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The Gauss map of a projective foliation

Claudia R. Alcédntara, Dominique Cerveau and Alcides Lins Neto

Abstract. In this paper, we study the Gauss map of a holomorphic codimension one
foliation on the projective space P”, n > 2, mainly the case n = 3. Among other
things, we will investigate the case where the Gauss map is birational.

1. Introduction

In a certain sense, this article gives us a generalization in the context of foliation theory
of a classic concept in algebraic geometry; we refer to projective duality. The study of
projective duality was started by Monge and his student Poncelet, and later developed by
Pliicker, who was interested in the study of the dual curve of a plane curve (that is, the
curve defined by the tangent lines). He proved that the degree of the dual curve I'ofa
curve I satisfies deg I = deg I'(deg I' — 1) when the curve I is smooth. For the singular
case, the nature of the singularities of the curve must be taken into account: in this case,
we have the famous Pliicker formulas. He also studied self-dual curves, which are those
that are projectively equivalent to their dual. In the case of hypersurfaces H with isolated
singularities in a projective space P", it is necessary to understand the works by Katz and
Laumon to obtain significant results. For the smooth case, we have an analogous formula
to the previous one: deg H = deg H(deg H — 1)*~!, result that Laumon attributes to
Katz. The case of hypersurfaces with singularities is more subtle; we refer to the work
of Laumon, see [20], where he uses the invariants developed by Teissier in [29]. These
invariants generalize the classical Milnor number of singularities. While these topics still
offer many directions for future research, our main intention in this work is to obtain
analogous results in the context of codimension one foliations.

As we shall see later, we can associate to a foliation ¥ of codimension 1 of the
complex projective space P”, its Gaussian map. This is a rational map that sends to a
non-singular point m, the hyperplane tangent to the leaf that passes through m. The space
of codimension 1 foliations in P”, for n > 2, is not completely known. Only spaces of
degrees 0, 1 and 2 in P”, for n > 3, have been fully described (see [7]). The case of
degree 3 seems approachable after the works [8] and [12]. Given the limited understand-
ing of these spaces, the Gauss map of a foliation could be a useful tool for the study of
these spaces.
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Motivated by this, in the present work we carry out a detailed study of this map.
Concretely, the main objective of this article is to give some results on the Gauss map
of codimension one foliations in P”, with special attention to the case where the map is
birational. In addition, there are a large number of examples in which we perform explicit
calculations to clarify what happens in each case. This topic has been studied by some
authors, such as Fassarella and Pereira in [18], [16], and [17].

In order to provide a more insightful first reading, we describe in more detail the main
results of the article.

We begin with Theorem 1, which asserts that the maximum topological degree (i.e.,
the cardinality of a generic fiber of the Gauss map) that a foliation of P> of degree d
can attain is d2, and when this occurs, the foliation admits a rational first integral of the
form F/L?*! where F has degree d + 1 and L has degree 1. In Theorem 2, we prove
that if F:P3 --> P2 is a rational map whose fibers are not plane curves, except for a
finite number of them and there is a foliation § of P2 with the property that the foliation
F = F*($) has a birational Gauss map and a contracted hypersurface that is not invariant,
then ¥ has a rational first integral. Theorem 3 provides, among other things, a character-
ization of foliations in P3 for which the Gauss map is birational. This characterization
depends on the geometry of their singular set. Finally, Theorem 4 deals with monomial
foliations in IP3 and shows that if the Gauss map is dominant, then the foliations are of
either a special logarithmic type or a specific pull-back from P2. In both cases, the Gauss
map is birational.

Based on these results, we present several corollaries and numerous examples that
illustrate, in some cases, that the hypotheses are sufficient but not necessary. Additionally,
we study in detail the Gauss map of the foliations in the exceptional component construc-
ted in [7]. We also describe the algorithm we have used to construct the inverse of a Gauss
map, whenever it exists.

The article is structured as follows. In Section 2, we give the statements of structure,
and we give a list of open problems that we find interesting. In Section 3, we can find
the proofs of the results. Finally, in Section 4 we study the exceptional component of the
space of foliations of codimension 1 in P”.

2. Basic properties, results, and examples

In order not to write many subscripts, we will adopt the following convention for the
notation of the coordinates: if we are working in a projective space P” withn =2, n =3
and n = 4, we will use (x, y, z, t, s). For general n, we will use (2o, ..., z,). Except in
Section 3.7, where, due to the nature of the proof of Theorem 4, it is more useful to work
with (Zl, Z5,23,24).

Let ¥ be a codimension one holomorphic foliation on a n-dimensional complex man-
ifold X, n > 2, with singular set Sing(¥'). This foliation defines a codimension one
distribution on X \ Sing(¥), denoted by D¢ : given z ¢ Sing(F ), then Dg (z) is the tan-
gent space at z of the leaf of ¥ through z. We will always assume that cod(Sing(F)) > 2.

When X is the complex projective space P", then the distribution Dg gives origin to a
meromorphic map §¢: P” --> P", which we call the Gauss map, whose indetermination
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set is Sing(¥). It is defined as
z€P"\ Sing(¥) — the hyperplane % (z) € P", tangent at z to D ().

In other words, if we fix an affine coordinate system z = (z1,...,z,) € C" C P”, then ¥
is defined by some polynomial integrable 1-form, say w = Z_’;=1 P;(z)dzj. In this affine
system, we have the following:

Sing(F)NC" ={zeC"|Pj(z) =0, V1< j <n}.

In particular, if z, = (21, ..., Zon) € C* \ Sing(¥), then G4 (z,) is the plane which, in
this affine system, is given by £(z) = 0, where

n
L(z) = Pi(zo)(zj — zoj)-
j=1

The map §¢ can be expressed also in homogeneous coordinates. This is done as fol-
lows: let IT: C"*1 \ {0} — P" be the canonical projection. It is known that the foliation
IT*(F) on C"*1\ {0} can be extended to a foliation on C"*!, say ¥ . This foliation
can be defined by an integrable polynomial 1-form, say @ = Z;’:O Qj(z)dz;, where the
coefficients Q; are all homogeneous polynomials of the same degree d + 1, which is the
degree of the foliation plus one, and such that ig @ = 0, where R = Z}l:o z; aiz,- is the
vector radial field in C"*! and i g denotes the interior product by R.

In homogeneous coordinates, we have

Sing(%) = T~ (Sing(%)) U {0} ={z = (0, ...2x) €C"*1 | Qp(2) = - = Qn(2) =0}

and the map §¢ is expressed as Gz [z] = [Qo(2) : -+ : On(2)] € P,
Note also that TT(Sing(F) \ {0}) is the indeterminacy set of §%. Now we summarize
the above in the following definition, which we will use throughout the article.

Definition 2.1. Let ¥ be a codimension one holomorphic foliation on P”, given by the
I-form w = Z;’ZO Qj(z)dz;. The Gauss map of ¥ is defined as the rational function

G  P" ——> P
2> [Qo(2) 1+ On(2)].

As usual, we will say that §# is dominant if it is generically of maximal rank.

Remark 2.2. If 9 = [Q¢ : ---: Qn] in homogeneous coordinates, then § is dominant
if and only if dQo AdQ1 A ---AdQ, #£ 0.
Let

dQoANdQ1A---ANdQy =J(z)dzo A+ ANdzy.
If §% is dominant, then Sing(¥) C (J(z) = 0). Let us prove this fact.

Let R be the radial vector field on C**!. Since Qo, ..., O, are homogeneous of the
same degree, say d, by Euler’s identity we have

iR[AQo AdQL A+ NdQy ) =d Y (~=1)7Q;dQo A+ AdQj A NdQy = O.

Jj=0

In the above formula, the symbol d @ i means the omission of dQ; in the product.
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This implies that

n
O =ig[J(2)dzo A---Ndzy] = J(Z)Z(—l)jzj a’zo/\---/\dAzj Ao Ndzy = J(2)T.
J=0
On the other hand, if z € Sing(¥'), then ®(z) = 0, which implies that J(z) = 0, because
I'(z) #0. [

Definition 2.3. Let & be a foliation on IP” such that §# is dominant. We say that m € P" \
Sing(¥) is a point of Morse tangency for ¥ if the leaf L,, of ¥ through m has a
Morse tangency with the hyperplane §¢ (m). We say also that L, has a Morse tangency
with G (m).

This means that there is a local coordinate system z = (zy, ..., z,) around m such
that z(m) = 0, §¢ (m) = (z, = 0) and the leaf L,, has a local parametrization at m of the
formz, = z3 +---+z2_, + ho.t.

Remark 2.4. Let ¥ be a foliation on P”. Then §# is dominant if, and only if, the set
U := {m € P" | m is a point of Morse tangency}

is Zariski open and dense in P”.

The proof of this observation is based on the fact that m € U if, and only if, the
derivative DGg (m): T,,P" — Tg,, (m)I?’” is an isomorphism. In fact, at a Morse tangency,
the foliation is given by a form with linear part equivalent to

dxp + x1dx1 + -+ + Xp_1dx,—1,

and it is immediate to verify that D&g (m) is an isomorphism. Conversely, if m is not
a Morse tangency, the form defining the foliation at m has linear part at m equivalent
to dx, + dq, where q is a quadratic form of rank less than n — 1, so that D g (m) cannot
be an isomorphism. Finally, this implies that D§¢ (U) is Zariski open and dense if, and
only if, U is also.

As a consequence, if ¥ = L*(F"), where ¥ is a codimension one foliation on P™
withm < n, and L: P" --> P™ is a linear projection, then the Gauss map §# cannot be
dominant. In fact, if z € P" \ Sing(¥"), then the leaf £, of ¥ through z contains a straight
line through z such that ¥ is tangent to &£, along the line. In particular, the tangency with
the tangent hyperplane cannot be of Morse type.

In the case of foliations on IP3, we have the following result.

Proposition 2.5. If the Gauss map of a foliation ¥ on P3 is not dominant, then either ¥
is a linear pull-back of a foliation on P2, or ¥ has a rational first integral F, which can
be written in homogeneous coordinates as

zP(x,y) + Q(x,y)’
tP(x,y) + R(x,y)

where P, Q, R are homogeneous polynomials such that deg(P) + 1 = deg(Q) = deg(R).

2.1 F(x,y,z,1) =

The proof of this proposition is a consequence of the results in [7]. We can also find
it as Theorem 4.5 in the Ph.D. Thesis by Fassarella (see [16]). In [17], we can find the
classification of foliations on P4 with Gauss map not dominant.
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Remark 2.6. We would like to observe that the map F:P3 --> P! of (2.1), in the state-
ment of Proposition 2.5 is birationally equivalent to the map G(x', y’,z’,t') = z'/t'. In
particular, the closure of the levels of F' in IP3 are rational surfaces.

In fact, if G: P3 -—> P3 is defined as

Dx:y:z:t]=[x:y:zP(x,y)+0(x,y) : tP(x,y)+R(x, )] =[x :y : 2 : 1],
then ® is birational and G[x' : y' : 2/ :t'| = Fo ®7\[x' 1 y/ : 2/ : '] = 2/ /1.

Remark 2.7. Here we discuss the foliations of P3, with a fixed degree, inducing Gauss
maps with the maximum number of points in the fiber.

Let Fol(d; n) be the space of foliations of codimension 1 of degree d on P” (we use
the definition given in Section 1 of [7]). Given ¥ € Fol(d ; n), denote its Gauss map as §g .
The topological degree of §# is defined as tdg(§¢) = #(ﬁ%l(m)), where m is a regular
value of § (see [26]). For instance, if §# is not dominant, then tdg(§%) = 0, because a
regular value of §¢ is not in the image.

On the other hand, if §% is dominant, then tdg(§%) < +o00, and therefore we can
define

N(d,n):= {tdg(d7) | FelFol(d;n)}.

and M(d,n) = max(N(d, n)). In Section 2.1 of Fassarella’s thesis (see [16]), several
results on the topological degree are established; for example, it is shown that the map
assigning to a foliation its topological degree is upper semicontinuous (Proposition 2.1
in [16]). Proposition 2.6 in [16], on the other hand, contains a statement close to the one
presented below. For the sake of completeness, we include the complete proof of this in
Section 3.1.

Theorem 1. We have that M(d,3) = d?. Moreover, a foliation ¥ € Fol(d; 3) such that
tdg(95) = d? must have a first integral of the form F/L%Y where F is of degree d + 1
and L is of degree 1.

Remark 2.8. A natural problem is to determine exactly the set N (d, n). For instance,
N(2,3) ={0,1,2,3,4}. This is a consequence of the classification of degree two foli-
ations of P3 (see [7] and Example 2.32). In Example 2.36, we will see that N (3, 3) =
{0,1,2,3,4,5,6,7,8,9}, and in Remark 2.16, that 1 € N (d, 3), forall d > 1.

An example of a foliation on P2 of degree d and with Gauss map with topological
degree d? — d is the following: let d = p + ¢ + r and let

wg = fyz(ozﬁ + ,Bd—y + )/g)
f y z

where f = y9z" (xy?~' +t?) + y? 4+ z¢ and ad + B + y = 0. Using Theorem 3, it is
possible to prove that tdg(Fe,,) = d* —d.

Another interesting example is provided by the Fermat foliation of degree d on P”,
given by the 1-form

n
d+1 d d
w = (Zzi + )dzo—zozl dzy—---—zoz, dzy,,
i=1

where it can be seen that the topological degree of the Gauss map is d”~!.
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Let m be a singular point of a foliation ¥ € Fol(d; n). We say that m is a Morse singu-
larity for the foliation if it admits a holomorphic first integral of the form f = Q + h.o.t,,
where Q is a non-degenerate quadratic form.

Remark 2.9. If ¥ is a foliation in P” with more than one Morse singularity, then §¢
cannot be birational.

For the proof, take a linear hyperplane P through m transversal to ¥ (i.e., the restric-
tion of Q to P is non-degenerate). Then the restriction of ¥ to P has a Morse singularity
at m. Furthermore, if P’ is a hyperplane sufficiently close to P, the restriction of ¥ to P’
has a Morse singularity m’ near m.

Now suppose that ¥ has two Morse singularities, ¢ and b. Let P be a hyperplane
containing both, transversal to & at these points. If P’ is a nearby hyperplane not con-
taining a and b, then ¥ has no singularities near a and b, since Morse singularities are
isolated. However, the restriction #|p: has two distinct Morse singularities. It follows that
the Gauss map of F takes the same value P’ at both points. Consequently, the Gauss map
is not birational.

For instance, if ¥ has the first integral given in affine coordinate by f(x, y,z) =
x2 4+ y2 + z2 — x3, then it has two Morse singularities in C3, namely, the points (0, 0, 0)
and (2/3,0,0), so that § is not birational.

Note that if the foliation ¥ has less than two isolated singularities, then g% is not
necessarily birational. For instance, if ¥ has an isolated singularity with Milnor number
i > 2. A typical example is the foliation defined in affine coordinates (x, y, z) € C3 by
the 1-form df , where f(x,y,z) = x? 4+ y2 + z3.

If §4 is birational, but not an isomorphism, then it necessarily contracts some hyper-
surface V' C P".

Proposition 2.10. If n > 2, then a birational map §:P" --> P", which is not an auto-
morphism, always contracts a hypersurface of P". That is, there exists a hypersurface
V C P” such that § (V') is an algebraic subset of P" of dimension < n — 1.

More precisely, let §: C"1 — C"*1 pe the covering of §, so that Tl o g =6oIl,
where T1: C"*t1\ {0} — P" is the canonical projection. If €108 = f- I, where [ €
Clzo, ..., zn), then § contracts all irreducible components of (f = 0).

Conversely, if the hypersurface (h = 0) is contracted by § and h is irreducible,
then h| f.

The proof will be done in Section 3.2. See also [6].

Corollary 2.11. If the Gauss map §% of a foliation ¥ of codimension one on P" is
birational, then it always contracts some hypersurface V.C P". Moreover, V is contracted
to a point of P" if, and only if, V is an invariant hyperplane.

Another interesting fact is the following.

Proposition 2.12. Let & be a foliation of codimension one on P" with birational Gauss
map §. Then the Gauss map of the transformed foliation §(¥) is also birational. More-
over, gg*(gr) =g L

The proof will be done in Section 3.3.
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Next, we will see some examples for which the Gauss map is birational.

Example 2.13. The case of foliations on P2. Recall that the degree of a foliation on P”
is, by definition, the number of tangencies of a generic line £ C P” with the leaves of
the foliation. For instance, if F is a foliation of degree d = 0 on P2 then ¥ is a radial
foliation (a pencil of lines) and ¢ (P?) ~ P! C P2,

On the other hand, if ¥ is a foliation on P2 of degree d > 1, then the Gauss map g is
generically d to one. Therefore, §5: P2 --> P2 is birational if, and only if d = 1. Indeed
N(d,2):={d}.

In homogeneous coordinates, a degree one foliation on P2 is defined by an action
of C? on C? generated by the radial vector field R = 212-=0 z;0/0z; and a linear vector
field L of C3, such that R A L # 0. In the generic case, after a linear change of variables,
we can suppose that L = 212.=0 Ajz;0/0zj, where A; # A; ifi # j.

In this case, ¥ is defined in homogeneous coordinates by the form

® = poz122dzo + p1z022dz1 + p2z021d22,

where o = A, — A1, 41 = Ao — Az and up = Ay — Ag. In particular, the Gauss map has
the expression

G7lzo0:21:22] = [oZz122 1 12022 : H2ZoZ1] = [wo @ wy @ wa],
which is birational. Its inverse has the expression

G2 wo 1wyt wa] = [owiwa ¢ L Wows ¢ fy wo W],

The transformed foliation G .(F) is represented by the form & = puow; wadwg +
H1wowardwy + wrwow;dw, and §¢ contracts the three coordinate planes given by
(z; =0),0 < j <2, which are ¥ invariant.

This is an example of what we will call self-dual foliation. As in the case of curves,
this is a foliation such that the foliation given by the inverse of the birational Gauss map
(if it exists), is projectively equivalent to the original.

In the sequel, we will use the notation £(p1, ..., px;n) for the closure of the space of
foliations on P” defined in homogeneous coordinates by logarithmic 1-forms of the type

k df,
2 i
Z J fi

Jj=1

where f; € C[zg,z1,. .., z,] is homogeneous of degree p;, A; € C, and Zf=1 Ajp; =0.

Example 2.14. The case of foliations of degree one on P", n > 3. It is known (see
Chapter 2 of [19]) that the space of foliations of degree one in P, n > 3, has two irredu-
cible components:

(1) The logarithmic component £(1, 1, 1;7), whose generic elements are, as we said
before, defined in homogeneous coordinates by 1-forms linearly equivalent to the follow-
ing:

d d d
w:xyz(/\17x+)L27y+/\37Z),
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where A; € C*, j =1,2,3, and A; + A2 + A3 = 0. In this case, the foliation %, is
the linear pull-back of the foliation on P? defined by the same form. The map 7, is
degenerated and its generic rank is two.

(2) The component £(2, 1; n), whose elements have a rational first integral of the
form g /{2, where ¢ is irreducible of degree two and £ has degree one.

In the generic case, the Gauss map of the associated foliation is birational and not
a linear isomorphism from P” to P”. In fact, in this case, we can assume that in some
homogeneous coordinates z = (zg, z1, . . ., Z,) we have g(z) = 27:1 ZJZ and £(z) = zp.
The foliation is defined by the form

dq dZ()) "

1
w:—ﬁ.q(——Z— = —qdzy + z zijdzj,
) q Zo 0 0; Jj ¢4

so that in homogeneous coordinates we have
n
2
b5 (2) = (—sz,Zozl,-.-,ZoZn) = (Y0, Y1, -++5Yn) =y
j=1

Its inverse is
n
g5 (y) = (— D o yivort. .. yoyn),
j=1

thus .
G5 085(z) =20 Y 27 (20.71.....20) = —Lq.Z
=1

As a consequence, §¢ contracts the hypersurfaces (£ = 0) and (¢ = 0), which are leaves
of . The hyperplane (zo = 0) is contracted to the point [1 : O : --- : 0], and the quadric
(¢ = 0) to the quadric of codimension two (yo = 0) N (¢(y) = 0). Note that this case, in
dimension three, is one of the homaloids, that we will study in Example 2.26.

In the non-generic case, it can be verified that the Gauss map is not dominant.

Example 2.15. A generalization of the generic case of Example 2.13 is the foliation ¥
on P” defined in homogeneous coordinates by the 1-form
n

dz;

2.2 == [P i —] )
(2.2) W =ZoZ1...Zn ZH/ Z
j=0
where u; € C*,0< j <n,and Z_?:o pj = 0. This last condition is equivalent to i g w = 0.

Note that this foliation is in the irreducible component £(1, ..., 1;x) (n + 1 ones) of
the space of codimension one foliations on P” of degree n — 1. The Gauss map in this
case is

Grlzo:iz1 - zn]l = [HoZ1 -+ Zn P H12022 - Zn " UnZ0Z1 -+ Zn—1],

which is birational and whose inverse has a similar expression; this is a self-dual foliation.
The map §# contracts the union of the hyperplanes (z; = 0),0 < j < n.

Remark 2.16. Here we will see that, for any degree d > 1, there are foliations on P3
whose associated Gauss map is birational.
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Let % be the foliation on IP3 with the first integral which in homogeneous coordinates

is written as

g (xz 4 yr)yk + xk+2
Fie(x.y.2,1) = yk2 = ykt2 ’

Then the foliation is defined by the 1-form

d d
w:yg[—g—(k+2)—y]

4 y
=y[(k +2)xk+! +ykz]dx— [(k +2)xk+2—2xykz—yk+1t]dy +xy* Tl dz 4 y*+24s,
and the Gauss map is
Grlx:y:z:t]=[A:B:C:D]

= Dk + 2% 4 yEz] s —[(k + 202572 = 20z =y ayfHL L o),

In this example we have that the singular set is (x = y = 0) := £, the hyperplane
= (y = 0) is ¥ -invariant, and this is contracted to a point by &, . This Gauss map is
b1rat10na1 with inverse

ﬁgkl[A :B:C: D]
= [CD**' . DK*+2 . ADK*! — (k4+2)C**'D : BDFT! —24CD* + 3(k +2)C**2).
We would like to remark that if k = 1, then 7 € £(3, 1;3) C Fol(2; 3). For a generic
member ¥ € £(3, 1; 3), it can be shown that tdg(¥#) = 4, so that §# is not birational
(see Example 2.32).
Ifk > 2, then ¥ € £(k + 2,1;3) C Fol(k + 1;3). For a generic member ¥ € £(k +

1, 3;3), the singular set is a plane curve of degree k + 2, but in the case of ¥, the singular
set degenerates in a straight line of multiplicity k& + 2.

Example 2.17. Magic example. Here is an example for which the associated foliation has
no special transversal structure and contracts hypersurfaces that are not invariant for the
foliation. Let w = A(u, v)du + B(u, v)dv, where A and B are non-zero polynomials.
We consider the pull-back map ®(x, y,z,t) = (x/t, y/z). Note that

* () = A(x/t,v/7) d(’t—c) + B(x/t,y/z)d(g) =0

Then we have

tdx —xdt zd dz
6= A(x/t.p/2) == + B(x/1.y/2) 2=

and so,
2120 = 2%t A(x/t,y/z)dx + zt*> B(x/t, y/z)dy — yt*> B(x/t,y/z)dz
—xz2 A(x/t,y/z)dt.
In homogeneous coordinates, the Gauss map is
Glx:y:z:1]
= [2%t A(x/t,y/z) : zt*> B(x/t, y/z) : —yt*> B(x/t,y/z) : —xz*> A(x/t, y/2)].
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In particular, the hypersurfaces (A(x/t, y/z) = 0) and (B(x/t, y/z) = 0) are con-
tracted by §. These hypersurfaces in general are not invariant for the foliation defined
by 6.

The Gauss map § associated to the foliation ®*(F,,) is birational because in the affine
coordinate system ¢ = 1 we have

/1 B(x,y/z) yB(x,y/2)
90D = (= 0 Ay s Ay D)

We can solve §(x, y,z) = (a,b,c) as

1y c B(—1/a,—c/b) _CZZA(—I/a,—C/b).

X = ——> = —— = =

a z b T ThxA(1/a,—c/py’ ? aB(—1/a,—c/b)

We note that, in general, the original foliation in P2 has no invariant algebraic curves
as in the Jouanolou foliation [23] (see Chapter 4 of [19]). Sometimes it can even have
some dense leaves (see [24] and [25]).

With this method, we can obtain foliations on P3 with birational Gauss map of any
desired degree > 2, without rational first integral.

To prove this statement, it suffices to consider w = f(u)du + dv, where f(u) is a
polynomial of degree s. Applying the pull-back by @ in the affine chart 1 = 1, we obtain
z2 f(x)dx + zdy — y dz, which defines a foliation of degree s + 2.

Note. We have called this example “magic example” because we do not see a geometric
reason why & = ®*(§) always has a birational Gauss map.

In Example 2.17, all fibers of the pull-back map [x : y : z : t] -—> (x/t, y/z) are
straight lines. A natural question is: what happens if the fibers are not plane curves?
In this case, we have the following.

Theorem 2. Let F:P3 --> P2 be a rational map whose fibers are not plane curves, except
for a finite number of them. Suppose that there is a foliation § of P? with the property
that the foliation ¥ = F*(§) has Gauss map birational and a contracted hypersurface
which is not invariant. Then ¥ has a rational first integral.

We will prove Theorem 2 in Section 3.4. Let us see an example illustrating the import-
ance of the hypotheses of the previous theorem.

Example 2.18. Consider the rational map F: P3 -—> P2 given, in affine coordinates,
by (x, y,z) — (¥ + x2, z). We take the foliation § of P? given locally by the 1-form
(u — v)du + Audv, where A € C*. We can see that ¥ = F*(§) is defined by w =
Adx + Bdy + Cdz + Ddt, where

A = 2xt(yt + x> —zt),

B =t2(yt + x* — z1),

C = At2(yt + x?),

D = (yt +2x%)(zt — yt — x?) — Atz(ty + x?),

and that its Gauss map is birational.
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Its inverse is
§2'[A:B:C:D]=[2AABC((A—1)B—C): AC((2— X)A*>B + 4B>D + AC) :
B(AA% + 4ABD)(C — AB) : 4AB>C((A — 1)B — C)].

The facts to be noted in this example are the following. The fibers of F are conic plane
curves, the hypersurface given by {yt 4+ x? — z¢t = 0} is not invariant by ¥ ; however, it
is contracted by the Gauss map §. We can also note that for A generic, the foliation
has no rational first integral, because the 1-form (v — v)du + Audv does not have it.

It is also interesting to relate this example to the magic example (see Example 2.17),
where all fibers of the rational map are straight lines and the pull-back of every foliation
of P2 has birational Gauss map.

Before stating the next results, let us recall some facts about a codimension one foli-
ation ¥ on P”.

The singular set of ¥ always has irreducible components of codimension two (see for
example [21]). We will denote as Sing,(¥) the union of the irreducible components of
codimension two of Sing(¥F").

If ¥ is a foliation on P2, the Milnor number (¥, p) of ¥ at a point p is defined as
the dimension of the local ring at p modulo the ideal generated by the local vector field
defining the foliation near p (see [4]).

Let ¥ € Fol(d;n), where n > 3, and let V' C Sing,(¥') be an irreducible component
of codimension two. Fix a smooth point p € V' and a transverse 2-dimensional disk X
through p such that X is transverse to & outside p. Since the restriction ¥ |y is a foliation
on ¥ with an isolated singularity at p, we can define the Milnor number u(¥ |z, p). It is
called the multiplicity of ¥ at (X, p).

Definition 2.19. We define the transverse multiplicity of V' as follows. Firstly, we define
the multiplicity of ¥ at p e V as

w(F,V, p) = min{u(F|x, p) | Tis a transverse section through p € V}.

It can be proved that the function p € V > u(F,V, p) € N is constant in a Zariski open
and dense subset of V. This constant will be denoted as (¥, V'), and it is called the
transverse multiplicity of ¥ at V.

Remark 2.20. If V has a Zariski open and dense set, say V' C V, of locally product points
(see [22]) then the number p(F, V', p) is constant. A typical case is when all points of V'
are of Kupka type (see [22]). For instance, when # is defined by a generic logarithmic
form that is the case (see Proposition 2.33).

Theorem 3. Let  be a foliation on P3 of degree d. Let Sing,(F) = Ule Vi, where
Vi, ..., Vi are the irreducible components of dimension one of Sing(¥). Then:

(a) Z;c:l w(F,V;).deg(V;) < d? + d + 1. The equality is attained when F is a pull-
back of a foliation on P2 by a linear map V: P3 —-> P2 (see [7] for a complete
description of these foliations).

(b) Let m(F) =d?> +d +1— Z}c:l w(F,V;).deg(Vj). Then §5:P3 —-»> P3 has
topological degree m(¥). In particular, §¢ is dominant if and only if m(¥) > 0;
and §y is birational if and only if m(F) = 1.
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Corollary 2.21. Let F, be a foliation of degree d on P3. Assume that there is a 2-plane
P2 ~ ¥ C P3 such that the restricted foliation ¥,|s has d* + d singularities with generic
linear part, in the sense that the determinant and the trace are non-zero. Suppose further
that the Gauss map §g, is dominant. Let Z be the irreducible component of Fol(3, d)
containing ¥,. Then,

(1) §g, is birational,

(2) if ¥ € Z is a generic foliation in the same component, then its Gauss map is bira-
tional.

The following three corollaries of Theorem 3 are valid in all dimensions, and give us
sufficient conditions on the singular set of the foliation to have birational Gauss map. The
first and third are similar, except for a small simplification of the formula described. The
second one is for restrictions of foliations.

Corollary 2.22. Let ¥ be a foliation on P" of degree d, n > 4. Let V1, ..., Vi be the
irreducible components of Sing, (¥). If Z}C=1 w(F,V;) deg(V;) = d? + d, then §x is

birational.

Corollary 2.23. Let ¥ be a foliation on P" of degree d, n > 3. Let V1, ..., Vy be the
irreducible components of Sing,(¥). Assume that Z;c:l w(F, V) deg(V;) = d* +d.
Let 3 < m < n, and suppose that P™ is linearly embedded in P". Then the Gauss map of
the restriction ¥|pm is birational.

Corollary 2.24. Let ¥ be a foliation on P" of degree d, n > 4. Let V1, ..., Vi be the
irreducible components of Sing, (F). If Zle deg(V;) = d? + d, then §g is birational.
Remark 2.25. We would like to note that the hypothesis of Corollary 2.22 is sufficient
for the Gauss map of a foliation on P” to be birational, but is not necessary when n > 4.

For instance, in the case of Example 2.15, where w = zoz1 ...z, Z;;o widzj/z;, we
have

(1) Sing(¥,) = UK]- Vij, where Vj; = (z; = z; = 0).

(2) u(Fy,Vij) = landdeg(V;j) =1, Vi < j. This implies

nn+1)
3 =

> w(Fo, Vij) deg(Vij) = : S
i<j
(3) Since deg(F,) =n—1:=d, we get
n—1Dmn-2)
— ~=m
2

As the reader can check, we have m = 1 if and only if n = 3. Therefore, if n > 4, the
condition in Corollary 2.22 is not necessary.

d>+d+1-8 =

Let us see some applications of Theorem 3.

Example 2.26. Let F € C|zy, ..., z,] be a homogeneous polynomial. We say that F is
a homaloid if the map dF = (F;,, ..., F;,): C" — C" is birational. The problem of
classification of homaloids was studied originally by Dolgachev in [15]. Essentially he
proved that the reduced homaloids in C? are the following:
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(1) A smooth conic: F(x,y,z) = x2 + y2? 4 z2. The foliation, given by the level sets
of F, has degree one.

(2) The union of three lines in general position: F(x, y,z) = xyz. The foliation in this
case has degree two (see Example 2.32).

(3) The union of a smooth conic and a line tangent to it: F(x, y,z) = y(x? + yz). The
foliation has degree two and is in the component £(2, 1, 1; 3), however, it is not
generic in the component (see [7]).

A. Dimca and S. Papadima also studied this problem in [14]. They have expressed the
topological degree of the Gauss map in terms of the variety (F = 0).

T. Fassarella and J. Vitério Pereira have also considered this problem (see [18]), but
from the point of view of the theory of foliations.

All these examples can be verified using Theorem 3.

Let us verify case (3). In homogeneous coordinates, it has a rational first integral of
the form F(x,y,z,t) = y(x? + yz)/t3, whose foliation  is defined by the form

w =2xytdx +t(x* +2yz)dy + y*t dz — 3y(x* + yz) dt,
so that Sing,(¥) = V1 UV, U V3, where V1 = (x =y =0), Vo = (y =t = 0) and

Vs = (t = x> + yz = 0). It can be verifed that u(Fy,, V1) = 3, w(Fo, Vo) = 1 and
w(Fy,V3) = 1. For instance, ¥ = (z = ¢ = 1) is a transversal section to V7 and

wlg =2xydx + (x> +2y)dy = u(Fu, V1) = 3.

Since deg(V1) = deg(V2) = 1 and deg(V3) = 2, we get ) ; ji(Fo, Vj) deg(V;) = 6. On
the other hand, the degree of the foliation is two, and so d 24d+1—-6=1,sothat §¢
is birational.

Remark 2.27. A particular case of Example 2.17 is o = u?du + v?dv, where p,q € N.
In this case, we get
xP(ydx — xdy) z%(tdz — zdt)
yl’+2 tq+2
1

— Dy, 4+2 _ yDpt1l.g+2 p+2,4q _ ypt2 q+1
= Srra (xPytdT2dx —xPT I 2 dy + yPT2291dz — yP 2297 dy),

whose Gauss map is
Glx:y:z:t] = [xPytdt? —xPTIaF2 . P24y . P H244]
with inverse
9 Ya:b:c:d]
= [(=1)9TpPHL aF2 (—1)a bP cIT2 : (—1)PT1aPt2 g9t (—1)PaP T2 c d].

We say that a foliation on P” is monomial if it is defined in homogeneous coordinates
by an integrable polynomial 1-form of the type

(2.3) o= M;(z)dz,

J=0
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where the M;’s are monomials of the same degree, i.e., M;(z) = A; z%. As usually, we
use the notations 0 = (¢(0),...,0(n)) and z° = Zg(o).zf(l) ... Z,f("). We will assume
that in (2.3) the monomials are not scalar multiples of one particular monomial, that is,
[Mo: My :--: My] # [Ao: A1+ Ay] € P". A typical example in IP3 is the one with
o = ufdu + vi¢dv withu = x/y andv = z/t.

Here we will prove the following.

Theorem 4. Let w = Z?:l A; (2)dz; be a monomial integrable 1-form on C*, defining
a monomial foliation ¥, on P3 of degree > 2. If the Gauss map €, of F, is dom-
inant, then ¥, belongs to £(1,1,1,1;3), or it is a pull-back of a form on C? like in
Example 2.17, for degree > 3. In particular, §,:P3 --> P3 is birational.

The proof of Theorem 4 will be done in Section 3.6.

Example 2.28. Here is another application of Theorem 3. The exceptional foliation of
degree two on P3, & € Fol(2; 3), is defined in homogeneous coordinates by the form

o =t(2y* —3xz)dx +t(3tz — xy)dy + t(x* —2yt)dz + (2x*z — yzt — xy?)dt.

This example is studied in detail in [7].

In homogeneous coordinates, it has a rational first integral of the form F = f2/g3,
where deg(f) = 3 and deg(g) = 2. It is called exceptional because the logarithmic form
dF/F =2df/f —3dg/g has t as divisor of zeroes. We note that f(x, y,z,t) = zt> —
xyt +x3/3,g(x,y,z,t) = yt —x2/2 (see [7]), fgdF /F = tw and cod(Sing(w)) = 2,
so that @ defines & in homogeneous coordinates. We would like to observe that it was
proved in [7] that the irreducible component of Fol(2, 3) that contains the exceptional
foliation is the closure of the orbit of & by the natural action of Aut(P3). From now on,
this component will be denoted as & (2, 3; 3).

In [7], it is also proven that Sing, (&) has three irreducible components:

(1) the closure in P3 of the twisted cubic V3 = {(s,5%2/2,53/6)|s € C} Cc C3 = P3\
(r=0),
(2) the straightline V; = (x =t = 0),
(3) aconic Vo = (2 —2xz =t = 0).
It is verified also that u(F, V;) =1, j = 1, 2, 3. Therefore, in this case we have

m(&) =7— 3+ 2+ 1) =1 and G is birational. This example will be studied in detail
in Sections 4.1 and 4.2. For example, the inverse ﬁg 1 will be calculated in Section 4.1.

Example 2.29. Another exceptional example, but now in P4, has also a rational first
integral of the form F = f3/g*, where deg(f) = 4 and deg(g) = 3. Let &’ be the
foliation on P# having the following rational first integral in homogeneous coordinates
(s,x,y,z,t) € C?3:

(s13 — 2xz + y2)t? + 2yz%t — %24)3 . 12

F(s,x,y,z,t) = :
(SxyZ ) (x[z_yzt_%z?’)‘" g4

The logarithmic form dF /F = 3df/f — 4dg/g has t? as zero divisor. In fact, a direct
computation shows that fgdF/F = t?>w, where the components of w have degree 4, so
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that deg(¥ ) = 3. This example will be studied in detail in Section 4.3, where we will see
that

(a) Sing,(&’) has three irreducible components, which we denote as V7, V5 and V3,
b)) w(F.Vi)=11=<i=3,
(c) deg(V7) =1, deg(V>) = 3 and deg(V3) = 8.

In particular, we get Z;’zl w(&',V;) deg(V;) = 12, so that the Gauss map of & is
birational, by Theorem 3.

We would like to observe that this example was originally introduced in [13]. It was
proved in [11] that the irreducible component of Fol(3; 4) that contains &’ is the closure
of its orbit by the natural action of Aut(IP#). From now on, this component will be denoted
as §(3,4;4).

We define &€ (3,4;n), n > 4, as the set

&(3,4;n) = {L*(&E(3,4;4)) | L is a linear map}.

It can be proved that & (3, 4; n) is an irreducible component of Fol(4; n) for all n (see [11]).
However, if & € £(3,4;n) and n > 4, then 9g is not dominant.

Remark 2.30. In Section 4.4, we will generalize these examples of exceptional foliations
for foliations of degree n — 1 on P”. As in the case of Examples 2.28 and 2.29, these
examples will have a rational first integral of the form f"~!/g", where deg(f) = n and
deg(g) =n—1.

Example 2.31. According to [7], the space of foliations of degree two on P" where n > 3,
has the following six irreducible components:

(a) PB(2;n), the component containing pull-back of foliations of degree two on P2 by
a linear map L: P" --> P2,

(b) &(2,3;n), the component containing the exceptional foliations on P”.

(c) £(1,1,1,1;n), component of foliations of degree two, defined by logarithmic forms

of the type Z}Ll /\def_j, where deg({;) = 1,1 <j <4.

(d) £(1,1,2;n), component of foliations of degree two, defined by logarithmic forms
of the type A4 %1 + /\2%2 + Ag%, where deg(€;) = deg(¢2) = 1 and deg(q) = 2.

(e) £(1,3;n), component of foliations of degree two, with a first integral of the form
f/€3, where deg({) = 1 and deg( f) = 3.

(f) £(2,2;n), component of foliations of degree two, with a first integral of the form
q1/42, where deg(q:) = deg(q2) = 2.

Let n > 4. We will see that the Gauss maps of the generic foliations of degree two
on P” are not birational. Examples (a), (b), and (c) cannot be dominant on P”. For
instance, an exceptional foliation on P” is a linear pull-back of the exceptional foliation &
on IP3 (see [7]), and so its Gauss map cannot be dominant.

Generic foliations in components (d), (e), and (f) have dominant Gauss maps, but not
birational. For instance, in case (e), we can assume that f is a generic cubic polynomial.
In homogeneous coordinates (s, , x, y, z), we can suppose that £ = s, so that in the affine
coordinate system s = 1, the foliation ¥ € £(1, 3 ; n) has the first integral f(1,¢,x, y, z).
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The hyperplane (¢t = c) is tangent to ¥ at the points for which

fx(l7c,xay7z) = fy(l»CUX’y,Z) = fz(l’C,X,y,Z) = O

If f and c are generic, this set contains 8 points, whose image under the Gauss map is the
hyperplane (¢ = ¢). This implies that the map cannot be birational.

However, there are degenerated foliations in some of these components whose Gauss
map is birational. For instance, in £(1, 1, 2; 4), we have the foliation ¥ with first integral

X2+y2+22 q

7[5 s Vs = = —>
fls.t.x,y,2) o o
which is defined in homogeneous coordinates by the form
d d dt
) =stq(—q——s——) =stdqg—tqds—sqdt.
q N t

The Gauss map in the affine coordinate system ¢t = 1 is

2 2 2z 1
G7(x,y,2,8) = (— _x’ ——y, ——Z,—) = (a,b,c,e),
q q qg s
and it has as inverse
2a 2b 2¢ 1
g—l ,b, 5 = —_ y — y — sy — .
7 (@b.c.e) ( q@b.c) q@abe) qabo) e)

Then, the foliation ¥ is self-dual.

Example 2.32. In this example, we use the notation for the components of Fol(2; 3),
introduced in the previous one. Using Theorem 3, it is not difficult to see that there are
two of these components for which the generic elements have birational Gauss map: the
exceptional component of Example 2.28, and the logarithmic component £(1, 1, 1, 1; 3)
of Example 2.15.

Using Theorem 3, we obtain that

(1) a generic foliationin ¥ € £(2, 1, 1;3) has tdg(¥#) = 2;
(2) a generic foliation in ¥ € £(3, 1;3) has tdg(§%) = 4;
(3) a generic foliation in ¥ € £(2,2;3) has tdg(§¢) = 3.
This calculation can also be found in Example 2.5 of [16]. We observe that N (2,3) =
{0,1,2,3,4}.
However, there are degree two foliations on P3, in the boundary of the components,

for which the Gauss map is birational. An example is the homaloid (3) of Example 2.26.
This foliation, in homogeneous coordinates, has a first integral of the form

y(x2+yz)  f(x,y.2)
13 B

F(x,y,z,t) =

and belongs to £(1,3;3) N £(1, 1,2;3). The foliation is defined in homogeneous coordin-
ates by the form
df dt

w = tf(T -3 7) = 2xytdx + t(x* + 2yz)dy + y*t dz — 3y(x* + yz) dt.
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The irreducible components of Sing, () are Vi = (x =y =0), Vo =(y =t =0),
and V3 = (x2 + xz =t = 0). In the affine coordinate system (z = 1), we have

w|z=1 = 2xytdx + (x> + 2y)dy — 3y(x* + y)dt
= w(Fo, V1) =3, u(Fo.V2) = p(¥0.V3) = 1
3
= d®+d+1-) w(F,.Vy).deg(V)) =7-6=1,
j=1
so that g%, is birational.
Another example is a foliation in £ (1, 3; 3) whose Gauss map is birational. It is defined
in homogeneous coordinates by the form w = 3fdz — zdf, where f(x,y.z.t) = xz% +
yzt + y3.
In this case, we have Sing(¥,) = (y =z =0) := V and u(F,, V) = 6, so that its
Gauss map, §,, is birational according to Theorem 3. We have

Go(x,y,2,1) = (=23, —z(3y? + zt), xz% + 2yzt + 3y3, —yz?).
The inverse can be calculated as
§gl(a,b,c,e) (a%c + 2abe —3e3, —a’e, —a>, a(3e* — ab)).

The foliation associated with this map is (9, )«(Fy), and it has the rational first integral

a?c + abe — €3
a3 '
Then, this is also a self-dual foliation.

Next, we will consider foliations defined by closed forms. Among them, we have
logarithmic foliations on P”, say ¥ € £(p1, ..., px;n). They are defined in homogeneous
coordinates z € C"*! by a logarithmic 1-form of the type

k
wr = fi . ﬂiﬁ‘“

where f; € Clzo, ..., z,] is homogeneous of degree p; and Z};l piA; =0 (see [3]
and [7]). If w# has no zero divisor, that is, cod(Sing(w)) > 2, then we have deg(F) =
pLA =2,

In this case, we have the following.

Proposition 2.33. Let ¥ be givenby wg = f1... [ Z}c:l df’ , 2_jAjpj =0. Assume
that
(1) wg has no zero divisor,

(2) the hypersurfaces V; and V; of P" given by V; = (f; = 0) and V; = (f; = 0) are
generically transverse, foralli < j.
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If n = 3 and §¢ is dominant, then generically §¢ is £ to one, where

2.4) ¢ =tdg(F5) = Zp, +Y pipj - 321), +3.

i<j

In this statement, by generically transverse we mean that the set of tangencies between
the hypersurfaces V; and V; has codimension > 2.
As a consequence, we have the following.

Corollary 2.34. Suppose that the Gauss map of the generic member of £(p1, ..., pr;3)
is birational. Then eitherk = 4 and p1 = --- = ps = 1, ork =2 and (p1, p2) = (1,2).

Remark 2.35. We would like to observe that a foliation ¥ € £(1, 1, 1, 1; 3) with Gauss
map birational can be defined in some homogeneous coordinate system (x, y,z,t) € (Oh
by the logarithmic form

d dy _dz . d
h=aX g2, & sl,
x y

whereas if (p1. p2) = (1,2), the foliation has a rational first integral of the form Q /L2,
where deg(Q) = 2 and deg(L) = 1.
Let us prove the first assertion. Since p; = 1,1 < j < 4, the foliation can be defined
in homogeneous coordinates by
d £q d Zz d {3 d 64
0 =a— — +8—
TPt T
where £; € C[z], 22, 23, z4] has degree one, 1 < j < 4. Since the Gauss map is dominant,
we must have

dfl /\d@z /\d£3 AN d£4 = C.le /\de /\dZ3 VAN dZ4,

where ¢ € C*. This implies that £ := (€1, {5, {3, £4): C* — C* is an automorphism, so in
some coordinate system (x, y, z,t) € C*, we have ({1, €5, 03, £4) = (x, V,z,1).

Example 2.36. As an application of Theorem 3 and of Proposition 2.33, we show below
that ' (3,3) = {0,1,...,8,9}.

(1) In the case tdg(§#) = 1, we take the foliation with first integral F,(x, y,z,t) =
((xz + yt)y? + x*)/y*, like in Remark 2.16. As we have seen, this foliation has degree
three and its Gauss map is birational.

(2) The reader can verify directly using (2.4) of Proposition 2.33 that a generic foli-
ationin £(1, 1, 1, 1, 1; 3) has topological degree three.

(3) A generic foliation in £(2, 1, 1, 1; 3) has topological degree four.

(4) A generic foliation in £(2, 2, 1; 3) has topological degree five.

(5) A generic foliation in £(3, 1, 1; 3) has topological degree six.

(6) A generic foliation in £(3, 2; 3) has topological degree seven.

(7) A generic foliation in £(4, 1; 3) has topological degree nine.
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(8) The case of tdg(¥¢ ) =2 can be realized by a foliation with first integral f(x,y,z,t)
= [23t 4+ (yt — x?)?]/t*. This foliation is represented by the form

o =4xt(ty +x2)dx+2t2(ty + x2)dy +32%t%dz — [323t + 2(ty +x>)(ty + 2x?)]dt.

Here, we have Sing,(F) = V1 UV,, Vi = (x =t =0)and V5 = (z = yt + x> = 0),
w(F, V1) =7and u(F,V,) = 2, so that Zj w(F ., V;)deg(V;) = 11 and tdg(§z) =
13—-11=2.

(9) The case tdg(¥%) = 8 is more involved. Let

0(x,y,z2,0) =t2(x*> + 2+ 2) +t (x> + 3 + 22) + x2(x% + y2).

The foliation ¥ with first integral F = Q/t* has tdg(§) = 8. Let us prove this fact.
First of all, the foliation is represented in homogeneous coordinates by w = tdQ — 4Qdt,
and in the affine system (t = 1) by dQ|=1) := Adx + Bdy + Cdz, where

A=xQ2+3x +4x*4+2yz), B=2y+3y*+x?z and C =2z + 322+ x?y.

This implies that Sing,(¥) = (t = x = 0) U (t = x? + xy = 0), because dim(4 = B =
C = 0) = 0. We have done this computation and we have found 14 solutions for the
system.

Let Vi =@ =x=0)and V, = (t = x> + xy = 0). We assert that u(F,V;) =3
and u(F,V,) = 1. Let ¥ = (y = z = 1). Note that X is transverse to both varieties V;
and V,. Moreover,

C2(x42) +1(x? +2) + x2(x2 4 1)

Flz p

so that

|y = tx(2 4 4x2 + 3xt + 2t%)dx — 2t3(x? + 2) + 3t (x> + 2) + 4x>(x% + 1)) dt
=tx M(x,t)dx + N(x,t)dt.

Wehave XNV; =(0,00=0and Z NV, =t =0,x=i)U(t=0,x=—i)={p,q}.
Since M(0,0) # 0, we have

/1’(377 Vl) = MO(IXM,N) = /'LO(t’xz) +[,L0(X,[) =2+1=3.

Similarly, it can be checked that (¥, V2) = up(tx M, N) = uys(tx M, N) = 1, and so
Zj w(F, Vi) deg(V;) = 5. This implies that tdg(§#) = 13 —5 = 8.

Remark 2.37. From a foliation ¥ on P3, of degree d, whose Gauss map g is birational,
we can produce a family of rational curves on IP3 of degree d + 1 as we explain next. Let

£ ={l e G (P?)|£NSing(F) = @ and £ has d tangencies with ¥},

where G1(P3) denotes the Grassmannian of lines of P3. Note that £ is a Zariski open
and dense subset of G, (P?).

Fix £ € £ and denote as & the pencil of planes of P3 that contain the line £. Now, we
observe the following facts:
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(1) A plane P € #, transverse to Sing(¥ ), has exactly one Morse tangency with ¥,
because the Gauss map is birational. This Morse tangency is in fact ﬁ;l (P), which
we will denote as My (P).

(2) Let T = {P € P | P be not transverse to Sing(¥)}. Then, T is finite.
(3) The set #; \ T is isomorphic to the complement of a finite subset of P!,
(4) The map My: P \ T — P3 is algebraic.
In particular, if we fix £ € £, then the map M, extends analytically to 7, so that the
image Cy := M () is a rational curve of P3,
It remains to prove that C¢ has degree d + 1. Let us fix a point of tangency between 14
and F,say p € L. Let P = 9% (p) € P3.

Claim 2.38. The plane P = § (p) is in the pencil Py. In particular, £ C P. Moreover,
M¢(P) = p and the curve Cy is tangent to P with tangent space T, Cy transverse to Tyl
(in the plane P).

Proof. Since £ and P are tangent to ¥ at p, and p is a Morse tangency, it is clear that
£ C P.Let fe0,be alocal first integral of ¥ near p, with f(p) = 0. Choose an affine
coordinate system (x, y,z) € C3 suchthat P = (z =0),{ = (y =z =0),and p = (0,0,0).
Since f is a first integral of ¥, and p is the Morse tangency of P with ¥, we can assume
that f(x,y,z) =z + q(x, y, z) + h.o.t., where ¢(x, y, 0) is a non-degenerate quadratic
form and h.o.t. are terms of order > 3.

After a linear change of variables, we can assume that g(x, y,0) = x2 + y2, so that
f(x.y,z) =z + x>+ y?2 +axz + byz + cz?> + ho.t Since £ = (y = z = 0), the
pencil &£ can be parametrized near z = 0 as ¢ € C > z = ¢ y, so that

flz=ay(x,y,ay) =ay + x2 4+ y2 + aaxy + bay? + ca’y? + ho.t.
This implies that My(z = ay) can be calculated as the zeroes of

ad ad
Feya) = (o /Gy a5 foxy.an)

= (2x + aay,a +aax + 2(1 + ba + ca®)y) + ho.t.
Using the implicit function theorem, we can solve F(x, y,«) = (0,0) as
o
@ (X(@), Y(@)) = (o(a), -5+ o(a)).

Since we are in the pencil z = oy, we get

2
Mo(z = ay) = (o(a),—% + o(a),—% + 0(012)) = T,C = (x=z=0),

which is transverse to T, £, in the plane P. [

Now, fix another point g of tangency between £ and 5. Note that £ C §% (q) # §% (p).
Since T;Cy is contained in ¥ () and transverse to £, we conclude that 7, C; is transverse
to P =9 (p). This implies that Cy cuts P exactly in the d points of tangency of £ with ¥,
but in just one of these points it is not transverse to P. Therefore, the degree of Cyisd + 1.
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Finally, we comment something about the degree of the Gauss map. Let G: P” --> P”,
G[z] =[Golz],. .., Gy[z]] be a birational map on P”. The degree deg(G) of G is by defin-
ition the degree of the polynomials G;. The bidegree of G is the pair (deg(G),deg(G™1)).
If n = 2, it is known that deg(G) = deg(G~!) (see [5]), but in dimension n > 3, this is
not true in general (see [27]).

For the case of foliations ¥ € Fol(d; n), a corollary of Theorem 1 of [18] says that
if n = 3 and the Gauss map §¢ is birational, then deg(9¢) = deg(ﬁyjl). In a personal
communication, Fassarella has shown us the following example of a foliation in Fol(2; 4)
with birational Gauss map and such that the degree of the inverse is not the same.

Let f(x,y,z,y,w) = z3 + yzt + xt? + 3. Consider the foliation ¥ of degree 2
on P* given by the 1-form

o =wdf —3fdw = t*wdx + ztwdy + w(yt + 3z3)dz + w2xt + yz + 3t%)dt
=32 + yzt + xt? + 13 dw
= Adx + Bdy + Cdz + Ddt + Edw.
Its Gauss map is
63 P* - P*

(x:y:z:t:w)»(A:B:C:D:E),

which has degree 3. We can see that § is birational with inverse:

g7 P* - P*
(A:B:C:D:E)w (E(DA* — B(CA—3B?) —3A4%) :2EA(CA—3B?):
24%BE : 2AE : 3A(B® — ABC + A® — A?D)),

which has degree 4.

2.1. Problems

Here we state some problems that arise naturally from the results and examples discussed
above.

Problem 2.39. Among the foliations ¥ € Fol(d; n), for n > 4, whose Gauss map S is
birational, find properties of those for which deg(§¢) # deg(ﬁ;l).

Problem 2.40. When the Gauss map of a foliation is not birational, then the image of
the foliation by its Gauss map defines a k-web, where k is the topological degree of the
foliation. Then, the problem would be to find a relationship between the degree of the
foliation and the degree of the k-web that its Gauss map defines.

A good reference for the theory of k-webs is the book [28]. Here it is appropriate
to include the following comment, which has been suggested by the referee: if ¥ is an
arbitrary codimension one foliation on P”, then (§%)+«¥ is the dual web or Legendre
transform of ¥ on P”.

We have seen in Remark 2.25 that the hypothesis of Corollary 2.22 on foliations of P”
is not necessary for a Gauss map to be birational, although it is sufficient.
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Problem 2.41. Are there conditions on a foliation of P"*, n > 4, that are necessary and
sufficient for the Gauss map to be birational?

A related question is:

Problem 2.42. Classify all the foliations of degree two on P", n > 3, for which the Gauss
map is birational. It is reasonable to start with this classification for n = 3 (see Section 4.2,
in particular).

Problem 2.43. Are there other magic examples (as in Example 2.17)? That is, are there
other rational maps ®: P> —-> P2 such that the pull-back by ® of every foliation on P>
has birational Gauss map?

We have seen in Theorem | that a foliation ¥ of degree d of P with tdg(§) = d?
has a first integral. Then we can ask the following.

Problem 2.44. Let ¥ €Fol(d;3) be such that tdg(§5) = d? — 1. Is it true that ¥ has a
rational first integral ?

Problem 2.45. A foliation ¥ € Fol(d;n), where n > 4 and such that tdg(§5) = d" 1,
has a rational first integral ?

In Corollary 2.34, we have classified the generic logarithmic foliations on P3 whose
Gauss map is birational.

Problem 2.46. Is there such a classification in the case of P", n > 4?

We have seen in Examples 2.32 and 2.36 that if d = 2 or d = 3, then N (d,3) =
{0,1,...,d?}. A natural problem is the following.

Problem 2.47. Is N (d,3) = {0,1,2,...,d?} foralld > 4?

3. Proofs

3.1. Proof of Theorem 1

Let ¥ be a foliation on P2, defined in some affine chart C2 C P2 by a polynomial vector

field X . Let p € Sing(F) N C2, so that X(p) = 0. We say that p is a non-degenerate singu-

larity if det(DX(p)) # 0. We say that p is a singularity with trace zero if tr(DX(p)) = 0.
The proof of Theorem 1 is based on the following result.

Proposition 3.1. A foliation on P? of degree d has at most d? non-degenerate singular-
ities with trace zero. Moreover; if ¥ €Fol(d;?2) has d? non-degenerate singularities with
trace zero, then it has a first integral of the form F/L%tY, where deg(F) = d + 1 and
deg(L) = 1.

Proof. Let ¥ be a foliation of degree d on P2, having d? non-degenerate singularities
with trace zero. Let C2 C P2 be an affine coordinate system such that Sing(#) C C2. In
this case, the line at infinity £o, = P2\ C? is not ¥ -invariant.
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Note that ¥ can be defined in these coordinates by a polynomial vector field X =
P(x,y)d/dx + Q(x,y)d/dy, or equivalently by the form w = P(x,y)dy — Q(x,y)dx,
where

(1) P(x,y) = p(x.y) +xg(x.y)and Q(x,y) = q(x,y) + y g(x. y).
(2) max(deg(p),deg(q)) = d and g is homogeneous of degree d.
We can take the polynomials like this because the line £, = (z = 0) is not & -invariant;
then g # 0 and z 4 g(x, y). Therefore, we can consider the homogeneous part of g of

degree d. The condition max(deg(p), deg(q)) = d comes from the fact that £, does not
contain singularities of ¥; then z } p(x, y)orz } g(x, y).

Let py, ..., pg2 be the singularities, with linear parts Ly, ..., L2 respectively, where
det(L;) # 0andtr(L;) = 0,1 <i < d?. Note that
oP d
(L) = S (pi) + 22 (py) = 0
ax dy
and dw = Adx A dy, where
aP 00
A - — —_—
ax + dy
so that dw(p;) = 0,1 <i < d?. A straightforward computation gives
ad ad a ad a 0
Az—p+—q+2g+x—g—|—y—g=—p+—q+(d—|—2)g,
dx  dy ax dy dx  Jy

because g is homogeneous of degree d.

Claim 3.2. We assert that (P = 0) and (A = 0) (respectively, (Q = 0) and (A = 0))
meet transversely in C? exactly at the points p, ..., pge.

Proof. Let V:=(P =0) and W := (A =0) be the closures in P? of (P =0) and (A =0),
respectively. Since deg(P) = d + 1 and deg(A) = d, the intersection V' N W contains
d? + d points counted with multiplicity. Among these points, we have the d? points
P1,- .., Pq2. The other points of intersection are at the line of infinity £, and correspond
to the d linear factors of g (not necessarily different). This implies the claim. ]

At this point, we can assert that py, ..., pg2 are all singularities of ¥ with trace zero,
because A = 0 contains all such singularities. Therefore, the maximum number of non-
degenerate singularities with zero trace is d?: there is no other such singularity.

We have proved above that V' and W meet transversely in C? at the points p1,. .., pg2,
and at £, at the points corresponding to g = 0. Since Q(p;) =0, 1 <i < d?, and it
meets £, and W at the points corresponding to the d linear factors of g, we obtain that
Q € (P, A), the ideal generated by P and A.

Thus, we can write Q = aP + fA, where o € C* and, since deg( f) < 1, in addition
to the fact that gcd(P, Q) = 1, we have that deg( /) = 1. In particular, if p € Sing(F) \
{p1,...,pqz},its trace is non-zero and f(p)=0, because P(p)=Q(p)=0,but A(p)#0.

We have concluded that the d 41 singularities (counted with multiplicities) of ¥,
which are not in the set {py, ..., pg2}, must be in the line ( f =0). Since ¥ has degree d
and (f =0) contains d + 1 singularities of ¥, the line L := (f =0) must be ¥ -invariant
(see [2]).
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Now, we change the affine coordinate system. Let C2 = P2 \ L. In this new affine
coordinate system, the foliation can be represented by a form n = A(x, y)dx + B(x,y)dy,
where max(deg(A), deg(B)) = d, because the line at infinity £o, = L is ¥ -invariant. In
fact, since {p1,..., pg2} C C? and A(p;) = B(p;) =0foralli =1,...,d?, we must
have deg(A4) = deg(B) =

Claim 3.3. We have dn = 0. In particular, we have n = dF, where deg(F) = d + 1.

Proof. Since A(p;) = B(p;) =0, 1 <i < d?, and deg(A) = deg(B) = d, the curves
(A = 0) and (B = 0) meet transversely at exactly the d? points p;. In particular, the
ideal 4 = (A, B), generated by A and B, has the following property: if H € C[x, y, z] is
such that H(p;) = 0,1 <i < d?, then H € J. In particular, if H € 4 and H # 0, then
deg(H) > d.

Now, since pq,..., pg2 are of trace zero for the dual vector field, we must have
dn(pi) =0,1<i <d? Notethat dn = Gdx A dy, where G = B /dx — 0A/dy, so that
G(pi) = 0,1 <i < d?. Therefore G €, but this implies G = 0 because deg(G) < d.

Hence n = dF where deg(F) = d + 1. This implies that ¥ has the first integral
F/L4*1! This finishes the proof of the claim and of Proposition 3.1. ]

Let us finish the proof of Theorem 1. Suppose that a foliation ¥ of degree d on P3
has a first integral of the form F/L4*!, where F € C[x, y, z,t] is homogeneous of degree
d + 1.If F is non-singular, then for a generic hyperplane P2 ~ X C IP3, the restriction
F|x has d? Morse points, so that the fiber of the Gauss map associated has 2 points.

Conversely, let ¥ be a foliation of P3 such that the generic fiber of the Gauss map
has d2 points. In particular, if £ € P3 is a generic hyperplane, then |5 has d? singularit-
ies with trace zero, so that by Proposition 3.1, % |z has a first integral of the form f/£4+1.
This implies that ¥ has a first integral of the form F/ La+! (see [9]). This finishes the
proof of Theorem 1. |

3.2. Proof of Proposition 2.10

Let ® = ¢~ 1:P" ——> P" be the inverse of §. Then there are polynomial maps g.crtl
C"t1 and : C"*! — C"*! such that IT o € =90l and Mo d=0 o I1, so that
Glzo : zy] = [ﬁo(z) - Gy (Z)] and Qlwg : ---: wy] = [<I>0(w) . d, (w)]-

Note that the components of g are homogeneous polynomials of the same degree
deg(ﬁ) Similarly, the components of ® have the same degree deg(CID)

The indetermination set of ® has codimension > 1, and this implies that the compon-
ents of ® have no common factor.

Now, from ® 0§ = I, we must have Pof = S-I, where f is a homogeneous poly-
nomial of degree deg((D) deg(ﬁ) — 1. Note that deg(ﬁ) > 1 and deg(CD) > 1, because
otherwise § and ® would be automorphisms of P”. In particular, f is non-constant, and
(f = 0) defines in homogeneous coordinates a hypersurface, say V. We assert that § (V)
has codimension > 2.

In fact, from Pog = f-1I, we get that do 5(f = (0) = 0, and this implies that
CI) (3( f=0))=0,1<j <n.Since the components of ® have no common components,

we must have cod(ﬁ(f = 0)) > 2, which implies that cod(§(V)) > 2.
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It remains to prove that if 4 is not a factor of f, then it is not contracted by §. In this
case, we have that (f = 0) N (A = 0) has codimension two, and the set

U:={[z]eP"|h(z) =0and f(z) # 0}

has dimension n — 1 and is Zariski dense in (4 = 0). Let [z] € U.. In homogeneous coordin-
ates, we have

£]eU = ®08(z) = f(z).2#0
— dim(@o8(U) =n—1 = dimEU)) =n—1,

so that dim(§(h = 0)) = n — 1 and (h = 0) is not contracted, as we wished. |

3.3. Proof of Proposition 2.12

Letn = Z;-’:O A;(z)dz; be an integrable form representing ¥ in homogeneous coordin-
ates, where Ay, A1, ..., A, are homogeneous polynomials of the same degree satisfying
the relation

n
iRn = ZZjAj(Z) =0.
j=0
In this case, we have

G512l = [£(2)] = [Ao(z) : -+ An(2)] = [wo : - : wal.

which by hypothesis is birational. Let ®[z] = [<I>(z)] = [@0(2) : &Dl(z) Deee <’I\>n(z)] be
the inverse of §#, so that € o d(w) = g(w).w, where g € C|zy, ..., z,] is non-constant.
Then

n n
O () =D A;(D(w) dP; = g(w) Yy w; dP;,
j=0 j=0
so that ¢, (F) is represented by the form

n
0:=Y w;dd;.
j=0
We assert that

—Z&)j(w)dwj.

j=0
In fact, composing the relation Z;-'ZO zj Aj(z) = 0 with D, we get

0= (sz A,-(z)) o d(w) = Z@ (w) A; 0 B(w) = g(w)ZwJCD (w)
=0

j=0

n
— Y wdw) =0 = 0= wad&)f' = _Zij(w)dwj'
i=o j=0 Jj=0

Since ® is birational, we obtain S5)u7) = 97" L
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3.4. Proof of Theorem 2

Let ¥ = F*(§), where F:P3 ——> P2 has non-planar fibers, except for a finite number
of them. We assume that the Gauss map G is birational and that Gg contracts a hyper-
surface S, not ¥ -invariant. Remark that S is not a plane because, using the condition that
G#(S) is a point, we would have that S is invariant. Then, the idea is to prove that ¥
has infinitely many algebraic leaves. By a theorem of Darboux, this implies that # has a
rational first integral (see [19]). Let us prove this fact.

Since S is not contracted to a point, C := G (S) is a curve of P3.In particular, there
is a finite subset A C C such that for any m € C' := C \ A, G}l (m) is a curve of S.
Note that G;l (m) is a plane curve because it is contracted to a point by G¢. Moreover,
G%l (m) is contained in a leaf of ¥, by the definition of G#.

Since the generic fibers of F are not plane curves, taking a generic m € C’, we can
suppose also that G}l (m) is not a fiber of F, so that C, the closure of F(G;l (m)),is a
curve of P2, contained in a leaf of €:

(P2, C) — (P3,S D Gzl (m)) e (P3,C > m)

Since the fibers of F are not plane curves, G ' (m) C F~! (C), but G#'(m)#F~! (©),
so that the closure of F _1(6’ ) is an algebraic surface of P3. Since ¥ = F*(§), we get
that the leaf of ¥ containing G,}l (m) is algebraic.

Now, if m’ € C" and m’ # m, then GZ!(m") # G 7' (m), because these curves are con-
tracted to a point by G#. The intersections G;-I (m) N S define a foliation of the surface S
by algebraic curves. If £ is a leaf of ¥ containing Gj_,1 (m), £ intersects S in at most a
countable number (in fact finite, since it is algebraic) of connected components. There-
fore, for generic m and m’, the corresponding leaves of ¥ are distinct. Consequently, 5
has infinitely many algebraic leaves. This proves the result. ]

3.5. Proofs of Theorem 3 and of Corollaries 2.21, 2.22, 2.23 and 2.24

Proof of Theorem 3. Let ¥ be a foliation on P3 with Sing,(¥) = V; U--- U V} and
deg(¥) = d. Let P2 ~ ¥ C P? be a 2-plane in general position with %, in the sense
that X intersects transversely Sing(F). Since dim(X) = 2, this implies that

(1) XN Sing(¥F) C Sing,(F),
(2) foralli =1,...,k, ¥ N V; contains exactly deg(V;) points, say p;;, 1 < j <deg(V;).

Since p e V; — w(F,V;, p) is constant in a Zariski dense subset of V;, we can assume
also that

() w(F, Vi, pij) = p(F, Vi) forall 1 < j < deg(Vi),
(4) cod(Sing(¥ |x)) = 2. In particular, all the singularities of ¥ |5 are isolated.

In this case, we have (see [23])

Y wFls.p)=d’+d+1.
p € Sing(F|x)
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Since ¥ N Sing(F) C Sing,(F), we get

k k  deg(Vi)
Do u(F Vi).deg(Vi) =Y Y w(Flz.py) =d’+d +1.
i=1 i=1 j=1
Let
k

m=(d*+d+1) —Z;L(ff‘, Vi).deg(V;).

i=1

In this case, if ¥ ~ P2 is a 2-plane of P3 transverse to Sing, (¥ ), then the singularities
of the restricted foliation ¥ |x are of two kinds: the points of ¥ N Sing,(¥), and the
tangencies between the leaves of ¥ and X. After a small perturbation of the plane X, we
can assume that these tangencies are all of Morse type (see [7]). On the other hand, the
number of singularities of |y in X N | J; V;, counted with multiplicities, is exactly

Y (T Vh).deg(Vh),

p € ZNSing, (F)

and this implies that the other singularities of ¥ |5 are the m Morse tangencies (note that m
could be zero). Hence ﬁ;l (X) contains m points. |

Proof of Corollary 2.21. First of all, let py,..., pxy, N = d? + d, be the singularities
of %,|x with generic linear part. Since %,|x has degree d, it must have a total of d? +
d + 1 = N + 1 singularities, counted with multiplicity. However, the hypothesis implies
that u(F|x, pj) = 1,1 < j < N, so that ¥, must have another singularity, say ¢, with
w(Fo,q) = 1. Since §%, is dominant, the singularity ¢ is necessarily a Morse center and
q is a Morse tangency of ¥, with 3. Now, we use the known fact that singularities with
non-degenerate linear part are stable by small deformations of the foliation on P2 (see
Section 2.4 and Corollary 2.7 of [23]). This implies that:

(1) The irreducible component V,; of Sing, (F,) containing p; satisfies u(Fo,,Vs;)=1,
so that

> w(Fo.V).deg(V) =d* +d.
V CSing, (¥5)

(2) When we deform ¥, inside the irreducible component Z of Fol(3, d), the de-
formed foliation, say F € Z, must also satisfy (see [23])

Y wWF.V).deg(V) =d*+d.
V CSing, (¥)

This finishes the proof. ]

Proof of Corollary 2.22. Let ¥ and Vi, ..., Vi be as in the hypothesis of Corollary 2.22,
and let §¢: P"* -—> P" be its Gauss map. The idea is to prove that a generic hyperplane
of P”" has just one tangency point with the foliation. This implies that § is birational.
First of all, if P2 ~ %, is a generic two-plane of P”, then it has exactly one Morse
tangency point with ¥ at a point in ¥, \ Sing(¥"). This can be proved using the condition
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Zf=1 w(F,V;).deg(V;) = d* + d. The proof is done in the same way as the proof of
Theorem 3. We leave the details to the reader.

Now, since §¢ is dominant, a generic (n — 1)-plane of P” has at least one tangency
of Morse type with ¥ at a non-singular point. Suppose by contradiction that there exists a
hyperplane, say ¥,_1, of P” with at least two Morse tangencies with ¥, say m and m,.
In this case, let ¥, C X,_; be a 2-plane containing the points m; and m,. Then it is
clear that for a generic choice of such a 2-plane, ¥, would have tangencies of Morse type
with ¥ at these points, a contradiction. [

Proof of Corollary 2.23. Since P is linearly embedded in P”, the components of the
singular set of the restriction Fp= satisfy the formula of the previous corollary, so we
have the result. ]

Proof of Corollary 2.24. Let ¥ and V7,...,V} be as before. Since (¥, V;) > 1 we have

k k
D W(F V) deg(Vy) = ) deg(Vy) =d* +d =
i1 -1

3.6. Proof of Theorem 4

Let w be an integrable 1-form on C* defining a monomial foliation on P3 of degree d > 2.
We can write @ = Z?:l A;(z)dz;, where A;rs are monomials of degree > 3. Let

A,'(Z) =/\l'leli1 ...ZZM, aijj EZZ(), i6{1,2,3,4}.
Setting B; = z; A;, we can write

dzy dz, dzs dzs
w=B —+B,— +B3;—— + By, —-
21 Zp Z3 Z4
The condition igw = 0 implies that B; + B, + B3z + B4 = 0. Note that B; # 0, for
all i. In fact, if B4 = O for instance, then w = A1 dzy + A»dz, + A3dz3 and §,, cannot
be dominant. We also request that the monomials Ay, A, A3, and A4 have no variables
in common, to have codimension of the singular set > 2.
Observe that each B;, fori = 1,2, 3,4, is a monomial of degree d + 2, with exponent

vector
(a1 + Laiz,a13,a14), (air,a12 + 1,a13,a14),
(a1, a12,a13 + 1,a14), (a11,a12,a13,a14 + 1) € Z%,

respectively. Since the sum B + B, + B3 + B4 vanishes identically, the monomials must
be grouped according to identical exponent vectors, with the coefficients in each group
summing to zero. With this observation, only the following cases can occur.

Case 1. All monomials in { By, B2, B3, B4} have exactly the same vector of exponents
in Zio. In this case and since the A;’s do not have variables in common, we have B; =
Aizizaz3za foralli =1,2,3,4,and Aq + Ay + A3 + A4 = 0. Therefore, the foliation %,
has degree 2 and belongs to the logarithmic component £(1, 1, 1, 1; 3).

Case 2. If the exponent vectors are not all equal, there cannot exist a single exponent
vector differing from the others, because in this case the sum of the monomials is not
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zero. Therefore, with four exponent vectors, we only have the following possibility: the set
{B1, B, B3, B4} splits into exactly two disjoint subsets, each containing two monomials
with identical exponents. And the sum of their coefficients is zero.

Then, after a permutation of the indexes, we can assume that B; + B, = 0 and B3 +
B4 = 0. Then we have w = B1®, + B30®34, where

Since -
i
d@,’j =0 and ®ij = éd(;),

the reader can check that the integrability condition w A dw = 0 can be written as
B B z z
Ozd(—l)A®12A®34=0 - d(—l)/\d<—l)Ad(—3)=0
B3 B3 ) Z4

With this, we conclude that equations

a1 +1—az1=azxx—app=p and a;3—azxz—1=as—auu=gq

Bl Al Z1\P /Z3\4

B3 - A3 <Z2) (Z4> ’
where A € C*. Since z3|B; and z4| B3, then aj; > 0 and a34 > 0, and this implies that
a3y = 0 and a;4 = 0; otherwise, z, or z4 divides w. Similarly, we can see thatif ay; > 0
or azz > 0, then z1|A;, A or z3|A3z, A4. This implies az; = 0 or a;3 = 0, in the first
case p = —aj1» = ai; + 1 > 0 and, in the second case, ¢ = azs4 = —asz3 — 1 < 0. Both
produce a contradiction; therefore, a;; = az3 = 0. With this, we obtain the following
specific 1-form that defines the foliation:

are satisfied, to have

— az ai3 1+ar2 aiz—1
a)—)tlzlzz Z3 @12—’-/‘{321 Z3Zy @34,

where a1, > 1 and a;3 > 2. Moreover, we have p = —aj1p, = 1 —a3; <0andq = a3q =
az — 1 > 0. After a linear change of variables, we can assume A;/A3 = 1. With all this,
we finally conclude that

B3_1.a) _ ﬂ(dzl dzz) n <d23 d24)

B3 21 V) Z3 Z4

ZINP /2Z3\4 T Z z z z
=-(2) Q) 24O+ 2e2)
2 Z4 71 Z2 Z3 Z4
If we setu = z1/z, and v = z3/z4 then we get
vu P By w = v du + u'Pdv,

as we wished. [
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3.7. Proofs of Proposition 2.33 and of Corollary 2.34

Proof of Proposition 2.33. We will apply Theorem 3. The idea is to use that Sing, (¥) =
Ui<i<j<k Vij» where Vi; = (fi = f; = 0) (see [3]). This is true by the assumption
that w¢ has no zero divisors.

Since the hypersurfaces (f; = 0) and (f; = 0) are generically transverse, we have
w(F,V;j) =1,and so

> " deg(Vij) w(F . Vij) = Y _deg(Vij) = > pip;.
i<j i<j i<j

Now, since wg has no zero divisor, we have

k
deg(F) =) pi—2

i=1

(see Example 2.5 of [23]) and

k k
deg(F)> +deg(F)+1-Y pipi=Y pi+Y pipi—3) pj+3:=L
=1 1

i<j i<j j=

Note that necessarily £ > 0, for otherwise §# is not dominant. In particular, ¢ is
generically £ to one by Theorem 3. This proves Proposition 2.33. ]

Proof of Corollary 2.34. Let ¥, € £(p1,..., pr:3):

k

w 22/1]'%,
=

where deg(f;) = p;,for 1 <i < k.If w is generic, then the hypersurfaces (f; = 0) and
(f; = 0) are transverse, for all i < j, so that we can apply Proposition 2.33. In particular,
G is birational if and only if

k k
DD WEE)SIEEEY!
Jj=1 1

i<j j=

Let
k k

hie(X) = fie(xio....x) =Y X7+ > xixj—3» x;+3.

j=1 i<j j=1

We are interested in the values of Ay in Nk ¢ R, Moreover, since hy is symmetric, we
will assume that (x1, ..., xx) € A, where

A= {xeNF[1<x <xp < <Xt}

Firstof all, if k = 4, then h4(1,1,1,1) = 1. Similarly, if k = 2, then h5(1,2) = 1. We
will prove that these are the only possible solutions.
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Note that if x € A and k > 3, then

oh .
—k(x)zxj+2xi—32k—2>0.
0x; i=1
Therefore, in A, hy is strictly increasing with respect to x;, for all j. In particular, in A
we have

k(k—1 1

hp(x) > he(1,...,1) =k + %—31(—!—3 = 5(k—2)(k—3)) = g(k).

If k > 5and x € A, then hi(x) > g(5) = 3. Hence k < 4 and if k = 4, we must have
(x1,x2,x3,x4) = (1,1, 1, 1).

It remains to prove that if k < 3, then k = 2 and (x1, x2) = (1, 2). In fact, we
have that h3(1,1,1) = g(3) = 0 and h3(1, 1,2) = 2, so that h3(xy, x2, x3) # 1, for
all (x1,x2, x3) € A. Therefore k = 2, as we wished. Finally, if x; > 1 or x, > 2, then
ha(x1,x2) > ha(1,2) = 1, so that (x1, x2) = (1, 2) (see Example 2.14). |

4. Exceptional components

Before giving the results of this section, we will describe the algorithm we have used
to find the inverse of a Gauss map if it exists. The computations were done by using
elimination theory and Groebner basis, with the help of the free computer algebra system
Singular. Our method is as follows, although some others can already be found in the
literature, see for example [1].

Suppose that the Gauss map

®: P - P",
(zoy...rzn) > (Ao, ..., Ap),

associated to the foliation w = Z?:o Ai(zo,...,2zy)dz;,is birational. Consider the ideal
in Clzg, ..., zn,do, ..., d,] generated by the polynomials
ag—Ao(zo, .- 2n), .., an — Ap(20,...,2Zn).

The Groebner bases elimination theorem (see [10]) says that if we fix a lex monomial
order, where zg > -+ > z,, > ag > -+ > a,, then, if § is a Groebner basis of J, we have
thatfor0 < j <n,thesety; :=§ NClzj11,...,zn, a0, ...,as]is a Groebner basis for
theideal d; :=d N C[zj41,...,2n, a0, ..., an]-

If we consider a polynomial in §,_; equal to zero and it is possible to isolate the
variable z, (or any other), then we obtain z, = By, (aq, .. ., a,). Therefore we substitute z,
in some polynomial in §,_, to obtain z,_1 = B,_1(ay, ..., a,). Following this process,
we can obtain the inverse function:

ol P"--> P,
(ag,...,an) = (Bo,..., By).
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4.1. The exceptional component € (2, 3; 3)

In homogeneous coordinates (x, y, z, t), the generic exceptional foliation in & (2, 3; 3) is
defined by the form

4.1) o =1tQ2y*=3xz)dx+t(3tz —xy)dy +t(x*>*=2yt)dz + (2x*z —yzt —xy?)dt.
In affine coordinates (r = 1) ~ C3, the Gauss map g can be written as

e : C? —> C3,

(x. y Z)H(2y2—3xz’32—xy,x2—2y
Y A A A

) = (@b.0),
where
A(x,y,z) =2x%z — yz — xy°.
As we have seen in Example 2.28, this map is birational. Its inverse is
g C? > C3,
ab—3c 3b—2a% a®b+ac —2b2)
2ac — b2 2ac — b2 c¢(2ac — b2?)

(a,b,c)—>(

The associated foliation in IP3, expressed in homogeneous coordinates (a, b, ¢, e) € C4,
is given by the 1-form

@ = c(ab —3ce)da + c(3be — 2a*)db + (a®b + ace — 2b%e)dc + c¢(2ac — b?)de.
The 1-form @ is conjugated to w, with the isomorphism
®(a,b,c,e) = (b,a,e,c) = (x,y,z,w).

This is an example of a self-dual foliation.

Proposition 4.1. In homogeneous coordinates, we have
ﬁgl 09 = 122yt — x?)(=3x%y? + 6x3z + 8yt — 18xyzt + 9z%1?) Idgps.
In particular, §¢ contracts the reduced hypersurface
V(t@2yt — x?)(=3x%y% 4+ 6x3z + 8y3t — 18xyzt + 92%1?)).

We would like to observe that all these three hypersurfaces are &-invariant. In fact,
they are branches of levels of the first integral F = f2/g3, where

fx,y,z,t) =zt> —xyt +x3/3 and g(x,y.z.1) = yt — x2/2.

Since &(2, 3; n) is the set of linear pull-back foliations of &(2, 3;3) by a linear map
L:P" ——> P3, by Remark 2.4, if ¥ € £(2,3;n) and n > 4 then §% cannot be dominant.
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4.2. Gauss map for foliations in the boundary of the exceptional component
€(2,33)

4.2.1. The boundary of &(2,3;3). As we saw in Example 2.28, the component & (2, 3; 3)
is the closure of the orbit of one foliation by the action of SL4(C). In particular, if & is the
foliation defined by w like in Example 2.28, then (see [7])

(4.2) €(2.3:3) = {g*(6v) | g € SL4(C)}.

Here we will use this fact to determine some representative elements of the boundary of
&(2, 3; 3). First, we must recall that a 1-parameter subgroup of SL4(C) is an algebraic
morphism from C* to the group and, since C* is abelian, all such subgroups are diagon-
alizable. Then, a 1-parameter subgroup of SL4(C) is conjugated to one given as below:

Ay nans) - € — SL4(C),

s" 0 0 0
N 0 s 0 0
0 0 s* 0 ’
0 0 0 s

where ny,n,,n3,ng € Z and ny + np + n3 + nq = 0.
This 1-parameter subgroup acts on the variables as:

Aynany)($) (X, y,2,1) = (s"1x, 5" y,s"3 2, s"41).
In order to see how A, 4,.n4) acts on &, we set @ = w1 + @, + w3, where

w1 =yQRytdx —xtdy — xydt),
wy = x(=3ztdx + xtdz + 2xzdt),
w3 =t 3tzdy —2ytdz — yzdt).

It can be seen directly that

— N2—n3
A'(}‘ll,nz,n3)(s) ° (,()1 =S a)lv

_ Jh1—n
A(nl,nz,n3)(s) cwy = 5" 2w,

n4g—n
A(}11,}12,}13)(‘5‘) ‘C()3 =S 4 10)3.

If we take A1(s) = A(1,1,-3)(5), A2(s) = A1,—1,—1)(5) and A3(s) = A(—1,—1,—1)(s), then
we have lims_0 A;(s) - @ = w; + wi, where i, j, k € {1, 2, 3} are all different from each
other.

From the above, we conclude that the forms w; + w,, w2 + w3 and w; + w3 are
integrable, and the foliations associated to them are in the boundary of &(2, 3; 3). Let &;;
be the foliation defined in homogeneous coordinates by w; + wj, 1 <i < j < 3. Then
06(2,3;3) D Ui’j E;;, where

Eij = {g*(&;j) | g €SL4(C)}.
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Next we study the foliations in £;;, 1 <i < j < 3. We will see that the Gauss map of
these three foliations are birational.

(1) The first one, &2, is defined by

w1 + wp = 2yt —3xzt)dx — xytdy + x*tdz + 2x*z — xy?)dt,
dx dt 1dQ2xz—y?)
= xt(2xz — 2(—2— — ——).

x1Q2xz = %) x+t+2 2xz — y?

The singular set is
V(x,y) UV(x,t)UV(t,2xz — y?).

Its Gauss map at the chartt = 1 1is

Cblz : (C3 -——> (CS,

(e.y.2) >

2y%2 —3xz —xy x?

: ,_)=(a,b,c),
ANP A A

where Ay, = 2x2z — xyz; its inverse satisfies
cy +bx =0,
(2ac? —b?*c)z —ac +2b* =0,
2by +3cz +ax = 0.

Solving the above system, we get the inverse:

o7} C3 o P,
—3c 3b ac —2b? )
2ac — b2 2ac — b2 c¢Qac —b2)/)’

(a,b,c)—>(

The associated foliation in P3, using homogeneous coordinates (a, b, ¢, e), is given by the
1-form

(w1 + w2) = —3c%eda + 3bce db + (ace — 2b%e)dc + (2ac? — b?c)de

gd(2ac —b?) gc — b2>

d d
= ce(Rac —bz)(Z?C + 76 ~5

Its singular set is
V(b,c) UV(c,e) UV(e,2ac —b?).

Proposition 4.2. In homogeneous coordinates, we have
d)l_zl o @y = t2x*(—y? + 2x2) Ideps.
In particular, the reduced hypersurface that ®15 contracts is

V(tx(—y? + 2xz)).
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(2) The second one is
w1 + w3 =2y%tdx + 3t°z — xyt)dy — 2yt> dz — (xy*> + yzt) dt.

Its singular set is
Vx, 1) UV(y, 1) UV(y,2).
The Gauss map at the chart z = 1 is
<I>13 . C3 -—> (C3,
-y xy—3t xy+t)

k) >

, V.t —><
(x,y.0) t 2yt 2t2

and its inverse is
d>1_31 S C3 - C3,

(a,b,e)—>(

ab —3e —2a 2 )
ale+ab) e+ab e+ab/)

The associated foliation in P3, in homogeneous coordinates (a, b, c, e), is given by the
1-form

(w1 + w3) = c(ab —3ec)da — 2a*cdb + a(ec + ab) dc + 2ac? de.

Its singular set is
V(a,e) UV(a,c) UV(b,c).

Proposition 4.3. In homogeneous coordinates, we have
D3 0 @13 = y**Ideps.
In particular, the reduced hypersurface that ®13 contracts is V(yt).
(3) The third one is defined by
ws + w3 = —3xzt dx + 3t?zdy + (x*t —2yt?)dz + (2x%z — yzt) dt.

Its singular set is
V(x,t) UV(z,t) UV(z,x> = 2y1).

The Gauss map at the chartt = 1 is
CI)23 . (C3 —-=> (C3,

3x 3 x2 =2y
y—2x2 2x2—y z(2x2—y)

(oy.2) = ) = @b.e).

with inverse
@;31 s C3 --> C3,

a 2a2-3b —a%+2b
o (-0




C.R. Alcantara, D. Cerveau and A. Lins Neto 1028

and the associated foliation in P3, in homogeneous coordinates (a, b, ¢, €), is given by the
1-form

(w2 + w3) = (—abc)da + c(2a® — 3be)db + b(—a® + 2be)dc + (b*c)de.

Its singular set is
V(b,c) UV (b,a)UV(c,2bc —a?).

Proposition 4.4. In homogeneous coordinates, we have
D55 0 @o3 = 22t (—x? + 2y1) deps.
In particular, the reduced hypersurface that ®,3 contracts is
V(zt(=x? + 2yt)).

As a consequence, we can deduce that if (1, a2, a3) € C3 and at least one of the o;’s
is not zero, then the Gauss map of the foliation defined by «; w1 + o ws + @3 w3 is
birational.

Another interesting thing about these foliations is that they are in the logarithmic com-
ponent £(1, 1,2; 3), because

2
X t 2 2xz-—y?

dt dz 3dx*-2yt

w2+w3=2t(x2—2yf)<27+7_§ Ec2_2yJ;))’

_3d_y_ﬂ+2d(xy—zt)).
y

w1 + w3 = yt(xy —Zt)( ; Xy — 2t

As we saw before, they have birational Gauss map but they are not in the logarithmic
components where the generic foliation has birational Gauss map (see Corollary 2.34).
With this, we can also see that the divisors contracted by the three Gauss maps of the three
foliations are invariant to the respective foliations.

Another result is the following.

Proposition 4.5. We have that w, + w3 is a self-dual foliation. The foliation wy + w; is
projectively equivalent to (wy + w3)'; and the foliation w, + w3 is projectively equivalent
to (w1 + w2)’ .

Proof. For the proof, we must observe the following calculation, where we have the log-
arithmic form of the foliations:

de de 3 dQac—b?)
"—ce(Rac —bHY(2 =4 == 7 ~ 7
(w1 + w2) =ce(Rac b)( - + > T2 200 B2 ),
db N de ld(a2—2be))
b c 2 a?2—2be

(w1 + w3)’ =ac(ce—ab)(—3d—a _ de +2M).
a

(w2 + w3) =bc(a® — 2be) ( 2

c ce —ab

If we compare with the logarithmic form of the original foliations (that we wrote before),
we have the result. ]
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One final thing we notice with this component is the following: we have found in the
boundary of the component & (2, 3; 3) a foliation whose Gauss map is not birational, since
it is a foliation that is a linear pull-back from a foliation on P2. This tells us that the
property of having a birational Gauss map is not necessarily preserved in the limits. For
the construction of this foliation, we consider the 1-parameter subgroup f as follows:

(x,y,z,8) > (sx,59, (s —s )y +532,51), seC*
Now we apply this to the foliation given by w:
B(s)-w = ((—3s* + 3)xyt + 2s*y?%t —3xz1t)dx
+ ((s* — Dx%t —s*xyt + (s* — Dyt? + 323 dy + (x%t —2yt?)dz
+ (2s* —2)x%y — s*xy? + 2x%z2 + (=s* + 1)y*t — yzt)dt.
Therefore, we can conclude that

lim p&) o _ yt(=3x 4+ 2y)dx + t(x* —xy + yt)dy + y(2x*> — xy — yt)dt

§—00 s4 -

is in the closure of the orbit. It is easy to see that this foliation has singular set of dimen-
sion 1 and it is a linear pull-back from a foliation on P2 of degree 2. Then its Gauss map
is not dominant.

4.3. The exceptional component & (3, 4;4)

As we have mentioned in Example 2.29, the foliation & on P# having the first integral

(st3 — 2xz + y?)t? + 2yz% — %24)3 73
F(s,x,y,z,t) = 3 =
(x12 — yzt — 323) g

has birational Gauss map. This section is dedicated to exposing the details. As before, the
computations were done by using elimination theory and Groebner basis.
First of all, the foliation &’ is defined in homogeneous coordinates by the form

dF
w = t_zng =t"%(3gdf —4fdg) := Ads + Bdx + Cdy + Edz + F dt,
where
A =1(z> = 3yzt + 3x1?),
B = —2t(yz? —2y%t — xzt + 2s1?),
C = —2t(—y?z 4+ xz? + 3xyt — 2s21),
E = —2t(2y® — 5xyz + 25z + 3x°%t — 2sy1),
F =2y3z —6xyz? + 3523 + 2xy%t + 4x%zt — 5syzt 4 sxt>.
The inverse of the Gauss map §g/ (s, x, y,z,t) = (a,b,c,e, f)is

Gg'(a,b,c.e, f)=(S.X,Y,Z,T),
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where
S = —bc? +3b%ce —2ac*e — 4abe® —3b3 f + 10abcf — 4a’ef,
X =a(2c® — 5bce + 6ae* + 4b f —8acf),
Y =a(-8abf + b*e + 2bc* — 3bc? + 6ace),
Z = a(164® f —2abe — 4ac?* + b%c),
T = a(6abc — 12a%e — b>).
Finally, we have
ﬁg,l 08Ge =13 h3.holdps,
where
hs = 3xt? —3yzt + 23
and
ho = 85318 —485%xz1> — 2452 Y%t + 4852 yz2t* — 12522413 + 96s5x222%1*
+ 96sxy?zt* — 1925xyz313 + 485x2°1% + 245y*t* — 965y32213 + 120592242
— 48s5yz8t + 6528 + 81x%> —324x3yze* + 44x32313 4+ 390x2 2223
—132x%yz*? + 6x%2% — 48xy*z13 — 132xy323x2 + 84xy?zx4 — 12xyZ7
—8y°%13 +48y°2%12 —27y%z% + 4328,
This implies that g, contracts three hypersurfaces ¢, i3 and hg. All these hypersurfaces
are irreducible and &’-invariant.

4.4. Exceptional examples on P”,n > §

Here we generalize the exceptional components & (2, 3;3) C Fol(2;3) and §(3,4;4) C
Fol(3;4). A typical foliation on this component has a rational first integral of the form
f"1/g" where f and g are irreducible and deg( /) = n and deg(g) = n — 1. It will be
generated by a Lie algebra of dimension 1 of linear vector fields on C"*+!

Lemma 4.6. Let R = Z;:o 2;8/0z; (radial vector field), S = Z;'Zl jzj0/9zj, and

z ] ] B]
N —ZZj_laTj —ZOE‘F"“"Zn—I E

j=1

Denote by N/ the vector field associated to the nilpotent matrix

0 0 0 --- 0 0]’
100 - 00
01 0 - 00
000 - 00
000 - 1 0]

Then § := (R,S,N,Nz,...,N”)c is a Lie algebra, and Gy, = (R,S,N,Nz,...,Nk)c
is a Lie sub-algebra of G, for all k > 1.
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The generators of § satisfy the following relations:

[R,S]=[R.N¥]=0, Vk=>1,

[S, N¥] = —kN¥, vk > 1,
[N',N/] =0, Vi, j>1.
Proof. A direct computation shows that [S, N] = —N and that [R, L] = 0 for all linear

vector field L € £(n + 1, C). On the other hand, from SN — NS =[S, N] = —N we get
SN = NS — N and NS = SN + N. From this, we get

[S,N?] = SN? - N2S = (NS — N)N — N(SN + N) = —2N2.
If kK > 2, then
[S, N¥+1] = SNk _ NK+1g — (SN)NK — NK(NS)

= (NS — N)NK = N¥(SN + N) = NSN¥ — NkSN —2NF+1
= N(SN*¥1 - N¥=1§)N —2NK=1 = N[S, N¥YN — 2NF+1,

Suppose by induction on j > 1 that [S, N/] = —jN/, V1 < j <k, where k > 2.
Then the above computation implies that

[S, N1 = —(k — D)N* ! = [S.NFH!] = —(k + )N*+.
This proves that § is a Lie algebra and that §j, is a Lie sub-algebra of §, Vk > 1. ]

A consequence of Lemma 4.6 is that the 1-form
® = IiRigiyN...iyn—2v, Wwhere v=dzy Adzy N---ANdzpy1,

is integrable: w A dw = 0. Moreover, w defines a codimension one foliation %, of
degree n — 1 of P", because their coefficients are homogeneous of degree n. The foli-
ation ¥, is generated on homogeneous coordinates by the Lie algebra §,_,.

Proposition 4.7. The Gauss map of the foliation ¥, is birational. Moreover, it has a
rational first integral of the form f"~1/g", where deg(f) = n and deg(g) = n — 1.

Proof. Consider the n-vectors on C"+!
0 =SANANZ A---AN" 1= fu,

0
,0=S/\N/\N2/\---AN"_2/\8—;:g.u,
Zn

where u = 9/dzy A--+ A 0/0z,. Note that f is homogeneous of degree n and g of degree
n — 1. We assert that

S(f)=nf S@=m-1Dg and N(f)=N(g) =0.
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‘We will use that
n

(4.3) Ly(Xy Ao AXp) =) Xy A AV X A A X,
j=1

Relation (4.3) implies that Lg () = —tr(S)p, tr(S) = 1 + 2 4 -+ + n, so that

Ls(0)=S(fHm+ fLs(u)=S(f)n—u(S)fu

On the other hand, by Lemma 4.6, we have

n—1
LsO =Y SANA--A[SN/JA- AN = —[tr(S) —n)] fpu
j=1
= S(f) =nf.

In the case of g, we have Ls(p) = S(g)u — tr(S)g i, and from Lemma 4.6,

d
LS<S ANANZA--AN'2A —) = —[tr(S) — (n — D]p
0z,
= S@@=0r-Dg.
This implies

S(f"'/g"

fr=T/gn 0 = f"'/g"isafirstintegral of S.

Since [N, 0/0z¢] = [N, 9/0z,] = 0, from (4.3) we get that N(f) = N(g) = 0, and thus
N(f""1/g") = 0. Finally, since deg( f" 1) = deg(g") = n(n — 1), we get R(f""1/g")
=0and f"1/g" is a first integral of all the generators of §,_, and so of the form w.

Remark 4.8. Note that f = det(A) and g = det(B), where A is the n X n matrix

z1 2z5 3z3 m—1)zy—1 nzy,
Zo 21 Z2 Zn—2 Zn—1
0 zo =1 Zn—3 Zn—2
(4.4) A=
0 0 0 z1 Z2
| 0 0 0 Z0 71 |
and B is the (n — 1) x (n — 1) matrix
(21 2z5 3z n—=2zp—p (M—1)zp_1 |
20 Z1 Iz Zn—3 Znz
0 zo 21 Zn—4 Zp—3
4.5) B = ) .
0 0 0 Z1 Z3
L0 0 0 Zo 1
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Using (4.4) and (4.5), we obtain that

n—1

fO,z1,...,2s) =27 and g(0,z1,...,2,) = 27",

so that (zg = 0) is contained in the leaf f"~! — g = 0.
Now, let
d(f"'/g")
fn—l /gn
Since f~!/g" is a first integral of %,,, we must have 1 = h.®, where & is a homogeneous
polynomial of degree

n=/g =(n—1gdf —nfdg.

deg(n) —deg(w) =2n—2)—n=n—-2#0.
Lemma 4.9. We have h(z) = o zJ~2, where « = £n(n — 1).
Proof. The idea is to prove that in the affine chart (zg = 1), we have
Nzo=1) = 11 — 1) ®|(z9=1)

which implies
h(z) = £n(n — 1) 2572

First of all, we note that

_dZ() dZ] de ce dZn_z dZn_l dZn
20 Z1 Zy v Zn—2 Zn—1 Zn
0 z1 2zp o+ (M—2zp—n (m—1)zy—1 nzy
0 zop z1 --- Zn—3 Zn—2 Zn—1
4.6) w=det| g 0 Zo - Zn—a Zn_3 Zn—
0 0 0 1 V4 Z3
L 0 0 0 e Zo Z1 V) i

n
= ZAdej.
j=0

Explicitly, we have

(21 22 -+ (M=2)zp2 (M —1)zZp—1 ]
Zo Z1 cee Zp-3 Zp—2
0 zo --- Zn—4 Zn-3
Ap = (=D Dz det
0 0 e Z1 Zp
| 0 0 R Zo Z1 i

0An

_ (_1\n—1 _ n—1
P =-D)""(m—-1z5 .

—
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‘We have also

z1 2zp -+ (n—=2)zp—p nzy
Zo Z1 - Zp—3 Zn—1
(n—2) 0 zo --- Zn—4 Zn—2
A1 = (—1) n zo det
0 0 Z1 Z3
_0 0 Zo Zp i
0A,_
E)Z L — (=D)" 2zt
n

In particular, we get

0|zg=1) = (D" Pl=nzpdzpy + (1= Dzpadz)+ Y Aj(Lz1.....z0) dz;.

0<j<n—1
On the other hand, from (4.4) and (4.5) we get
f ~
82 ——(@2)=nz;" = flo=1) =nzn + f(21,....,2n-1),
n
@) =m—-1Dzf? = glae=n) =0 —1Dzpm1 +8(z1,. .., Zn-2).
-1

Hence, we have

7/|(zo=l) =nn—1)[-nzydzs—1 + (n — 1) zp_1dzp] + Z Bj(Z)de

0<j<n—1
Since = h w, this implies that 7 = £n(n — 1)z =2 and the lemma. |
With the following lemma, we will have completed the proof of Proposition 4.7.
Lemma 4.10. The Gauss map of ¥, is birational.

Proof. The idea is to prove that ¥, satisfies the hypothesis of Corollary 2.24 of The-
orem 3. Let us compute the irreducible components of Sing,(¥,). First of all, from
Lemma 4.9 we have

®|zo=1) = &~ '[(n — gdf —nf dg],

so that

df A@ly=1) =« nf df Adglzy=1),

dg A o|@y=1) = =" (n = D)g df Adg|ze=1)
and thus

Sing(Fo) N (zo =1 =(f =g=0)N(z0 =1),
because df A dg is not zero at zo = 1. Moreover, Sing(F,) N (zo = 1) is a union of
(singular) orbits of the action of §,_,. In fact, it is composed of just one orbit: the orbit of
the point p, := (1,0,...,0) € (zg = 1), because

Sing(F,)N(zo=DN(Ez1=22=---=2,2=0) ={po},

as the reader can check.
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In particular, Sing(F,) N (zo = 1) is a connected smooth sub-variety of codimension
two of (zo = 1) ~ C". We denote it by V7. Since ( f = 0) cuts transversely (g = 0) along
(zo = 1), the transversal type of ¥, along V; has linear part (n — 1)u dv — nv du, so that
w(Fe, V1) = 1.

The varieties (f = 0) and (g = 0) cut (zo = 0) along V5 := (z9 = z; = 0), but they
are tangent along V5 in order n — 1. This implies that, as a scheme, (f = g = 0) has V5
appearing with multiplicity n, reflecting the higher-order tangency, while V; appears with
multiplicity one. In particular, since deg( /) = n and deg(g) = n — 1, we have deg(}7) =
nn—1)—n=n?-"2n.

Now, from (4.6) we have Sing(F,) N (zg = 0) = (z1. F = 0), where

Iz - Zn—2 Zn—1 Zn
1 2z, -+ (n—2)zy—2 (m—1)zy—1 nzy
0 zp - Zn—3 Zn—2 Zn—1
F(zq,...,25) = det (U Zn—4 Zn-3 Zn—2 | |
0 0 Z1 V) Z3
10 0 0 Z1 Zy |

and this implies that
Sing(F4,) N (zo = 0) = Vo U V3,
where V3 = (zg = F = 0) and deg(V3) =n — 1.
Finally, since
deg(Vy) + deg(Va) 4+ deg(Va) =n?> —n = (n — 1)> + (n — 1) = deg(F,,) + deg*(F,,).
the Gauss map of %, is birational, by Corollary 2.24. |
For example, in the case n = 5, we have
f =20 —5202320 + 5232125 + 5252323 — 5232023 — 5252124 + 524 25,
g =12y —4z02%25 + 22223 + 4232123 — 423 24.
In particular, the form defining the foliation is w = 215:0 Aj(z)dz;, where
Ag = leg — 4zfz§23 + 202323 + 22%2% + 220212225 + 4zf2224 — 620212%24
— 5202f23z4 + 325222324 + 3232122 — 421‘25 + 11202%2225 — 3232%25
— 623212325 + 282425,
Al = ZO(—ZZ;‘ + 7212323 — 321223? — SZozzzg — 62%2224 + 6202324 + 720212324
— 42325 + 52%25 —10z9z12225 + 5232325),
Ax = 29 (leg — 22122223 — 3202523 + 4zozlz§ + 21324 + 320212224 — 4232324
— 52021225 + 5232225),
Az = Zo(—Z%Zg + 22023 + zf23 — 20212223 — Zozf24 — 4232224 + 5252125),
Ay
As

3 2 2 2 2 3
20(27 22 — 3202125 — 202723 + 5252223 + 252124 — 525 25),

zo(—21 + 4202320 — 22223 — 4202125 + 423 z4).
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The singular set Sing(¥,,) has three irreducible components, say V1, V5 and V3, where
V3N (zo =1) 18 (flzo=1 = &lzo=1 = 0). The closure of this variety is irreducible of
degree 15. Finally, Sing(¥,) N (zo = 0) = V; U V5, where

V1 = (Z() =1 :O),

Vo = (20 = Z; - 4212323 + 221225 + 42122224 — 4zf25 =0),
the first of degree 1 and the second of degree 4.
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