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First eigenvalue estimates for asymptotically hyperbolic
manifolds and their submanifolds

Samuel Pérez-Ayala and Aaron J. Tyrrell

Abstract. We derive a sharp upper bound for the first eigenvalue �1;p of the p-La-
placian on asymptotically hyperbolic (AH) manifolds for 1 < p < 1. We show
that asymptotically constant mean curvature submanifolds within AH manifolds are
themselves asymptotically hyperbolic. As a corollary, we show that for any min-
imal conformally compact submanifold Y kC1 within HnC1.�1/, the first eigenvalue
�1;p.Y / satisfies �1;p.Y / D .k=p/p . Finally, we obtain lower bounds for �1;2.Y /
for complete, non-compact submanifolds with bounded mean curvature in a large
class of AH spaces. In the course of this analysis, we introduce an invariant ǑY for
each such submanifold.

1. Introduction

Let xXnC1 be a compact manifold with boundary and interior X . A complete Riemannian
metric gC on X is said to be conformally compact (CC) of order C k;˛ if g WD r2gC
extends as a metric to xX which is C k;˛. xX/, where r is a defining function for M WD @ xX:
We will assume this extension is C 3;˛. xX/; however some of our results hold under weaker
assumptions. By a defining function for the boundary M , we mean

r > 0 on X;
r D 0 on M;
dr ¤ 0 on M:

If � is another defining function for M , then the induced boundary metrics .r2gC/jTM
and .�2gC/jTM are conformal to each other, giving rise to an invariant ŒgC�1 WD ŒgjTM �
of gC known as the conformal infinity of .XnC1; gC/. Here ŒgjTM � denotes the conformal
class of gjTM . As observed by Mazzeo in [27], conformally transforming the Riemann
tensor of gC DW g in an adapted system of coordinates near the boundary yields

(1.1) R
gC
ijkl
D �jdr j2g .gik gjl � gil gjk/COijkl .r

�3/;
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where Oijkl .r�3/ is the component function of a covariant 4-tensor which is O.r�3/ as
r ! 0. Notice that since .gC/ij D r2gij , this implies that the tensor corresponding to
those components vanishes with respect to the gC- norm as r ! 0C. Moreover, (1.1)
also gives us that the sectional curvatures of .XnC1; gC/ approach �jdr j2g at the bound-
aryM . Hence, jdr j2

r2gC
restricted toM is another invariant of the metric gC (see Section 2

in [13]).
Asymptotically hyperbolic (AH) manifolds are conformally compact manifolds that

have asymptotic sectional curvatures equal to a constant ��2, where � > 0; unless other-
wise stated, we will assume this constant to be �1. We denote them by AH.��2/, or just
AH if ��2 D �1. Note that, based on (1.1), this constant ��2 equals �jdr j2g jM .

A special defining function for M is a defining function r such that jdr j2g � 1 in a
neighborhood ofM rather than just onM itself. It is a lemma in Graham–Lee’s work [15]
(see also Lemma 2.1 in [13]) that for every metric g1 in the conformal infinity of an
asymptotically hyperbolic manifold .XnC1; gC/, there exists a special defining func-
tion r such that .r2gC/jTM D g1: A conformally compact manifold that also satisfies
the Einstein condition Ric.gC/ D �ngC is called a Poincaré–Einstein (PE) manifold or
conformally compact Einstein manifold. For such a manifold, it can be verified by con-
tracting (1.1) that .jdr j2g/jM D 1, thus implying that Poincaré–Einstein manifolds are
special cases of asymptotically hyperbolic manifolds. In summary,

¹PEº � ¹AHº � ¹CCº:

The model case of a conformally compact Riemannian manifold is the hyperbolic
space HnC1.�1/. We use the Poincaré ball model:

(1.2) .HnC1; gH / WD
�
BnC1;

� 2

1 � jyj2

�2
�

nC1X
iD1

.dyi /
2
�
;

where BnC1 � RnC1 denotes the standard open unit ball in Euclidean space. The func-
tions r1; r2WBnC1 ! RnC1, defined as r1.y/ D 1 � jyj and r2.y/ D .1 � jyj/=.1C jyj/,
where j � j denotes the standard Euclidean norm, are examples of defining functions for
@BnC1 D Sn with both r21gH and r22gH extending to metrics on BnC1. As discussed
in [13], r2 is an example of a special defining function. Moreover, the conformal infinity
of .HnC1; gH / is given by

ŒgH �1 D Œ.r
2
2gH /jTSn � D Œ.standard metric on Sn/�;

where ŒgH �1 denotes the conformal infinity of .HnC1; gH /. Finally, gH has constant sec-
tional curvature equal to �1, and thus Ric.gH / D �ngH , implying that .HnC1.�1/; gH /

is an example of a Poincaré–Einstein manifold.
We now proceed to present our main results. We begin with a discussion of upper

bounds for Dirichlet eigenvalues on asymptotically hyperbolic manifolds, followed by
an examination of general eigenvalue estimates on their submanifolds. All submanifolds
�W xY ! xX are assumed to be immersed, and we will often identify xY with �. xY / when no
ambiguity arises.
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1.1. Eigenvalue estimates in complete, non-compact manifolds

Let .XnC1; gC/ be a complete and non-compact manifold. For any bounded domain �
with smooth boundary, we consider the Dirichlet eigenvalue problem

(1.3)

´
�pf C �jf j

p�2f D 0 in �;
f D 0 on @�;

where�pf D div.jrgCf j
p�2rgCf / is the so-called p-Laplace operator and 1 < p <1.

Notice that �2 D �gC is linear as it is just the standard Laplace–Beltrami operator. Any
� 2R for which a nontrivial solution f of (1.3) exists is called a Dirichlet eigenvalue
of �p , or simply a p-Dirichlet eigenvalue. Solutions to (1.3) are not smooth, in general,
and thus by “solutions” we always mean a solution in the sense of distributions; see [23]
for a precise formulation. Our focus is on the first p-Dirichlet eigenvalue, whose vari-
ational characterization is given by

(1.4) �1;p.�/ D inf
f 6D0

R
�
jrgCf j

p dvgCR
�
jf jp dvgC

,

and where the infimum is taken over the spaceW 1;p
o .�/ - the completion ofC1o .�/ under

the Sobolev norm k � kL1;p.gC/. The reader can consult [20,24], and references therein, for
the definition of the first p-Laplace Dirichlet eigenvalue (1.4) and basic properties of the
associated eigenfunction.

Due to domain monotonicity (Lemma 1.1 in [11]), it makes sense to define the first
p-Dirichlet eigenvalue of .XnC1; gC/ as follows:

Definition 1.1 (First p-Dirichlet eigenvalue).

�1;p.X/ WD inf
�
�1;p.�/;

where the infimum is being taken over all bounded domains of X with smooth boundary.

Notice �1;p.X/ is the bottom of the spectrum of the p-Laplacian, and it might not be
attained. When the infimum is attained, that is, when there is function f 2Lp.X/ such
that�pf D ��1;p.X/jf jp�2f , then we say that �1;p.X/ is an Lp-eigenvalue. Also, we
emphasize that the definition of �1;p.X/ depends on gC, and so a better notation would be
�1;p.X;gC/. However, since gC will be fixed throughout the paper, we omit any reference
to it and simply write �1;p.X/. In the case where X D HnC1, we will denote gC D gH .
When dealing with immersed submanifolds �WY kC1!XnC1, �1;p.Y / is meant to be with
respect to the induced metric hC D ��gC.

The first p-Dirichlet eigenvalue is an invariant of .XnC1; gC/ that is often difficult to
compute. Much attention has been given to the case when p D 2, i.e., the first Dirichlet
eigenvalue of the Laplace–Beltrami operator, in the context where .XnC1; gC/ is assumed
to be asymptotically hyperbolic. In [26], Mazzeo showed that the essential spectrum of
�2 D �gC consists of the ray Œ.n=2/2;1/. As a consequence, he obtained the follow-
ing upper bound: �1;2.X/ � .n=2/2. For a general p 2 .1;1/, upper bounds are known,
but they require global assumptions on the Ricci curvature. Specifically, for complete
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.n C 1/-dimensional manifolds .XnC1; gC/ with Ricci curvature bounded from below,
i.e., Ric.gC/ � �ngC, classical techniques due to Cheng [5] yield .n=p/p as an upper
bound for �1;p.X/. For discussions on lower bounds under the same Ricci curvature con-
ditions, see [18,31]. This upper bound is sharp, since �1;p.HnC1.�1// D .n=p/p , which
will become evident in the discussion that follows.

On an AH manifold .XnC1; gC/, we argue that upper bounds on �1;p.X/ should only
be influenced by the asymptotic behavior of the manifold at infinity, and that no global
information should be needed to derive sharp estimates. Indeed, if� is a bounded domain
with a smooth boundary in a collar neighborhood of M D @ xX , then �1;p.X/ � �1;p.�/.
On the other hand, the sectional curvatures are uniformly approaching �1 near the bound-
ary, suggesting that the geometry of .XnC1; gC/ should reflect some properties of HnC1

near M . In particular, we expect �1;p.�/ to be close to .n=p/p D �1;p.HnC1.�1//. In
our first theorem, we prove that this intuition is indeed correct by generalizing Mazzeo’s
upper estimate for any p 2 .1;1/.

Theorem 1.2. Let .XnC1; gC/ be an asymptotically hyperbolic manifold. Then

�1;p.X/ �
� n
p

�p
:

A few remarks are in order. To the best of our knowledge1, this result is novel for
p ¤ 2. The methods and techniques employed are also novel, even in the case when pD 2,
and involve the construction of a family of test functions “near infinity” to capture the
behavior of the manifold near its boundary. Based on the same intuition, other techniques
could be used to derive such an upper bound. For instance, one could utilize the following
facts: (1) the sectional curvatures uniformly approach �1 at the boundary; (2) Cheng’s
type inequality relating p-Dirichlet eigenvalues on geodesic balls to the corresponding
ones in space forms (see Theorem 3 in [32]); and (3) explicit computations for the first
p-Dirichlet eigenvalue on balls within space forms. However, our techniques fall within
the framework of holography, a common approach in the study of asymptotically hyper-
bolic manifolds.

A slight generalization of Theorem 1.2 is available for manifolds which are AH.��2/.
Indeed, if a manifold .XnC1; gC/ is AH.��2/, then .XnC1; �2gC/ would be AH.�1/
thanks to the scaling properties of the Riemann tensor and (1.1). Since

�1;p.X; �
2gC/ D �

�p �1;p.X
nC1; gC/

due to the variational characterization (1.4), we derive the following consequence to The-
orem 1.2.

Corollary 1.3. Let .XnC1; gC/ be AH.��2/. Then �1;p.X/ � .n�=p/p .

Remark 1.4. Recall that, for any defining function r , � D .jdr jr2gC/jM : So, the upper
bound can be re-written as

�1;p.X/ �
�n.jdr jr2gC/jM

p

�p
:

1It was brought to our attention that these results were obtained in [19], which became available after the
first version of our manuscript.
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Different bounds have been derived for �1;p.X/ under various geometric assumptions
and through a variety of methods. In [2], Carvalho–Cavalcante generalized a classical
result due to McKean [28] and showed that for simply connected manifolds with negative
sectional curvature bounded above by ��2, the first p-Dirichlet eigenvalue is at least
.n�=p/p . Therefore, together with Corollary 1.3, we derive the following.

Corollary 1.5. Let .XnC1; gC/ be simply connected and AH.��2/, with sectional curva-
ture bounded above by ��2. Then �1;p.X/ D .n�=p/p . In particular, �1;p.HnC1.��2//

D .n�=p/p .

There is limited literature on upper bounds for �1;p.X/ when X is asymptotically
hyperbolic or under other geometric assumptions. In [23], Lima, Montenegro and San-
tos obtained an upper bound for what they call the essential p-first eigenvalue in terms
of the exponential volume growth O.X/ of the manifold. In particular, they proved that
for manifolds with infinite volume, the essential p-first eigenvalue is bounded above by
.O.X/=p/p (see Theorem 1.4 in [23]). Their results, as well as their techniques, are a
generalization of the corresponding result by Brooks [1] when p D 2. Bounds of the same
type as in Theorem 1.2 have been found in [22], but there they do not work with Dirichlet
boundary conditions.

1.2. Eigenvalue estimates on submanifolds of AH spaces

We proceed with a discussion of eigenvalue estimates on submanifolds of asymptotically
hyperbolic spaces. Let us start with some consequences of Theorem 1.2 for a generic
p 2 .1;1/.

In [11], Du and Mao, using techniques developed by Cheung–Leung in [7], showed
that if Y is a .k C 1/-dimensional, complete and non-compact immersed submanifold in
HnC1.�1/ with norm of the mean curvature satisfying jH j � ˛ < k, then

(1.5) 0 <
�k � ˛

p

�p
� �1;p.Y /:

For complete, .kC 1/-dimensional minimal submanifolds in HnC1.�1/, the lower bound
becomes .k=p/p , which is sharp as it is the value on totally geodesic planes. We demon-
strate that the upper bound is also sharp on a broader class of submanifolds of AH spaces
that we call asymptotically minimal submanifolds. More generally, we define:

Definition 1.6. Assume .XnC1; gC/ is a conformally compact manifold. Let xY kC1 be a
compact manifold with boundary and interior Y , and let �W xY ! xXnC1 be a C 2;˛ immer-
sion. If .Y; ��gC/ is conformally compact with the property that �j@ xY W @ xY ! M is an
immersion such that �. xY / meets M transversely, then we say that .Y kC1; ��gC/ is a
conformally compact submanifold of .XnC1; gC/. Furthermore, if its mean curvature vec-
tor H satisfies gC.H;H/ D C 2 CO.r/ for some C 2 Œ0;1/ and where r is any defining
function M , then we say that .Y; ��gC/ is asymptotically CMC with asymptotic mean
curvature equal to C . In the case where C D 0, we say that Y is asymptotically minimal.

Remark 1.7. Given any pair of defining functions r and � for M; r D O.�/: It follows
that the asymptotic mean curvature as described in the previous definition is well defined.
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Conformally compact submanifolds are complete and non-compact. Some examples
of conformally compact submanifolds in hyperbolic space are the totally geodesic k-cells
and the spherical catenoids; a non-example is given by the horospheres. Horospheres are
a non-example since although they are complete and non-compact, they do not have a
boundary under compactification. Another class of conformally compact submanifolds
are the type of submanifolds introduced by Graham and Witten in [16]. These submani-
folds are also called polyhomogeneously immersed submanifolds; for more information
on these, the reader may consult [25] and [3]. Finally, some submanifolds arising from the
asymptotic Plateau problem would also be examples of asymptotically minimal submani-
folds (see [9] for a survey on the asymptotic Plateau problem).

We are now in a position to state our first result related to this class of submanifolds.
We prove that any asymptotically CMC submanifold with asymptotic mean curvature
equal to C will be AH.�.1 � C 2=.k C 1/2// itself, assuming that it lives within an AH
space, thus allowing us to apply Corollary 1.3.

Proposition 1.8. Let Y kC1 be an asymptotically CMC submanifold of an asymptotically
hyperbolic space .XnC1; gC/ with asymptotic mean curvature C: Then Y is asymptot-
ically hyperbolic with asymptotic sectional curvatures equal to �.1 � C 2=.k C 1/2/. In
particular, if Y is asymptotically minimal, then Y is asymptotically hyperbolic.

As a consequence of Proposition 1.8 and Corollary 1.3, we obtain:

Corollary 1.9. Let the setup be the same as that in Proposition 1.8. Then

(1.6) �1;p.Y
kC1/ �

� k
p

�p�
1 �

C 2

.k C 1/2

�p=2
:

In particular, if Y is asymptotically minimal, then the upper bound becomes .k=p/p .

Remark 1.10. It will be shown in Subsection 4.1 that, in our context, C < k C 1 always
holds.

Together with (1.5) for the minimal case (˛ D 0), we conclude that the lower bound is
attained for minimal conformally compact submanifolds of HnC1.�1/ for any p2 .1;1/.
In other words, the bound .k=p/p is optimal for these submanifolds. We summarize our
discussion in the next corollary.

Corollary 1.11. Let Y kC1 be a minimal conformally compact submanifold of HnC1.�1/:

Then

�1;p.Y / D
� k
p

�p
:

The spherical catenoids M n
�1;1 � HnC1.�1/, introduced by Do Carmo and Dajczer

in [10], all have the same first eigenvalue. This follows since they are all minimal con-
formally compact submanifolds of hyperbolic space.

We turn our attention to acquiring bounds on the first Dirichlet eigenvalue (p D 2)
of submanifolds of asymptotically hyperbolic spaces. First, let us recall some previous
work on eigenvalue estimates for submanifolds of hyperbolic space. As previously men-
tioned, for complete, simply connected, .nC 1/-dimensional manifolds X with sectional
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curvature bounded above by ��2, � 6D 0, we have

(1.7)
�n�
2

�2
� �1;2.X/I

see [2, 28]. In [7], Cheung–Leung extended inequality (1.7) to complete non-compact
submanifolds Y kC1 of hyperbolic space HnC1.�1/ with sectional curvature satisfying
jH j � ˛ < k by showing

(1.8)
�k � ˛

2

�2
� �1;2.Y /:

Their result follows from the following Poincaré-type inequality (Proposition 1 in [7]): for
all f 2C10 .Y /, we have �k � ˛

2

�2 Z
Y

f 2 �

Z
Y

jrf j2:

A key element in their work is the following. Let p 2HnC1.�1/ n Y , and set x.y/ WD
dgH .y; p/, where gH is the hyperbolic metric introduced in (1.2). Then

u W HnC1.�1/! R; u.y/ WD cosh.x.y//;

satisfies

(1.9) �gHu D .nC 1/u

on HnC1.�1/. In fact, u is an example of what we call a Lee-eigenfunction: these are
smooth, positive functions solving (1.9) and satisfying certain asymptotics at the bound-
ary; see Definition 4.1 for precise details. By noticing this, we are able to give a simpler
argument in the spirit of Lee’s [21] that also generalizes their result to any such subman-
ifold living in a general Poincaré–Einstein manifold .XnC1; gC/ with conformal infinity
having non-negative Yamabe constant.

Theorem 1.12. Let �W Y kC1 ! XnC1 be a complete and non-compact immersion into
a Poincaré–Einstein space .XnC1; gC/ whose conformal infinity .M; ŒgC�1/ has non-
negative Yamabe constant, and let u be a Lee-eigenfunction satisfying jrgCuj

2 � u2 onX .
Denote by Vr2gCu the trace-free Hessian of u. If the mean curvature vector of Y has norm
satisfying jH j � ˛ for some constant ˛, and if

ˇY .u/ WD sup
Y

�
u�1 � tr

�
. Vr2gCu/j.T Y?/2

��
satisfies ˛ C ˇY .u/ < k, then it follows that

(1.10) 0 <
�k � ˛ � ˇY .u/

2

�2
� �1;2.Y /:

Remark 1.13. We have that 0 � ˇY .u/, since u D O.r�1/ and tr
�
. Vr2gCu/j.T Y?/2

�
D

O.1/; as r ! 0.
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Let L.gC/ be the collection of all Lee-eigenfunctions u (see Definition 4.1) satisfying
jrgCuj

2 � u2 on XnC1. As explained in Proposition A.1 in the Appendix, inside a PE
manifold, there is a one-to-one correspondence between L.gC/ and those metrics in the
conformal infinity of .XnC1; gC/ whose scalar curvature is nowhere negative on M . By
taking the infimum of ˇY .u/ over u 2 L.gC/, an improved version of (1.10) is obtained:

Corollary 1.14. Let the setup be the same as that in Theorem 1.12, and define

ǑY WD inf
u2L.gC/

ˇY .u/:

Then

(1.11)
�k � ˛ � ǑY

2

�2
� �1;2.Y /:

Note that ǑY is an invariant of ��gC.

The estimate in (1.11) can be thought of as a generalization of the Cheung–Leung
estimate (1.8) to submanifolds living in a general Poincaré–Einstein space .XnC1; gC/
whose conformal infinity has non-negative Yamabe constant. When the ambient space
is .HnC1.�1/; gH /, we observe that ǑY D 0 for every Y and recover Cheung–Leung’s
result.

Corollary 1.15. Let Y kC1 be a complete and non-compact submanifold in hyperbolic
space HnC1.�1/. If the mean curvature vector of Y has norm satisfying jH j � ˛ < k,
then it follows that ..k � ˛/=2/2 � �1;2.Y /.

As another consequence of Theorem 1.12, we derive a stability result for complete
and non-compact minimal hypersurfaces in Poincaré–Einstein spaces whose conformal
infinity has non-negative Yamabe constant. Indeed, recall that a minimal hypersurface Y n

living in a Poincaré–Einstein space (i.e., Ric.gC/ D �ngC) is stable ifZ
Y

.jrhCf j
2
� .jBj2 � n//f 2 dvhC � 0

for every compactly supported function f , where B denotes the second fundamental form
of Y . It is expected then that lower bounds on �1;2.Y / together with upper bounds on jBj2

will yield stability results; for instance, see Section 5 in [10]. This generalizes a result of
Seo in [30] (see Remark 4.2).

Corollary 1.16. Let Y n be a complete and non-compact minimal hypersurface inside
a Poincaré–Einstein space .XnC1; gC/ where the conformal infinity of gC is of non-
negative Yamabe type. If jBj2� .n � 1 � ǑY /2=4Cn at every point of Y and ǑY �n� 1,
then Y is stable. If .XnC1; gC/ D .HnC1.�1/; gH /, then jBj2 � .nC 1/2=4 everywhere
implies stability.

We now provide a geometric interpretation of the invariant ǑY introduced in Corol-
lary 1.14. On any AH space .XnC1; gC/, and for any defining function r , a unique u
solving �gCu D .nC 1/u and satisfying u � r�1 D O.1/ exists; see the discussion in
Section 4.2. Therefore, it makes sense to compactify the metric gC using u�1, that is, we
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consider the compact space . xXnC1; u�2gC/. It was shown by Qing in [29] that this com-
pactification satisfies nice properties, allowing the author to obtain an important rigidity
result for Poincaré–Einstein spaces whose conformal infinity is the round sphere. Inspired
by the same approach, a simple calculation leads to the following.

Proposition 1.17. Let .XnC1;gC/ be a Poincaré–Einstein space and let u be as described
above. Set

gu D u
�2gC:

If Egu denotes the trace-free Ricci tensor of gu and Vr2gCuDr
2
gC
u� ugC is the trace-free

Hessian of u, then

Egu D .n � 1/
Vr2gC

u

u
�

Moreover, Vr2gCu D 0 if and only if Rgu is constant.

Recall that, in the context of Theorem 1.12, and for a given u 2L.gC/; in order to
obtain ˇY .u/, one first need to restrict

u�1 Vr2gCu D .n � 1/
�1Egu

to the normal bundle of Y , take the trace with respect to .gC/jTY? , and then take the
supremum over Y . The invariant ǑY is then

ǑY D .n � 1/�1 inf
u2L.gC/

trgC.Egu jTY?/:

An interesting problem is to investigate for which submanifolds Y is ǑY D 0. For instance,
we could ask if there are submanifolds for which ǑY > 0 and whether or not (1.11) is
optimal in such cases.

We close our introduction with a few remarks about the estimate (1.6) in Corollary 1.9,
particularly in the case where p D 2, while reviewing some previous work. In [30], the
author works with complete non-compact minimal hypersurfaces Y n in HnC1.�1/ which
are stable, that is, for which the second variation of the area functional with respect to com-
pactly supported normal variations satisfy a sign condition (see condition (1:2) in [30]).
Under a finite assumption on the L2-norm of the second fundamental form of such sub-
manifolds, Seo managed to prove that

(1.12) �1;2.Y / � n
2:

The key element in their proof is the construction of a test function for the Rayleigh
quotient in an arbitrary geodesic ball involving the norm of the second fundamental form
– this is how the finite assumption and the stability condition come into play.

In Fu–Tao’s work [12], they managed to improve Seo’s upper bound (1.12). In fact,
under similar integrability and stability assumptions, they show that for a complete and
non-compact hypersurface Y n in HnC1.�1/, it holds that

�1;2.Y / �
�n � 1

2

�2�
1 �
jH j2

n2

�
;
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where H is the scalar mean curvature of Y . In particular, if it is minimal, then it gives
the sharp upper bound. They also obtain the same upper bound for higher codimension
submanifolds Y kC1 under the assumption that H is parallel and that

R
Y
j VBjq dvh <1

for q � k C 1, where VB is the traceless second fundamental form of Y and h D ��gH is
the induced metric from .HnC1; gH /; see Theorem 1 in [12].

It is interesting to observe that under the added assumption that Y is the interior of a
compact submanifold of the compactification of hyperbolic space then this integrability
condition will hold: let r be any defining function for .HnC1; gH /, and denote by Nh the

metric on Y induced from the compactified metric gH D r2gH . Then, denoting by VxB the
traceless second fundamental form with respect to Nh and using conformal covariance, we
deduce that Z

Y

j VBjq dvh D

Z
Y

rq j VxBjq dvh D

Z
Y

rq�.kC1/ j VxBjq dv Nh <1;

where the inequality follows from the fact that Nh extends smoothly to the compact set xY
and the integrand is continuous there.

Finally, we would like to reiterate that upper bounds for Dirichlet eigenvalues should
only be influenced by the asymptotic behavior of the manifold at infinity; see the discus-
sion prior to the statement of Theorem 1.2. In particular, no global integrability assump-
tions on the second fundamental form or stability assumptions should be necessary if the
manifold satisfies certain asymptotics at infinity. This is precisely the case when the sub-
manifolds are asymptotically CMC and the ambient manifold is AH.

Organization of the paper

In Section 2, we explain the asymptotic properties of an asymptotically hyperbolic (AH)
manifold in terms of a special defining function r for its boundary. In particular, we
describe how the metric can be written in normal form in a neighborhood of the bound-
ary, as well as the specific asymptotics of the volume form in that region. In Section 3,
we provide the proof of one of our main results, Theorem 1.2. The techniques presented
herein are novel and self-contained. Finally, in Section 4, we furnish the proofs of results
concerning eigenvalue estimates on submanifolds of asymptotically hyperbolic manifolds,
as discussed in Section 1.2. There are two aspects from this section that we would like to
highlight. In Subsection 4.1, while proving Proposition 1.8, we observed that the asymp-
totic norm of the mean curvature determines both the angles at which the submanifold
meets the boundary at infinity and the asymptotic sectional curvature, which may be of
independent interest. On the other hand, in Section 4.2, we introduce what we refer to as
a Lee-eigenfunction.

The reader will notice that we employ two types of test functions throughout our
work: u�s and rs

0

for particular s; s0 2R. For the upper bounds, we utilize rs
0

since we
only need to understand the behavior at infinity. For the lower bounds, we employ u�s

because we require not only good asymptotics at infinity (u � r�1 D O.1/), but also
interior information (�gCu D .nC 1/u everywhere on X ).
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2. Preliminaries for estimates on asymptotically hyperbolic manifolds

Recall that given a compact manifold xXnC1 with boundary M and interior X , a complete
Riemannian metric gC onX is said conformally compact if g WD r2gC extends to a metric
on xX . Here r is a defining function forM , that is, a positive function onX which vanishes
on M and with non-vanishing gradient on M . Furthermore, if the asymptotic sectional
curvatures approach �1 at the boundary, then we say that .XnC1; gC/ is asymptotically
hyperbolic.

A defining function r determines for some r0 > 0 an identification ofM � Œ0; r0/ with
a neighborhood of M in X , as follows: any .p; t/2M � Œ0; r0/ corresponds to �.p; t/;
where � is the flow of rgr: If r is a special defining function, that is, if r is such that
jrgCr j

2 D r2 in a neighborhood ofM , then r.�.p; t//D t . This means that we can think
about the t coordinate as just being r and rgr is orthogonal to the slices M � ¹tº: The
metric g then takes the form

g D gr C dr
2;

where gr is a 1-parameter family of metrics on M . It can be shown that

gr D g0 � 2Lr CO.r
2/;

whereL is the second fundamental form ofM with respect to g (see [14]). InM � Œ0; r0/r ,
we can write the volume form of gC as

(2.1) dvgC D r
�n�1

�detgr
detg0

�1=2
dvg0dr:

Then using Jacobi’s formula,

d

dt
.detA.t// D .detA.t// � trace.A�1.t/A0.t//;

we deduce

(2.2)
�detgr

detg0

�1=2
D 1C �.1/r CO.r2/

where �.1/ D �HM and HM is the mean curvature of M with respect to g.

3. Upper bounds for �1;p.X/. Proof of Theorem 1.2 and Corollary 1.3

3.1. Proof of Theorem 1.2

Our strategy to prove Theorem 1.2 is quite standard. Using the variational characterization
of p-Dirichlet eigenvalues, given in (1.4), we compute the Rayleigh quotient for a suitable
test function that will yield the sharp bound.

In what follows, we make our approach precise. Let r0 as in Section 2. For 
 2 .0; r0/,
consider the bounded domains given by

X
 WD ¹x 2X
nC1
W r.x/ � 
º:
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Notice that the boundary of each X
 is merely the 
 -level set of r , and so it is a smooth
hypersurface thanks to our choice of r0. By the domain monotonicity property of p-
Dirichlet eigenvalues (Lemma 1.1 in [20]), we have that, as 
 ! 0C, �1;p.X
 / decreases
monotonically to �1;p.X/. Moreover,

(3.1) �1;p.X/ � �1;p.X
 / D inf
f 2W

1;p
o .X
 /n¹0º

R
X

jrgCf j

p dvgCR
X

jf jp dvgC

�

Recall that, given any metric g1 in the conformal infinity, there is a (special) defining
function r such that .r2gC/jTM D g1 and jrgCr j

2 � 1 on a neighborhood of the bound-
ary. Let us denote by r any such special defining function. We want to use rn=p as a test
function because a special defining function should capture the behavior of X at infinity.
The issue is that r is positive everywhere in the interior of xX and so it cannot be used
as a test function. However, we can multiply it by a suitable cut-off � in such a way that
we capture the same behavior near M . This cut-off function is indexed by two positive
parameters " and ı, and it is define as follows: for "2 .0; r0/ and ı > 0 small enough, let
�"ı W xX ! R be

�"ı.p/ WD

8̂̂<̂
:̂
1; " � r.p/;

1Cı
"
.r.p/ � "ı

1Cı
/; "ı

1Cı
� r.p/ � ";

0; 0 � r.p/ � "ı
1Cı
�

We also need to introduce some big O notation that will make some of the computa-
tions clearer. We say that a function w is O.a; b/ D O.a."/; b.ı// if there exist positive
constants A, B , "o and ıo such that jw."; ı/j � Aja."/j and jw."; ı/j � Bjb.ı/j for all
0 � " < "o and for all 0 � ı < ıo. For instance, a function w."; ı/ being O."2; 1/ means
that, in particular, the function remains bounded as ı ! 0C, while for any fixed ı > 0

it is O."2/ as "! 0C. A function is O.1; 1/ if it remains bounded as both "! 0C and
ı ! 0C. As in other sections of our work, we employ classical big O notation as well.
For instance, a function t .r/ is O.r/ if there exist positive constants R and ro such that
jt .r/j � R � r for all 0 � r � ro.

Proof of Theorem 1.2. Set

qp."; ı; s/ WD

R
X
jrgC.r

s�"ı/j
p dvgCR

X
rps�

p

"ı
dvgC

D
Np."; ı; s/

Dp."; ı; s/
,

where .n � p/=p < s < n=p, and notice that thanks to (3.1), we have

(3.2) �1;p.X/ � lim
"!0C

lim
ı!0C

qp."; ı; s/:

Also, combining (2.1) and (2.2), we get

(3.3) dvgC D r
�n�1.1 �HM r CO.r2// dvg0 dr D r

�n�1Œ1CO.r/� dvg0 dr:

The range in the values of s will be explained as we proceed with the proof.
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We begin by studying the denominator in qp."; ı; s/:

Dp."; ı; s/ D

Z
¹r�r0º

rps dvgC C

Z r0

"

Z
M

rps�n�1Œ1CO.r/� dvg0 dr

C

�1C ı
"

�p Z "

"ı
1Cı

Z
M

�
r �

"ı

1C ı

�p
� rps�n�1Œ1CO.r/� dvg0 dr

D O.1; 1/C
Volg0.M/

ps � n
� Œrps�njro" �CO."

ps�nC1; 1/

C

�1C ı
"

�p Z "

"ı
1Cı

Z
M

�
r �

"ı

1C ı

�p
� rps�n�1Œ1CO.r/� dvg0 dr:

For "ı=.1C ı/ < r < ", the denominator Dp."; ı; s/ then equals

O.1; 1/ �
Volg0.M/

ps � n
"ps�n CO."ps�nC1; 1/

C

�1C ı
"

�p Z "

"ı
1Cı

Z
M

°
rpCps�n�1 � prpCps�n�2"

� ı

1C ı

�
C � � �

±
Œ1CO.r/� dvg0 dr

D O.1; 1/ �
Volg0.M/

ps � n
"ps�n CO."ps�nC1; 1/CO."ps�nC1; ı/

C Volg0.M/
�1C ı

"

�p
�

h rpCps�n

p C ps � n
� p"

� ı

1C ı

� rpCps�n�1

p C ps � n � 1
C � � �

ˇ̌̌"
"ı
1Cı

i
D O.1; 1/ �

Volg0.M/

ps � n
"ps�n CO."ps�nC1; 1/CO."ps�n; ıpCps�n/

C Volg0.M/
�1C ı

"

�p 1

p C ps � n

�
"pCps�n �

� "ı

1C ı

�pCps�n�
� Volg0.M/

�1C ı
"

�p p"

p C ps � n � 1

� ı

1C ı

��
"pCps�n�1 �

� "ı

1C ı

�pCps�n�1�
D O.1; 1/ �

Volg0.M/

ps � n
"ps�n CO."ps�nC1; 1/C Volg0.M/

.1C ı/p

p C ps � n
"ps�n

� Volg0.M/
ıpCps�n

p C ps � n

� "

1C ı

�ps�n
� Volg0.M/.1C ı/p�1

p"ps�nı

p � ps � n � 1

C Volg0.M/
pıpCps�n

p C ps � n � 1

� "

1C ı

�ps�n
CO."ps�n; ıpCps�n/:

That is, Dp."; ı; s/ equals

O.1; 1/C Volg0.M/"ps�n
� .1C ı/p

p C ps � n
�

1

ps � n

�
(3.4)

CO."ps�nC1; 1/CO."ps�n; ıpCps�n/:

Notice that some of the powers in ı are pCps � n. Later we will take the limit as ı! 0C,
and so we need p C ps � n > 0, that is, we need s > .n � p/=p.
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We turn our focus to the numerator in qp."; ı; s/. Recall that r is a special defining
function, and thus jrgCr j

2 D r2 in a collar neighborhood of M . Then Np."; ı; s/ equalsZ
X

jrgC.r
s�"ı/j

pdvgC

D

Z
¹r�r0º

jrgC.r
s/jp dvgC C

Z
Xn¹r�r0º

jrsrgC�"ı C sr
s�1�"ırgCr j

p dvgC

D O.1; 1/C

Z
Xn¹r�r0º

.r2sjrgC�"ı j
2
C s2r2.s�1/�2"ı jrgCr j

2

C 2sr2s�1�"ıhrgCr;rgC�"ıigC/
p=2 dvgC

D O.1; 1/C

Z ro

"

Z
M

sprp.s�1/rpr�n�1Œ1CO.r/� dvgodr

C

Z "

"ı
1Cı

Z
M

.r2sjrgC�"ı j
2
C s2r2.s�1/�2"ı r

2

C 2sr2s�1�"ıhrgCr;rgC�"ıigC/
p=2 r�n�1Œ1CO.r/� dvg0 dr

D O.1; 1/ �
Volg0.M/

ps � n
sp"ps�n CO."ps�nC1; 1/

C

Z "

"ı
1Cı

Z
M

.r2sjrgC�"ı j
2
C s2r2.s�1/�2"ır

2

C 2sr2s�1�"ıhrgCr;rgC�"ıigC/
p=2 r�n�1Œ1CO.r/� dvg0 dr:

Using rgC�"ı D
1Cı
"
rgCr on "ı

1Cı
< r < ", the previous expression simplifies to

O.1; 1/ �
Volg0.M/

ps � n
sp"ps�n CO."ps�nC1; 1/

C

Z "

"ı
1Cı

Z
M

�
r2sC2

�1C ı
"

�2
C s2r2s

�1C ı
"

�2�
r �

"ı

1C ı

�2
C 2sr2sC1

�1C ı
"

�2�
r �

"ı

1C ı

��p=2
r�n�1Œ1CO.r/� dvg0 dr:(3.5)

We now proceed to simplify the main factor in the integrand:

r2sC2
�1C ı

"

�2
C s2r2s

�1C ı
"

�2�
r �

"ı

1C ı

�2
C 2sr2sC1

�1C ı
"

�2�
r �

"ı

1C ı

�
D

�1C ı
"

�2°
r2sC2 C s2r2s

�
r2 �

2r"ı

1C ı
C

� "ı

1C ı

�2�
C 2sr2sC1

�
r �

"ı

1C ı

�±
D

�1C ı
"

�2°
r2sC2 C s2r2sC2 �

2s2r2sC1"ı

1C ı
C
s2r2s"2ı2

.1C ı/2
C 2sr2sC2 �

2sr2sC1"ı

1C ı

±
D

�1C ı
"

�2°
r2sC2.s2 C 2s C 1/ �

2r2sC1"ı

1C ı
.s2 C s/C

s2r2s"2ı2

.1C ı/2

±
D

�1C ı
"

�2
r2sC2.s C 1/2 C "�1r2sC1 �O.1; ı/C r2s �O.1; ı2/:
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Recall that we will first take the limit ı ! 0C. Therefore, we rewrite the previous
expression as

(3.6)
�1C ı

"

�2
r2sC2.s C 1/2 C r2sC1O.ı/C r2sO.ı2/:

After raising to the power of p=2, we obtain�1C ı
"

�p
rpsCp.s C 1/p C

p

2
r .2sC2/.p=2�1/.r2sC1O.ı/C r2sO.ı2//

C
1

2
�
p

2

�p
2
� 1

�
r .2sC2/.

p
2�2/.r2sC1O.ı/C r2sO.ı2//2 C � � �

D

�1C ı
"

�p
rpsCp.s C 1/p C

p

2
r .2sC2/.p=2�1/.r2sC1O.ı/C r2sO.ı2//

C
1

2
�
p

2

�p
2
� 1

�
r .2sC2/.p=2�2/ .r2sC1O.ı/C r2sO.ı2//2 C � � �

D

�1C ı
"

�p
rpsCp.s C 1/p C

p

2
.rpsCp�1O.ı/C rpsCp�2O.ı2//C � � � ;

and notice that, starting from the second term above, we have a Laurent expansion in
both r and ı such that the exponent of r and that of ı in each term always adds up
to ps C p. Moreover, the power of ı is positive. Now, multiplying by r�n�1Œ1C O.r/�
gives�1C ı

"

�p
rpsCp�n�1.s C 1/p C

p

2
.rpsCp�n�2O.ı/C rpsCp�n�3O.ı2//

C F1.r; ı/C "
�pO.rpsCp�n/CO.rpsCp�n�1; ı/CO.rpsCp�n�2; ı2/

C F2.r; ı/;

where F1.r; ı/ is a Laurent expansion in both r and ı such that in each term the exponents
of r and ı add up to ps C p � n � 1, while F2.r; ı/ is the same but the powers add up
to ps C p � n. Once again, the power of ı is positive in every term of the expansions F1
and F2.

Recall that ps C p � n > 0: Therefore we have the following two cases to consider.
First, let us assume that ps C p � n� k 6D �1 for all k 2N n ¹1º. Performing the double
integral in (3.5) gives

Volg0.M/

ps C p � n
.1C ı/p.s C 1/p"ps�n

�
1 �

� ı

1C ı

�psCp�n�
C
�
rpsCp�n�1

ˇ̌"
"ı
1Cı

�
�O.ı/C

�
rpsCp�n�2

ˇ̌"
"ı
1Cı

�
�O.ı2/CO.ı˛/

CO."ps�nC1; 1/C ŒrpsCp�n
ˇ̌"
"ı
1Cı

�
�O.ı/C

�
rpsCp�n�1

ˇ̌"
"ı
1Cı

�
�O.ı2/;

where ˛ > 0. The terms coming from integrating F1 and F2 have both been absorbed into
the term O.ı˛/. Taking the limit as ı ! 0C, we obtain

(3.7)
Volg0.M/

ps C p � n
.s C 1/p "ps�n CO."ps�nC1; 1/:
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On the other hand, if ps C p � n � k D �1 for some k 2N n ¹1º, then log terms will
appear somewhere after the first term. However, in those cases, the contribution will be of
the form log.ı/ �O.ı˛/, where ˛ > 0. Therefore, after taking ı ! 0C, we still get (3.7).

Combine (3.5) and (3.7) to get

(3.8)
lim
ı!0C

Np."; ı; s/ D O.1; 1/ �
Volg0.M/

ps � n
sp"ps�n CO."ps�nC1; 1/

C
Volg0.M/

ps C p � n
.s C 1/p "ps�n:

Putting (3.4) and (3.8) together gives

lim
ı!0C

qp."; ı; s/ �
°
O.1; 1/CVolg0.M/"ps�n

� 1

pCps�n
�

1

ps�n

�
CO."ps�nC1; 1/

±
D O.1; 1/ �

Volg0.M/

ps � n
sp"ps�n CO."ps�nC1; 1/C

Volg0.M/

ps C p � n
.s C 1/p"ps�n:

Let us recall that n � ps > 0. Multiply across by "n�ps , let " ! 0C and divide by
Volg0.M/ to obtain

lim
"!0C

lim
ı!0C

qp."; ı; s/ �
° 1

p C ps � n
�

1

ps � n

±
D

.s C 1/p

p C ps � n
�

sp

ps � n
�

Going back to (3.2), we conclude that

�1;p.X/ � s
p
�
s C 1 �

n

p

�
C .s C 1/p

� n
p
� s

�
for all .n�p/=p < s < n=p. Letting s! ..n�p/=p/C or s! .n=p/� yields the desired
upper bound.

3.2. Proof of Corollary 1.3

Proof of Corollary 1.3. Let r be a defining function for M , and recall that Ng denotes the
compactified metric r2gC. Using the transformation law (1.1) for �2gC D r�2.�2 Ng/, we
obtain

R
�2gC
ijkl

D �jdr j2
�2g
..�2gC/ik.�

2gC/jl � .�
2gC/il .�

2gC/jk/COijkl .r
�3/

D �.��2jdr j2g/..�
2gC/ik .�

2gC/jl � .�
2gC/il .�

2gC/jk/COijkl .r
�3/:

By assumption, the manifold .XnC1; gC/ is AH.��2/. As explained in the introduction,
this means that jdr j2

Ng jM D �2 ” ��2jdr j2
Ng jM D 1. This allow us to conclude that

the sectional curvatures of .XnC1; �2gC/ approach �1 at M , that is, .XnC1; �2gC/ is
asymptotically hyperbolic. Therefore, it follows from Theorem 1.2 that �1;p.X; �2gC/ �
.n=p/p . Finally, by the variational characterization (1.4) of the first p-Dirichlet eigen-
value, the scaling property

�1;p.X; �
2gC/ D inf

�
�1;p.�; �

2gC/ D �
�p inf

�
�1;p.�; gC/ D �

�p �1;p.X; gC/

holds and the result follows.
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4. Estimates on submanifolds. Proofs

4.1. Proof of Proposition 1.8

We start with some preliminaries. Let .x˛/ be a coordinate system on a neighborhood of Y
containing a neighborhood of the boundary of Y within Y: Let .�˛0/ be an orthonormal
frame forNY with respect to gC that is adapted in the following sense: if g.rgr;�˛0/ < 0,
then replace �˛0 with ��˛0 . Let

�˛0 D r
�1�˛0 I

this is a unit-normal vector for g. Let W and Z be tangent vectors to Y at a point, and
let xW and xZ be any extensions to vector fields to X which restrict at points of Y to vector
fields tangent to Y: Then the vector-valued second fundamental form is given by

II.W;Z/ D B˛
0

.W;Z/�˛0 D
X
˛0

B˛0.W;Z/�˛0 ;

where
B˛0.W;Z/ D gC.r

gC
xW
xZ;�˛0/:

For q2Y , let Pq WTqX! TqY
? be the canonical normal-projection map. More explicitly,

with respect to our chosen frame, this canonical projection takes the formh
v 7!

X
˛0

g.v; �˛0/�˛0
i
:

We point out that this projection is independent of our choice of frame. Notice thatX
˛0

g.v; �˛0/�˛0 D
X
˛0

g.v; �˛0/�˛0 ;

and observe that

(4.1)
X
˛0

g.�˛0 ;rgr/
2
D jP.rgr/j

2
g � jrgr j

2
g D 1:

We define ‚˛0 to be the angle between rgr and �˛0 :

cos‚˛0 WD �˛0.r/ D g.�˛0 ;rgr/ D g.�˛0 ; rrgr/:

Note that‚˛0 is manifestly a conformal invariant. Using this, we can now rewrite P.r Ngr/
as

P.rgr/ D
X
˛0

cos‚˛0�˛0 :

This gives us an interpretation of P.rgr/ as being a vector field which contains all the
information about the angles formed between rgr and the orthonormal frame �˛0 : Note
that if we choose a different orthonormal frame then the individual angles‚˛0 may change
but P.rgr/ is invariant.
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Let h and Nh be the metrics induced on Y by g and Ng, respectively. Recall the conformal
transformation law

(4.2) B˛ˇ˛0 D
xB˛ˇ˛0

r
C
�˛0.r/h˛ˇ

r2
�

If we impose our assumption, gC.H;H/ D C 2 CO.r/, then

H D
X
˛0

H˛0�˛0 ;

with
H˛0 D h

˛ˇB˛ˇ˛0 D rh
˛ˇ xB˛ˇ˛0 C �˛0.r/.k C 1/:

Therefore,

(4.3) cos‚˛0 D �˛0.r/ D
H˛0

k C 1
CO.r/;

thus it follows that

jP.rgr/j
2
g D

C 2

.k C 1/2
CO.r/:(4.4)

After recalling (4.1) and taking r ! 0, we conclude

C 2 � .k C 1/2:

Before we start with the proof of Proposition 1.8, we explain some interesting geo-
metric consequences of the previous formulas. First, (4.4) gives us that the multi-angle
vector P.rgr/ has constant length at infinity given by C=.k C 1/. If we use (4.3) and
think in terms of our frame �˛0 , then we deduce that the angle between �˛0 and rgr at
infinity is given by arccos.H˛0=.k C 1//. Given q 2 @ xY , we say that

‚ WD arccos.jP.r Ngr/.q/j/

is the generalized non-obtuse angle at which Y meets M at q: In the hypersurface case,
this gives us the non-obtuse angle between Y and M at q in the plane determined by any
choice of normal vector to Y and rgr:

In particular, asymptotically minimal submanifolds (C D 0) meetM at right angles in
the sense that all ‚˛0 D �=2 no matter which normal frame we choose, and that asymp-
totically CMC submanifolds meet M at a constant generalized angle. Furthermore, this
gives an upper bound on the possible value of the asymptotic mean curvature for asymp-
totically CMC submanifolds; we have seen C 2 � .k C 1/2. Note that CMC conformally
compact submanifolds are special cases of these, so this bound applies to them globally.
This shows that the bound is determined purely by the asymptotics. If C D k C 1, then
P.rgr/jrD0Drgr jrD0, sincergr jrD0 is normal toM at r D 0, and, therefore, it follows
that TqY � TqM for all q2@ xY . This violates the assumption that Y meetsM transversely,
hence it must be true that C < .k C 1/:

Now we proceed with the proof.
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Proof of Proposition 1.8. We use the Gauss equation, together with the transformation
law given in (4.2), to obtain

RX˛ˇ
ı D R
Y
˛ˇ
ı C .B˛ı˛0Bˇ
˛0 � B˛
˛0Bˇı˛0/

D RY˛ˇ
ı C
X
˛0

�h xB˛ı˛0
r
C
�˛0.r/h˛ı

r2

ih xBˇ
˛0
r
C
�˛0.r/hˇ


r2

i
�

h xB˛
˛0
r
C
�˛0.r/h˛


r2

ih xBˇı˛0
r
C
�˛0.r/hˇı

r2

i�
D RY˛ˇ
ı C

jP.rgr/j
2

r4
.h˛ı hˇ
 � h˛
 hˇı/CO˛ˇ
ı.r

�3/

D RY˛ˇ
ı C jP.rgr/j
2 .h˛ı hˇ
 � h˛
hˇı/CO˛ˇ
ı.r

�3/:

It now follows from (1.1) and (4.4) that

RY˛ˇ
ı D
h C 2

.k C 1/2
� 1

i
.h˛
hˇı � h˛ıhˇ
 /CO˛ˇ
ı.r

�3/

D �

h
1 �

C 2

.k C 1/2

i
.h˛
hˇı � h˛ıhˇ
 /CO˛ˇ
ı.r

�3/:

It follows that

secY .X;Z/ D �
h
1 �

C 2

.k C 1/2

i
CO.r/;

where .X;Z/ is any pair of vector fields on Y that always span a plane and are defined in
some collar neighborhood. Since Y is asymptotically CMC and we know by the discussion
prior to the proof that C < k C 1; it now follows that Y is AH.�.1� C 2=.k C 1/2//.

4.2. Proof of Theorem 1.12

In [26], Mazzeo showed that the essential spectrum of an .nC 1/-dimensional asymptot-
ically hyperbolic manifold .X; gC/ is Œn2=4;1/ with no embedded eigenvalues, leaving
the possibility of the existence of finitely many eigenvalues in .0; n2=4/. In particular, the
first Dirichlet eigenvalue could be less than n2=4. However, a few years after, Lee proved
in [21] that if the manifold is, in addition, Poincaré–Einstein and its conformal infinity
has nonnegative Yamabe constant, then the first Dirichlet eigenvalue is exactly n2=4. As a
consequence, such manifolds have no L2-eigenvalues.

Since it will be relevant to our work, in what follows we explain Lee’s approach
in detail. Here is where the assumption that gC is conformally compact of order C 3;˛

becomes necessary. Thanks to a result of Barta (see Chapter 3 in [4]), the first Dirichlet
eigenvalue �1;2.�/ on any bounded domain with smooth boundary satisfies

inf
x2�

�
��gCf

f

�
� �1;2.�/;

where f is a smooth positive function vanishing on @�. In [6] (see Section 3), the authors
extended Barta’s result to complete, non-compact manifolds .X; gC/ and showed that

(4.5) inf
x2X

�
��gCf

f

�
� �1;2.X/;
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where f is a smooth positive function on X . With this result at hand, Lee’s idea is to
construct a positive smooth test function ' on X such that ��gC'=' � n

2=4. The test
function is constructed as follows. On any asymptotically hyperbolic manifold X and for
any smooth defining function r , there exists a unique, smooth and strictly positive function
u on X satisfying

(4.6)

´
�gCu D .nC 1/u;

u � r�1 D O.1/I

see Proposition 4.1 in [21] (the sign discrepancy is due to different conventions in the
definition of the Laplace operator). Notice that if s > 0 and we take ' D u�s , then

��gC'

'
D �divgC.�su

�s�1
rgCu/ D s.nC 1/ � s.s C 1/

jrgCuj
2

u2
�

Therefore, if jrgCuj
2=u2 � 1, we would then obtain

��gC'

'
� s.nC 1/ � s.s C 1/ D s.n � s/:

Noticing that s.n � s/, as a function of s > 0, has a maximum at s D n=2 would imply
the result.

The main difficulty is proving that

(4.7)
jrgCuj

2

u2
� 1

holds globally on X . It turns out that if .XnC1; gC/ is Poincaré–Einstein and the con-
formal infinity is of non-negative Yamabe type, then we can chose a smooth defining
function r such that .r2gC/jTM has non-negative scalar curvature. For the corresponding
solution u, (4.7) holds and the result follows; see Theorem A in [21]. This motivates our
following definition.

Definition 4.1. Let .M nC1; gC/ be an AH space. We call a smooth, positive solution u
of

(4.8)

´
�gCu D .nC 1/u;

u � r�1 D O.1/;

a Lee-eigenfunction.

Of particular interest are those Lee-eigenfunctions which satisfy the gradient estim-
ate (4.7). As explained, for a smooth defining function r , there exists a unique, smooth
positive solution u solving (4.6), i.e., a Lee-eigenfunction, and if .r2gC/jTM has non-
negative scalar curvature, then u satisfies (4.7). It was pointed out by Guillarmou-Qing
in [17] (see page 5), (4.6) and (4.7) still remain to be true if the Einstein condition is
replace by RicgC � �ngC. This means that our Theorem 4.2, and its consequences, can
be strengthened by replacing the Poincaré–Einstein with such lower bound on the ricci
curvature.
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Our submanifolds are not necessarily Poincaré–Einstein, and we do not impose any
assumptions on its conformal boundary. However, they live inside a Poincaré–Einstein
manifold whose conformal infinity has non-negative Yamabe constant. That means that
a Lee-eigenfunction satisfying (4.7) exists on the ambient manifold. We utilize Barta’s
inequality (4.5) and Lee’s trick applied to the restriction of u�s to Y to derive the lower
bound.

Proof of Theorem 1.12. Let u be a Lee-eigenfunction on .X; gC/, and set Ou WD ujY . We
denote by hC the induced metric on Y , and we use g˛

0ˇ 0 , ˛0; ˇ0 D k C 2; : : : ; nC 1, to
denote the components of g�1C with respect to a local orthonormal frame for T Y ?. Recall
that (see Lemma 2 in [8], for instance)

�hC Ou D .�gCu/jY CH
˛0u˛0 � .g

˛0ˇ 0
r
2
˛0ˇ 0 u/jY ;

and that, for a Lee-eigenfunction u, its trace-free Hessian equals

Vr
2
gC
u D r2gCu � ugC:

Setting
T WD trgC

�
. Vr2gCu/j.T Y?/2

�
;

we can therefore write

�hC Ou D .�gCu/jY CH
˛0u˛0 � T � .n � k/ Ou D .k C 1/ OuCH

˛0u˛0 � T:

Next, for s > 0, consider the test function ' WD Ou�s , and compute

��hC'

'
D s

�hC Ou

Ou
� s.s C 1/

jd Ouj2
hC

Ou2

D s
�
k C 1CH˛0 log.u/˛0 �

T

Ou

�
� s.s C 1/

jrhC Ouj
2

Ou2
�

Using that
jrhC Ouj

2

Ou2
�
jrgCuj

2

u2
� 1 on Y ,

we derive
��hC'

'
� s.k C 1/ � s.s C 1/C sH˛0 log.u/˛0 � s

T

Ou

D s.k � s/C sH˛0 log.u/˛0 � s
T

Ou
�

Now the Cauchy–Schwarz inequality gives

H˛0 log.u/˛0 D H˛0 u˛0

Ou
� �˛

jrgCuj

u
� �˛:

Therefore,
��hC'

'
� s.k � s � ˛ � ˇY .u//:

Finally, observe that s.k � s � ˛ � ˇY .u//, as a function of s > 0, has a maximum at
s D .k � ˛ � ˇY .u//=2. The result now follows from (4.5).
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4.3. Proof of Corollary 1.14

Proof of Corollary 1.14. Notice that for any Lee-eigenfunction u satisfying (4.7), that is,
for any u 2 L.gC/, inequality (1.10) holds. The result follows after taking the supremum
over L.gC/ on both sides.

4.4. Proof of Corollary 1.15

Proof of Corollary 1.15. Without loss of generality assume 0 … Y , and define xWHnC1!

Œ0;1/ by x.y/ WD dgH .0; y/, where gH is the hyperbolic metric. Then (Lemma 3 in [8])

(4.9) r
2
gH

cosh.x.y// D cosh.x.y//gH ;

and so
�gH cosh.x.y// D .nC 1/ cosh.x.y//:

Let r.y/ be a smooth defining function for Sn that agrees with 1 � jyj outside of some
compact set containing 0: Then cosh.x.y//� r�1.y/ remains bounded as jyj ! 1, there-
fore u.y/ D cosh.x.y// is a Lee-eigenfunction for which ˇY .u/ D 0 thanks to (4.9).

4.5. Stability. Proof of Corollary 1.16

Proof of Corollary 1.16. Let f be a compactly supported Lipschitz function, and recall
from (1.11) in the minimal case (˛ D 0) that

.n � 1 � ǑY /2

4
� �1;2.Y / �

R
Y
jrf j2 dvhCR
Y
f 2 dvhC

�

Therefore,Z
Y

.jrf j2 � .jBj2 � n/f 2/ dvhC �

Z
Y

� .n � 1 � ǑY /2
4

C n � jBj2
�
f 2 dvhC � 0;

and the result follows. The second part of the statement follows from the fact that when
the ambient manifold is HnC1, then ǑY D 0 for any such submanifold; see the proof of
Corollary 1.15.

Remark 4.2. In Seo’s paper [30], the work of Cheung–Leung is quoted incorrectly. For
instance, Cheung–Leung’s lower bound estimate does not require stability; see Theorem 2
in [7]. Also, in the statement of Theorem 3.1 in [30], the norm of the second fundamental
form should be squared.

4.6. Proof of Proposition 1.17

Proof. Recall that

Ric.gC/ D �ngC; Vr
2
gC
u D r2gCu � ugC and gu D u

�2gC:
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Using the conformal transformation law for the Ricci tensor, we obtain

Ricgu D gC C .n � 1/u
�1
r
2
gC
u � nu�2 jrgCuj

2gC

D ngC C .n � 1/u
�1 Vr

2
gC
u � njrgCuj

2gu:

Since

trgu.Ricgu/ D Rgu D n.nC 1/.u
2
� jrgCuj

2/ and Egu D Ricgu �
Rgu
nC 1

gu;

we get

Egu DngCC .n� 1/u
�1 Vr

2
gC
u�njrgCuj

2gu�ngCCnjrgCuj
2guD .n� 1/u

�1 Vr
2
gC
u;

as desired.
For the second part of the statement, notice that now we can conclude that Vr2gCu D 0

if and only if Egu D 0, thus either condition implies that Rgu is constant. On the other
hand, if Rgu is constant, then it is harmonic and using Bochner’s formula we conclude
that j Vr2gCuj

2
gC
D 0. This concludes the proof.

A. One-to-one correspondence between L.gC/ and ŒgC�Sc�0
1

We refer to Section 4.2 for some of the terminology employed here. Recall that L.gC/

denotes the collection of all Lee-eigenfunctions satisfying (4.7).

Proposition A.1. Suppose .XnC1; gC/ is a PE manifold and let ŒgC�Sc�0
1 be the subset

of ŒgC�1 whose elements have non-negative scalar curvature. Then there is a 1-1 corres-
pondence between L.gC/ and ŒgC�Sc�0

1 :

Proof. Define the map �W ŒgC�Sc�0
1 ! L.gC/ as follows. For Og 2 ŒgC�Sc�0

1 , let r be a
defining function such that .r2gC/jTM D Og. Set �. Og/ WD u, where u is the Lee-eigen-
function determined by r in the sense of (4.6). Notice that the gradient estimate holds
thanks to the proof of Theorem A in [21]. We claim that this is independent of the choice
of r considered. Indeed, let � be another defining function such that .�2gC/jTM D Og D
.r2gC/jTM . Then � D r CO.r2/, and so

u � r�1 D u � .�CO.r2//�1 D u � ��1 CO.�2/:

Since u � r�1 is bounded as r ! 0, we conclude that u � ��1 is also bounded as �! 0.
It follows by uniqueness that u is the eigenfunction which is induced by �, showing the
claim.

The surjectivity of � follows from the asymptotics of jrgCuj
2
gC
� u2 and the max-

imum principle; see Proposition 5.3 and the proof of Theorem A in [21]. We proceed to
showing that � is injective. To this end, suppose �. Og/ D �. Og0/ D u, and let r and r0
be defining functions which correspond to Og and Og0, respectively. Then u � r�1 and
u� r�10 are both bounded as r; r0 ! 0. Consequently, .u� r�1/� .u� r�10 / is bounded
as r ! 0, which implies r�1 � r�10 is bounded too as r ! 0. We know there exists c 2R
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such that r D cr0 CO.r20 /: It follows that c�1r�10 � r
�1
0 is bounded as r ! 0, therefore

.c�1 � 1/r�10 is bounded as r ! 0. It follows that c D 1, and therefore

.r2gC/jTM D .Œr0 CO.r
2
0 /�

2gC/jTM D .r
2
0gC/jTM :

Notice that by a similar argument the collection of all Lee-eigenfunctions, that is, those
which are solutions to (4.8), are in correspondence to the conformal infinity.
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