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On the acyclicity of reductions of elliptic curves
modulo primes in arithmetic progressions

Nathan Jones and Sung Min Lee

Abstract. Let E be an elliptic curve defined over Q and, for a prime p of good
reduction for E, let E p denote the reduction of £ modulo p. Inspired by an elliptic
curve analogue of Artin’s primitive root conjecture posed by S. Lang and H. Trot-
ter in 1977, J.-P. Serre adapted methods of C. Hooley to prove a GRH-conditional
asymptotic formula for the number of primes p < x for which the group E p(Fp) is
cyclic. An illuminating proof of this asymptotic formula appeared in a 1983 paper of
M. R. Murty, which also established the same unconditionally in the case where E
has complex multiplication. More recently, Akbal and Giiloglu considered the ques-
tion of cyclicity of Ep (Fp) under the additional restriction that p lie in an arith-
metic progression. In this paper, we study the question of which arithmetic progres-
sions @ mod n have the property that, for all but finitely many primes p = a mod n,
the group E p(Fp) is not cyclic, answering a question of Akbal and Giiloglu on this
issue.

1. Introduction and statement of results

Let E be an elliptic curve defined over Q and let p be a rational prime of good reduction
for E, i.e., assume that the reduction £ » of E modulo p, obtained by reducing a minimal
Weierstrass model of £ modulo p, is non-singular. Then E » 1s itself an elliptic curve over
the finite field IF,, and we may consider the group E »(Fp) of Fp-rational points of E -

There are various open questions surrounding the nature of the abelian groups E »(Fp),
as p varies. One such example is the following conjecture about the cyclicity of £ »(Fp).
which underlies an elliptic curve analogue of Artin’s primitive root conjecture that was
proposed by S. Lang and H. Trotter in 1977 [25].

Conjecture 1.1. Let E be an elliptic curve over Q of conductor Ng. There is a constant
Cg > 0 such that

i WP =X Pt NE, Ep(Fp) is cyclic)] _

C
x—>00 p < x| i
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In fact, the constant Cg is given explicitly by

Z p(n)

ZQER)

where ((-) denotes the Mobius function and Q(E[n]) the n-division field of E.
Regarding the positivity of Cg, J-P. Serre (see pp. 465-466 of [34]) observed that

(1.1) Cp =0 < E[2] € E(Q)

(aproof of this may be found on p- 619 of [14]). When (1.1) holds, the embedding Z /27 x
7/27 ~ E[2] = E(Q)[2] — E,(F,) (see for instance Proposition 3.1 in Chapter VII
of [35]), valid for every odd prime p + Ng, shows that

Ce =0 — |{pprime: p} Ng, Ep(Fp) is cyclic}| < 1.

It is well known that E‘p(]Fp) ~ 7/dp(E)Z x Z]ep(E)Z for certain dp(E), ep(E) €N
with dp, (E) dividing e, (E); obviously, this group is cyclic if and only if its size |Ep Fp)l
is equal to its exponent e, (E). The quantities d,(E) and e, (E) have been extensively
studied (see [3,11,17,19] and the references therein). The question of cyclicity of E p(Ep)
seems to have first appeared in a paper by 1. Borosh, C.J. Moreno, and H. Porta in 1975;
see [7], which calculates the structures of £, (F,) for various elliptic curves E and many
primes p, and expresses a version of Conjecture 1.1 without completely determining the
constant Cg .

In 1979, J-P. Serre observed (see pp. 465-468 of [34]) that Conjecture 1.1 follows
from the generalized Riemann hypothesis (denoted GRH) by adapting techniques from
C. Hooley’s GRH-conditional proof of Artin’s primitive root conjecture [21]. In 1983,
M. Ram Murty [31] gave a detailed proof of Serre’s result and also established the same
unconditionally for elliptic curves with complex multiplication (denoted CM). In 1990,
R. Gupta and M. Ram Murty proved unconditionally that, for any elliptic curve E over Q
satisfying Q(E[2]) # Q, there are > g x/(log x)?> many primes p < x for which Ep Fp)
is cyclic. In 2002, A. C. Cojocaru [12] proved a non-CM version of Conjecture 1.1 under
a weaker hypothesis than GRH. Specifically, Cojocaru proved the bound

U = p 4 Ns. EyFy) iscyeie)| — Cellp = x)| = O(* 252

under a quasi-GRH, i.e., assuming that the Dedekind zeta functions of the division fields
of E do not vanish for N(s) > 3/4; further improvements on this remainder term may
be found in [12], [31], and [2] (see also Theorem 45 in [13]). In addition to the above-
mentioned results, Conjecture 1.1 has also been proved “on average” over elliptic curves E
of bounded height [4], a result that was later refined by the second author [26]. Finally,
Conjecture 1.1 has recently been considered in the more general context of elliptic curves
over arbitrary number fields [10], in which case the question of vanishing of the conjec-
tural density becomes more delicate.

Inspired by Conjecture 1.1, Y. Akbal and A. M. Giiloglu [1] considered the question
of cyclicity of E »(F,) for the subset of those primes p which lie in a fixed arithmetic
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progression. Specifically, for any fixed a,n € N with ged(a, n) = 1, let us define the
counting function 7 g 4., (x) by

(1.2) TEan(X):={p <x:p}tNg,p=amodn, and E~p(]Fp) is cyclic}|.

Akbal and Giiloglu proved the following theorem, wherein the constant Cg 4, > 0 is
given by

(13 Crami= 3 1D 1en QUEW])
d=1

[Q(E[DQ(n) : Q]

In this definition, ¢, denotes a primitive n-th root of unity, and

if o, fixes Q(E[d]) N Q(&,) pointwise,
otherwise,

D) yan(QELD) = { .

where 0, € Gal(Q(¢,)/Q) refers to the unique automorphism satisfying o, (¢,) = 2.

Theorem 1.2 (Theorems 3 and 6 in [1]). Let E be an elliptic curve defined over Q and
assume that, if E has CM, then it has CM by the full ring of integers of an imaginary
quadratic field. Furthermore, fix n € N and, for each square-free d > 1, assume the gen-
eralized Riemann hypothesis for the Dedekind zeta function of the field Q(E[d])Q(¢p).
For any a € N with gcd(a,n) = 1, we then have

7E.an(X) = CEan Li(x) + Op 2 (x*/°(log x)?/3),

where Li(x) 1= fzx @dl denotes the logarithmic integral.

In particular, under GRH, Akbal and Giiloglu proved that g 4., (x) ~ Cg 4.n Li(X)
as x — oo, provided the constant Cg 4 , is positive, motivating the question: under what
conditions is Cg 4, positive? The Ph.D. dissertation of J. Brau [9], which also considered
this question, established the positivity of Cg 4, when E is a Serre curve and exhibited
an explicit formula for it under a mild additional hypothesis that was later removed in joint
work of the second author with J. Mayle and T. Wang [27]. Akbal and Giiloglu proved that
CE.a,n > 0 for any non-CM elliptic curve E over QQ, provided n is coprime with 30Ng
and is not divisible by any prime ¢ for which [Q(E[{]) : Q] < |GLo(Z/£Z)|. Regarding
conditions on (E, a, n) sufficient to guarantee that Cg 4 , = 0, they noted (see p. 3 of [1])
that, for any elliptic curve E over Q,

J a prime £ such that Q(E[{]) € Q(&,) and o4|qEe) = 1
(1.5 = lim 7 4,(x) < 00.
X—>00
As a consequence of Lemma 4.1 and Theorem 1.5 below, the left-hand condition above
implies that Cg 4, = 0, so the implication (1.5) is consistent with Theorem 1.2. Akbal
and Giiloglu then posed the following question (see Question 1 in [1]).

Question 1.3. Let E be an elliptic curve over Q and assume the notation as above. Is the
converse of (1.5) true?
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The main purpose of this paper is to answer Question 1.3 in the negative via a con-
crete example (see Example 1.7 and Theorem 1.10 below), and to propose a biconditional
analogue of (1.5). First, we give a definition.

Definition 1.4. For an elliptic curve E over Q and a pair (a, n) of relatively prime positive
integers, we call an integer m > 2 an acyclicity level for (E, a, n) if

Vo e Gal(Q(E[m]) Q(¢,)/Q) with o|q,) = 0a-

(1.6) . .
Japrime £ | m for which o|g(g[g) = 1.

We further call m a minimal acyclicity level for (E, a, n) if no proper divisor m’ of m
is an acyclicity level for (E, a, n). We call m a (minimal) acyclicity level for E if it is a
(minimal) acyclicity level for (E, a, n) for some pair (a, n) of relatively prime positive
integers. Finally, we call E an acyclicity elliptic curve if E has an acyclicity level.

Here is our proposed biconditional analogue of (1.5), which articulates a precise (con-
jectural) interpretation of when limy o0 TE 4,2 (X) < 00 in terms of division fields of E:

1.7 there exists an acyclicity level for (E,a,n) <= lim 7g 4.(x) < 00.
X—>00

In fact, we will prove the following theorem connecting the left-hand side of (1.7) with
the constant Cg 4 .

Theorem 1.5. Let E be an elliptic curve over Q, let (a,n) be a pair of relatively prime
positive integers, and let the constant Cg 4 ,, be defined by (1.3). We then have:

there exists an acyclicity level for (E,a,n) <= Cgqan =0.

Remark 1.6. By the nature of the defining condition (1.6), it follows that if m is an
acyclicity level of an elliptic curve E, then [ | Um £ is also an acyclicty level for E. Thus,
acyclicty levels of elliptic curves may always be taken to be square-free, and minimal
acyclicity levels are necessarily square-free.

The condition on the left-hand side of (1.5) is equivalent to the existence of a prime
acyclicity level (namely, £) for (E,a,n) (see Lemma 4.1 below). For the following elliptic
curve E, the left-hand condition in (1.5) is false while the right-hand condition in (1.5) is
true (£ has minimal acyclicity level m = 6).

Example 1.7. Let E be the (non-CM) elliptic curve over Q defined by the Weierstrass
equation
E: y?2+xy +y = x3432271697x — 1200056843302.

The conductor of £is2-3-5-7-11-31;its LMFDB label is 71610.56 (see [28]), and its
Cremona label is 71610s4. Furthermore, we have:
(1) the counting function g 3 g(x) defined by (1.2) satisfies wg 3 g(x) = 0 for all x > 0;
(2) for each prime £, Q(E[{]) € Q(Cs).

We remark that, for any elliptic curve E over Q that satisfies the left-hand condition
in (1.5), Ep(IFp) fails to be cyclic for good primes p = a mod n because there exists a
prime £ such that Z /{7 x 7 /€Z < E,(FF,) for every such p. In contrast, for the elliptic
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curve E of Example 1.7, the reason that E p(Fp) is not cyclic for any good prime p = 3
mod 8 is that, for any such prime, either Z /27 x Z /27 < E,(F,) or Z/3Z x Z/3Z <
E,(F,). For more details, see Remark 1.12 below.

We propose the following refinement of Question 1 in [1].

Conjecture 1.8. Let E be an elliptic curve over Q of conductor Ng, let (a, n) be a pair

of relatively prime positive integers, and suppose that there does not exist an acyclicity
level for (E,a,n). Then

7E.an(X) ~ CganLi(x),
as x — 0o, where Cg 4., > 0 is defined as in (1.3).
Remark 1.9. Let us clarify what is known and what is conjectured. Conjecture 1.8 is
known to be true for CM curves due to the work of P.-J. Wong [37], and to follow from
the GRH for non-CM curves by Theorem 1.2. In case (E, a, n) does have an acyclic-

ity level, it follows that limy oo 7E 4., (X) < 00 by a straightforward application of the
Chebotarev density theorem.

The elliptic curve E in Example 1.7 is a specialization of an elliptic curve E defined
over Q(t, d), infinitely many of whose specializations satisfy conditions (1) and (2) of
Example 1.7, with appropriately chosen a,n € N replacing 3 and 8, respectively. To
describe E, first define the polynomials f(z), g(¢) € Q[t] by

f(t) =165 —241* — 83 + 361> + 61 + 1,

(1.8)
g(1) := 6418 + 6417 + 641% — 1281° — 561* + 161> + 641> — 81 + 1.

Next, define the Weierstrass coefficients a4(t), ag(t) € Q(¢) by

—108 (413 — 1)3(413 + 61 — 1)3 f(¢)3
(212 + 21 — 1)2(41% — 413 + 612 + 21 + 1)2(81* — 813 — 81 — 1)2g(1)?
as(r) = —432(413 - 1343 + 61 — 13 f(1)3 ’
(212 + 2t — 1)2(41* — 413 + 612 + 21 + 1)2(8t* — 813 — 81 — 1)2g(1)?

aqs(t) :=

where f(¢) and g(¢) are as in (1.8). Finally, define the elliptic curve E over Q(z, d) by the
Weierstrass equation

(1.9) E: y2 =x3 4 d%a4(t)x + d3as(2).
The j-invariant jg (z) and discriminant Ag(¢) of E are given by
(1.10)

() = (413 —1)3@13 + 61 —1)3 f(1)?

TR S 132+ DS 2+ 1 + )P (422 — 20 + 1)5
Ag(1)

2183120013 (—1)3 (21 +1)0(12 41+ 1)3 (41221 +1)°(413—1)° (43 + 61 —1)° £ (1)°
N (212 + 2t — 1)65(41% — 413 + 612 + 21 + 1)6(81* — 813 — 8t — 1)6g(1)®
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To clarify how specializations of |E are related to Question 1.3, let s (2), h3(t) € Q(¢)
be defined by

hao(t) :=t(t — D2+t + 1),
(1.11) _6(4 —1)(417 + 61 — 1) (212 + 21 — 1) f(1)g(1)

hi(t) = ,
3() (4% — 413 + 612 + 21 + 1)(81* — 813 — 81 — 1)

where f(z) and g(¢) are as in (1.8). A computation involving the appropriate division
polynomials associated to [E demonstrates that

(1.12) Q(t.d)(E[2]) = Q(t.d)(Vh2(1)), Q(t,d)E[3]) =Q(t.d)(v/dh3(r),v=3).

Forany to € Q — {0,1,—1/2} and dp € Q — {0}, we may consider the specialization E, 4,
of E at (¢9, do), which is an elliptic curve over Q. Furthermore, (1.12) specializes to

(1.13)  QEqa2) = Q(vVha(to)), QEya[3]) = Q(vdohs(te), v/=3).

In particular, we see that Q(EE,,_4,[3]) is either equal to Q( v/=3) oris a biquadratic exten-
sion of Q which contains Q(+/—3) as a subfield. In the latter case, Q(E t0.do[3]) contains
three quadratic subfields, exactly two of which are ramified at the prime 3; in either case
let us denote by

doh3(to) if 3 is unramified in Q(y/doh3(10)),

—3dghs(tp) otherwise.

ns(to, do) == {

Thus,
{Q(v/n3(t0, do)). Q(V=3), Q(v/=3n3(t0,do))}
is the set of all quadratic subfields of Q(E,, 4,[3]), and

{Q(V-3).Q(V-3n3(t0. do)) }

is the subset of those quadratic subfields that are ramified at 3. Finally, we define ng € N
by

(1.14) no := lem (| disc Q(v/=3h2(t0))|. | disc Q(v/=3n3(to. do) h2(10) )] )-
Note that, in case Q(E,, 4,[3]) = Q(+/=3), we simply have
Q(v=3n3(to, do)) = Q(V=3) and ng = | disc Q(v/=3h2(to))|-
In either case, n¢ is the smallest positive integer for which the containment
(1.15) Q(v/—=3ha(to). v/—3n3(to. do) h2(10)) S Q(ny)

holds. In Section 2, we will prove the following theorem.

Theorem 1.10. Let the elliptic curve E over Q(t,d) be given by (1.9), and let hy(t), h3(t)
€ Q(¢) be as in (1.11), so that (1.12) holds.

’
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(a) Forany to € Q —{0,1,—1/2} and dy € Q — {0}, the specialization E, 4, of E at
(to,dy) is an elliptic curve over Q. For any elliptic curve E defined over Q satisfying
jE €10, 1728}, E satisfies

[QER2D:Q] =2 and [Q(E[3]):Q] =4
if and only if E is isomorphic over Q to a specialization E g4, for some ty €
Q—1{0,1,-1/2} and dy € Q — {0}.
(b) Suppose to € Q —{0,1,—1/2} and dy € Q — {0} are chosen so that
(1.16) QErg,d02]) € QEsy,a,[3])-

Let {Q(~/=3),Q(y/=3n3(to, do) )} denote the set consisting of every quadratic sub-
field of Q(Ey,.4,[3]) in which the prime 3 ramifies. Define no € N by (1.14) (note
that (1.15) then holds), and let ay € Z be any integer coprime to ngy such that the
automorphism o4, € Gal(Q({,,)/Q) satisfies

0ao (V—3h2(10)) = —v/=3ha(t0).

(1.17)
Ty (V=313 (10, do) h2(t0) ) = —/=3n3(to, do) h2 (o).

(Note that, by (1.16), neither \/—3h,(to) nor \/—3n3(to, do) ha(to) are in Q.) We
then have that, for each prime p > 5 of good reduction for E;, 4, with p = ay
mod ng, the group (E;,}O)p (Fp) is not cyclic. In particular, for each x > 0, we have
TU(E 1,dp)>@0510 (x) <2

(c) Assume further thatty € Q —{0,1,—1/2} and dy € Q —{0} are chosen so that 3 rami-

fies in Q(y/ha(t0)) and 5 does not ramify in Q(/—3h2(to), /—3n3(to, do) h2(to)).
Then, for each prime £, we have Q(Eq; 4,[£]) € Q(Eny)-

It follows from Theorem 1.10 that there exist infinitely many j -invariants correspond-
ing to elliptic curves E over QQ that answer Question 1.3 in the negative:

Corollary 1.11. There are infinitely many jg € Q, where each jg is the j-invariant of an
elliptic curve E over Q for which there exist coprime a,n € N such that, for each x > 0,
TE an(X) < 2 in spite of the fact that, for each prime £, Q(E[£]) € Q(&n).

Proof. A straightforward calculation shows that, if ug € Zy N Z) N Z7y € Q and
we take #y9 := 21(15u¢ — 1), then the 3-adic, 5-adic and 7-adic valuations of h;(¢y) =
to(to — 1)(13 + 1o + 1) are given by

v3(ha(to)) = 1, ws(ha(to)) =0, and w7(ha(to)) = 1.

Thus, 3 and 7 are ramified and 5 is unramified in Q(+/h2(%)), and in particular this
implies that

(1.18) 5 is unramified in the field Q(\/ —3h2(t0)).
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Next, choosing dy € Q so that
v3(dohs(to)) =0, wvs(dohs(t)) =0, and wv7(dohs(to)) =0,

the primes 3, 5 and 7 are unramified in Q(4/doh3(%p)). It follows from this and (1.13)
that 7 is unramified in Q(E,, 4,[3]) and ramified in Q(E, 4,[2]), and so (1.16) holds.
Furthermore, we have that Q(+/—3n3(ty, do)) = Q(v/—3doh3(t9)), and this field is evi-
dently unramified at 5. It follows from this and (1.18) that 5 is unramified in the field
Q(\/—3h2(t0), \/—3n3(t0, do) ha(tp)). Thus, the conditions of parts (b) and (c) of Theo-
rem 1.10 are satisfied, and so the specialized curve E :=E, 4,, together with the numbers
ap € Z and ny € N as described in part (b), furnish an example with g 4,1, (x) < 2 for
every x > 0 even though Q(E[{]) € Q(¢y,) for every prime £. |

Remark 1.12. Taking o = 3/5 and dop = —28910265879522405941333082, we see
that the specialization E,, 4, is isomorphic over Q to the elliptic curve E of Example 1.7.
For this specialization, we have

Q(E[2) = Q(Vh(to)) = Q(V=6). QE[3]) = Q(v/doh3(te). vV=3) = Q(~/=3).

In particular, Q(E[2]) € Q(E[3]). Furthermore, taking n = 8 and a = 3, we see that
Q(E[6]) N Q(&g) = Q(+/2), and (1.17) simply becomes

03(\/5) = —\/5.

Thus, any o € Gal(Q(E[6])/Q) whose restriction to Q(E[6]) N Q({g) agrees with that
of o3 must act trivially either on Q(E[2]) or on Q(E[3]), so m = 6 is an acyclicity level
for (E, 3, 8). Since 2 and 3 divide Ng, we have that g 3 g(x) = 0 for all x > O (similar
reasoning shows that g 5 g(x) = 0). Finally, 3 ramifies in Q(£[2]) and 5 does not ramify
in Q(E[6]), so by part (c) of Theorem 1.10, we have Q(E[£]) € Q(¢g) for each prime £.

Remark 1.13. For any elliptic curve £ over Q and pair (a, n) of relatively prime positive
integers, Theorems 1 and 2 of [1] give, for any A > 2, an unconditional lower bound

(1.19) L TE (),

X
(log x)4
provided none of the following four situations occurs:
(1) There is an odd prime dividing ged(a — 1, n).
(i1) The containment Q(E[2]) € Q(¢,) holds and o, fixes Q(E[2]) pointwise.
(iii) The conductor n, of the field Q(/Af) satisfies that n, = 3 gcd(n,, n) and that
X—s8,/3(@) = —1, where 8, denotes the discriminant of Q(v/Ag).

(iv) The containments Q € Q(+v/Ag) € Q(¢,) hold and o, fixes Q(+/AE) pointwise.

Whenever cases are excluded from a theorem, it is helpful to know which excluded
cases arise just from limitations in the proof technique and which cases are excluded
because they can actually contain instances for which the stated result is false. We
endeavor here to shed light on the above four excluded cases in this regard. Consider-
ing case (i), for each £ € {3, 5} it is possible (e.g., using results in [38]) to construct
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an elliptic curve E over Q for which Gal(Q(E[€])/Q) is abelian. If we choose (a, n)
such that Q(E[€]) € Q(¢,) and o4|q(£[e = 1, then by (1.5), the bound (1.19) will be
false. Furthermore, since Q(¢;) € Q(E[€]), in this case £ divides n and ¢ = 1 mod ¢,
which implies that gcd(a — 1, n) is divisible by £. We see that case (i) contains instances
where (1.19) is false. For the same reason, if E satisfies (ii) then (1.19) is necessarily
false. Case (iii) has the most relevance to the present paper, since every specialization
E =E, 4, of E that gives rise to a negative answer to Question 1.3 satisfies the property
stated therein. Thus, case (iii) contains instances where (1.19) is false. Finally, if we are
in case (iv) but not in case (ii), then Q(E[2]) is nonabelian of degree 6 over QQ, and hence
we cannot have Q(E[2]) € Q(¢&,). It is unclear whether case (iv) contains any instances
where (1.19) is false that are not already covered by the other three cases.

It is natural to ask: are there any examples of acyclicity elliptic curves E over Q for
which the left-hand condition in (1.5) fails to hold other than those arising from special-
izations of [E? Could there be, hidden in the excluded cases mentioned in Remark 1.13,
other elliptic curves with composite minimal acyclicity levels? By couching everything in
terms of modular curves, translating the condition “E has a composite minimal acyclicity
level” into group-theoretical information about pg (Gg), and performing a computer cal-
culation, we are also able to prove the following theorem, which partially addresses these
questions.

Theorem 1.14. Fix m € N and define the set
(1.20) $m :=1{j €Q :3E over Q, m is a minimal acyclicity level for E, and jg = j}.
In case m = £ is prime, we have
|Fel =00 <= e #0 < £€{2,3,5},
whereas in case m is composite, we have
|Fm| =00 <= m =6.

Furthermore, in case £ € {2,3,5}, each j € §¢ is the j-invariant of an elliptic curve E
over Q for which there is a pair (a, n) of relatively prime positive integers satisfying
Q(E[L]) € Q(&n) and o4|ee)) = 1. In case m = 6, we have g6 C jr(Q), where jg is
as in (1.10).

Remark 1.15. If m € N is composite and m # 6, Theorem 1.14 asserts that ¢, is
finite, and one can ask for conditions on m which guarantee that ¢, = @. Serre’s uni-
formity question (see p. 299 in Section 4.3 of [33] and also Conjecture 1.12 in [38])
asks whether, for each prime £ > 37 and for each non-CM elliptic curve E over Q, one
has Gal(Q(E[€])/Q) >~ GL,(Z/LZ). Despite significant progress (see [30], [5], [6]), this
question remains open. Assuming an affirmative answer to it, we may see that, whenever
m is divisible by a prime £ > 37, ¢, = 0. Thus, an affirmative answer to Serre’s unifor-
mity question implies that there are only finitely many j-invariants of acyclicity elliptic
curves over Q having minimal acyclicity level that does not belong to {2, 3, 5, 6}.
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2. Proof of Theorem 1.10

The proof of Theorem 1.10 falls naturally into three pieces. We will first prove the state-
ments in part (a) of the theorem, and then we will prove the statements in parts (b) and (c).
At various points in the proof (and later in the paper) we will make use of the symbols

2.1) PE ' GQ — GLz(Z),
PEn:Gg — GL,(Z/nZ),

which denote the continuous Galois representations defined by letting Gg := Gal(Q/Q)

act on the adelic Tate module T'(E) := l(gn E[n] (respectively, on the n-torsion E|[n])

of E, and choosing a Z-basis (respectively, a Z/nZ-basis) thereof. Furthermore, if G C
GL, (Z) is any subgroup and n € N, we will denote by G(n) € GL,(Z/nZ) the image of
G under the projection map GL, (Z) — GL,(Z/nZ). Note that, with these conventions,
if GE := pg(Gq) then, for an appropriate choice of basis, we have Gg (n) = pg 1 (Gg).
When d divides n, we will use the symbol 7, 4: GL2(Z/nZ) — GL2(Z/d Z) to denote
the canonical projection map. We will denote by 1 the identity element of any group,
except when the group is a matrix group, in which case we may use the symbol I to
denote the identity matrix.

2.1. Preliminaries on modular curves

Suppose that G CGL, (Z) is an open subgroup (equivalently, a subgroup of finite index
in GL,(Z)) which additionally satisfies

—1eG and detG = 7%

There is then associated to G a smooth, projective, geometrically irreducible curve X G
defined over Q. This modular curve Xz comes equipped with a forgetful map

je: Xg — X(1) —— PL

Furthermore, for every elliptic curve E over Q whose j-invariant jg satisfies
jE ¢{0,1728)}, we have that pg (Gg) is GL,(Z)-conjugate to a subgroup of GT := {g7 :
g € G} (where g7 denotes the transpose of the matrix g) if and only if jg € Jja(Xg(Q)).
We may also define a generic Weierstrass model over the field Q(d)(X ) by

, 10842 g 432d% jg

L © AT | AT

whose j-invariantis jz. For any o € X5(Q) — jé_1 ({0,1728, o0}) and dy € Q*, we may
consider the specialization

5@ .2 W08dGgt) - 432d5)g(t0)
fodo 1728 — j&(to) 1728 — j& (to)
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which is an elliptic curve over Q. For any elliptic curve E over Q with jg ¢ {0, 1728}, we
have that jg € jz(X5(Q)) if and only if £ is isomorphic over Q to such a specialization

Egﬁ()io. Henceforth, let us use the following notation: for subgroups Hy, H, € GL; (Z),

. def N

H, € H, = 3g € GL,(Z) such that gH g~ ' C H,,
def N

Hy =H, & Jg € GL,(Z) such that gH, g~ ' = H,.

For any m € N, we define the relation H; € H, for subgroups Hy, Hy € GL,(Z/mZ)
similarly as subset containment up to conjugation in GLj(Z/mZ). Summarizing the
above, for all E/Q with jg & {0, 1728}, we have

pe(Go) € G < jE € j5(Xz(Q))
< 319 € X5(Q), do € Q% with E ~¢ E'?)

to,do*

2.2)

For full details, we refer the reader to [16] (see also [32] for a helpful discussion about left
versus right action of GL, on the underlying complete modular curve, which is responsible
for the appearance of the transposed group GT in (2.2)). In case we wish to use modular
curves as above to study the question of which elliptic curves E satisfy pg(Gg) € G'
for an open subgroup G € GL, (Z) for which —1 ¢ G, we will always first enlarge G by
setting R

G :=(G,—1) C GLy(Z).

2.2. Proof of part (a) of Theorem 1.10

Let the Borel subgroup B(2) € GL,(Z/2Z) and the split Cartan subgroup €5(3) <
GL,(Z/37) be defined by

82 =(() |))<GLaz/22).

&3 =1{({ 2) a.d €(Z/3L)*) € GLa(Z/3E).

Let G(6) € GL,(Z/67Z) be the subgroup that corresponds to B(2) x €s(3) under the
isomorphism
GL,(Z/6Z) ~ GL,(Z/27) x GL,(Z/3Z)

of the Chinese remainder theorem and define
Ge := 17 1(G(6)) S GLy(Z),

where 7: GL, (Z) — GL,(Z/67Z) is the usual projection map.

Since —1 € Gg and det(Gg) = 7%, we are in the setting of the previous section, and so
there is a smooth, projective, geometrically irreducible modular curve X, with a forgetful
map jg, : Xg, — X(1) ~ P!, and we denote the generic Weierstrass model E(Ge) simply
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by E. The specializations E;, 4, of this Weierstrass model satisfy the property that, for
each elliptic curve E over Q with jg ¢ {0, 1728},

pE(GQ) € Gi < jE € j6s(Xg,(Q))

2.3) X .
< 1) € XG,(Q),do € Q™ with E ~qg Ey, 4,-

Moreover, a calculation shows that X, has genus zero and satisfies Xg, (Q) # @. Thus,
X6, ~o P!, and, fixing a parameter ¢ on Xg,, the above-mentioned forgetful map may
be realized as a rational map jg: P!(t) — P!(j) making the diagram

forgetful map jgg
2.4) Xoo —= PL(1) 2 PA())

commute. Our goal is to produce a rational function jg () € Q(¢) that represents the above
rational map JE.

As may be deduced from Theorems 1.1 and 1.2 of [38] (see also Tables 1 and 3
of [36]), for any elliptic curve E over Q with j-invariant jg ¢ {0, 1728}, we have that

[Q(ER]) : Q] =2 = pr2(Go) € B(Q)
256 M,

< dtg € Q with jg = p
0

@3 QEB) : Q] < 4 <= pr1(Go) EE3)

(to + 1’0 +3)°(15 +3)°
15 (t3 + 3t + 3)3

< 31y € Q with jp = 27

Thus, an elliptic curve E over QQ simultaneously satisfies each of the left-hand conditions
if and only if jg is simultaneously a value of each of the rational functions on the right-
hand side of (2.5), and we are led to the algebraic curve defined by

(u+1)° (v + D@+ 3> +3)°
2.6 XGe @ 256 =27
2:6) Ge u v3(v2 4+ 3v + 3)3

(singular model).

Using Magma [8] to resolve the singularities, we arrive at the rational functions

4¢3 -3t —1 BPe-1032+t+1)3
V= —"—797¥92—5 u=25 .
3t (2t + 1)3(4¢2 =2t + 1)3

Substituting these into (2.6) yields equality, and the resulting rational function jg(¢) €
Q(#) is as in (1.10). Viewing ¢ € Q(Xg,), we have Q(Xg,) = Q(?), and jEg () may be
taken to define the rational map jg in (2.4). Part (a) of Theorem 1.10 then follows from
this and (2.5), (2.6) and (2.3).

2.3. Proof of part (b) of Theorem 1.10

The proof of part (b) of Theorem 1.10 will utilize the following lemma, which, for any
elliptic curve E over Q, interprets the acyclicity of E,(IF,) for a good prime p in terms
of p splitting completely in an appropriate division field of E.
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Lemma 2.1. Let E/Q be an elliptic curve of conductor Ng, and p a prime with p t NE.
Let £ # p be a prime. Then E,(Fp) contains a subgroup isomorphic to Z/LZ x L [LZ if
and only if p splits completely in Q(E[{]).

Proof. See Lemma 2.1 in [14]. [

Now let E be as in (1.9), let tp € Q — {0, 1, —1/2} and dyp € Q — {0} satisfy the condi-
tions in part (b) of Theorem 1.10, and let E, 4, be the specialization of E at (7o, do). Let
no € N be asin (1.14) and let ag € Z be chosen coprime with ¢ and so that (1.17) holds.
We will verify that, for each x > 0, ”(E[O,do),ao,no(x) <2.

Consider the field

Q(E 5,4, [6]) = Q(Vh2(t0), v/~3n3(to, do), V-3).

It follows from (1.17) that, for any prime p = a¢ mod 7y, the automorphism 0, = 04, €
Gal(Q(&n,)/Q) must either act trivially on

Q(vha(t0)) = Q(Ey 4,[2) oron  Q(v=3,v/=3n3(t0,do)) = Q(Eyy.4,3])-

It then follows from Lemma 2.1 that, for each prime p > 5 of good reduction for E;, 4,,

the group (]EEO)I,(IFI,) either contains a subgroup isomorphic to Z/27 x 7Z/2Z or
a subgroup isomorphic to Z /37 x Z/37Z. In particular, for every good prime p > 5,
(E;;O)p (Fp) is not a cyclic group, and thus 7, , ).a0no(X) < 2 for every x > 0, as
asserted. ]

2.4. Proof of part (c) of Theorem 1.10

To verify part (c) of Theorem 1.10, we will make use of the following result, which follows
from Theorem 1.1 in [20]

Theorem 2.2. For any elliptic curve E defined over Q, Gal(Q(E[d])/Q) is abelian only
ifd €{1,2,3,4,5,6,8}. Furthermore, for each d € {1,2,3,4,5, 6,8}, the set

{j €Q : j = jg for some elliptic curve E over Q with Gal(Q(E[d])/Q) abelian}
is infinite.

Theorem 2.2 allows us to restrict our verification of Q(E,, 4,[€]) € Q(&,,) to just
those £ € {2, 3, 5}. By assumption, the prime 3 ramifies in Q(4//2(t9)), and therefore 3
does not ramify in the field Q(y/—3h2(to), v/—3n3(t0. do) h2(t9)), and, by hypothesis,
neither does 5. Thus, neither 3 nor 5 divides 7y, and so neither 3 nor 5 ramifies in Q({y,).
Since 3 does ramify in Q(y/h2(t)) = Q(E,.4,[2]) and in Q(E,, 4,[3]), we see that

QErg,d0[2]) € Q(Eny) and Q(Esy,d, [3]) € Q(Eno)-

Similarly, since 5 ramifies in Q(E,, 4,[5]), we further conclude that Q(E, 4,[5]) Z
Q(&n,), finishing the proof of part (c) of Theorem 1.10. ]
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3. A criterion for Cg,, =0

In this section, we prove Theorem 1.5. We begin by describing the constant Cg , , in
more detail.

3.1. Heuristics connecting Cg 4, With Tg 4 ,(x)

We begin by noting that, thanks to the Hasse bound

lp+ 1—|E,(Fp)l| <2/p

(see, e.g., Theorem 1.1 in Chapter V of [35]), for any prime p t 2Ng, Ep (Fp) is cyclic if
and only if every prime £ # p satisfies Z/{Z x Z/{Z &€ E,(IFp). Thus, by Lemma 2.1,
we have

(3.1) E,(F,) is cyclic <= V prime £ # p, Frob, # 1 € Gal(Q(E[(])/Q),

where here and henceforth, Frob, denotes any choice of Frobenius automorphism at p in
a given Galois group (which should be clear from context). In particular, we have

3S C {primes} with |S| < oo satisfying that Vp ¢ S with

x]ggo TE,an (X) < 00 p = a mod n, 3¢ prime and Frob, = 1 € Gal(Q(E[{])/Q).

The constant Cg 4, encodes the joint probability of the events (3.1) and p = a mod n,
as follows. Grouping the primes £ on the right-hand side of (3.1) according to whether they
divide a “test level” m € N, we are led to the biconditional

E,(F,) is cyclic

G2 <= VmeN with p + m and V prime £ | m, Frob, # 1€ Gal(Q(E[{])/Q).

To study the density of such primes that also satisfy p = a mod n (equivalently, that also
satisty Frob, = 0, € Gal(Q(,)/Q)), we define the following sets:

SEan(m) = {0 € Gal(Q(E[m])Q({x)/Q) : olo,) = 0a}
Sl/E,a,n(m) ={o¢€ SE.an(m): Ve | m, O|Q(E[g]) % 1},

Séd’z,n(m) = {O’ € SE,a,n(m) : U|Q(E[d]) = 1}, for d | m.

Note that
1
SE m) = Sp.an(m).

The “probability visible at level m” that E »(Fp) is cyclic is reflected in the right-
hand condition in (3.2) for a fixed value of m. By the Chebotarev density theorem, the

probability is given by
(3.3)
. 1% a0 (M)
Prob(E, (IF,)[{] is cyclic for each £ | m and p = @ mod n) = |Ga1(Q(Ef ,])Q(C )/Q)I.
m n

Note that, for any fixed m, the number of primes p | m is finite, so removing them from
consideration does not affect this probability.
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For any d dividing m, we let

@ma : Gal(Q(E[m]))Q(8n)/Q) — Gal(Q(E[d])Q(¢n)/Q)

denote the restriction map. Using the observation |Sg{l)l’n (@A) =Yan(Q(E[d])) (see (1.4)),
we see that

IS (m)] ~ |, L (S5 (@)
GalQEmDQE)/QI w0, (Gal(QE[E) Q(n)/ Q)]

_ Van@EE)

| Gal(Q(E[d) Q(en)/ Q)]

Moreover, since ) ()
1
Sk.an(tm) = Sg ), (m) =) S5 ,(m).

Lim

we may apply inclusion-exclusion, concluding that

ST an ()] u(d)|sg )

| Gal(Q(E[m)Q()/Q)] % | Gal(Q(E[m])Q(¢n)/ Q)|

-y 1(d) yan(Q(E[])
£~ 1Gal(Q(E[DQ(n)/ Q)

34

Thus, taking the limit in (3.3) as m — oo through any sequence that is cofinal with respect
to divisibility (for instance, we may simply take m,, := [[,_, £"), we arrive at the heuristic
density -

. w(d) van(Q(E[d])) e w(d) van(Q(E[d]))
3.5 Cpan=1 : = : .
G5 Coan= I ) GIQEWDAGD] ~ 2= QEWIQEG)

Remark 3.1. Given any elliptic curve E over QQ, any pair (a, n) of relatively prime posi-
tive integers, and any m € N,

m is an acyclicity level for (E,a,n) < S;;,a,n(m) = 0.
Furthermore, since Gal(Q(E [m])Q(¢,)/Q) is isomorphic to the group
{(0.7) € Gal(Q(E[m])/Q) x Gal(Q(£x)/Q) : lQEmNNQE) = TIQEmM)NQE) }-
we may see that the set Sg 4, (/1) is in one-to-one correspondence with the set
{0 €GalQ(E[m)/Q) : oloEmnnee,) = JaloEminee))

and the set S, ,  (m) corresponds to

{0 €Gal(Q(E[m])/Q) : o|QEm)nQ,) = %alQEm)na,) and V& m, oo # 1)-
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3.2. The constant Cg 4, as an “almost Euler product.”

We will presently describe the constant Cg 4 , as a convergent Euler product multiplied by
a certain rational number, which will allow us to deduce Theorem 1.5. Toward this end, let
us describe in some detail the nature of the image of the Galois representation pg in (2.1).
In case £ has CM by the order O,y € Ok of conductor f € N inside an imaginary
quadratic field K, the image of pg is not open inside the profinite group GL, (Z), but it
is open inside a particular subgroup, which we now specify, following [29]. Let Ax € Z
denote the discriminant of K and define the integers 6 = g, r and ¢ = ¢x s by

(252 o) if Ag f2 = 0mod 4,

((Aﬁ_l) 72, f) if Ak 2 = 1 mod 4.

6.9) = {

Then define the subgroups €s ¢ (Z/nZ) € N3 ¢(Z/nZ) < GLo(Z/nZ) by
€s.4(Z/nZ) = {(a ngb‘f’ 2) ca,b € Z/nZ,a® + pab — §b* € (Z/nZ)X},
(3.6)
1 0
Nio(Z/n2) = (Cso(Z/nD). (4 1))

Finally, set .
N3¢ (Z) = l(ine/\f(g,d,(Z/nZ).

If £ has CM by the imaginary quadratic order O, r then, for an appropriate choice of
basis, we have

3.7) pE(GQ) S Nsp(2).

(Henceforth we will assume that, in the CM case, the underlying choice of basis is made
so that (3.7) holds.) To uniformize notation, let us define Gg(Z/nZ) by

GL,(Z/nZ) if E hasno CM,

Gg(Z/nZ) =
E(Z/nZ) {Ng,¢(Z/nZ) if £ has CM by Ok, ¢,

and .
Gg(Z) := l(iLnGE(Z/nZ).

Thanks to Serre’s open image theorem in the non-CM case and class field theory in the
CM case, we have [GE(Z) : pe(Gq)] < oo. It follows that there exists m € N for which

(3.8) ker(Gg(Z) — Gg(Z/mZ)) < pe(Go).

Definition 3.2. For any elliptic curve E over Q, we define mg € N to be the smallest
m € N for which (3.8) holds, and call it the adelic level of the group pr(Gg) € Gg (Z).
More generally, for any open subgroup G € Gg (2), we define the adelic level of G to be
the smallest m € N for which ker(Gg (Z) — Gg(Z/mZ)) C G.
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A key property of the group Gg := pg(Gg), that can be deduced from Definition 3.2,
is that

VM,meN withm | M, Gg(M) S 737, (G (m))

(3.9)
= gcd(M,mg) > ged(m, mpg),

where wyrm: GE(Z/MZ) — Gg(Z/mZ) denotes the canonical projection map.
We are now ready to analyze the constant Cg 4, in further detail. Suppose that
f:N — C is any function for which there exists M € N so that

(310) le, d2 € N, ng(Mdl, dz) =1 = f(dldz) = f(dl)f(dz),
and for which the infinite sum Y 57, 1(d) f(d) converges absolutely. Writing any d € N

as d = d1d,, with dy only divisible by primes dividing M and gcd(d,, M) = 1, it follows
from (3.10) that

S @ = (X uansan)( Y w @)

d=1 di|M d, eN
(3.11) ged(da,M)=1
= (X w@ns@n) T a- s,
di|M £ prime
1237

We will apply the above with

Yan(Q(E[d]))
[QE[dDQ(&n) : QEn)]

This application is justified by our next lemmas.

fd) =

and M =mg.

Lemma 3.3. Let E be an elliptic curve over Q and let mg be its adelic level (see Defini-
tion 3.2). For any positive integers n, dy, and dy with gcd(diymEg, dy) = 1, we have

(Q(E[d:1]) N Q) - (QRUE[d2]) N Q&) = (QUE[d1d2]) N Q(En)).

Proof. The containment “C” is obvious. We will establish the other containment. Let
us set d := dydy, N :=lem (n, d1d>), and Gg := pe(Gg) C GE(Z). Write N =
N1 N, (respectively, n = niny) with Ny (respectively, n1) supported on primes divid-
ing dymg and N, (respectively, n,) coprime to dympg. We then have dp | N, and
gcd(NymEg, N») = 1. Applying (3.9) with M = N and m = Njp, we find that, under the
isomorphism of the Chinese remainder theorem,

(3.12) Gg(N) ~ Gg(Ny) x Gg(Z/N>Z).

Throughout the rest of this proof, we will at times make casual use of this isomorphism.
Let A := Gal(Q(E[d]) N Q(¢,)/Q) and define the map

¥ Ge(N) " Gr(d) ~ Gal(Q(E[d)/Q) —= 4
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to be the natural projection map followed by the restriction map, and

det,

21 GE(N) = (Z/nZ)* ~ Gal(Q(5n)/Q) —== A

to be the determinant modulo » map followed by the restriction map. Notice that, under
Gg(N) ~ Gal(Q(E[N])/Q), the maps y and ¥ both agree with the restriction map
Gal(Q(E[N])/Q) — A (the key fact that the determinant map det,,: Gg (N) — (Z/nZ)*
corresponds to the restriction map Gal(Q(E[N])/Q) — Gal(Q(¢,)/Q) follows from the
Weil pairing being bilinear, alternating, non-degenerate and Galois invariant; see Proposi-
tion 8.1 in Chapter III of [35]). Thus, we have

(3.13) VgeGe(N), x(g) =v(9).
By virtue of the cartesian product decomposition (3.12), we may define the maps
V1:Gg(N)) > A and V¥, :Gg(Z/N,Z) — A

by _ _
Vi(g1) =¥ ((g1,1)) and V2(g2) =¥ ((1, g2)).

and further extend these maps to Gg (N) via
V1(g) == V1(anw (g)) and  ¥2(g) = V2NN, ()
Similarly, we define
X1:GE(N1) > A, y2:Gg(Z/N2Z) - A and )1, x2:Gg(N) —> A.

First note that
Y =vy1yo and x = xix2.

Furthermore, if g corresponds under (3.12) to (g1, g2), then, using (3.13), we have

vi(g) = ¥i(g1) = v((g1. 1)) = x((g1. 1) = 11(g1) = x1(8).
V2(g) = V2(g2) = ¥((1.£2)) = x((1.£2)) = ¥2(g2) = x2(8).

confirming that
(3.14) Yi=x1 and VYo = y».

Moreover, observe that, for g; € Gg(Ny), if det g = 1 mod ny, then det(gy, 1) = 1
mod 7, which implies that, for any g> € Gg(Z/N2Z),

x1((g1,82)) = x1(g1) = x((g1, 1)) = 1,
and so ker y; 2 kerdet,, . Analogous reasoning shows that ker y, 2 kerdet,, as well; thus

(3.15) ker y; 2 kerdet,, (i €{1,2}).
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Similarly, if Gg(N1) > g1 = I mod d; then (g1, ) = I mod d, which implies that, for
any g2 € G (Z/ NaZ).

¥1((g1,.82)) = ¥1(g1) = ¥((g1. 1) =1,
showing that ker y; D ker my 4, . Likewise, ker ¥, D ker my 4,, and we have verified
(3.16) kery; Dkermy g (i €{1,2}).
Combining (3.14), (3.15), and (3.16), we see that
(kermpy q,.kerdet,, ) Ckery; and (kermy g4,.kerdet,,) C kery,,

and it follows from this and ker 1 N ker ¥, C ker ¥ (which itself results from ¢ = 1)
that
Q(E[d1d2] N Q&) = QE[ND Y C Q(E[ND*" V! - Q(E[N])<" Y2
C (Q(E[d1]) N Q(&ny)) - (Q(E[d2]) N Q(Eny))

€ (Q(E[d1]) N Q(&n)) - (Q(E[d2]) N Q(En))- u
Lemma 3.4. Let E and mg be as in Lemma 3.3, and define the arithmetic function
f:N —>R by
an(Q(E[d
) e Yer(QUEL))

[QE[dDQ(&n) : Q(En)]
(see (1.4)). For any dy,d, € N, we have

ged(dimg.dx) =1 = f(did2) = f(d1) f(d>).
Proof. The fact that
ng(dlmE» d)=1= Va,n(Q(E[dle])) = Va,n(Q(E[dl])) Ya,n (Q(E[dZ]))

follows immediately from Lemma 3.3 and the definition of y, ,. We now establish the
analogous statement for the denominator of f. In what follows, we set

K :=Q() and Gg :=pp(Gg) C Ge(Z).
By Galois theory, we have

[K(E[d1]) - K] = [Q(E[d1]) : Q(E[d1]) N K] =8, in (3.18) below,
(3.17)  [K(E[d2)) : K] = [Q(E[d2]) : Q(E[d2]) N K] = J2  in (3.18) below,
[K(E[d1d3]) : K] = [Q(E[d1d>]) : Q(E[d1d2]) N K] = x  in (3.18) below,
where we have used Lemma 3.3 to justify the last line of equalities. Applying (3.9) with

M =d;d; and m = d;, we find that Gg (d1d2) ~ GEg(d1) x Gg(Z/d,Z), which implies
that

Q(E[d:]) NQ(E[d2]) =Q and (Q(E[d1]) N K) N(Q(E[d2]) N K) = Q.



N. Jones and S. M. Lee 822

We thus have the following diagram of fields, with yq, y2, 1, 62, and x defined as the
degrees of the appropriate field extensions:

Q(E[d1d2))

822

Q(E[d1]) x Q(E[d2))

(3.18) 5 (Q(E[d1]) N K) - (Q(E[d2]) N K) 8

QE[dDNK Q(E[]DNK

Computing [Q(E[d1d2]) : Q] in two different ways, we see that x = §;8,, which,
by (3.17), completes the proof of the lemma. ]

Returning to (3.11), we set

Yan (Q(E[d]))
[QIE[])Q(En) - QEn)]

By Lemma 3.4 together with (3.5) and (3.4), we conclude that Cg 4, is equal to

fd) =

and M =mg.

|SE an(rad(mE))| T (1 R 0) )
[GalQ(Elradmp)) QDI 2L G£(Z/0D)
Limpg
L|ged(n,a—1)
1
[T (- @)
N RN [ A17]
LinmEg
where rad(mg) := Hﬂ\m » L. Since each of the products in this expression is a posi-

tive number (note that, by (3.6), we have £ | mg = |Gg(Z/€Z)| > ¢(£) > 1 and also
|GE(Z/LZ)| > €2, ensuring convergence of the infinite product), it thus follows from
Remark 3.1 that

Cean =0 < Sg,,(ad(mg)) =0
<= dm | rad(mg) that is an acyclicity level for (E, a,n),

completing the proof of Theorem 1.5.

Remark 3.5. Since our proof of Theorem 1.5 gives a slightly stronger condition, our
conjectural equivalence (1.7) may be restated in the following refined form:

There exists an acyclicity level m | rad(mpg) for (E,a,n) <= lim ng4,(x) < 00.
X—>00
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Remark 3.6. The main ingredients in the proof of Theorem 1.5 are (3.4), (3.11), and
Lemma 3.4, with (3.4) representing the key observation missing from the analysis in [1].
Rather than (3.11) and Lemma 3.4, we could have instead used Lemma 12 in [1]. We
chose to include Lemma 3.4 both for the sake of completeness and also because it gives a
slightly stronger result: our rad(m g ) is always a divisor of the M g appearing in Lemma 12
of [1] (see for instance Lemma 3.6 and Lemma 4.4 of [22]), and in practice it is often a
proper divisor.

4. Proof of Theorem 1.14

Let m € N and assume that §,, 7# @. We will presently separate into cases according to
whether m is prime or not.

Lemma 4.1. Let E be an elliptic curve over Q and let (a,n) be a pair of relatively prime
positive integers. We have

L is a prime acyclicity level for (E,a,n) <= Q(E[{]) € Q(¢n) and o4loE) = 1.

Proof. Using Remark 3.1, the implication “<=" is straightforward; conversely, if
Q(E[L]) € Q(&n), then the restriction Gal(Q(E[])/Q) — Gal(Q(E[L]) N Q(£x)/Q) is
a nontrivial quotient map, so one can choose at least one nonidentity element mapping
onto 04 |Q(E[¢])NQ(¢,)- Again using Remark 3.1, we see that S . (£) # @, contradicting
that £ is an acyclicity level for (E,a,n). Thus, Q(E[E]) C Q({n) and then o, oz = 1
follows from S%, = (£) = @. [

E.,a,n

If m = £ is prime, then, by Lemma 4.1 and Theorem 2.2, we must have £ € {2, 3,5} and
there exists a pair (a, n) of relatively prime positive integers for which Q(E[{]) € Q(¢r)
and o4 |q(£[e)) = 1. Finally, Theorem 2.2 implies that, for each £ € {2, 3,5}, 4, is infinite,
finishing the case where m is prime.

Henceforth, let us assume that m is composite and |$,,| = oo; we will finish the proof
by deducing that m = 6 and ¢, C jE(Q) (see (1.20) and (1.10)). Let j € $,»\{0, 1728}
and let E be any elliptic curve over QQ that has m as a minimal acyclicity level and for
which j = jg. Proposition 4.4 below lays out some conditions that G := pg (Gg) must
satisfy. First, we state a key group-theoretical lemma, whose proof is straightforward.

Lemma 4.2. Let G be a group, let N1, N» < G be two normal subgroups of G and let
&,6" € G. Suppose that o := 6Ny and o’ := 6’ N, € G/ Ny satisfy 6 NyNy = 6' N1 N,.
Then there exists ny € N1 for which 6ny Ny = &' N,.

Corollary 4.3. Let E be an elliptic curve over Q and let m,m’,n € N, with m’ a divisor

of m. If 0,0’ € Gal(Q(E[m'])/Q) satisfy

oloEmDneE) = 9 lQEmNNQE)

then there exist lifts 6,6" € Gal(Q(E[m])/Q) of o and o', respectively, which satisfy

G loEm)nae,) = 0 lQEm)NE)-
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Proof. We apply Lemma 4.2 with G := Gal(Q(E[m])/Q), N1 := kerr; and N, :=
ker 75, where

my : Gal(Q(E[m])/Q) — Gal(Q(E[m])/Q).
72 : Gal(Q(E[m])/Q) — Gal(Q(E[m] N Q(Lx))/Q)

are the restriction maps. Given 0,0’ € G/ N1 ~ Gal(Q(E[m'])/Q), let us choose arbitrary
lifts 6, 6" € Gal(Q(E[m])/Q). By the Galois correspondence, the condition & Ny N, =
6'N1N, is equivalent to o|QEm])nQ@,) = 0 lQEm)NQE,). and the conclusion of
Lemma 4.2 states that we may adjust G so that &' |Q(E[m])nQ(,) = 0'|QEM)NQE,)- ™

Proposition 4.4. Let E be an acyclicity elliptic curve over Q and set Gg := pe(Gq).
Let m be a minimal acyclicity level for E and assume that m is composite. Then there
exists a surjective group homomorphism y: Gg(m) — A onto an abelian group A whose
kernel N(m) := Ker y satisfies the following three properties, where in what follows, for
any divisor d of m, we denote by N(d) the reduction of N(m) modulo d.

(1) Defining N (m) C GLo(Z/mZ) to be the subgroup that corresponds under the Chi-
nese remainder theorem to ]_[“m N (L), there exists an element T € N (m) N Gg(m)
such that, for each o € tN(m) C Gg(m), there exists a prime £ | m for which
o = I mod ¢, and for each £ | m, there exists 6’ € T N(m) such that, for each prime €’
dividing m/{, o’ # I mod {'.

(2) For each prime L dividing m, we have |N(£)| > 1.

(3) For each prime £ dividing m, writing m = £ - m’ (with £ } m’), we have N(m) N
ker 7wy ey = {I}. In particular, the group N(£) is isomorphic to a quotient of the
group N(m').

Proof. Define A := Gal(Q(E[m]) N Q(¢,)/Q) and let y: Gg (m) —> A be the surjective
homomorphism corresponding under G g (m) ~ Gal(Q(E[m])/Q) to the restriction map
Gal(Q(E[m])/Q) — Gal(Q(E[m]) N Q(&,)/Q). To prove item (1), pick any 7 € y~!(0,)
and note that then y~!(0,) = tN(m). Fixing any prime £ | m, we observe that T mod £ €
N (), or else for each o € tN(m), o £ I mod £, implying that m /£ is an acyclicity level
of E, contradicting the minimality of m; thus t € N (m). The final two stated properties
in item (1) are equivalent to the fact that m is a minimal acyclicity level of E. Indeed, the
equivalence

SEan(m) =0 < Yo etN(m) 3L |m for whicho = I mod ¢

follows directly from the definitions (through the lens of Remark 3.1), the identification
GEg(m) ~ Gal(Q(E[m])/Q) and the other identifications mentioned above. For the sec-
ond of the final two properties in (1), let £ be a prime divisor of m and let m’ := m/{.
Suppose for the sake of contradiction that

4.1 Vo' € tN(m) 3 aprime £ | m’ for which ¢’ = I mod ¢'.

We then claim that S, (m') = 0. To see this, let 0 € Gal(Q(£[m’])/Q) be any auto-
morphism satisfying

OlQEMDNQE) = TalQEmDNQE.)-
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By Corollary 4.3, we may find a lift 6 € Gal(Q(E[m])/Q) of ¢ satisfying

GlQEmM)NQE,) = %alQEIM)NQ(&)-

By (4.1), there exists a prime ¢ | m’ for which &|g(g[ = 1, and since 6|Q(E[€’]) =
olo(eey, we may see that Si , (m') = @, contradicting the assumption that m is a
minimal acyclicity level of E. T his establishes item (D).

To prove item (2), assume for the sake of contradiction that N(£) = {I/} for some
prime { dividing m. Then N(m) C ker 7,, ¢, and thus

Q&) 2 QE]) N Q%) = Q(E[mD * 2 Q(E[m])* "¢ = Q(E[L]).

Consider now the restriction to Q(E[{]) of o, € Gal(Q(¢,)/Q). If o4|q(e) = 1, then
S% an®) = 0, contradicting the minimality of m. If on the other hand

4.2) oalQEr) # 1,

then consider the group Gg(m’), where m = £ -m’ and £ } m’. If 0 € Gg(m’) is any
Galois automorphism satisfying

(4.3) OlQEMDNQE) = %alQEmMDNQE.)

then by Corollary 4.3 we may find a lift & € G g (m) for which

GlQEmMNNQE,) = TalQE)NQE&,)-

Since S , ,(m) = @, there must exist a prime £’ | m with &|g(g[¢) = 1, and by (4.2),
¢’ # €. Since o € G (m') satisfying (4.3) was arbitrary, it follows that Sg anm) =0,
contradicting the minimality of m. We therefore conclude that N({) # {1}, for any prime £
dividing m, establishing item (2).

To verify item (3), we assume for the sake of contradiction that

4.4 N(m) Nker 1w # {1}

It follows from this that S
satisfies

Ea, L(m') = 0. Indeed, fix any o’ € Gal(Q(E[m'])/Q) that

!
o lQEmDNQE) = %aloEmDne.):
By Corollary 4.3, we may find o € Gal(Q(E[m])/Q) satisfying

oloEmNQE,) = JaloEmnnoe,) and oloEm) =0,

and by virtue of (4.4), we may find more than one such lift . In particular, we can arrange
that o|g(£[e) # 1. On the other hand, since SE an(m) =9, we see using Remark 3.1
that there must exist a prime £’ | m with 0|Q(E[4/]) = 1, and since ¢’ # £, we must have
¢ | m’. Since o’ € Gal(Q(E[m’])/Q) was arbitrary, this implies (again via Remark 3.1)
that S ’E am (m’) = 0, as asserted. Since this contradicts the minimality of m as an acyclicity
level of E, we see that (4.4) is false, establishing item (3) and finishing the proof of
Proposition 4.4. ]
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Remark 4.5. Let E£/Q be an acyclicity elliptic curve with a composite minimal
acyclicity level m, let Gg := pg(Gg), and consider the group H := {g € GLz(Z) :
g mod m € Gg(m)}. By item (3) of Proposition 4.4, the adelic level of H (which a priori
is a divisor of m) must be equal to m. Indeed, if £ is a prime dividing m, m’ := m/{, and
Gg(m) ~ Gg(Z/{Z) x Gg(m'), then since ker y >~ N(£) xy N(m’), we must have

(GE(Z/LZ),GE(Z/LL)] x [GE(m"), GE(m')] € N(£) xy N(m')
C Gg(Z/tz) x GE(m’),

contradicting that (N (£) xy N(m’)) Nker 7, v = {I}, since Gg(Z/{Z) is always non-
abelian.

Definition 4.6. We call a subgroup G € GL, (Z) an open acyclicity group of composite
type if the following two conditions hold:

(1) G is an open subgroup of GL, (Z) with composite, square-free adelic level,
(2) G(m) satisfies the conclusions of Proposition 4.4, where m is the adelic level of G.

We call a subgroup G < GLZ(Z) admissible if det(G) = 7% and G contains an ele-
ment that is GL,(Z)-conjugate to (3 %) orto (3 1).

If E' is any elliptic curve over Q, then thanks to the Weil pairing, which guarantees
that det(pg/(Gg)) = Z*, and Lemma 2.8 in [36], which guarantees that pg/(Gg) satisfies
the second condition for admissibility, we have that pg/(Gg) is always an admissible
subgroup of GL, (Z). Define the following collection of open subgroups of GL, (Z):

(4.5) & :={G S GLy(Z) : G is an admissible open acyclicity group of composite type}.
Inspecting the conclusions of Proposition 4.4, we may see that
(4.6) GeG < G 6.

Returning to the elliptic curve E for which the composite number m is a minimal
acyclicity level and jg = j € §,,\{0, 1728}, let us consider the group H := {g € GL, (Z) :
gmodm € Gg(m)}. Now Gg may not be in & (if £ has CM then Gg is not an
open subgroup of GLz(Z)), but by Proposition 4.4 and Remark 4.5, Gg € H € &.
Therefore, by (2.2) and (4.6), we must have jg € j5(X5(Q)), where H:= (H,—I).
Furthermore, since ¢, is infinite and the number of such H is finite, by the pigeon-
hole principle and Faltings’ theorem [18], there must exist an acyclicity group H € &
with adelic level m and for which genus(X ) < 1. Moreover, the set of adelic levels
of G €{G e® : genus(Xz) < 1} is bounded, as will be shown below in Corollary 4.8.
Define the special adelic level of an open subgroup G € GL, (Z) to be the smallest m € N
for which

ker(SLy(Z) — SL(Z/mZ)) < G.

It is not difficult to prove that, for any open subgroup G € GL, (Z), the special adelic level
of G divides the adelic level of G. In general, the quotient (adelic level of G)/(special
adelic level of G) € N is unbounded, as G € GL,(Z) varies over all open subgroups.

Lemmad4.7. Let & be as in (4.5). If G €S, then the special adelic level of G, the special
adelic level of G, and the adelic level of G are all equal.
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Proof. Let us denote by m the adelic level of G and set S := G N SL, (Z). Assume for
the sake of contradiction that the special adelic level of G is strictly less than m. Let £ be
any prime number dividing m that does not divide the special adelic level of G (since m is
square-free by Definition 4.6, such a prime £ must exist). Writing m =: {m’ with £ } m’,
we then have that, under the isomorphism of the Chinese remainder theorem,

S(m) ~ SLy(Z/LZ) x S(m').
It follows that
[G(m), G(m)] 2 [S(m), S(m)] = [SL2(Z/LZ),SLa(Z/LZ)] x [S(m'), S(m)].
Thus, if y: G(m) — A is as in Proposition 4.4 and N(m) := ker , we have
N(m) 2 [G(m),G(m)] 2 [SL2(Z/LZ),SLo(Z /EZ)] x {1},

contradicting part (3) of Proposition 4.4. Thus, the special adelic level of G is equal to m,
as asserted.

Next, suppose that the special adelic level of G is less than the special adelic level
of G. By Lemma 2.1 in [23], the latter is twice the former, and the proof of Lemma 2.4
in [23] shows that, denoting by 7 the special adelic level of G, we have

S(2m) = SLy(Z/27) xy S(m) := {(s2,5m) € SL2(Z/2Z) x S(m) : ¥2(s2) = ¥ (sm)},
where
Y2:SLo(Z/27) — Z./27. and Vgt S(m) — Z /27

are surjective homomorphisms. Since the common quotient Z /27 is cyclic, it follows
from Lemma 1 on p. 174 of [24] that, under the isomorphism of the Chinese remainder
theorem,

[S(2m), S(2m)] ~ [SLa(Z/2Z), SLa(Z/27)] x [S (i), S(m)],
and thus
N(m) 2 [SL2(Z/2Z), SLo(Z/2Z)] x {1}
in this case as well, again contradicting part (3) of Proposition 4.4. This proves that the

special adelic levels of G and G agree, concluding the proof of the lemma. ]

Corollary 4.8. Let & be as in (4.5). If G € & and genus(Xz) < 1, then the adelic level
of G belongs to the set {6, 10, 14,15,21,22,26, 30, 33, 39, 42}.

Proof. By Lemma 4.7, the (square-free, composite) adelic level of G is equal to the special
adelic level of G; from Table 2 of [15], one can read off the special adelic levels of all G
for which genus(X ) < 1. This yields our list of adelic levels. ]

Corollary 4.8, taken together with a computer calculation using the computational
software package Magma [8], shows that the following hold:
o if G € & satisfies genus(Xé) < 1, then the adelic level of G is 6;

o if G € & has adelic level 6 then G C G, where Gg € GL, (Z) is the group introduced
in Section 2.2.
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In particular, we must have m = 6 and pg (Gg) C G, and so

J=JE € st(XGs(Q))'

By (2.4), jos(X64(Q)) = jr(Q), so this completes the proof of Theorem 1.14. The code
used to perform the above-mentioned computation can be found at the following link:

https://github.com/ncjones-uic/AcyclicReductions.
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