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Classification of solutions to —Au = ¢ ~2* in the half-space

Wei Dai, Zhao Liu and Berardino Sciunzi

Abstract. We classify all positive solutions to —Au = ¢~2% in the half space RY,
under Dirichlet boundary condition.

1. Introduction

In this paper, we classify positive weak solutions to the following Dirichlet problem with
exponentially decreasing nonlinearity:

—Au=e¢2 jn Rf
C) u>0 in RY
u=20 on 8Rﬁ,

where N > 2, x = (x, xn) E]Rﬂ\r’ with x’ e RV~1 and Rﬁ = {xeR¥ :xy > 0}.
We say u: R_ﬂ\rl — R is a weak solution to (?) in the sense that, u |31er € HI(B;) with
B;{ := Br(0) N Rﬁ forany R > 0, u = O on B]RJ_X in the sense of trace, and

(1.1) /RN Vu - Vedx Z/]R e pd x, VgoeCCl(Rﬁ).

N
+ +

Equation () can be regarded as the exponential decreasing nonlinear counterpart of
the second order Liouville equation with exponential increasing nonlinearity:

—Au = e**.

For classification results on second order, higher order and higher dimensional Liouville
equations with exponential increasing nonlinearities, we refer to [8—12, 14—17,20, 23,25,
26,31] and the references therein, in which the finite total mass condition f e?*dx < 400
is usually necessary. The Dirichlet and Navier problems for Liouville equations in half
space does not possess any positive classical solution in half space (see, e.g., [15-17]).
The exponential decay at infinity of the nonlinearity causes that Problem (/) can also
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be regarded as a natural counterpart of the singular equation —Au = u~" with negative
exponent (y > 0) investigated in [27,28] as y — +o00, which arises in the blow-up ana-
lysis near the boundary of bounded domain for solutions to —Au = 1/u¥ + f(u) (see,
e.g., [7,19]). The classification results in [27,28] conclude the whole picture for the classi-

fication of solutions to semi-linear elliptic equations —Au = u? (p € (—oo, %]) in half

space involving (positive/negative) power nonlinearities. For more literature on the study
of singular elliptic problems with negative exponents, refer to the seminal paper [13], see
also [1,3-6,18,21,24,29] and the references therein.

Throughout this paper, we shall use the following notation.

Definition 1.1. For any given /& > 0, we define the strip Z;{ in the half space Rﬂ‘r’ by
(1.2) = {xeRY |0 <xy <h}.

When N > 3, the following hypothesis will be needed when we prove the 1 — D
symmetry of solution u.
(A) There exists A > 0 such that u is bounded from above in the strip EX. We define
® = supu(x) < +o0.
=X
Our main result is the following theorem.

Theorem 1.2. Assume iat N > 2 and let u be a weak solution to (). Then, we have
that u € CZ(RJX) n C(Rﬁ) and there exists H = H(N) > 0 such that

1
(1.3) u(x) =In(1+ H xy) = S Inin (1 + H "xy) in RY\ =ty

and hence

. u(x)
liminf ———— > 1.
xy—+oo In(1 + xn)

Assume further that u satisfies the assumption (A) if N > 3 (no further assumption
if N = 2). Then u has 1-D symmetry, that is,
u(x) = u(x’, xy) = u(xy).
Moreover, we have, either
u =u(xy) =1In(l + xp),
or
u=u(lxy) =ur(xy), VL >0,

where
ur(t) = In[sinh(L(t + to(L)))] —InL, with ty(L) = %ln(L +VL2+1),

is the unique solution to

—uj(t) = e 2uL(®), vVt >0,
(1.4) up(t) > 0, Vi >0,

up(0) =0, limyoou) (r) = L.
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Remark 1.3. Our classification result in Theorem 1.2 can be compared with the clas-
sification results for —Au = u~7 with y > 0 in [27, 28]. Comparing with semi-linear
elliptic equations involving (positive/negative) power nonlinearities, there are some key
difficulties and ingredients in our proof of Theorem 1.2. First, it is necessary but very dif-
ficult for us to show the a priori lower bound estimate #(x) > u.(xy), where u«(xy) :=
In(1 + xp) is the special solution to (#). Fortunately, we are able to show the “In-In In"
type almost sharp estimate (1.3) in Theorem 2.1, which is exactly enough for our proof
and plays a key role in the proof. Second, there is no scaling that can keep both the equa-
tion and the boundary value in problem (/) invariant at the same time. Consequently,
we need to show some uniform estimates and uniform results with respect to the family
of boundary value problems caused by scalings. For instance, the lower bound estimates
in Theorem 2.1 including (1.3) are valid for general boundary value problem (2.8) (see
Remark 2.2 and the proof of Theorem 2.1).

We would like to summarize the outline of our proof and the rest of our paper as fol-

lows. In Section 2, we prove the accurate lower bound estimates and C 2(Rf )yncC (R_ﬂf)-
regularity without the assumption (A), and the precise upper bound estimates on both u
and |Vu| under the assumption (A). Actually, we show in (i) of Theorem 2.1 that

1
u(x) >In(1 4+ H 'xy) — 3 Inln(l + H 'xy)

far from the boundary 8R14Y , which is an almost sharp estimate and key ingredient in our
proof. In Section 3, thanks to these accurate asymptotic estimates established in Section 2,
we are able to exploit a celebrated result from Berestycki, Caffarelli and Nirenberg [2] to
derive the 1-D symmetry of solutions for N > 3 under the assumption (A). One should
note that, when N = 2, we can also show the 1-D symmetry of solution u by using Kelvin
type transforms and the method of moving planes without the assumption (A). Section 4
is devoted to carrying out the ODE analysis and completing our proof of Theorem 1.2.

In the following, we will use C to denote a general positive constant that may depend
on N, A and ®, and whose value may differ from line to line.

2. Regularity of weak solutions and precise asymptotic estimates

In this section, we assume u is a positive weak solution to (), and we will show regularity
and precise asymptotic behaviors of u.

2.1. The precise lower bound estimates and regularity without assumption (A)

First, without the boundedness assumption (A), we will prove the precise lower bound
estimates and the C 2(]Rﬂ\r’ ync (R_ﬂ\r’)-regularity for u. In fact, the standard elliptic estim-
ates (see, for instance, [22] and [30]) imply that, the weak solution u to (/) belongs
to C Z(Rﬂ\rl )N Lﬁ)‘;(R_ﬂ\:), because the nonlinear term e 2% is bounded. Then, it follows

from the standard local estimates up to the boundary (cf., e.g., Theorem 8.29 in [22]) that
ue C(Rﬁ). That is, we have u € Cz(Rﬁ’) N C(Ri).
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Theorem 2.1. There exist constants H = H(N) > 0 and ¢ = ¢(N) > 0 such that

1
i) u(x)=In(1+ H 'xy)— 3 Inln(1 + H 'xy) inRY \ =},
(i) u(x) >cln(l + xy) inRY \ =7,
(i) u(x) > cxlz\, in Ei".
Proof. Let ¢; € C%(B1(0)) be the first eigenfunction that solves
—A¢1 = Ai¢1  in B1(0),

@2.1) ¢1>0 in B1(0),
¢1 =0 on dB1(0),

with ¢ (0) = ||¢1 ||L°°(Bl(0)) = 1. Let us define
w(x) :=cIn(l + ¢1(x))

with constant 0 < ¢ < 1/In2 to be determined later. One can see that 0 < w < c¢In2 <1
in B1(0). Through straightforward computations, one has

Aw — C8¢ c|Vou|?
w = — .
L+¢1 (14 ¢1)?

By (2.1), we obtain

_ c|Ver|? cAid _ c
I+¢1)?> 14+¢1 A+ ¢1)?
=:n(x)e ¥ in By(0),

—Aw

(IVe11* + 2191 (1 + ¢1))

where
n(x) := c[(IVe1]® + A197) + 2111 (1 + ¢1)> 2.

First, we choose ¢ = 1/In2, then

0< 1) = UV + 2197) + i1 + 6172 < B2 in By(0),

where

H = H(N):= sup |[Vé1]2 +241 >0

e
2+/In2\/ B,(0)

depends only on N. Thus w solves

—Aw < H%?e™2% in B;(0),
2.2) O<w<l1 in B1(0),
w=0 on dB1(0).

For arbitrarily fixed xo = (xg, Xo,n) € Rﬂ\r’ \ E;, let

1 —
By R = [ln(l +R)— 3 Inn(1 + R)] w(x—Rx") in Bg(xo),
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where R = xo,5 > 2. Then, we infer from (2.5) that

R In(1 + R) — 3 Inln(1 + R) X — Xo
(23) _waO,R = - R2 AU)( R )

g In(1 + R) — 3 Inln(1 + R) , In(l+R)

= R2 ¢2w((x—x0)/R) = R2 g2w((x—x0)/R)
HZ

<

 2(n R—3 Inln(1+R)+1) w((x—x0)/R)
H2

< — 2 —2iy, R
= 21+ R~ L Inin(1+ R)Jw ((x—x0)/R) HZe™""0in Bg(xo).

Recalling that u is a solution to (), and letting ug (x) := u(H x), then we have

2.4) —Aupg = H? e_zuHA in Br(xp),
. —Alxy, g < H?e72™x0R in Bg(xo),

with ug (x) > 0 and Wy, g = 0 on IBR(xp). Since

R e_2wXO’R _ e*ZMH
e 2Wxg.R _ p72uH — c(X) (xR —Un), c(x)= _
wxo,R —UH

<0,

we infer from the maximum principle that ug > Wy, g in Br(x¢), and hence
1 1
u(Hxo) > [ln(] + R)— 5 Inin(1 + R)]w(O) = In(1 + R) = S Inin(1 + R).
Since x¢ € ]Rﬁ \ E; is arbitrary and R = xo,ny > 2, we derive

u(Hx) > [ln(l +xy) — %lnln(l —i—xN)]

forany x = (x’, xy) € RIX with x > 2. Consequently, we get
1
u(x) > [ln(l + H 'xy) - Elnln(l + H_lxN)]

forany x = (x’,xy) € Rﬁ with x > 2H. This proves (i) in Theorem 2.1.

Next, we choose ¢ = ¢(N) € (0 small enough such that

 73)
n(x) = c[(IVo1]* + X197) + A1 (1 + ¢1)>* 72| <1 in B1(0),
and hence w solves

—Aw <e 2w in B;(0),
(2.5 0<w<cln2<1/2 in B1(0),
w=0 on dB1(0).
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For arbitrarily fixed xo = (xg, xo,n) € Rﬂ\r’ \ Ef, let
Wyo g == In(l + R) w(%) in Bg(xo),

where R = xo,y > 1. Then, we infer from (2.5) that

In(1 + R) X —x
TAVn.R = Aw( R 0)
_In(1+R) 1 _In(l+R) 1
- R R62w((xfxo)/R) - R R2cln262w((x7x0)/R)
1 1
= e 2R in Bg(xo).

= e2(lnR+1)w((x—x0)/R) = eZln(l+R)w((x—xo)/R) -

Recalling that u is a solution to (J°), we have

_ _ ,—2u :
2.6) { Au=ce in Br(xo),

—Awyy R < e 2¥x0.R in Br(xo),

with #(x) > 0 and wy, g = 0 on dBR(x¢). Then we infer from the maximum principle
that u > wy,,r in Br(xp), and hence

u(xg) > In(1 + R)w(0) = cIn2In(1 + R).

Since xg € ]RQ_’ \ Ei" is arbitrary and R = xo,; > 1, we derive u > cIn21n(1 + xp) for
any x = (x',xy) € Rﬂ\r] with xn > 1. This proves (ii) in Theorem 2.1.
For arbitrarily fixed xo = (xg, xo,n) € Ei", let

Wxo.R 1= R%}(%) in Br(xop),

where R = xo,5 < 1. Then, we infer from (2.5) that

X x0> < p—2w((x=x0)/R)

Al = —Aw(

< e—2R2w((x—xO)/R) — e_szO:R in BR(XO)-

Recalling that u is a solution to (J°), we have

2.7

—Au=e in Br(xo),
—Alx, r < e 2Ux.R ip Bgr(xp),

with u(x) > 0 and Wy, g = 0 on dBr(xo). Then it follows from the maximum principle
that > Wy, g in Br(xo), and hence

u(xo) = w(0)R? = (cIn2)R2.

Recalling that R = xo v <1, since x¢ € Zf’ is arbitrary, one has u(x) > (cIn 2)x12\, in Ef.
This proves (iii) in Theorem 2.1, and hence we have finished our proof of Theorem 2.1. =
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Remark 2.2. It is clear from the proof of Theorem 2.1 that the lower bound estim-
ates (i), (ii) and (iii) in Theorem 2.1 hold for all weak solutions u to the general problem

—Au =e 2" in Rﬁ,
(2.8) u>0 inRY,
u>0 on dR%Y

which generalizes the Dirichlet problem (7).

2.2. The precise upper bound estimates with assumption (A)

In this subsection, we need the boundedness assumption (A) to derive the precise upper
bound estimates on both u and |Vu|.

Lemma 2.3. Under the assumption (A), we have the following sharp upper bound in the
Strip ZX:
u(x) <Cln(1+xy) inT}

with constant C = C(A, ®) > 0.
Proof. Letii(xy) = In(1 + xu) be the 1-D solution to

—" = inRT,

#(0) =0,

>0 inRT.

Therefore, for p > 1, U, := pii solves
—All, = pe™2" > ¢~ in RY,
(2.9) ii,>0 inRY,
i, =0 on GRQ_’.

Now, we take p := ®/In(1 + A) + 1. It follows that
(2.10) y(x) = pti(A) = pln(1 + A) > O on{x ERIX cxy = A}
Thus we have

(2.11) u<u, on 8EX.

Let ¢ := u —1l,. Then { € C(T}), 12l ooty <26 +In(1 + A), and ¢ satisfies

in Tt
(2.12) {A§+C(X)Z>O in T},

(<0 on 821’,

where ¢(x) 1= (e72* — e~ 20 /(u — o) < 0. Therefore, by applying a celebrated result
from Berestycki, Caffarelli and Nirenberg (see Lemma 2.1 in [2]) to (2.12), we derive that
u < U, in the strip EX. This finishes our proof of Lemma 2.3. ]
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Lemma 2.4. Under the assumption (A), there exists a positive constant C = C(©, A, N)
such that
u(x) < Cxy inRY\ =},

Proof. If A < 4H , by applying the invariant scaling for the equation —Au = e~2%,

(2.13) ua () = u( ﬁ, x) = 1In (%)

one can verify that u a /4 gr) still solves —Aup jam) = e 24A/GH) i ]Rﬁ_’, withu /gy >0
in Rf and up/uH) = —In(A/(4H)) > 0 on 81&1. It follows from Theorem 2.1 and
Remark 2.2 that the precise lower bound estimates (i), (i) and (iii) hold for u z /4 fy. In
particular, we have u s /(amr)(x) = In(1 + H™'xy) — 3 Inln(1 + H'xy) in RY \ =5,
Consequently, by replacing u with u p ;47 if A < 4H, in what follows, we may assume,
without loss of generalities, that A = 4H in the hypothesis (A), i.e., the solution u is
bounded in the strip ZIH, where H = H(N) is given by Lemma 2.1. Note that, if A <
4H , the new function u A /(4 71y (still denoted by u) is positive on 8Rﬂ\rl .

For any xo = (x{. Xo,n) ER;’\', with xo v > A = 4H, let R := xon/4 > H and
Ur(x) :=u(xp + R(x — x¢)). Then, we deduce from equation (/) that

(2.14) —Aug = R> ———ug =:c(x)ug in Bq(xo),
UREUR

and ug > 0in B4(xp). Since (i) in Lemma 2.1 implies that
1
u(x) > In(l + H 'xy) — 3 Inln(1 + H 'xy)

for any x = (x’,xy) € ]RX} with x; > 2H, noting that 2R = xo 5 /2 > 2H, we deduce
that
(1+2H7'R)*[In(1 + 2H"'R) — 3 InIn(1 + 2H'R)]
In(1 +2H-IR)
>2H2R? in Bx(xo).

uR(x)e2uR(x) >

Therefore, we have
2 R2 2
< e
Ugpe¥rR — 2H2R2 2
where the constant H = H (N ) is the same as (i) in Theorem 2.1. Consequently, by apply-
ing the Harnack inequality (cf., e.g., Theorem 8.20 in [22]) to

0<c(x):=

in B3(xo),

—Aug = c(x)ur in B2(xo),
we get

(2.15) sup ur < Cg inf ug,
B1(x0) B (x0)

where Cyy = Cy(N). Thus we can deduce that

U(xg) < sup u = sup up <Cpqx inf ur =Cg inf u < Cgu(x) in Bg(xp),
BR(xo) B1(x0) B1(x0) Br(x0)
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and hence
u(x) > Cglu(xo) on dBR(xg).

For any o, 7 € R, let us define the auxiliary function

o(c—tx= +1) ifN >3,

e lx—xo[¥
Fo,r =

o(In 5y +17) ifN =2,

which satisfies
ATy =0 inRY\ {xo}.

Now we choose o and t such that

Ior = Cglu(xo) on dBRr(xg),

(2.16)
Fa‘,r =0 on aB4R()C()).

Through direct computations, we can see that the system (2.16) holds as long as we take

_ CI__I1 u(xo)(4R)N_2

. N-2 _ :
(217) o= 4N—2_1 =CN M(XO)R and T——W 1fN23,
Cilu(x
218) o= "0 _ o) and t=In@R) ifN =2,
2In2
where L Na .
Ch 4%~ - Cy
CNIW forN23,and C2=21n2‘

With such choice of ¢ and t, we have

—Au=e">0 in Bsgr(xo) \ Br(xo),
—AFU,T =0 in B4R(X0) \ BR(X()),
U, e >0 in B4r(x0) \ Br(x0),

and u > I’y on d(Bar(x9) \ Br(xo)). Then we deduce from the maximum principle that
(2.19) u(x) = Iy o(x)  in Bar(xo) \ Br(xo).

Thus, by choosing (xg, H) € Bar(x0) \ Br(Xo), it follows from (2.17), (2.18) and (2.19)
that

1 1
! / — —
s ) = Toslso, 1) = 0 (s +7) = (s +7)

1 1
(4R — H)N-2 (4R)N—2)

1 1
T ' H) = 1 = In ——
et H) = 0 (In G =t e) = eI =gy +7)
— & u(xo) [IN(4R) — In(4R — H)] it N = 2.

= in u(xo)RN_z( ifN >3,

u(xg. H)

v
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Then, by Lagrange’s mean value theorem, we have

cN(N —2)Hu(xg)

— if N >3,
u(xg, H) > ~H4( )R
(&) u(Xo .
277 fN =2.
4R !

Since ||| 7 0 h) = ©® due to assumption (A), it follows immediately that

C
u(xg) < CR = 7 YoN

for some constant C = C(®, N) independent of R. Since xq € Rf \ EIH is arbitrary, we
obtain
u(x) < Cxy in{x G]Ri’ cxy > 4H).

Re-scaling by using the invariant scaling (2.13) if A < 4H, we finally derive u(x) < Cxy
in ]RIX \ Ej\' for some positive constant C = C(A, ®, N). This completes our proof of
Lemma 2.4. ]

As an immediate consequence of Theorem 2.1 and Lemma 2.4, we have the following.

Corollary 2.5. Under the assumption (A), there exists C = C(A, ®, N) such that
u(x) <Cxy in ]R{ﬂ\r/.

Furthermore, we can show that actually Vu € LOO(Rf ).

Lemma 2.6. Under the assumption (A), there exists C = C(A, ®, N) such that
|Vul <C inRY.

Proof. For arbitrary xo = (x’, xon) € ]Rf[, we set R = xo n and define

ur(x) = u(ﬁx) in Bl/2<%).

Then, by equation (), we know u g satisfies

R . Xo
—AUR = —82u(Rx) = f(x) mn BI/Z(E)
Exploiting Corollary 2.5, we deduce that

R R 3
R BN _ ey <2c in Biya (%2 ).
R R 2 R

ugr(x) =

where the constant C = C(®, A, N) is independent of R. Note that Rx € Br/»(xo) for
any x € By/2(xo/R). If R = xonv < 4H, then

R . X0
f(x) = ) <R<4H in Bl/z(i>’
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where the constant H = H(N) comes from (i) in Theorem 2.1. If R = xo v > 4H, then
it follows from (i) in Theorem 2.1 that

1
u(Rx) = In(l+ H~' Rxy) = S InIn(1 + H~'Rxy) in Bl/z(x—;),

and hence

Sx) = < —<2H

(1+ H'Rxy)? ~— H2R*x% ~ xn

RIn(1 + H™'Rxy) - H 'R?’xy H in By, <x0>
120 — )

In a word, we have f(x) = R/e?*RY) < 4H in By;(xo/R).
As a consequence, by regularity estimates (see, e.g., Theorem 3.9 in [22]), we derive

. X
[Vur(x)] = [Vu(Rx)| < C©.AN) in Bija(7)-

and hence
IVu(x)| < C(O,A,N) in Bja(xo).

Due to the arbitrariness of xg € ]Rﬂ\r’, we conclude that | Vu ||L°°(Rﬁ) < C(®,A,N). This
finishes the proof of Lemma 2.6. ]

3. 1-D symmetry of solutions

Let u be a weak solution to (). We are now ready to derive the 1-D symmetry result.

3.1. 1-D symmetry under the assumption (A) for general N > 2
Theorem 3.1. Suppose u is a weak solution to (). Under the assumption (A), it holds
u(x) = u(x',xy) =u(xy) inRY.

Proof. Let neR and 6 >0 to be chosen later. For any unit vector v € dB1(0) :={x € SRQ :
|x| = 1}, define
Uyg i=u(x + pv + fey).

One can easily verify that —Au,, g = e™24ub in Rﬂ‘r’. Setting @ :=u —u, g, we get
3.1) —Aw =e M — 7?8 = g(x)w in ]RIX,

where g(x) := (e72* — e 2"n0) /(U —uy ) € C(@) and g(x) < 0. From Theorem 2.1
and Lemma 2.3, we infer that, there exist constants C;, C5 > 0 such that

3.2) Cixy <u(x) < Cln(l+xy) inTf o4

For 6 > 0, by (3.2), there exist y = y(6) > 0 and A= 1(9) < min{l, A} (with y, X~ 62
as  — 0T) such thatu < y in Y5 anduy g > 2y in Xy for any u € R. Thus

o=u—u,g<-y<0 inZj.
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Define D = Rﬁ \ ZX' Then w < —y < 0 on dD. Moreover, it follows from Lemma 2.6
that

lollzeoy = IVl ooy (Il + 6) < C(I] 4 6).

As a consequence, by applying Lemma 2.1 in [2] from Berestycki, Caffarelli and Niren-
berg to the problem

Aw+g(x)w =0 inD,
w <0 on dD,

we obtainw :=u —u, 9 <0in D. Thusw < 0in Rf, ie,u <uygin Rf. Now, letting
9 — 01, we obtain
u=<u, VYneR,

and hence u(x) = u(x + pv) for any u € R. By the arbitrariness of € R and v € 9B (0),
we deduce that u(x) = u(xy). This finishes our proof of Theorem 3.1. |

3.2. 1-D symmetry without the assumption (A) for N = 2

When the spatial dimension N = 2, we can prove the 1-D symmetry of weak solution u
to (&) by using Kelvin type transforms, without the boundedness assumption (A).

Theorem 3.2. Assume N = 2. If u is a weak solution to (), then u has 1-D symmetry,
namely,
u(x) =u(x’,xy) = u(xy).

Proof. For N = 2, we define the Kelvin type transform of the solution u by
ux) = u(i), x # 0.
|x|?

It follows from equation () that u solves the equation

—Au = WE_ZE, X 75 0,
X
in the weak sense:
1 _
(3.3) Vii - Vod x = — e Ppdx, VpeClR3).
R2 R2 |x|*

Note that, by Theorem 2.1, u has singularity at the origin 0. By the regularity result in

Section 2, we know that u € C2(R3) N C(R?%), thus i € C*(R%) and @ is continuous up
to the boundary BRi except the origin 0.
We need now to introduce some standard notations. For any A < 0, we define

Y= {x = (01, x) = (x1,. .., xv—1, x8) €RY | xp < A},

and
X3 = QA —x1,x"), #x(x)=1i(xy) =u(2A —x1,x") in Zy.

Note that 7, has singularity at 0 = (=24, x’).
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By the reflection invariance and (3.3), we deduce that

1 _
(3.4) / VﬁA-Vgodx:/ — e Pgdx, VeeClRY).
RY RY |xa]* T
Let logarithmic cut-off functions 0 < ¥, ¢. < 1, be defined by
1 for |x| < VR,
Vr(x) = 1 2log(R/|x])/log R for /R < |x| < R,
0 for |x| > R,
and
0 for |x —0,] <e,
¢e(x) = 1 2log(s/|x|)/loge fore < |x —0y| < /e,
1 for [x — 0] > /e
Then, Y g and ¢, satisfy
Yr=1 in Bﬁ(O),
(3.5) Yr=0 in RN\ Br(0),
2
\Y =——— inBr(0)\B 0),
VR = ok P BRON B RO
and
¢ =0 in B.(0y),
(3.6) e =1 inRY \ B/ (0,).
2
V| = —— in B ~(0;)\ B.(05).
Vel = [riogs] By \ B0
and moreover,
4
(3.7) / Vg < —— — 0
BR(O)\Bﬁ(O) IOgR R—o0
and
5 4
(3.8) IVe|” < —
B /:(0)\B:(0,) |loge| =0

For any given § > 0, we define

. = = 2.1.2
W= wWespa:=@—uUy—8)+P;VrAs,,

where x4 denotes the characteristic function of the set A. One can see that w € H} (Rﬂf)

and w is compactly supported in Rﬁ'. Therefore, by density, we can use w as test function
in (3.3) and (3.4) and derive

o _ [ L o
Vu-Vwdx = 7€ wdx,
h23Y X |x|

1 _
/ Viiy - Vwdx = / —4e_2’”wdx.
)pY 2 |X,1|
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Note that # > %, on supp(w) and |x;| < |x| in X, by subtracting the above two integral
formulae, we get

1 _ 1 _
(3.9) / V(ﬁ—ﬁk)-dex:/ (—4e—2"— 4e_2’”)wdx50.
s, 5 x| x|

Define
hs .= W—uy—208)+.

Note that
Vw = Vhs¢pZ Vg + 2hs ps VsV + 2hs o2 YrVYR in T;.

We infer from (3.9) that

[ 1VhsPozvRax <2 [ halVhalo2yalVanlax +2 [ hslVhslg. 31Vl ax.
ppY 2 5

By using Young’s inequality, we get

/ Vhs 26203
Z

(3.10) BV YRl + 8 [ AN

=Y
ZaN(BR(O\B /5 (0)) ZaN(B z(0)\B:(0,))

=: I,(R) + L(e).

Since
hs <u <C in Bg(0)\ B /z(0)

for R large, it follows from (3.7) that

lim I;(R) = 0.
R—+00

On the other hand, note that 75 <u < C in £ N (B s (01) \ B¢(03)), it follows from (3.8)
that

B2 y3 Va2 < C / Vel = 02(1),

/EAQ(BJE(OA)\BE(OA)) ZaN (B £5(0,)\B:(02))

that is,
lim/I,(e) = 0.
e—0

Consequently, passing to the limit as R — +oc and ¢ — 07 in (3.10) yields that

/ |Vhs|?dx = 0.
Z

This implies that # < i, + § in X. Then, letting § — 07, we get

u<uy, inX, foranyA <O0.



Classification of solutions to —Au = e~2* in the half-space 1053

Repeating the argument in the opposite (—x)-direction, we conclude that
(xy, x") = i (—x1. x),

and hence
u(xy, x’) = u(—xy,x),

i.e., u is symmetric with respect to the hyperplane {x; = 0}, i.e., the x-axis for N = 2.
Taking the translation invariance of the problem () into account, we can see that © has to
be rotationally symmetric with respect to any line parallel to the x y-axis, which implies
that ¥ must be constant on any hyperplane {xy = /& > 0}. Therefore, we have

u(x) = ulx’, xy) = u(xy).

This completes our proof of Theorem 3.2. ]

4. Completion of the proof of Theorem 1.2: ODE analysis

4.1. ODE analysis

Since we have proved that u € CZ(]R{IX) N C(R_ﬂz) and u(x) = u(xy), it follows that
ueC?(Ry) N C(R,) and u solves the following ODE:

2u

—u" = inRy,
4.1) u() >0 inRy,
u(0) = 0.
One can easily verify that
4.2) Ux(t) = In(1 4+ 1¢)

is a special solution to the ODE (4.1), and for any L > O,

1
ur (t) := In[sinh(L(t + to(L)))]—In L, with ¢to(L) = I In (L + VL% + 1)
is also a special solution to the ODE (4.1) such that lim; o0 u} () = L.

Lemma 4.1. Suppose u(t) # ux(t) is another solution to the ODE (4.1), then there exist
to > 0and C > 0 such that u(ty) > Cty + ux(to) and u'(ty) > (Ct + u« (1)) (tp).

Proof. Suppose u(t) # u«(t) is another solution to the ODE (4.1), then there exists ty > 0
such that either u(¢9) < u(to) and u'(tg) < u’,(to), or u(te) > u«(to) and u’(z9) > ', (to).

If u(ty) < u«(to) and u’(t9) < u’,(¢o), suppose there exists T > 0 such that u(t) <
ux(t) for any t € [tg, to + 7] and u(t9 + t) = u«(top + ). Then it follows from (4.1) that
W' —ul) (t) = —(e72" — ¢=24x) < 0 for any ¢ € [to, to + 7], and hence u'(¢) — u’, () <
u'(to) — u',(to) < O for any ¢ € [to, o + 7], which implies

u(to + 1v) —ux(to + 7) < u(ty) —ux(to) + (M/(l()) - M;(lo))l’ < u(ty) —ux(ty) <O.

This contradicts u(fg + t) = u«(tp + 7). Therefore, we must have u(t) < u«(t) for all
t > to. The ODE (4.1) implies again that u’(¢) — u’, () < u’(to) — u/,(to) < Oforall ¢ > fg.
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Thus

u(t) < us(t) + (u(to) — ux(to)) + (' (to) — (o)) (t — to)
<In(1+1) + ' (tg) — u,(to)) (t —ty) - —0c0 ast — +oo0,
which contradicts u(¢) > 0.
As aconsequence, if u(t) % u«(t), then there must exist #y > 0 such that u(f9) > u (o)
and u’(to) > u/,(tp). Furthermore, u(ty) > Cty + u«(to) and u’(to) > C + v/, (to) for
C > 0 small enough. ]

Next, we will show that if u#(¢) £ u«(¢) is a solution to (4.1), then ¥ must have linear
growth, i.e., lim;— oo u/(t) = L for some L > 0.
To this end, for any C > 0, we define the following auxiliary function:
ze(t) ;= Ct +In(l +1) = Ct + u«(2).
Since u«(t) < z¢ (¢) for t > 0, one has
—z(t) = —ul(t) = e 2O 5 722¢W  yp 5,
Note that z¢ (0) = u(0) = 0, z¢(¢) > 0 for ¢ > 0, thus z¢ is a super-solution for the

ODE (4.1). Moreover, z(t) — C ast — +o0.
Now, for arbitrarily fixed #yp > 0 and C > 0, we consider the following problem:

—w(t) = e 2O Vi >,
(4.3) w(to) > zc (o),
w/([()) > Z/C (lo).
Note that Lemma 4.1 implies that any solution u(¢)  u«(¢) to the ODE (4.1) satisfies (4.3)

for some #9 > 0 and C > 0. We have the following lemma.

Lemma4.2. For any fixed to > 0 and C > 0, there exists a solution w to the problem (4.3).
Moreover, we have w(t) > zc (t) for t > ty and there exists a finite constant L > C > 0
such that lim; oo w'(¢t) = L < 400.

Proof. Since the nonlinearity e=2% is locally Lipschitz, there exists a unique local solution

w for problem (4.3). Next, we will show that w(¢) > z¢ (¢) for t > t¢ and hence the solution
w is global.

Suppose on the contrary that there exists T > g such that w(¢) > z¢ (t) fortg <t < T
but w(T) = z¢ (T'). Then we have

W'(t) =z (1)) > —e 20O 4 ¢722¢O > 0 Vrelt, T).
This yields that w'(t) — z () > w’(to) — z (to) > 0 for each ¢ € [tg, T'], thus
w(T) >z (T) + (W' (to) — z¢ (to))(T —to) > zc (T),

which contradicts w(T") = z¢ (T'). Therefore, it must hold that w(¢) > z¢ (t) > 0 for ¢t > £,
thus the nonlinear term e 2 is globally Lipschitz and hence the solution w actually exists
on the whole [tg, +00).

Moreover, we deduce from

w(t) > zc(t) and (W' (1) —zp (1)) > —e 20O 4 ¢722¢O 5 0 on [tg, +00)
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that

w'(t) — zo (t) > w'(to) — z¢ (1) > 0 foreach ¢ € [to, +00).
Furthermore, w” (t) = —e 2% < 0 on [ty, +-00) implies that w’(¢) is monotone decreasing
and

w'(t) > zp (1) + (W' (1) — z¢ (f0)) > C + (W' (t9) — z¢ (fo)) > C  on [tg, +00).

Thus there exists a constant L > C such that lim; 4 oo w'(f) = L > lim; 00 2z (1) = C.
This finishes our proof of Lemma 4.2. ]

As a direct consequence of Lemma 4.2, we have the following corollary.

Corollary 4.3. Suppose u(t) # u«(t) is a solution to (4.1). Then u must have linear
growth, i.e., there exists a constant L > 0 such that lim,_, y o u'(t) = L > 0.

Finally, we will show that uy is the unique solution to the ODE (4.1) with arbitrary
asymptotic linear growth rate L > 0 at 0o, and hence classify all solutions u(¢) £ u«(t)
to (4.1).

Theorem 4.4. For arbitrarily fixed L > 0, uy is the unique solution to

—uj(t) = e2uL(®) vVt >0,
(4.4) up(t) > 0, Vi >0,
up () =0, limy o sootty (1) = L.

Proof. Assume by contradiction that u}q ui are two different solutions to (4.4) with the
same asymptotic linear growth rate L > 0 at co. First, we will show that u} () # u? (t)
for all ¢ > 0. If not, suppose that there exist 0 < ¢, < t*, which are a pair of neighboring
roots of the equation ”11, (t) = ui (¢). Without loss of generalities, we may assume that
uj (t) < u?(t) for any ¢ € (1, 1*) but u} (t5) = u? (t+) and uj (t*) = u? (t*). For any
n > 0, taking ¢ := (u% - u}q — 1)+ as a test function for problem (4.4), we derive

t* t*
[ 10—k = wipar= [ -t -l - <o
Ix Ix

Thus u? < u} + nin [ts,1*] forall n > 0, and hence u} = u? in [t,,*]. It follows that
up (t*) = u? (t*) and (ui)/(t*) = (u%)/(t*). Consequently, by uniqueness of solution to
ODE —u] = e 2"L we must have ui = ui in [t«, +00). Note that, if we cannot take
t« = 0, then there must exist a sequence of pairs of neighboring roots 0 < (£4)x < (t*)x
of the equation u] (1) = u7 (t) such that (t,)r — 0 as k — +o0. Therefore, we finally
deduce that u; = u? in the whole [0, +00), which contradicts u} # u?.

Therefore, without loss of generalities, we may assume that ui (t) < u% (t) for all
t e R, It follows from

(Mi/ _ ui/)'(t) — ef2u%(t) _ e*ZMi(t) <0 inRt
and ui/(t), ui/(t) — L ast — +oo that

ul (t)—u3'(1) >0 forallr eRY.
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Thus ui (t) — u% (¢) is strictly increasing in R™. Recalling that ui 0) = u% (0) =0, we
derive u}‘(t) > u% (¢t) in R, which is absurd. Therefore, we must have ui = ui for any

t > 0, and hence the uniqueness holds true. This concludes our proof of Theorem 4.4. m

4.2. Conclusion: proof of Theorem 1.2

From the regularit}iesult in Section 2 and from Theorems 3.1 and 3.2, we know that
ueC2RY)NCRY) and u(x) = u(xy), and hence u € C2(R4) N C(Ry) and solves
the ODE (4.1). Consequently, we deduce from the ODE analysis in Section 4 (see Lem-
mas 4.1 and 4.2, Corollary 4.3, and Theorem 4.4) that, either v = u«(xy) = In(1 4+ xy),
or u has asymptotic linear growth rate L at co and hence u = ur (xy) (VYL > 0), where

1
ur (t) = In[sinh(L(t + to(L)))] —InL, with to(L) = Z1n (L+VL>+1),
is the unique solution to the ODE (4.1) such that limyy oo 4} (X)) = L > 0.
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