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Finite energy well-posedness for nonlinear Schrodinger
equations with non-vanishing conditions at infinity

Paolo Antonelli, Lars Eric Hientzsch and Pierangelo Marcati

Abstract. Relevant physical phenomena are described by nonlinear Schrodinger
equations with non-vanishing conditions at infinity. This paper investigates the re-
spective 2D and 3D Cauchy problems. Local well-posedness in the (curved) energy
space, for energy-subcritical nonlinearities merely satisfying Kato-type assumptions,
is proven, providing the analogue of the well-established local H !-theory for solu-
tions vanishing at infinity. The critical nonlinearity will be simply a byproduct of our
analysis and the existing literature. Under an assumption that prevents the onset of a
Benjamin-Feir type instability, global well-posedness in the energy space is proven
for: (a) non-negative Hamiltonians, (b) sign-indefinite Hamiltonians under additional
assumptions on the zeros of the nonlinearity, (c) generic nonlinearities and small ini-
tial data. The cases (b) and (c) only concern the 3D case.

1. Introduction

This paper is devoted to the study of the Cauchy theory for nonlinear Schrédinger equa-
tions posed on RY, withd = 2,3, namely,

) 1
(LD 0y =—5 AV + f(IY ) v,
equipped with non-trivial boundary conditions at infinity, i.e.,
(1.2) V() = po as |x| — oo,

and where the nonlinearity satisfies f(po) = 0. Without loss of generality, we assume
po = 1, as the general case is obtained by a suitable scaling. The Hamiltonian (coinciding
with the total energy in many relevant physical contexts) associated to (1.1) is given by

1 14
13 W) = /ﬂ; SIVUP 4 FQuPydr, with F(p) = /1 £ dr.

The finite energy assumption encodes (1.2). Namely, we deal with infinite energy solutions
having finite relative energy with respect to the far-field state.
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The system (1.1)—(1.2) appears in relevant physical applications. Most prominently,
the Gross—Pitaevskii (GP) equation, i.e., f(p) = p — 1, is studied as a model for Bose—
Einstein condensates (BEC) [31,34,63,64], superfluidity in Helium II close to the A-point,
see [30,63], and for quantum vortices [63], see also [7]. Competing (focusing/defocusing),
see, e.g., (1.17), saturating or exponential nonlinearities for (1.1)—(1.2) emerge as models
in nonlinear optics [5,48, 53, 62]. Further, physically relevant models are listed in Exam-
ple 1.9 below.

In the first part of the paper, we establish local well-posedness in the energy space
for (1.1)—(1.2), with energy-subcritical nonlinear potentials f under Kato-type [42] reg-
ularity assumptions. The continuity of the solution map is proven with respect to the
topology of the (curved) energy space and not only in affine spaces. The choice of a
suitable functional framework plays a crucial role for the stability analysis of particular
solutions [17,33]. Indeed, as pointed out in [27] and in Remark 1.2 of [20], the constant
solution with |c| = 1 is linearly unstable in the affine space 1 + H'(R?), while orbitally
stable in the energy space for d = 1, 2. A similar result holds for the Ginzburg-Landau
vortex of degree one [33].

Second, global well-posedness is proven, provided that (1) > 0, see Assumption 1.5
below. Specifically, global well-posedness is shown for sign-definite total energies and
d =2,3, and for sign-indefinite total energies and d = 3, under suitable additional assump-
tions on f and the decay of the initial data at infinity or, alternatively, for small initial data.

Regarding the 3D-energy critical problem, we remark that global well-posedness is
easily achieved relying on the existing literature [19,47,68], combined with our analysis
for the sub-critical case, see Section 1.4.

The mathematical analysis of (1.1), with far-field behavior (1.2), differs significantly
from the usual H!-theory for NLS equations with trivial far-field. Finite energy wave-
functions are not integrable and may exhibit non-trivial oscillations at spatial infinity, in
particular, for d = 2.

System (1.1)—(1.2) with defocusing nonlinearity exhibits a very rich dynamics and
admits a large variety of special solutions, contrary to the case of vanishing far-field [29].
Concerning the GP equation, the existence of sub-sonic traveling waves is known for
d = 2 (see [8,10]) and d = 3 (see [9, 10, 15]), while non-existence in the super-sonic
regime is proven in [32]. Traveling waves exist for arbitrarily small energy for d = 2
(see [10]). On the contrary, for d = 3, non-existence of traveling waves with small energy
is proven in [8,22].

For general defocusing nonlinearities, including those considered in Assumption 1.5
below, the existence of sub-sonic traveling waves is investigated in [17,58]. Non-existence
in the super-sonic regime is shown in [57]. For d = 2, traveling waves exist for any, and
in particular, arbitrarily small energy ruling out scattering, while for d = 3, there is an
energy threshold below which no traveling waves exist. We remark that the assumptions
given in [17, 58] are strongly related with our assumptions on the nonlinear potential f.
The stability of multi-dimensional traveling waves is addressed in [16, 56], and station-
ary bubbles and their stability in [21]. Transverse instability is studied in [54]. The GP
equation admits vortex solutions with infinite energy, see [11,63] and [33, 69], as well as
references therein for stability properties.

Regarding large time behavior, the existence of global dispersive solutions and small
data scattering for the 3D and 4D-GP equation has been investigated in a series of papers,



Well-posedness for NLS with non-vanishing conditions at infinity 1061

see [35-38]. In [45, 46], the final state problem is considered for the 3D defocusing
cubic-quintic equation, which is energy-critical. For general nonlinear potentials f, the
respective problems remain open.

1.1. Previous well-posedness results

Local existence of solutions to GP equations in Zhidkov spaces has been investigated
in [71,73] for d = 1, and in [24] for the multi-dimensional case. For d = 1, the GP
equation is known to be completely integrable [70]. The global well-posedness of the GP
equation in the energy space is shown in [71], and has recently been proven for fractional
Sobolev and low regularity in [51,52]. While the energy space for the GP equation for
d =1 coincides with the set of functions in the Zhidkov space, such that [¢|?> — 1 €
LZ(R), this identification does not hold true in the multi-dimensional case, see [26] and
Section 2 below. The GP equation is well-posed in 1 + H'(R?) for d = 2,3 (see [10]).
Global well-posedness in 1 + H*(R?) with s € (5/6, 1) is proven in [61]. However, the
space 1 + H'(R?) is strictly smaller than the natural energy space E(R9), see (1.9)
below. In fact, there exist traveling waves for the GP equation in the energy space that
do not belong to 1 + L2(R%), see [32]. Global well-posedness in the energy space for
the multi-dimensional GP equation has been introduced in the seminal paper [26]. One of
the major novelties of [26] consists in the precise characterization of the energy space as
complete metric space and the action of the free propagator on the energy space. A more
general class of defocusing and energy-subcritical C 3-nonlinearities has been considered
in [25] with subsequent improvement to C 2_nonlinearities [60]. In [25,60], the respective
authors crucially rely on a smooth decomposition of wave-functions in the energy space.
Global well-posedness is proven in affine spaces determined by this decomposition which
requires the aforementioned regularity assumptions and precise growth conditions for f.
The result in the affine spaces then implies existence and uniqueness in the energy space.
The cubic-quintic equation being energy-critical is studied in [45—47].

In [12], global existence of unique mild solutions to (1.1)—(1.2) with a logarithmic
nonlinearity is introduced.

1.2. Local well-posedness results

Our first purpose is to prove local well-posedness, assuming merely Kato-type regular-
ity assumptions [42] and with the continuous dependence on the initial data stated with
respect to the topology of the energy space.

Let us point out that our well-posedness result will also be useful in the study of a class
of quantum hydrodynamic (QHD) systems with non-trivial far-field [2], see also [3, 39]
for some previous results in this direction. The analysis of the Cauchy problem for QHD
systems with non-zero conditions at infinity is pivotal to initiate a rigorous study of some
relevant physical phenomena described by quantum fluid models, see, for instance, [7,31].

Our main assumptions on the nonlinearity f are the following.

Assumption 1.1. Let f be a real-valued function satisfying the following Kato-type as-
sumptions:

(K1) feC(]0,00)) N CL((0,00)) and is such that f(1) = 0,
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(K2) the nonlinearity is energy-subcritical, namely, there exists « > 0, with @ < oo for
d =2anda < 2 ford = 3, such that

£, lpf'(p)| = CA + p%) forall p = 0.

The assumptions (K1) and (K2) are commonly referred to as Kato-type assumptions,
see [42,43] and also Chapter 4 of [14]. For trivial far-field behavior, namely, integrable
wave-functions v/, these assumptions correspond to the state of the art for the H !-well-
posedness for energy-subcritical nonlinearities f, see [14] and references therein for a
detailed overview of the theory.

The energy-subcritical power-type nonlinearities constitute an example of nonlineari-
ties that satisfy Assumption 1.1 but in general not covered by [25,26, 60].

Example 1.2. The energy-subcritical power-type nonlinearities read

a>0 ford =2,

2y 2a : —
14 fvl?) =A(y|** —=1), withA ==£1 and {0<oe<2 ford = 3.

These nonlinearities being included in Assumption 1.1 merely satisfy f € C%%([0, c0)).
Previous results require A = +1 and o = 1 (see [26]), A > 0 and f € C3([0, c0)) (see [25])
or f € C?([0,00)) (see [60]). The corresponding nonlinear potential energy density reads
lwl? A
(1.5 F(yP) = J@)dr = ——— (Y PV —1— @+ D (> - D).
1 ala+1)

For A = 1, we note that F: [0, 00) — R is non-negative, convex and with global minimum
achieved by |[¥|> = 1. For A = o = 1, system (1.1), with nonlinearity (1.4), corresponds
to the GP equation

(1.6) iw=—% AY + (WP =Dy,

for which the associated Hamiltonian energy # () becomes the well-known Ginzburg—
Landau energy functional

1 1
1) €)= () = [ SIVWP+ (P =17 ar.

Global well-posedness of (1.6) in the energy space has been established in [26] in the
space of states where the associated Hamiltonian is finite, namely,

(1.8) EoL = {¥ € Lj,,(RY) : H(y) < +o0}
= {y € L, RY) : VY e L2 RY), [y|> — 1€ L2 (R))}.
In the present paper, we define the energy space in the spirit of [17,72,73] as
(1.9) E(RY) = {y € LL.(R?) : &(y) < o0},

with

(1.10) ew) = [ IV + vl 1Pax.



Well-posedness for NLS with non-vanishing conditions at infinity 1063

As ||| — 1] < ||¥|?> — 1, it follows that Eg. C [E and the converse inclusion is straight-
forward to check, see Lemma 2.5. Working in E rather than Eg is more convenient in
several aspects when dealing with a general class of nonlinearities f satisfying Assump-
tion 1.1.

Wave-functions in E(R?) may exhibit oscillations at spatial infinity due to the non-
vanishing far-field behavior, especially for d = 2. Since ¥ ¢ L?(R¢) for any p > 1,
the mass is infinite. As its properties are central to the well-posedness theory, a detailed
analysis of E(R?) is provided in Section 2. At this stage, we only mention that E(R¢)
{H () < 400} and that E(R?) ¢ X' (R?) + H'(R¥), where X! denotes the Zhidkov
space [71,73] defined by
a1 X'RY) = {y e L°(RY) : Vy € LXRY)},
' 1V llx1@ay = 1VlLomay + IV L2 Ra)-

While E is not a vector space, we notice that

(1.12) dg (U1, ¥2) = V1 — Valxremr + 111l = [¥2]l22

defines a metric on E, and (EE, dg) is a complete metric space. We recall that for a sum of
Banach spaces, the norm is defined by

W lx+mr = inf{llplx, + lullgr - ¥ = ¢ +u}.

Note, that the two metric spaces [E and Eg, turn out to be equivalent, see Lemmata 2.6
and 2.8 below.

Our first main result provides local well-posedness for (1.1) in the energy space E. It
suffices to consider positive existence times. Local existence for negative times follows,
as usual, from the time reversal symmetry of (1.1).

Theorem 1.3. Let d = 2,3, and let f be as in Assumption 1.1. Then equation (1.1) is
locally well-posed in the energy space E(R?). More precisely:

(1) For any Yo € E(R?), there exist a maximal time of existence T* > 0 and a unique
solution W € C ([0, T*); E(R?)) with initial data ¥ (0) = Y. The following blow-up
alternative holds, namely, either T* = 00, or

Jlim E(y)(1) = +oc.

@) ¥ = Yo eC(0.T*): H'(RY)).
(3) The solution depends continuously on the initial data with respect to the topology
induced by the metric df.
(4) The identity H (y)(t) = H (Yo) holds for all t € [0, T*).
(5) If, in addition, Ayrg € L>(R?), then Ay € C([0, T*); L*>(R%)).
Note that (2) of Theorem 1.3 states that ¥ and Vo share the same far-field behav-

ior, i.e., they belong to the same connected component of E(Rd) forall t € [0, T™), see
Remarks 2.3 and 2.4. Moreover, it can be shown that the nonlinear flow ¥ — e2?2
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belongs to the full range of Strichartz spaces, see Proposition 3.2 and 4.1 for d = 2, 3,
respectively. The precise notion of continuous dependence on the initial data is given in
Propositions 3.2 and 4.1. The topological structure of the metric space (E(R?), dg) differs
ford =2 and d = 3, see [26,27]. For d = 3, the energy space E(R?) has an affine struc-
ture; if Y € E(R3), then ¥ = ¢ 4 v, for some ¢ € S*, v € H'(R?). For d = 2, unbounded
phase oscillations may occur at spatial infinity that rule out characterizing the 2D energy
space with an affine structure. The space (E(R?), dg) is not separable. Given its rele-
vance for the well-posedness theory, this question is going to be addressed in detail in
Section 2. In particular, one may introduce a weaker topology that restores separabil-
ity and connectedness. Note that this affine structure of the energy space is available in
higher dimensions, d > 4, to which our approach adapts. As E(R) C X!(R), the local
well-posedness theory simplifies for d = 1. We expect our approach to extend to d = 1.
Previous results [24,25,28] do not cover the full generality of Assumption 1.1.

Assumption 1.1 is not sufficient to prove that the solution map is Lipschitz continuous.
This is analogous to the H !-theory for (1.1) with vanishing far-field behavior. Indeed,
for instance, for power-law type nonlinearities (1.4) Lipschitz continuity of the solution
map can only be expected if @ > 1/2, for both vanishing and non-vanishing far-field, see
Remark 4.4.5 in [14] and Section 5, respectively.

Theorem 1.4. Let d = 2,3, and let f be as in Assumption 1.1. If, in addition,

(L13) feC!([0.00)) N C2((0.00). [V (). 192" (p)] = C(1+ prxt®et/2h),

then the solution map is Lipschitz continuous on bounded sets of E(R?). Namely, for any
r,R>0and ¥ € E(R?) suchthat &(Yl) < R, let O, := {Yro e E(R?) : d(Yo, ¥&) <r}.
Then there exists T*(O,) > 0 such that y € C([0, T*); E(R%)) for all initial data v (0) =
Yo € Or. Moreover, for any 0 < T < T*(0O,), there exists C > 0 such that for any
V1, ¥ € C([0, T); E(R?)) with initial data Vo, Ve € Oy, we have

(1.14) sup de (Y1 (1), ¥2(t)) < Cdr(Yg, ¥d).
t€lo,

Provided that the solutions are global, then the Lipschitz continuity holds for arbitrary
times, see Corollary 5.1.

1.3. Global well-posedness results

The proof of global existence relies on conserved quantities. Compared to the classical
H '-theory, the global well-posedness theory for (1.1) with non-trivial far-field (1.2) faces
the obstacle of the lack of the conservation of mass which is infinite. No suitable notion
of a “renormalized” mass being conserved seems to be available.

The results are inferred by means of the blow-up alternative stated in (1) of Theo-
rem 1.3. In the following, we require the nonlinearity f to be defocusing in the following
sense.

Assumption 1.5. Let f be as in Assumption 1.1. Moreover, assume f'(1) > 0.

This assumption yields that F' achieves a local minimum for the constant solution
|¥|? = 1. In nonlinear optics, this requirement appears in the physical literature to prevent
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the onset of modulational instability (also known as the Benjamin—Feir instability [6]) of
the constant equilibrium solution, i.e., the continuous wave background [49, 62].

A sufficient condition allowing for a control of & (¥) in terms of J (i) consists in
requiring Assumption 1.5 to hold and the Hamiltonian energy to be sign-definite, i.e., the
nonlinear potential energy density F' to be non-negative.

Theorem 1.6. Let d = 2,3. Let f be such that Assumption 1.5 is satisfied and the non-
linear potential energy density F defined in (1.3) is non-negative, i.e., F > 0. Then (1.1)
is globally well-posed in the energy space IE.

Note that the pure power-type nonlinearities (1.4) satisfy F > 0 for A > 0.

In the case of sign-indefinite Hamiltonian energies, the respective H !-theory for (1.1)
fails in general to provide global existence results without further assumptions. Blow-up
occurs, for instance, for certain focusing nonlinearities, see, e.g., [14]. Similar difficul-
ties occur in the present setting, where, in addition, we lack the conservation of mass.
We provide a global well-posedness result for d = 3 and a class of competing (focus-
ing/defocusing) nonlinearities f for which the internal energy fails to be non-negative.
Such models are of physical relevance, for instance, in nonlinear optics when self-focusing
phenomena in a defocusing background are considered [5,62]. We exploit the affine struc-
ture of the energy space [E(R?) that can be identified with the set of functions

ER}) ={y =c+v,ceC,|c|=1,veF),
where
(1.15) Fe ={ve H'(R?) : [v]? + 2Re(év) € L2(R3)},

see [26] and Proposition 2.2.
Theorem 1.7. Let d = 3 and let f satisfy Assumption 1.5 and be such that

fr)y=a(r®™ —1) +g(r),

witha > 0, 0 < a1 < 2, and where g satisfies Assumption 1.1 (K1) and (K2) for some 0 <
o < ay. Inaddition, F is such that F(p) > 0 for all p > 1. Then the solution to (1.1) given
by Theorem 1.3 is global, provided that the initial data satisfies Vo = ¢ + vo € E(R3) with
Re(Cvp) € L2(R3).

The assumption on the roots of F' allows for physically relevant nonlinearities to be
studied. It appears from the physics literature [5, 48, 62] that, in relevant applications,
the largest root of F corresponds to the far-field behavior pg = 1 and constitutes a local
minimum of F, which is linked to preventing modulational instability of the continuous
background wave [49, 62]. To obtain global existence, we rely on the aforementioned
affine structure of the energy space E(R?) and require that Re(Cvg) € L?(R3), while vy €
F.(R3) only yields |vg|? + 2Re(¢vg) € L?(R3). An exponential bound on Re(Cv)() €
L?(R3) is derived which compensates for the lack of the conserved mass due to the non-
trivial far-field. The result of Theorem 1.7 remains valid if the assumption Re(cvg) € L2
is replaced by a smallness assumption on J () and ||V Re(cvy) ”22’ depending only on
the second-largest positive root of F, see Remark 4.12.
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Finally, we consider the general scenario in which F satisfies Assumption 1.5 but may
be unbounded from below, e.g., in the case of competing power-law nonlinearities, with
the focusing one dominant at large intensities.

Theorem 1.8. Let d = 3 and let f satisfy Assumption 1.5. There exists € > 0 such that
if the initial data Vy satisfies K (Vo) < /4 and ||V1,//0||1242 < ¢, then Yo € E(R3) and the

solution to (1.1) with ¥ (0, x) = Yo (x) given by Theorem 1.3 is global.

It remains an open problem to determine whether small-data global well-posedness
holds for general subcritical nonlinearities satisfying only Assumption 1.1.

To the best of the authors’ knowledge, global results for (1.1) in d = 2,3 are in gen-
eral not available in the literature in the case of non-sign-definite total energies, unless the
nonlinear potential energy density is assumed to be bounded from below and, in addition,
more regularity on f, see [25], or, in the cubic-quintic case, a condition on Re(v) like
the ones mentioned are assumed, cf. [45,47]. In [46], small-data global well-posedness
for cubic-quintic nonlinearities is proven also in the case where the quintic nonlinear-
ity is focusing. In [59], the authors consider for d = 1,2 nonlinear potential energies
unbounded from below for specific regular energy-subcritical nonlinearities and prove
small data global existence for solutions of the form ¥ = 1 + u in tailored function spaces.

The main steps of our approach are briefly sketched. First, we identify the suitable
mathematical setting for our analysis, namely, the energy space E, see (1.9). We crucially
rely on the fact that (E, dg) is a complete metric space as well as the properties of the
free propagator introduced in [26,27]. The Hamiltonian J is well defined for functions
in E. While wave-functions in d = 3 can be decomposed as ¢ = ¢ + v, with |c| = 1,
ceC and v e H'(R?), for d = 2, the wave-functions may exhibit unbounded oscilla-
tions of the phase at spatial infinity. This motivates treating separately the well-posedness
problem for d = 2, 3. In both cases, we show local existence of a solution in the affine
space ¥ = Yo + H'(R?) by a perturbative Kato-type argument [42], see also Chap-
ter 4 of [14]. Subsequently, uniqueness in C([0, T]; E(R?)) is proven. The fixed-point
argument only provides continuous dependence with respect to perturbations in the space
Vo + H'(R?). The proof of continuous dependence on the initial data with respect to the
topology induced by the metric df requires additional estimates and differs in a substan-
tial way from the H '-well-posedness theory for NLS equations with vanishing conditions
at infinity. This is due to the non-integrability of wave-functions and the intricate topo-
logical structure of the energy space linked to the far-field behavior, including oscillations
of the phase and the low regularity of the nonlinearity. Global well-posedness is shown
relying on the conservation of the Hamiltonian J¢.

While our method for the 3D-theory exploits the particular structure of the energy
space, the approach used for d = 2 can easily be adapted to sub-cubic nonlinearities
for d = 3. However, for super-cubic nonlinearities, we exploit the affine structure of
E(R3). It is then no longer sufficient to work in L2-based spaces as done for d = 2,
but we need that the gradient of the solution belongs to the full range of Strichartz spaces.

In [25, 60], the authors rely on a decomposition of the initial data as ¥ = ¢ + H!,
with ¢ € C®, and develop a well-posedness theory in the affine space ¢ + H!. This
approach requires additional regularity assumptions on f not needed for our method. For
the 3D energy-critical quintic equation, one may proceed as described in Section 1.4.
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We conclude this section by providing further examples of physical relevance that
enter the class of nonlinearities characterized by Assumption 1.1.

Example 1.9. Beyond the mentioned power-type nonlinearities, here are some examples
of physically relevant nonlinearities and far-field (1.2):
(1) competing nonlinearities f(p) = ap*' —bp*? 4 ¢, witha,b,c > 0and oy > 0, > 0,
that arise in the description of self-focusing phenomena in defocusing media, see
[48,53,62], see also [65,73],

(2) saturated nonlinearities f(p) = p/(1 + yp) — 1/(1 + y), with y > 0, see, for in-
stance, Chapter 9.3 of [65] and references therein,

(3) exponential nonlinearities f(p) = (e™7 —e™"?), with y > 0, see Chapter 9.3 of [65],

(4) transiting nonlinearities of the form f(p) = 2p(1 + « tanh(y(p? — 1)), occurring in
nonlinear optics, see Section VI of [62],

(5) logarithmic nonlinearities of the type f(p) = plog(p), which arise in the context of
dilute quantum gases, see [13] and references therein,

(6) the nonlinearity f(p) = p~!(p — 1) arises in the study of 1D-NLS type equations as
a model for nearly parallel vortex filaments, see [50] and equation (1.5) in [4].

The cubic-quintic equation (1.17) falls within (1) of the aforementioned list and is also
recovered in the small amplitude approximation of (2) and (3) of the above examples, see
Chapter 9.3 of [65]. We also refer to [18] for a more detailed overview.

Remark 1.10. Nonlinear Schrodinger equations equipped with non-vanishing boundary
conditions (1.2) are also investigated with non-local interaction, e.g., in the context of
supersolids, see [55] for an overview of relevant models. While we do not pursue this
topic here, we expect that our analysis, combined with [23], allows for a straightforward
extension to general non-local nonlinearities.

1.4. The energy-critical equation

We briefly discuss the Cauchy problem for the energy-critical equation for d = 3, namely,
the quintic equation

1
(1.16) 10y =—3 AY + ([y* =Dy

The well-posedness of (1.16) is not addressed by Theorem 1.3. Local well-posedness for
small data is introduced in Theorem 1.3 of [25]. Furthermore, note that the cubic-quintic
equation

1
(1.17) 10y =—3 AY + (as|¥[* —az|y|* +an) v,

with o, a3, a5 > 0, oz% — 45 > 0, and far-field (1.2), is known to be globally well-
posed in the respective energy space due to [47]. The cubic-quintic nonlinearity considered
satisfies Assumption 1.5 and is such that F(1) = 0 and F(p) > O for all p > 1. The
authors rely on the affine structure of the respective energy space for d = 3, the per-
turbative approach introduced in [67, 68], and the well-posedness of the energy-critical
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nonlinear Schrédinger equation with trivial far-field [19]. This approach can be adapted to
show global well-posedness of (1.16). More precisely, it is straightforward to update the
perturbative argument, see equations (1.14) and (1.15) in [47], to the respective problem
for (1.16), see also (4.3).

1.5. Outline of the paper

The remaining part of the paper is structured as follows. Section 2 provides preliminary
results on the energy space E, its structure, and the action of the Schrédinger group on E.
Useful estimates for the nonlinearity are collected. Section 3 introduces first local and
then global well-posedness for d = 2. More precisely, Theorem 1.3 and Theorem 1.6
are proven for d = 2. In Section 4, we provide the respective proofs for d = 3. Further,
Theorem 1.7 is proven. Finally, Section 5 is devoted to the proof of Theorem 1.4 and
Corollary 5.1.

1.6. Notations

We fix some notations. We denote by £¢ the d -dimensional Lebesgue measure. The usual
Lebesgue spaces are denoted by L? () for @ € R? and Lebesgue exponent p € [1, o0].
Sobolev spaces are denoted by H*(R?), with norm I/ N s gy = | (E)Sf||Lz, where f
denotes the Fourier transform. For k € Z and r € [1, o0], we write Wk for the Sobolev
space with norm || f'[lyye.r = D jaj<k | D f || L7 ®?). Mixed space-time Lebesgue or Sobo-
lev spaces are indicated by L?(I; W% (R9)). To shorten notations, we write L ka”
when there is no ambiguity. Further, C(I; H*(R%)) and C(I; E(R?)) denote the space of
continuous H*- and E-valued functions, respectively. Finally, C > 0 denotes any absolute
constant.

2. The energy space and the linear propagator

In the present paper, we define the energy space E as in (1.9), see also Section 2 of [17].
For the GP equation (1.6), being the prototype for (1.1) with non-vanishing far-field,
the energy space considered in [26, 27] consists of the set of wave-functions of finite
Ginzburg-Landau energy &g (1) is more convenient when dealing with general nonlin-
earities f. In general, E C {# (1) < 400}, while the converse inclusion only holds under
further assumptions on f. The energy space (E, dg), endowed with the metric (1.12) can
be shown to be a complete metric space and may be regarded as the analogue of H' for
NLS equations with trivial far-field. However, E is not a vector space, and wave-functions
¥ € E(R?) may exhibit oscillations at spatial infinity, in particular, for low dimensions.
A suitable characterization of the energy space and the action of the Schrédinger semi-
group on E is essential for the subsequent well-posedness theory. Although many of the
facts proven here can be found in the literature [17,26,27], we provide a self-contained
characterization of the energy space E.

To that end, we rely on decompositions of functions by means of smooth cut-off func-
tions that we introduce. Let y € C£°([0, c0)) be a smooth cut-off function such that

2.1 Ljo21(r) < x(r) < 1p,3)(r).
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In particular, given a wave-function y: R — C, we introduce

22) Voa = (YD, Vi = A= x(¥ D) Y.
Further, let n € C£°([0, 00)), with supp(n) C [1/2,3/2], be such that
(2.3) 113/4,5/41(r) < n(r) < 1p1/2,3/2)(r).

We observe that if ¢ € E(R9), then it follows from the Chebyshev inequality that, for all
c >0,

1
2.4) W= 11> e} < 5 1] =12y

where £¢ denotes the d -dimensional Lebesgue measure. Consequently, for all ¢ € E(R?),
the supports of (1 — y(|¥|)) and (1 — n(|y/])) are of finite Lebesgue measure,

2.5)  £9supp(1 — x(l¥]))) < &) and £ (supp(l — n(|¥]))) < 16E(¥).

Following Lemma 1 in [26], we start by proving that any ¥ € E(R?) can be decomposed
as sum of a X '-function and an H !-function, where the Zhidkov space X ! (R?) is defined
in (1.11).

Lemma 2.1. The energy space (E(R?), dg), with dg defined by (1.12), is a complete
metric space and is embedded in X' (R%) + HY(R?). In particular, for any ¥ € E, one
has

[Vballx1rey < C(L+ VEW)) and |Vl giray < CVEW).

Moreover, the energy space is stable under H' perturbations, in the sense that E(R?) +
H'(R?) c E(RY), with

(2.6) EW +u) < 26(0) + 2[uly gy
For d = 1, one has E(R) C X' (R), due to Sobolev embedding.

Proof. Given the decomposition (2.2), we show that Ypq € X 1(R). As Yy € L®(R?), it
suffices to check that

IV¥eallL2@ay = Ix (W DVY + ¥ X' (1 DVIY L2 @ay < CIVY Il L2Ra)

where we used |V|y|| < |[Vy| a.e. on R%. The bound in € L2(R?) follows from the
pointwise inequality || < C||W¥in| — 1], valid on the support of 1 — y(|v]), and

IV¥indll2way = ClIVY | L2Ray-
To prove (2.6), it suffices to observe that if ¥ € E(R?) and u € H'(R?), then
IV + 02 gy < 20V 22y + 21 V002 gay-
1Y+ ul = 12y < 20101 = 112y + 21l -

by means of Minkowski’s inequality. It remains to prove that (IE, dg) is a complete metric
space. One readily verifies that dg defines a distance function on E(R?). To check that
(E, dg) is complete, let {1/, }, C E be a Cauchy sequence with respect to dg. Then there
exists ¥ € X! + H! such that v, — v strongly in X! 4+ H!. By lower semi-continuity
of norms and (1.10), it follows that ¥ € E. ]
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2.1. The structure of the energy space depending on the dimension

The structure of the energy space E (R9) is sensitive to the dimension d. To illustrate this,
we recall the following fact. Let ¢ € D'(R9). If V¢ € L?(R?) for some p < d, then
there exists ¢ € C such that ¢ — ¢ € L?" (R?), where p* = dp/(d — p), see, for instance,
Theorem 4.5.9 in [41]. Hence, if ¥ € E(R?), then v admits a decomposition ¥ = ¢ + v,
where ¢ € C with |¢| = 1 and v € H'(R?), where

H'(R3) = {ve L°(R?) : Vv e L2(R3)}

denotes the completion of C{°(R?) with respect to the L? norm of the gradient. This
observation allows for a equivalent definition of E(R?). We equip the space ¥, defined
in (1.15) with

§(u,v) = |Vu — VullL2ws) + [lu)*> + 2Re(c ™ u) —2Re(c ) — |v|? 22 (®r3)-

It is straightforward to verify that § defines a distance function on .. One has the follow-
ing characterization given by Proposition 4.1 in [26].

Proposition 2.2 ([26]). For d = 3, the energy space E(R3) can be identified with the set
of functions

ER) ={y =c+v,ceC, |c|=1,veF).

Moreover, the metric function dg is equivalent to

2.7 d(c+v,c+0)=|c—2C|+ Vv —Vi|r2r3
+ [[[v]* 4+ 2Re(c ") — [§]* — 2Re(€ D) 2>

In [26], the proposition is stated for (EqL, dE, ). We prove below (see Lemma 2.6) that
the two metric spaces can be identified and that the topologies induced by the respective
metrics are equivalent.

Remark 2.3. We observe that the connected components of E(R3) are given by ¢ +
F.(R3) for ¢ € C with |c| = 1. The energy space E(R?) is an affine space and the far-
field behavior is determined by ¢ corresponding to a phase shift. The affine structure of the
energy space allows for an alternative approach to solve the Cauchy problem for d = 3,
as observed in Remark 4.5 of [26] for (1.6) and exploited in [47] for cubic-quintic nonlin-
earities and far-field behavior (1.2).

Remark 2.4. The 2D energy space E(R?) lacks an affine structure due to non-trivial
oscillations at spatial infinity. Indeed, unbounded phase oscillations at spatial infinity may
oceur, e.g., Y(x) = ei@+oe¥xD? with B < 1/2 is such that y € E(R?), see Remark 4.2
in [26]. Moreover, the metric space (E(R?), dg) is not separable. We refer to Remark 2.7
for a detailed discussion and a weakened topology for which E(R?) is connected and
separable.

2.2. The Hamiltonian for wave-functions in the energy space

The following inequality turns out to be handy for applications in the sequel. For any
g €[1, 00), there exists C; > 0 such that for all ¢ € L] (R?) with £2(supp(¢)) < +o0

loc
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and V¢ € L?(R?), we have

(2.8) Ipll a2y < Cqll V22 (L2 (supp()) /4,

see, for instance, the proof of Lemma 2.1 in [17]. For ¥ € E(R?), applying (2.8) to
¢ = v (1 —n(¥|), with n as defined in (2.3) yields ¥ (1 — n(|y])) € L4(R?) for any
q €[1, 00). Indeed, in view of (2.5), it suffices to check that

Vi —=a(yD) = A —=n(v)Vy —n'(yhyVIy| e L2(R?),

since (1 — n(|¥])) € L2 (R2), v’ (|¥|) € L®(R?) as well as |V|¥|| < |Vy| a.e. on R2.

Next, we show that the functional J (), introduced in (1.10), is bounded for all
¥ € E(R4), provided that Assumption 1.1 holds. Specifically, we have F(1) = 0 and
F'(1) = £(1) = 0, which allows one to control F(|y|?) < C(|¥|*> — 1)? for |y |? suf-
ficiently close to 1. Furthermore, if one also requires Assumption 1.5 (f/(1) > 0) to be
satisfied, then it follows from Taylor expansion that

(2.9) F(r) ~ %f’(l)(r —1)?

in a small neighborhood of 1. Hence, there exists § > 0 and C;, C; > 0 such that
1 1
210) & (vl- 1)? < C—l(w —1D?<F(yP) <Gy - 1? < C(ly| - 1)?

provided that ||y/|?> — 1| < §. Note that the following lemma only requires the upper bound
on F close to 1.

Lemma 2.5. Ford = 2,3 and f satisfying Assumption 1.1, one has
ER?) C{y 1 |H ()] < +oo}.
Note that we do not require Assumption 1.5 to hold for Lemma 2.5.

Proof. In view of Assumption 1.1(K1), a Taylor expansion of F in a small neighbor-
hood O of 1 yields that there exist C, C’ > 0 such that

F(ly») <C'(ly> = 1)* < C(ly| - 1>,

for all x € R? such that |/|? € @. Let § > 0 be such that B(1,8) C @, and s (r) := n(r/8)
with 7 as in (2.3) and ¥ € E(R?). Then

/ F<|w|2>dx=/ F(|w|2)na(wf|>dx+/ F(yP) (= s (9 ])) dx
R4 R4 R4

=€ /Rd”"" — 1P dx+ C/Rd(‘ + [P P Y2 = 1100 = 05 (19]) dx,

where we used Assumption 1.1 (K2) in the last inequality. To control the second term, we
consider separately the cases d = 2, 3. For d = 3, Proposition 2.2 yields that there exist
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c e C with |c| = 1 and v € F.(R?) such that = ¢ + v and

/Rs(l + WP Y12 = 10 =15 (ly ) dx

= C/ (I =ns(l¥D) x(¥)dx + / le + v|2@FD (1 = y(y)) dx
R R3
<C&W)+ ||v||i(61+a) 8(1//)(2_“)/3 <CEW) + g(w)(5+2a)/3)’

where we used (2.5) in the second to last inequality and that 0 < & < 2 for d = 3. For
d = 2, one has that

L P I = 110 = s (1) ax
<cC / (1 — s (WD) (@) dx + / (1 + [9 Py (1 4(y) d.
R4 R4

The first integral is bounded by C & (¥), and for the second, it follows from (2.8) that

19 (1= (W D)) ey < €W L2(supp(W (1 — x(¥)) < EW)*H.

This allows one to bound

LA P = 110 = ns () ax < 8@) + £, .

Next we identify suitable conditions on f under which the converse inclusion, namely,
{Y | H ()| < +o0} C E(R?), holds true. First, we treat the particular case of the Gross—
Pitaevskii equation (1.6), for which # () = &1 (), and so EgL (R?) = {H (V) < 400},
see (1.7) and (1.8), respectively. It has been shown in [26], see also [27], that (EqL, dEg, ),
with

dug, (Y1, 92) = V1 = V2 lxiwar + V112 = 1922,

is a complete metric space. It is pointed out in p. 13 of [17], without proof, that E = Eg,
with equivalent respective metrics. We provide a proof for the sake of completeness.

Lemma 2.6. If d > 1, then E(R?) = Eg(R?). Moreover, for d = 2,3 and any R > 0,
there exists C = C(R) > 0 such that for any ¥, ¥ with E(Y;) < R fori = 1,2, we have

& deg, (01, ¥2) < du (1, ¥2) = Cdsg, (1, ¥2).

Moreover, there exists C > 0 such that for Yy, Y, € E(R?)) and u,v e H'(R?), we have

@1 de(r+u v +v) = C+ VEW) + VEW2)
+ lullgr + vllg) e @, ¥2) + lu —vlig).
Remark 2.7. Lemma 2.6 allows to infer the topological properties of (E, dg) from the

results for (EGL(Rd ), dEk, ) in [26,27]. For instance, the functional & measures the dis-
tance to the circle of constants S! = {y € E : §(¢) = 0} for d = 3, but not for d = 2.
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Indeed, it follows from Lemma 2.6 and Proposition 4.3 in [26] that there exists A > 0 such
that for every ¥ € E(R3),

e (05" < Ea(y) = Cda(y. S

If d = 2, there exists a sequence {,,} in E(R?) such that & (y,) — 0 but dg (¥, S') >
co > 0. Note that the complete metric space (Egp(R?), dg,, ) lacks an affine structure
and to be separable. In [27], a detailed characterization of Egp (Rd ), including a manifold
structure for Eg (R?) is provided. The connected components are characterized by The-
orem 1.8 in [27] and Proposition 1.10 in [27]. We introduce a (strictly) weaker topology,
see p. 140 in [27], induced by the metric

dip(Y1.92) := V1 — Y2 llz2ea.oy + 1IVV1 — V¥ lz@ey + 11V 12 — 127 | 2®2)-

It follows that (I, d;) is connected. Relying on the decomposition of elements of E pro-
vided by Theorem 1.8 in [27], one can show that (E, df;) is separable. If one only requires
continuity of the solution map with respect to this weakened topology, the proof of Propo-
sition 3.2 can be simplified. This metric has widely been used in the study of the stability
of special solutions for d = 1. We refer to [51], where the authors introduce new energy
spaces for (1.6) and d = 1, in order to tackle global well-posedness in the energy space at
H*-regularity.

Proof. We start by showing that there exists C > 0 such that

il = 12l ®ay < CUNVLE = W2 | 2@ay + 1YV — Va2 gay)-
Indeed, let y¢(z) = x(6z), with y defined in (2.1). Then

Y1l = 1V2lllL2@ey = MY1lxe (1) — [V21x6 (W2l L2ray
+ 1Yl = x6(¥1) — [¥2l(1 = x6([V2])l L2 (Ra)-

The second contribution can be bounded by

N1l = xe(¥1) = [¥2l(1 = x6(W2 )l z2®ay < CIYL? = [V2 L2 Ra)-

Next, we notice that for i = 1,2, the support of y¢(1/;) is of finite measure as ¥; € E(R%),

see (2.4). For d = 2, by invoking (2.8) applied to ¢ = |V1]x6(|¥1]) — V2l x6([¥2]), we
conclude that

I1lxe(vil) — (Y2l xe(I¥2D 2 r2)
< C(VEW) + VEW)) V1 — V2 llxi+m®ey + 1¥11* — 12 lL2®2)-

For d = 3, one proceeds similarly, exploiting the decomposition ¥; = ¢; + v;, v; €
F-(R3) and Proposition 2.2. We have

Il xs(I¥1]) — V21 xs (1¥2D |l L2r3)

<C(1+VEW) + VEW2)) (le1 — ca| + |[Vv1 — Voz || 2®3))
=< C(R) d]EGL (Wls lﬁz)
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Next, we show that there exists C = C(R) > 0 such that

Y11 = V2Pl L2 ay < Crlllvnl = WalllL2@ay + 1¥1 = Vallxi 4 a1 ay)-

It suffices to notice that

1 x W) = W2 P x (W)l 2@ey < Culllval = [Vl L2y

while

1121 = x (1) = 192 (1 = x@W2) 2 we)
< CA+VEW) +VEW2) + [Vl Laway + 12 il Laa) 1Y 10— V2, Lo ey
<2C(1+ VEW) + VEW)) 1¥1im — V2,intll L4 ray-

In the second last inequality, we used that

[ 1*V1 = x(¥) < Clrm*,

with ¥, defined in (2.2), which is only valid provided (1 — x(v)) > 6 for some small
6 > 0. However, this is harmless as

L2({x € supp(l — x(¥)) : 0 < 1 = x(¥) < 6}) < VEW)

and || < 3 on the respective set. The error can be controlled at the expense of a factor
v/ € (¥) in the estimate. One has that

1V 10 — Y2inllLe@ay < C(VEW) + VEW V1 — Vallx1 4 i way-
by means of (2.8) for d = 2, and the decomposition provided by Proposition 2.2 for d = 3.
Finally,
Y112 = 12 [l 2 ey
< C+ VEW + VEW) V1] — [V2Dll2ay + 1¥1 — V2llx 14 g1 ma))-
It remains to show (2.11). The respective property is known for dg, , see Lemma 2 in [26],

and hence follows from the equivalence of metrics. However, we provide a proof to track
constants explicitly. Note that

1 +ul =2 + vl < Y1 +ulxe(¥1 +u) — Y2 + vlxs(¥2 + v)ll2
+ 111+ ul> = (Y2 + v[* 2,

by arguing as in the first part of the proof. By invoking (2.8), one has

111 +ulxe(¥1 +u) — Y2 + v|xe(¥2 + v)|L2
< C(WVEW) +VEW) + lullg + vl )V — Vallx g ey + e = vlig).
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For the second term, one has

Iy + ul® = Y2 + v]?|L2
< il = 1922 + lul? = o[22 + 12Re(@1u) — 2Re(2v) 12
< M1l = W2l ez + Qullgs + ol e — vl g
+ 2[Re((V1,00 + V1.0) U = 0) 22 + 2[Re((F1.g — V2.q + V100 = V2.00)0) 112
< Mt P =12l + (ull g + ol + 1+ E @) lu—vl g1 + vl g dE (1. ¥2)
< COU+ VEW + VeW) + lulm + [vllg)(@e@r.¥2) + [u—vlg). =

Next, we provide a sufficient condition on f under which the space of functions with
finite Hamiltonian energy is included in E. To that end, we require Assumption 1.5 to be
satisfied so that (2.10) holds. The nonlinear potential energy density F is locally convex
in a neighborhood of 1. It was shown in Lemma 4.8 of [17] that requiring, in addition, that
F > 0 and hence the Hamiltonian energy is sign-definite, implies that E = {J ({) < oo}.
Note that the condition F > 0 is, for instance, satisfied for the pure power-type nonlinear-
ities in (1.4).

Lemma 2.8. Let d = 2,3 and suppose that Assumption 1.5 is satisfied. If, in addition,
F >0, then
E={H() < oo}.

In particular, there exists an increasing function g: (0, 00)—[0, 00), withlim, ¢ g(r) =0,
such that

(2.12) W) = g(H(WY)).

By exploiting Lemma 2.6 and the conservation of the Hamiltonian along solutions
to (1.1), it is then possible to extend the local solutions globally in time. Notice that, when
in the framework of NLS equations with trivial far-field, the blow-up alternative is given
in terms of the H '-norm, whereas here it involves & (). In the classical, integrable case,
it is possible to infer the analogue of (2.12) under less restrictive assumptions on F'; for
instance, it is possible to consider mass-subcritical focusing nonlinearities. In this case,
indeed, the analogue of (2.12) is derived by exploiting Gagliardo—Nirenberg inequalities.
However, the lack of a suitable control of the mass in our case prevents us from considering
more general nonlinearities.

Proof. We sketch of the proof, see [17] for full details. First, we borrow from equa-
tion (1.18) in [17] the following equivalent definition of Eg. (R?) = E(R%). Let ¢ €
C®(R) be such that ¢(r) = r forr € [0,2],0 < ¢’ <1onR, and ¢(r) = 3 forr > 4.
We define the modified Ginzburg—Landau energy

1
Enc (V) = [ IV + 3 (1w~ 1) dx.

The functional &g is well approximated by &,gL. Indeed, it is shown in Section 2 of [17]
that
EoL(RY) = {y € Li (R?) : Vy e L>(RY), o(|y)* — 1 € L*(R?)}.

loc
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Since |p(|¥ )2 — 1| < 4||y| — 1|, one has ¢(|¥[)> — 1 € L2(R?) if ¥ € E(R?). For the
converse, see Lemma 2.1 in [17]. We sketch the main idea. On the set where | (x)| < 2,
one has ¢(|¥|)2 = |¥|?, and hence the desired bound follows. Furthermore, £¢ ({x :
|[¥ (x)] — 1| > 3/2}) < 400 from the Chebyshev inequality (2.4) if p(|y/])2— 1 € L2(R9).
By means of (2.8) for d = 2 and the Sobolev embedding for d = 3, one concludes. Finally,
there exist C > 0 and an increasing function m: Ry — R, with lim,_,¢ m(r) = 0, such
that

%gmGL(w) < &) < Cm(EmcL(¥)),

see Corollary 4.3 in [17]. Second, we note that it suffices to establish inequality (2.12)
with & replaced by &ngrL. By (2.10), it suffices to consider the region {x : ||y| — 1| = §}.
Ifinf F > Oon {x : ||¥| — 1| > §}, then it is clear that

/ (ﬂWW—n%xsc/ F(ly ) dx.
{ll¥|-1]=6} {ll¥|-1]=6}

It follows that & (y) can be controlled in terms of (). More generally, provided that
F >0, it follows from Lemma 4.8 in [17] that for all ¥ with |# (¥)| < oo, there exist
C1 = C1(HW)) > 0and C; = Co(H(Y¥)) > 0 such that

Ci(H(Y)) < EmaL(Y) < Co(H (Y)).
The statement of Lemma 2.8 follows. [

Remark 2.9. System (1.1) is closely related to the QHD system with non-trivial far-field.
In a reminiscent analysis, the regularity and integrability properties of its unknowns (p, J)
corresponding to the mass density p = |y|?> and momentum density J = Im(y V), are
then captured in terms of Orlicz spaces, see [3] and Chapter 2 of [39], as well as [1, 40]
for the respective uniform bounds for solutions to the quantum Navier—Stokes equations,
a viscous regularization of the QHD system.

2.3. Smooth approximation

Elements of the energy space can be approximated by smooth functions via convolution
with a smooth mollifier.

Lemma 2.10. Let € E(R?). Then there exists {n }nen C C®°(R?) NE(R?) such that

de (Y. Yn) = 0

as n — 0. Moreover, for any ¥ € E(R?), there exists ¢ € C;O(Rd) N E(R?) such that
Vo € H®(R?) and
¥ —¢ e H'(R?).

The first statement is proven in Lemma 6 of [26] by considering the convolution with
a standard mollification kernel, and the second statement follows from Proposition 1.1
in [25]. In [25,26], the statements are given for (Eqr, dg, ) being equivalent to (E, dg)
by virtue of Lemma 2.6.
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2.4. Action of the linear propagator on the energy space

The action of the linear Schrodinger group on the space X*(R?) + H*(R?) is well
defined, see Lemma 3 in [26] and also [27]. While the results in [26, 27] are stated for
(EgL, dEg, ), we state them for (E, d), which by Lemma 2.6 is equivalent.

Lemma 2.11 ([26]). Let d be a positive integer. For every k, for every t € R, the operator
e2'2 maps XK (R?) + H¥(R?) into itself and it satisfies

e f ik g < CQA+ (DY) £ llxk e
and
(2.13) le3® f = fllz < ClelV?IV f L2
Moreover; if € X*(RY) + H*(R?), the map
teR >3 fe XFRY) + HF(RY)
is continuous.

For d = 1, we notice that X*R) + H*(R) c X*(R) for any k positive integer. The
action of e2?2 on X '(R) has been studied in [71, 73], see also [24] for the action of the
linear propagator on Zhidkov spaces X*(R?) with d > 1.

The action of the linear Schrédinger group on the space E(R?) is described by Propo-
sition 2.3 in [26].

Proposition 2.12 ([26]). Letd = 2,3. For everyt € R, the linear propagator €2'® maps
E(R?) to itself and for every Yo € E(R?), the map t € R > e3'8 4y € E(R?) is continu-
ous. Moreover, given R > 0, T > 0, there exists C > 0 such that for every 3 , 2 € E(R?),
with S(W(}) < R, 8(1#3) < R, one has

(2.14) sup dg(e2 2yl e2'8y2) < Cdg (v, v2).
lt|<T

Furthermore, given R > 0, there exists T(R) > 0 such that, for every Vo € E(R?) with
E(Wo) < R, we have

2.15) sup  E(e2’®yr) < 2R.
[t|<T(R)

Corollary 2.13. Let d = 2,3 and o € E(R?). Then

itA _ .
(2.16) fim VoV Ly i HORY),
t—0 t 2
In particular;, €32y € C(R; E(R?)) N CY(R, H™1(RY)).

Proof. Note that e 3tA Vo — Yo € L2(R?) for any finite time r € R by virtue of (2.13). For
any ¢ € H'(R?), it follows from Plancherel’s identity and the dominated convergence
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theorem that

Ay — e — SUERP G — e =
im [ VOV S dy = gim [ S YT V0 e g
t—0 JRrd t t—>0 JRrd 4
_ 0 e [ s\ 3 _ _1 =
= tim [ SP( [ ) in@d @ = [ (=5 av0w)dar.
The identity (2.16) follows. [

2.5. Strichartz estimates

We say that a pair (g, r) is (Schrodinger) admissible if g, r > 2 such that

2 d

d
-+ —-—=—=, (¢g.,r.d)# (2,00,2),
q r 2

and we recall the well-known Strichartz estimates, see [44] and references therein.

Lemma 2.14. Letd = 2,3 and let (q, 1) be an admissible pair. Then the linear propagator
satisfies

1A
le2"2ull pa o, 73:17 Rey) < C lullL2ma)s

and for any admissible pair (q1,r1), one has

2.17) H /teé(f—smf(s) ds‘
0

< / ,
La([0,T};L7(RY) — cls ”qu ([0,T;L"1 (R4))"

Given a time interval / = [0, T'], it is convenient to introduce the Strichartz space
S°(I x R?) characterized by the norm

lullso := sup  |lullLa(z;Lrmay)-
(q,r) admissible

We notice that since (g, ) = (00, 2) is admissible, one has

lull e Leway < lullso-
Moreover, we introduce the dual space N° = (S°( x R%))* satisfying the estimate
2.18) 1F o S 1700 .k gty

for any admissible pair (g1, r1). Further, in order to discuss the well-posedness theory
for (1.1) in the energy space, we also work with the function space S'(/ x R?) and
NY(I x R?), defined by the norms

(2.19) lullst = llullso + Vullso,  [IGllxr = [Gllixo + VG| no.

While y £ S° for any solution to (1.1) to 1in any Strichartz space S°, it will turn out that
the nonlinear flow belongs to S!.
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Remark 2.15. Let 7 > 0 and o € E(R?). Then Lemma 2.14 states that for any admis-
sible pair (g, r), we have

(2.20) le" 2V Yol Laqo.r1Lr ey < IV¥ollL2@ay-

Observe that, by virtue of Lemma 2.11, one has ez!d Vo — Yo € C([0, T]; H'(R?)) and
Ve2!8yy e C([0, T]; L2(R4)) N SO([0, T] x R9)).

2.6. The nonlinearity

We collect some properties of the nonlinearity N () = f(|¥|?)¥, with f satisfying
Assumption 1.1, that will be used in the sequel. By applying smooth cut-off functions, we
separate the behavior close and away from || = 1. Let n € C2°(R4) be given by (2.3).
We define

(2.21) Ni(Y) .= N)n([y]) and  No(¥) := N (@)L —n(|¥))-
By means of the cut-off y defined in (2.1), we further split N, as

Nopa = Ma(Y)x(2¢) and  MNain(¥) = Ma(¥)(1 — x(29)),

and notice that
M) = Clly| = 1],

[Napa()] < CA=n(¥ D), [Noim@)] < ClY P21 = x(¥)).
In the case of vanishing boundary conditions and infinity, the strategy developed in [42],
see also Chapter 4 of [14], relies on similar pointwise bounds on /. However, here we
need to consider additional cut-off functions 7 isolating the behavior close to 1 in view of
the far-field and the related support properties. Note that (2.4) yields that the measure of
supp(M2 (1)) is bounded by & (). The quantity VN can be rigorously defined by means
of Nemicki operators, see Appendix A of [42] and also [14,43]. It reads
(2.23) VN @) = (FA D) + FAy DI VY + f (v ) v? Vy,

so that we have

(224 VN W) < (11 (o) + pf ()] + [of " (0)DIVY.

Inequalities (2.22) and (2.24) will allow us to infer bounds on the nonlinearity in the
Strichartz space N'! defined in (2.19). Moreover, Assumption 1.1 (b) implies that the non-
linearity N () is locally Lipschitz. More precisely,

(2.25) |N (Y1) — N(W2)| < CA+ [¥11** + [¥21*) Y1 — vl

For general y1, ¥, € E(R?), one has y; — ¥, ¢ L?(R?) forany p > 1, unless ¥, and ¥/»
belong to the same connected component of E(R?), see Remarks 2.3 and 2.4 ford = 2,3,
respectively. This motivates the following estimates:

[N (Y1) — M (2)| < Clyal Y] = Y2l + [[¥2] = Ln([¥2D[¥1 — ¥l
(2.26) [N2bd (V1) — Napa(V2)| < Clrr — 2],
| N2, (Y1) — Mo (W2)| < CUY1 > + [Y2**) Y1 — Yol

Inequalities (2.26) will then lead to respective bounds in Strichartz space N°.

(2.22)
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Similarly, we introduce the following estimates for VN (). One has
v T v
v =ox - (%) = (6) - (v5):
where

(2.27) Gi() = fUYI) + f/(y Py and G2(y) = f'(ly )y
We define

Gipa(V) :==Gi(Y)x(¥) and Gim(V) := Gi(¥)(1 — x(¥)),
fori = 1, 2. For the sake of a shorter notation, we introduce
(2.28) Goa :=Gi1ba + Gapa  and  Gine := Gine + G2t
In particular, we observe that Assumption 1.1 yields that

(2.29) |Goa(¥)| < C  and  |Gin(¥)| < C(1 + [Yind**) (1 — x(¥)).

3. 2D well-posedness

Local well-posedness for energy sub-critical nonlinearities is proven by a perturbative
method in the spirit of Kato [42] adapted to the non-trivial far-field behavior. Subse-
quently, we prove global well-posedness in Section 3.2.

3.1. Local well-posedness

First, we provide necessary a priori bounds on the nonlinearity N (1) in the Strichartz
norms for ¢ € E(R?) that will follow from (2.22) and (2.24). We notice that (¢, 7;) =
2(o + 1)/, 2(a + 1)) is Strichartz admissible, and one has

2@+ 1) 2(a+1))
a+2 2a+1/)

G.1) @) = (

We recall that the space N is defined in (2.18). It suffices to consider positive times
of existence as the analogue statements for negative times follow from the time reversal
symmetry of (1.1). For ¢ € L ([0, T]; E(R?)), we denote

(3.2) Z1 = V¥ Lo, mir2®2y) + Y] = Lo (o, 77:L2R2))

and note that Z7 (V) < 2sup,¢o,77 v € (¥)(¢). The quantity Z7 () can be thought of as
analogue of the L% H ! -norm for nonlinear Schrodinger equations with vanishing condi-
tions at infinity.

Lemma 3.1. Let the nonlinearity f be as in Assumption 1.1, T > 0, the pair (q},17) as
in (3.1) and ¥ € L*=([0, T]; E(R?)). Then the following hold:

(3.3) [N (W)Lt qo.r1L2®2y < CT(Z7(Y) + Zr (¥)' %)
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and
G4 IVNWlvoqorixrey < CT + THEZr()**) [Vl o, ryz2@2)-
Furthermore, given ¥ € L*([0, T]: E(R?)) and u,v € L*([0, T]; H'(R?)), one has that
(B.5) [N +u) = N + V)l vogo, TIxR2)
< C(T + TYN(Zr (¥ + u)** + Z1 (¥ + v)®))|Ju — V|| Loo ([0, 71;22(R2)-
Proof. Let ¥ € E(R?). To infer (3.3), we observe that (2.22) implies
M @)z < CTIW] = U2 < CTZr ().

To obtain the bound of N, (), we note that the Chebyshev inequality (2.4) yields that
supp(1 — n(y)) is of finite Lebesgue measure for all ¥ € E(R?). It follows then from
Lemma 2.1 and (2.22) that

1N2,0a ()21 22 < CTE*(supp(1 = n(|y)'"/> < CTZ7 ().

By exploiting that supp(1 — n(¥)) C supp(1 — x(¥)) for ¥ € E(R?) and by (2.4), we
bound the third contribution as

IN2imllzyzz < CHVPHWIA = x@Dlzyzz < CTZr W) + CT Wil o
<CT(Zr(¥) + Zr(¥)' ),
where Vi is defined in (2.2), with y given in (2.1). In the second inequality, we used that

(3.6) WP = () < Co<i—ya<i/ay + [Yind >

and
£2({x e supp(1 — x(¥)) : 0 < 1 — x(¥) < 1/4}) < Zr(¥)*.

To control VN (1), we observe that by using (2.24) and decomposing ¥ = Ypg + Vine
see (2.2), it follows that

IVN @i r2 282 < CTIVY sz + MYl V% 28
<C(T +TY4 ZrW)*) VYl peo2-

It remains to show (3.5). Let ¥ € L*([0, T]; E(R?)) and u, v € L*®([0, T]; H'(R?)).
Then (2.25) implies the pointwise bound

INW +u)— N +v)| < CA+ ¥ +ul® + ¢ + v]*)|u—vl.

Exploiting that E(R?) + H!'(R?) C E(R?) from Lemma 2.1, we proceed as before to
infer that for a.e. ¢t € [0, T'], we have

N+ w2 ey pon + 1+ 0Py pon < CO+ Zr (¥ + 0 + Zr(¥ + 0)2).
It follows that
[N +u) = N + )l 12490
< C(T + TV (Zr (Y + )™ + Zr (¥ + 0)*)) | = vl L 2.
yielding (3.5). |
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With the bounds of Lemma 3.1 and the Strichartz estimates of Lemma 2.14 at hand, we
are able to prove existence and uniqueness of solutions to (1.1). To that end, we consider
the equivalent Duhamel formula

(3.7) Y(t) =e Py —i / te%“—”w(wxs) ds,
0

which is justified as identity in E(R?3), in virtue of the properties of the free solutions from
Proposition 2.12 and the fact the non-homogeneous terms is bounded in L3° H ; by means
of the Strichartz estimate (2.17) and Lemma 3.1.

We anticipate that the continuous dependence on the initial data will differ signifi-
cantly from the classical approach, as a consequence of the low regularity of the nonlin-
earity N combined with the lack of integrability of 1. The constructed solutions are such
that ¥ (t) — Yo € H'(R?) for all ¢, and hence (3.5) suffices to show local existence. Note
that in order to show the continuous dependence on the initial data, (3.5) is not sufficient,
as in general different initial data possess different far-field behavior, namely, belongs to
different connected components of E, see also Remark 2.4. Lemma 3.3 upgrades (3.5) to
the respective inequality for general initial data.

The following Proposition is stated for positive existence times; the analogous state-
ment for negative times follows from the time reversal symmetry of (1.1).

Proposition 3.2. Let d = 2 and let f be as in Assumption 1.1.

(1) For any o € E(R?), there exists T = T(E(¥o)) > 0 and a unique strong solution
¥ € C([0, T]; E(R?)) to (1.1) with ¥ (0) = V. In particular, we have that yr —
Yo € C([0,T]; H'(R?)).
(2) There exists a maximal existence time T* = T*(Y9) > 0 such that the solution
of (1.1) belongs to C([0, T*): E(R?)) and the blow-up alternative holds, namely, if
T* < oo, then
lim & 1) = .
Jim, (V)(1) = +o0

(3) Forany y§ € E(R?), there exists a open neighborhood O C E(R?) of Y such that
T*(®)= inf T* 0,
0) it (Vo) >
and the map y§ € O — ¢ € C([0, T]; E(R?)) is continuous for all 0 < T < T*(0O).
Moreover, let O, = {Yo € E(R?) : dg (Y, ¥o) < r}. Then
liminf 7%(0,) > T*(Yg).
r—0

Point (1) of Proposition 3.2 is included in (2). Nevertheless, it is stated separately as it
proves useful for the proof of the continuous dependence property in (3).
Proof. Local existence. We note that ¥ € C([0, T]; E(R?)) is a strong solution to (1.1)
with initial data ¥¢ € E(R?) if and only if

v (1) =eimwo—i/te%<’S’Aw(w)(s)ds for all 7 € [0, T.
0
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To show the existence of a solution ¥, it suffices to implement a fixed-point argument for
the solution map

t . .
(3.8) D) (1) =i /0 e2 =98 N (25D Y + u(s)) ds.

Specifically, let 19 € E and R > 0 such that &(¥o) < R, and given M > O and T > 0,
we consider the solution map (3.8) defined on the function space

Xr ={ueC(0,T]; H'(R?)) : u(0) = 0, |julx, < M}.
For u, v € X, we introduce the distance function d as

dx (u,v) = |[u —vlpeo(q0,17:L2(R2))-

It is straightforward to verify that the space (X7, dx) is a complete metric space.

Note that ¥ (1) = ez*2 v + u(t) satisfies ¥ € C([0, T]; E(R?)) for u € X7 and
Vo € E(R?). Indeed, it follows from Proposition 2.12 that e2?2y4 € C([0, T]; E(R?))
and Lemma 2.1 yields that e2?2 g + u € C([0, T]; E(R?)). If u is a fixed-point of (4.2),
then ¥ = ez?2 1 + u is a local strong solution of (1.1).

If &(Yo) < R and u € X7, then thanks to the Minkowski inequality and (2.15), we
obtain

3.9 ZT(e%tAV/() + u) < ZT(e%tAl,//()) + ||u||Loo([0’T];H1(R2)) <2V2R + M,

provided that T > 0 is sufficiently small. Next, we show that ®, defined in (3.8) maps
X7 onto X7.Letu € X7 and denote ¥ = ez?2 vy + u. Then, by virtue of the Strichartz
estimate (2.17), (3.3) and (3.9), we obtain

(3.10) )l Looqo,17;22®R2) = N W)IL1o,71:22R2))
<CT(Zr(¥) + Zr(y)' >
<CT(+ V2R + M)**)(2V2R + M).

To bound V& (u), we apply the Strichartz estimate (2.17) concatenated with (3.4) to obtain
@11 [[VO@)llzeqo,ri;z2®2) < CIVN W)l noqo,r1xr2)

< C(T + TVMZr () ) |V |l Lo 2

< C(T + TV 2vV2R + M)**)2V2R + M).

We conclude that
®(u) € C([0,T]: H' (R?)),

and summing up (3.10) and (3.11), we obtain that
|®)|x, < C(T + TY% 2v2R + M)**) (2v2R + M).

Next, we check that the map @ defines a contraction on (X7, dx). Let uy, u; € X7 and
denote

Yy = e%mllfo +u; and Y = e%m% + us.
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Upon applying (2.17) followed by (3.5), one has

dx (®(u1), D(u2)) = | i /0 TR OB (N (41) — N (P2)(s) d |

< C|N@W1) = N(@¥2) | noo,rxr2)
< C(T + TV 2V2R + M)**) dx (u1, u»).

Le([0,T],L2(R?))

We fix M = +/2R and notice that there exists a sufficiently small 0 < 7" < 1 such that

/ 1

C(T +TVM(3V2R)™) < <

Hence, ® maps X7 onto X7 and defines a contraction on X7. The Banach fixed-point
theorem yields a unique u € X7 such that e 2t Ao + u is a solution to (3.7). It follows
from Lemma 2.1 and (2.15) that 2?2y + u € C([0, T]; E(R?)). In particular, ¥ — g
e C([0, T]: H'(R?)) from (2.13) and u € X7.

Uniqueness. Let Y1, Yo € C([0, T], E(R?)) be two solutions to (1.1) with initial data
¥1(0) = ¥2(0) = Yo € E(R?). One has that

t .
(1) = ¥at) = —i /0 DA (W (g1) — N (Y2))(s) ds.

In particular, as the nonlinear terms are bounded in L$°H!(R?), one has yr; — ¥ €
L°°([0, T]; H'(R?)). For (¢4, r}) given by (3.1), the Strichartz estimate (2.17), together
with (3.5), then yields

Y1 = Y2llpeer2 < CIN (1) — N (W2l voqo,r1xr2)
< C(T + TY(Zr ()™ + Zr (W) D Y1 — V2l 2-

Hence, we deduce that there exists 77 > 0 such that Y; = v, a.e. on [0, T7] x R2. As Ty
depends only on Z7 (1), Z1(¥2), one may iterate the argument to obtain uniqueness of
the solution on the interval [0, T].

Blow-up alternative. Let ¥y € E(R?) and define
T* (o) = sup{T > 0 : there exists a solution to (1.1) on [0, T']}.

Let T*(0) < 400 and assume that there exist R > 0 and a sequence {f,}neN such
that t, — T*(¥o) and (Y (t,)) < R for all n € N. Then there exists a sufficiently
large n such that the local existence statement allows us to uniquely extend the solution to
[0,2, + T(R)], with t, + T(R) > T*(). This violates the maximality assumption, and
we conclude that

E(W(tn)) = 00 asty — T*(Yo).

if T*(¥9) < 400. The proof of the continuous dependence on the initial data of the solu-
tion requires some auxiliary statements and is postponed after Lemma 3.4. ]
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We introduce estimates on the nonlinear flow in Strichartz norms that are required
for the proof of the continuous dependence on the initial data. The estimates used for
the local existence and uniqueness in the proof of Proposition 3.2 are not sufficient since
they only allow to control the difference of solutions iy, ¥, provided that ¥y — vy, €
L*>®([0, T]; L?>(R?)). In addition, as the regularity properties of .V do not suffice to control
VO (Y1) — VO (¥2) ||L?0L§ for Y1, 2 € C([0, T]; E(R?)), we need to rely on a auxiliary
metric.

Lemma 3.3. Ler f satisfy Assumption 1.1, T >0, (q},r}) as defined in (3.1) and 1, Y, €
C([0, T]; E(R?)). Then there exists 0 € (0, 1] such that

[N (1) — N (W2)l nogo,TxR2)
<SCT(1+ Zr (W) + Zr (V2) + Zr (¥1)** + Z1(¥2)*)
X (N1l = [W2lllLzqo,rL2®2yy + 11 — Y2 llL2qo, 71200+ L2 (R2)))-

Proof. First, we notice that from the first inequality of (2.26) and the decomposition pro-
vided by Lemma 2.1, it follows that

1Nt i) = MiW2)ll iy 2y pospars = C(T'V2+ T Zr )yl = Valll2rz
+ CTV2(1+ Zr () 11 — V2l oo +12)

where we used that ||| — 1|n(|¥2]) € L*([0, T]; L>(R?) N L?(R?)). Indeed, let the
set 2 C R? be of finite Lebesgue measure and let f € L°°(Q2) + L?(2). Then

I fllr@ < CA+ L2 @YD) f Lr@)+1o@)-

Second, we observe that £2(supp(N2(¥;))) < €(¥;) fori = 1,2 from (2.4). From (2.26),
we conclude

[N2,0a (V1) = Napa(V2)ll iz = CT(L+ Zr (Y1) + Zr (Y2)) 1¥1 — Y2l peo(roo412)-

Third, arguing as in the proof of Lemma 3.1, and using &£2(supp(N2(v¥;))) < & (Y1), we
obtain

N2 ine (Y1) — Noine(Y2) | L1242 70
< Msupp1—xwi)usuppt—x w2 V1 = ¥2lllL1 12
10 ind > 4 12,0 ) Y1 — Valll o
< C(T + TV Zr (W) + Zr () + Zr ()™ + Zr (¥2)™)
X V1 = Vallpeozo 412y u
Concatenating the Strichartz estimate (2.17) and Lemma 3.3, gives the following.
Lemma 3.4. Given 1, V¥, € C([O, T];]E(]Rz)) such that Zt (Y;) < M fori = 1,2, there
exist C = C(M) > 0and 6 € (0, 1] such that
(3.12) [@(W1) — P(V2)lls0(0.77xR2)
< CuT(ly1 - Vallpeorgoyr2y + 1Vl = [¥2lllL212)-
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We are now in position to complete the proof of Proposition 3.2. Note that the metric
space (E, dg) is not separable, see also Remark 2.7. In particular, it is not sufficient to
show sequential continuity of the solution map.

Proof of Proposition 3.2, continued. We prove continuous dependence on the initial data.
Given Yy € E(R?), let R := &(yg) and r € (0, V'R]. Denote

(3.13) O, = {Yo €ER?) : dr (VY. Yo) < r}.

It follows that & (o) < 48(¥¢) for all ¥y € O,. The first statement of Proposition 3.2
then yields that there exists T = T(4&(/5)) > 0 such that for all /¢ € O,, there exists a
unique strong solution ¥ € C([0, T']; E(R?)). In particular, for ¥ € ©,, the maximal time
satisfies

T* (o) = T(4€(¥g)) > 0,

by virtue of the blow-up alternative. Hence,

MO = inf T*(o) = TAEWS)) > 0.

Given § > 0, to be chosen later, let O be defined as in (3.13). Let us remark (again) that
for any Vo € Os, we have & (V) < 2(R + §2). In particular, T* (o) > T*(Os) > 0.

Let ¥4 € O, and denote by y*, ¥, the respective solutions with initial data ¥, ¥
defined at least up to time 7*(Os). Forany 0 < T' < T*(0Os), there exists M = M(T) > 0
such that Z7 (Y1) < M, by virtue of the blow-up alternative. From (2.14), we have that
there exists C = C(R, 6, T) > 0 such that

(3.14) sup dp(e2'2yl e3"Ayd) < Cdp (V. ve) <2C8.
t€l0,T]

To prove continuous dependence of the solution, we proceed in the following four steps,
that compensate for the lack of local Lipschitz regularity of VN that in general does not
hold under Assumption 1.1:

(1) There exist C > 0and 0 < T7 < T™*(0Os), depending only on M, such that

(3.15) 1 = ¥l o, g0+ 222y + Wil = W 2o, 7y1:L2R2))
< Cde(¥,.V3).

(2) Provided (3.15) holds and arguing by contradiction, we show that for all € > 0, there
exist T, = T>(M) > 0 and § > 0 such that dg (Y, ¥¢) < § implies

(3.16) VY1 = VY™ | Lo (o, 11:L2(R2)) < -

(3) Provided (3.15) and (3.16) hold, for all £ > 0, there exists § > 0 such that dg (w(} V)
< & implies
(3.17) sup dg(Y1(1), ¥ (1)) <e.

t€[0,73]
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(4) By iterating (3.17), we prove that for all 0 < T < T*(0s) and ¢ > 0, there exists
§ > 0 such that dg (Y3, ¥§) < § yields

sup ]dJE(% 0.y (@) <e.

tef0,T

Step 1. We show (3.15). Let us consider the first term on the left-hand side of (3.15).
By using (3.14) and Lemma 3.4, we know there exists # > 0 such that

(3.18) [[¥1 — ¥ ™|l Loo(jo,7]; Lo+ L2(R2))
< Jle?"Ayd — e%tAwg||Lw([0,T];Lw+L2(R2))
+ 1 2(W1) — QW) Loo,11.L2®2))
< Cdx (5. ¥5) + Cu T’
X (1¥1 = ¥ lleoqo,rizoo+ L2®2)y + MWl = ¥ L2 qo,11:2®2))-

Given y satisfying (2.1), we define y¢(z) := y(6z). Arguing as in the proof of Lemma 2.6,
we notice that

B.19) Y1l = ¥ le2qo 22y < M¥1l? = ¥ 1Pl qo.rL2 ®2))
+ V1 x6(W1) — ¥ x6 (W) L2 0. 71:L2(R2)) -
To deal with the first contribution on the right-hand side, we notice that
Y =y P < IIeé’Awélz_— le2" Ay )?|
+ [2Re(e™ " A Y (@(Y ) — @(¥1)))]

+ 2Re(e™ 3 A (PF — D))
+ (1O )] + (D)D) — D).

We control these four terms separately. First, from (3.14), one has that
ezt 25 = le2" A5 Pl 22 < CTY2du (g, ¥r5).
Second, upon splitting e3tA 1//6 € E(R?) as in (2.2), we have

I2Re(e™ 22 Py (@(Y*) — DUl 212
< T2 0@™) — @)z + T4 Zr e Ay OW™) — (W)l s
< CM(T' 2| 0(W*) = W)l rz + TVHOW1) = W) 1219)-

Third, proceeding similarly and exploiting (3.14), we have

I2Re(e™2 A (W5 — V)W) 1212
< CTV2| @)l gopz + TVHI@W )| Ls1s) dr(exd i e3 2 )
< CT2 W) 2erz + TYHIOW DI Lars) du(Wo, ¥5)
< C(TY? + TYHM + M%) de (Y4, 5.
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where we used that
®(y1) € L®([0, T); L>(R?)) N L*([0, T); L*(R?))
from (2.17). Fourth, one has
IA@WD| + W )DIPW™) — P22
= Ue@WD)lpars +N1PWI s ) PW1) — P )llars
< CT(M + M%) [ S(1) — W *) 414

where we used (3.3) in the last inequality.
Combining the previous inequalities, we infer that there exists #; > 0 such that

(320) [lly1? = 1 Pll2 2
<CT"(+ M+ M%)
X (dr (Yo, V) + 12W1) = DY) peor2 + 1 9W1) = DY) Lap)-
The second contribution in (3.19) is bounded as follows:
G20 NYixs(W) — v xe (W )22
< CT'2(14 M) dg(e> * Y532 yg) + CT' 2 0(y1) = @) 121
< CT'2(1+M)(de(Wg. V) + |12W1) — D)l o0 12)

where we exploited that, for 1 € E(R?), the measure of the support of y¢(1) is bounded
by &(¥), see (2.4). It follows from (3.19), (3.20) and (3.21) that there exists 6, > 0 such
that

(3.22) Y1l = W 2o, L2®2))
<CT%(1 + M + M%)
X (de (g, ¥5) + 12W1) = W) | Loor2 + | @W1) = W) ps1)-
Summing up (3.18) and (3.22), and applying (3.12) yields that there exists 6 > 0 such that
11 =¥ leoeorrzy + M1l — 1Y 22

< Cu T (dr (g, ¥o) + Cu T (Y1 — V¥ I pseqreer 2y + 11l = ¥l L212))-

For T1 > 0 sufficiently small, depending only on M, inequality (3.15) follows.
Step 2. Provided that (3.15) holds, note that

r
VY = Vy* = e B (Vyg — V) —i / e2TIM(VN (Y1) — VN (¥™))(s) ds.
0
We estimate the difference of the free solutions by

(3.23) lez"2(Vyg — VY oqo.r.L2 @2y < de(Wo, V),



Well-posedness for NLS with non-vanishing conditions at infinity 1089

exploiting that e3!A isan isometry on L?(IR?). We recall from (2.23) that

VN@) = (S + L WPV PVY + (v P v? vy,
which can be bounded by means of (2.24) as
VN W) < C(1L+ [y P)IVY] < CU + [Yim*) VY.

We apply estimate (2.17) to the non-homogeneous term, where

(q1.11) = (@

2@+ 1),

see also (3.1). We decompose VN (1) — VN (¥ *) by means of the functions Gpg and Giy,
defined in (2.28), leading to

o
an i [t @am -] o
< I(Goa + Gin) (W) VY1 — VY™ yo
+ [((Goa + Gin) (V1) — (Gra + Gind (W NIV ||| vo(o,71xR2))
< IV = VY-l + HYmd > VY = V=l
+ 1(Goa(¥1) = Goa (W NIVY [l L1 12
+ 1(Gine(¥1) = G NIVYr[ll 4 111
< C(T + TN Zr (™)) |V — VY| L2
+ 1(Goa(¥1) = Goa (Y NIVY [l L1 12
+ 1(Gine (Y1) — Gint(l/f*))|vw*|||L’t’,1 L;i .

Thus, for T, = T>(M) > 0 sufficiently small so that
C(Tr + Ty Zr (¥1)*) < C(Tr + T,/ M) < %
we conclude, by combining (3.23) and (3.24), that
VY1 — VY™l oo 1] 2®2)) < dE(Vg- ¥o) + [(Gha(Y1) — Goa(WNDIVY*llL122
+ 1 (Gine(Yr1) — Gint(lﬂ*))|vw*|||Lf/l L

In order to conclude Step 2, we need to show that the second line above can be made
arbitrarily small by choosing a sufficiently small § > 0. We proceed by contradiction,
assuming that there exist &€ > 0, a sequence {5, }nen, and {¥{ }nen C E(R?) such that
de(¥§, ¥§) < 8 — 0, and for all n sufficiently large,

(3.25) 1(Goa(¥™) = Goa (W) VY[l 11 12
+ (G ¥™) = G IVY [l 51 75 = &
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where ¥, € C([0, T]; E(R?)) denotes the unique maximal solution with ¥, (0) = ¥2.
Inequality (3.15) implies, up to extracting a subsequence that is not relabeled, that v,
converges to ¥* a.e. on [0, T1] x R2. If 0 < Ty < T», then set T, := T;. By virtue of
Assumption 1.1 on f, it follows that Gy, Giy are continuous, and thus

[(Gpa(¥™*) — Gpa(¥n))| [IVY*| — 0 ae.in [0, T5] x R?,
IGim(W*) — Gint(¥n)| |V1ﬁ*| — 0 a.e.in|[0, T3] x R2.
Since, in addition, one has
IGin (W)l Lo 01 2y < CIL + [Wgn* ) = X W)l oo 191 m2)
< CZ1(Yn) + ZT(I/fn)ZOt) <CM + Mza)

for all n € N, we obtain from (3.15) that there exists ¢ € L*°([0, T]; L (R?)) such that
|¥gn| < ¢ ae.on [0, T2) x R2. Therefore,

[(Goa(¥*) — Gra(¥n)| [V *| < C|Vy*| € L1([0, T): L*(R?)),
[(Gin(¥™) = G (W) [VY*| < C(1Y* 2 + |2 |Vy*| € LN([0,T); L™ (R?)),

so that the dominated convergence theorem implies that (3.25) is violated. The inequal-
ity (3.16) follows for the time interval [0, T>], where we stress that 7, > 0 depends only
on M.

Step 3. Given that (3.15) and (3.16) are satisfied, it suffices to prove that, for any ¢ > 0,
there exists § > 0 such that dg (Y, ¥¢) < § implies

Il = 1 Lo qo. 12 R2)) < &
Note that (3.15) only yields

11l = 1 2o, 712 ®2)) < C8.

We recall that ¥ (1) = e2"2 g + ®(¥), where 372y € C([0, T]; E(R2)) and ®(v;) €
C ([0, T]; H'(R?)) for ¢y = y*, 1. More precisely,

Zr(e2 A yd) + Zr(er'dyd) < 4v2VewD).
It follows from (2.11) that

il = [l r2 < C(1+ \/8(w3)+\/8(w;;) FNOWD) et + 19 *) Lo 2)
X (dg (€22 Y8 2 2 y) + | @(Y1) — D) | oo )
<C(1+2vVR+68+2M +2M'*%)
X (de (g, ¥3) + 12W1) = W) | oo 1)

where we used (2.14) in the last inequality. We are left to show that, for all & > 0, there
exists § > 0 such that dg (Y, ¥o) < 6 yields

[2(1) — @Y ) poopy < e
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The statement follows by combining (3.12) and (3.15), and by observing that

IVOW1) = VOW)lpgor2 < IVY¥1 = VY™l 1o p2 + wp dg (e 2 ¥g,e2" 2 yp),
t€l[0,T>

followed by (3.16) and (3.14). This completes Step 3.

Step 4. Note first that Step 3 yields continuous dependence on the initial data with
respect to the topology of E induced by the metric dg, on a time interval [0, T3], where T3
depends only on M. So, one may cover [0, T'] by the union of intervals [z, tx+1], with
tr =kT, fork€{0,...,N —1},with N = [T/ T,] finite. For all £ > 0, there exists 65y > 0
such that dg (Y1 (tn—1), ¥ ™ (ty—1)) < 8n implies thatsup, ¢, 771 dE (Y1 (1), ¥ * (1)) <e.
Next, there exists §y—1 > 0 such that dg (Y1 (ty—2), ¥ *(tn—2)) < Sy—1 implies that
SUP; ety _oin_1] FE(W1(2), ¥*(1)) < 8n. One may then iterate the scheme finitely many
times in order to recover the existence of a § = §; > 0 such that dg (¥, ¥¢) < § implies
sup; e o, 71 dE (Y1 (1), ¥ * (1)) <e.

It remains to show that for 9, = {9 € E(R?) : dg (¥, Vo) < r}

lim i(I)lf T*(O,) = T*(Yg).
r—>
This property is an immediate consequence of Step 4. ]

We proceed to show a persistence of regularity property for (1.1) under the general
Assumption 1.1. Subsequently, we prove the conservation of the Hamiltonian energy J.

Lemma 3.5. Let f be as in Assumption 1.1 and Vg € E(R?) such that Avyrg € L?(R?).
Then the unique maximal solution ¥ € C([0, T*); E(R?)) to (1.1) satisfies

Ay e C([0,T*); L2(R?)) and 3,y € C([0, T*); L*>(R?)).
Furthermore, the Hamiltonian is conserved, namely,
H (W) = H(o) forallt €0, T™).

Proof. Let ¥y € E(R?) such that Ayrg € L2(IR?). Proposition 3.2 provides a T* > 0 such
that there exists a unique maximal strong solution ¥ € C([0, T*); E(R?)) to (1.1) with
initial data ¥ (0) = . The blow-up alternative yields that, for any T € [0, T*), there
exists M > 0 such that Z7 < M, defined in (3.2).

First, we show that there exists T € (0, T'] depending only on Z7 () such that
d; v € C([0, T1]; L?(IR?)). Exploiting that ¥ € C([0, T]; E(R?)), we obtain

i3,y (0) = —%Awo + N (Yo).

We claim that 9, (0) € L?(R?). We note that Ay € L?(R?) by assumption yields
Vo € X2 + H?(R?) C X2(R?) C L*®(R?). It follows from (3.3) that

1N (W)l L2@2) < C(VEWo) + E(Wo)/>+*).
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By differentiating the Duhamel formula (3.7) in time, and applying Corollary 2.13, one
has

iy (t) = e%m(%Aw(O) —iNW)(©0)) —i /0 &8 9, N (¥)(¢ — 5) ds

. r -
=) + [ INGWIIY + Ga) ) ds
0
where G and G, are as defined in (2.27). Hence,

10: ¥ || Loo(r0,71:22(R2)) < 10:¥ (0) || L2(R2)
+ 1G1(¥)3: ¥ + G2 (¥) 3: ¥ (3 W)l nofo.71xR2) -

Upon exploiting the estimates (2.29) on G; and G, and following the lines of the proof
of Lemma 3.1, we conclude that

1G1(¥)dy + Gz(‘ﬂ)at_W”NO([o,T]sz)
= ClGuaWI0:Y[liLi 22 + G (¥)9: Y[l o
=Cllocylipzz + 110+ ¥ 2139 [ wo
< CTN0:Y pgerz + TV Zr (W) 100y [l 5o 2-
Thus, there exists 0 < 77 < T depending only on Z7 (1) such that

(T + )0+ Zr()™) < 5

and
10: V[l oo o, 7 3;2R2)) =< 2[19: ¥ (0)[| L2(r2).-
Second, we deduce a space-time bound for Ayr. More precisely,

[AY || Loo (o, mi1s22®R2)) = 10:V | Lo o, 7y3:L2®R2)) + IV (V) | Lo f0,711;2(R2))
< 19V | oo,y 22 @2y + (T1 + TN Zr(¥) + Z7(¥)*),
by virtue of (3.3). As 3, € C([0, T ]; L?(R?)), it then follows Ay € C([0, T1]; L?(R?)).

Third, we show that J# (Y (t)) = J (o) for all ¢ € [0, T1]. To that end, we compute
the L2-scalar product of (1.1) with 8, and take the real part to infer

1
0 = Re(id,v, 9,1) = Re < — S Y+ N ). a,w>,

for any ¢ € [0, T1]. We notice that all terms are well defined and conclude that for all
t € [0, T1], the Hamiltonian energy is conserved, namely,

d

1
= — — V¥ |? + F(|y]?) dx.
m Rd2| vIT+ F(y|) dx

As T1 > 0 depends only on Z7 (), the procedure above may be implemented starting
from any ¢ € [0, T — T1], covering the time interval [0, 7] by finitely many sub-intervals.
It follows that J () is constant in time on each of them. Since ¥ € C([0, T]; E(R?)), by
continuity, one concludes that # (¥)(t) = H () forall £ € [0, T]. |
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The results of this section then yield the proof of Theorem 1.3 for d = 2.

Proof of Theorem 1.3 in 2D. For d = 2, the first three statements follow from Proposi-
tion 3.2, while the fourth and fifth are provided by Lemma 3.5. ]

3.2. Global well-posedness

Assuming the internal energy in (1.3) to be non-negative, we show that the Cauchy prob-
lem associated to (1.1) is globally well-posed in the space E(R?), which completes the
proof of Theorem 1.6 for d = 2. First, we show that the regular solutions provided by
Lemma 3.5 are global.

Corollary 3.6. Under the same assumptions of Lemma 3.5, let in addition the nonlinear
potential energy density F, defined in (1.3), be non-negative, namely, ' > 0. Then the
solution constructed in Lemma 3.5 is global, i.e., T* = +o0.

Proof. Let ¥ € C(0, T*; E(R?)) denote the unique maximal solution to (1.1) with initial
data ¥ (0) = o € E(R?). Since # (V) (t) = H (Vo) forall € [0, T*), Lemma 2.8 ensures
that there is an increasing function g: (0, co) — (0, o), with lim,_,¢ g(r) = 0, such that

EW)@) = g(H W) (@) = g(H(Y)(0)) = g(H (Vo)) < +00

for all ¢t € [0, T*). The blow-up alternative then yields that 7* = +o0. In addition,
enjoys the bounds d,y € C([0, T]; L?>(R?)) and Ay € C([0, T]; L?>(R?)), forany T > 0,
as well as H (Y (1)) = H (Yyp), forall ¢ € [0, 00). L]

Second, we prove Theorem 1.6 for d = 2. More precisely, by exploiting continuous
dependence on the initial data, we show that the Hamiltonian energy is conserved for
solutions in the energy space and deduce global existence.

Proof of Theorem 1.6. Note that to complete the proof of the theorem, it suffices to prove
that the Hamiltonian energy is conserved for all solutions ¥ € C([0, T*); E(R?)). Global
existence then follows by arguing as in the proof of Corollary 3.6. To that end, given
initial data o € E(R3) and the unique solution ¥ € C([0, T*); E(R?)) to (1.1) such
that ¥ (0) = v, we observe that, thanks to Lemma 2.10, there exists {y#} C E(R?) N
C>®(R?) such that Ay € L2(R?) and dg (o, Y converges to 0 as n goes to infinity.
Lemma 3.5 provides a sequence of unique global solutions yr, € C(R, E(R?)) such that
H () (t) = H () for all n. Relying on the continuous dependence on the initial data,
we conclude that, for any 0 < T < T*, one has

sup dr(¥(t), ¥n(t)) >0 asn — oo.
t€[0,T]
Hence, &(Y,)(t) — E(Y(¢)) for all ¢ € [0, T']. Similarly, conservation of the Hamilto-
nian energy J () follows from J (,)(t) — H (¥)(¢) for all ¢ € [0, T']. In particular,
Lemma 2.8 yields an increasing function g: (0, co) — (0, co) with lim,_,¢ g(r) = 0 such
that
EW)(t) = 26(Wn) (1) = 28(H (Yn) (1)) = 28(H (Y)) = C,

for all ¢ € [0, T'] and n sufficiently large. By means of the blow-up alternative, we conclude
that the solution is global, namely, ¥ € C(R, E(R?)). ]
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4. 3D well-posedness

The approach to prove well-posedness for d = 3 differs from the one for d = 2 in two
aspects. First, we need to exploit that the nonlinear flow belongs to the full range of
Strichartz spaces S!([0, 7] x R?), defined in (2.19). In particular, exploiting also (2.20),
we use that Vi € L9([0, T]; L"(R3)) for some r > 2. For d = 3, it is not sufficient to
work in L2-based function spaces — at least for super-cubic nonlinearities. Second, Propo-
sition 2.2 yields an affine structure for the energy space E(R3). This allows for several
simplifications of the well-posedness proofs, compared to Proposition 3.2. In this sec-
tion, let

4+ 1)
3a
and note that (g, r) is Schrodinger admissible. We recall that the Strichartz spaces N°

and N'! are defined in (2.18) and (2.19), respectively, and the quantity Z7 () is defined
in (3.2).

@.1) @)= 2@+ 1)

Proposition 4.1. Let d = 3 and let f be as in Assumption 1.1.

(1) For any o € E(R?), there exists a maximal existence time T* = T*(y9) > 0 and
a unique maximal solution v € C([0, T*); E(R?)) of (1.1). The blow-up alternative
holds, namely, if T* < oo, then

Jlim E()(0) = +oo.

(2) Forany0 < T < T*(o),
v —voeC(0,T]: H'(R?), Vv eS°(0,T] x R?).
Moreover, the nonlinear flow satisfies
Y (t) —e2 By € C(10, T]; H'(R?) N S'([0, T] x R?).

(3) The solution depends continuously on the initial data; namely, if {{§ }nen C ER?)
is such that dg (Y§, Wo) — 0, then for any 0 < T < T* (o), it follows that

sup dg(¥a(?), ¥ (1)) — 0,
€[0,T*)

t

where Y, denotes the unique local solution such that ¥, (0) = .

The affine structure of the energy space, see Proposition 2.2, allows one to reduce the
well-posedness of the Cauchy problem for (1.1) to the well-posedness of an affine problem
in %, (R3), see Lemma 4.2 and Remark 4.3 below. However, we only exploit this property
for the proof of the continuous dependence on the initial data. Note that due to the affine
structure, it suffices to show sequential continuity.

Proof. To show existence of a local strong solution v, it suffices to implement a fixed-
point argument for the map

t .
4.2) du)(t) =i /O e2 98 N (@220 + u(s)) ds.
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Indeed, if u € C([0, T]; H'(R3)) is a fixed-point of (4.2), then ¥ (¢) = e%’Alﬁo + u(t)
is such that ¥ € C([0, T]; E(R3)), due to Lemma 2.1, and v is a local strong solution
of (1.1).

Local existence. Fix (¢, r) as in (4.1). We implement a fixed-point argument for (4.2) in

X7 ={ueC(0,T]: H'(R*) N L0, T]: W' (R?)), u(0) = 0, ||jullx, < M},
with
I llxz = I - lzeoo, i @®3y) + - lLaqo, 71w 1 R3))-
Equipped with the distance function
dx (u,v) = |[u —vllpeoqo,r;22®3) + ¥ = vlLao,71;L7 ®3))>

the space (X7, d) is a complete metric space. Let ¥ € E(R3) with () < R, where
M >0and 0 < T <1 are to be fixed later. First, we verify that ®: X7 — X7. To that
end, we recall that for T = T'(R) > 0 sufficiently small,

Zr(e o +u) < Zr©e®) + Julm @z < 2v2EWo) + M < 2V2R + M,

where Z 7 is defined in (3.2), and (2.6) and (2.15) have been applied in the first and second
inequality, respectively. It follows from (2.17) that

1 @) (0) 2012 + 1RO, < 2N €A 0 + )| yo.
Defining N7 and N, as in (2.21), and exploiting the pointwise bounds (2.22), we infer
I N @22 o + w)ll 12 < CTZ7 (32 Yo +u) < CTQV2R + M).
Next, using again (2.22) and the Chebyshev inequality (2.4), one has
| Na.pa(€2" 2 90 +10) | 1 12 < CT L3 (supp(1 — (e 2 9o +1))/2 < CTQV2R + M)
and
| N ine (€372 Yo + 1) 1 1241 1
< 11+ e B + u?*) e B + ul(1 — x(e2" Yo + w) | L1121 17 17
< CTQ@VIR + M) + ||l yro + u)(1 — (e o + )P F | o' o
< CT@V2R + M) + CTU= @ | e3Bypg + 1)g 3% 1 1122 Yo + gl a1
<C(T + T(q—q’)/(qq’)(2m+ M)2“)(2«/ﬁ+ M).
Moreover, Assumption 1.1, see also (2.23), implies the bound
VN ()] < C(L+ [y )|V,
which allows one to infer that
IV N (@32 g + 1) + VoNa pale X vg + Wlprg2
< CT(IV¥ollzer2 + VUl 12012) < CT(2V2R + M).



P. Antonelli, L. E. Hientzsch and P. Marcati 1096

To control VN, ine, note that e%mwo € L9([0, T]; L™ (R3)) for any admissible pair (¢, 7)
from Lemma 2.14 and & (19) < R. Therefore,
IV N ini (2" 2 0 + Wiz yrs o
= CT(VYollrz + llulxr) .
+ C(I1e2 ™ o +1)g ** Ve Mo 19 1o + 12" A Yo +u)g ** Vel 1 1)
< CTQV2R + M) + CT /@D Q2R + MY**(| Vol 12 + [ VullLazr)
< C(T 4 17994 2/2R + M)**)(2V2R + M).
Finally,
1) ||x, < C(T + TY™9/@92/2R + M)**)(2V2R + M).

We proceed to show that ® defines a contraction on X7. Let ¥y € E(R3) such that
&) < Rand u,v € X7. Then

dx (®(u), D(v)) < |V (2 X 9o + u) — N (€22 Yo + v) | yo.
Inequality (2.25) implies that
N (€22 Yo + ) — Ny (e2 Ao + V)| 1,2 < CTdx (. v),
| N2,0a(2"2 W0 + 1) — Napa(e2 2 g + Wlipizz = CTdx (u,v).
Again, inequality (2.25) allows us to control the remaining term as follows:
| N2 (€32 0 + 1) — Najwe (€32 W0 + V)| 1124 110
<CT|u—vlrer2
+ CT@ D/ (23 2y + u)™ + Z7 (2" o + v)**) Ju — vl 111
< C(T 4 TY /WD 22R + M)**)dx (u, v).
Finally,
dx (D), (v)) < C(T + T 9@ 2/2R + M)**)dx (u, v).

Therefore, it suffices to set M = +/R and choose T = T'(M) > 0 sufficiently small in order
to conclude that ®: X7 — X7 and @ defines a contraction on X7. The Banach fixed-point
theorem yields a unique solution u € X7 to (4.2). In particular, ¥ (¢) = e2?2 vy + u(t)
solves (1.1) with ¥ € C([0, T]; E(R?)).

Uniqueness. Let R > 0 be fixed. Let ¥ € E(R?), with &(¥9) < R, and let /1, ¥, €
C([0, T]; E(R3)) be two solutions to (1.1) such that 11 (0) = ¥(0) = 1. We note that
V1 — Vs € S1([0, T] x R3). In particular, from the Strichartz estimate (2.17), and arguing
as for the local existence, we obtain that

dx (V1. ¥2) < [|N (Y1) — N (¥2) [ noqo, 7]xR3)
< C(T + TG (21 (y1)** + Z7 (¥2)>*) dx (Y1, ¥2).
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Thus, there exists a sufficiently small 7; > 0 such that ¥; = ¥, a.e. on [0, T}] x R3.
As Ty depends only on Z7(y;), with i = 1,2, one may iterate the argument. This yields
uniqueness in C([0, T]; E(R?)).

Blow-up alternative. The proof of the blow-up alternative follows verbatim the proof
of the respective statement for d = 2, see Proposition 3.2, and thus it is omitted.

Membership in Strichartz spaces. Statement (2) of Proposition 4.1 follows directly
from the local existence argument and the properties of the free solution, see (2.13)
and (2.20).

The proof of the continuous dependence on the initial data requires some preliminary
properties and is postponed after Lemma 4.4. ]

In view of the equivalent characterization of the energy space E(R?) provided by
Proposition 2.2, the well-posedness for (1.1) can be reduced to the well-posedness of the
following “affine” problem.

Lemma 4.2. Given g € E(R3), let € C([0, T*); E(R?)) be the unique maximal solu-
tion to (1.1) with initial data o. Then there exist |c| = 1 and v € C([0, T*); ) such that
Y(t) =c+v(t)forallt €]0, T*) and where v is a solution to

4.3) i0,v = —% Av + f(lc +v]*)(c +v), v(0) = vy.

Proof. The unique maximal solution exists in virtue of Proposition 4.1. Proposition 2.2
yields the decomposition ¥ (¢) = c¢(t) + v(t) for some |c(¢)| = 1 and v(¢) € ¥, for all
t €0, T*). In particular, ¢(0) = ¢ and v(0) = vy. It suffices to show that ¢(¢) = ¢ for
all ¢ € [0, T*). From Proposition 4.1(2), we infer that ¥ — v € C([0, T]; H'(R?)) for
all0 < T < T*, namely, ¥ (t) = ¢(¢t) + v(t) and Yo = ¢ + vo share the same far-field
behavior for all ¢ € [0, T']. It follows that c(¢) = ¢ forall t € [0, T], with 0 < T < T*. The
proof is complete. ]

Given initial data ¥ = ¢ + vo, the solution  satisfies ¢ = e2’2 9y + ®(¥) € {c} +
F.(R3) + H'(R3). The connected component of E(R3) the solution v belongs to is
determined by the constant ¢, see Remark 2.3. Moreover, if = ¢ + v € C([0, T); E(R3))
such that v solves (1.1), then 1} =cy =1+ cvsolves (1.1) and ¥ = cv solves

(4.4) i0:0 =—% AT+ f(|1 4+ 5]*)(1 + D), #(0) = Cvy.

It therefore suffices to consider ¢ = 1.

Remark 4.3. Note that Lemma 4.2 reduces the well-posedness of (1.1) in E(R?) to solv-
ing the affine problem (4.3) in ¥., where the constant ¢ is determined by the choice of
the initial data. In particular, the continuous dependence on the initial data can be stated
equivalently in terms of the metric (2.7), with the constants ¢; and ¢, determined by the
initial data.

If the nonlinearity is such that f satisfies (1.13), then it is convenient to implement
the well-posedness result in homogeneous spaces by exploiting Strichartz estimates on
the gradient, see also Remark 4.5 in [26] for (1.6) and Proposition 1.1.18 in [39] for (1.1)
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with nonlinearity (1.4). Indeed, Assumption (1.13) ensures that VN is locally Lipschitz.
A suitable choice of the functional spaces for the local well-posedness is given by

X7 = C([0, T]; F.(R*) N L4([0, T]; W' (R?)),

where the Strichartz admissible pair is, for instance, (¢, r) = (10, 30/13), see Proposi-
tion 1.1.18 in [39].

However, note that in the framework of Assumption 1.1, this is ruled out by the lack
of regularity of the nonlinearity f. More precisely, for VN to be locally Lipschitz, we
require (1.13).

We proceed to the proof of continuous dependence on the initial data, for which we
exploit the decomposition of ¥ given by Lemma 4.2.

Lemma 4.4. Let | satisfy Assumption 1.1, T > 0, (q,r) as defined in (4.1), and 1,V €
c(o, TY; E(R3)) such that Vi =ci +v;, withc; €C, |c;| =1, and v; € C([0, T]; ¥¢,;)
fori = 1,2. Then there exists 0 € (0, 1] such that
[N (W1) — N (¥2) | voqo,TxR)
<CT(1+ Zr(¥1) + Zr(¥2) + Zr (Y1)** + Z1 (¥2)**)
X (lex = eal + [lvr —v2llzpe + ¥l = W2lllL2,2)-
Proof. First, we notice that for N7, N, defined in (2.21), it follows, from the first inequal-
ity of (2.26) and the decomposition ; = ¢; + v; provided by Lemma 4.2, that
[N (Y1) — M (2 L2 +L23 LY

=< lllex +villl¥] = W2l L2 1372 132
+ 112l = Uler —c2 +vi —vallll g1z g 4/3 32

< C(T2 + T Zr ) 1| = [Walll 2212
+ CTY4Zr(2)ler — cal + CTY2Zr () [vr = va |l 12 s

Second, we observe that
£3(supp(Na (Vi) < Zr(¥i)? fori = 1,2

from (2.4). From (2.26), we conclude

[ N2pa(W1) = Napa(W2)lILip2 < CT(ZT (Y1) + Zr (¥2))ler — ¢2
+ CTY(Zr (W) + Zr(¥2)*) o1 = va |l 126

Third, we establish the desired bound for N2 in (V1) — Mo,ine(¥2). As || > 3/2 on
supp(MN2,int (¥;)), it follows from (2.26) that

| N2 ine (1) — N i (W2)| < C(1+ |91 2% + [¥2**) Y1 — Y2
< C(lyalP + (2 lP) v — vl
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with § = max{2, 2a}. Hence, it suffices to consider o € [1,2). We observe that

[ N2 ine (Y1) — Noine(V2)| < C A+ [V im|® + [V, ) Y1 — V2],

see also (3.6). Using again that £3 (supp(N2(¥;))) < Z7(¥;)?, one recovers

| N2,int (V1) — Naine(V2) [| wo
<1 = ¥2llpire + 1AW + [Y2,im*)ler — eal [ 33,32
F YL + [Y2,im > 01 = va|[| L 2/6-0 f g/atn
<CT(Zr(Wn) + Zr(¥2))|e1 — cal
+CTV2Zr (W)™ + Zr 2> ) v1 = v2l 121
+ CZrW)* + Zr (Y2)*) T *er — ea] + TCD2 vy — w2l 1316

Combining the previous estimates, one concludes that there exists 8 € (0, 1] such that

[N @) = N @2)llye < CTO(U+ Zr () + Zr(¥2) + Zr (1) + Zr (2)*)

X (ler =2l + [lve —v2llpzps + Yl = [V2lliL222)- .

We now prove continuous dependence on the initial data. As in the proof of Propo-

sition 3.2, we rely on an auxiliary metric to compensate for the lack of regularity of the

nonlinearity f and to deal with the non-integrability of the wave-functions. However, by

virtue of Lemma 4.2, it suffices to consider the affine problem (4.3). This decomposition

enables us to implement an argument in L2([0, 7]; L®(R?)). In particular, it is sufficient
to prove sequential continuity.

Proof of Proposition 4.1, continued. Let R > 0, o € E(R?) with € (o) < R and ¥ €
E(R?) such that E(¥§) < R and dg (Yo, ¥&) — 0. In particular, there exist complex
constants |c| = 1, |¢y| = 1, and vg, vj € F. such that

Yo=c+vo and Y5 =cp+vg.
It follows from the equivalence of metrics, see Proposition 2.2, that
8(c + vo,cn +vy) — 0,

where § is defined in (2.7). There exists T = T'(2& () > 0 such that the unique solutions
¥, ¥n € C([0, T]; E(R?)) to (1.1) with initial data v, ¥/, respectively, satisfy

ZT(W) + ZT(Wn) <M

for sufficiently large n. Then Lemma 4.2 implies that there exist v, v, € C([0, T]; ¥¢)
such that
Y =c+v and Y, =c,+ vy

The proof follows the same lines as the proof of Proposition 3.2. We proceed in three
steps, corresponding to (3.15), (3.16), and (3.17), respectively.
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Step 1. We show that there exists 7} = T7(M) > 0 such that

4.5) v =vnliL2qo,riy:eo@®3y + M| = WalllL2qo.11:L2®3) < C8(c + vo, n + vg)-
For the first contribution, we observe that
v —vnllL2q0,71:L5®3)
= lle3"2 90 — ¢ + D) — 3 A Yf + cn — D) 1216
< lle2" 2o — v§) = Wo — Vi) lizre + lvo — v ll2zs + IV (W) — N (¥n) o
< C(T + T'?)8(c +vo.cn + 05) + [N @) = N (W) o,

where we used (2.17) in the second to last inequality and (2.13) to control the difference
of the free solutions in the last inequality. More precisely,

2™ (o — ¥g) — Wo — ¥l 2e < T2)|e2 2 (Vo= VYg) — (Vo= V) [ Lo 2
< CT Vo — V512 < CT8(c + vo, cn +vp).

To bound the second contribution in (4.5), we proceed as in (3.19). More precisely, we
observe that (3.22) remains valid upon replacing the admissible Strichartz pair (4, 4) for
d = 2 with (8/3,4) for d = 3. Hence, the respective version of (3.22) reads that there
exists 6, € (0, 1] such that

Y| = 1¥nlllL2qo,11:2R3)) =< CT(1 + M + M%)
X (8(c + vo.cn + vg) + [ P(Y) — D(W")]ls0).

Summing up and applying the Strichartz estimate (2.17), we conclude from Lemma 4.4
that there exist C = C(M) > 0 and 6 > 0 such that

v =vall2qo, ;2o ®3)) + M¥nl = ¥ 20,1 1;22R3))
< CuT?B(c +vo. en +v5) + Cu T (v = vall 2z + 11¥al = ¥ 1l2222))-

For T} > 0 sufficiently small depending only on M, inequality (4.5) follows and Step 1 is
complete.

Step 2. We show that (4.5) implies that there exists 7, = T>(M) > 0 such that
(4.6) [IVv =Vl reoqo,ri2®3) + IV = VoullLaqo, - @3y — 0 asn — oo,

where (g, r) is as in (4.1). The proof follows closely the one of (3.16), to which we refer
for full details. In view of the Strichartz estimates of Lemma 2.14, it follows that

@7) Ve (c + o) — Ve A (c + vo) || Lo 12
+ [ Ve2"2(c + vo) — Ve (¢ + vo) Lo, < C[[Vvo — Vol | 2.
To control the non-homogeneous term, we recall that (2.24) yields

VN @) = CA+ [y P)|VY| = CA + [yl *) VY.
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More precisely, for Gpg and Giy defined in (2.28) and upon applying (2.17), we split the
non-homogeneous term:

t .
i L@—s)A _
@) | /0 SIBUN ) - VN S

= 1(Ge) (W) IVV = VuplllLiz2 + |G () VV = Vou|l e v

+ 1(Goa(¥) = Goa (¥ [VVlllLr 2 + [(Ginc(¥) — Gin (W) VVIl 9" 1
< CT|Vv—=Vullpeerz + CTU D 20 ) [ Vv — Vo [ a4

+ 1(Goa(¥) = Goa () IVVlliL1 2 + [(Gine(¥) — Gine (W) Vlll Lo L1 -

Thus, for T, > 0 sufficiently small so that

)

C(T2+T2(q_q )/(qq)ZT(l/f)Z“) <

| =

we conclude from (4.7) and (4.8) that
Vv = Vgl Leoqo, 150, 22®3)) + IV = Vol Laqo, 11,07 ®3) < CS(c + vo, cn + vg)
+ 1(Goa(¥) = Goa(Wn))IVVlllL1 2 + [(Gine(¥) — Gine )Vl 9L -

To conclude that (4.6) holds, it suffices to show that the second line on the right-hand
side converges to 0 as n goes to infinity. We proceed by contradiction assuming that there
exists a subsequence, still denoted by v, such that there exists ¢ > 0 such that for all n
sufficiently large,

49 1(Goa(¥) = Goa(Wu)VVlli1 12 + [(Gine(¥) = Gin(¥n)) [V V] ||L;1'L;’ > e.

Inequality (4.5) implies that, up to extracting a further subsequence, still denoted by ,,,
that ¥, = ¢, + v, converges to ¥ = ¢ + v a.e. on [0, T) x R3. By virtue of the Assump-
tion 1.1, one has that Gyq and G, are continuous. Therefore,

|(Gpa(¥) — Gpa(¥n))| [VV| = 0 ae.in[0,T) x R3,
[(Gine(¥) — Gine(Yn))| [VV| = 0 ae.in [0, T) x R3.

Further,

| Gine (W) oo 261720 g5y < C WP (1= X (W) o L2020 3
< &3 (supp(1 = x ()™ @V + 11Ygnl2% ;2w
< C(Zr(Yn)? T 1 70 (,)%%)
< C(Mza/(a+1) + M201)’

for all n € N, where we exploited (2.4), namely, that the measure of supp(1 — x(¥)) is
finite. We obtain that there exists ¢ € L ([0, T]; L>@*TD(R3)) such that |,.,| < ¢ ae.
on [0,7T) x R3. Therefore, we control

|(Goa(¥) — Goa(¥))| Vo] < C|VY| € L'([0,T); LA(R?)),
(G () — Gin(¥n))| [VV] < C(1Y[** + 91?*)|Vy| € LI ([0, T); L™ (R%)).
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The dominated convergence theorem then implies that (4.9) is violated, (3.16) follows and
Step 2 is complete.

Step 3. It remains to show that

¥ = 1¥nlllizeeqo,r1:2@3) — O-

More precisely, we need to upgrade

¥ = 1¥nlllL2go,r1:2R3)) = O,

so that the convergence holds for almost all times ¢ € [0, T']. The proof follows closely the
respective proof for d = 2, namely, the proof of (3.17). We omit the details. ]

Next, we show a persistence of regularity property, and that the Hamiltonian energy J#¢
is conserved for regular solutions. The proof is completely analogous to the one for d = 2,
except that here we can exploit the affine structure of the energy space E and Sobolev
embeddings, which depend on the dimension. For the sake of clarity, we provide the proof
of this lemma.

Lemma 4.5. Let d = 3, let f be as in Assumption 1.1, and let Yy € E(R3) be such that
Ayrg € L2(R3). Then the unique maximal solution ¥ € C([0, T*); E(R?)) satisfies

Ay € C([0,T); L2(R?)), 3,¢ € C([0,T]; L*(R?))
Sforall T €[0, T*). Moreover, # (¥)(t) = H (Vo) forallt €0, T*).

Proof. In view of Lemma 4.2, one has ¥ (t) = ¢ + v(¢) for all t € [0, T*) and it suffices
to consider v € C([0, T*); ¥.(R?)) a solution to (4.3). The assumption vy € F.(R3) N
H?(R3) yields that 9;v(0) € L?(R?). Indeed, by continuity in time, one has

1
19,v(0) = 3 Av(0) + N (c + v)(0).
As v(0) = vy € Fo(R?) N H2(R?) ¢ L®(R?), it follows that N (c + ve) € L2(R?)

from (2.22), and N(c + vo) € L*®(R?) and hence in L?(R3) by means of (2.4). By
differentiating the Duhamel formula in time and applying Corollary 2.13, it follows that

i0:v(t) = e%’A(%Av(O) —iN(c+ v)(O)) —i /t e252 9, (N (c + v)(t — s)) ds
0

i

r _
=er 290 —i / 292Gy (c + v)d,v + Ga(c + v) 9, v)(s) ds.
0

By means of the Strichartz estimates of Lemma 2.14, for the admissible pair (g, r) as
in (4.1)and any 0 < T < T*, we have that

10: vl oo o, 71:22®3)) + [19e V] La0,77:L7 (R3))
< 2[10:v(0)|l2r3) + [|G1(c + v)3;v + Ga(c + v) I V| No(o,TIxR?)
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with G; and G, defined in (2.27). Upon splitting G; in G; o and G; i, as in (2.28), it
follows that
1Gi(c + v)[0:v]l| voo,71xR3)
< CT)0:vllzooo,r3:22®3y) + e 4+ v[**(1 = x(c + v)|9:v] | yoo,r1xR?)
< CT|3:v] oo, 2@yl (€ + v)g*
< CT0,v oo, rp:r2®3) + TU™0 4 Z (¢ + v)** |9, vll oo, 71 R3Y) -

|0, v] ||Lq/([O,T];L’/(]R3)

Therefore,
0]l Loo o, 73:22®3)) + 1920l Lao,73:L7 ®3))
< 2[10:v(0)IL2w3y + CT[0:v || Loo(o, 71;22 (R3Y)
+ T @D 71 (¢ + v)* |07V Lo o, 71:Lr ®3))-

For 0 < T} < T* sufficiently small, we have

10: vl Lo fo, 7y 1:22®3)) + 191Vl La o, 7 1:Lr @3)) = 419:0(0)[| L2(R).-
Further,
AVl Loo o, 741:L2(R3))

< 2[|9¢v || Loo(ro,7y3;L2®3)) T+ 2N (¢ + V)| Loo o, 711;22(R3Y)
< 2[|0,v| Lo o,y 1:2®3)) + 4ZT (€ + v) + [[](c + V) P* T Lo 0. 7112 ®RY)

Note that [(c + v)4| > 2 and |[v| > 1 on supp(1 — x(c + v)). If € (0, 1], then

(e +v)g P Hzeoqo, 2@y < ClVI L& 1) Lo@s) = CZT(c +v)! 2%

If @ € (1, 2), then we apply the Gagliardo—Nirenberg inequality to obtain that

|||(C + v)q|2a+1 ||L°°([0 T1];L2(R3)) <C ||v||Loo( 0,T11; Le(R3))”Av”Loo( 0,T11;L2(R3))*
where we note that 0 < o — 1 < 1. It follows that
Av e C([0, T1]; L*(R?)).

Finally, we conclude that

H(c +v)(t) = H(c + vo)
by performing an analogous argument as in the proof of Lemma 3.5 for d = 2. ]
Proof of Theorem 1.3 in 3D. It only remains to show that the Hamiltonian energy is con-
served for all solutions ¥ € C([0, T*), E(R?)), which follows from Proposition 4.1, and

an approximation by smooth solutions by means of Lemma 2.10, together with Lem-
ma 4.5. ]
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4.1. Global well-posedness

Similar to the 2D case, the lack of a suitable notion of (renormalized) mass, and the lack of
sign-definiteness of the Hamiltonian energy J¢ constitute the main obstacles for proving
global existence.

Assuming that F > 0 allows one to control the functional &(-), in terms of which the
blow-up alternative in Proposition 4.1 is stated, by # (), see Lemma 2.8. Global existence
is proven following closely the method detailed in Section 3.2 for d = 2.

Corollary 4.6. Let Assumption 1.5 be satisfied and, in addition, let the nonlinear poten-
tial energy density F, defined in (1.3), be non-negative, namely, F > 0. Then the unique
solution constructed in Proposition 4.1 is global, i.e., T* = +o0c.

This proves Theorem 1.6 for d = 3.

Exploiting the affine structure of the energy space E(R?), we also prove global well-
posedness for a class of equations for which the associated nonlinear potential energy
density F(|y|?) fails to be non-negative. Such equations arise, for instance, in nonlinear
optics to investigate self-focusing phenomena in a defocusing medium, see [5, 48, 62].
A showcase model for such phenomena is (4.3) with competing subcritical power-type
nonlinearities satisfying Assumption 1.5 and having the form

f(r) =ai(r® — po) — ax(r** — po).

where aj,a, > 0and 0 < oy < a1 < 2. The defocusing nonlinearity is dominant for large
intensities |¥|?> > pg, and focusing phenomena occur for small intensities |¥|?> < pg,
where pg is determined by the far-field. The case @y = 2, o = 1 corresponds to the
energy-critical cubic-quintic nonlinearity and is investigated in [45,47]. As before, we set
po = 1 and, as in (4.4), it suffices to consider ¢ = 1 and, upon scaling space and time,
ap; = 1. We are hence led to consider nonlinearities of the type

(4.10) f(r) =0 —-1)—a(r* —1),

where Assumption 1.5 implies 'y /a2 > a». Furthermore, we may assume that a, > 1, as
otherwise F' > 0. Indeed, the following hold:

(1) If a; < 0, then it follows from (1.5) that F'(p) > 0 for all p > 0 with p # 1.

(2) If0 < ap < 1, then f admits only one positive real root for » = 1 corresponding to
a global minimum of F. Hence, F(p) > 0 for all p > 0 with p # 1.

(3) Ifa; > 1, then f admits two positive real roots p;, 1 with 0 < p; < 1, and F displays
alocal minimum in p = 1 and a local maximum in p = p;. Depending on the location
of the root pj, two scenarios may occur:

(a) the root p; is sufficiently close to 0 such that F(p) > 0 for all p > 0,
(b) the root p; is sufficiently close to 1 such that there exists p, with F(p) < 0 for
all0 < p < pa.

Thus, it suffices to study the case (3) (b), in particular, @y /; > a» > 1. The behavior
of the competing power-type nonlinearities motivates the following assumptions.
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Assumption 4.7. Let [ be a real-valued function satisfying Assumption 1.5 having the
form

flr)y =" =1)+g(r).
where 0 < ay < 2 and g € C°([0, 00)) N C1(0, 00) is such that
lg(p). [pg'(p)| = C(1 + p*),
with 0 < ay < aq forall p > 0. In addition, F(p) > 0 forall p > 1.

Local well-posedness for (4.3) is provided by Theorem 1.3. The assumptions yield that
the nonlinear potential energy density F is well approximated by the one of the Ginzburg—
Landau energy for p close to 1, see (2.9), and coercive. Further, there exists 0 < p; < 1
such that the negative part F_ satisfies

(4.11) supp(F-) C [0, p2].
For (4.10), let 0 < p; < 1 denote the smaller root of f. Then 0 < p, < p; < 1.

Proposition 4.8. Let f satisfy Assumption 4.7 and let vy € F1 (R3) with Re(vg) € L?(R3).
Then the unique local solution v € C([0, T); ¥1(R?)) to (4.4) with initial data v(0) = vy
provided by Proposition 4.1 is global.

In particular, Theorem 1.7 follows upon considering the phase shift given by mul-
tiplication of the datum with ¢, see (4.4). In order to compensate for the lack of sign-
definiteness of the total energy, we restrict our analysis to the subspace of %7 (R?) such
that Re(v) € L?(R3). Following [47], for any v € #; (R3) with Re(v) € L2(R?), we define
for = 1 + v, the functional

M) = # W) + Co /ﬂ; IRe(w) dx.

for a suitable Cy > 0 to be determined. To prove global well-posedness, we show coer-
civity of M, and then conclude global existence by means of the Gronwall inequality, see
Lemma 4.9 and Lemma 4.11, respectively.

Lemma 4.9. Let v € F,(R3) such that Re(v) € L>(R3). Then M(1 + v) is well defined.
In particular, for all Cy > 0, there exists an increasing function h: (0, 00) — [0, 00) with
limy—q A(r) = 0 such that

M(1 +v) < h(E(1 4 v)) + Co[Re(®)|7..
Moreover, there exist Co(p1) > 0 and C > 0 such that
E(1l+v) <CM(1+v).
The constant Cy > 0 depends only on p; being the second largest root of F asin (4.11).

Proof. The first inequality immediately follows from Lemma 2.5. To show the second
inequality, it suffices to prove that there exist C,, Cy > 0 such that

(1 +v) + c2/ F_(J1 +v|*)dx
R3

1
= G519k + [ | Felll 4 0P)dx + ColRe)l e )
R?a
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Let § € (0, 1) be such that the expansion (2.9) of F yields that

(1 +v| = 1)1{|\1+v\2—1|<5}||iz(R3) <C /};@3 F(I1 + ) 11 40p2—1<53 dx,

for some C; > 0. On the other hand, by Assumption 4.7, the nonlinear potential energy is
coercive and there exists Ry > 1 such that

[[14+v|—1]> < CF(1 +v|?),

for all |1 + v|2 > Ro.For1 46 <|1+ v|2 < Ry, it suffices to notice that F is bounded
from above and below away from 0 to conclude that there exists Cj > 0 such that

As 1T+ 0] = 1P 11 popsi48ydx < Gy [11«3 F(I1 4+ vP) Ljpppps14s dx,

by Assumption 4.7. Let C := max{Cj, Cj}. It remains to bound the negative part of F.
One has
supp(F_ (|1 +v[*)) C {1 +v|* < p2} C {1 +v]> <18}

If v is in the latter set, then necessarily
Re(v) € (-1 —V1—8,—1 +/1-6).
In particular,
{114+ v> <1-8} C {|Re(v)| > n, with p:= 1 -1 -5},

from which we conclude

1+C
/I[;B(Hl +v] = 1> + CF(|1 + v[*)) Ly 4pp<1—sy dx < o /R3|Re(v)|2dx.

We observe that §, 7 > 0 depend only on 0 < p; < 1 (and more precisely p) being the
root of f closest to but smaller than 1. The expansion (2.9) which is determined by o
and g guaranties that f has an isolated root in 1. Hence, there exists Cy = Cy(n) > 0 such
that the claim follows. u

Remark 4.10. Note that in the case of a competing power-type nonlinearity (4.10) the
constant Cy > 0 depends only on a1, «p and a, satisfying a1 /o > az > 1.

Lemma 4.11. Let f satisfy Assumption 4.7, let vy € F1(R3) be such that Re(vg) € L?(R?)
and let v € C([0, T*); #1) be the unique maximal solution to (4.4) with initial data v.
Then there exists C > 0 such that

M1+ v)(t) <e“" M + vo))

for all t €0, T*). In particular, there exists D = D(E(1 + vy), ||Re(vo)||iz) > 0 such
that
€(1+v)(r) < D!

forallt €[0,T).
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Proof. First, let vy € F1, ie., Yo := 1 + vg € E(R?), and Re(vy) € L?(R?3), such that
Avg € L2(R3?). Then ¥ = 1 +v e C([0, T*); E(R?)) and Av € C([0, T]; L?(R?)) for all
0 < T < T*, by virtue of Theorem 1.3. It follows that

S M = Co /R IRe()?d,

where we exploited that J (1) (¢) = # (V) forall z € [0, T'], from Theorem 1.3 (4). There-
fore,

i 2 — 2
pP /1;3|Re(v)| dx = 2/]1;{3Re(v)lm(Av) dx —|—2A;3 f(1 4+ v|*)Re(v) Im(1 + v) dx

5/ |Vv|2dx+2/ £(11 4+ v|*)Re(v) Im(v) dx,
R3 R3

upon integrating by parts and using Young’s inequality.
The second term is decomposed as

2/ F(1 + v]*)Re(v) Im(v) dx
R3
= 2/R3 S(1+v*) Im(v) Re(v) 11 4p2<1—gy dx
42 [ F01+ o) Im(0) Rew) o <y
2 /R T+ 0P ) Re) Ly upsisy 6 =i 11+ T + Ty
with § € (0, 1) such that (2.9) is valid for ||1 + v|?> — 1| < §. We treat the terms separately.
Note that on {|1 + v|> < 1 — 8}, one has Re(v) € (=1 — +/1 —§,—1 + +/1 —§). Hence,
forn =1— +/1—§, we obtain
C
[ 11| < —2/ |Re(v)]? dx.
n= Jr3

Upon using the local Lipschitz property of f and f(1) = 0 and Cauchy—Schwarz followed
by Young’s inequality, one has

|12| < C /]RS(ll + U|2 — 1)|R6(U)|1{||1+v|2_1|<8} dx
= C(/Rs(“ + 02 = 12 Ly pupoij<s) dx + [Re()]2)

<C /R3 F(I1 + v[*) 11 4v2—1<sy dx + C||Re(v) |25,

where we used (2.10) in the last inequality. It remains to control /5. By virtue of Assump-
tion 4.7, we have that F(p) > 0 for all p > 1, and there exist C > 0, Ry > 1 such that
F(p) > Cp'™® for all p > R,. It follows that

1+
115 = o [ FUWP) 1y 5<pi<roy dx + C / FOYI) Lgpnry dr.
m R3 R3
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where
m= min F > 0.
p€[148,Ro] )

We conclude that there exists C > 0 such that

d 2 2

M@) < CCo(H( +v)(t) + F_(]1 +v[?)dx + [[Re(v) |72 ).

dr R3

Further, using that supp(F_) C {|1 + v|?> < 1 —§} C {|Re(v)| > n}, we infer
2 ¢ 2
F_([1 +v[7)dx < — [Re() 7.
R3 n

Finally, there exists C > 0 such that

d
o M) = cM@).

Gronwall’s lemma then yields
M(1 4+ v)(t) < e“"M(1 + v)(0),
and from Lemma 4.9, we infer that there exists D = D(&(1 + vy), ||Re(v0)||i2) > 0 with
(14 v)(t) < De®".

The statement follows by approximation and the continuous dependence on the initial
data, provided by Lemma 2.10 and Theorem 1.3, respectively. ]

Global existence then follows from Lemma 4.11 and Theorem 1.3, by means of the
blow-up alternative, completing the proof of Theorem 1.7.

Remark 4.12. While our proof of global well-posedness in the case of non-sign-definite
total energy J# does not require a smallness condition, more decay of Re(vg) than pro-
vided by vg € #1(R?) is assumed, namely, Re(vg) € L?(R?). The finite energy assump-
tion only yields vo € L®(R3) and |v|?> + 2Re(vg) € L?(R3).

Under Assumption 4.7, and instead of Re(vg) € L?(R?), one may alternatively assume
that the initial data are such that #(1 + vg) and |V Re(vo)||i2 are sufficiently small,
adapting Lemma 3.2 in [45] stated for cubic-quintic nonlinearities (1.17). Moreover, as
pointed out in Remark on p.2683 of [46], the same argument yields small data global
well-posedness for the cubic-quintic nonlinearity, where the quintic part is focusing and
the cubic part defocusing, hence for F' being unbounded from below. Inspired by this
observation and the classical small data global well-posedness in H ! for NLS equations,
see, e.g., Chapter 3.4 of [66], we prove that (4.3) is globally well-posed in the energy
space for small data, provided that Assumption 1.5 holds.

Proposition 4.13. If Assumption 1.5 is satisfied, then there exists ¢ > 0 depending only
on § > 0 as in (2.10) such that if H(1 + vo) < &/4 and ||Vvo||i2 < &, then the unique
solution provided by Proposition 4.1 is global.
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This proves Theorem 1.8. If supp(F_) C [0, 1), it suffices to assume ||V Re(vo)||i2 is
small instead of | Vvg ||z2

Proof. First, we show that under the given assumptions, one has &(1 + ug) < Ce, and
second, a continuity argument then yields that & (1 4 v)(¢) remains bounded for all times.
We claim that there exists & > 0 such that if ||Vvo||z2 <eand H(1 4+ vg) < &/4, then
vo € ¥1 and

(4.12) (1 + vo) = C(H (1 + vo) + [[Vuoll72) = Ce.

The inequality is proven arguing as in Lemma 4.9. Indeed, instead of relying on the bound

Re(vg) € L?(R?), one exploits the bound
IRe(wo)[Is < CIVRe(vo)|5-,

together with | Re(v)| > n > 0 for some 1 > 0 whenever |1 4+ v|? € supp(F-1y14pp<1})s
where 7 depends on § > 0 as in (2.10). This yields

C
M&S F_(I1 + v0l?) 11 4pp2<1-5y dx| < P IRe(vo) |6

c 1
=5 IVRe(vo)l§> < 3 IV Re(vo) 175

provided that ||V Re(vg)|| 2 < 13/2. Similarly, there exists v > 0 depending only on § > 0,
as in (2.10), such that in supp(F 11 4yp2>1}), we have [Re(vg)| > v or [Im(vo)| > v.
Hence,

[P+ 0P Lyt 3] < g 19001
The inequality (4.12) follows. Along the same lines, one proves that
EQ+v)(t) <CHA+v)()+ C’||Vv||22
< CHA+vo) +C'E(1 +0v)°() = %e + C'&(1 +v)°().
Provided that & > 0 is sufficiently small, a continuity argument yields that &(1 + v)(¢)

remains bounded, hence, by virtue of the blow-up alternative stated in Proposition 4.1,
global existence follows. u

5. Lipschitz continuity of the solution map

In this section, we provide the proof of Theorem 1.4. Namely, we show that, provided f
satisfies (1.13), in addition to Assumption 1.1, the solution map is Lipschitz continuous
on bounded sets of E(R%).

Proof of Theorem 1.4. Let R > 0 and ¥, ¥2 € E(R) such that & (y}) < Rfori = 1,2.
Then, forall 0 < T < T*(ORr), there exists M > 0 such that the unique maximal solutions
V1, Y € C([0, T]; E(R?)) satisfy

Zr(Y1) + Zr(Y2) < M,
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with Z7 defined in (3.2). By virtue of (2.11), it follows that

5.1)  de(¥1(), ¥2(1))
< C(1 + M)dg(ex' 2y, e3™yd) + C(1 + M)
t .
_ 3 (—=s)A _
<|=i [t wme - wmems| o
< C(1+ M)de (V5. ¥5) + C(L+ M)|N (Y1) — N W2l w1 qo.77xR4)

where we used (2.14) to control the distance of the free solutions, and the Strichartz
estimate (2.17) to control the nonlinear flow. Lemma 3.4 and Lemma 4.4 for d = 2, 3,
respectively, yield that

IV (1) = N W)l joqo,rxray < C(L+ M + M?)T? sup dg(¥1(t), ¥2(1)).

t€l0,T]

It remains to control VN (1) — VN (¥2) in N°([0, T] x R?). To that end, we recall
that VN (¥;) can be decomposed by means of the functions Gypq(V¥;i), Gine(¥;) defined
in (2.28). One has that
(5.2) VN (Y1) = VN (¥2) | yopo,71xr4)
< NGoa(¥DIIVY1 — V¥alll Lo (o, 112 R7Y)

+ G (YDIVY1 — V!l yoqo, 71xr4)

+ 11Gpa(¥1) — Goa(¥2)IIV¥2ll no o, 11xr4)

+ 1Gine(¥1) — G (2D IV V2l wo (0, 71xR4)-

Note that (2.29) yields that

|Goa(Y1)| < C and  |Gin(y1)| < C(1 + [91]*).
Further, (1.13) yields that Gypg and Gyy, are locally Lipschitz, namely,
|Goa(V1) — Goa(Y2)| = CllY1| = [¥2]],
Gin(¥1) — Gin(¥2)| < C(1L+ [y + (Y2 D) [y | = 921,

with 8 = max{0,« — 1/2}. As |;| > 1 on the support of Gi,(1; ), we may assume in the
following that 8 > 1. In the following, we distinguish to cases.

Case l.d = 2.

Consider the admissible pair (¢1,71) = (o + 1)/, 2(a + 1)), see also (3.1). To
bound the first line on the right-hand side of (5.2), we observe that

IGoa(YDIVYL = V¥ lllLigo,r:L2®2) < CTIVY1 — V|l Leo(o,17:12(R2))

and

G DIV = Valllvoqo.rixrzy < TV Zr (Y1)** VY1 — V2 || oo o.7): 22 R2)) -
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To bound the first term of the second line on the right-hand side of (5.2), one has

[1Goa(¥1) — Goa (V) [IVY2 |l vo(o,71xR2)
< CllI¥1] = [¥20IV¥2lll a3 q0,77: 143 (R2))

< TV2||[y1| = Wl ll Lo o.r1:22®2) | VV2 L L4 0.7 14 R2))
<TYV2(U 4+ T+ TYN Zr(y1)**) Zr (W)|||¥1] — [¥2ll Lo (j0,71: L2 (R2)) »

where we used the Strichartz estimates (2.20), (2.17), and (3.4) in the last inequality. To
bound the second term of the line on the right-hand side of (5.2), we have that

NGint (V1) = Gine WDV 2| | voo, 71xR2)
< CIA+ Wil ® + [Wom )1y | - |2Vl mo o, TxR2)
< T2V sz + T2 UYLl + Y1l e ) IVY llL326)
Xl = V2l pee 2
< (T2 TV Zr)™ + Zr(W)) (1 + T + TV Zr (v1)*) Zr (¥)
X il =12l pee 2.

where we used the Strichartz estimates (2.20), (2.17), and (3.4) in the last inequality. Com-
bining the above estimates, we obtain that there exists a sufficiently small 77 = T7(M) > 0
such that

de (V1 (2), Y2 (1)) < C(A + M) de (V¢ vd),

for all ¢ € [0, T1]. Note that T depends only on M, one may hence iterate the procedure
N := [T/ T] times to cover the time interval [0, T']. This completes the case d = 2.

Case?2.d = 3.

The proof for d = 3 follows the same lines upon modifying the space-time norms so
that the pairs of exponents are Strichartz admissible for d = 3. In particular, one relies on
the endpoint Strichartz estimate (2.20) to bound Vi, € L2([0, T]; L(R?3)). n

If the solutions are global, i.e., T*(Ogr) = 400, then Theorem 1.4 extends to the
following.

Corollary 5.1. Under the assumptions of Theorem 1.4, if, in addition, f is such that (1.1)
is globally well-posed, then for any R > 0, T > 0, there exists C > 0 such that for
all 1//6 e E(R?), where i = 1,2, with &(y;) < R, the respective unique solutions \; €
C(R, E(R%)) satisfy (1.14).
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