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Finite energy well-posedness for nonlinear Schrödinger
equations with non-vanishing conditions at infinity

Paolo Antonelli, Lars Eric Hientzsch and Pierangelo Marcati

Abstract. Relevant physical phenomena are described by nonlinear Schrödinger
equations with non-vanishing conditions at infinity. This paper investigates the re-
spective 2D and 3D Cauchy problems. Local well-posedness in the (curved) energy
space, for energy-subcritical nonlinearities merely satisfying Kato-type assumptions,
is proven, providing the analogue of the well-established local H1-theory for solu-
tions vanishing at infinity. The critical nonlinearity will be simply a byproduct of our
analysis and the existing literature. Under an assumption that prevents the onset of a
Benjamin–Feir type instability, global well-posedness in the energy space is proven
for: (a) non-negative Hamiltonians, (b) sign-indefinite Hamiltonians under additional
assumptions on the zeros of the nonlinearity, (c) generic nonlinearities and small ini-
tial data. The cases (b) and (c) only concern the 3D case.

1. Introduction

This paper is devoted to the study of the Cauchy theory for nonlinear Schrödinger equa-
tions posed on Rd , with d D 2; 3, namely,

(1.1) i@t D �
1

2
� C f .j j2/ ;

equipped with non-trivial boundary conditions at infinity, i.e.,

(1.2) j .x/j2 ! �0 as jxj ! 1;

and where the nonlinearity satisfies f .�0/ D 0. Without loss of generality, we assume
�0 D 1, as the general case is obtained by a suitable scaling. The Hamiltonian (coinciding
with the total energy in many relevant physical contexts) associated to (1.1) is given by

(1.3) H . / D

Z
Rd

1

2
jr j2 C F.j j2/ dx; with F.�/ D

Z �

1

f .r/ dr:

The finite energy assumption encodes (1.2). Namely, we deal with infinite energy solutions
having finite relative energy with respect to the far-field state.
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The system (1.1)–(1.2) appears in relevant physical applications. Most prominently,
the Gross–Pitaevskii (GP) equation, i.e., f .�/ D � � 1, is studied as a model for Bose–
Einstein condensates (BEC) [31,34,63,64], superfluidity in Helium II close to the �-point,
see [30,63], and for quantum vortices [63], see also [7]. Competing (focusing/defocusing),
see, e.g., (1.17), saturating or exponential nonlinearities for (1.1)–(1.2) emerge as models
in nonlinear optics [5, 48, 53, 62]. Further, physically relevant models are listed in Exam-
ple 1.9 below.

In the first part of the paper, we establish local well-posedness in the energy space
for (1.1)–(1.2), with energy-subcritical nonlinear potentials f under Kato-type [42] reg-
ularity assumptions. The continuity of the solution map is proven with respect to the
topology of the (curved) energy space and not only in affine spaces. The choice of a
suitable functional framework plays a crucial role for the stability analysis of particular
solutions [17, 33]. Indeed, as pointed out in [27] and in Remark 1.2 of [20], the constant
solution with jcj D 1 is linearly unstable in the affine space 1CH 1.Rd /, while orbitally
stable in the energy space for d D 1; 2. A similar result holds for the Ginzburg–Landau
vortex of degree one [33].

Second, global well-posedness is proven, provided that f 0.1/ > 0, see Assumption 1.5
below. Specifically, global well-posedness is shown for sign-definite total energies and
dD2;3, and for sign-indefinite total energies and d D 3, under suitable additional assump-
tions on f and the decay of the initial data at infinity or, alternatively, for small initial data.

Regarding the 3D-energy critical problem, we remark that global well-posedness is
easily achieved relying on the existing literature [19, 47, 68], combined with our analysis
for the sub-critical case, see Section 1.4.

The mathematical analysis of (1.1), with far-field behavior (1.2), differs significantly
from the usual H 1-theory for NLS equations with trivial far-field. Finite energy wave-
functions are not integrable and may exhibit non-trivial oscillations at spatial infinity, in
particular, for d D 2.

System (1.1)–(1.2) with defocusing nonlinearity exhibits a very rich dynamics and
admits a large variety of special solutions, contrary to the case of vanishing far-field [29].
Concerning the GP equation, the existence of sub-sonic traveling waves is known for
d D 2 (see [8, 10]) and d D 3 (see [9, 10, 15]), while non-existence in the super-sonic
regime is proven in [32]. Traveling waves exist for arbitrarily small energy for d D 2

(see [10]). On the contrary, for d D 3, non-existence of traveling waves with small energy
is proven in [8, 22].

For general defocusing nonlinearities, including those considered in Assumption 1.5
below, the existence of sub-sonic traveling waves is investigated in [17,58]. Non-existence
in the super-sonic regime is shown in [57]. For d D 2, traveling waves exist for any, and
in particular, arbitrarily small energy ruling out scattering, while for d D 3, there is an
energy threshold below which no traveling waves exist. We remark that the assumptions
given in [17, 58] are strongly related with our assumptions on the nonlinear potential f .
The stability of multi-dimensional traveling waves is addressed in [16, 56], and station-
ary bubbles and their stability in [21]. Transverse instability is studied in [54]. The GP
equation admits vortex solutions with infinite energy, see [11, 63] and [33, 69], as well as
references therein for stability properties.

Regarding large time behavior, the existence of global dispersive solutions and small
data scattering for the 3D and 4D-GP equation has been investigated in a series of papers,
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see [35–38]. In [45, 46], the final state problem is considered for the 3D defocusing
cubic-quintic equation, which is energy-critical. For general nonlinear potentials f , the
respective problems remain open.

1.1. Previous well-posedness results

Local existence of solutions to GP equations in Zhidkov spaces has been investigated
in [71, 73] for d D 1, and in [24] for the multi-dimensional case. For d D 1, the GP
equation is known to be completely integrable [70]. The global well-posedness of the GP
equation in the energy space is shown in [71], and has recently been proven for fractional
Sobolev and low regularity in [51, 52]. While the energy space for the GP equation for
d D 1 coincides with the set of functions in the Zhidkov space, such that j j2 � 1 2
L2.R/, this identification does not hold true in the multi-dimensional case, see [26] and
Section 2 below. The GP equation is well-posed in 1CH 1.Rd / for d D 2; 3 (see [10]).
Global well-posedness in 1CH s.R3/ with s 2 .5=6; 1/ is proven in [61]. However, the
space 1 C H 1.Rd / is strictly smaller than the natural energy space E.Rd /, see (1.9)
below. In fact, there exist traveling waves for the GP equation in the energy space that
do not belong to 1 C L2.Rd /, see [32]. Global well-posedness in the energy space for
the multi-dimensional GP equation has been introduced in the seminal paper [26]. One of
the major novelties of [26] consists in the precise characterization of the energy space as
complete metric space and the action of the free propagator on the energy space. A more
general class of defocusing and energy-subcritical C 3-nonlinearities has been considered
in [25] with subsequent improvement to C 2-nonlinearities [60]. In [25,60], the respective
authors crucially rely on a smooth decomposition of wave-functions in the energy space.
Global well-posedness is proven in affine spaces determined by this decomposition which
requires the aforementioned regularity assumptions and precise growth conditions for f .
The result in the affine spaces then implies existence and uniqueness in the energy space.
The cubic-quintic equation being energy-critical is studied in [45–47].

In [12], global existence of unique mild solutions to (1.1)–(1.2) with a logarithmic
nonlinearity is introduced.

1.2. Local well-posedness results

Our first purpose is to prove local well-posedness, assuming merely Kato-type regular-
ity assumptions [42] and with the continuous dependence on the initial data stated with
respect to the topology of the energy space.

Let us point out that our well-posedness result will also be useful in the study of a class
of quantum hydrodynamic (QHD) systems with non-trivial far-field [2], see also [3, 39]
for some previous results in this direction. The analysis of the Cauchy problem for QHD
systems with non-zero conditions at infinity is pivotal to initiate a rigorous study of some
relevant physical phenomena described by quantum fluid models, see, for instance, [7,31].

Our main assumptions on the nonlinearity f are the following.

Assumption 1.1. Let f be a real-valued function satisfying the following Kato-type as-
sumptions:
(K1) f 2C.Œ0;1// \ C 1..0;1// and is such that f .1/ D 0,
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(K2) the nonlinearity is energy-subcritical, namely, there exists ˛ > 0, with ˛ <1 for
d D 2 and ˛ < 2 for d D 3, such that

jf .�/j; j�f 0.�/j � C.1C �˛/ for all � � 0.

The assumptions (K1) and (K2) are commonly referred to as Kato-type assumptions,
see [42, 43] and also Chapter 4 of [14]. For trivial far-field behavior, namely, integrable
wave-functions  , these assumptions correspond to the state of the art for the H 1-well-
posedness for energy-subcritical nonlinearities f , see [14] and references therein for a
detailed overview of the theory.

The energy-subcritical power-type nonlinearities constitute an example of nonlineari-
ties that satisfy Assumption 1.1 but in general not covered by [25, 26, 60].

Example 1.2. The energy-subcritical power-type nonlinearities read

(1.4) f .j j2/ D �.j j2˛ � 1/; with � D ˙1 and
²
˛ > 0 for d D 2;
0 < ˛ < 2 for d D 3:

These nonlinearities being included in Assumption 1.1 merely satisfy f 2C 0;˛.Œ0;1//.
Previous results require �DC1 and ˛D 1 (see [26]), �> 0 and f 2C 3.Œ0;1// (see [25])
or f 2C 2.Œ0;1// (see [60]). The corresponding nonlinear potential energy density reads

(1.5) F.j j2/ D

Z j j2
1

f .r/ dr D
�

˛.˛ C 1/
.j j2.˛C1/ � 1 � .˛ C 1/.j j2 � 1//:

For �D 1, we note that F W Œ0;1/! R is non-negative, convex and with global minimum
achieved by j j2 D 1. For � D ˛ D 1, system (1.1), with nonlinearity (1.4), corresponds
to the GP equation

(1.6) i@t D �
1

2
� C .j j2 � 1/ ;

for which the associated Hamiltonian energy H . / becomes the well-known Ginzburg–
Landau energy functional

(1.7) EGL. / WD H . / D

Z
Rd

1

2
jr j2 C

1

2
.j j2 � 1/2 dx:

Global well-posedness of (1.6) in the energy space has been established in [26] in the
space of states where the associated Hamiltonian is finite, namely,

EGL D ¹ 2L
1
loc.R

d / W H . / < C1º(1.8)

D ¹ 2L1loc.R
d / W r 2L2.Rd /; j j2 � 12L2.Rd /º:

In the present paper, we define the energy space in the spirit of [17, 72, 73] as

(1.9) E.Rd / D ¹ 2L1loc.R
d / W E. / <1º;

with

(1.10) E. / D

Z
Rd

jr j2 C jj j � 1j2 dx:
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As jj j � 1j � jj j2 � 1j, it follows that EGL � E and the converse inclusion is straight-
forward to check, see Lemma 2.5. Working in E rather than EGL is more convenient in
several aspects when dealing with a general class of nonlinearities f satisfying Assump-
tion 1.1.

Wave-functions in E.Rd / may exhibit oscillations at spatial infinity due to the non-
vanishing far-field behavior, especially for d D 2. Since  … Lp.Rd / for any p � 1,
the mass is infinite. As its properties are central to the well-posedness theory, a detailed
analysis of E.Rd / is provided in Section 2. At this stage, we only mention that E.Rd / �
¹H . / < C1º and that E.Rd / � X1.Rd /CH 1.Rd /, where X1 denotes the Zhidkov
space [71, 73] defined by

(1.11)

´
X1.Rd / D ¹ 2L1.Rd / W r 2L2.Rd /º;

k kX1.Rd / WD k kL1.Rd / C kr kL2.Rd /:

While E is not a vector space, we notice that

(1.12) dE. 1;  2/ D k 1 �  2kX1CH1 C kj 1j � j 2jkL2

defines a metric on E, and .E; dE/ is a complete metric space. We recall that for a sum of
Banach spaces, the norm is defined by

k kX1CH1 D inf¹k�kX1 C kukH1 W  D � C uº:

Note, that the two metric spaces E and EGL turn out to be equivalent, see Lemmata 2.6
and 2.8 below.

Our first main result provides local well-posedness for (1.1) in the energy space E. It
suffices to consider positive existence times. Local existence for negative times follows,
as usual, from the time reversal symmetry of (1.1).

Theorem 1.3. Let d D 2; 3, and let f be as in Assumption 1.1. Then equation (1.1) is
locally well-posed in the energy space E.Rd /. More precisely:
(1) For any  0 2E.Rd /, there exist a maximal time of existence T � > 0 and a unique

solution  2C.Œ0; T �/IE.Rd // with initial data  .0/D  0. The following blow-up
alternative holds, namely, either T � D1, or

lim
t%T �

E. /.t/ D C1:

(2)  �  0 2C.Œ0; T �/IH 1.Rd //.

(3) The solution depends continuously on the initial data with respect to the topology
induced by the metric dE.

(4) The identity H . /.t/ D H . 0/ holds for all t 2 Œ0; T �/.

(5) If, in addition, � 0 2L2.Rd /; then � 2C.Œ0; T �/IL2.Rd //.

Note that (2) of Theorem 1.3 states that  and  0 share the same far-field behav-
ior, i.e., they belong to the same connected component of E.Rd / for all t 2 Œ0; T �/, see
Remarks 2.3 and 2.4. Moreover, it can be shown that the nonlinear flow  � e i

2 t� 0
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belongs to the full range of Strichartz spaces, see Proposition 3.2 and 4.1 for d D 2; 3,
respectively. The precise notion of continuous dependence on the initial data is given in
Propositions 3.2 and 4.1. The topological structure of the metric space .E.Rd /;dE/ differs
for d D 2 and d D 3, see [26,27]. For d D 3, the energy space E.R3/ has an affine struc-
ture; if  2E.R3/, then  D c C v, for some c 2S1, v2 PH 1.R3/. For d D 2, unbounded
phase oscillations may occur at spatial infinity that rule out characterizing the 2D energy
space with an affine structure. The space .E.R2/; dE/ is not separable. Given its rele-
vance for the well-posedness theory, this question is going to be addressed in detail in
Section 2. In particular, one may introduce a weaker topology that restores separabil-
ity and connectedness. Note that this affine structure of the energy space is available in
higher dimensions, d � 4, to which our approach adapts. As E.R/ � X1.R/, the local
well-posedness theory simplifies for d D 1. We expect our approach to extend to d D 1.
Previous results [24, 25, 28] do not cover the full generality of Assumption 1.1.

Assumption 1.1 is not sufficient to prove that the solution map is Lipschitz continuous.
This is analogous to the H 1-theory for (1.1) with vanishing far-field behavior. Indeed,
for instance, for power-law type nonlinearities (1.4) Lipschitz continuity of the solution
map can only be expected if ˛ � 1=2, for both vanishing and non-vanishing far-field, see
Remark 4.4.5 in [14] and Section 5, respectively.

Theorem 1.4. Let d D 2; 3, and let f be as in Assumption 1.1. If, in addition,

(1.13) f 2C 1.Œ0;1//\C 2..0;1//; j
p
�f 0.�/j; j�3=2f 00.�/j �C.1C�max¹0;˛�1=2º/;

then the solution map is Lipschitz continuous on bounded sets of E.Rd /. Namely, for any
r;R > 0 and �0 2E.Rd / such that E. �0 /�R, let Or WD ¹ 0 2E.Rd / W d. 0;  �0 /�rº.
Then there exists T �.Or / > 0 such that  2C.Œ0;T �/IE.Rd // for all initial data  .0/D
 0 2 Or . Moreover, for any 0 < T < T �.Or /, there exists C > 0 such that for any
 1;  2 2C.Œ0; T �IE.Rd // with initial data  10 ;  

2
0 2Or , we have

(1.14) sup
t2Œ0;T �

dE. 1.t/;  2.t// � C dE. 
1
0 ;  

2
0 /:

Provided that the solutions are global, then the Lipschitz continuity holds for arbitrary
times, see Corollary 5.1.

1.3. Global well-posedness results

The proof of global existence relies on conserved quantities. Compared to the classical
H 1-theory, the global well-posedness theory for (1.1) with non-trivial far-field (1.2) faces
the obstacle of the lack of the conservation of mass which is infinite. No suitable notion
of a “renormalized” mass being conserved seems to be available.

The results are inferred by means of the blow-up alternative stated in (1) of Theo-
rem 1.3. In the following, we require the nonlinearity f to be defocusing in the following
sense.

Assumption 1.5. Let f be as in Assumption 1.1. Moreover, assume f 0.1/ > 0.

This assumption yields that F achieves a local minimum for the constant solution
j j2 D 1. In nonlinear optics, this requirement appears in the physical literature to prevent
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the onset of modulational instability (also known as the Benjamin–Feir instability [6]) of
the constant equilibrium solution, i.e., the continuous wave background [49, 62].

A sufficient condition allowing for a control of E. / in terms of H . / consists in
requiring Assumption 1.5 to hold and the Hamiltonian energy to be sign-definite, i.e., the
nonlinear potential energy density F to be non-negative.

Theorem 1.6. Let d D 2; 3. Let f be such that Assumption 1.5 is satisfied and the non-
linear potential energy density F defined in (1.3) is non-negative, i.e., F � 0. Then (1.1)
is globally well-posed in the energy space E.

Note that the pure power-type nonlinearities (1.4) satisfy F � 0 for � > 0.
In the case of sign-indefinite Hamiltonian energies, the respectiveH 1-theory for (1.1)

fails in general to provide global existence results without further assumptions. Blow-up
occurs, for instance, for certain focusing nonlinearities, see, e.g., [14]. Similar difficul-
ties occur in the present setting, where, in addition, we lack the conservation of mass.
We provide a global well-posedness result for d D 3 and a class of competing (focus-
ing/defocusing) nonlinearities f for which the internal energy fails to be non-negative.
Such models are of physical relevance, for instance, in nonlinear optics when self-focusing
phenomena in a defocusing background are considered [5,62]. We exploit the affine struc-
ture of the energy space E.R3/ that can be identified with the set of functions

E.R3/ D ¹ D c C v; c 2C; jcj D 1; v 2Fcº;

where

(1.15) Fc D ¹v 2 PH
1.R3/ W jvj2 C 2Re. Ncv/ 2 L2.R3/º;

see [26] and Proposition 2.2.

Theorem 1.7. Let d D 3 and let f satisfy Assumption 1.5 and be such that

f .r/ D a.r˛1 � 1/C g.r/;

with a > 0, 0 < ˛1 < 2, and where g satisfies Assumption 1.1 (K1) and (K2) for some 0 �
˛2 <˛1. In addition, F is such that F.�/ > 0 for all � > 1. Then the solution to (1.1) given
by Theorem 1.3 is global, provided that the initial data satisfies 0 D cC v02E.R3/ with
Re. Ncv0/2L2.R3/.

The assumption on the roots of F allows for physically relevant nonlinearities to be
studied. It appears from the physics literature [5, 48, 62] that, in relevant applications,
the largest root of F corresponds to the far-field behavior �0 D 1 and constitutes a local
minimum of F , which is linked to preventing modulational instability of the continuous
background wave [49, 62]. To obtain global existence, we rely on the aforementioned
affine structure of the energy space E.R3/ and require that Re. Ncv0/ 2 L2.R3/, while v0 2
Fc.R3/ only yields jv0j2 C 2Re. Ncv0/ 2 L2.R3/. An exponential bound on Re. Ncv/.t/ 2
L2.R3/ is derived which compensates for the lack of the conserved mass due to the non-
trivial far-field. The result of Theorem 1.7 remains valid if the assumption Re. Ncv0/ 2 L2

is replaced by a smallness assumption on H . 0/ and kr Re. Ncv0/k2L2 , depending only on
the second-largest positive root of F , see Remark 4.12.
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Finally, we consider the general scenario in which F satisfies Assumption 1.5 but may
be unbounded from below, e.g., in the case of competing power-law nonlinearities, with
the focusing one dominant at large intensities.

Theorem 1.8. Let d D 3 and let f satisfy Assumption 1.5. There exists " > 0 such that
if the initial data  0 satisfies H . 0/ � "=4 and kr 0k2L2 � ", then  0 2E.R3/ and the
solution to (1.1) with  .0; x/ D  0.x/ given by Theorem 1.3 is global.

It remains an open problem to determine whether small-data global well-posedness
holds for general subcritical nonlinearities satisfying only Assumption 1.1.

To the best of the authors’ knowledge, global results for (1.1) in d D 2; 3 are in gen-
eral not available in the literature in the case of non-sign-definite total energies, unless the
nonlinear potential energy density is assumed to be bounded from below and, in addition,
more regularity on f , see [25], or, in the cubic-quintic case, a condition on Re.v/ like
the ones mentioned are assumed, cf. [45, 47]. In [46], small-data global well-posedness
for cubic-quintic nonlinearities is proven also in the case where the quintic nonlinear-
ity is focusing. In [59], the authors consider for d D 1; 2 nonlinear potential energies
unbounded from below for specific regular energy-subcritical nonlinearities and prove
small data global existence for solutions of the form D 1Cu in tailored function spaces.

The main steps of our approach are briefly sketched. First, we identify the suitable
mathematical setting for our analysis, namely, the energy space E, see (1.9). We crucially
rely on the fact that .E; dE/ is a complete metric space as well as the properties of the
free propagator introduced in [26, 27]. The Hamiltonian H is well defined for functions
in E. While wave-functions in d D 3 can be decomposed as  D c C v, with jcj D 1,
c 2C and v 2 PH 1.R3/, for d D 2, the wave-functions may exhibit unbounded oscilla-
tions of the phase at spatial infinity. This motivates treating separately the well-posedness
problem for d D 2; 3. In both cases, we show local existence of a solution in the affine
space  D  0 C H

1.Rd / by a perturbative Kato-type argument [42], see also Chap-
ter 4 of [14]. Subsequently, uniqueness in C.Œ0; T �IE.Rd // is proven. The fixed-point
argument only provides continuous dependence with respect to perturbations in the space
 0 CH

1.Rd /. The proof of continuous dependence on the initial data with respect to the
topology induced by the metric dE requires additional estimates and differs in a substan-
tial way from theH 1-well-posedness theory for NLS equations with vanishing conditions
at infinity. This is due to the non-integrability of wave-functions and the intricate topo-
logical structure of the energy space linked to the far-field behavior, including oscillations
of the phase and the low regularity of the nonlinearity. Global well-posedness is shown
relying on the conservation of the Hamiltonian H .

While our method for the 3D-theory exploits the particular structure of the energy
space, the approach used for d D 2 can easily be adapted to sub-cubic nonlinearities
for d D 3. However, for super-cubic nonlinearities, we exploit the affine structure of
E.R3/. It is then no longer sufficient to work in L2-based spaces as done for d D 2,
but we need that the gradient of the solution belongs to the full range of Strichartz spaces.

In [25, 60], the authors rely on a decomposition of the initial data as  D ' CH 1,
with ' 2 C1

b
, and develop a well-posedness theory in the affine space ' C H 1. This

approach requires additional regularity assumptions on f not needed for our method. For
the 3D energy-critical quintic equation, one may proceed as described in Section 1.4.
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We conclude this section by providing further examples of physical relevance that
enter the class of nonlinearities characterized by Assumption 1.1.

Example 1.9. Beyond the mentioned power-type nonlinearities, here are some examples
of physically relevant nonlinearities and far-field (1.2):
(1) competing nonlinearities f .�/D a�˛1 � b�˛2 C c, with a;b; c > 0 and �1 � �2 � 0,

that arise in the description of self-focusing phenomena in defocusing media, see
[48, 53, 62], see also [65, 73],

(2) saturated nonlinearities f .�/ D �=.1C 
�/ � 1=.1C 
/, with 
 > 0, see, for in-
stance, Chapter 9.3 of [65] and references therein,

(3) exponential nonlinearities f .�/D .e�
 � e�
�/, with 
 > 0, see Chapter 9.3 of [65],
(4) transiting nonlinearities of the form f .�/ D 2�.1C ˛ tanh.
.�2 � 1//, occurring in

nonlinear optics, see Section VI of [62],
(5) logarithmic nonlinearities of the type f .�/ D � log.�/, which arise in the context of

dilute quantum gases, see [13] and references therein,
(6) the nonlinearity f .�/D ��1.� � 1/ arises in the study of 1D-NLS type equations as

a model for nearly parallel vortex filaments, see [50] and equation (1.5) in [4].
The cubic-quintic equation (1.17) falls within (1) of the aforementioned list and is also

recovered in the small amplitude approximation of (2) and (3) of the above examples, see
Chapter 9.3 of [65]. We also refer to [18] for a more detailed overview.

Remark 1.10. Nonlinear Schrödinger equations equipped with non-vanishing boundary
conditions (1.2) are also investigated with non-local interaction, e.g., in the context of
supersolids, see [55] for an overview of relevant models. While we do not pursue this
topic here, we expect that our analysis, combined with [23], allows for a straightforward
extension to general non-local nonlinearities.

1.4. The energy-critical equation

We briefly discuss the Cauchy problem for the energy-critical equation for d D 3, namely,
the quintic equation

(1.16) i@t D �
1

2
� C .j j4 � 1/ :

The well-posedness of (1.16) is not addressed by Theorem 1.3. Local well-posedness for
small data is introduced in Theorem 1.3 of [25]. Furthermore, note that the cubic-quintic
equation

(1.17) i@t D �
1

2
� C .˛5j j

4
� ˛3j j

2
C ˛1/ ;

with ˛1; ˛3; ˛5 > 0, ˛23 � 4˛1˛5 > 0, and far-field (1.2), is known to be globally well-
posed in the respective energy space due to [47]. The cubic-quintic nonlinearity considered
satisfies Assumption 1.5 and is such that F.1/ D 0 and F.�/ > 0 for all � > 1. The
authors rely on the affine structure of the respective energy space for d D 3, the per-
turbative approach introduced in [67, 68], and the well-posedness of the energy-critical
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nonlinear Schrödinger equation with trivial far-field [19]. This approach can be adapted to
show global well-posedness of (1.16). More precisely, it is straightforward to update the
perturbative argument, see equations (1.14) and (1.15) in [47], to the respective problem
for (1.16), see also (4.3).

1.5. Outline of the paper

The remaining part of the paper is structured as follows. Section 2 provides preliminary
results on the energy space E, its structure, and the action of the Schrödinger group on E.
Useful estimates for the nonlinearity are collected. Section 3 introduces first local and
then global well-posedness for d D 2. More precisely, Theorem 1.3 and Theorem 1.6
are proven for d D 2. In Section 4, we provide the respective proofs for d D 3. Further,
Theorem 1.7 is proven. Finally, Section 5 is devoted to the proof of Theorem 1.4 and
Corollary 5.1.

1.6. Notations

We fix some notations. We denote by Ld the d -dimensional Lebesgue measure. The usual
Lebesgue spaces are denoted by Lp.�/ for � � Rd and Lebesgue exponent p 2 Œ1;1�.
Sobolev spaces are denoted by H s.Rd /, with norm kf kH s.Rd / D kh�i

s Of kL2 , where Of
denotes the Fourier transform. For k 2Z and r 2 Œ1;1�, we write W k;r for the Sobolev
space with norm kf kW k;r D

P
j˛j�k kD

˛f kLr .Rd /. Mixed space-time Lebesgue or Sobo-
lev spaces are indicated by Lp.I IW k;r .Rd //. To shorten notations, we write Lpt W

k;r
x

when there is no ambiguity. Further, C.I IH s.Rd // and C.I IE.Rd // denote the space of
continuousH s- and E-valued functions, respectively. Finally, C > 0 denotes any absolute
constant.

2. The energy space and the linear propagator

In the present paper, we define the energy space E as in (1.9), see also Section 2 of [17].
For the GP equation (1.6), being the prototype for (1.1) with non-vanishing far-field,
the energy space considered in [26, 27] consists of the set of wave-functions of finite
Ginzburg–Landau energy EGL. / is more convenient when dealing with general nonlin-
earities f . In general, E� ¹H . / <C1º, while the converse inclusion only holds under
further assumptions on f . The energy space .E; dE/, endowed with the metric (1.12) can
be shown to be a complete metric space and may be regarded as the analogue of H 1 for
NLS equations with trivial far-field. However, E is not a vector space, and wave-functions
 2E.Rd / may exhibit oscillations at spatial infinity, in particular, for low dimensions.
A suitable characterization of the energy space and the action of the Schrödinger semi-
group on E is essential for the subsequent well-posedness theory. Although many of the
facts proven here can be found in the literature [17, 26, 27], we provide a self-contained
characterization of the energy space E.

To that end, we rely on decompositions of functions by means of smooth cut-off func-
tions that we introduce. Let �2C1c .Œ0;1// be a smooth cut-off function such that

(2.1) 1Œ0;2�.r/ � �.r/ � 1Œ0;3/.r/:
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In particular, given a wave-function  WRd ! C, we introduce

(2.2)  bd WD �.j j/ ;  int WD .1 � �.j j// :

Further, let � 2 C1c .Œ0;1//, with supp.�/ � Œ1=2; 3=2�, be such that

(2.3) 1Œ3=4;5=4�.r/ � �.r/ � 1Œ1=2;3=2�.r/:

We observe that if  2E.Rd /, then it follows from the Chebyshev inequality that, for all
c > 0,

(2.4) Ld .¹jj j � 1j > cº �
1

c2
kj j � 1k2

L2.Rd /
;

where Ld denotes the d -dimensional Lebesgue measure. Consequently, for all 2E.Rd /,
the supports of .1 � �.j j// and .1 � �.j j// are of finite Lebesgue measure,

(2.5) Ld .supp.1 � �.j j/// � E. / and Ld .supp.1 � �.j j/// � 16E. /:

Following Lemma 1 in [26], we start by proving that any  2E.Rd / can be decomposed
as sum of aX1-function and anH 1-function, where the Zhidkov spaceX1.Rd / is defined
in (1.11).

Lemma 2.1. The energy space .E.Rd /; dE/, with dE defined by (1.12), is a complete
metric space and is embedded in X1.Rd /CH 1.Rd /. In particular, for any  2E, one
has

k bdkX1.Rd / � C.1C
p

E. // and k intkH1.Rd / � C
p

E. /:

Moreover, the energy space is stable under H 1 perturbations, in the sense that E.Rd /C
H 1.Rd / � E.Rd /, with

(2.6) E. C u/ � 2E. /C 2kuk2
H1.Rd /

:

For d D 1, one has E.R/ � X1.R/, due to Sobolev embedding.

Proof. Given the decomposition (2.2), we show that  bd 2X
1.Rd /. As  bd 2L

1.Rd /, it
suffices to check that

kr bdkL2.Rd / D k�.j j/r C  �
0.j j/rj jkL2.Rd / � Ckr kL2.Rd /;

where we used jrj jj � jr j a.e. on Rd . The bound  int 2L
2.Rd / follows from the

pointwise inequality j intj � C jj intj � 1j, valid on the support of 1 � �.j j/, and

kr intkL2.Rd / � Ckr kL2.Rd /:

To prove (2.6), it suffices to observe that if  2E.Rd / and u2H 1.Rd /, then

kr. C u/k2
L2.Rd /

� 2kr k2
L2.Rd /

C 2kruk2
L2.Rd /

;

kj C uj � 1k2
L2.Rd /

� 2kj j � 1k2
L2.Rd /

C 2kuk2
L2.Rd /

;

by means of Minkowski’s inequality. It remains to prove that .E; dE/ is a complete metric
space. One readily verifies that dE defines a distance function on E.Rd /. To check that
.E; dE/ is complete, let ¹ nºn � E be a Cauchy sequence with respect to dE. Then there
exists  2X1 CH 1 such that  n !  strongly in X1 CH 1. By lower semi-continuity
of norms and (1.10), it follows that  2E.
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2.1. The structure of the energy space depending on the dimension

The structure of the energy space E.Rd / is sensitive to the dimension d . To illustrate this,
we recall the following fact. Let � 2 D 0.Rd /. If r� 2 Lp.Rd / for some p < d , then
there exists c 2 C such that � � c 2Lp

�

.Rd /, where p� D dp=.d � p/, see, for instance,
Theorem 4.5.9 in [41]. Hence, if  2 E.R3/, then  admits a decomposition  D c C v,
where c 2C with jcj D 1 and v 2 PH 1.R3/, where

PH 1.R3/ D ¹v 2L6.R3/ W rv 2L2.R3/º

denotes the completion of C10 .R
3/ with respect to the L2 norm of the gradient. This

observation allows for a equivalent definition of E.R3/. We equip the space Fc defined
in (1.15) with

Qı.u; v/ D kru � rvkL2.R3/ C kjuj
2
C 2Re.c�1u/ � 2Re.c�1v/ � jvj2kL2.R3/:

It is straightforward to verify that ı defines a distance function on Fc . One has the follow-
ing characterization given by Proposition 4.1 in [26].

Proposition 2.2 ([26]). For d D 3, the energy space E.R3/ can be identified with the set
of functions

E.R3/ D ¹ D c C v; c 2C; jcj D 1; v 2Fcº:

Moreover, the metric function dE is equivalent to

ı.c C v; Qc C Qv/ D jc � Qcj C krv � r QvkL2.R3/(2.7)

C kjvj2 C 2Re.c�1v/ � j Qvj2 � 2Re. Qc�1 Qv/kL2.R3/:

In [26], the proposition is stated for .EGL;dEGL/. We prove below (see Lemma 2.6) that
the two metric spaces can be identified and that the topologies induced by the respective
metrics are equivalent.

Remark 2.3. We observe that the connected components of E.R3/ are given by c C
Fc.R3/ for c 2C with jcj D 1. The energy space E.R3/ is an affine space and the far-
field behavior is determined by c corresponding to a phase shift. The affine structure of the
energy space allows for an alternative approach to solve the Cauchy problem for d D 3,
as observed in Remark 4.5 of [26] for (1.6) and exploited in [47] for cubic-quintic nonlin-
earities and far-field behavior (1.2).

Remark 2.4. The 2D energy space E.R2/ lacks an affine structure due to non-trivial
oscillations at spatial infinity. Indeed, unbounded phase oscillations at spatial infinity may
occur, e.g.,  .x/ D ei.2Clog jxj/ˇ with ˇ < 1=2 is such that  2E.R2/, see Remark 4.2
in [26]. Moreover, the metric space .E.R2/; dE/ is not separable. We refer to Remark 2.7
for a detailed discussion and a weakened topology for which E.R2/ is connected and
separable.

2.2. The Hamiltonian for wave-functions in the energy space

The following inequality turns out to be handy for applications in the sequel. For any
q 2 Œ1;1/, there exists Cq > 0 such that for all � 2L1loc.R

2/ with L2.supp.�// < C1
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and r� 2L2.R2/, we have

(2.8) k�kLq.R2/ � Cqkr�kL2.R2/.L
2.supp.�//1=q;

see, for instance, the proof of Lemma 2.1 in [17]. For  2 E.R2/, applying (2.8) to
� D  .1 � �.j j//, with � as defined in (2.3) yields  .1 � �.j j// 2 Lq.R2/ for any
q 2 Œ1;1/. Indeed, in view of (2.5), it suffices to check that

r. .1 � �.j j/// D .1 � �.j j//r � �0.j j/ rj j 2 L2.R2/;

since .1 � �.j j//2L1.R2/,  �0.j j/2L1.R2/ as well as jrj jj � jr j a.e. on R2.
Next, we show that the functional H . /, introduced in (1.10), is bounded for all

 2E.Rd /, provided that Assumption 1.1 holds. Specifically, we have F.1/ D 0 and
F 0.1/ D f .1/ D 0, which allows one to control F.j j2/ � C.j j2 � 1/2 for j j2 suf-
ficiently close to 1. Furthermore, if one also requires Assumption 1.5 (f 0.1/ > 0) to be
satisfied, then it follows from Taylor expansion that

(2.9) F.r/ '
1

2
f 0.1/.r � 1/2

in a small neighborhood of 1. Hence, there exists ı > 0 and C1; C2 > 0 such that

(2.10)
1

C2
.j j � 1/2 �

1

C1
.j j2 � 1/2 � F.j j2/ � C1 .j j

2
� 1/2 � C2 .j j � 1/

2;

provided that jj j2 � 1j< ı. Note that the following lemma only requires the upper bound
on F close to 1.

Lemma 2.5. For d D 2; 3 and f satisfying Assumption 1.1, one has

E.Rd / � ¹ W jH . /j < C1º:

Note that we do not require Assumption 1.5 to hold for Lemma 2.5.

Proof. In view of Assumption 1.1(K1), a Taylor expansion of F in a small neighbor-
hood O of 1 yields that there exist C;C 0 > 0 such that

F.j j2/ � C 0.j j2 � 1/2 � C.j j � 1/2;

for all x 2Rd such that j j22O. Let ı > 0 be such thatB.1; ı/�O, and �ı.r/ WD �.r=ı/
with � as in (2.3) and  2E.Rd /. ThenZ

Rd

F.j j2/ dx D
Z

Rd

F.j j2/ �ı .j j/ dx C
Z

Rd

F.j j2/.1 � �ı .j j// dx

� C

Z
Rd

jj j � 1j2 dx C C
Z

Rd

.1Cj j2˛/ jj j2 � 1j.1 � �ı .j j// dx;

where we used Assumption 1.1(K2) in the last inequality. To control the second term, we
consider separately the cases d D 2; 3. For d D 3, Proposition 2.2 yields that there exist
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c 2C with jcj D 1 and v 2Fc.R3/ such that  D c C v andZ
R3

.1C j j2˛/ jj j2 � 1j.1 � �ı .j j// dx

� C

Z
Rd

.1 � �ı .j j//�. / dx C
Z

R3

jc C vj2.˛C1/.1 � �. // dx

� CE. /C kvk
2.1C˛/

L6
E. /.2�˛/=3 � C.E. /C E. /.5C2˛/=3/;

where we used (2.5) in the second to last inequality and that 0 < ˛ < 2 for d D 3. For
d D 2, one has thatZ

R2

.1C j j2˛/ jj j2 � 1j.1 � �ı .j j// dx

� C

Z
Rd

.1 � �ı .j j//�. / dx C
Z

Rd

.1C j j2.˛C1//.1 � �. // dx:

The first integral is bounded by CE. /, and for the second, it follows from (2.8) that

k .1 � �.j j//k
2.˛C1/

L2.˛C1/.R2/
� E. /1C˛ L2.supp. .1 � �. //// � E. /2C˛:

This allows one to boundZ
R2

.1C j j2˛/ jj j2 � 1j.1 � �ı . // dx � E. /C E. /2C˛:

Next we identify suitable conditions on f under which the converse inclusion, namely,
¹ W jH . /j<C1º�E.Rd /, holds true. First, we treat the particular case of the Gross–
Pitaevskii equation (1.6), for which H . /DEGL. /, and so EGL.Rd /D¹H . /<C1º,
see (1.7) and (1.8), respectively. It has been shown in [26], see also [27], that .EGL; dEGL/,
with

dEGL. 1;  2/ D k 1 �  2kX1CH1 C kj 1j
2
� j 2j

2
kL2 ;

is a complete metric space. It is pointed out in p. 13 of [17], without proof, that E D EGL,
with equivalent respective metrics. We provide a proof for the sake of completeness.

Lemma 2.6. If d � 1, then E.Rd / D EGL.Rd /. Moreover, for d D 2; 3 and any R > 0,
there exists C D C.R/ > 0 such that for any  1; 2 with E. i / � R for i D 1; 2, we have

1

C
dEGL. 1;  2/ � dE. 1;  2/ � CdEGL. 1;  2/:

Moreover, there exists C > 0 such that for  1;  2 2 E.Rd // and u; v 2H 1.Rd /, we have

dE. 1 C u; 2 C v/ � C.1C
p

E. 1/C
p

E. 2/(2.11)
C kukH1 C kvkH1/.dE. 1;  2/C ku � vkH1/:

Remark 2.7. Lemma 2.6 allows to infer the topological properties of .E; dE/ from the
results for .EGL.Rd /; dEGL/ in [26, 27]. For instance, the functional E measures the dis-
tance to the circle of constants S1 D ¹ 2E W E. / D 0º for d D 3, but not for d D 2.
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Indeed, it follows from Lemma 2.6 and Proposition 4.3 in [26] that there existsA> 0 such
that for every  2E.R3/,

1

A
dE. ; S

1/2 � EGL. / � CdE. ; S
1/2:

If d D 2, there exists a sequence ¹ nº in E.R2/ such that E. n/! 0 but dE. n; S
1/ �

c0 > 0. Note that the complete metric space .EGL.R2/; dEGL/ lacks an affine structure
and to be separable. In [27], a detailed characterization of EGL.Rd /, including a manifold
structure for EGL.Rd / is provided. The connected components are characterized by The-
orem 1.8 in [27] and Proposition 1.10 in [27]. We introduce a (strictly) weaker topology,
see p. 140 in [27], induced by the metric

d 0E. 1;  2/ WD k 1 �  2kL2.B.1;0// C kr 1 � r 2kL2.R2/ C kj 1j
2
� j 2j

2
kL2.R2/:

It follows that .E; d 0E/ is connected. Relying on the decomposition of elements of E pro-
vided by Theorem 1.8 in [27], one can show that .E; d 0E/ is separable. If one only requires
continuity of the solution map with respect to this weakened topology, the proof of Propo-
sition 3.2 can be simplified. This metric has widely been used in the study of the stability
of special solutions for d D 1. We refer to [51], where the authors introduce new energy
spaces for (1.6) and d D 1, in order to tackle global well-posedness in the energy space at
H s-regularity.

Proof. We start by showing that there exists C > 0 such that

kj 1j � j 2jkL2.Rd / � C.kj 1j
2
� j 2j

2
kL2.Rd / C kr 1 � r 2kL2.Rd //:

Indeed, let �6.z/ D �.6z/, with � defined in (2.1). Then

kj 1j � j 2jkL2.Rd / � kj 1j�6. 1/ � j 2j�6. 2/kL2.Rd /

C kj 1j.1 � �6. 1// � j 2j.1 � �6.j 2j//kL2.Rd /:

The second contribution can be bounded by

kj 1j.1 � �6. 1// � j 2j.1 � �6. 2//kL2.Rd / � Ckj 1j
2
� j 2j

2
kL2.Rd /:

Next, we notice that for i D 1;2, the support of �6. i / is of finite measure as i 2E.Rd /,
see (2.4). For d D 2, by invoking (2.8) applied to � D j 1j�6.j 1j/ � j 2j�6.j 2j/, we
conclude that

kj 1j�6.j 1j/ � j 2j�6.j 2j/kL2.R2/

� C.
p

E. 1/C
p

E. 2//.k 1 �  2kX1CH1.R2/ C kj 1j
2
� j 2j

2
kL2.R2//:

For d D 3, one proceeds similarly, exploiting the decomposition  i D ci C vi , vi 2
Fc.R3/ and Proposition 2.2. We have

kj 1j�6.j 1j/ � j 2j�6.j 2j/kL2.R3/

� C.1C
p

E. 1/C
p

E. 2// .jc1 � c2j C krv1 � rv2kL2.R3//

� C.R/ dEGL. 1;  2/:
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Next, we show that there exists C D C.R/ > 0 such that

kj 1j
2
� j 2j

2
kL2.Rd / � C1.kj 1j � j 2jkL2.Rd / C k 1 �  2kX1CH1.Rd //:

It suffices to notice that

kj 1j
2�. 1/ � j 2j

2�. 2/kL2.Rd / � C1kj 1j � j 2jkL2.Rd /;

while

kj 1j
2.1 � �. 1// � j 2j

2.1 � �. 2//kL2.Rd /

� C.1C
p

E. 1/C
p

E. 2/Ck 1;intkL4.Rd /Ck 2;intkL4.Rd //k 1;int� 2;intkL4.Rd /

� 2C.1C
p

E. 1/C
p

E. 2// k 1;int �  2;intkL4.Rd /:

In the second last inequality, we used that

j j4
p
1 � �. / � C j intj

4;

with  int defined in (2.2), which is only valid provided .1 � �. // > � for some small
� > 0. However, this is harmless as

L2.¹x 2 supp.1 � �. // W 0 < 1 � �. / � �º/ �
p

E. /

and j j � 3 on the respective set. The error can be controlled at the expense of a factorp
E. / in the estimate. One has that

k 1;int �  2;intkL4.Rd / � C.
p

E. 1/C
p

E. 2//k 1 �  2kX1CH1.Rd /;

by means of (2.8) for d D 2, and the decomposition provided by Proposition 2.2 for d D 3.
Finally,

kj 1j
2
� j 2j

2
kL2.Rd /

� C.1C
p

E. 1/C
p

E. 2//.kj 1j � j 2j/kL2.Rd / C k 1 �  2kX1CH1.Rd //:

It remains to show (2.11). The respective property is known for dEGL , see Lemma 2 in [26],
and hence follows from the equivalence of metrics. However, we provide a proof to track
constants explicitly. Note that

kj 1 C uj � j 2 C vjkL2 � kj 1 C uj�6. 1 C u/ � j 2 C vj�6. 2 C v/kL2

C kj 1 C uj
2
� j 2 C vj

2
kL2 ;

by arguing as in the first part of the proof. By invoking (2.8), one has

kj 1 C uj�6. 1 C u/ � j 2 C vj�6. 2 C v/kL2

� C.
p

E. 1/C
p

E. 2/C kukH1 C kvkH1 /.k 1 �  2kX1CH1.Rd / C ku � vkH1/:
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For the second term, one has

kj 1 C uj
2
� j 2 C vj

2
kL2

� kj 1j
2
� j 2j

2
kL2 C kjuj

2
� jvj2kL2 C k2Re. x 1u/ � 2Re. x 2v/kL2

� kj 1j
2
� j 2j

2
kL2 C .kukH1 C kvkH1/ku � vkH1

C 2kRe.. x 1;1 C x 1;q/.u � v//kL2 C 2kRe.. N 1;q � x 2;q C x 1;1 � x 2;1/v/kL2

� kj 1j
2
�j 2j

2
kL2C.kukH1CkvkH1C1CE. 1//ku�vkH1CkvkH1dE. 1;  2/

� C.1C
p

E. 1 C
p

E. 2/C kukH1 C kvkH1/.dE. 1;  2/C ku � vkH1/:

Next, we provide a sufficient condition on f under which the space of functions with
finite Hamiltonian energy is included in E. To that end, we require Assumption 1.5 to be
satisfied so that (2.10) holds. The nonlinear potential energy density F is locally convex
in a neighborhood of 1. It was shown in Lemma 4.8 of [17] that requiring, in addition, that
F � 0 and hence the Hamiltonian energy is sign-definite, implies that ED ¹H . / <1º.
Note that the condition F � 0 is, for instance, satisfied for the pure power-type nonlinear-
ities in (1.4).

Lemma 2.8. Let d D 2; 3 and suppose that Assumption 1.5 is satisfied. If, in addition,
F � 0, then

E D ¹H . / <1º:

In particular, there exists an increasing function gW.0;1/!Œ0;1/, with limr!0 g.r/D 0,
such that

(2.12) E. / � g.H . //:

By exploiting Lemma 2.6 and the conservation of the Hamiltonian along solutions
to (1.1), it is then possible to extend the local solutions globally in time. Notice that, when
in the framework of NLS equations with trivial far-field, the blow-up alternative is given
in terms of the H 1-norm, whereas here it involves E. /. In the classical, integrable case,
it is possible to infer the analogue of (2.12) under less restrictive assumptions on F ; for
instance, it is possible to consider mass-subcritical focusing nonlinearities. In this case,
indeed, the analogue of (2.12) is derived by exploiting Gagliardo–Nirenberg inequalities.
However, the lack of a suitable control of the mass in our case prevents us from considering
more general nonlinearities.

Proof. We sketch of the proof, see [17] for full details. First, we borrow from equa-
tion (1.18) in [17] the following equivalent definition of EGL.Rd / D E.Rd /. Let ' 2
C1.R/ be such that '.r/ D r for r 2 Œ0; 2�, 0 � '0 � 1 on R, and '.r/ D 3 for r � 4.
We define the modified Ginzburg–Landau energy

EmGL. / D

Z
Rd

jr j2 C
1

2
.'.j j/2 � 1/2 dx:

The functional EGL is well approximated by EmGL. Indeed, it is shown in Section 2 of [17]
that

EGL.R
d / D ¹ 2L1loc.R

d / W r 2L2.Rd /; '.j j/2 � 1 2 L2.Rd /º:
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Since j'.j j/2 � 1j � 4jj j � 1j, one has '.j j/2 � 1 2 L2.Rd / if  2 E.Rd /. For the
converse, see Lemma 2.1 in [17]. We sketch the main idea. On the set where j .x/j � 2,
one has '.j j/2 D j j2, and hence the desired bound follows. Furthermore, Ld .¹x W

jj .x/j � 1j>3=2º/<C1 from the Chebyshev inequality (2.4) if '.j j/2�12L2.Rd /.
By means of (2.8) for d D 2 and the Sobolev embedding for d D 3, one concludes. Finally,
there exist C > 0 and an increasing function mWRC ! RC, with limr!0m.r/ D 0, such
that

1

4
EmGL. / � E. / � Cm.EmGL. //;

see Corollary 4.3 in [17]. Second, we note that it suffices to establish inequality (2.12)
with E replaced by EmGL. By (2.10), it suffices to consider the region ¹x W jj j � 1j � ıº.
If infF > 0 on ¹x W jj j � 1j � ıº, then it is clear thatZ

¹jj j�1j�ıº

.'.j j/2 � 1/2 dx � C
Z
¹jj j�1j�ıº

F.j j2/ dx:

It follows that E. / can be controlled in terms of H . /. More generally, provided that
F � 0, it follows from Lemma 4.8 in [17] that for all  with jH . /j <1, there exist
C1 D C1.H . // > 0 and C2 D C2.H . // > 0 such that

C1.H . // � EmGL. / � C2.H . //:

The statement of Lemma 2.8 follows.

Remark 2.9. System (1.1) is closely related to the QHD system with non-trivial far-field.
In a reminiscent analysis, the regularity and integrability properties of its unknowns .�;J /
corresponding to the mass density � D j j2 and momentum density J D Im. x r /, are
then captured in terms of Orlicz spaces, see [3] and Chapter 2 of [39], as well as [1, 40]
for the respective uniform bounds for solutions to the quantum Navier–Stokes equations,
a viscous regularization of the QHD system.

2.3. Smooth approximation

Elements of the energy space can be approximated by smooth functions via convolution
with a smooth mollifier.

Lemma 2.10. Let 2E.Rd /. Then there exists ¹ nºn2N �C
1.Rd /\E.Rd / such that

dE. ;  n/! 0

as n! 0. Moreover, for any  2E.Rd /, there exists ' 2 C1
b
.Rd / \ E.Rd / such that

r' 2 H1.Rd / and
 � ' 2 H 1.Rd /:

The first statement is proven in Lemma 6 of [26] by considering the convolution with
a standard mollification kernel, and the second statement follows from Proposition 1.1
in [25]. In [25, 26], the statements are given for .EGL; dEGL/ being equivalent to .E; dE/

by virtue of Lemma 2.6.
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2.4. Action of the linear propagator on the energy space

The action of the linear Schrödinger group on the space Xk.Rd / C H k.Rd / is well
defined, see Lemma 3 in [26] and also [27]. While the results in [26, 27] are stated for
.EGL; dEGL/, we state them for .E; dE/, which by Lemma 2.6 is equivalent.

Lemma 2.11 ([26]). Let d be a positive integer. For every k, for every t 2R, the operator
e i
2 t� maps Xk.Rd /CH k.Rd / into itself and it satisfies

ke
i
2 t�f kXkCHk � C.1C jt j/

1=2
kf kXkCHk

and

(2.13) ke
i
2 t�f � f kL2 � C jt j

1=2
krf kL2 :

Moreover, if f 2Xk.Rd /CH k.Rd /, the map

t 2R 7! e
i
2 t�f 2Xk.Rd /CH k.Rd /

is continuous.

For d D 1, we notice that Xk.R/CH k.R/ � Xk.R/ for any k positive integer. The
action of e i

2 t� on X1.R/ has been studied in [71, 73], see also [24] for the action of the
linear propagator on Zhidkov spaces Xk.Rd / with d > 1.

The action of the linear Schrödinger group on the space E.Rd / is described by Propo-
sition 2.3 in [26].

Proposition 2.12 ([26]). Let d D 2; 3. For every t 2 R, the linear propagator e i
2 t� maps

E.Rd / to itself and for every  0 2 E.Rd /, the map t 2R 7! e i
2 t� 0 2 E.Rd / is continu-

ous. Moreover, givenR>0, T > 0, there existsC >0 such that for every 10 ; 
2
0 2E.Rd /,

with E. 10 / � R, E. 20 / � R, one has

(2.14) sup
jt j�T

dE.e
i
2 t� 10 ; e

i
2 t� 20 / � CdE. 

1
0 ;  

2
0 /:

Furthermore, given R > 0, there exists T .R/ > 0 such that, for every  0 2E.Rd / with
E. 0/ � R, we have

(2.15) sup
jt j�T.R/

E.e
i
2 t� 0/ � 2R:

Corollary 2.13. Let d D 2; 3 and  0 2E.Rd /. Then

(2.16) lim
t!0

e
i
2 t� 0 �  0

t
D �

i

2
� 0 in H�1.Rd /:

In particular, e i
2 t� 0 2C.RIE.Rd // \ C 1.R;H�1.Rd //.

Proof. Note that e i
2 t� 0 � 0 2L

2.Rd / for any finite time t 2 R by virtue of (2.13). For
any � 2H 1.Rd /, it follows from Plancherel’s identity and the dominated convergence
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theorem that

lim
t!0

Z
Rd

e
i
2 t� 0 �  0

t
x�.x/ dx D lim

t!0

Z
Rd

e
i
2 t j�j

2
O 0 � O 0

t

xO�.�/ d�

D lim
t!0

Z
Rd

i
2
j�j2

� Z 1

0

eitsj�j2
�
O 0.�/

xO�.�/ d� D
Z

Rd

�
�

i
2
� 0.x/

�
x�.x/ dx:

The identity (2.16) follows.

2.5. Strichartz estimates

We say that a pair .q; r/ is (Schrödinger) admissible if q; r � 2 such that

2

q
C
d

r
D
d

2
; .q; r; d/ ¤ .2;1; 2/;

and we recall the well-known Strichartz estimates, see [44] and references therein.

Lemma 2.14. Let d D 2;3 and let .q; r/ be an admissible pair. Then the linear propagator
satisfies

ke
i
2 t�ukLq.Œ0;T �ILr .Rd // � CkukL2.Rd /;

and for any admissible pair .q1; r1/, one has

(2.17)



 Z t

0

e
i
2 .t�s/�f .s/ ds





Lq.Œ0;T �ILr .Rd /

� Ckf k
L
q01 .Œ0;T �IL

r 01 .Rd //
:

Given a time interval I D Œ0; T �, it is convenient to introduce the Strichartz space
S0.I �Rd / characterized by the norm

kukS0 WD sup
.q;r/ admissible

kukLq.I ILr .Rd //:

We notice that since .q; r/ D .1; 2/ is admissible, one has

kukC.I IL2.Rd // . kukS0 :

Moreover, we introduce the dual space N 0 D .S0.I �Rd //� satisfying the estimate

(2.18) kf kN 0 . kf k
L
q01 .I IL

r 01 .Rd //
;

for any admissible pair .q1; r1/. Further, in order to discuss the well-posedness theory
for (1.1) in the energy space, we also work with the function space S1.I � Rd / and
N 1.I �Rd /, defined by the norms

(2.19) kukS1 D kukS0 C krukS0 ; kGkN 1 D kGkN 0 C krGkN 0 :

While  6 2S0 for any solution to (1.1) to l in any Strichartz space S0, it will turn out that
the nonlinear flow belongs to S1.
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Remark 2.15. Let T > 0 and  0 2E.Rd /. Then Lemma 2.14 states that for any admis-
sible pair .q; r/, we have

(2.20) ke
i
2 t�r 0kLq.Œ0;T �ILr .Rd // � kr 0kL2.Rd /:

Observe that, by virtue of Lemma 2.11, one has e
i
2 t� 0 �  0 2C.Œ0; T �IH

1.Rd // and
re

i
2 t� 0 2C.Œ0; T �IL

2.Rd // \ S0.Œ0; T � �Rd //.

2.6. The nonlinearity

We collect some properties of the nonlinearity N . / D f .j j2/ , with f satisfying
Assumption 1.1, that will be used in the sequel. By applying smooth cut-off functions, we
separate the behavior close and away from j j D 1. Let � 2 C1c .RC/ be given by (2.3).
We define

(2.21) N1. / WD N . /�.j j/ and N2. / WD N . /.1 � �.j j//:

By means of the cut-off � defined in (2.1), we further split N2 as

N2;bd D N2. /�.2 / and N2;int. / D N2. /.1 � �.2 //;

and notice that

(2.22)
jN1. /j � C jj j � 1j;

jN2;bd. /j � C.1 � �.j j/; jN2;int. /j � C j j
2˛C1.1 � �. //:

In the case of vanishing boundary conditions and infinity, the strategy developed in [42],
see also Chapter 4 of [14], relies on similar pointwise bounds on N . However, here we
need to consider additional cut-off functions � isolating the behavior close to 1 in view of
the far-field and the related support properties. Note that (2.4) yields that the measure of
supp.N2. // is bounded by E. /. The quantity rN can be rigorously defined by means
of Nemicki operators, see Appendix A of [42] and also [14, 43]. It reads

(2.23) rN . / D .f .j j2/C f 0.j j2/j j2/r C f 0.j j2/ 2 r ;

so that we have

(2.24) jrN . /j . .jf .�/C �f 0.�/j C j�f 0.�/j/jr j:

Inequalities (2.22) and (2.24) will allow us to infer bounds on the nonlinearity in the
Strichartz space N 1 defined in (2.19). Moreover, Assumption 1.1 (b) implies that the non-
linearity N . / is locally Lipschitz. More precisely,

(2.25) jN . 1/ �N . 2/j � C.1C j 1j
2˛
C j 2j

2˛/j 1 �  2j:

For general 1; 2 2E.Rd /, one has 1 � 2 …Lp.Rd / for any p � 1, unless 1 and 2
belong to the same connected component of E.Rd /, see Remarks 2.3 and 2.4 for d D 2;3,
respectively. This motivates the following estimates:

(2.26)

8̂<̂
:
jN1. 1/ �N1. 2/j � C j 1j jj 1j � j 2jj C jj 2j � 1j�.j 2j/j 1 �  2j;

jN2;bd. 1/ �N2;bd. 2/j � C j 1 �  2j;

jN2;int. 1/ �N2;int. 2/j � C.j 1j
2˛
C j 2j

2˛/j 1 �  2j:

Inequalities (2.26) will then lead to respective bounds in Strichartz space N 0.
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Similarly, we introduce the following estimates for rN . /. One has

rN . / D DN . / �

�
r 

r 

�
D

�
G1. /

G2. /

�T
�

�
r 

r 

�
,

where

(2.27) G1. / D f .j j
2/C f 0.j j2/j j2 and G2. / D f

0.j j2/ 2:

We define

Gi;bd. / WD Gi . /�. / and Gi;int. / WD Gi . /.1 � �. //;

for i D 1; 2. For the sake of a shorter notation, we introduce

(2.28) Gbd WD G1;bd CG2;bd and Gint WD G1;int CG2;int:

In particular, we observe that Assumption 1.1 yields that

(2.29) jGbd. /j � C and jGint. /j � C.1C j intj
2˛/.1 � �. //:

3. 2D well-posedness

Local well-posedness for energy sub-critical nonlinearities is proven by a perturbative
method in the spirit of Kato [42] adapted to the non-trivial far-field behavior. Subse-
quently, we prove global well-posedness in Section 3.2.

3.1. Local well-posedness

First, we provide necessary a priori bounds on the nonlinearity N . / in the Strichartz
norms for  2E.R2/ that will follow from (2.22) and (2.24). We notice that .q1; r1/ D
.2.˛ C 1/=˛; 2.˛ C 1// is Strichartz admissible, and one has

(3.1) .q01; r
0
1/ D

�2.˛ C 1/
˛ C 2

, 2.˛ C 1/
2˛ C 1

�
:

We recall that the space N 0 is defined in (2.18). It suffices to consider positive times
of existence as the analogue statements for negative times follow from the time reversal
symmetry of (1.1). For  2L1.Œ0; T �IE.Rd //, we denote

(3.2) ZT WD kr kL1.Œ0;T �IL2.R2// C kj j � 1kL1.Œ0;T �IL2.R2//

and note that ZT . / � 2 supt2Œ0;T �
p

E. /.t/. The quantity ZT . / can be thought of as
analogue of the L1t H

1
x -norm for nonlinear Schrödinger equations with vanishing condi-

tions at infinity.

Lemma 3.1. Let the nonlinearity f be as in Assumption 1.1, T > 0, the pair .q01; r
0
1/ as

in (3.1) and  2L1.Œ0; T �IE.R2//. Then the following hold:

(3.3) kN . /kL1.Œ0;T �IL2.R2// � CT .ZT . /CZT . /
1C2˛/
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and

(3.4) krN . /kN 0.Œ0;T ��R2/ � C.T C T
1=q01ZT . /

2˛/kr kL1.Œ0;T �IL2.R2/:

Furthermore, given  2L1.Œ0; T �IE.R2// and u; v 2L1.Œ0; T �IH 1.R2//, one has that

kN . C u/ �N . C v/kN 0.Œ0;T ��R2/(3.5)

� C.T C T 1=q
0
1.ZT . C u/

2˛
CZT . C v/

2˛//ku � vkL1.Œ0;T �IL2.R2/:

Proof. Let  2 E.R2/. To infer (3.3), we observe that (2.22) implies

kN1. /kL1tL2x
� CT kj j � 1kL1t L2x

� CTZT . /:

To obtain the bound of N2. /, we note that the Chebyshev inequality (2.4) yields that
supp.1 � �. // is of finite Lebesgue measure for all  2E.R2/. It follows then from
Lemma 2.1 and (2.22) that

kN2;bd. /kL1tL2x
� CTL2.supp.1 � �.j j//1=2 � CTZT . /:

By exploiting that supp.1 � �. // � supp.1 � �. // for  2 E.R2/ and by (2.4), we
bound the third contribution as

kN2;int. /kL1tL2x
� Ckj j2˛j j.1 � �. //kL1tL2x

� CTZT . /C CT k intk
1C2˛

L1t L
2.1C2˛/
x

� CT .ZT . /CZT . /
1C2˛/;

where  int is defined in (2.2), with � given in (2.1). In the second inequality, we used that

(3.6) j j2˛C1.1 � �. // � C.1¹0<1��. /�1=4º C j intj
2˛C1/

and
L2.¹x 2 supp.1 � �. // W 0 < 1 � �. / � 1=4º/ � ZT . /2:

To control rN . /, we observe that by using (2.24) and decomposing  D  bd C  int,
see (2.2), it follows that

krN . /kL1tL2xCL
q01
t L

r 01
x
� CT kr kL1t L2x

C kj intj
2˛
r kL

q01
t L

r 01
x

� C.T C T 1=q
0
1ZT . /

2˛/kr kL1t L2x
:

It remains to show (3.5). Let  2L1.Œ0; T �IE.R2// and u; v 2L1.Œ0; T �IH 1.R2//.
Then (2.25) implies the pointwise bound

jN . C u/ �N . C v/j � C.1C j C uj2˛ C j C vj2˛/ju � vj:

Exploiting that E.R2/ C H 1.R2/ � E.R2/ from Lemma 2.1, we proceed as before to
infer that for a.e. t 2 Œ0; T �, we have

kj C uj2˛k
L1x CL

q1
x
C kj C vj2˛k

L1x CL
q1
x
� C.1CZT . C u/

2˛
CZT . C v/

2˛/:

It follows that

kN . C u/ �N . C v/kL1tL2xCL
q01
t L

r 01
x

� C.T C T 1=q1
0

.ZT . C u/
2˛
CZT . C v/

2˛//ku � vkL1t L2x
;

yielding (3.5).
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With the bounds of Lemma 3.1 and the Strichartz estimates of Lemma 2.14 at hand, we
are able to prove existence and uniqueness of solutions to (1.1). To that end, we consider
the equivalent Duhamel formula

(3.7)  .t/ D e
i
2 t� 0 � i

Z t

0

e
i
2 .t�s/�N . /.s/ ds;

which is justified as identity in E.R3/, in virtue of the properties of the free solutions from
Proposition 2.12 and the fact the non-homogeneous terms is bounded in L1t H

1
x by means

of the Strichartz estimate (2.17) and Lemma 3.1.
We anticipate that the continuous dependence on the initial data will differ signifi-

cantly from the classical approach, as a consequence of the low regularity of the nonlin-
earity N combined with the lack of integrability of  . The constructed solutions are such
that  .t/ �  0 2H 1.R2/ for all t , and hence (3.5) suffices to show local existence. Note
that in order to show the continuous dependence on the initial data, (3.5) is not sufficient,
as in general different initial data possess different far-field behavior, namely, belongs to
different connected components of E, see also Remark 2.4. Lemma 3.3 upgrades (3.5) to
the respective inequality for general initial data.

The following Proposition is stated for positive existence times; the analogous state-
ment for negative times follows from the time reversal symmetry of (1.1).

Proposition 3.2. Let d D 2 and let f be as in Assumption 1.1.

(1) For any  0 2E.R2/, there exists T D T .E. 0// > 0 and a unique strong solution
 2 C.Œ0; T �I E.R2// to (1.1) with  .0/ D  0. In particular, we have that  �
 0 2C.Œ0; T �IH

1.R2//.

(2) There exists a maximal existence time T � D T �. 0/ > 0 such that the solution  
of (1.1) belongs to C.Œ0; T �/IE.R2// and the blow-up alternative holds, namely, if
T � <1, then

lim
t%T �

E. /.t/ D C1:

(3) For any  �0 2 E.R2/, there exists a open neighborhood O � E.R2/ of  �0 such that

T �.O/ D inf
 02O

T �. 0/ > 0;

and the map  �0 2O 7!  2C.Œ0; T �IE.R2// is continuous for all 0 < T < T �.O/.
Moreover, let Or D ¹ 0 2E.R2/ W dE. 

�
0 ;  0/ < rº. Then

lim inf
r!0

T �.Or / � T
�. �0 /:

Point (1) of Proposition 3.2 is included in (2). Nevertheless, it is stated separately as it
proves useful for the proof of the continuous dependence property in (3).

Proof. Local existence. We note that  2C.Œ0; T �IE.R2// is a strong solution to (1.1)
with initial data  0 2 E.R2/ if and only if

 .t/ D e
i
2 t� 0 � i

Z t

0

e
i
2 .t�s/�N . /.s/ ds for all t 2 Œ0; T �.
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To show the existence of a solution  , it suffices to implement a fixed-point argument for
the solution map

(3.8) ˆ.u/.t/ D i

Z t

0

e
i
2 .t�s/�N .e

i
2 s� 0 C u.s// ds:

Specifically, let  0 2 E and R > 0 such that E. 0/ � R, and given M > 0 and T > 0,
we consider the solution map (3.8) defined on the function space

XT D ¹u2C.Œ0; T �IH
1.R2// W u.0/ D 0; kukXT �M º:

For u; v 2XT , we introduce the distance function d as

dX .u; v/ D ku � vkL1.Œ0;T �IL2.R2//:

It is straightforward to verify that the space .XT ; dX / is a complete metric space.
Note that  .t/ D e i

2 t� 0 C u.t/ satisfies  2 C.Œ0; T �I E.R2// for u 2 XT and
 0 2E.R2/. Indeed, it follows from Proposition 2.12 that e i

2 t� 0 2 C.Œ0; T �IE.R2//
and Lemma 2.1 yields that e i

2 t� 0 C u 2 C.Œ0; T �IE.R2//. If u is a fixed-point of (4.2),
then  D e i

2 t� 0 C u is a local strong solution of (1.1).
If E. 0/ � R and u 2 XT , then thanks to the Minkowski inequality and (2.15), we

obtain

(3.9) ZT .e
i
2 t� 0 C u/ � ZT .e

i
2 t� 0/C kukL1.Œ0;T �IH1.R2// � 2

p
2RCM;

provided that T > 0 is sufficiently small. Next, we show that ˆ, defined in (3.8) maps
XT onto XT . Let u 2 XT and denote  D e i

2 t� 0 C u. Then, by virtue of the Strichartz
estimate (2.17), (3.3) and (3.9), we obtain

kˆ.u/kL1.Œ0;T �IL2.R2// � kN . /kL1.Œ0;T �IL2.R2//(3.10)

� CT .ZT . /CZT . /
1C2˛

� CT .1C .2
p
2RCM/2˛/.2

p
2RCM/:

To boundrˆ.u/, we apply the Strichartz estimate (2.17) concatenated with (3.4) to obtain

krˆ.u/kL1.Œ0;T �IL2.R2// � CkrN . /kN 0.Œ0;T ��R2/(3.11)

� C.T C T 1=q
0
1ZT . /

2˛/kr kL1t L2x

� C.T C T 1=q
0
1 .2
p
2RCM/2˛/.2

p
2RCM/:

We conclude that
ˆ.u/ 2 C.Œ0; T �IH 1.R2//;

and summing up (3.10) and (3.11), we obtain that

kˆ.u/kXT � C.T C T
1=q01 .2

p
2RCM/2˛/.2

p
2RCM/:

Next, we check that the map ˆ defines a contraction on .XT ; dX /. Let u1; u2 2XT and
denote

 1 D e
i
2 t� 0 C u1 and  2 D e

i
2 t� 0 C u2:
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Upon applying (2.17) followed by (3.5), one has

dX .ˆ.u1/; ˆ.u2// D



 � i Z t

0

e
i
2 .t�s/�.N . 1/ �N . 2//.s/ dx





L1.Œ0;T �;L2.R2//

� CkN . 1/ �N . 2/kN 0.Œ0;T ��R2/

� C.T C T 1=q
0
1.2
p
2RCM/2˛/ dX .u1; u2/:

We fix M D
p
2R and notice that there exists a sufficiently small 0 < T � 1 such that

C.T C T 1=q
0
1.3
p
2R/2˛/ �

1

3
�

Hence, ˆ maps XT onto XT and defines a contraction on XT . The Banach fixed-point
theorem yields a unique u 2XT such that e i

2 t� 0 C u is a solution to (3.7). It follows
from Lemma 2.1 and (2.15) that e i

2 t� 0 C u2C.Œ0; T �IE.R2//. In particular,  �  0
2C.Œ0; T �IH 1.R2// from (2.13) and u 2 XT .

Uniqueness. Let  1;  2 2 C.Œ0; T �;E.R2// be two solutions to (1.1) with initial data
 1.0/ D  2.0/ D  0 2E.R2/. One has that

 1.t/ �  2.t/ D �i

Z t

0

e
i
2 .t�s/�.N . 1/ �N . 2//.s/ ds:

In particular, as the nonlinear terms are bounded in L1t H
1
x .R

2/, one has  1 �  2 2
L1.Œ0; T �IH 1.R2//. For .q01; r

0
1/ given by (3.1), the Strichartz estimate (2.17), together

with (3.5), then yields

k 1 �  2kL1t L2x
� CkN . 1/ �N . 2/kN 0.Œ0;T ��R2/

� C.T C T 1=q
0
1.ZT . 1/

2˛
CZT . 2/

2˛//k 1 �  2kL1t L2x
:

Hence, we deduce that there exists T1 > 0 such that  1 D  2 a.e. on Œ0; T1� �R2. As T1
depends only on ZT . 1/, ZT . 2/, one may iterate the argument to obtain uniqueness of
the solution on the interval Œ0; T �.

Blow-up alternative. Let  0 2 E.R2/ and define

T �. 0/ D sup ¹T > 0 W there exists a solution to (1.1) on Œ0; T �º:

Let T �. 0/ < C1 and assume that there exist R > 0 and a sequence ¹tnºn2N such
that tn ! T �. 0/ and E. .tn// � R for all n 2 N. Then there exists a sufficiently
large n such that the local existence statement allows us to uniquely extend the solution to
Œ0; tn C T .R/�, with tn C T .R/ > T �. 0/. This violates the maximality assumption, and
we conclude that

E. .tn//!1 as tn ! T �. 0/;

if T �. 0/ < C1. The proof of the continuous dependence on the initial data of the solu-
tion requires some auxiliary statements and is postponed after Lemma 3.4.
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We introduce estimates on the nonlinear flow in Strichartz norms that are required
for the proof of the continuous dependence on the initial data. The estimates used for
the local existence and uniqueness in the proof of Proposition 3.2 are not sufficient since
they only allow to control the difference of solutions  1;  2, provided that  1 �  2 2
L1.Œ0;T �IL2.R2//. In addition, as the regularity properties of N do not suffice to control
krˆ. 1/�rˆ. 2/kL1t L2x

for  1; 2 2 C.Œ0;T �IE.R2//, we need to rely on a auxiliary
metric.

Lemma 3.3. Let f satisfy Assumption 1.1, T > 0, .q01; r
0
1/ as defined in (3.1) and 1; 2 2

C.Œ0; T �IE.R2//. Then there exists � 2 .0; 1� such that

kN . 1/ �N . 2/kN 0.Œ0;T ��R2/

� CT � .1CZT . 1/CZT . 2/CZT . 1/
2˛
CZT . 2/

2˛/

� .kj 1j � j 2jkL2.Œ0;T ��IL2.R2// C k 1 �  2kL2.Œ0;T �IL1CL2.R2///:

Proof. First, we notice that from the first inequality of (2.26) and the decomposition pro-
vided by Lemma 2.1, it follows that

kN1. 1/ �N1. 2/kL1tL2xCL
4=3
t L

4=3
x
� C.T 1=2 C T 1=4ZT . 1//kj 1j � j 2jkL2tL2x

C CT 1=2.1CZT . 2//k 1 �  2kL1t .L1x CL2x/
;

where we used that jj 2j � 1j�.j 2j/ 2L1.Œ0; T �IL1.R2/ \ L2.R2//. Indeed, let the
set � � R2 be of finite Lebesgue measure and let f 2L1.�/C Lp.�/. Then

kf kLp.�/ � C.1CL2.�/1=p/kf kLp.�/CL1.�/:

Second, we observe that L2.supp.N2. i ///� E. i / for i D 1; 2 from (2.4). From (2.26),
we conclude

kN2;bd. 1/ �N2;bd. 2/kL1tL2x
� CT .1CZT . 1/CZT . 2//k 1 �  2kL1t .L1x CL2x/

:

Third, arguing as in the proof of Lemma 3.1, and using L2.supp.N2. i /// � E. i /, we
obtain

kN2;int. 1/ �N2;int. 2/kL1tL2xCL
q01
t L

r 01
x

� k1supp.1��. 1//[supp.1��. 2//j 1 �  2jkL1tL2x

C k.j 1;intj
2˛
C j 2;intj

2˛/j 1 �  2jkL
q01
t L

r 01
x

� C.T C T 1=q
0
1/.ZT . 1/CZT . 2/CZT . 1/

2˛
CZT . 2/

2˛/

� k 1 �  2kL1t .L1x CL2x/
:

Concatenating the Strichartz estimate (2.17) and Lemma 3.3, gives the following.

Lemma 3.4. Given  1; 2 2 C.Œ0; T �IE.R2// such thatZT . i / �M for i D 1; 2, there
exist C D C.M/ > 0 and � 2 .0; 1� such that

kˆ. 1/ �ˆ. 2/kS0.Œ0;T ��R2/(3.12)

� CMT
� .k 1 �  2kL1t .L1x CL2x/

C kj 1j � j 2jkL2tL2x
/:
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We are now in position to complete the proof of Proposition 3.2. Note that the metric
space .E; dE/ is not separable, see also Remark 2.7. In particular, it is not sufficient to
show sequential continuity of the solution map.

Proof of Proposition 3.2, continued. We prove continuous dependence on the initial data.
Given  �0 2 E.R2/, let R WD E. �0 / and r 2 .0;

p
R�. Denote

(3.13) Or WD ¹ 0 2E.R2/ W dE. 
�
0 ;  0/ < rº:

It follows that E. 0/ � 4E. 
�
0 / for all  0 2Or . The first statement of Proposition 3.2

then yields that there exists T D T .4E. �0 // > 0 such that for all  0 2Or , there exists a
unique strong solution  2C.Œ0; T �IE.R2//. In particular, for  0 2Or , the maximal time
satisfies

T �. 0/ � T .4E. 
�
0 // > 0;

by virtue of the blow-up alternative. Hence,

T �.Or / D inf
 0 2Or

T �. 0/ � T .4E. 
�
0 // > 0:

Given ı > 0, to be chosen later, let Oı be defined as in (3.13). Let us remark (again) that
for any  0 2 Oı , we have E. 0/ � 2.RC ı

2/. In particular, T �. 0/ � T �.Oı/ > 0.
Let  10 2 Oı , and denote by  �;  1 the respective solutions with initial data  �0 ;  

1
0

defined at least up to time T �.Oı/. For any 0 < T < T �.Oı/, there existsM DM.T / > 0
such that ZT . 1/ � M , by virtue of the blow-up alternative. From (2.14), we have that
there exists C D C.R; ı; T / > 0 such that

(3.14) sup
t2Œ0;T �

dE.e
i
2 t� 10 ; e

i
2 t� �0 / � CdE. 

1
0 ;  

�
0 / � 2Cı:

To prove continuous dependence of the solution, we proceed in the following four steps,
that compensate for the lack of local Lipschitz regularity of rN that in general does not
hold under Assumption 1.1:

(1) There exist C > 0 and 0 < T1 < T �.Oı/, depending only on M , such that

k 1 �  
�
kL1.Œ0;T1�IL1CL2.R2// C kj 1j � j 

�
jkL2.Œ0;T1�IL2.R2//(3.15)

� CdE. 
1
0 ;  

�
0 /:

(2) Provided (3.15) holds and arguing by contradiction, we show that for all " > 0, there
exist T2 D T2.M/ > 0 and ı > 0 such that dE. 

1
0 ;  

�
0 / < ı implies

(3.16) kr 1 � r 
�
kL1.Œ0;T2�IL2.R2// < ":

(3) Provided (3.15) and (3.16) hold, for all " > 0, there exists ı > 0 such that dE. 
1
0 ; 

�
0 /

< ı implies

(3.17) sup
t2Œ0;T2�

dE. 1.t/;  
�.t// < ":
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(4) By iterating (3.17), we prove that for all 0 < T < T �.Oı/ and " > 0, there exists
ı > 0 such that dE. 

1
0 ;  

�
0 / < ı yields

sup
t2Œ0;T �

dE. 1.t/;  
�.t// < ":

Step 1. We show (3.15). Let us consider the first term on the left-hand side of (3.15).
By using (3.14) and Lemma 3.4, we know there exists � > 0 such that

k 1 �  
�
kL1.Œ0;T �IL1CL2.R2//(3.18)

� ke
i
2 t� 10 � e

i
2 t� �0 kL1.Œ0;T �IL1CL2.R2//

C kˆ. 1/ �ˆ. 
�/kL1.Œ0;T �;L2.R2//

� CdE. 
1
0 ;  

�
0 /C CMT

�

� .k 1 �  
�
kL1.Œ0;T �I.L1CL2.R2// C kj 1j � j 

�
jkL2.Œ0;T �IL2.R2//:

Given � satisfying (2.1), we define �6.z/ WD �.6z/. Arguing as in the proof of Lemma 2.6,
we notice that

kj 1j � j 
�
jkL2.Œ0;T �IL2.R2// � kj 1j

2
� j �j2kL2.Œ0;T �IL2.R2//(3.19)

C k 1�6. 1/ �  
��6. 

�/kL2.Œ0;T �IL2.R2//:

To deal with the first contribution on the right-hand side, we notice that

jj 1j
2
� j �j2k � jje

i
2 t� 10 j

2
� je

i
2 t� �0 j

2
j

C j2Re.e�
i
2 t� x �0 .ˆ. 

�/ �ˆ. 1///j

C j2Re.e�
i
2 t�. x �0 �

x 10 /ˆ. 1//j

C .jˆ. 1/j C jˆ. 
�/j/jˆ. 1/ �ˆ. 

�/j:

We control these four terms separately. First, from (3.14), one has that

kje
i
2 t� 10 j

2
� je

i
2 t� �0 j

2
kL2tL

2
x
� CT 1=2dE. 

1
0 ;  

�
0 /:

Second, upon splitting e i
2 t� i0 2 E.R2/ as in (2.2), we have

k2Re.e�
i
2 t� x �0 .ˆ. 

�/ �ˆ. 1///kL2tL2x

� T 1=2kˆ. �/ �ˆ. 1/kL1t L2x
C T 1=4ZT .e

i
2 t� �0 /kˆ. 

�/ �ˆ. 1/kL4tL4x

� CM.T 1=2kˆ. �/ �ˆ. 1/kL1t L2x
C T 1=4kˆ. 1/ �ˆ. 

�/kL4tL4x
/:

Third, proceeding similarly and exploiting (3.14), we have

k2Re.e�
i
2 t�. x �0 �

x 10 /ˆ. 1//kL2tL2x

� C.T 1=2kˆ. 1/kL1t L2x
C T 1=4kˆ. �/kL4tL4x

/ dE.e
i
2 t� 10 ; e

i
2 t� �0 /

� C.T 1=2kˆ. 1/kL1t L2x
C T 1=4kˆ. 1/kL4tL4x

/ dE. 
1
0 ;  

�
0 /

� C.T 1=2 C T 1=4/.M CM 1C2˛/ dE. 
1
0 ;  

�
0 /;
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where we used that

ˆ. 1/ 2 L
1.Œ0; T �IL2.R2// \ L4.Œ0; T �IL4.R2//

from (2.17). Fourth, one has

k.jˆ. 1/j C jˆ. 
�/j/jˆ. �/ �ˆ. 1/jkL2tL2x

� .kˆ. 1/kL4tL4x
C kˆ. �/kL4tL4x

/kˆ. 1/ �ˆ. 
�/kL4tL4x

� CT .M CM 1C2˛/kˆ. 1/ �ˆ. 
�/kL4tL4x

;

where we used (3.3) in the last inequality.
Combining the previous inequalities, we infer that there exists �1 > 0 such that

kj 1j
2
� j �j2kL2tL2x

(3.20)

� CT �1.1CM CM 1C2˛/

� .dE. 
1
0 ;  

�
0 /C kˆ. 1/ �ˆ. 

�/kL1t L2x
C kˆ. 1/ �ˆ. 

�/kL4tL4x
/:

The second contribution in (3.19) is bounded as follows:

k 1�6. 1/ �  
��6. 

�/kL2tL2x
(3.21)

� CT 1=2.1CM/dE.e
i
2 t� 10 ; e

i
2 t� �0 /C CT

1=2
kˆ. 1/ �ˆ. 

�/kL1t L2x

� CT 1=2.1CM/.dE. 
1
0 ;  

�
0 /C kˆ. 1/ �ˆ. 

�/kL1t L2x
/;

where we exploited that, for  2E.R2/, the measure of the support of �6. / is bounded
by E. /, see (2.4). It follows from (3.19), (3.20) and (3.21) that there exists �2 > 0 such
that

kj 1j � j 
�
jkL2.Œ0;T �IL2.R2//(3.22)

� CT �2.1CM CM 1C2˛/

� .dE. 
1
0 ;  

�
0 /C kˆ. 1/ �ˆ. 

�/kL1L2 C kˆ. 1/ �ˆ. 
�/kL4tL4x

/:

Summing up (3.18) and (3.22), and applying (3.12) yields that there exists � > 0 such that

k 1 �  
�
kL1t .L

1
x CL

2
x/
C kj 1j � j 

�
jkL2tL

2
x

� CMT
� .dE. 

1
0 ;  

�
0 /C CMT

� .k 1 �  
�
kL1t .L

1
x CL

2
x/
C kj 1j � j 

�
jkL2tL

2
x
//:

For T1 > 0 sufficiently small, depending only on M , inequality (3.15) follows.

Step 2. Provided that (3.15) holds, note that

r 1 � r 
�
D e

i
2 t�.r 10 � r 

�
0 / � i

Z t

0

e
i
2 .t�s/�.rN . 1/ � rN . �//.s/ ds:

We estimate the difference of the free solutions by

(3.23) ke
i
2 t�.r 10 � r 

�
0 /kL1.Œ0;T �;L2.R2// � dE. 

1
0 ;  

�
0 /;
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exploiting that e i
2 t� is an isometry on L2.R2/. We recall from (2.23) that

rN . / D .f .j j2/C f 0.j j2/j j2/r C f 0.j j2/ 2 r ;

which can be bounded by means of (2.24) as

jrN . /j � C.1C j j2˛/jr j � C.1C j intj
2˛/ jr j:

We apply estimate (2.17) to the non-homogeneous term, where

.q1; r1/ D
�2.˛ C 1/

˛
; 2.˛ C 1/

�
;

see also (3.1). We decomposerN . 1/�rN . �/ by means of the functionsGbd andGint
defined in (2.28), leading to


i Z t

0

e
i
2 .t�s/�.rN . 1/ � rN . �//.s/ ds





L1.Œ0;T �IL2.R2//

(3.24)

� k.Gbd CGint/. 1/jr 1 � r 
�
jkN 0

C k..Gbd CGint/. 1/ � .Gbd CGint/. 
�//jr �jkN 0.Œ0;T ��R2//

� kr 1 � r 
�
kL1tL

2
x
C kj 1;intj

2˛
jr 1 � r 

�
jkL

q01
t L

r 01
x

C k.Gbd. 1/ �Gbd. 
�//jr �jkL1tL2x

C k.Gint. 1/ �Gint. 
�//jr 1jkL

q01
t L

r 01
x

� C.T C T 1=q
0
1ZT . 

�/2˛//kr 1 � r 
�
kL1t L

2
x

C k.Gbd. 1/ �Gbd. 
�//jr �jkL1tL2x

C k.Gint. 1/ �Gint. 
�//jr �jkL

q01
t L

r 01
x
:

Thus, for T2 D T2.M/ > 0 sufficiently small so that

C.T2 C T
1=q0

2 ZT . 1/
2˛/ � C.T2 C T

1=q0

2 M 2˛/ �
1

2
,

we conclude, by combining (3.23) and (3.24), that

kr 1 � r 
�
kL1.Œ0;T2�;L2.R2// � dE. 

1
0 ;  

�
0 /C k.Gbd. 1/ �Gbd. 

�//jr �jkL1tL2x

C k.Gint. 1/ �Gint. 
�//jr �jkL

q01
t L

r 01
x
:

In order to conclude Step 2, we need to show that the second line above can be made
arbitrarily small by choosing a sufficiently small ı > 0. We proceed by contradiction,
assuming that there exist " > 0, a sequence ¹ınºn2N , and ¹ n0 ºn2N � E.R2/ such that
dE. 

�
0 ;  

n
0 / < ın ! 0, and for all n sufficiently large,

k.Gbd. 
�/ �Gbd. n//jr 

�
jkL1tL

2
x

(3.25)

C k.Gint. 
�/ �Gint. n//jr 

�
jkL

q01
t L

r 01
x
� ";
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where  n 2 C.Œ0; T �IE.R2// denotes the unique maximal solution with  n.0/ D  n0 .
Inequality (3.15) implies, up to extracting a subsequence that is not relabeled, that  n
converges to  � a.e. on Œ0; T1� � R2. If 0 < T1 < T2, then set T2 WD T1. By virtue of
Assumption 1.1 on f , it follows that Gbd; Gint are continuous, and thus

j.Gbd. 
�/ �Gbd. n//j jr 

�
j ! 0 a.e. in Œ0; T2� �R2;

jGint. 
�/ �Gint. n/j jr 

�
j ! 0 a.e. in Œ0; T2� �R2:

Since, in addition, one has

kGint. n/kL1t L
q1
x .R2/

� Ck.1C j q;nj
2˛/.1 � �. n/kL1t L

q1
x .R2/

� C.ZT . n/CZT . n/
2˛/ � C.M CM 2˛/

for all n2N, we obtain from (3.15) that there exists � 2L1.Œ0; T �ILr1.R2// such that
j q;nj � � a.e. on Œ0; T2/ �R2. Therefore,

j.Gbd. 
�/ �Gbd. n//j jr 

�
j � C jr �j 2 L1.Œ0; T /IL2.R2//;

j.Gint. 
�/ �Gint. n//j jr 

�
j � C.j �j2˛ C j�j2˛/jr �j 2 Lq

0
1.Œ0; T /ILr

0
1.R2//;

so that the dominated convergence theorem implies that (3.25) is violated. The inequal-
ity (3.16) follows for the time interval Œ0; T2�, where we stress that T2 > 0 depends only
on M .

Step 3. Given that (3.15) and (3.16) are satisfied, it suffices to prove that, for any " > 0,
there exists ı > 0 such that dE. 

1
0 ;  

�
0 / < ı implies

kj 1j � j 
�
jkL1.Œ0;T2�IL2.R2// < ":

Note that (3.15) only yields

kj 1j � j 
�
jkL2.Œ0;T2�IL2.R2// < Cı:

We recall that  .t/ D e i
2 t� 0 Cˆ. /, where e i

2 t� 0 2C.Œ0; T �IE.R2// and ˆ. i / 2
C.Œ0; T �IH 1.R2// for  D  �;  1. More precisely,

ZT .e
i
2 t� �0 /CZT .e

i
2 t� 10 / � 4

p
2
p

E. 0i /:

It follows from (2.11) that

kj 1j � j 
�
jkL1t L

2
x
� C.1C

q
E. 10 /C

q
E. �0 /C kˆ. 1/kL1t H1

x
Ck̂ . �/kL1t H1

x
/

� .dE.e
i
2 t� 10 ; e

i
2 t� �0 /C kˆ. 1/ �ˆ. 

�/kL1t H1
x
/

� C.1C 2
p
RC ı C 2M C 2M 1C2˛/

� .dE. 
1
0 ;  

�
0 /C kˆ. 1/ �ˆ. 

�/kL1t H1
x
/;

where we used (2.14) in the last inequality. We are left to show that, for all " > 0, there
exists ı > 0 such that dE. 

�
0 ;  0/ < ı yields

kˆ. 1/ �ˆ. 
�/kL1t H1

x
< ":
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The statement follows by combining (3.12) and (3.15), and by observing that

krˆ. 1/ � rˆ. 
�/kL1t L2x

� kr 1 � r 
�
kL1t L

2
x
C sup
t2Œ0;T2�

dE.e
i
2 t� 10 ; e

i
2 t� �0 /;

followed by (3.16) and (3.14). This completes Step 3.

Step 4. Note first that Step 3 yields continuous dependence on the initial data with
respect to the topology of E induced by the metric dE on a time interval Œ0; T2�, where T2
depends only on M . So, one may cover Œ0; T � by the union of intervals Œtk ; tkC1�, with
tk D kT2 for k2¹0; : : : ;N � 1º, withN DdT=T2e finite. For all "> 0, there exists ıN > 0

such that dE. 1.tN�1/; 
�.tN�1// < ıN implies that supt 2 ŒtN�1;T � dE. 1.t/; 

�.t// < ".
Next, there exists ıN�1 > 0 such that dE. 1.tN�2/;  

�.tN�2// < ıN�1 implies that
supt2ŒtN�2;tN�1� dE. 1.t/;  

�.t// < ıN . One may then iterate the scheme finitely many
times in order to recover the existence of a ı D ı1 > 0 such that dE. 

0
1 ;  

�
0 / < ı implies

supt 2 Œ0;T � dE. 1.t/;  
�.t// < ".

It remains to show that for Or D ¹ 0 2E.R2/ W dE. 
�
0 ;  0/ < rº,

lim inf
r!0

T �.Or / � T
�. �0 /:

This property is an immediate consequence of Step 4.

We proceed to show a persistence of regularity property for (1.1) under the general
Assumption 1.1. Subsequently, we prove the conservation of the Hamiltonian energy H .

Lemma 3.5. Let f be as in Assumption 1.1 and  0 2 E.R2/ such that � 0 2L2.R2/.
Then the unique maximal solution  2C.Œ0; T �/IE.R2// to (1.1) satisfies

� 2C.Œ0; T �/IL2.R2// and @t 2C.Œ0; T
�/IL2.R2//:

Furthermore, the Hamiltonian is conserved, namely,

H . .t// D H . 0/ for all t 2 Œ0; T �/.

Proof. Let  0 2E.R2/ such that � 0 2L2.R2/. Proposition 3.2 provides a T � > 0 such
that there exists a unique maximal strong solution  2C.Œ0; T �/IE.R2// to (1.1) with
initial data  .0/ D  0. The blow-up alternative yields that, for any T 2 Œ0; T �/, there
exists M > 0 such that ZT �M , defined in (3.2).

First, we show that there exists T1 2 .0; T � depending only on ZT . / such that
@t 2C.Œ0; T1�IL

2.R2//. Exploiting that  2C.Œ0; T �IE.R2//, we obtain

i@t .0/ D �
1

2
� 0 CN . 0/:

We claim that @t .0/ 2 L2.R2/. We note that � 0 2 L2.R2/ by assumption yields
 0 2X

2 CH 2.R2/ � X2.R2/ � L1.R2/. It follows from (3.3) that

kN . 0/kL2.R2/ � C.
p

E. 0/C E. 0/
1=2C˛/:
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By differentiating the Duhamel formula (3.7) in time, and applying Corollary 2.13, one
has

@t .t/ D e
i
2 t�

� i
2
� .0/ � iN . /.0/

�
� i

Z t

0

e
i
2 s� @tN . /.t � s/ ds

D e
i
2 t�.@t .0//C

Z t

0

e
i
2 .t�s/�.G1. /@t CG2. /@t /.s/ ds;

where G1 and G2 are as defined in (2.27). Hence,

k@t kL1.Œ0;T �IL2.R2// � k@t .0/kL2.R2/

C kG1. /@t CG2. /@t .@t /kN 0.Œ0;T ��R2/:

Upon exploiting the estimates (2.29) on G1 and G2, and following the lines of the proof
of Lemma 3.1, we conclude that

kG1. /@t CG2. /@t kN 0.Œ0;T ��R2/

� CkGbd. /j@t jkL1tL2x
CkGint. /j@t jkN 0

� Ck@t kL1tL2x
C k.1C j j2˛/j@t jkN 0

� CT k@t kL1t L2x
C T 1=q

0
1ZT . /

2˛
k@t kL1t L2x

:

Thus, there exists 0 < T1 < T depending only on ZT . / such that

.T1 C T
1=q0

1 /.1CZT . /
2˛/ <

1

2

and
k@t kL1.Œ0;T1�IL2.R2// � 2k@t .0/kL2.R2/:

Second, we deduce a space-time bound for � . More precisely,

k� kL1.Œ0;T1�IL2.R2// � k@t kL1.Œ0;T1�IL2.R2// C kN . /kL1.Œ0;T1�IL2.R2//

� k@t kL1.Œ0;T1�IL2.R2// C .T1 C T
1=q01
1 /.ZT . /CZT . /

2˛/;

by virtue of (3.3). As @t 2C.Œ0; T1�IL2.R2//, it then follows� 2C.Œ0; T1�IL2.R2//.
Third, we show that H . .t// D H . 0/ for all t 2 Œ0; T1�. To that end, we compute

the L2-scalar product of (1.1) with @t and take the real part to infer

0 D Rehi@t ; @t i D Re
D
�
1

2
� CN . /; @t 

E
;

for any t 2 Œ0; T1�. We notice that all terms are well defined and conclude that for all
t 2 Œ0; T1�, the Hamiltonian energy is conserved, namely,

0 D
d
dt

Z
Rd

1

2
jr j2 C F.j j2/ dx:

As T1 > 0 depends only on ZT . /, the procedure above may be implemented starting
from any t0 2 Œ0; T � T1�, covering the time interval Œ0; T � by finitely many sub-intervals.
It follows that H . / is constant in time on each of them. Since  2C.Œ0; T �IE.R2//, by
continuity, one concludes that H . /.t/ D H . 0/ for all t 2 Œ0; T �.
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The results of this section then yield the proof of Theorem 1.3 for d D 2.

Proof of Theorem 1.3 in 2D. For d D 2, the first three statements follow from Proposi-
tion 3.2, while the fourth and fifth are provided by Lemma 3.5.

3.2. Global well-posedness

Assuming the internal energy in (1.3) to be non-negative, we show that the Cauchy prob-
lem associated to (1.1) is globally well-posed in the space E.R2/, which completes the
proof of Theorem 1.6 for d D 2. First, we show that the regular solutions provided by
Lemma 3.5 are global.

Corollary 3.6. Under the same assumptions of Lemma 3.5, let in addition the nonlinear
potential energy density F , defined in (1.3), be non-negative, namely, F � 0. Then the
solution constructed in Lemma 3.5 is global, i.e., T � D C1.

Proof. Let  2C.0; T �IE.R2// denote the unique maximal solution to (1.1) with initial
data .0/D 02E.R2/. Since H . /.t/DH . 0/ for all t 2 Œ0;T �/, Lemma 2.8 ensures
that there is an increasing function gW .0;1/! .0;1/, with limr!0 g.r/ D 0, such that

E. /.t/ � g.H . /.t// D g.H . /.0// D g.H . 0// < C1

for all t 2 Œ0; T �/. The blow-up alternative then yields that T � D C1. In addition,  
enjoys the bounds @t 2C.Œ0; T �IL2.R2// and � 2C.Œ0; T �IL2.R2//, for any T > 0,
as well as H . .t// D H . 0/, for all t 2 Œ0;1/.

Second, we prove Theorem 1.6 for d D 2. More precisely, by exploiting continuous
dependence on the initial data, we show that the Hamiltonian energy is conserved for
solutions in the energy space and deduce global existence.

Proof of Theorem 1.6. Note that to complete the proof of the theorem, it suffices to prove
that the Hamiltonian energy is conserved for all solutions  2C.Œ0; T �/IE.R2//. Global
existence then follows by arguing as in the proof of Corollary 3.6. To that end, given
initial data  0 2 E.R3/ and the unique solution  2 C.Œ0; T �/I E.R2// to (1.1) such
that  .0/ D  0, we observe that, thanks to Lemma 2.10, there exists ¹ n0 º � E.R2/ \
C1.R2/ such that � n0 2L

2.R2/ and dE. 0;  
n
0 / converges to 0 as n goes to infinity.

Lemma 3.5 provides a sequence of unique global solutions  n 2C.R;E.R2// such that
H . n/.t/ D H . n0 / for all n. Relying on the continuous dependence on the initial data,
we conclude that, for any 0 < T < T �, one has

sup
t 2 Œ0;T �

dE. .t/;  n.t//! 0 as n!1:

Hence, E. n/.t/ ! E. .t// for all t 2 Œ0; T �. Similarly, conservation of the Hamilto-
nian energy H . / follows from H . n/.t/! H . /.t/ for all t 2 Œ0; T �. In particular,
Lemma 2.8 yields an increasing function gW .0;1/! .0;1/ with limr!0 g.r/ D 0 such
that

E. /.t/ � 2E. n/.t/ � 2g.H . n/.t// D 2g.H . n0 // � C;

for all t 2 Œ0;T � and n sufficiently large. By means of the blow-up alternative, we conclude
that the solution is global, namely,  2C.R;E.R2//.
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4. 3D well-posedness

The approach to prove well-posedness for d D 3 differs from the one for d D 2 in two
aspects. First, we need to exploit that the nonlinear flow belongs to the full range of
Strichartz spaces S1.Œ0; T � � R3/, defined in (2.19). In particular, exploiting also (2.20),
we use that r 2Lq.Œ0; T �ILr .R3// for some r > 2. For d D 3, it is not sufficient to
work in L2-based function spaces – at least for super-cubic nonlinearities. Second, Propo-
sition 2.2 yields an affine structure for the energy space E.R3/. This allows for several
simplifications of the well-posedness proofs, compared to Proposition 3.2. In this sec-
tion, let

(4.1) .q; r/ D
�4.˛ C 1/

3˛
; 2.˛ C 1/

�
and note that .q; r/ is Schrödinger admissible. We recall that the Strichartz spaces N 0

and N 1 are defined in (2.18) and (2.19), respectively, and the quantity ZT . / is defined
in (3.2).

Proposition 4.1. Let d D 3 and let f be as in Assumption 1.1.

(1) For any  0 2E.R3/, there exists a maximal existence time T � D T �. 0/ > 0 and
a unique maximal solution  2C.Œ0; T �/IE.R3// of (1.1). The blow-up alternative
holds, namely, if T � <1, then

lim
t%T �

E. /.t/ D C1:

(2) For any 0 < T < T �. 0/,

 �  0 2C.Œ0; T �IH
1.R3//; r 2S0.Œ0; T � �R3/:

Moreover, the nonlinear flow satisfies

 .t/ � e
i
2 t� 0 2C.Œ0; T �IH

1.R3// \ S1.Œ0; T � �R3/:

(3) The solution depends continuously on the initial data; namely, if ¹ n0 ºn2N � E.R3/
is such that dE. 

n
0 ;  0/! 0; then for any 0 < T < T �. 0/, it follows that

sup
t 2 Œ0;T �/

dE. n.t/;  .t//! 0;

where  n denotes the unique local solution such that  n.0/ D  n0 .

The affine structure of the energy space, see Proposition 2.2, allows one to reduce the
well-posedness of the Cauchy problem for (1.1) to the well-posedness of an affine problem
in Fc.R3/, see Lemma 4.2 and Remark 4.3 below. However, we only exploit this property
for the proof of the continuous dependence on the initial data. Note that due to the affine
structure, it suffices to show sequential continuity.

Proof. To show existence of a local strong solution  , it suffices to implement a fixed-
point argument for the map

(4.2) ˆ.u/.t/ D i

Z t

0

e
i
2 .t�s/�N .ei s2� 0 C u.s// ds:
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Indeed, if u 2C.Œ0; T �IH 1.R3// is a fixed-point of (4.2), then  .t/ D e i
2 t� 0 C u.t/

is such that  2C.Œ0; T �IE.R3//, due to Lemma 2.1, and  is a local strong solution
of (1.1).

Local existence. Fix .q; r/ as in (4.1). We implement a fixed-point argument for (4.2) in

XT D ¹u 2 C.Œ0; T �IH
1.R3// \ Lq.Œ0; T �IW 1;r .R3//; u.0/ D 0; kukXT �M º;

with
k � kXT D k � kL1.Œ0;T �IH1.R3// C k � kLq.Œ0;T �IW 1;r .R3//:

Equipped with the distance function

dX .u; v/ D ku � vkL1.Œ0;T �IL2.R3// C ku � vkLq.Œ0;T �ILr .R3//;

the space .XT ; d / is a complete metric space. Let  0 2 E.R3/ with E. 0/ � R, where
M > 0 and 0 < T � 1 are to be fixed later. First, we verify that ˆWXT ! XT . To that
end, we recall that for T D T .R/ > 0 sufficiently small,

ZT .e
i
2 t� 0 C u/ � ZT .e

i
2 t�/C kukH1.R2/ � 2

p
2E. 0/CM � 2

p
2RCM;

whereZT is defined in (3.2), and (2.6) and (2.15) have been applied in the first and second
inequality, respectively. It follows from (2.17) that

kˆ.u/.t/kL1t L2x
C kˆ.u/.t/kLqt Lrx

� 2kN .e
i
2 t� 0 C u/kN 0 :

Defining N1 and N2 as in (2.21), and exploiting the pointwise bounds (2.22), we infer

kN1.e
i
2 t� 0 C u/kL1tL2x

� CTZT .e
i
2 t� 0 C u/ � CT .2

p
2RCM/:

Next, using again (2.22) and the Chebyshev inequality (2.4), one has

kN2;bd.e
i
2 t� 0C u/kL1tL2x

�CTL3.supp.1� �.e
i
2 t� 0C u///

1=2
�CT .2

p
2RCM/

and

kN2;int.e
i
2 t� 0 C u/kL1tL2xCL

q0

t L
r 0
x

� k.1C je
i
2 t� 0 C uj

2˛/je
i
2 t� 0 C uj.1 � �.e

i
2 t� 0 C u//kL1tL2xCL

q0

t L
r 0
x

� CT .2
p
2RCM/C kj.e

i
2 t� 0 C u/.1 � �.e

i
2 t� 0 C u//j

2˛C1
kL

q0

t L
r 0
x

� CT .2
p
2RCM/C CT .q�q

0/=.qq0/
k.e

i
2 t� 0 C u/qk

2˛
L1Lr k.e

i
2 t� 0 C u/qkLqt Lrx

� C.T C T .q�q
0/=.qq0/.2

p
2RCM/2˛/.2

p
2RCM/:

Moreover, Assumption 1.1, see also (2.23), implies the bound

jrN . /j � C.1C j j2˛/jr j;

which allows one to infer that

krN1.e
i
2 t� 0 C u/CrN2;bd.e

i
2 t� 0 C u/kL1tL2x

� CT .kr 0kL1t L2x
C krukL1t L2x

/ � CT .2
p
2RCM/:
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To control rN2;int, note that e
i
2 t�r 02L

q.Œ0;T �ILr .R3// for any admissible pair .q; r/
from Lemma 2.14 and E. 0/ � R. Therefore,

krN2;int.e
i
2 t� 0 C u/kL1tL2xCL

q0

t L
r 0
x

� CT .kr 0kL2 C kukXT /

C C.kj.e
i
2 t� 0 C u/qj

2˛
re

i
2 t� 0kLq

0

t L
r 0
x
C kj.e

i
2 t� 0 C u/qj

2˛
rukLq

0

t L
r 0
x
/

� CT .2
p
2RCM/C CT .q�q

0/=.qq0/.2
p
2RCM/2˛.kr 0kL2x C krukL

q
t L

r
x
/

� C.T C T .q�q
0/=.qq0/.2

p
2RCM/2˛/.2

p
2RCM/:

Finally,

kˆ.u/kXT � C.T C T
.q�q0/=.qq0/.2

p
2RCM/2˛/.2

p
2RCM/:

We proceed to show that ˆ defines a contraction on XT . Let  0 2 E.R3/ such that
E. 0/ � R and u; v 2XT . Then

dX .ˆ.u/;ˆ.v// � kN .e
i
2 t� 0 C u/ �N .e

i
2 t� 0 C v/kN 0 :

Inequality (2.25) implies that

kN1.e
i
2 t� 0 C u/ �N1.e

i
2 t� 0 C v/kL1tL2x

� CTdX .u; v/;

kN2;bd.e
i
2 t� 0 C u/ �N2;bd.e

i
2 t� 0 C v/kL1tL2x

� CTdX .u; v/:

Again, inequality (2.25) allows us to control the remaining term as follows:

kN2;int.e
i
2 t� 0 C u/ �N2;int.e

i
2 t� 0 C v/kL1L2CLr

0

t L
q0

x

� CT ku � vkL1t L2x

C CT .q�q
0/=.qq0/.ZT .e

i
2 t� 0 C u/

2˛
CZT .e

i
2 t� 0 C v/

2˛/ku � vkLqt Lrx

� C.T C T .q�q
0/=.qq0/.2

p
2RCM/2˛/dX .u; v/:

Finally,

dX ..ˆ.u/;ˆ.v// � C.T C T
.q�q0/=.qq0/.2

p
2RCM/2˛/dX .u; v/:

Therefore, it suffices to setM D
p
R and choose T DT .M/>0 sufficiently small in order

to conclude thatˆWXT !XT andˆ defines a contraction onXT . The Banach fixed-point
theorem yields a unique solution u 2 XT to (4.2). In particular,  .t/ D e i

2 t� 0 C u.t/

solves (1.1) with  2C.Œ0; T �IE.R3//.

Uniqueness. Let R > 0 be fixed. Let  0 2E.R3/, with E. 0/ � R, and let  1;  2 2
C.Œ0; T �IE.R3// be two solutions to (1.1) such that  1.0/ D  2.0/ D  0. We note that
 1 � 2 2 S

1.Œ0; T ��R3/. In particular, from the Strichartz estimate (2.17), and arguing
as for the local existence, we obtain that

dX . 1;  2/ � kN . 1/ �N . 2/kN 0.Œ0;T ��R3/

� C.T C T .q�q
0/=.qq0/.ZT . 1/

2˛
CZT . 2/

2˛/ dX . 1;  2/:
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Thus, there exists a sufficiently small T1 > 0 such that  1 D  2 a.e. on Œ0; T1� � R3.
As T1 depends only on ZT . i /, with i D 1; 2, one may iterate the argument. This yields
uniqueness in C.Œ0; T �IE.R3//.

Blow-up alternative. The proof of the blow-up alternative follows verbatim the proof
of the respective statement for d D 2, see Proposition 3.2, and thus it is omitted.

Membership in Strichartz spaces. Statement (2) of Proposition 4.1 follows directly
from the local existence argument and the properties of the free solution, see (2.13)
and (2.20).

The proof of the continuous dependence on the initial data requires some preliminary
properties and is postponed after Lemma 4.4.

In view of the equivalent characterization of the energy space E.R3/ provided by
Proposition 2.2, the well-posedness for (1.1) can be reduced to the well-posedness of the
following “affine” problem.

Lemma 4.2. Given  0 2E.R3/, let  2C.Œ0; T �/IE.R3// be the unique maximal solu-
tion to (1.1) with initial data  0. Then there exist jcj D 1 and v2C.Œ0; T �/IFc/ such that
 .t/ D c C v.t/ for all t 2 Œ0; T �/ and where v is a solution to

(4.3) i@tv D �
1

2
�v C f .jc C vj2/.c C v/; v.0/ D v0:

Proof. The unique maximal solution exists in virtue of Proposition 4.1. Proposition 2.2
yields the decomposition  .t/ D c.t/ C v.t/ for some jc.t/j D 1 and v.t/ 2Fc for all
t 2 Œ0; T �/. In particular, c.0/ D c and v.0/ D v0. It suffices to show that c.t/ D c for
all t 2 Œ0; T �/. From Proposition 4.1(2), we infer that  �  0 2C.Œ0; T �IH 1.R3// for
all 0 < T < T �, namely,  .t/ D c.t/C v.t/ and  0 D c C v0 share the same far-field
behavior for all t 2 Œ0; T �. It follows that c.t/D c for all t 2 Œ0; T �, with 0 < T < T �. The
proof is complete.

Given initial data  0 D cC v0, the solution  satisfies  D e
i
2 t� 0Cˆ. / 2 ¹cº C

Fc.R3/ C H 1.R3/. The connected component of E.R3/ the solution  belongs to is
determined by the constant c, see Remark 2.3. Moreover, if D cC v2C.Œ0;T /IE.R3//
such that v solves (1.1), then Q D Nc D 1C Ncv solves (1.1) and Qv D Ncv solves

(4.4) i@t Qv D �
1

2
� Qv C f .j1C Qvj2/.1C Qv/; Qv.0/ D Ncv0:

It therefore suffices to consider c D 1.

Remark 4.3. Note that Lemma 4.2 reduces the well-posedness of (1.1) in E.R3/ to solv-
ing the affine problem (4.3) in Fc , where the constant c is determined by the choice of
the initial data. In particular, the continuous dependence on the initial data can be stated
equivalently in terms of the metric (2.7), with the constants c1 and c2 determined by the
initial data.

If the nonlinearity is such that f satisfies (1.13), then it is convenient to implement
the well-posedness result in homogeneous spaces by exploiting Strichartz estimates on
the gradient, see also Remark 4.5 in [26] for (1.6) and Proposition 1.1.18 in [39] for (1.1)
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with nonlinearity (1.4). Indeed, Assumption (1.13) ensures that rN is locally Lipschitz.
A suitable choice of the functional spaces for the local well-posedness is given by

XT D C.Œ0; T �IFc.R
3// \ Lq.Œ0; T �I PW 1;r .R3//;

where the Strichartz admissible pair is, for instance, .q; r/ D .10; 30=13/, see Proposi-
tion 1.1.18 in [39].

However, note that in the framework of Assumption 1.1, this is ruled out by the lack
of regularity of the nonlinearity f . More precisely, for rN to be locally Lipschitz, we
require (1.13).

We proceed to the proof of continuous dependence on the initial data, for which we
exploit the decomposition of  given by Lemma 4.2.

Lemma 4.4. Let f satisfy Assumption 1.1, T > 0, .q; r/ as defined in (4.1), and  1; 2 2
C.Œ0; T �IE.R3// such that  i D ci C vi , with ci 2C, jci j D 1, and vi 2C.Œ0; T �IFci /
for i D 1; 2. Then there exists � 2 .0; 1� such that

kN . 1/ �N . 2/kN 0.Œ0;T ��R3/

� CT � .1CZT . 1/CZT . 2/CZT . 1/
2˛
CZT . 2/

2˛/

� .jc1 � c2j C kv1 � v2kL2tL6x
C kj 1j � j 2jkL2tL2x

/:

Proof. First, we notice that for N1;N2 defined in (2.21), it follows, from the first inequal-
ity of (2.26) and the decomposition  i D ci C vi provided by Lemma 4.2, that

kN1. 1/ �N1. 2/kL1tL2xCL
4=3
t L

3=2
x

� kjc1 C v1jjj 1j � j 2jjkL1tL2xCL
4=3
t L

3=2
x

C kjj 2j � 1jjc1 � c2 C v1 � v2jjkL1tL2xCL
4=3
t L

3=2
x

� C.T 1=2 C T 1=4ZT . 1//kj 1j � j 2jkL2tL2x

C CT 1=4ZT . 2/jc1 � c2j C CT
1=2ZT . 2//kv1 � v2kL2tL6x :

Second, we observe that

L3.supp.N2. i /// � ZT . i /
2 for i D 1; 2

from (2.4). From (2.26), we conclude

kN2;bd. 1/ �N2;bd. 2/kL1tL2x
� CT .ZT . 1/CZT . 2//jc1 � c2j

C CT 1=2.ZT . 1/
2=3
CZT . 2/

2=3/kv1 � v2kL2tL6x :

Third, we establish the desired bound for N2;int. 1/ � N2;int. 2/. As j i j � 3=2 on
supp.N2;int. i //, it follows from (2.26) that

jN2;int. 1/ �N2;int. 2/j � C.1C j 1j
2˛
C j 2j

2˛/j 1 �  2j

� C.j 1j
ˇ
C j 2j

ˇ /j 1 �  2j;
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with ˇ D max¹2; 2˛º. Hence, it suffices to consider ˛ 2 Œ1; 2/. We observe that

jN2;int. 1/ �N2;int. 2/j � C.1C j 1;intj
˛
C j 2;intj

˛/j 1 �  2j;

see also (3.6). Using again that L3.supp.N2. i /// � ZT . i /
2, one recovers

kN2;int. 1/ �N2;int. 2/kN 0

� k 1 �  2kL1tL2x C k.j 1;intj
2˛
C j 2;intj

2˛/jc1 � c2jkL4=3t L
3=2
x

C k.j 1;intj
2˛
C j 2;intj

2˛/jv1 � v2jkL2=.3�˛/t L
6=.2˛C1/
x

� CT .ZT . 1/CZT . 2//jc1 � c2j

C CT 1=2.ZT . 1/
2=3
CZT . 2/

2=3/kv1 � v2kL2tL6x

C C.ZT . 1/
2˛
CZT . 2/

2˛/T 3=4jc1 � c2j C T
.2�˛/=2

kv1 � v2kL2tL6x :

Combining the previous estimates, one concludes that there exists � 2 .0; 1� such that

kN . 1/ �N . 2/kN 0 � CT � .1CZT . 1/CZT . 2/CZT . 1/
2˛
CZT . 2/

2˛/

� .jc1 � c2j C kv1 � v2kL2tL6x
C kj 1j � j 2jkL2tL2x

/:

We now prove continuous dependence on the initial data. As in the proof of Propo-
sition 3.2, we rely on an auxiliary metric to compensate for the lack of regularity of the
nonlinearity f and to deal with the non-integrability of the wave-functions. However, by
virtue of Lemma 4.2, it suffices to consider the affine problem (4.3). This decomposition
enables us to implement an argument in L2.Œ0; T �IL6.R3//. In particular, it is sufficient
to prove sequential continuity.

Proof of Proposition 4.1, continued. Let R > 0,  0 2E.R3/ with E. 0/ � R and  n0 2
E.R3/ such that E. n0 / � R and dE. 0;  

n
0 / ! 0. In particular, there exist complex

constants jcj D 1, jcnj D 1, and v0; vn0 2 Fc such that

 0 D c C v0 and  n0 D cn C v
n
0 :

It follows from the equivalence of metrics, see Proposition 2.2, that

ı.c C v0; cn C v
n
0 /! 0;

where ı is defined in (2.7). There exists T D T .2E. 0/ > 0 such that the unique solutions
 ; n 2 C.Œ0; T �IE.R3// to (1.1) with initial data  0;  n0 , respectively, satisfy

ZT . /CZT . n/ �M

for sufficiently large n. Then Lemma 4.2 implies that there exist v; vn 2 C.Œ0; T �IFc/
such that

 D c C v and  n D cn C vn:

The proof follows the same lines as the proof of Proposition 3.2. We proceed in three
steps, corresponding to (3.15), (3.16), and (3.17), respectively.
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Step 1. We show that there exists T1 D T1.M/ > 0 such that

(4.5) kv � vnkL2.Œ0;T1�IL6.R3// C kj j � j njkL2.Œ0;T1�IL2.R3// � Cı.c C v0; cn C v
n
0 /:

For the first contribution, we observe that

kv � vnkL2.Œ0;T �IL6.R3//

D ke
i
2 t� 0 � c Cˆ. / � e

i
2 t� n0 C cn �ˆ. n/kL2tL6x

� ke
i
2 t�. 0 �  

n
0 / � . 0 �  

n
0 /kL2tL6x

C kv0 � v
n
0kL2tL

6
x
C kN . / �N . n/kN 0

� C.T C T 1=2/ı.c C v0; cn C v
n
0 /C kN . / �N . n/kN 0 ;

where we used (2.17) in the second to last inequality and (2.13) to control the difference
of the free solutions in the last inequality. More precisely,

ke
i
2 t�. 0 �  

n
0 / � . 0 �  

n
0 /kL2tL6x

� T 1=2ke
i
2 t�.r 0�r 

n
0 /� .r 0�r 

n
0 /kL1t L2x

� CT kr 0 � r 
n
0 kL2x

� CT ı.c C v0; cnCv
n
0 /:

To bound the second contribution in (4.5), we proceed as in (3.19). More precisely, we
observe that (3.22) remains valid upon replacing the admissible Strichartz pair .4; 4/ for
d D 2 with .8=3; 4/ for d D 3. Hence, the respective version of (3.22) reads that there
exists �2 2 .0; 1� such that

kj j � j njkL2.Œ0;T �IL2.R3// � CT
�2.1CM CM 1C2˛/

� .ı.c C v0; cn C v
n
0 /C kˆ. / �ˆ. 

n/kS0/:

Summing up and applying the Strichartz estimate (2.17), we conclude from Lemma 4.4
that there exist C D C.M/ > 0 and � > 0 such that

kv � vnkL2.Œ0;T1�IL6.R3// C kj nj � j jkL2.Œ0;T1�IL2.R3//

� CMT
� .ı.c C v0; cn C v

n
0 /C CMT

� .kv � vnkL2tL6x
C kj nj � j jkL2tL2x

//:

For T1 > 0 sufficiently small depending only onM , inequality (4.5) follows and Step 1 is
complete.

Step 2. We show that (4.5) implies that there exists T2 D T2.M/ > 0 such that

(4.6) krv � rvnkL1.Œ0;T2�IL2.R3// C krv � rvnkLq.Œ0;T2�ILr .R3// ! 0 as n!1,

where .q; r/ is as in (4.1). The proof follows closely the one of (3.16), to which we refer
for full details. In view of the Strichartz estimates of Lemma 2.14, it follows that

kre
i
2 t�.c C v0/ � re

i
2 t�.c C v0/kL1t L2x

(4.7)

C kre
i
2 t�.c C v0/ � re

i
2 t�.c C v0/kLqt Lrx

� Ckrv0 � rv
n
0kL2x

:

To control the non-homogeneous term, we recall that (2.24) yields

jrN . /j � C.1C j j2˛/jr j � C.1C j intj
2˛/jr j:
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More precisely, for Gbd and Gint defined in (2.28) and upon applying (2.17), we split the
non-homogeneous term:


i Z t

0

e
i
2 .t�s/�.rN . / � rN . n//.s/ ds





S0.Œ0;T ��R3/

(4.8)

� k.Gbd/. /jrv � rvnjkL1tL2x
C kGint. /jrv � rvnjkLq

0

t L
r 0
x

C k.Gbd. / �Gbd. n//jrvjkL1tL2x
C k.Gint. / �Gint. n//jrvjkLq

0

t L
r 0
x

� CT krv � rvnkL1t L2x
C CT .q�q

0/=.qq0/ZT . /
2˛
krv � rvnkLqt Lrx

C k.Gbd. / �Gbd. n//jrvjkL1tL2x
C k.Gint. / �Gint. n//jrvjkLq

0

t L
r 0
x
:

Thus, for T2 > 0 sufficiently small so that

C.T2 C T
.q�q0/=.qq0/
2 ZT . /

2˛/ �
1

2
,

we conclude from (4.7) and (4.8) that

krv � rvnkL1.Œ0;T2�;L2.R3// C krv � rvnkLq.Œ0;T2�;Lr .R3// � Cı.c C v0; cn C v
n
0 /

C k.Gbd. / �Gbd. n//jrvjkL1tL2x
C k.Gint. / �Gint. n//jrvjkLq

0

t L
r 0
x
:

To conclude that (4.6) holds, it suffices to show that the second line on the right-hand
side converges to 0 as n goes to infinity. We proceed by contradiction assuming that there
exists a subsequence, still denoted by  n, such that there exists " > 0 such that for all n
sufficiently large,

(4.9) k.Gbd. / �Gbd. n//jrvjkL1tL2x
C k.Gint. / �Gint. n//jrvjkLq

0

t L
r 0
x
� ":

Inequality (4.5) implies that, up to extracting a further subsequence, still denoted by  n,
that  n D cn C vn converges to  D c C v a.e. on Œ0; T /�R3. By virtue of the Assump-
tion 1.1, one has that Gbd and Gint are continuous. Therefore,

j.Gbd. / �Gbd. n//j jrvj ! 0 a.e. in Œ0; T / �R3;

j.Gint. / �Gint. n//j jrvj ! 0 a.e. in Œ0; T / �R3:

Further,

kGint. n/kL1t L
2.˛C1/=2˛
x .R3/

� Ckj nj
2˛.1 � �. n//kL1t L

2.˛C1/=2˛
x .R3/

� L3.supp.1 � �. n///˛=.˛C1/ C k q;nk2˛L1L2.˛C1/

� C.ZT . n/
2˛=.1C˛/

CZT . n/
2˛/

� C.M 2˛=.˛C1/
CM 2˛/;

for all n2N, where we exploited (2.4), namely, that the measure of supp.1 � �. n// is
finite. We obtain that there exists � 2L1.Œ0; T �IL2.˛C1/.R3// such that j q;nj � � a.e.
on Œ0; T / �R3. Therefore, we control

j.Gbd. / �Gbd. n//j jrvj � C jr j 2 L
1.Œ0; T /IL2.R3//;

j.Gint. / �Gint. n//j jrvj � C.j j
2˛
C j�j2˛/jr j 2 Lq

0

.Œ0; T /ILr
0

.R3//:
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The dominated convergence theorem then implies that (4.9) is violated, (3.16) follows and
Step 2 is complete.

Step 3. It remains to show that

kj j � j njkL1.Œ0;T �IL2.R3// ! 0:

More precisely, we need to upgrade

kj j � j njkL2.Œ0;T �IL2.R3// ! 0;

so that the convergence holds for almost all times t 2 Œ0; T �. The proof follows closely the
respective proof for d D 2, namely, the proof of (3.17). We omit the details.

Next, we show a persistence of regularity property, and that the Hamiltonian energy H

is conserved for regular solutions. The proof is completely analogous to the one for d D 2,
except that here we can exploit the affine structure of the energy space E and Sobolev
embeddings, which depend on the dimension. For the sake of clarity, we provide the proof
of this lemma.

Lemma 4.5. Let d D 3, let f be as in Assumption 1.1, and let  0 2 E.R3/ be such that
� 0 2L

2.R3/. Then the unique maximal solution  2C.Œ0; T �/IE.R3// satisfies

� 2 C.Œ0; T �IL2.R3//; @t 2 C.Œ0; T �IL
2.R3//

for all T 2 Œ0; T �/. Moreover, H . /.t/ D H . 0/ for all t 2 Œ0; T �/.

Proof. In view of Lemma 4.2, one has  .t/ D c C v.t/ for all t 2 Œ0; T �/ and it suffices
to consider v 2C.Œ0; T �/IFc.R3// a solution to (4.3). The assumption v0 2 Fc.R3/ \
PH 2.R3/ yields that @tv.0/ 2 L2.R3/. Indeed, by continuity in time, one has

i@tv.0/ D �
1

2
�v.0/CN .c C v/.0/:

As v.0/ D v0 2 Fc.R3/ \ PH 2.R3/ � L1.R3/, it follows that N1.c C v0/ 2 L
2.R3/

from (2.22), and N2.c C v0/ 2 L
1.R3/ and hence in L2.R3/ by means of (2.4). By

differentiating the Duhamel formula in time and applying Corollary 2.13, it follows that

i@tv.t/ D e
i
2 t�

� i
2
�v.0/ � iN .c C v/.0/

�
� i

Z t

0

e
i
2 s� @t .N .c C v/.t � s// ds

D e
i
2 t� @tv � i

Z t

0

e
i
2 .t�s/�.G1.c C v/@tv CG2.c C v/@tv/.s/ ds:

By means of the Strichartz estimates of Lemma 2.14, for the admissible pair .q; r/ as
in (4.1) and any 0 < T < T �, we have that

k@tvkL1.Œ0;T �IL2.R3// C k@tvkLq.Œ0;T �ILr .R3//

� 2k@tv.0/kL2.R3/ C kG1.c C v/@tv CG2.c C v/@tvkN 0.Œ0;T ��R3/;



Well-posedness for NLS with non-vanishing conditions at infinity 1103

with G1 and G2 defined in (2.27). Upon splitting Gi in Gi;1 and Gi;int, as in (2.28), it
follows that

kGi .c C v/j@tvjkN 0.Œ0;T ��R3/

� CT k@tvkL1.Œ0;T �IL2.R3// C kjc C vj
2˛.1 � �.c C v//j@tvjkN 0.Œ0;T ��R3/

� CT k@tvkL1.Œ0;T �IL2.R3//kj.c C v/qj
2˛
j@tvjkLq0 .Œ0;T �ILr 0 .R3/

� CT k@tvkL1.Œ0;T �IL2.R3// C T
.q�q0/=.qq0/ZT .c C v/

2˛
k@tvkLq.Œ0;T �ILr .R3//:

Therefore,

k@tvkL1.Œ0;T �IL2.R3// C k@tvkLq.Œ0;T �ILr .R3//

� 2k@tv.0/kL2.R3/ C CT k@tvkL1.Œ0;T �IL2.R3//

C T .q�q
0/=.qq0/ZT .c C v/

2˛
k@tvkLq.Œ0;T �ILr .R3//:

For 0 < T1 < T � sufficiently small, we have

k@tvkL1.Œ0;T1�IL2.R3// C k@tvkLq.Œ0;T1�ILr .R3// � 4k@tv.0/kL2.R3/:

Further,

k�vkL1.Œ0;T1�IL2.R3//

� 2k@tvkL1.Œ0;T1�IL2.R3// C 2kN .c C v/kL1.Œ0;T1�IL2.R3//

� 2k@tvkL1.Œ0;T1�IL2.R3// C 4ZT .c C v/C kj.c C v/q/j
2˛C1
kL1.Œ0;T1�IL2.R3//

Note that j.c C v/qj � 2 and jvj � 1 on supp.1 � �.c C v//. If ˛ 2 .0; 1�, then

kj.c C v/qj
2˛C1
kL1.Œ0;T1�IL2.R3// � Ckvk

1C2˛
L1.Œ0;T1�IL6.R3/

� CZT .c C v/
1C2˛:

If ˛ 2 .1; 2/, then we apply the Gagliardo–Nirenberg inequality to obtain that

kj.c C v/qj
2˛C1
kL1.Œ0;T1�IL2.R3// � Ckvk

2�˛
L1.Œ0;T1�IL6.R3//

k�vk˛�1
L1.Œ0;T1�IL2.R3//

;

where we note that 0 < ˛ � 1 < 1. It follows that

�v 2C.Œ0; T1�IL
2.R3//:

Finally, we conclude that
H .c C v/.t/ D H .c C v0/

by performing an analogous argument as in the proof of Lemma 3.5 for d D 2.

Proof of Theorem 1.3 in 3D. It only remains to show that the Hamiltonian energy is con-
served for all solutions  2C.Œ0; T �/;E.R3//, which follows from Proposition 4.1, and
an approximation by smooth solutions by means of Lemma 2.10, together with Lem-
ma 4.5.
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4.1. Global well-posedness

Similar to the 2D case, the lack of a suitable notion of (renormalized) mass, and the lack of
sign-definiteness of the Hamiltonian energy H constitute the main obstacles for proving
global existence.

Assuming that F � 0 allows one to control the functional E. �/, in terms of which the
blow-up alternative in Proposition 4.1 is stated, by H . �/, see Lemma 2.8. Global existence
is proven following closely the method detailed in Section 3.2 for d D 2.

Corollary 4.6. Let Assumption 1.5 be satisfied and, in addition, let the nonlinear poten-
tial energy density F , defined in (1.3), be non-negative, namely, F � 0. Then the unique
solution constructed in Proposition 4.1 is global, i.e., T � D C1.

This proves Theorem 1.6 for d D 3.
Exploiting the affine structure of the energy space E.R3/, we also prove global well-

posedness for a class of equations for which the associated nonlinear potential energy
density F.j j2/ fails to be non-negative. Such equations arise, for instance, in nonlinear
optics to investigate self-focusing phenomena in a defocusing medium, see [5, 48, 62].
A showcase model for such phenomena is (4.3) with competing subcritical power-type
nonlinearities satisfying Assumption 1.5 and having the form

f .r/ D a1.r
˛1 � �0/ � a2.r

˛2 � �0/;

where a1; a2 > 0 and 0 < ˛2 < ˛1 < 2. The defocusing nonlinearity is dominant for large
intensities j j2 � �0, and focusing phenomena occur for small intensities j j2 � �0,
where �0 is determined by the far-field. The case ˛1 D 2, ˛2 D 1 corresponds to the
energy-critical cubic-quintic nonlinearity and is investigated in [45,47]. As before, we set
�0 D 1 and, as in (4.4), it suffices to consider c D 1 and, upon scaling space and time,
a1 D 1. We are hence led to consider nonlinearities of the type

(4.10) f .r/ D .r˛1 � 1/ � a2.r
˛2 � 1/;

where Assumption 1.5 implies ˛1=˛2 > a2. Furthermore, we may assume that a2 > 1, as
otherwise F � 0. Indeed, the following hold:

(1) If a2 � 0, then it follows from (1.5) that F.�/ > 0 for all � � 0 with � ¤ 1.
(2) If 0 < a2 � 1, then f admits only one positive real root for r D 1 corresponding to

a global minimum of F . Hence, F.�/ > 0 for all � � 0 with � ¤ 1.
(3) If a2 > 1, then f admits two positive real roots �1; 1with 0 < �1 < 1, and F displays

a local minimum in �D 1 and a local maximum in �D �1. Depending on the location
of the root �1, two scenarios may occur:
(a) the root �1 is sufficiently close to 0 such that F.�/ � 0 for all � � 0,
(b) the root �1 is sufficiently close to 1 such that there exists �2 with F.�/ < 0 for

all 0 � � < �2.
Thus, it suffices to study the case (3) (b), in particular, ˛1=˛2 > a2 > 1. The behavior

of the competing power-type nonlinearities motivates the following assumptions.
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Assumption 4.7. Let f be a real-valued function satisfying Assumption 1.5 having the
form

f .r/ D .r˛1 � 1/C g.r/;

where 0 < ˛1 < 2 and g 2C 0.Œ0;1// \ C 1.0;1/ is such that

jg.�/j; j�g0.�/j � C.1C �˛2/;

with 0 � ˛2 < ˛1 for all � � 0. In addition, F.�/ > 0 for all � > 1.

Local well-posedness for (4.3) is provided by Theorem 1.3. The assumptions yield that
the nonlinear potential energy density F is well approximated by the one of the Ginzburg–
Landau energy for � close to 1, see (2.9), and coercive. Further, there exists 0 � �2 < 1
such that the negative part F� satisfies

(4.11) supp.F�/ � Œ0; �2�:

For (4.10), let 0 < �1 < 1 denote the smaller root of f . Then 0 � �2 < �1 < 1.

Proposition 4.8. Let f satisfy Assumption 4.7 and let v02F1.R3/with Re.v0/2L2.R3/.
Then the unique local solution v 2C.Œ0; T /IF1.R3// to (4.4) with initial data v.0/ D v0
provided by Proposition 4.1 is global.

In particular, Theorem 1.7 follows upon considering the phase shift given by mul-
tiplication of the datum with Nc, see (4.4). In order to compensate for the lack of sign-
definiteness of the total energy, we restrict our analysis to the subspace of F1.R3/ such
that Re.v/2L2.R3/. Following [47], for any v2F1.R3/ with Re.v/2L2.R3/, we define
for  D 1C v, the functional

M. / D H . /C C0

Z
R3

jRe.v/j2 dx;

for a suitable C0 > 0 to be determined. To prove global well-posedness, we show coer-
civity of M , and then conclude global existence by means of the Gronwall inequality, see
Lemma 4.9 and Lemma 4.11, respectively.

Lemma 4.9. Let v 2F1.R3/ such that Re.v/2L2.R3/. Then M.1C v/ is well defined.
In particular, for all C0 > 0, there exists an increasing function hW .0;1/! Œ0;1/ with
limr!0 h.r/ D 0 such that

M.1C v/ � h.E.1C v//C C0kRe.v/k2
L2
:

Moreover, there exist C0.�1/ > 0 and C > 0 such that

E.1C v/ � CM.1C v/:

The constantC0>0 depends only on �1 being the second largest root ofF as in (4.11).

Proof. The first inequality immediately follows from Lemma 2.5. To show the second
inequality, it suffices to prove that there exist C2; C0 > 0 such that

E.1C v/C C2

Z
R3

F�.j1C vj
2/ dx

� C2

�1
2
krvk2

L2.R3/
C

Z
R3

FC.j1C vj
2/ dx C C0kRe.v/k2

L2.R3/

�
:



P. Antonelli, L. E. Hientzsch and P. Marcati 1106

Let ı 2 .0; 1/ be such that the expansion (2.9) of F yields that

k.j1C vj � 1/1¹jj1Cvj2�1j<ıºk2L2.R3/
� Cl

Z
R3

F.j1C vj2/ 1¹jj1Cvj2�1j<ıº dx;

for some Cl > 0. On the other hand, by Assumption 4.7, the nonlinear potential energy is
coercive and there exists R0 � 1 such that

jj1C vj � 1j2 � CF.j1C vj2/;

for all j1C vj2 � R0. For 1C ı � j1C vj2 � R0, it suffices to notice that F is bounded
from above and below away from 0 to conclude that there exists Ch > 0 such thatZ

R3

jj1C vj � 1j2 1¹j1Cvj2�1Cıº dx � Ch

Z
R3

F.j1C vj2/ 1¹j1Cvj2�1Cıº dx;

by Assumption 4.7. Let C WD max¹Cl ; Chº. It remains to bound the negative part of F .
One has

supp.F�.j1C vj2// � ¹j1C vj2 � �2º � ¹j1C vj2 < 1 � ıº:

If v is in the latter set, then necessarily

Re.v/ 2 .�1 �
p
1 � ı;�1C

p
1 � ı /:

In particular,

¹j1C vj2 < 1 � ıº �
®
jRe.v/j > �; with � WD 1 �

p
1 � ı

¯
;

from which we concludeZ
R3

.jj1C vj � 1j2 C CF�.j1C vj
2// 1¹j1Cvj2�1�ıº dx �

1C C

�2

Z
R3

jRe.v/j2 dx:

We observe that ı; � > 0 depend only on 0 < �1 < 1 (and more precisely �2) being the
root of f closest to but smaller than 1. The expansion (2.9) which is determined by ˛1
and g guaranties that f has an isolated root in 1. Hence, there exists C0 D C0.�/ > 0 such
that the claim follows.

Remark 4.10. Note that in the case of a competing power-type nonlinearity (4.10) the
constant C0 > 0 depends only on ˛1; ˛2 and a2 satisfying ˛1=˛2 > a2 > 1.

Lemma 4.11. Let f satisfy Assumption 4.7, let v02F1.R3/ be such that Re.v0/2L2.R3/
and let v 2C.Œ0; T �/IF1/ be the unique maximal solution to (4.4) with initial data v0.
Then there exists C > 0 such that

M.1C v/.t/ � eCtM.1C v0//

for all t 2 Œ0; T �/. In particular, there exists D D D.E.1C v0/; kRe.v0/k2L2/ > 0 such
that

E.1C v/.t/ � D eCt

for all t 2 Œ0; T �/.
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Proof. First, let v0 2 F1, i.e.,  0 WD 1 C v0 2E.R3/, and Re.v0/ 2L2.R3/, such that
�v0 2L

2.R3/. Then  D 1C v 2C.Œ0; T �/IE.R3// and �v 2C.Œ0; T �IL2.R3// for all
0 < T < T �, by virtue of Theorem 1.3. It follows that

d
dt
M. /.t/ D C0

d
dt

Z
R3

jRe.v/j2 dx;

where we exploited that H . /.t/DH . 0/ for all t 2 Œ0;T �, from Theorem 1.3 (4). There-
fore,

d
dt

Z
R3

jRe.v/j2 dx D �2
Z

R3

Re.v/ Im.�v/ dx C 2
Z

R3

f .j1C vj2/Re.v/ Im.1C v/ dx

�

Z
R3

jrvj2 dx C 2
Z

R3

f .j1C vj2/Re.v/ Im.v/ dx;

upon integrating by parts and using Young’s inequality.
The second term is decomposed as

2

Z
R3

f .j1C vj2/Re.v/ Im.v/ dx

D 2

Z
R3

f .j1C vj2/ Im.v/Re.v/ 1¹j1Cvj2�1�ıº dx

C 2

Z
R3

f .j1C vj2/ Im.v/Re.v/ 1¹jj1Cvj2�1j<ıº dx

C 2

Z
R3

f .j1C vj2/ Im.v/Re.v/ 1¹j1Cvj2�1Cıº dx DW I1 C I2 C I3;

with ı 2 .0; 1/ such that (2.9) is valid for jj1C vj2 � 1j � ı. We treat the terms separately.
Note that on ¹j1C vj2 � 1 � ıº, one has Re.v/ 2 .�1 �

p
1 � ı;�1C

p
1 � ı /. Hence,

for � D 1 �
p
1 � ı, we obtain

jI1j �
C

�2

Z
R3

jRe.v/j2 dx:

Upon using the local Lipschitz property of f and f .1/D 0 and Cauchy–Schwarz followed
by Young’s inequality, one has

jI2j � C

Z
R3

.j1C vj2 � 1/jRe.v/j1¹jj1Cvj2�1j<ıº dx

� C
� Z

R3

.j1C vj2 � 1/2 1¹jj1Cvj2�1j<ıº dx C kRe.v/k2
L2

�
� C

Z
R3

F.j1C vj2/ 1¹jj1Cvj2�1j<ıº dx C CkRe.v/k2
L2
;

where we used (2.10) in the last inequality. It remains to control I3. By virtue of Assump-
tion 4.7, we have that F.�/ > 0 for all � > 1, and there exist C > 0, R0 > 1 such that
F.�/ � C�1C˛1 for all � � R0. It follows that

jI3j �
CR

1C˛1
0

m

Z
R3

F.j j2/ 1¹1Cı�j j2�R0º dx C C
Z

R3

F.j j2/ 1¹j j2�R0º dx;
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where
m D min

�2Œ1Cı;R0�
F.�/ > 0:

We conclude that there exists C > 0 such that

d
dt
M.t/ � CC0

�
H .1C v/.t/C

Z
R3

F�.j1C vj
2/ dx C kRe.v/k2

L2

�
:

Further, using that supp.F�/ � ¹j1C vj2 < 1 � ıº � ¹jRe.v/j > �º, we inferZ
R3

F�.j1C vj
2/ dx �

C

�2
kRe.v/k2

L2
:

Finally, there exists C > 0 such that

d
dt
M.t/ � CM.t/:

Gronwall’s lemma then yields

M.1C v/.t/ � eCtM.1C v/.0/;

and from Lemma 4.9, we infer that there existsD DD.E.1C v0/;kRe.v0/k2L2/ > 0 with

E.1C v/.t/ � DeCt :

The statement follows by approximation and the continuous dependence on the initial
data, provided by Lemma 2.10 and Theorem 1.3, respectively.

Global existence then follows from Lemma 4.11 and Theorem 1.3, by means of the
blow-up alternative, completing the proof of Theorem 1.7.

Remark 4.12. While our proof of global well-posedness in the case of non-sign-definite
total energy H does not require a smallness condition, more decay of Re.v0/ than pro-
vided by v0 2 F1.R3/ is assumed, namely, Re.v0/ 2 L2.R3/. The finite energy assump-
tion only yields v0 2 L6.R3/ and jvj2 C 2Re.v0/ 2 L2.R3/.

Under Assumption 4.7, and instead of Re.v0/2L2.R3/, one may alternatively assume
that the initial data are such that H .1 C v0/ and kr Re.v0/k2L2 are sufficiently small,
adapting Lemma 3.2 in [45] stated for cubic-quintic nonlinearities (1.17). Moreover, as
pointed out in Remark on p. 2683 of [46], the same argument yields small data global
well-posedness for the cubic-quintic nonlinearity, where the quintic part is focusing and
the cubic part defocusing, hence for F being unbounded from below. Inspired by this
observation and the classical small data global well-posedness in H 1 for NLS equations,
see, e.g., Chapter 3.4 of [66], we prove that (4.3) is globally well-posed in the energy
space for small data, provided that Assumption 1.5 holds.

Proposition 4.13. If Assumption 1.5 is satisfied, then there exists " > 0 depending only
on ı > 0 as in (2.10) such that if H .1C v0/ � "=4 and krv0k2L2 � ", then the unique
solution provided by Proposition 4.1 is global.
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This proves Theorem 1.8. If supp.F�/ � Œ0; 1/, it suffices to assume kr Re.v0/k2L2 is
small instead of krv0k2L2 .

Proof. First, we show that under the given assumptions, one has E.1C u0/ � C", and
second, a continuity argument then yields that E.1C v/.t/ remains bounded for all times.
We claim that there exists " > 0 such that if krv0k2L2 � " and H .1C v0/ � "=4, then
v0 2F1 and

(4.12) E.1C v0/ � C.H .1C v0/C krv0k
2
L2
/ D C":

The inequality is proven arguing as in Lemma 4.9. Indeed, instead of relying on the bound
Re.v0/2L2.R3/, one exploits the bound

kRe.v0/k6L6 � Ckr Re.v0/k6L2 ;

together with jRe.v/j � � > 0 for some � > 0 whenever j1C vj2 2 supp.F�1¹j1Cvj2<1º/,
where � depends on ı > 0 as in (2.10). This yieldsˇ̌̌ Z

R3

F�.j1C v0j
2/ 1¹j1Cv0j2<1�ıº dx

ˇ̌̌
�
C

�6
kRe.v0/k6L6

�
C

�6
kr Re.v0/k6L2 �

1

8
kr Re.v0/k2L2 ;

provided that krRe.v0/kL2� �3=2. Similarly, there exists � > 0 depending only on ı > 0,
as in (2.10), such that in supp.F 1¹j1Cvj2>1º/, we have jRe.v0/j > � or jIm.v0/j > �.
Hence, ˇ̌̌ Z

R3

F.j1C v0j
2/ 1¹j1Cv0j2>1Cıº dx

ˇ̌̌
�
1

8
krv0k

2
L2
:

The inequality (4.12) follows. Along the same lines, one proves that

E.1C v/.t/ � CH .1C v/.t/C C 0krvk6
L2

� CH .1C v0/C C
0E.1C v/6.t/ D

C

4
"C C 0E.1C v/6.t/:

Provided that " > 0 is sufficiently small, a continuity argument yields that E.1 C v/.t/

remains bounded, hence, by virtue of the blow-up alternative stated in Proposition 4.1,
global existence follows.

5. Lipschitz continuity of the solution map

In this section, we provide the proof of Theorem 1.4. Namely, we show that, provided f
satisfies (1.13), in addition to Assumption 1.1, the solution map is Lipschitz continuous
on bounded sets of E.Rd /.

Proof of Theorem 1.4. Let R > 0 and  10 ; 
2
0 2 E.Rd / such that E. i0/ � R for i D 1; 2.

Then, for all 0 < T < T �.OR/, there existsM > 0 such that the unique maximal solutions
 1;  2 2 C.Œ0; T �IE.Rd // satisfy

ZT . 1/CZT . 2/ �M;
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with ZT defined in (3.2). By virtue of (2.11), it follows that

dE. 1.t/;  2.t//(5.1)

� C.1CM/dE.e
i
2 t� 10 ; e

i
2 t� 20 /C C.1CM/

�




 � i Z t

0

e
i
2 .t�s/�.N . 1.s// �N . 2.s/// ds





L1.Œ0;T �IH1.R3//

� C.1CM/dE. 
1
0 ;  

2
0 /C C.1CM/kN . 1/ �N . 2/kN 1.Œ0;T ��Rd /;

where we used (2.14) to control the distance of the free solutions, and the Strichartz
estimate (2.17) to control the nonlinear flow. Lemma 3.4 and Lemma 4.4 for d D 2; 3,
respectively, yield that

kN . 1/ �N . 2/kN 0.Œ0;T ��Rd / � C.1CM CM
2˛/T � sup

t2Œ0;T �

dE. 1.t/;  2.t//:

It remains to control rN . 1/ � rN . 2/ in N 0.Œ0; T � � Rd /. To that end, we recall
that rN . i / can be decomposed by means of the functions Gbd. i /; Gint. i / defined
in (2.28). One has that

krN . 1/ � rN . 2/kN 0.Œ0;T ��Rd /(5.2)

� kjGbd. 1/jjr 1 � r 2jkL1.Œ0;T �IL2.Rd //

C kjGint. 1/jjr 1 � r 2jkN 0.Œ0;T ��Rd /

C kjGbd. 1/ �Gbd. 2/jjr 2jkN 0.Œ0;T ��Rd /

C kjGint. 1/ �Gint. 2/jjr 2jkN 0.Œ0;T ��Rd /:

Note that (2.29) yields that

jGbd. 1/j � C and jGint. 1/j � C.1C j 1j
2˛/:

Further, (1.13) yields that Gbd and Gint are locally Lipschitz, namely,

jGbd. 1/ �Gbd. 2/j � C jj 1j � j 2jj;

jGint. 1/ �Gint. 2/j � C.1C j 1j
2ˇ
C j 2j

2ˇ /jj 1j � j 2jj;

with ˇ D max¹0; ˛ � 1=2º. As j i j � 1 on the support of Gint. i /, we may assume in the
following that ˇ � 1. In the following, we distinguish to cases.

Case 1. d D 2.
Consider the admissible pair .q1; r1/ D .2.˛ C 1/=˛; 2.˛ C 1//, see also (3.1). To

bound the first line on the right-hand side of (5.2), we observe that

kjGbd. 1/jjr 1 � r 2jkL1.Œ0;T �IL2.R2// � CT kr 1 � r 2kL1.Œ0;T �IL2.R2//

and

kjGint. 1/jjr 1 �r 2jkN 0.Œ0;T ��R2/ � T
1=q01ZT . 1/

2˛
kr 1 �r 2kL1.Œ0;T �IL2.R2//:
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To bound the first term of the second line on the right-hand side of (5.2), one has

kjGbd. 1/ �Gbd. 2/jjr 2jkN 0.Œ0;T ��R2/

� Ckj 1j � j 2jjr 2jkL4=3.Œ0;T �IL4=3.R2//

� T 1=2kj 1j � j 2jkL1.Œ0;T �IL2.R2/kr 2kL4.Œ0;T �IL4.R2//

� T 1=2.1C T C T 1=q
0
1ZT . 1/

2˛/ZT . /kj 1j � j 2jkL1.Œ0;T �IL2.R2//;

where we used the Strichartz estimates (2.20), (2.17), and (3.4) in the last inequality. To
bound the second term of the line on the right-hand side of (5.2), we have that

kjGint. 1/ �Gint. 2/jjr 2jkN 0.Œ0;T ��R2/

� Ck.1C j 1;intj
2ˇ
C j 2;intj

2ˇ /jj 1j � j 2jjr 2jkN 0.Œ0;T ��R2/

� .T 1=2kr kL4L4 C T
1=3.kj 1;intj

2ˇ
C j 1;intj

2ˇ
kL1t L

6
x
/kr kL3tL6x

/

� kj 1j � j 2jkL1t L2x

� .T 1=2 C T 1=3.ZT . 1/
2ˇ
CZT . 2/

2ˇ //.1C T C T 1=q
0
1ZT . 1/

2˛/ZT . /

� kj 1j � j 2jkL1t L2x
;

where we used the Strichartz estimates (2.20), (2.17), and (3.4) in the last inequality. Com-
bining the above estimates, we obtain that there exists a sufficiently small T1D T1.M/> 0

such that
dE. 1.t/;  2.t// � C.1CM/dE. 

1
0 ;  

2
0 /;

for all t 2 Œ0; T1�. Note that T1 depends only on M , one may hence iterate the procedure
N WD dT=T1e times to cover the time interval Œ0; T �. This completes the case d D 2.

Case 2: d D 3.
The proof for d D 3 follows the same lines upon modifying the space-time norms so

that the pairs of exponents are Strichartz admissible for d D 3. In particular, one relies on
the endpoint Strichartz estimate (2.20) to bound r 2 2L2.Œ0; T �IL6.R3//.

If the solutions are global, i.e., T �.OR/ D C1, then Theorem 1.4 extends to the
following.

Corollary 5.1. Under the assumptions of Theorem 1.4, if, in addition, f is such that (1.1)
is globally well-posed, then for any R > 0, T > 0, there exists C > 0 such that for
all  i0 2E.Rd /, where i D 1; 2, with E. i / � R, the respective unique solutions  i 2
C.R;E.Rd // satisfy (1.14).
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