n � 5 and
the connected components of the flat part of M n are bounded. Then f is either rigid or a
hypersurface of revolution.

Note that the assumption concerning the boundedness of the connected components
of the flat part is necessary. Otherwise, it is possible to construct flat cylinders over planar
curves that do not meet the conclusions of the theorem. In their result, they made use of an
unpublished version of the main result in [21] due to Ferus (cf. Theorem 13.2 in [5]). To be
able to use such a result, they needed to understand the hypersurface ofG-cohomogeneity
one that has at least one complete .n� 2/-dimensional leaf of the relative nullity distribu-
tion, i.e., the kernel of the second fundamental form. They showed that, as in the case of
homogeneous hypersurfaces, they must be isometric toM n D S2 �Rn�2 and the isomet-
ric immersion is canonical in RnC1, i.e., as a product of a hypersurface and the Euclidean
factor.

Hypersurfaces of G-cohomogeneity one in the hyperbolic space with umbilical prin-
cipal orbits were studied in [2]. They showed that, when G is compact, the hypersurface
must be rotational. In this work, we address complete hypersurfaces of G-cohomogeneity
one in hyperbolic space without assuming the umbilicity in the orbits. As these orbits will
be homogeneous submanifolds with codimension two in the hyperbolic space, we employ
the tools developed in [7] to show that the main result in [16], as stated below, holds in the
hyperbolic setting.

Theorem A. Let f WM n ! HnC1 be a complete hypersurface of G-cohomogeneity one.
Assume either that n� 3 andM n is compact or that n� 5 and the connected components
of the set ¹x 2M n W �.x/ � n � 1º are bounded. Then f is either rigid or a rotational
submanifold.

Similar to the work that inspired this one, it is necessary to understand the hyper-
surfaces that admit a complete leaf of dimension n � 2 from the distribution of relative
nullity. Unlike the homogeneous case, where such hypersurfaces do not exist as shown
in [23], examples appear in the scenario of hypersurfaces with cohomogeneity one. These
are necessarily rotational submanifolds, not over a profile curve, but over a 3-dimensional
Riemannian manifold as the profile.

Theorem B. Let f WM n!HnC1, with n� 5, be a complete hypersurface of G-cohomo-
geneity one. If there exists a complete leaf of relative nullity with dimension n� 2, thenM n

is isometric to R ��0 S2c1 ��1 Sn�3c2
, for some constants c1 > 0 and c2 > 0 and warping

functions �0 and �1 defined on R. Additionally, there exists a warped product represen-
tation ‰WV 1Ci0 ��0 Q2Ci1

Qc1
��1 Sn�3c2

! HnC1, where i0 C i1 D 1 and V 1Ci0 is an open
subset of a totally geodesic submanifold, with warping functions �0 and �1 defined on
V 1Ci0 , in which f admits an extrinsic warped product structure. More precisely, there
exist isometric immersions f0WR! V 1Ci0 and f1WS2c1 ! Q2Ci1

Qc1
such that �0 D �0 ı f0,

�1 D �1 ı f1, and f D ‰ ı .f0 � f1 � Id/, where Id is the identity map defined on Sn�3c2
.

Moreover, � D n � 2 throughout the submanifold and the leaves of relative nullity are
given by R ��0 ¹pº ��1 Sn�3c2

for p 2 S2c1 . In particular, f is a rotational submanifold.
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The manuscript is organized as follows: in Section 2 we introduce the notation to be
used, as well as results from the literature that play a key role in this work. In Section 3,
we present the proofs of the main theorems.

2. Preliminaries

Let f WM n ! QnCp
c be an isometric immersion of a Riemannian manifold. For a point

x 2M n and a normal vector � 2 TxM?, we denote by f̨ .x/ the second fundamental
form of f , and by Af

�
.x/ the shape operator of f with respect to �, respectively. These

are related by the equation

hA
f

�
X; Y i D h f̨ .X; Y /; �i; for all X; Y 2TxM:

The relative nullity subspace �.x/ � TxM of f at x 2M n is the kernel of its second
fundamental form at x 2M n, specifically,

�.x/ D ¹X 2TxM W f̨ .X; Y / D 0; for all Y 2TxM º:

The dimension �.x/ of the subspace�.x/ is called the index of relative nullity at x 2M n.
We say that x 2M n is a totally geodesic point of M n if �.x/ D n. If f has constant

index of relative nullity on an open subset U �M n, then� is an autoparallel distribution,
i.e.,

rT S 2�.�/; for all T; S 2�.�/:

Moreover, its leaves are totally geodesic submanifolds of M n and their images under f
are totally geodesic submanifolds of QnC1

c . The index of relative nullity � is upper semi-
continuous and, in particular, the subset M0 D ¹x 2M

n W �.x/ D �0º where � attains its
minimum value �0 is open. Moreover, ifM n is complete, then the leaves of relative nullity
are also complete (cf. [9]).

We are now in a position to state the version of Sacksteder’s theorem that will be used
in this work. Recall that f is said to be rigid if any other isometric immersion gWM n !

QnCp
c is congruent to f by an isometry of the ambient space QnCp

c . That is, there exists
an isometry I 2 Iso.QnCp

c / such that g D I ı f .

Theorem 2.1 (Theorem 13.2 in [5]). Let f WM n!QnC1
c be an isometric immersion of a

complete Riemannian manifold with n � 3 and c � 0. If there exists no complete leaf
of relative nullity of dimension n � 1 or n � 2, then for any other isometric immer-
sion Qf WM n ! QnC1

c , the following holds:

(i) The set Bf of totally geodesic points of f coincides with that of Qf .

(ii) On each connected component of M n Bf , the shape operators of f and Qf satisfy
Af D ˙A

Qf .

In particular, if Bf does not disconnect M n, then f is rigid.

Remark 2.2. Theorem 2.1 also holds when the ambient space is the sphere SnC1 without
any restriction on the leaves of relative nullity, but it requires n� 4 (cf. Lemma 32 in [10]).
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We briefly recall the notion of a warped product of isometric immersions into a space
form Ql

c . This relies on the warped product representations of Ql
c , that is, isometries of

warped products onto open subsets of Ql
c . All such isometries were described by Nölker

in [19] for warped products with arbitrarily many factors. In particular, any isometry of a
warped product with two factors onto an open subset of Ql

c arises as a restriction of an
explicitly constructible isometry

‰ W V l�m �� Qm
Qc ! Ql

c

onto an open dense subset of Ql
c , where Qm

Qc
is a complete spherical submanifold of Ql

c

and V l�m is an open subset of the unique totally geodesic submanifold Ql�m
c of Ql

c ,
whose tangent space at some point z 2Qm

Qc is the orthogonal complement of the tangent
space of Qm

Qc
at z. The isometry ‰ is completely determined by the choice of Qm

Qc
and of

a point z 2 Qm
Qc , and it is called the warped product representation of Ql

c determined by
these data.

Definition 2.3. An isometric immersion f WN n0
0 �� N

n1
1 !QnCp

c is said to be an extrin-
sic warped product if there exist isometric immersions f0WN

n0
0 ! V n0Cl0 and f1WN

n1
1 !

Qn1Cl1
Qc

, with n0C n1 D n, and a warped product representation‰WV n0Cl0 �� Qn1Cl1
Qc

!

QnCp
c , with l0 C l1 D p and � D � ı f0, and such that f D ‰ ı .f0 � f1/. Equivalently,

if the following diagram commutes:

N0
n0 �� N1

n1

f0

- QnCp
c .

f1
˚

f D ‰ ı .f0 � f1/

6 6

V n0Cl0 �� Qn1Cl1
Qc PPPPPPPPPPPPPq

‰

If l1 D 0, then f is called a rotational submanifold with profile f0. We point out that
this definition differs subtly from the definition of a hypersurface of revolution, which
requires the profile submanifold f0 to be a curve (cf. Definition 2.2 in [8]).

Remark 2.4. A method for constructing examples of rotational submanifolds involves
polar actions (cf. [11,17]) on the ambient space. If the principal orbits of such an action are
spheres or contain a spherical factor (cf. Remark 3.4), then any hypersurface contained in
a totally geodesic section, when acted upon by the group, yields a rotational submanifold
whose profile is precisely that hypersurface.

The following lemma was established in Lemma 3.8 of [20] for the case in which the
ambient space is the Euclidean space, and the same ideas can be applied to other space
forms. Since the result will be used in the proof of Theorem B, we present a proof for the
general case here.

Lemma 2.5. Let I � R be an open interval, let N n�1 be a Riemannian manifold with
constant sectional curvature Qc, and consider the warped product M n D I �� N

n�1 with
warping function �. Given a hypersurface f WM n ! QnC1

c , where c 2R and n � 3, its
shape operator A satisfies one of the following conditions:
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(i) rankA.p/ � n � 1,

(ii) rankA.p/ � 1,

at each point p 2M n.

Proof. It is known that the curvature tensor of a warped product Riemannian manifold
satisfies

(2.1)

RM .X; �/� D �
Hess�.�; �/

�
X;

RM .X; Y /� D 0;

RM .X; Y /Z D RN .X; Y /Z �
kr�k2

�2
.hY;ZiX � hX;ZiY /;

for allX;Y;Z2�.TN/, whereRM andRN denote the curvature tensor ofM n andN n�1,
respectively, and � is a vector field tangent to the factor I . We will divide the proof into
two cases.

First, suppose A� D 0 at a point p. This implies that AX 2 TpN and that rankA D
rankAjTpN , where AjTpN is the restriction of A to TpN . From the Gauss equation, we
have

RM .X; Y /Z D c.hY;ZiX � hX;ZiY /C hAY;ZiAX � hAX;ZiAY:

Using (2.1) and the fact that N has constant sectional curvature Qc, it follows that

hAY;ZiAX � hAX;ZiAY D
�
Qc � c �

kr�k2

�2

�
.hY;ZiX � hX;ZiY /:

Thus, at the point p, we have rankA D n � 1 or rankA � 1 depending on whether the
expression . Qc � c � kr�k2=�2/ is different from zero or equal to zero, respectively.

Now, suppose that A� ¤ 0. If A� D �� at a point p, then by (2.1) and the Gauss
equation, we have

�
Hess�.�; �/

�
X D RM .X; �/� D c.h�; �iX � hX; �i�/C hA�; �iAX � hAX; �iA�

D ck�k2X C �k�k2AX;

for all X 2TpN . This is equivalent to

�AX D �
�
ck�k2 C

Hess�.�; �/
�

�
X:

Thus, rankAjTpN D n � 1 or rankAjTpN D 0, i.e., rankA D n or rankA D 1. Consider
now the case

A� D �� C V0;

with 0 ¤ V0 2TpN and �2R. Given W 2 span¹�; V0º?, using (2.1) and the Gauss equa-
tion, we get

RM .W; V0/� D hAV0; �iAW � hAW; �iAV0 D 0;
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which implies
hV0; V0iAW D hA�;W iAV0 D 0:

Hence, span¹V0; �º? � kerA. Therefore, rankA � 2. We will show now that AV0 and A�
are linearly dependent. Since n � 3, taking W 2 kerA \ TpN , the warped metric and the
Gauss equation give us

�
Hess�.�; �/

�
W D RM .W; �/� D ch�; �iW;

which implies

�
Hess�.�; �/

�
D ck�k2

at the point p. It follows from the expression of the curvature tensor RM and the Gauss
equation

�
Hess�.�; �/

�
V0 D R

M .V0; �/� D ck�k
2V0 C hA�; �iAV0 � hAV0; �iA�;

that
hA�; �iAV0 � hAV0; �iA� D 0:

This implies rankA D 1, which concludes the proof of the lemma.

Finally, we present here the characterization of the objects studied in this paper when
the principal orbits are umbilical and G is compact.

Theorem 2.6. Let f WM n ! HnC1 be a complete hypersurface of G-cohomogeneity
one whose principal orbits are umbilical in M n. Assume either that n � 3 and M n is
compact, or that n � 4 and the connected components of the set ¹x 2M n W �.x/ � n� 1º

are bounded. Then f is a rotational submanifold.

The case where M n is complete and n � 4 follows from Theorem 6.1 in [2]. Note
that they allowed G to be non-compact, which can lead to non-rotational examples. How-
ever, in this case, the orbits are necessarily non-compact. The case where the manifold is
compact and n � 3 follows from the same arguments as in Corollary 4 of [17] (see also
Proposition 2.2 in [16]). These arguments involve a group homomorphism that naturally
arises in this setting. Due to its inherent interest, we present the statement of this homo-
morphism for the case when the ambient space is also hyperbolic. The proof is the same
as in the Euclidean case, but uses Theorem 2.1.

Theorem 2.7. Let f WM n ! QnC1
c be a complete hypersurface with n � 3 and c � 0.

If there exists no complete leaf of relative nullity of dimension n � 1 or n � 2, then the
identity component Iso0.M n/ of the isometry group of M n admits an orthogonal repre-
sentation �W Iso0.M n/! Iso0.QnC1

c / such that f ı g D �.g/ ı f for all g 2 Iso0.M n/.
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3. The proofs

Proof of Theorem B. The beginning of the proof closely follows the proof of Proposi-
tion 2.3 in [16], establishing the objects to be used (such a structure was also provided in
Proposition 3.1 of [2]). Since M n carries a complete leaf of relative nullity F , it cannot
be compact. Thus the orbit space � D M n=G is homeomorphic to either R or Œ0;1/.
Moreover, if � WM n ! � denotes the canonical projection and 
 WR! M n is a normal
geodesic parameterized by arc-length, then � ı 
 maps R homeomorphically onto � in
the first case, and it is a covering map of R n ¹0º onto the subset�0 of interior points of�
in the latter. Set I D 
�1.G.F //. Since G.F / is a closed unbounded connected subset,
and using thatG.F /D G.
.I //, it follows easily that if I ¤ R then I D Œa;1/ for some
a 2 R in the first case, and I D .�1; b� [ Œa;1/ for some a; b > 0 in the latter. Note
that the shape operator has constant rank two on G.F /. This is because at points where
�f D n � 2, the relative nullity distribution � equals the kernel of the tensor RM � cR0,
where R0.X; Y /Z D hY;ZiX � hX;ZiY for all X; Y;Z 2TM and c D �1. Therefore,
the set where the second fundamental form has rank two is invariant under isometries. Let
p D 
.t0/ and consider " > 0 such that .t0 � "; t0 C "/ � I and such that the map

ˆ W .t0 � "; t0 C "/ �†p ! ��1.t0 � "; t0 C "/

given by
ˆ.t; g.p// D g.
.t//

is a G-equivariant diffeomorphism, where †p D G � p denotes the orbit of p under the
action of G. We call � D ��1.t0 � "; t0 C "/ a tube around †p . We have a well-defined
vector field � on � given by �.y/ D g�.
.t//
 0.t/ for y D g.
.t//, t 2 .t0 � "; t0 C "/,
and �.y/ is orthogonal to †
.t/ at y.

Now let � be a local unit normal vector field to f on � and letAf� be the shape operator
of f with respect to �. Given a principal orbit †p D G � p � � of G, the vector fields
Q� D f�.�j†p / and Q� D �j†p determine an orthonormal normal frame of the restriction
Qf W†p ! HnC1 of f to †p . Denote by A Q� and AQ� the corresponding shape operators

(here we omit the superscript for clarity, as there is no ambiguity). By construction, we
have AQ� ı g� D g� ı AQ� for any g 2G, hence the eigenvalues of AQ� are constant. On

the other hand, A Q� D … ı A
f
� , where … is the orthogonal projection of TM n onto T†p .

In particular, rankA Q� � rankAf� , so we have rankA Q� � 2 on †p . Since AQ� is G-invariant
and †n�1p is homogeneous, it follows from the Gauss equation that we have the following
two cases to consider:

(1) rank A Q� � 1 on each principal orbit contained in �;
(2) rank A Q� D 2 on some principal orbit contained in � .

First, we show that (1) does not occur. Assume the opposite. Since †n�1p is a compact

submanifold of HnC1, there is a point x 2†n�1p where � Qf .x/ D 0 (the index of relative
nullity of Qf ). From Theorem 6 in [7], the universal cover Q†n�1p of †n�1p is isometrically
immersed in Hn as a compact isoparametric hypersurface. This means Q†n�1p is isometric
to Sn�1c for some c > 0. Additionally, the shape operator AQ� of †n�1p will be a constant
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multiple of the identity. In particular, the principal orbits in � are umbilical in M n. Given
that the integral curve of � is the normal geodesic, we derive from the main result of [12]
that there is an open subsetU �M n,U D I �� N n�1

c , whereN is a Riemannian manifold
with constant curvature c > 0, and f .U /�� (see also Proposition 3.2 in [2]). Considering
n � 5 and �f j� D n � 2, this leads to a contradiction with Lemma 2.5.

If rankA Q� D 2 along a principal orbit†n�1p �� , then the same rank condition holds on
a smaller tube around†n�1p within � , which we continue to denote by � . Our goal now is
to obtain a decomposition of the tangent space of M n compatible with a warped structure
as stated in the theorem, in order to use the main result in [19]. To achieve this, we need to
show that �f is constant throughout M n and that the eigenspaces of AQ� are autoparallel
distributions in †n�1p . This will follow from the series of assertions proved below. In the
proof, r will denote the connection on †n�1p and Mr will denote the connection on M n.

Claim 3.1. The vector field Q� is parallel along the distribution kerA Q� with respect to the
normal connection of Qf , represented here simply by r?.

It follows from the compactness of†n�1p that there exist a point q 2†n�1p and a direc-
tion in the normal space � 2T ?

Qf
†.q/ such that the shape operator A� is positive definite.

In particular, it follows that there exist a; b 2R such that

A� D aA Q� C bAQ� ;

and since the rank of A Q� is 2 and n � 5, it follows that b ¤ 0 and, consequently, AQ� jkerA Q�
is a definite matrix at the point q. Since AQ� is G-equivariant, we have that AQ� is a definite
operator when restricted to kerA Q� along †n�1q . Now consider the Codazzi equation

A
r?Y Q�

X C A Q�.rYX/ D Ar?X Q�
Y C A Q�.rXY /;

for vectors Y;X 2�.kerA Q�/. Since n � 5, the kernel of the linear form hr� Q�; Q�i restricted
to kerA Q� has dimension at least n� 4� 1, so we can choose Y 2 kerhr� Q�; Q�ijkerA Q� . Taking
the inner product of the previous Codazzi equation with Y , we obtain the relation

hr
?
X Q�;
Q�ihAQ�Y; Y i D 0;

which holds for any X 2�.kerA Q�/ and implies the parallelism of Q� along kerA Q� . 4

Let hWN n�3
p ! HnC1 be the restriction of Qf to the leaf N n�3

p of ker A Q� passing
through the point p. It is not difficult to see that kerA Q� is G-invariant and the leaves of
the distribution are homogeneous submanifolds, hence we omit the point in the notation.
Therefore, if one leaf of the distribution kerA Q� is autoparallel, then all are.

Claim 3.2. kerA Q� is an autoparallel distribution in †n�1p .

Consider the Codazzi equation

�A
r?Z Q�

X � A Q�.rZX/ D rXA Q�Z � Ar?X Q�
Z � A Q�.rXZ/;

for X 2�.kerA Q�/ and Z 2�.ImA Q�/.
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Taking the inner product with Y 2 kerA Q� and using the parallelism of Q� along kerA Q� ,
we obtain

(3.1) hr
?
Z Q�;
Q�ih˛ Qf .X; Y /;

Q�i D hrXY;A Q�Zi:

Define ! as the one-form where !.X/ D hr?X Q�; Q�i for X 2 T†. Let ¹Z1; Z2º be a local
orthonormal frame for ImA Q� , and let W1; W2 2 .kerA Q�/? be the vector fields such that
A Q�W1 DZ1 and A Q�W2 DZ2, withW2 2 ker!. From (3.1), the second fundamental form
of h, denoted by ˛h, evaluated on X; Y 2TN is

(3.2) ˛h.X; Y / D

´
hAQ�X; Y i.

Q� C hr?W1 Q�;
Q�iZ1/ if kerA Q� is not autoparallel,

hAQ�X; Y i
Q� if kerA Q� is autoparallel.

Therefore, the first normal bundle N h
1 D ¹˛h.X; Y / W X; Y 2 ker A Q�º of h is locally

generated by Q� C hr?W1 Q�;
Q�iZ1 and therefore one-dimensional. Given n � 5, we apply

Theorem A in [4] (or Proposition 2.7 in [5]) to obtain that Q� C hr?W1 Q�;
Q�iZ1 is parallel

and we have a reduction of codimension for hWN n�3 ! Hn�2. Since the image of h
is bounded, the classification of homogeneous hypersurfaces implies that h is umbilical
and N n�3 is isometric to a sphere Sn�3c2

for some constant c2 > 0. Since N n�3 is not
isometric to Rn�3, it follows from the same arguments in Lemma 4.8 of [6] (or Lemma 17
in [7]) that kerA Q� must be autoparallel in †n�1p . 4

Our goal now is to show that the shape operator AQ� has only two distinct eigenvalues,
and the associated eigenspaces will give rise to the distributions that allow us to obtain the
warped structure mentioned in the theorem statement.

Claim 3.3. We have that � 2�f , �f D n � 2, and the operator AQ� has only two distinct
eigenvalues, with the eigenspaces being autoparallel distributions in †n�1p .

Using the umbilicity of h, equation (3.2) simplifies to

˛h.X; Y / D hAQ�X; Y i
Q� D �hX; Y i Q� for all X; Y 2TN;

for some constant � ¤ 0. The constancy of � follows from the G-invariance of AQ� , while
�¤ 0 follows from the Gauss equation and the compactness ofN n�3

p (more precisely, we
have that j�j > 1). Moreover, since kerA Q� is autoparallel, (3.1) implies that

(3.3) hr
?
W Q�;
Q�i D 0 for all W 2 ImA Q�:

This is equivalent to hAf� W;�i D 0 for allW 2 ImA Q� , since Q� and Q� are just the restrictions
of � and � to†n�1p , and therefore hr?W Q�; Q�i D h

HrW �; �i. Given that rankA Q� D rankA� ,
it follows that � 2�f .q/ for all q 2†n�1p . Since � is the field generated by the nor-
mal geodesic, we conclude that � 2�f everywhere. Therefore, the segments of normal
geodesics in � are contained in the leaves of�f D kerA� . Since these leaves are assumed
to be complete, we obtain that �f D n � 2 throughout M n.

It follows from equation (3.3) that Qf has a flat normal bundle, and therefore the shape
operators AQ� and A Q� are simultaneously diagonalizable in a local orthonormal frame
¹X1; X2; X3; : : : ; Xn�1º of T†p , where X1 and X2 generate .kerA Q�/?. Let ı1 and ı2 be
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the eigenvalues of A Q� , and let �i be the constant eigenvalues of AQ� . The Codazzi equation
for X1 and X2 in the direction Q� gives

hrX1X2; Xiı2 D hrX2X1; Xiı1;

for all X 2 kerA Q� . Since ıi ¤ 0, the orthogonal projections of rX1X2 and rX2X1 onto
kerA Q� are linearly dependent. From the previous discussion on umbilicity, it follows that
�i D � for i � 3. The goal is to show that �1 D �2 ¤ �. If �1 D �2 D �, the distribution
.span¹�º/? is spherical in M n, since at each point p 2M n, .span¹�º/? is identified with
the tangent space of the orbit †n�1p . It follows from [12] that M n D I �� P

n�1
c is a

warped product of I � R and some manifold P of constant sectional curvature c > 0,
which contradicts the dimension of relative nullity as stated in Lemma 2.5. Assuming
that �1 ¤ �2, we apply the Codazzi equation for AQ� to the vectors X 2 kerA Q� and Xi (for
i D 1; 2) to obtain

(3.4) .�i � �/hX;rXiXi i D 0:

Thus �i ¤ � implies hX;rXiXi i D 0. Moreover, from the Gauss equation and the homo-
geneity of †n�1p , the sectional curvature K.X1; X2/ is constant. Since K.X1; X2/ D
�1�2 C ı1ı2 � 1 and �1 and �2 are constant, it follows that ı1ı2 is constant. Now, using
the Codazzi equation for A Q� with X 2 kerA Q� and Xi , we obtain

X.ıi / D ıi hX;rXiXi i:

Since ı1ı2 is constant, X.ı1ı2/ D ı2X.ı1/C ı1X.ı2/ D 0, which implies

ı1ı2.hX;rX1X1i C hX;rX2X2i/ D 0:

As ı1ı2 ¤ 0, we have hX;rX1X1i C hX;rX2X2i D 0. Since �1 ¤ �2, at least one of �1
and �2 is different from �. From (3.4), the corresponding term hX;rXiXi i is zero, and
hence both are zero. Choosing X 2 ker A Q� orthogonal to the projections rX1X2 and
rX2X1, we conclude

hrXrXiXi ; Xi D 0; for i 2 ¹1; 2º;

since hrXiXi ;Xi D 0 and kerA Q� is an autoparallel distribution. As ImA Q� is parallel along
kerA Q� and by our choice of X , we obtain

hrXirXXi ; Xi D 0; for i 2 ¹1; 2º:

Using all the previous information, we also get

hrŒX;Xi �Xi ; Xi D 0; for i 2 ¹1; 2º:

From these relations, it follows that

hR.X;Xi /Xi ; Xi D 0; for i 2 ¹1; 2º:

From the Gauss equation, we have

0 D K.X;Xi / D �1C �i hAQ�X;Xi; for i 2 ¹1; 2º,

contradicting �1 ¤ �2.
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Now we have �0 WD �1 D �2, and AQ� is expressed in this basis as

(3.5) AQ� D

0@�0 0

0 �0
0

0 �I

1A :
A direct application of the Codazzi equation, together with the constancy of �0 and �,
implies that the eigenspaces E�0 and E� of AQ� are autoparallel distributions in †n�1p . 4

We thus have the natural decomposition TM D span¹�º˚V0˚V1 everywhere, where
V0 D .�f /? and V1 is the orthogonal complement of span¹�º in �f . Since expres-
sion (3.5) holds for all principal orbits of G, it follows that V0 at the point q 2M n is
identified with the eigenspace E�0 of AQ� , and is therefore an umbilical distribution whose
mean curvature vector is parallel to � with constant norm along the principal orbits of
G, making it a spherical distribution in M n. Similarly, V1 is also a spherical distribution
in M n. In summary, it follows from the claims proven above that

M
r�� D 0;

M
rXiYi � Vi ˚ span¹�º; M

r�Yi � Vi and M
rXi � � Vi

for allXi ;Yi 2Vi , i 2¹0;1º. Therefore, V0 and V1 are spherical distributions inM n, whose
orthogonal complements are autoparallel distributions in M n. It follows from the results
of [19] (see also Theorem 10.21 in [5]) that M n is isometric to R ��0 P

2
c1
��1 N

n�3
c2

,
where P 2c1 and N n�3

c2
are manifolds with constant sectional curvatures c1 > 0 and c2 > 0

respectively, and �0, �1 are warping functions defined on R. Moreover, f admits an
extrinsic warped product structure. More precisely, there exists a warped product rep-
resentation ‰W V 1Ci0 ��0 Q2Ci1

Qc1
��1 Qn�3Ci2

Qc2
! HnC1, where i0 C i1 C i2 D 1 and

V 1Ci0 is an open subset of a totally geodesic submanifold, with warping functions �0
and �1 defined on V 1Ci0 . Furthermore, there exist isometric immersions f0WR! V 1Ci0 ,
f1WP

2
c1
! Q2Ci1

Qc1
, and f2WN n�3

c2
! Qn�3Ci2

Qc2
such that �0 D �0 ı f0, �1 D �1 ı f1, and

f D ‰ ı .f0 � f1 � f2/. In particular, the following diagram commutes:

R ��0 P 2c1 ��1 N
n�3
c2

f0 f1

- HnC1.

f2
˚

f D ‰ ı .f0 � f1 � f2/

6 6 6

V 1Ci0 ��0 Q2Ci1
Qc1
��1 Qn�3Ci2

Qc2 PPPPPPPPPPPPPq

‰

If i2 D 1, using that TN n�3 � �f at all points, it is straightforward to verify from the
curvature tensor equations of a warped product that Qc2 D c2 > 0, which implies that f2
is a totally geodesic immersion (cf. Corollary 7.13 in [5]). As a result, f would be totally
geodesic. Consequently, i2 D 0 and i0C i1 D 1. This places us precisely in the scenario of
the statement of the theorem. In particular, P 2c1 D S2c1 ,N n�3

c2
D Sn�3c2

and we have a rota-
tional submanifold whose profile submanifold is R ��0 S2c1 , the immersion is determined
by f0 and f1, and the warped product representation ‰, thus concluding the proof.

Remark 3.4. In the proof of Theorem B, the decomposition TM D span¹�º ˚ V0 ˚ V1
yields a totally geodesic distribution span¹�º ˚ V0, and a spherical distribution V1, satis-
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fying f̨ .X; Y / D 0 for all X 2 span¹�º ˚ V0 and Y 2V1. This structure implies thatM n

is isometric to a warped product L3 �� Sn�3c2
for some warping function �WL3 ! R,

where L3 is a profile manifold, and thus the submanifold is rotational. The proof actually
provides a more precise characterization by showing that the submanifold arises from the
action of SO.3/� SO.n� 2/ on a complete geodesic within a totally geodesic section H2.
Consequently, the profile submanifold is foliated by spheres and the principal orbits of G
are products of spheres.

Proof of Theorem A. It follows from our assumption on the set ¹x 2M n W �.x/ � n � 1º

that there does not exist a complete leaf of relative nullity with �f D n� 1 or with �f D n.
If there exists a complete leaf of relative nullity with �f D n� 2, then, by Theorem B,M n

must be a rotational submanifold. Thus, we can assume that there are no complete leaves
of relative nullity with �f > n� 3. Let Bf denote the set of totally geodesic points of f .
According to Theorem 2.1, f is either rigid orBf disconnectsM . We will show that if we
are in the latter case, f is a rotational submanifold. First we verify that Bf isG-invariant.
By applying Theorem 2.1 to each pair f and f ı g, where g 2G, we find

(3.6) Af D ˙Af ıg :

Moreover, for any vector fields X; Y 2�.TM/ and normal vector field �2�.T ?M/,

hAf ıg�ıg X; Y i D h
H
rf�.g�X/f�.g�Y /; � ı gi D hA

f
� .g�X/; g�Y i D hg

�1
� A

f
� .g�X/; Y i:

This leads toAf ıg�ıg D g
�1
� ıA

f
� ı g�, for all g 2G, along with (3.6), which shows thatBf

isG-invariant. Since Bf disconnectsM n and the singular orbits have dimension less than
n � 1, we can take a point p 2 Bf \Mreg, where Mreg denotes the set of regular points
of M n with respect to the action, and consider the orbit †n�1p D G � p. Let g D f ı i W
†n�1p !HnC1, where i W†n�1p !M n is the inclusion. The strategy is to show that†n�1p

is an umbilical hypersurface in M n and so the theorem will follow from Theorem 2.6.
Since †n�1p � Bf , the second fundamental form of f vanishes on †n�1p , so we have

(3.7) ˛g.X; Y / D f�˛i .X; Y /C f̨ .i�X; i�Y / D f�˛i .X; Y / for all X; Y 2T†:

As in the beginning of Theorem B, we have the unit normal vectors Q�; Q� 2 T ?g † given
by the restriction of the normal geodesic to the regular orbits and the unit normal vec-
tor � from the isometric immersion f . By construction, Ag

Q�
is G-invariant. The Codazzi

equation for vectors X; Y 2T† in the direction of Q� simplifies to

(3.8) !.X/AQ�Y D !.Y /AQ�X;

where !.X/ D hr?X Q�; Q�i for X 2 T†. Using ideas analogous to those in the proof of
Claim 3.1, we will prove that Q� is parallel along†n�1p , which is equivalent to T†pD ker!.
Assuming otherwise, let x 2†n�1p with ker!.x/ ¤ Tx†p . Then (3.8) implies ker!.x/ �
kerAQ� , leading to �g.x/� n� 2� 2. SinceAg

Q�
isG-invariant, it follows that �g � 2 every-

where, contradicting the compactness of †n�1p because complete leaves of relative nullity
for submanifolds in HnC1 are unbounded. Hence, ker! D T†p . From (3.7), the first nor-
mal bundle N

g
1 WD span¹˛g.X; Y / W X; Y 2 T†º of g is a one-dimensional distribution

spanned by Q�, therefore N
g
1 is a parallel distribution along†n�1p . By Proposition 2.1 in [5]
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(see also [1]), we have a reduction of codimension, that is, g lies in a totally geodesic
submanifold Hn � HnC1. Given the compactness and classification of homogeneous
hypersurfaces in hyperbolic space, †n�1p is isometric to Sn�1c1

and the isometric immer-
sion g is totally umbilical, as desired. This, together with (3.7), implies that †n�1p is
umbilical in M n. Since the principal orbits are totally umbilical, Theorem 2.6 implies
that f is a rotational submanifold.

Remark 3.5. Although there are versions of Theorem 2.1, and consequently of Theo-
rem 2.7, where the ambient space is the sphere, the principal orbits of G will be homo-
geneous hypersurfaces of some totally geodesic submanifold of the ambient space, and in
particular, they will be isoparametric. However, it cannot be guaranteed that they will be
intrinsically umbilical (see also Remark 12 in [17]).
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