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Strichartz estimates for Baouendi—Grushin operators

Nicolas Burq and Mickaél Latocca

Abstract. We prove Strichartz estimates for a class of Baouendi—Grushin operat-
ors acting either on the Euclidean space or on a product of the type R4 x M,
where (M, g) is a smooth compact manifold with no boundary. We then give an
application of these Strichartz estimates to the Cauchy theory for the associated
Schrodinger equations.

1. Introduction

1.1. The Baouendi—-Grushin operator

We consider a degenerate elliptic operator introduced by Baouendi and Grushin [4, 11],
that we write —A g, and which is defined by

—AG = —Ax — |x[?Ay, for (x,y) eRY x M,

where (M, g) is either the Euclidean space R% or a smooth compact manifold with no
boundary.
We also define the associated Sobolev spaces

HE = {ue L>(RY x M) : ul|gs, < oo},
with
lllZpg = llGid—A6)"ul7..
Our original motivation is the study of the Cauchy problem for the following nonlinear
Schrodinger equations:
i0;u + Agu = F(u) := |u|< tu,

(NLS-G)
u(0) =upe H.
In view of the Sobolev embedding H g; < L°°, which holds as soon as

dy + 2d,
s > T,
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(see Theorem 2.1), it follows that (NLS-G) is locally well-posed in €°([0, T'], H, g) for
such values of s. We refer to this theory as the classical Cauchy theory.

The non-dispersive nature of (NLS-G) in the case (dy, d2) = (1, 1) was observed
in [3], so that up to the knowledge of the authors, no better Cauchy theory is known than
the classical one.

Our starting point is that, as soon as d, = 2, one expects an improvement on the
classical Cauchy theory by using dispersion on the y direction by elementary means.

1.2. Main results

Our main result is a collection of Strichartz estimates associated to the Schrodinger prop-
agator e!’26 and also for its fractional counterpart ¢'*(=46)"

We say that a triple (p, ¢, 7) € [2, 00]? is admissible if the following scaling relation
holds:

2 di  2dy di+2d;

1.1 4= A rem .
(1.1) » + P + - ) Ya.r
where

1 1 1 1
(1.2) Yar = (d2 + 1) (5—;) +d; (5—6—1),

and (p, r) are restricted by

1 . .
| | | A in the Euclidean case,
(1.3) > —— = >
d2 —1 2 r 1 1 . .
—— 4+ —— in the compact manifold case.
2d,  dap

Similarly, when o > 1, a triple (p, g, r) € [2, o0]? is said to be o-admissible if

2 d 2d dy +2d
0,4 2 _atidn

1.4 — Yo
(14) S =2
where

1 1 1 1
(- ar =22 =) (5= 7) + (5 )

and (p, r) are restricted by

1 . .
| 11 2_d2 in the Euclidean case,
2 d —— + —— in the compact manifold case.
2d,  dap

Our main result is the following.
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Theorem A (Strichartz estimates for Schrodinger—Baouendi—Grushin propagators).

(1) Letdy = 1 and d, = 2. Let (p,q,r) and (a, b, c) be admissible triples such that
(p,a) # (2,2). Let ¢ < 1. Then for all u € H();q” (R x R%) (or Héq” (R x M),
where (M, g) is a smooth compact manifold with no boundary), and for all G € L‘;JLZ/LJ’,/
and F € L‘},LE’C,L;', the following estimates hold:

itA
(1.7) le S ullprgry < Clpog.r)lull yrarse,

< Cll(d—Ag) 792 G|

prd e
L%, Ly Ly Ly

(1.8) H / 86 G(1')dr!

t
(1.9) H / =86 By df!
0

) < C”(id_AG)(Vq,r+1/b,c+8)/2F||L%/

b el
L2riLy LY L§

(ii)Letdy = 1,dy = 1land o € (1,2). Let (p,q,r) and (a, b, ¢) be c-admissible triples
such that (p,a) # (2,2). Then (1.7), (1.8) and (1.9) hold with Ag replaced with (—Ag)°
and where Yy, , stands for (1.5). In the compact case, yq , (respectively, yp ) should be
replaced by yq , + 2(0 — 1)/ p (respectively, yp . + 2(0 — 1)/a).

Remark 1.1 (Use of the Christ—Kiselev lemma). Since the inhomogeneous estimate (1.9)
is classically obtained from the homogeneous one (1.7), and its dual (1.8) by an application
of Christ—Kiselev’s lemma, we should impose (p, a) # (2, 2). However, up to losing an
extra ¢ of regularity, we can relax this assumption by applying Sobolev’s embedding in #
and use the fact that i 9,;e'A6 F = —Age''AG F.

Remark 1.2 (Comparison with the Sobolev embedding). As a comparison, an application
of the Sobolev embedding yields (1.7) with

Ya.r := Vsob = 2d> (% - %) +di (% - 611)

Writing ysyi for (1.2) (respectively, (1.5)), we have

_Jd2=1)(1/2-1/r) inthecaseo =1,
VSob T Ysui = dro(1/2—=1/r) in the case 0 # 1,
which is positive as soon as r > 2, therefore Theorem A is an improvement on the Sobolev
embedding, as expected.
Note however that this gain only happens on the y variable (it is in y that we use the
dispersion), whereas in x we only perform Sobolev’s embedding, therefore not improving
the estimate in x.

Remark 1.3 (On scaling and optimality). Condition (1.1) (respectively, (1.4)) can be seen
from scaling. Indeed, plugging v = uy in (1.7), where u; (¢, x, ¥) = u(A%t, Ax, A%y)
(respectively, uy (¢, x, y) = u(A?9t, Ax, A%2y)), one can see that (1.7) is invariant under
such scaling provided (1.1) (respectively, (1.4)) holds.

The upper bound of the restriction on the admissible values of 1/2 — 1/r given by (1.3)
(respectively, (1.6)) stems from an application of the Hardy-Littlewood—Sobolev inequal-
ity (see the proof of Proposition 3.1). On the other hand, the lower bound on 1/2 — 1/r
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given by (1.3) (respectively, (1.6)) is required in our argument in order to ensure summab-
ility of mode-wise Strichartz estimates in order to infer frequency-localized estimates.

The ¢ loss in Theorem A stems for an interpolation argument in Corollary 3.3 and
an application of the Cauchy—Schwarz inequality in (3.1). We believe that a more subtle
interpolation argument, as well as the use of a Littlewood—Paley inequality adapted to the
Baouendi—Grushin operator, might be used to avoid this loss.

Remark 1.4 (On the non-dispersive case d» = 1). When d, = 1, the propagator e/*46 is
non-dispersive, which is consistent with the fact that d, = 1 is excluded from Theorem A.
This is not surprising, as we ultimately rely on dispersion of the half-wave equation in
the y variable, which is non-dispersive in dimension 1. This fact was observed in [9],
where the authors constructed an explicit example of non-dispersive u(t) = e**26uq by
choosing u localized in y frequencies and supported by one Hermite mode, namely

up(x,y) = N~1/2 /oo V=3P =n/N? g
0

which is such that u (¢, x, y) = uo(x, y — t), therefore is non-dispersive as Lebesgue norms
are conserved. We refer to the introduction of [9] for more details.

Next, as an illustration of our dispersive estimates, we use these Strichartz estimates
to improve on the classical local Cauchy theory for (NLS-G), and also its fractional coun-
terpart:

i0;u 4+ (—Ag)°u = [u“u,
u(0) =upe H.

For simplicity, we restrict our attention to (dq, d2) = (1,2) and o € [1,2). Let us

introduce a space adapted to the Strichartz estimates:

X5 = N LY(=Ag) $rar=/2(LALT).
(p,q,r) o-admissible
Theorem B (Local Cauchy theory for (NLS-G) and (FNLS-G)).

(i) Assumek = 5. Lets > 2andug € H}(Ry x Ri). There exist T = T (||ugllgs) > 0
and a unique solution u € X3 N €°([0, T], HE) to (NLS-G). If M is a smooth
compact manifold of dimension 2 with no boundary, then the same result holds for
uo € HG(R x M) and s > 2.

(i) Assumex =3,0€(1,2). Lets >5/2—o0, andug € HG(Ry x Rg). Then there exists
T = T(|luollgs) > 0 and a unique solution u € X3 N €0([0, T, HY,) to (FNLS-G).
In particular, when s = o € (5/4,2), these solutions are global in time.

(FNLS-G)

Remark 1.5. The purpose of Theorem B is only to exemplify that using standard meth-
ods, Strichartz estimates obtained in Theorem A imply corresponding improvements on
the classical local Cauchy theory for (NLS-G) (respectively, (FNLS-G)). In order to avoid
lengthening the paper, we have restricted our attention to a few values of the involved
parameters s, o and «. In particular, we deal with integer power nonlinearity, but this
is only a technical restriction, which could be overcome: see for instance [2], in which
the authors develop frequency analysis tools adapted to the study of (NLW-H"), similar
treatment could be conducted in our case.
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1.3. Some related results

When d, = 1, as explained in [9], the Schrodinger equation for the Baouendi—Grushin
operator is non-dispersive. However, it is possible to obtain Theorem 1.6 in [10] aniso-
tropic estimates of the form

itA
(1.10) le* 26 oo prra < Nlullz .

which hold whenever2 < g < p <ocand2/p + dy/q = (d; + 2)/2. The estimate (1.10)
is very different from estimates of the type (1.7) as integration on time and in the y variable
have been switched. Such estimates are typically obtained by using Fourier restriction
methods based on [14] (see [13] for an adaptation to the Baouendi—Grushin setting), and
were obtained for the Heisenberg group in [1].

When dispersion is expected, which is our case for the Schrodinger equation as soon
as dp = 2, a usual strategy to obtain Strichartz estimates is to prove dispersion estimates
and apply a T T* argument. Such strategy was implemented for the free solutions to the
wave equation posed on the Heisenberg group H",

u — Agu = F(u),

(NLW-H") .
w(0), 3,u(0)) = (ug,u1) € H* x H ™ (H").

In terms of scaling, this corresponds to (d;, d2) = (2, 1) for our Baouendi—Grushin set-
ting. Dispersion and Strichartz estimates were established in [3] and used in [2] to derive
an improvement on the classical local Cauchy theory for (NLW-H") when F (u) is a deriv-
ative nonlinearity.

1.4. Structure of the article and notation

The main result, Theorem A, is proven in Section 3 first in the Euclidean case, and then
for compact manifolds. Some useful results are recalled in Section 2. Finally, the Cauchy
theory of Theorem B is obtained in Section 4.
In the following, we make use of common notation. In particular, we will write (z) =
1+ |z]2. Ifa €[1, o], we write a’ € [1, 00] its Holder conjugate, thatis, 1/a’ + 1/a = 1.
We write L? X as a shorthand for L?((0,T), X).

2. Some useful results

2.1. Commutators and embeddings

We recall that [0y, , x;dy;] = dy,;, which expresses the fact that a derivative in the y dir-
ection can be obtained by a combination of two order one derivatives associated to —Ag.
This fact is responsible for the following Sobolev embedding that we recall.

Theorem 2.1 (See [7]). Let s > (dy + 2d»)/2. Then the embedding H(, — L holds.

Corollary 2.2. Let s > (dy + 2d»)/2 and p € [2, 00). Then, for all u € WGZS/p’p, there
holds

Q2.1 lullze < [1Gd—AG)* P ullzs.
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Proof. This follows using Stein’s complex interpolation theorem (see [15]) between the
Sobolev embedding
1Gd—A6) ™ P ullrse, < lullzz,

X,y

and [[ulLoe = [lullLe, . u
Lemma 2.3. Forany s € [0, 1], the embedding Hf, — LJZ, H? is continuous.

Proof. First, observe for any smooth function u, we can integrate by parts to compute
V.ul?, < V. ul? x?|Vyul?)dxdy = (=Agu.u < |lull?,,
Vel < [ (Vi + Pl drdy = gy, < July,

which shows H é LIS L§ H ;, i.e., the case s = 1 of the lemma. The claimed result now
follows from complex interpolation with the s = 0 case. ]

2.2. A frequency decomposition adapted to the Baouendi—Grushin operator

We outline now a frequency decomposition for the Baouendi—Grushin operator acting on
R4 x R In the case R x M for smooth boundaryless compact manifolds M, one
would simply follow the same arguments, that is: using a spectral decomposition of the
Laplace operator on M and expanding the Baouendi—Grushin operator along Hermite
modes. In the following, we only detail the Euclidean case.

Let u € S(R% x R%) and take the partial Fourier transform in y to write

Fyon(—Agu)(xin) = (—Ax + |x*[n|?) i (x: ).

where we have written i for %, _,,(u). The operator —Ay + |x|?|n|? is a rescaled har-
monic oscillator. Let H = —A + |x|? be the usual harmonic oscillator acting on § (R%1).
Since the spectrum of H is pure-point, made of the eigenvalues A,, = 2m + dy, m = 0,
we denote by {hu k}kea, @ basis of L2-normalized eigenfunctions associated to the
eigenvalue A, (note' that #A,, ~ cg,m®~1). Then, we can see that for a fixed |5| > 0,
the eigenvalues of F,_,,(—Ag)(-; ) are the |n|(2m + di), m = 0, with L2 normalized
eigenfunctions given by

B e (i) = [0l By e (I0]25), k€ A

Note that the factor |5|91/# stems for normalization in L2.

1Using separation of variables, one can find a Hilbert basis of the corresponding eigenspace Esm+a, formed
by tensor products of Hermite functions. More precisely, if {/ };>o denote the normalized Hermite functions
satisfying B
=) + y2hie(y) = 2k + Dl (9)-
Then the aforementioned Hilbert basis of E5,, 14, is given by the

H(xy,..., xdl):h,,l(xl)x-nxh,,d1 (xg,), n=(n1,..., ng,),
where Z}il:l (2nj 4+ 1) = 2m + dy. Its multiplicity is therefore

#Apm =dim Eyp g, =#{n = (n1,...,nq)) : [n| =m} ~ cdlmdl_l.
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With i
Jm e () = (@), e (o) 2

we can write

Q) = D kD g = Y dimg = Y fim,
m=0

m=0 m=0
keA, keAm
where
U =Y Ak
ke,
Now
g1 o~ .
Um ‘= ‘(Fr;—>y(um(xw 77))’
so that
U= m= ) Ums = ) U4,
m=0 m=0 AeaN
1e2Z
where
MA = Z um,l»
m=0
A<S1+@m+d)I<24
with
|Dy|
Um, ] = X T Um,

where y is a nonnegative smooth bump function supported on [1/2,5/2] equal to 1 on
[1,2] and such that 1 = 3", .,z x(|n|/I) for all n e R%.

Because the {Em,k}mzo,k e, are orthogonal in L2, it follows that the {u }m=o are
orthogonal in L2, so that in particular,

X,y
2 2 2 2
lulZs = D lumllZy ~ D Numrligz, ~ D lualz .
’ m=0 ’ m=0 PSS ’
I1e27

where we have used quasi-orthogonality of the {u, 1} c,z.
Such a frequency decomposition is very useful for computing Sobolev norms, as

Fyon(=A6) um,1) = (@m + dD)[n)* fim,1 .
If || ~ I then 1 + 2m + dy)|n| ~ 1+ 2m + dy)I ~ A so that
2 2
22) lullzgy ~ D A%lluallz; -
Ae2N

In the following section, we will need another bump function y, such that ¥ = 1 on the
support of x and such that 1 = 3", .,z 7(|n|/I) for all n € R%. Similarly, we introduce

. -(|Dy]| _ .
um,1=)(( 7 )um and 1y = > Um, I »
m>0
A<1+(2m+d;)I<2A
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so that
~ 2 ~ 2
lulZ, = D lumllZy ~ D Mmrllzy ~ D lliallz, -
m=0 m=0 ’ AeaN ’
1e2Z

3. Strichartz estimates

First, let us remark that (1.8) follows from (1.7) by duality, and that similarly (1.9) follows
using the so-called Christ—Kiselev lemma. Therefore, we only prove (1.7), and in order
to do it, we rely on the classical strategy by first obtaining frequency localized estimates.
For now, let us work indifferently on R x R% or RY x M ,and o = 1. Fix some triple
(p,q,r) asin Theorem A.

Using the triangle inequality on frequency decomposition and the Cauchy—Schwarz
inequality, we have

it(—Ag)? it(—Ag)?
e A ull g < Y N TA uall e g

Ae2N
3.1 12, itAg) 5 1/2
e it(—Ag
5( Z A ||€ uA”L;-LZL;) s
Ae2N
so that (1.7) is a consequence of
AT _

(32) €A uy |l p g py < CAY2E ity 2

and (2.2), where y = y,,, is as in Theorem A.
The proof of (3.2) is itself a consequence of mode-wise Strichartz estimates. More
precisely, we claim that (1.7) is a consequence of

(3.3)

)

; o (|Dyl
it (@m+dD)|Dy) (| y )u ’
AT )tm L?L?CU

< cumlr(21)un

L%,
where 7€ 22 is such that A < 1 4+ (2m + d1)I < 24, ¥ is a cutoff such as the one
introduced after (2.2) (in particular, ¥y = yx), and where
Ay/2+s/4
(m + 1)d2(1/2—1/r)
Ay/2+(cr—1)/p+s/4
(m + 1)42(1/2=1/r)=1/p

in the Euclidean case,
3.4 C(A,m) =

in the compact manifold case.

Since by assumption d»(1/2 — 1/r) > 1/2 in the Euclidean case (respectively, d>(1/2 —
1/r) —1/p > 1/2 in the compact manifold case), there holds

> CAam)? s AT,

m=0
Write D,|
Uy = Z Um, = Z X( IJ’ )um
m=0 m=0

I:(m+1)I~A I:(m+1)I~A
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where (m + 1)I ~ A means
A<1+4+(C2m+di)] <24,

and that D b
elt(—AG)0X<|I_y|) Uy = ett((2m+1)|Dy|)aX<|]_y|) U,
so that we can see that (3.2) follows from (3.3) by an application of the triangle inequality
and the Cauchy—Schwarz inequality.
In the Euclidean case, (3.3) will follow from Proposition 3.1 applied to y(|D,|/1)um
in place of u,,, and the fact that

_ _/|D
H(ax)dl(l/Z l/q)X<| y|)um

U 1/2-1/q)
7 §A2( /2-1/q) ||um’1||L)2c’y,

L%,
which follows by applying Lemma 2.3.

Similarly, in the compact manifold case, (3.3) will follow from Proposition 3.4 applied
to y(|Dy|/1)um in place of u,,, which yields (3.3) on a time-interval [0, W] with

constant |

C =
((m + 1)A°—1Ht/p
so that gluing the L? estimates on ~ (m + 1) A%~ intervals yields (3.3).

C(A,m) = C'(A,m),

3.1. Estimates on the Euclidean space
The goal of this paragraph is to prove the following mode-wise Strichartz estimate.

Proposition 3.1 (Mode Strichartz estimate: Euclidean case). Letm = 0 and I €2% be such
that A <1+ 2m + dy)I < 2A. Let (p, q,1) be admissible (respectively, o-admissible).
Then for all u, €8 (Rf‘ X ]R;iz), there holds

eit((2m+d1)|Dy|)"X( |Dy | ) iy, ‘

(3.5) 7

/ (d1+e)(1/2—1/q)
Lrragg < €A 2 -

where we have set

Ad2+D/2  1/2-1/r
( ) inthecaseo = 1,d, = 2,

(m + 1)42
Ad%(Zfo) 1/2—1/r
((m + 1)d2)

(3.6) C'(A,m) =

inthe casec > 1,d, = 1,

and ¢ > 0 when g = +00 while we can take ¢ = 0 when g < +o0.

The proof of (3.5) follows the classical strategy of obtaining dispersion estimates and
using an abstract 7' T* argument to obtain the time-space estimate. The dispersive estimate
relies on the dispersion of the fractional Schrodinger equation (when d, = 1) and the
dispersion of the half-wave equation (when d, = 2).
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Lemma 3.2 (Dispersion estimate). Let d = 1 and N = 1, and let x be a smooth cutoff
function supported on [1,2]. Let v e L' (R?).

(1) If o > 1, then for all t > 0, there holds

51 fom e (%)) (21

(ii) Incase o = 1 and d = 2, for all T > 0 there holds

(3.8) H exp (irN%) X(%)v

_ CN? ol
I ————m5—= ||V .
L~ (1+ N[epaz

CN?
1 S T r Npep@ore My

Proof. The proof is standard, we recall it for the sake of completeness. Start by writing

o (22 (2 o

=N / R </ Ré N O () dy ) 02
y'e ne

Kn(z,y,y")

so that (3.7) and (3.8) follow from

(3.9) sup Ky (7, y.y") < (1 + |[Nt|)~9/2,
».y'

(3.10) sup Ky (7, y,y") S (1 + [Nt|)~@-D/2,
».y'

Let us write # = tN and remark that (3.9) and (3.10) are readily obtained in the case
0 <t < C by compactness of the support of y. We can therefore assume thatt = C > 0
in the following. Since the phase function in Ky (t, y, y’) only dependson t, N and Y :=
N(y’ — y), we write this phase function

1
CI)(I, n, Y) = ; Y- n— |77|0’
so that we are left with showing that
K(@,Y):= / 7T y () dy
neRd

decays as in (3.9) and (3.10).
We compute

1
Va®(t,1.Y) = 2 Y — olnl° 2,

n-nT>

V3. 1.Y) = —olil’? (id+0 -2 T
n

| det(V2®(t, 1, Y))| = 0 (0 — 1) |n|?“~2.
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Given the localization of n = @(1), the critical points solving V,®(¢,7,Y) = 0 only
exist when |Y|/t = @(1). Therefore, in the case |Y|/¢t = C > 1, there are no critical
points. As in fact |V, ®(z, 7, Y)| = C, the non-stationary phase lemma (see Proposition 4
in Chapter VIII of [16]) implies |K(z,Y)| < Cxt ™ for all k = 0. In case |Y |/t = O(1)
and if » is a critical point, there holds | det(V,% ®(t,n,Y))| = C > 0 (we assume ¢ # 1,
the case 0 = 1 is treated after), so that the stationary phase lemma (see Theorem 7.7.6
in [12]) implies the claimed estimate.

In the half-wave case, we can also assume |7| = C, and note that critical points 7 only
exist if |Y | = ¢. Changing variables to polar coordinates, we may write

oo

oo
K(t,Y)=/ / "D y(ryr? ! dS () dr =/ TSy ) x(r)rd = dr,
0 weSd-1 0

where 3 is the Fourier transform of the surface measure ¥ of S'. In the case 7 = C Y|, we
have |Y - w —t| = Ct/2 (at least when C is large enough), so that repeated integrations
by parts in r yield

|K(t,Y)| < Cet™®  forallk = 0.

Finally, it remains to deal with the case 7 < C[Y'| and use the well-known stationary-
phase type estimate |2 ()| < |&]7@~1/2 (see equations (15) and (25) in Chapter VIII
of [16]) to bound

o0
|K(t,Y)| < c/ Y |72y (rypd Tt dr < Y @TD2 < dmD/2
0

which provides the claimed estimates. ]

Equipped with such dispersion estimates, we can derive mode-wise dispersion estim-
ates for frequency localized data.

Corollary 3.3 (Dispersion on Hermite mode m). Letm = 0 and I € 2Z and let A € 2N
suchthat A < 1+ (2m + dy)I < 2A. Then we have for all t > 0, and all (q.r) € [2, 00]?,

oi1@m+d)|Dy| X('Dy|> <8X)—(d1+s)(1—2/q)um‘

1 LiL}
(311) A(d2+1)/2 l/r’—l/r
((m Y “@7) lmll gy

and similarly, if o > 1,

eirCmrdDr Dyl (o) rroa—2/y,,
3.12) I LEL5

' Ad2(1—0/2) 1/r'=1/r
< C(——za7s) ot
(m + 1)d2 td2/2 LY Ly

In both cases, C depends only on (q,r,dy, d>).
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Proof. As both claims are similar, we only explain how to obtain the half-wave case. By
applying (3.8) to
V= Uy = (ax)_(d1+8)(1_2/q)um(x,~),

with N =1,d =d, and t = 2m + dy)t, we get

; D CAd+D)/2
‘e”(2m+d1)‘Dy|X(| y|>vm < d d ”vm(X,‘)”Ll
1 L (2m +dy)%(1 4 t)d2=-D/2 v

CA@2+1)/2

< (m + 1)d2¢ (=12 l[vm (x. )Lt

In view of

1

we can use complex interpolation to obtain that for all r € [2, 0o], there holds

|

oit@m+dy)|Dy| x('Dy|>vm

1 < lomlas.

oi1@mtdy)|Dy| X( |DY|><ax)—(d1+e)(1—2/q) ",
1

Ald2+1)/2 1/r'—=1/r
((m + 1)112;(1172—1)/2)

Lr
(3.13) g

[(B) @ A=20D .

Taking the L2 norms in (3.13), one obtains (3.11) in the case (¢,r) = (2,7).
If ¢ = oo, we also take the L$° norm in (3.13):

. D,|
i1@m+dy)|Dy| (' 1) (3,40
e X 7 (9x) Um LeL
( Ald2+1)/2 >1/r’—1/r
<

—(d1+e)
(m + 1)d2t(d271)/2 ”(ax) ! u

m||L§§°L;"

Using the triangle inequality, the Sobolev embedding and the Minkowski inequality, we
bound

—(d —(d
”(ax) ( 1+8)um”L§0L;’ < ”(816) ( 1+8)um”L;/L;0 < C””m”L;'L}C < C”um”L}cL)r,/'
This yields

oit@m+d1)|Dy| X( |D,y | ) (0,)" @y, ‘
1

LeL]
Ad2+1)/2 1/r'—1/r
& ((m + 1)11’2;(11’2*1)/2)

”um”L)ch;“

We then obtain (3.11) using Stein’s complex interpolation theorem (see [15]) between
(g,r) =(2,r)and (¢q,r) = (co,r).
In the case 0 > 1, the proof goes along the same lines by applying (3.7) with

(N.d,v) = (I,dy, t1°7 ' 2m + d3)°). "
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Proof of Proposition 3.1. We only detail the half-wave case 0 = 1, as the fractional case
0 # 1 is similar. In order to prove (3.5), we use the 7' T* argument. Let Ty, be the operator
defined for all v e L , by

Tov(t) = eit@m+dniDs| X(|Dy|)(ax)—(d1+a)(l/2—l/q) 0.
1
Now (3.5) amounts to proving the continuity bound

CAZa2-1/r)
ITmllrz 22 rry < (m + 1)&02=17n "

which is equivalent to showing the continuity bound

CA(d2+1)(1/2—1/r)
214 i S 2d>(1/2—1/r)
T =x &y Thtxly (m+1) >(1/ /r)

[y

One can compute

=) @m+dD)|D, | X((zm"'—dl)lDy') (3)~ @402/ 11y 4y’

TnThv(t) = / y

R

where we have used that (9, ) commutes with e @ +40IDyly (1D, |/ T).
Using the triangle inequality and the dispersive estimate (3.11) yields

Ald2+1)/2 )1/r’_1/r

* < / , , i
T T lhsss = [ (- P T e )y 0

Next, we apply the Hardy-Littlewood—Sobolev inequality, which requires that

L1l o

2 ror

(in case o > 1, it would be %(l/r’ — 1/r) < 1). Therefore, we arrive at

2x(1-2/r)

* B — I
1Tn vl is1s S ooy Wiy e g

provided (p, r) are such that

11 d—1, 2
4+ - = — (1——),
S

which rewrites as ) _
“=@d-(5--)
)4 2 r

which is exactly the scaling condition (1.1) and ends the proof. |
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3.2. Estimates on R%1 x M

In this section, (M, g) is a smooth compact manifold without boundary. Our goal is to
obtain the following mode-wise frequency localized Strichartz estimate, which is essen-
tially a consequence of [6], itself an adaptation of the analysis of [5], to the case of
fractional Schrodinger operators.

Proposition 3.4 (Mode Strichartz estimate: compact manifold case). Let o €[1, 00). Let
m =0 and I € 2% be such that A < 1 + 2m + d1)I < 2A. Let (p, q.r) be admissible
(or o-admissible). Then for all smooth functions u,, defined on R x M, there holds

; o (|Dyl _
(3.14) [t (@m+dDIDy) X(Ty)um‘Ll,LqL, < C/(Am)|| (@) @2y, |,
rLxLy
where T = W, and where C'(A, m) is defined by (3.6).

Remark 3.5. Estimates of the form (3.14) can be inferred from the Strichartz estimates
that are best suited for the problem. In this article, we work on a general compact manifold
without boundary, and we have used the set of estimates from [6]. However, in some
particular cases, better estimates might be available and this would improve in turn our
results. Let us illustrate how the situation may differ on the specific case of the torus
M = T?2. Let us also choose for simplicity (d;, d», o) = (1,2,2). On the one hand,
gluing (3.14) on ~ (m + 1) A intervals gives

eit(2m+2)2AyX(|D_y|> Mo ‘ Al

(3.15) 7

< 9.y (+e)/4
L}, ,([0,11xRxT2) ~ (m + 1)1/4 H< x) tm ”L)Zc,y

A3/8+¢
<
S oy Ml

On the other hand, using the Strichartz estimate

L3(T?) — Ly ,([0.1] x T?)

(see [17]) and rescaling ¢ to (2m + 2)2t as well as the Sobolev embedding H,:/4 — L;‘C
yields

< Al/S

eit(2m+2)2AyX(|Dy|)u
"Ls, qo11xRxT2) "~

1

lumllpz,
which avoids an A'/# loss compared to (3.15).

This is not surprising, as (3.14) ultimately relies on Strichartz estimates on general
compact domains without boundaries, for which in general Strichartz estimates are known
to be worse than for the torus.

Proof. In the case o # 1, we can use equation (3.8) in Proposition 3.5 of [6]. With
(™. t.9.u0) = (N. 7. . v),

where j satisfies yy = y, this writes

516 Jonien (%) )2

d
<5 we R
s A+ Nep®e N

s

1
Ly
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and holds for |7| < ¢ for some ¢ > 0. The proof of (3.14) can now be carried out by
reproducing that of Corollary 3.3.

The case o = 1 is even simpler by using exact finite speed of propagation. To that end,
let us fix ug € L}l, (M) and let us also choose coordinate charts {U;, V;, 0, }1<j<s of M,

where 0;:U; C M — V; C RY are diffeomorphisms. Let us also fix 1 = Zl$j$] Y, a
partition of unity of M adapted to such coordinate charts. Because the partition of unity is
finite, we can restrict to initial data of the form vo = ¥ (] Dy|/I)uo, where V¥ is such that
supp(l/N/) is compactly contained in {y = 1} for some i/ = ;. Omitting the subscript j,
we let (U, V, 0) be the corresponding patch. In this patch, the operator |D,| = /—A,

reads \/—A,, where —A, is the Laplace—Beltrami operator associated to (M, g).
Consider

vr (1) = S(7)(Bxv0),
where S(t) = exp(it,/—A,) is the free evolution on R%, and where

O4v0 = vg 0 L.

Because vF is a solution to the half-wave equation, hence of the wave equation on R4 s
it enjoys finite speed propagation at speed 1. It follows that there exists ¢ > 0 such that
supp(0*S(t)0«vo) C supp(y) forall € [0, c].

It follows that the solution

v(t) = exp(iNt|Dy|/N)vg

coincides with 6* S(t)0, v for all t € [0, c], from which we can conclude that (3.8) is also
valid in the compact manifold case, on a O (1) timescale. |

4. Applications to the Cauchy theory of nonlinear dispersive
equations

In order to prove Theorem B, let us fix uo € Hf, and observe that u solves (NLS-G)
(or (FNLS-G)) in X7 if and only if it is a fixed point of the functional ® defined by

t
(4.1) Du)(r) = 'Ry, — i/ R Fy(y) dr,
0

where F(u) = |u|*"'u.
The proof of Theorem B is now a consequence of the Banach fixed point theorem once
we prove the following estimates.

Lemmad4.1. If (x,0) = (5, 1), assume that s > 2. If k = 3 and o € (1,5/2) assume that
s > 5/2 — o in the Euclidean case and s > 2 in the compact manifold case.
Then, there exists 0 > 0 such that, for any u, v € X3., there holds

0
(4.2) I 1xs < Nuollag + T [lullys
as well as the contraction estimate

4.3) l0G) — DW)lxy < TO(ullgy" + Ivligs Dl = vllx;.
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Proof. Let us only prove (4.2), as (4.3) follows by similar methods. In the proof we will
choose the triple (p, ¢, r) appearing in the definition of the X7 norm, for now we only
require that (p, g, r) is admissible (respectively, o-admissible).

First, use the Strichartz estimates (1.7) and (1.9) with (a, b, ¢) = (o0, 2, 2) (which is
also an allowed triple, in this case the Strichartz estimate is straightforward). Therefore
Ybe = 0and (a’,b',¢’) = (1,2,2), so that

12 lxsry < Nuollms + (V) FG)llprzz .

where (1, 2,2) is the dual triple of the admissible triple (co, 2, 2). Then we use a nonlin-
ear estimate adapted to the Baouendi—Grushin operator, see for instance Proposition 2.10
in [8], which yields

VY F@lyrz, S el mg Nullfh o
It remains to prove that

(4.4) [ < Tt

Lx lLoo

e Assume (k,0) = (5,1),0 =1 and s > 2. Let ¢ < 1. Let (pg, r¢) be chosen such
that 1/p, = 1/4 —¢/2 and 1/r, = &. One can compute y, := Yy, = 2 — 4e and
that (pe, re, ) is admissible. An application of the Sobolev embedding (2.1) and the
Holder inequality in ¢ yields

5¢/2 0 5¢/2
lullzs 1o, < MAGY*Pullps e, < TP (A6 2 ullpe e,

with 8, = ¢/2 > 0. In order to conclude, observe that y, = 2 — 4¢ < s — 5¢ for suf-
ficiently small ¢, and (4.4) follows. The compact case works the same, as (pe, r¢)
satisfies (1.3).

e Assume k = 3, 0 €(1,2) and s > 5/2 — ¢. A similar application of the Sobolev
embedding (2.1) and the Holder inequality in ¢, with 1/p, = 1/2 — ¢ and 1/r, = &,
yields

< TPO(86)?

||u||L2TL§;?y ~ u”L‘;eL;fyv

where 0(g) = ¢ > 0. The triple (pg, 14, 1¢) is o-admissible and y; := y;, ., = (5 —
20)(1/2 — ¢). The conclusion follows for ¢ small enough, since s > 5¢ + ;. ]

Remark 4.2. Note that in the compact case, k = 3 and o # 1, we would not be able to
make the above method successful: the condition 1/2 —1/r, > 1/4+ 1/(2p,) from (1.6)
would never be satisfied.

The global well-posedness statement follows from the local theory and conservation
of the energy the L2 norm of u and the energy

1 1
E@(®) = S (=86)72u@)7> +  lullzs.

which controls ||u(?) ”?18 and implies global existence.
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