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Lépingle inequality and martingale Hardy spaces

Narcisse Randrianantoanina

Abstract. We prove that if (2, ¥, IP) is a probability space equipped with a filtra-
tion (F7)n>1 and E (L) is a quasi-Banach Ké&the function space with the property
that the Lépingle inequality is satisfied for adapted sequences in E(£2), then the
couple of martingale Hardy spaces (H g (), H go(Q)) is K-closed in the couple of
Kothe—Bochner spaces (E(2;£2), Loo(€2;£2)). This extends the commutative form
of a recent result of Moyart from L to general Kéthe function spaces and provides
a lifting of real interpolation of function spaces to corresponding martingale Hardy
spaces. As applications, we obtain new type of interpolation results for Musielak—
Orlicz martingale Hardy spaces and variable martingale Hardy spaces. We also prove
an analogous result on automatic transfer (without any assumption) of real interpola-
tion of couple of quasi-Banach Kéthe function spaces (E(£2), Loo(£2)) to the couple
of corresponding conditional martingale Hardy spaces (H ;5 (), HS,(2)).

1. Introduction

Various types of Hardy spaces arising from martingales theory have played significant role
in the development of probability and other fields of mathematics. As is now well estab-
lished, real interpolation method is a powerful tool in many aspects of analysis. Thus,
interpolations of martingale Hardy spaces is a natural direction to pursue. In fact, the
study of interpolation of martingale Hardy spaces has a long history for which we refer
to [13,32,33,35] for more in depth discussions. Recently, the real interpolation theory for
martingale Hardy spaces has seen rapid growth. More specifically, martingale Hardy type
spaces associated with general function spaces. For instance, Ho [11] obtained that the
martingale Hardy—Lorentz—Karamata spaces are real interpolation spaces of martingale
Hardy space under the action of a new interpolation functor. Jiao et al. [14] considered
the real interpolation for variable conditional martingale Hardy spaces. Other recent arti-
cles dealing with this direction are [6, 8,23, 24]. The results in the articles cited above
are for conditional martingale Hardy spaces and it is only recently ([25, 30]) that a gen-
eral result has been established for the real interpolation of the couple (H?, Hc;go). We
refer to the next section for the unexplained notation here. Prior to [25,30], the interpola-
tions of the family of martingale Hardy spaces {Hl;g }o<p<oo Were only studied under the
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assumption that the filtration is regular. The natural next step in this direction is to sys-
tematically investigate if the vast amount of available literature on conditional martingale
Hardy spaces remain valid for martingale Hardy spaces.

The primary objective of this paper is to investigate the compatible couple (H3, H, 0‘5;)
when E is a general quasi-Banach Kothe function space in the sense of [22]. Although,
through standard reiteration techniques on K-functionals, Moyart’s result ([25]) extends to
martingale Hardy spaces associated with rearrangement invariant Banach function spaces,
no specific tool is available to handle other classes of function spaces that are not rear-
rangement invariants. Examples of such classes of function spaces are variable Lebesgue
spaces and more generally, Musielak—Orlicz spaces. Our main result is Theorem 3.1 below
which can be roughly stated that under some natural assumptions on the function space E,
the real interpolation lifts from the couple of function spaces (E, L) to the couple
of corresponding Hardy spaces (H3, Ho%). More precisely, we obtain that the couple
(H, HOSO) is K-closed in the couple of Kéthe—Bochner spaces (E({2), Loo(£2)) in the
sense of Pisier ([28]). This generalizes in the commutative setting the recent result of
Moyart discussed earlier to abstract quasi-Banach Koéthe function spaces.

Our method of proof is constructive and therefore provides an alternative approach to
Moyart’s result for the commutative L. It is inspired by ideas from [29]. However, we
have to significantly deviate from [29], since properties involving the notion of decreasing
rearrangement of functions were used there in very crucial ways, but they are not neces-
sarily available for the present situation.

It turns out that our method can also be modified to provide a more concise and unified
approach to the couple of conditional martingale Hardy spaces (H3, HS,) for any arbi-
trary quasi-Banach Kothe function space E. We refer to Theorem 3.6 below for the exact
formulation. It complements and unifies all previously known results on real interpolations
for conditional martingale Hardy spaces.

The paper is organized as follows. In Section 2, we give a brief introduction of vari-
ous concepts needed for the presentation. More specifically, we discuss Doob’s maximal
inequality and its dual form for general Kothe function spaces along with the Lépingle
inequality. Section 3 is where we provide the formulation and proof of our primary result
in the form of K-closed couples together with some extensions and consequences. The
section also contains simpler approach to real interpolations of conditional Hardy spaces.
In Section 4, we discuss Musielak—Orlicz Hardy spaces as concrete illustration of the pre-
vious section. We conclude the paper with discussions on a related topic. Namely, Stein’s
inequality in Banach Kothe function spaces.

2. Definitions and preliminary results

Throughout, we write A < B if there is some absolute constant ¢ such that A < c¢B. We
say that A is equivalent to B if A < B and B < A. In this case, we write A ~ B.

2.1. Function spaces

In this subsection, we collect some definitions and properties from function spaces that
are relevant for the paper.
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Throughout, (2, ¥, P) is a complete probability space. We denote by Lo(2, % ,P) (or
simply L¢(£2)) the vector space of all (equivalence classes of) real-valued ¥ -measurable
functions on Q. A Kéthe function space over (2, ¥, P) is a linear subspace E(2) (or
simply E) of Lo(2) such that if f€ E(R), g € Lo(R2), and |g| < | f], then g € E(RQ).
We say that the Kothe space E is quasi-normed if there is a lattice quasi-norm || - || g
defined on E(2). A complete quasi-normed K&the function space is called a quasi-Banach
Kothe function space. We refer to [22] for unexplained terminology from (quasi-) Banach
function theory.

Assume that X is a Banach space. We say that a function f:Q — X is strongly
F -measurable if there is a sequence of simple functions (f,)n>1 With f,: Q@ — X for
all n > 1 and such that lim, . || fn(®) — f(®)|lx = 0 for P-almost all . As in the
scalar case, we denote by Lo(£2; X) the space of all (equivalence classes of) strongly
F -measurable X -valued functions defined on 2.

The Kothe—Bochner space E(2; X) is defined by setting

E(Q:X) = {feLo(X): I/()lx € E(Q)}.
Since || - ||x is a norm, one can easily see that the mapping

S lfOlxle,
E(Q; X) — [0,00),

is a quasi-norm whenever E (£2) is a quasi-Banach Kothe function space, and that E (£2; X)
becomes a quasi-Banach space when equipped with the mixed-norm

I lE@sx) = I/ Olxle.  feE:X).

We remark that if E(2) = L,(2) for 0 < p < oo, then E(2; X) is the Lebesgue—Bochner
space L,(£2; X). We refer to [5,21] for more background concerning vector-valued func-
tions and Kothe—Bochner spaces.

2.2. Martingale Hardy spaces

We introduce standard notations from martingale theory. We refer to [7,33] for the theory
of martingale space. Let (¥,),>1 be an increasing filtration of o-subalgebras of ¥ such
that ¥ = o(|J,~, F») and for n > 1, denote by E,, the conditional expectation operator
relative to the o-subalgebra %,.
We recall that a sequence f = (fn)n>1 C L1(R2) is called a martingale with respect
to the filtration (¥, )n>1 if
En(fat1) = fu, n=1

We denote by M the collection of all martingales relative to the filtration (F,),>1.
For a given martingale f = (f,)n>1, the martingale difference sequence of f is
given by
dfn = fo— fa—1, n=1,
with the convention that f, = 0. If in addition, the f,’s belong to E(£2) for a quasi-Banach
Kothe function space E(S2), then f is called an E-martingale. In this case, we set

Iflle =sup| fale.
n>1
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If | fllE < oo, then f is called a bounded E-martingale and is denoted by f e E(S).
For any given martingale f = (f;)n>1, wWe define the square function and the conditional
square function as follows:

s = (LInl) s = (1anR) mx

n=1 n=1

) = (S Ewaldfi?) . s(h) = (S Ewaldfi?) " w1,
n=1 n=1

The martingale Hardy space and martingale conditioned Hardy space associated with a
Kothe function space E(€2) are respectively defined as follows:

HEQ) = {feM: | fllgs = 1SNl < oo}

and
Hyp(Q):={feM:|[fllag = lIs(E < oo}

Clearly, when E = L, for some 0 < p < oo, then we have the familiar martingale Hardy
spaces H I;9 (£2) and the conditional martingale Hardy space H, (£2), respectively. The case
where E is an interpolation of the couple (L, Ly), for 0 < p,q < oo, is well studied in
the literature. Our focus will be on Hardy spaces associated with (quasi-) Banach Kéthe
function spaces that are not necessarily rearrangement invariant in the sense of [22].

It clearly follows from the definition that the martingale Hardy space H g (2) embeds
isometrically into the Kothe—Bochner space E(£2;£,). The isometric embedding is given
by f = (fu)n>1 +> (dfs)n>1. This fact is essential in the subsequent discussion below.

It is important to note that some standard tools from martingale theory such as Doob
maximal inequality may not be available for general function spaces (see, e.g., [34]). We
consider the next two definitions as working conditions.

Definition 2.1. We say that a quasi-Banach Ké&the function space E(2) satisfies the dual
form of the Doob maximal inequality (with respect to (¥,),>1) if there exists a constant
C > 0 such that if for any sequence of non-negative functions (f,)n>1 in E (),

H;wﬁ,) L= c\);fn

£

A companion property that we will need in the sequel is for adapted sequences. Recall
that a sequence (a,),>1 is called an adapted sequence if for every n > 1, a, is ¥,-mea-
surable.

Definition 2.2. We say that a quasi-Banach Ko&the function space E(2) satisfies the
Lépingle inequality if there exists a positive constant C such that for every adapted se-
quence (an)n>1 in E(2),

(o)™, =l (S ) ],

n>1
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Recall that the original Lépingle inequality ([20]) is for L;(€2). Other classes of
Banach function spaces that are interpolations of (L1, L) are also known to satisfy such
property. We refer to the next section for more discussions on these two definitions.

Our first result is a Davis type decompositions of adapted sequences in quasi-Banach
Kothe function spaces satisfying the dual form of the Doob maximal inequality.

Proposition 2.3. Let E(2) be a quasi-Banach Kdithe function space that satisfies the
dual form of the Doob maximal inequality. There exists a positive constant C such that if
a = (an)n>1 is an adapted sequence in E(2;£,), then there exist two adapted sequences b
and ¢ such thata = b + ¢,

[ 3" 1l
n>1

E SCH(};"“"Z)I/ZHE’

and
1/2 H

(S ), =S )

n>1

5
Proof. Forn > 1, set
n N
hn = (Y lal?)
k=1
Clearly, (A,),>1 is an increasing sequence and is adapted. Set
Ao = lim A, ae.
n—>o0
By assumption, A € E(2). Define

bp = anXp,>21,4y and  cn = an X5, <22, ,}-

Then, b = (by)s>1 and ¢ = (cp)n>1 are adapted sequences satisfying @ = b + ¢. On the
set {A, > 2A,—1}, we have A,, < 2(A, — A,—1), hence

o lbal =Y An <2 (An — Anor).

n>1 n>1 n>1

This implies that

=2 AllE-
E

| 2= 16l

On the other hand, forn > 1,

|an* X <2001y = Az = A2 D X <2013 = Qi + Ane1) An — Ane1) Xiap <22, 13
= 3/\n—l (An - An—l))({/\,,§2/1,,_1} = 3/\n—l (An - An—l)-

Thus, we have the following estimates:

ZEn—1(|Cn|2) = 3 an—l IEn—l(/\n - An—l) = 3Aoo ZEn—l (An - /\n—l)-

n>1 n>1 n>1
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It follows that
1/2 1/2
(X Eamrlea®) | S 12l | Bt G = 2an)|
n>1 n>1

and from the dual form of Doob maximal inequality, we conclude that

H(;En—ﬂ'%'z))l/zHE < ol

The proof is complete. ]

The next result shows that the Lépingle inequality follows from the dual form of the
Doob maximal inequality.

Theorem 2.4. If E(2) is a quasi-Banach Kéthe function space that satisfies the dual
form of the Doob maximal inequality, then it satisfies the Lépingle inequality.

Proof. Let (an)n>1 be an adapted sequence in E(S2; £,). Consider the decomposition
a = b + ¢ given by Proposition 2.3. Then

H(’; |En—1(an)|2>1/2 HE < H(’; |En—1(b,,)|2)1/2 HE . ”<’;|En_l(cn)|2>l/z HE

We estimate the two terms on the right-hand side separately. For the first term,

H(glEn—l(bn)p)l/zHE < H,;E"_l(lb"l)HE < Hg'bﬂ . < H(};|an|2>l/2HE_

In the first inequality above, we have used the facts that £,-norm is smaller than £;-norm.
The second inequality is the dual form the Doob maximal inequality. Now we consider
the second term. Using the Jensen inequality for conditional expectations,

1/2 1/2 1/2
[(ZEsten?) 7 = [(S B tea) T = [ (D k)
n>1 n>1 n>1
We have the desired inequality by combining both estimates. ]

2.3. Real interpolations

Let us now review the basics of real interpolations. Assume that (Ao, A1) is a compatible
couple of quasi-Banach spaces in the sense that both Ay and A; embed continuously
into some topological vector space Z. This allows us to define the spaces Ag N A; and
Ao + A1. These are quasi-Banach spaces when equipped with the quasi-norms

I [lagna;, = max {[lx[l4,, lx[l4, }
and
%l ag+4, = inf{[|xollay + x1lla; 1 x = xo + x1, X0 € Ao, X1 € A1},

respectively.
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Definition 2.5. A quasi-Banach space A is called an interpolation space for the couple
(Ag, A1) if AgN A; € AC Ay + A; and whenever a bounded linear operator 7: Ag + A3
— Ao + Aj is such that T(Ag) € Ag and T(A;1) € Ay, we have T(A) € A and

IT:A— A| < cmax{||T:A0 — Ao, |IT: 41 — A1||}

for some constant c.

We are primarily interested in an interpolation method generally referred to as the
real method. A fundamental notion for the construction of real interpolation spaces is the
K-functional which we now describe. For x € Ag + A1, we define the K-functional by
setting for ¢ > 0,

K(X,l) = K(X,I;A(),Al) = inf{||x0||A0 +t ||X1||A1 X = X9 + X1, Xo € Ag, X1 EAl}.

Note that for each ¢ > 0, the functional x — K(x,t) gives an equivalent quasi-norm on
Ao + Aq.

If 0 <6 <1and 0 <g < oo, we recall that the real interpolation space Ag, =
(Ao, A1)g,4 by x € Ag ,, if and only if

oo di\Va
10 (4o, 41)5, = (/0 (¢ 9K(x,t;Ao,A1))‘1 T) < oo.

If ¢ = oo, we define x € Ag  if and only if

1 (o, 41)p0 = SUP £~ K (x.1: Ao, A1) < 0.
t>0

For0 < 0 < 1and 0 < ¢ < oo, the functional || - ||g,4 is a quasi-norm and (Ag,, . || - [l6,¢)
is a quasi-Banach space. We have

Ao N Ay C (Ao, A1)g,q S Ao + A1,

and it is an interpolation space of the couple (Ag, A1) in the sense of Definition 2.5.
The following concept on K-functionals was formally introduced by Pisier in [28] and
will be essential in the subsequent discussions.

Definition 2.6. Let (Ag, A1) be a compatible couple of quasi-Banach spaces and let By
(respectively, B1) be a subspace of A (respectively, A1). The couple (By, B;) is said to
be K-closed in the couple (Ag, A1) if there exists an absolute constant C such that for
every y € Bo+ By andt > 0,

K(y.t; Bo, B1) < CK(y,t: Ao, Ay).

Since the reverse inequality is always valid (with constant 1), K-closedness means that
K -functionals of the couples (By, B1) and (Ag, A1) are equivalent on By + B uniformly
on ¢t > 0. Clearly, if (Bg, By) is K-closed in (Ag, A1), then for every indices 0 < 6 < 1
and 0 < g < o0,
(Bo, B1)g,y = (Bo + B1) N (Ao, A1)a,4-
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That is, one can deduce interpolation results for the couple (By, B;) from the corre-
sponding results on the larger couple. For more information and background on K-closed
couples, we refer to [12, 18, 19,28].

To conclude this section, we record two elementary but useful statements on K-func-
tionals of couples of quasi-Banach Kéthe function spaces and couples of Kéthe—Bochner
function spaces. We include both arguments for completeness.

Lemma 2.7. Let E(2) be a quasi-Banach Kithe function space. For f € E(2) andt > 0,
K(f.1 E@). Loo(@) ~ inf {11 X1l + 1),

Proof. One inequality is trivial. Indeed, let f € E(2) and ¢ > 0. For u > 0, write
f=h+ o, with fi = fXfy and fo = fX71<-
Clearly, || f2|loo < . We have
K(f,t; EQ), Loo(R)) < [l fille + 10 = 1/ [ Xg s>l E + 110

Taking infimum over all u > 0, we have one inequality.
For the reverse inequality, take a decomposition f = f; + f> so that

2K (/.1 E(R), Loo(R) = [ fllE + 2] f2]lco-

Let y = || f2|loo- Since (| f| — y) < | f1l, taking the positive part, we have
AlZ AfT=0F =11 = D X1

Next, we estimate the last function from below:

(1= Xy f15yy = Z(lfl — V) Xj2i-1y<| fl<2iy}

j=1

= Z @ =Dy Xy <iriz2in)
Jj=2

=3 @7 = D27 | f X iy < <2y
Jj=2

The key point is that for j > 2, (2/~1 — 1)27/ > 1/4. Thus, we obtain further that

1
LAl = (f1=Y) Xy r1s9 = 7 | f1Xq 15293

Therefore, for u© = 2y, we have

1 1
2K(f,1: E(R), Loo(R)) > 2 AT p1>wllE + > H

This concludes that

A1 p5llE +tp < 8K(fit; E(R), Loo(R2)).

This clearly implies the desired inequality and therefore concludes the proof. ]
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Lemma 2.8. Let E(2) be a quasi-Banach Kothe function space and let X be a Banach
space. Forve E(Q; X) andt > 0,

K(v.1: E(2: X), Loo(R2: X)) ~ lig{){llllv(-)llx Xy =l E 118}
Proof. Letve E(2; X)and ¢ > 0. Set
S =1vO)lx.
For > 0, write
v=uv; +va, withvy=vX{rs,y and vy = vXr<.
Clearly. [[v2]2o,x) < 1 and
K. 1; E(Q: X), Leo($2: X)) < villecxy + 11 = 1 f X p>llE + 110

Taking infimum over p > 0, we have one inequality.

For the reverse inequality, let ¢ > 0, and fix a decomposition v = v; + v, with
v1 € E(2; X) and v; € Lo(£2; X), and such that

lvillex) + tlvallLex) < K, 15 E(R2: X)), Loo(2; X)) + &.

Since
[vllx = lvrGllx + [[lv2()llx,
we have from Lemma 2.7 that

inf {lvO)llx Xgueone=n e + 10}
< inf U1 Olix + 12Ol Xgoy g +lo2Olx>w 2+ 118}

S K(viGllx + lvaG)llx. 15 E(R), Loo(R2)) < [lllviOllx 2 + 2lllv2()llx oo
= vz + tlv2lie@) < K@, 25 E(2; X), Loo(2; X)) + &.

Since ¢ is arbitrary, we have the desired estimate. [

3. Main results

In this section, we present two interpolation results on martingale Hardy spaces and con-
ditional Hardy spaces. The following is our first principal result.

Theorem 3.1. Let E(S2) be a quasi-Banach Kothe function space satisfying the Lépingle
inequality. Then the couple of martingale Hardy spaces (Hg (), HOSo (R)) is K-closed in
the couple of Kothe—Bochner spaces (E(2,43), Loo(2,43)).

For E = L1, this is a commutative version of a recent result of Moyart ([25]). Our
method of proof is constructive and is very different from [25]. If E(£2) is a rearrangement
invariant Banach function space, then it is an interpolation space of (L, (£2), L4(£2)) for
some 1 < p < g < oo. In this case, the statement can be deduced from the L-case using
general reiteration of K-functionals. The main interest is for the case where E(£2) is not
a rearrangement invariant space. Motivating examples are presented in the next section.



N. Randrianantoanina 1152

According to Lemma 2.8, Theorem 3.1 is equivalent to the following.

Proposition 3.2. Let E(S2) be as in Theorem 3.1. For f € Hg () andt >0,
K/t HE (), HE@) < inf {ISC) Zisrr=mille + 1)

Proof. Fix u > 0. For k > 1, set
Uk :={Sk(f) = n}-
Then, Uy is Fi-measurable and the sequence (U )r> is decreasing, with
U= (U= 1{S(f) < u}.
k>1
Define a martingale g by setting for k > 1,
dgk = dfx Xu, — Ex—1(dfi Xu,).

Clearly, (dgi)k>1 is a martingale difference sequence that induces the martingale g. We
will need the following properties of g.

Lemma 3.3. (1) Fork > 1, |dgi| < 2u.
@ | Y 1dsil* 1w,

k>1

< i’
o0

Proof of Lemma 3.3. The first item clearly follows from

|dfi Xu, |* < SE(f) Xy, < p?

and the fact that E_ is a contractive projection on L (£2).
For the second item, we write, for a givenn > 1,

S HdfeP Xy, =D (S = S (N Xy, =D S Ko, = D St (N Xy,
k=1 k=1 k=1 k=1

By performing an indexing shift on the second summation, we can rewrite the preceding
identity in the following form:

n n—1
Y ldfil? Xy, = SE() Xu, + Y SNy, = Xu,,,)-
k=1 k=1
From the definition of the sets U,’s, we have
n n—1
Z dfc|* Xu, < 1> xu, + 1 Z(XUk — Xup,,) < 12
k=1 k=1

Since n is arbitrary, we have

> ldfil? Xy, < u?

k>1
proving the second item of the lemma. ]
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Next, for k > 1, we set
Ry = {Sk(g) = 2u}.
As before, Ry is F-measurable and the sequence (R )x>1 is decreasing with

R= ()R =1{S(g) <2u}.
k>1

We define two martingales £ and f® by setting for k > 1,

dfk(l) = dgk Ry,

3.1)
df? = dfy —df{".

Note that since Ri_ is F;_1-measurable, (d fk(l) )k>1 is a martingale difference sequence
and therefore () is a well-defined martingale. Moreover,

f= f(1)+f(2).

We will estimate the K-functional using this decomposition.
We will show first that

If Dlgs < V8.

For this, we built on the idea used in the proof of Lemma 3.3. For a given n > 1, we
have

n n n

S/ =Y 1dfOP =Y gk P AR, = Y (SEQ) — SE_1 () ARey

k=1 k=1 k=1
n n

= Z S,f(g)XR,H - Z S]?—l(g)XRk—l‘
k=1 k=1

After an indexing shift on the second sum,

n—1
Sp(f D) = SH Xr,, + D SR, — XR,)-
k=1

We remark that from the first item of Lemma 3.3, we have for 1 <k <n,
SE@ Ry, = [ldgkl* + SE_ (] XRre_, < [41> + SP_, ()] X R, < 81>
With this estimate, we have

n—1

Sp(f D) <812 (R, + 817 Y (R, — Xr,) < 8p.
k=1

Since n is arbitrary, we have S2( f (1) < 82, which is equivalent to

I1f Dllag < V381
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Next, we will estimate || f @ || HS-
First, fix k > 1. From the definition,

df,? = dfi — [dfi Xu, — Ex—1(dfiXu) ) AR,
=dfiXo\v, +dfi Xv Xo\r_, + Ek—1(dfiXu,) AR,
= dkaQ\Uk + dfk XUk XQ\Rk_l - ]Ek—l (dkaUk_l\Uk)XRk_l .

Then, we have the initial estimate

df P2 < 1dfil? Xavw + 1dfil? Xu Xavr + [Ex—1 (dfi Xu,_\v) >

Taking summations over all kK > 1, we have

S2(f@) < S2(NHXaw + D_ldfil* Xy vk + Y Bemi (dfic Xu,_ v

k>1 k>1

We recall from Lemma 3.3 that

D ldfl® Xy, < p.

k>1
This implies further that
32 SAfO) < SP(NHXaw + P Xar + ) [Ec—1@dfi Xavw Xu_\u) -
k>1

On the other hand, since

dgr = dfiXu, — Ex—1(dfiXu,) = dfi Xu, + Ex—1(dfx Xu,_\Up)-
we have
ldgk|* < 21dfi|* + 2|Ex—1(dfi Xu,_\v)|*-
This implies that
S2(g) <28(f) +2 ) [Ex1(dfi Xue_\u) -
k>1

Denote

() = (X @i tu,_poP)

k>1
The preceding inequality on S2(g) gives
Q\ R ={S%(g) = 4p®} C{S*(f) = w2} ULW(S)* = 1}
Using this inclusion, we further get from (3.2) that

S2(fP) < S2(f)Xavw + 12 Xis2 =2y + 2 X w22y + (W(f))?
S28%(f) Xaw + 2(W(f))>.
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Therefore, we have
S(f?) 5 S(U) Xaw + W)
Taking quasi-norms in E(£2),

(3.3) 1 Plgs < IS Xawle + W) e

Observe that (dfx Xy, _,\u, k=1 is an adapted sequence. By the assumption that Lépingle
inequality is valid for E(€2), we deduce that

W = | (e @ity noP) | 5 [(S sl xs )

k>1 k>1

s |[(Zs2ruenn) | ~ 15t 2awle.
k>1

B

Thus, (3.3) gives the estimate
Dl s SIS X
1 s S ISUHXawlle-
We can now deduce that
K(fr: HEQ) HLQ) < 1 f Pligg +11f Vllag S USHXsin=mlle + 1ie.

By taking infimum over all ;& > 0, we arrive at the desired conclusion. ]

The following interpolation result is now immediate.

Corollary 3.4. Let E(2) be a quasi-Banach Kothe function space satisfying the Lépingle
inequality, and let0 < 0 < 1and 0 < g < oo. If F(R) = (E(R2), Loo(2))s,4, then

(H3(Q). HS ()4 = HR(Q).

We should note that in the statement above, F(£2) as a linear subset of the function
space E(2) C Ly(L2) is a quasi-Banach Kothe function space. This can be easily seen
from the definition of interpolation quasi-norms.

As expected, the automatic lifting also applies to more general interpolation functor
arising from K-functionals. Recall that a quasi-Banach Kéthe function space ® on (0, co)
is called a K- method parameter if it contains the function ¢ — min(l,¢). If ® is a
K-method parameter, then for every quasi-Banach couple (Ey, E1), the set

ch(E(), E)) = {x eEg+EL:t— K(x,t; Ey, El) € CD}
is a linear subset of £y + E; and is a quasi-Banach space under the quasi-norm
Xl ko (Eo.E) = II1 = K(x.1)]@.

This yields an exact interpolation functor K¢ called the K-method with parameter ©. As
in Corollary 3.4, Theorem 3.1 implies the following more general statement.
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Remark 3.5. Let £(2) be a quasi-Banach Kéthe function space satisfying the Lépingle
inequality. If ® is a K-method parameter and F(2) = Ko (E(2), Lo(£2)), then

Ko(HE (), H() = Hp (Q).
Our next result is for conditional Hardy spaces. It provides an automatic lifting from

quasi-Banach Kothe function spaces to corresponding conditional Hardy spaces without
any restrictions.

Theorem 3.6. Let E(2) be a quasi-Banach Kéthe function space and let ® be a K-pa-
rameter. If F(2) = Ko (E(R2), Loo(S2)), then
Ko(HE (), Hyo () = HE ().

The special case of real interpolations of conditional martingale Hardy space asso-
ciated with Musielak—Orlicz spaces can be found in Theorem 3.1 of [24] (see the next
section for definitions). We also refer to Theorem 1.1 in [14] for the case of real interpo-
lations of variable martingale conditional Hardy spaces. Our proof is much simpler than

those of [14,24], taking advantage of the idea used for Theorem 3.1.
As in the proof of Theorem 3.1, it will be deduced from the following lemma.

Lemma 3.7. Let E(S2) be as in Theorem 3.6. For f € Hy, andt > 0,
K(f.t: HE (@) HE(®) < inf {150/ Xirromle + ).

Proof. The proof follows the idea of Proposition 3.2, but is much simpler and shorter
since it does not require two steps. We include the details for completeness.
Fix u > 0. For k > 1, set

Ok = {sk(f) = n}-
Then, Qy is Fx—1-measurable and (Q)x>1 is decreasing with
Q= {10k =1s(/) = ut
k>1
Define two martingales g and & by setting for k > 1,
dgi = dfiXo,:
dhk = dkaQ\Qk.

Clearly, (dgx)k>1 and (dgx)x>1 are martingale difference sequences and f = g + h.
We will show that

(3.4)

lglas, < .
The verification of this is a simple adaptation of Lemma 3.3. Indeed, for a given n > 1,
we have

209) = 3 Exci (dgi®) = 3 Exr (i) Ko, = Y (3(f) = 52, (/) X g,
k=1 k=1 k=1

=Y st o= Y sk ()Xo,

k=1 k=1
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As in the proof of Proposition 3.2, this leads to

n—1
sp(@) =s2(f)Xg, + D Sp(H Ko, = Xop)-

k=1
From the definition of the sets Q,’s, we have

n—1

52(8) < W2 ro, + 1) (Xop —Xoyyy) < 12
k=1

Since 7 is arbitrary, we have s2(g) < u? and thus proving that
lglag, <

Next, we will estimate [|/2| gz, . This is done using the following simple estimate of its
conditional square function:

s%(h) = Z]Ek—l(|dfk|2)XQ\Qk < ZEk—l(ldfk|2)XQ\Q =s2(f) Xa\0-

k>1 k>1

This implies that
12lley < Is(H)Xsry>mllE-

We can now use the decomposition f = g + & to deduce that
K(f.t; Hg (), H,(Q) < |1hllag + tliglag, < Is()Xsn=mlle + tp.
Since p > 0 is arbitrary, the lemma is verified. ]
Proof of Theorem 3.6. We will verify first that
Ko(HE(Q). HL(R) € HE ().
Consider the mapping 7: f + s(f). By definitions,
T:Hy(Q) —> E(Q) and T:HI(Q) = Loo()

are isometries. Moreover, one can easily verify that it is sublinear. By Theorem 5.2.3 in [2]
and the definition of F(£2), we have

1Ay = Is(OIE = ITHIF = ITf | ko(E.Loo) S IS Koy H)-

For the reverse inclusion, we note that for given f € H} (€2), Lemma 3.7 while com-
bined with Lemma 2.7 can be reformulated as:

K(fit; Hg (), HL,(Q) S K(s(f). 1; E(Q), Loo(R2)), t > 0.
It follows that

I ks m3) S NS ke L) = IS(DIIF = I1Lf |7 -

This completes the proof. u
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We remark that Lemma 3.7 is in spirit a form of K-closedness. However, we could
not formulate it as such since the embedding of conditioned spaces developed by Junge
in [16] even in the case of conditional expectation acting on function spaces appears to
involve noncommutative von Neumann algebras. But, at the time of this writing, theory of
noncommutative spaces associated with non-symmetric spaces such as variable Lebesgue
spaces is not available.

4. Application to concrete function spaces

4.1. Musielak-Orlicz spaces

A function ®: [0, c0) — [0, 0o] is called an Orlicz function if it is increasing, ®(0) = 0,
lim; o+ ®(¢) = 0, and lim;, o, P(2) = oo.
For po, p1 € (0, 00), we say that an Orlicz function ® satisfies:

(alnc)p, if there exists a constant C > 1 such that

D(st) < CsP°P(r), Vse(0,1),1€(0,00);
(aDec),, if there exists a constant C > 1 such that

B(st) < CsP d(r), Vse(l,00),t€(0,00).

Definition 4.1. A function ¢: Q2 x [0, 00) — [0, o] is called a Musielak—Orlicz function if
(1) w > ¢(w,|f(w)]) is measurable for every f e Lo(2);
(ii) fora.e w € 2, t — @(w, ) is an Orlicz function.

We say that ¢ satisfies (alnc),, (respectively, (aDec),,) if there is a constant C > 1
so that for a.e w € 2, the function t = ¢(w, ¢) satisfies (alnc),, (respectively, (aDec),,)
with the constant C.

Definition 4.2. The Musielak—Orlicz space L,(S2) is defined to be the collection of all
function f € L¢(£2) such that

|f ()l

Iz, = inf{ke(O, 00) : /Qrp(w, R ) dP(w) < 1} < 0.

One can easily see that L,(2) is a Kothe function space. Moreover, if the Musielak—
Orlicz function ¢ satisfies (alnc)p, for some po € (0, 00), then || - ||, is a quasi-norm
on Ly(2) and (Ly(S2). || - [I,) is then a quasi-Banach Kéthe function space. We refer
to [9, 26, 27] for more information.

For g € (0, 00), the Musielak—Orlicz Lorentz space L, 4(S2) is defined to be the set all

functions f such that

*© di\1/a
Mixgrenld, 55) L a<oo
||f||L(p,q - (/0 {If1=A} Ly A
supaso Al X g £1=a3llL, s q = oo,

is finite. As in the case of L, (£2), if the Musielak—Orlicz function ¢ satisfies (alnc),, for
some py € (0, 00), then Ly, 4(£2) is a quasi-Banach Kéthe function space.
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The Musielak—Orlicz Lorentz spaces are general framework that encompass various
classes of function spaces. Some concrete examples are:

(i) ¢(w,t) = ®(¢) where P is an Orlicz function. Then, L, (2) (respectively, Ly 4(S2))
is the Orlicz (respectively, Orlicz—Lorentz) space L& (2) (respectively, L 4(£2));

(i) @(w,t) = t?™ for some measurable function p: 2 — (0, o). Then, L4(82) is the
variable Lebesgue space L,(.)(S2);

(i) p(w,t) = ®(P™). Then, L, () is the variable Orlicz space.

(iv) @(w, 1) = 7@ 4 y(w)r?9®) where p(-) and ¢(-) are measurable function and
v(-) is a non-negative integrable function. Then, L, (£2) is the Lebesgue space for
double phase functionals with variable exponents.

It is worth pointing out that in general, Musielak—Orlicz spaces and Musielak—Orlicz
Lorentz spaces are not necessarily rearrangement invariant spaces.

Real interpolations of variable Lebesgue spaces and variable Lorentz spaces have been
well studied in the literature. We refer to [17] for more background. These results on
variable spaces have been generalized to the more general setting of Musielak—Orlicz
spaces and Musielak—Orlicz Lorentz spaces. We record one here for further use.

Proposition 4.3 (Lemma 2.7 in [24]). Let ¢ be a Musielak—Orlicz function satisfying
(alnc)p, and (aDec),, for some pg, p1 € (0,00), 0 < g < 00,0 < 8 < oo, and

Pr/1-9(w, 1) 1= p(w, 1/179),

Then, the following holds:
(Lw(Q), Loo(Q))O,q = me—esq (€2).

In order to take full advantage of the general approach in the previous section, we will
only work with the natural situation where the Doob maximal inequality or its dual form
is valid for the space L (£2). For this, we assume that for every n > 1, the o-algebra %,
is generated by countably many atoms. Recall that A € ¥, is called an atom, if for any
B C A with B € ¥, satistying P(B) < IP(A), we have P(B) = 0. We denote by A(F;)
the set of all atoms in F,,. It is clear that for f € L(£2), we have

E.(f)= Y. (ﬁlfd[@)h, neN.

A€A(Fy)

We refer to [34] for examples of filtrations satisfying the above assumption.
Recall that for a Musielak—Orlicz function ¢, its left inverse ¢! is given by

¢ Yw, 1) ;= inf{u €[0,00) : p(w,u) > t}.

We now consider the following two conditions on ¢:
(A0) There exists a constant 8 € (0, 1] such that for a.e. w € €2,

B=e¢l(w1)=<1/B:
(A1) There exists a constant 8 € (0, 1) such that
Bo~ (wi.1) < ¢~ (w2, 1)

forany A€ | J,.; A(Fn), t €[1,1/P(A4)], and almost every wy, w; € A.

n>1
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Our initial motivation is the case of variable martingales. For this special case, recall
that a measurable function p: Q2 — (0, co) is called a variable exponent. For A € ¥, we
denote

p+(A) :=esssup p(w), p—(A):=essinf p(w)
weA weA

and
P+ = p+(Q), p-:=p-(Q).
Denote by & (£2) the collection of all variable exponents p(-) such that

0<p- < py <0

We refer to the monograph [4] for more background on variable Lebesgue spaces.

In this special case, the conditions (A0O) and (A1) are equivalent to the probabilistic
version of the log-Holder continuity condition on the exponent considered in [15] and [34].
This is formulated as follows: there exists a constant K,y > 1 depending only on p(-)
such that

(4.1) P(A)P- D7+ < K,y VA e | AF).

n>1

We refer to [34] for further details. Our main interests in the above conditions are the
validity of the Doob maximal inequality and its dual form taken from [10].

Theorem 4.4 (Theorem 1.1 in [10]). Let ¢ be a Musielak—Orlicz function satisfying (AO),
(A1), and (alnc), with p € (1, 00). Then, there exists a positive constant C > 0 so that

for every f e Ly,(R2),
[ sup IEA(H)I], = CIf e,

The dual form of the Doob maximal inequality is also valid under similar type condi-
tions.

Theorem 4.5 (Theorem 3.8 in [10]). Let ¢ be a Musielak—Orlicz function satisfying
(alnc)p, and (aDec),, with 1 < py < p1 < oo. If ¢ satisfies both (AO) and (A1), then
there exists a positive constant C such that for any sequence of non-negative functions

(f)nz=1in Ly(R),
IS e, =c|X s
nx1 ¢ n>1

According to Theorem 2.4, we may deduce the following statement for the Lépingle
inequality on Musielak—Orlicz spaces.

L,

Proposition 4.6. Let ¢ be a Musielak—Orlicz function satisfying (alnc)p, and (aDec)p,
with 1 < pg < p1 < oo. If ¢ satisfies both (AO) and (Al), then L,(2) satisfies the
Lépingle inequality.

Below, we use the notation H {f (2) and H(f’ 4(§2) for martingale Hardy spaces associ-
ated with L, (£2) and L, 4(£2) respectively.
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As an immediate consequence of Theorem 3.1, Proposition 4.3, and Proposition 4.6,
we obtain the following.

Corollary 4.7. Let ¢ be a Musielak—Orlicz function satisfying (alnc),, and (aDec),, with
1 < po < p1 < oo. If ¢ satisfies both (AO) and (A1), then

() (H3(Q). H3(Q)) is K-closed in (Ly(R: £2). Loo(Q:£2));
(i) the following holds:

(Hy (), HS(@)oq = Hy . 4(),

Corresponding results for variable martingale Hardy spaces can be stated under the
condition (4.1). This should be compared with interpolation results for couples of condi-
tional Hardy spaces from [6, 14,23,24].

5. Concluding remark

A closely related to the Lépingle inequality is the Stein inequality, which is originally
stated for L,-spaces when 1 < p < oo. Stein’s inequality plays a significant role in mar-
tingale theory. We refer to [1,31] for more on Stein’s inequality. For variable Lebesgue
space Lp(.), Stein’s inequality was obtained in [15] under the condition (4.1), but also
subjected to the extra assumption 1 < r < p_ < py < oo. Thus, it is a natural question
to consider if it has an extension to the general context of Banach Kéthe function spaces.
In the next result, we show that it is in fact a consequence of the Doob maximal inequality
and its dual form. This may be of independent interest.

Theorem 5.1. Assume that E(2) is a o-order continuous Banach Kothe function space
such that both the Doob maximal inequality and its dual form are satisfied in E(S2). For
given 1 <r < oo, there exists a constant C such that for every sequence (0y)n>1 in E(S2),

[(Smenr) "], =S )],

Proof. Consider the operator 7' that takes every sequence (6,),>1 in the Kothe-Bochner
space E(2;£;) into the sequence (E,(0,))n>1 C E(£2). Then from the dual form of the
Doob maximal inequality, we have

H ZIEn(Gn)IHE <| ZE,,(|0,,|)HE SN
n>1 n>1 et

This translates to 7: E(2;£1) — E(S2;£1) being a bounded linear operator. Similarly, if
(an)n>1is a sequence in E(S2) such that § = sup,,., |a,| € E(2), then

£

| sup [En(an)l] g < | sup IE. ()| z S IEllE
n>1 n>1

where in the second inequality we have used the Doob maximal inequality. This means
that T: E(2;£oo) — E(2;£oo) is bounded.
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Now we appeal to complex interpolation of Kéthe—Bochner spaces. By assumption,
E () is a o-order continuous function space. According to [3], p. 125, for 0 < 6 < 1, the
following holds isometrically:

[E(Q:€1), E(Q2:4oo)]o = E(S2:;[€1.£eo]o)-
Here, [-,-]4 denotes the complex interpolation with exponent §. Taking § = 1 —r~!, we
have by interpolation that 7: E(2;£,) — E(2;£,) is bounded, which implies the needed
inequality. The proof is complete. ]

Examples of spaces satisfying the assumptions of Theorem 5.1 are the Musielak—
Orlicz spaces L, (£2) where ¢ satisfies (A0), (A1), (alnc)p,, and (aDec),, with 1 < pg <
p1 < Q.
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