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Classification of solutions to ��u D e�2u in the half-space

Wei Dai, Zhao Liu and Berardino Sciunzi

Abstract. We classify all positive solutions to ��u D e�2u in the half space RN
C

,
under Dirichlet boundary condition.

1. Introduction

In this paper, we classify positive weak solutions to the following Dirichlet problem with
exponentially decreasing nonlinearity:8̂<̂

:
��u D e�2u in RNC
u > 0 in RNC
u D 0 on @RNC ;

(P )

where N � 2, x D .x0; xN /2RNC with x0 2RN�1 and RNC WD ¹x 2RN W xN > 0º.

We say uWRNC !RC is a weak solution to (P ) in the sense that, ujBCR 2H
1.BCR / with

BCR WD BR.0/ \RNC for any R > 0, u D 0 on @RNC in the sense of trace, and

(1.1)
Z

RN
C

ru � r'd x D
Z

RN
C

e�2u'd x; 8' 2C 1c .R
N
C /:

Equation (P ) can be regarded as the exponential decreasing nonlinear counterpart of
the second order Liouville equation with exponential increasing nonlinearity:

��u D e2u:

For classification results on second order, higher order and higher dimensional Liouville
equations with exponential increasing nonlinearities, we refer to [8–12, 14–17, 20, 23, 25,
26,31] and the references therein, in which the finite total mass condition

R
e2udx <C1

is usually necessary. The Dirichlet and Navier problems for Liouville equations in half
space does not possess any positive classical solution in half space (see, e.g., [15–17]).
The exponential decay at infinity of the nonlinearity causes that Problem (P ) can also
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be regarded as a natural counterpart of the singular equation ��u D u�
 with negative
exponent (
 > 0) investigated in [27, 28] as 
 ! C1, which arises in the blow-up ana-
lysis near the boundary of bounded domain for solutions to ��u D 1=u
 C f .u/ (see,
e.g., [7,19]). The classification results in [27,28] conclude the whole picture for the classi-
fication of solutions to semi-linear elliptic equations ��u D up (p 2 .�1; 2N

N�2
�) in half

space involving (positive/negative) power nonlinearities. For more literature on the study
of singular elliptic problems with negative exponents, refer to the seminal paper [13], see
also [1, 3–6, 18, 21, 24, 29] and the references therein.

Throughout this paper, we shall use the following notation.

Definition 1.1. For any given h > 0, we define the strip †C
h

in the half space RNC by

(1.2) †C
h
WD ¹x 2RNC j 0 < xN < hº:

When N � 3, the following hypothesis will be needed when we prove the 1 � D
symmetry of solution u.

(A) There exists ƒ > 0 such that u is bounded from above in the strip †Cƒ. We define

‚ WD sup
†Cƒ

u.x/ < C1:

Our main result is the following theorem.

Theorem 1.2. Assume that N � 2 and let u be a weak solution to (P ). Then, we have
that u2C 2.RNC / \ C.R

N
C / and there exists H D H.N/ > 0 such that

(1.3) u.x/ � ln
�
1CH�1xN

�
�
1

2
ln ln

�
1CH�1xN

�
in RNC n†

C

2H ;

and hence

lim inf
xN!C1

u.x/

ln.1C xN /
� 1:

Assume further that u satisfies the assumption (A) if N � 3 (no further assumption
if N D 2/. Then u has 1-D symmetry, that is,

u.x/ D u.x0; xN / D u.xN /:

Moreover, we have, either
u D u.xN / D ln.1C xN /;

or
u D u.xN / D uL.xN /; 8L > 0;

where

uL.t/ D lnŒsinh.L.t C t0.L///� � lnL; with t0.L/ D
1

L
ln.LC

p
L2 C 1/;

is the unique solution to8̂<̂
:
�u00L.t/ D e

�2uL.t/; 8t > 0;

uL.t/ > 0; 8t > 0;

uL.0/ D 0; limt!C1 u
0
L.t/ D L:

(1.4)
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Remark 1.3. Our classification result in Theorem 1.2 can be compared with the clas-
sification results for ��u D u�
 with 
 > 0 in [27, 28]. Comparing with semi-linear
elliptic equations involving (positive/negative) power nonlinearities, there are some key
difficulties and ingredients in our proof of Theorem 1.2. First, it is necessary but very dif-
ficult for us to show the a priori lower bound estimate u.x/ � u�.xN /, where u�.xN / WD
ln.1C xN / is the special solution to (P ). Fortunately, we are able to show the “ln-ln ln"
type almost sharp estimate (1.3) in Theorem 2.1, which is exactly enough for our proof
and plays a key role in the proof. Second, there is no scaling that can keep both the equa-
tion and the boundary value in problem (P ) invariant at the same time. Consequently,
we need to show some uniform estimates and uniform results with respect to the family
of boundary value problems caused by scalings. For instance, the lower bound estimates
in Theorem 2.1 including (1.3) are valid for general boundary value problem (2.8) (see
Remark 2.2 and the proof of Theorem 2.1).

We would like to summarize the outline of our proof and the rest of our paper as fol-
lows. In Section 2, we prove the accurate lower bound estimates and C 2.RNC / \ C.R

N
C /-

regularity without the assumption .A/, and the precise upper bound estimates on both u
and jruj under the assumption .A/. Actually, we show in (i) of Theorem 2.1 that

u.x/ � ln.1CH�1xN / �
1

2
ln ln.1CH�1xN /

far from the boundary @RNC , which is an almost sharp estimate and key ingredient in our
proof. In Section 3, thanks to these accurate asymptotic estimates established in Section 2,
we are able to exploit a celebrated result from Berestycki, Caffarelli and Nirenberg [2] to
derive the 1-D symmetry of solutions for N � 3 under the assumption .A/. One should
note that, whenN D 2, we can also show the 1-D symmetry of solution u by using Kelvin
type transforms and the method of moving planes without the assumption (A). Section 4
is devoted to carrying out the ODE analysis and completing our proof of Theorem 1.2.

In the following, we will use C to denote a general positive constant that may depend
on N , ƒ and ‚, and whose value may differ from line to line.

2. Regularity of weak solutions and precise asymptotic estimates

In this section, we assume u is a positive weak solution to (P ), and we will show regularity
and precise asymptotic behaviors of u.

2.1. The precise lower bound estimates and regularity without assumption (A)

First, without the boundedness assumption .A/, we will prove the precise lower bound
estimates and the C 2.RNC / \ C.R

N
C /-regularity for u. In fact, the standard elliptic estim-

ates (see, for instance, [22] and [30]) imply that, the weak solution u to (P ) belongs
to C 2.RNC / \ L

1
loc.R

N
C /, because the nonlinear term e�2u is bounded. Then, it follows

from the standard local estimates up to the boundary (cf., e.g., Theorem 8.29 in [22]) that
u2C.RNC /. That is, we have u2C 2.RNC / \ C.R

N
C /.



W. Dai, Z. Liu and B. Sciunzi 1042

Theorem 2.1. There exist constants H D H.N/ > 0 and c D c.N / > 0 such that

(i) u.x/ � ln.1CH�1xN / �
1

2
ln ln.1CH�1xN / in RNC n†

C

2H ;

(ii) u.x/ � c ln.1C xN / in RNC n†
C
1 ;

(iii) u.x/ � cx2N in †C1 :

Proof. Let �1 2C 2.B1.0// be the first eigenfunction that solves

(2.1)

8̂<̂
:
���1 D �1�1 in B1.0/;
�1 > 0 in B1.0/;
�1 D 0 on @B1.0/;

with �1.0/ D k�1kL1.B1.0// D 1. Let us define

w.x/ WD c ln.1C �1.x//

with constant 0 < c � 1=ln 2 to be determined later. One can see that 0 < w � c ln 2 � 1
in B1.0/. Through straightforward computations, one has

�w D
c��1

1C �1
�
cjr�1j

2

.1C �1/2
�

By (2.1), we obtain

��w D
cjr�1j

2

.1C �1/2
C
c�1�1

1C �1
D

c

.1C �1/2

�
jr�1j

2
C �1�1.1C �1/

�
DW �.x/ e�2w in B1.0/;

where
�.x/ WD cŒ.jr�1j

2
C �1�

2
1/C �1�1�.1C �1/

2c�2:

First, we choose c D 1=ln 2, then

0 < �.x/ D
1

ln 2
Œ.jr�1j

2
C �1�

2
1/C �1�1�.1C �1/

2c�2
� H 2 in B1.0/,

where
H D H.N/ WD

e

2
p

ln 2

r
sup
B1.0/

jr�1j2 C 2�1 > 0

depends only on N . Thus w solves

(2.2)

8̂<̂
:
��w � H 2 e�2w in B1.0/;
0 < w � 1 in B1.0/;
w D 0 on @B1.0/:

For arbitrarily fixed x0 D .x00; x0;N /2RNC n†
C
2 , let

ywx0;R WD
h

ln.1CR/ �
1

2
ln ln.1CR/

i
w
�x � x0

R

�
in BR.x0/;
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where R D x0;N � 2. Then, we infer from (2.5) that

�� ywx0;R D �
ln.1CR/ � 1

2
ln ln.1CR/

R2
�w

�x � x0
R

�
(2.3)

� H 2
ln.1CR/ � 1

2
ln ln.1CR/

R2 e2w..x�x0/=R/
� H 2 ln.1CR/

R2 e2w..x�x0/=R/

�
H 2

e2.lnR�
1
2 ln ln.1CR/C1/w..x�x0/=R/

�
H 2

e2Œln.1CR/�
1
2 ln ln.1CR/�w..x�x0/=R/

D H 2 e�2 ywx0;R in BR.x0/:

Recalling that u is a solution to (P ), and letting uH .x/ WD u.Hx/, then we have

(2.4)

´
��uH D H

2 e�2uH in BR.x0/;
�� ywx0;R � H

2 e�2 ywx0;R in BR.x0/;

with uH .x/ � 0 and ywx0;R D 0 on @BR.x0/. Since

e�2 ywx0;R � e�2uH D c.x/. ywx0;R � uH /; c.x/ D
e�2 ywx0;R � e�2uH

ywx0;R � uH
� 0;

we infer from the maximum principle that uH � ywx0;R in BR.x0/, and hence

u.Hx0/ �
h

ln.1CR/ �
1

2
ln ln.1CR/

i
w.0/ D ln.1CR/ �

1

2
ln ln.1CR/:

Since x0 2RNC n†
C
2 is arbitrary and R D x0;N � 2, we derive

u.Hx/ �
h

ln.1C xN / �
1

2
ln ln.1C xN /

i
for any x D .x0; xN / 2 RNC with xN � 2. Consequently, we get

u.x/ �
h

ln.1CH�1xN / �
1

2
ln ln.1CH�1xN /

i
for any x D .x0; xN /2RNC with xN � 2H . This proves (i) in Theorem 2.1.

Next, we choose c D c.N / 2
�
0; 1
2 ln2

�
small enough such that

�.x/ D c
�
.jr�1j

2
C �1�

2
1/C �1�1.1C �1/

2c�2
�
� 1 in B1.0/,

and hence w solves

(2.5)

8̂<̂
:
��w � e�2w in B1.0/;
0 < w � c ln 2 < 1=2 in B1.0/;
w D 0 on @B1.0/:
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For arbitrarily fixed x0 D .x00; x0;N /2RNC n†
C
1 , let

wx0;R WD ln.1CR/w
�x � x0

R

�
in BR.x0/;

where R D x0;N � 1. Then, we infer from (2.5) that

��wx0;R D �
ln.1CR/

R2
�w

�x � x0
R

�
�

ln.1CR/
R

1

Re2w..x�x0/=R/
�

ln.1CR/
R

1

R2c ln2e2w..x�x0/=R/

�
1

e2.lnRC1/w..x�x0/=R/
�

1

e2 ln.1CR/w..x�x0/=R/
D e�2wx0;R in BR.x0/:

Recalling that u is a solution to (P ), we have

(2.6)

´
��u D e�2u in BR.x0/;
��wx0;R � e

�2wx0;R in BR.x0/;

with u.x/ � 0 and wx0;R D 0 on @BR.x0/. Then we infer from the maximum principle
that u � wx0;R in BR.x0/, and hence

u.x0/ � ln.1CR/w.0/ D c ln 2 ln.1CR/:

Since x0 2RNC n†
C
1 is arbitrary and R D x0;N � 1, we derive u � c ln 2 ln.1C xN / for

any x D .x0; xN /2RNC with xN � 1. This proves (ii) in Theorem 2.1.
For arbitrarily fixed x0 D .x00; x0;N /2†

C
1 , let

zwx0;R WD R
2w
�x � x0

R

�
in BR.x0/;

where R D x0;N < 1. Then, we infer from (2.5) that

�� zwx0;R D ��w
�x � x0

R

�
� e�2w..x�x0/=R/

� e�2R
2w..x�x0/=R/ D e�2 zwx0;R in BR.x0/:

Recalling that u is a solution to (P ), we have

(2.7)

´
��u D e�2u in BR.x0/;
�� zwx0;R � e

�2 zwx0;R in BR.x0/;

with u.x/ � 0 and zwx0;R D 0 on @BR.x0/. Then it follows from the maximum principle
that u � zwx0;R in BR.x0/, and hence

u.x0/ � w.0/R
2
D .c ln 2/R2:

Recalling thatRD x0;N � 1, since x0 2†C1 is arbitrary, one has u.x/� .c ln2/x2N in†C1 .
This proves (iii) in Theorem 2.1, and hence we have finished our proof of Theorem 2.1.
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Remark 2.2. It is clear from the proof of Theorem 2.1 that the lower bound estim-
ates (i), (ii) and (iii) in Theorem 2.1 hold for all weak solutions u to the general problem

(2.8)

8̂<̂
:
��u D e�2u in RNC ;

u > 0 in RNC ;

u � 0 on @RNC ;

which generalizes the Dirichlet problem (P ).

2.2. The precise upper bound estimates with assumption (A)

In this subsection, we need the boundedness assumption .A/ to derive the precise upper
bound estimates on both u and jruj.

Lemma 2.3. Under the assumption (A), we have the following sharp upper bound in the
strip †Cƒ :

u.x/ � C ln.1C xN / in †Cƒ
with constant C D C.ƒ;‚/ > 0.

Proof. Let yu.xN / D ln.1C xN / be the 1-D solution to8̂<̂
:
�yu00 D e�2yu in RC;

yu.0/ D 0;

yu > 0 in RC:

Therefore, for � > 1, yu� WD � yu solves

(2.9)

8̂<̂
:
��yu� D �e

�2yu > e�2yu� in RNC ;

yu� > 0 in RNC ;

yu� D 0 on @RNC :

Now, we take � WD ‚=ln.1Cƒ/C 1. It follows that

(2.10) yu�.x/ D �yu.ƒ/ D � ln.1Cƒ/ � ‚ on ¹x 2RNC W xN D ƒº:

Thus we have

(2.11) u � yu� on @†Cƒ:

Let � WD u � yu�. Then � 2C.†Cƒ/, k�kL1.†Cƒ/ � 2‚C ln.1Cƒ/, and � satisfies

(2.12)

´
�� C c.x/� > 0 in †Cƒ;
� � 0 on @†Cƒ;

where c.x/ WD .e�2u � e�2yu�/=.u � yu�/ � 0. Therefore, by applying a celebrated result
from Berestycki, Caffarelli and Nirenberg (see Lemma 2.1 in [2]) to (2.12), we derive that
u � yu� in the strip †Cƒ. This finishes our proof of Lemma 2.3.
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Lemma 2.4. Under the assumption .A/, there exists a positive constant C D C.‚;ƒ;N /
such that

u.x/ � CxN in RNC n†
C

ƒ:

Proof. If ƒ < 4H , by applying the invariant scaling for the equation ��u D e�2u,

(2.13) uƒ=.4H/.x/ D u
� ƒ
4H

x
�
� ln

� ƒ
4H

�
;

one can verify that uƒ=.4H/ still solves��uƒ=.4H/D e�2uƒ=.4H/ in RNC , with uƒ=.4H/>0
in RNC and uƒ=.4H/ D � ln.ƒ=.4H// > 0 on @RNC . It follows from Theorem 2.1 and
Remark 2.2 that the precise lower bound estimates (i), (ii) and (iii) hold for uƒ=.4H/. In
particular, we have uƒ=.4H/.x/ � ln.1CH�1xN /� 1

2
ln ln.1CH�1xN / in RNC n†

C

2H .
Consequently, by replacing u with uƒ=.4H/ if ƒ < 4H , in what follows, we may assume,
without loss of generalities, that ƒ D 4H in the hypothesis (A), i.e., the solution u is
bounded in the strip †C4H , where H D H.N/ is given by Lemma 2.1. Note that, if ƒ <

4H , the new function uƒ=.4H/ (still denoted by u) is positive on @RNC .
For any x0 D .x00; x0;N / 2RCN with x0;N � ƒ D 4H , let R WD x0;N =4 � H and

uR.x/ WD u.x0 CR.x � x0//. Then, we deduce from equation (P ) that

(2.14) ��uR D R
2 1

uRe2uR
uR DW c.x/uR in B4.x0/;

and uR > 0 in B4.x0/. Since (i) in Lemma 2.1 implies that

u.x/ � ln.1CH�1xN / �
1

2
ln ln.1CH�1xN /

for any x D .x0; xN /2RCN with xN � 2H , noting that 2R D x0;N =2 � 2H , we deduce
that

uR.x/e2uR.x/ �
.1C 2H�1R/2

�
ln.1C 2H�1R/ � 1

2
ln ln.1C 2H�1R/

�
ln.1C 2H�1R/

� 2H�2R2 in B2.x0/:

Therefore, we have

0 < c.x/ WD
R2

uR e2uR
�

R2

2H�2R2
D
H 2

2
in B2.x0/;

where the constantH DH.N/ is the same as (i) in Theorem 2.1. Consequently, by apply-
ing the Harnack inequality (cf., e.g., Theorem 8.20 in [22]) to

��uR D c.x/uR in B2.x0/;

we get

(2.15) sup
B1.x0/

uR � CH inf
B1.x0/

uR;

where CH D CH .N /. Thus we can deduce that

u.x0/ � sup
BR.x0/

u D sup
B1.x0/

uR � CH inf
B1.x0/

uR D CH inf
BR.x0/

u � CHu.x/ in BR.x0/;
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and hence
u.x/ � C�1H u.x0/ on @BR.x0/:

For any �; � 2R, let us define the auxiliary function

��;� WD

8<: �
�

1
jx�x0jN�2

C �
�

if N � 3;

�
�

ln 1
jx�x0j

C �
�

if N D 2;

which satisfies
���;� D 0 in RN n ¹x0º:

Now we choose � and � such that

(2.16)

´
��;� D C

�1
H u.x0/ on @BR.x0/;

��;� D 0 on @B4R.x0/:

Through direct computations, we can see that the system (2.16) holds as long as we take

�D
C�1H u.x0/.4R/

N�2

4N�2 � 1
DW QcN u.x0/R

N�2 and � D �
1

.4R/N�2
if N �3;(2.17)

�D
C�1H u.x0/

2 ln 2
DW Qc2u.x0/ and � D ln.4R/ if N D 2;(2.18)

where

QcN D
C�1H 4N�2

4N�2 � 1
for N � 3, and Qc2 D

C�1H
2 ln 2

�

With such choice of � and � , we have8̂<̂
:
��u D e�2u > 0 in B4R.x0/ n BR.x0/;
����;� D 0 in B4R.x0/ n BR.x0/;
u; ��;� > 0 in B4R.x0/ n BR.x0/;

and u� ��;� on @.B4R.x0/ nBR.x0//. Then we deduce from the maximum principle that

(2.19) u.x/ � ��;� .x/ in B4R.x0/ n BR.x0/:

Thus, by choosing .x00;H/2B4R.x0/ n BR.x0/, it follows from (2.17), (2.18) and (2.19)
that

u.x00;H/ � ��;� .x
0
0;H/ D �

� 1

j.x00;H/�.x
0
0; x0;N /j

N�2
C�

�
D c

� 1

j4R�H jN�2
C�

�
D QcN u.x0/R

N�2
� 1

.4R �H/N�2
�

1

.4R/N�2

�
if N � 3;

u.x00;H/ � ��;� .x
0
0;H/ D �

�
ln

1

j.x00;H/ � .x
0
0; x0;N /j

C�
�
D c

�
ln

1

j4R�H j
C�

�
D Qc2 u.x0/ Œln.4R/ � ln.4R �H/� if N D 2:
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Then, by Lagrange’s mean value theorem, we have

u.x00;H/ �

8̂̂<̂
:̂
QcN .N � 2/Hu.x0/

4N�1R
if N � 3;

Qc2H u.x0/

4R
if N D 2:

Since kukL1.†C4H / D ‚ due to assumption (A), it follows immediately that

u.x0/ � CR D
C

4
x0;N

for some constant C D C.‚;N / independent of R. Since x0 2RNC n†
C

4H is arbitrary, we
obtain

u.x/ � CxN in ¹x 2RNC W xN � 4H º:

Re-scaling by using the invariant scaling (2.13) ifƒ< 4H , we finally derive u.x/� CxN
in RNC n †

C

ƒ for some positive constant C D C.ƒ; ‚; N /. This completes our proof of
Lemma 2.4.

As an immediate consequence of Theorem 2.1 and Lemma 2.4, we have the following.

Corollary 2.5. Under the assumption (A), there exists C D C.ƒ;‚;N / such that

u.x/ � CxN in RNC :

Furthermore, we can show that actually ru2L1.RNC /.

Lemma 2.6. Under the assumption (A), there exists C D C.ƒ;‚;N / such that

jruj � C in RNC :

Proof. For arbitrary x0 D .x0; x0;N /2RNC , we set R D x0;N and define

uR.x/ D
u.Rx/

R
in B1=2

�x0
R

�
:

Then, by equation (P ), we know uR satisfies

��uR D
R

e2u.Rx/
DW f .x/ in B1=2

�x0
R

�
:

Exploiting Corollary 2.5, we deduce that

uR.x/ D
u.Rx/

R
� C

RxN

R
D CxN �

3

2
C in B1=2

�x0
R

�
;

where the constant C D C.‚;ƒ;N / is independent of R. Note that Rx 2BR=2.x0/ for
any x 2B1=2.x0=R/. If R D x0;N � 4H , then

f .x/ D
R

e2u.Rx/
� R � 4H in B1=2

�x0
R

�
;
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where the constant H D H.N/ comes from (i) in Theorem 2.1. If R D x0;N > 4H , then
it follows from (i) in Theorem 2.1 that

u.Rx/ � ln.1CH�1RxN / �
1

2
ln ln.1CH�1RxN / in B1=2

�x0
R

�
;

and hence

f .x/ �
R ln.1CH�1RxN /
.1CH�1RxN /2

�
H�1R2xN

H�2R2x2N
�
H

xN
� 2H in B1=2

�x0
R

�
:

In a word, we have f .x/ D R=e2u.Rx/ � 4H in B1=2.x0=R/.
As a consequence, by regularity estimates (see, e.g., Theorem 3.9 in [22]), we derive

jruR.x/j D jru.Rx/j � C.‚;ƒ;N / in B1=4
�x0
R

�
;

and hence
jru.x/j � C.‚;ƒ;N / in BR=4.x0/:

Due to the arbitrariness of x0 2RNC , we conclude that krukL1.RN
C /
� C.‚;ƒ;N /. This

finishes the proof of Lemma 2.6.

3. 1-D symmetry of solutions

Let u be a weak solution to (P ). We are now ready to derive the 1-D symmetry result.

3.1. 1-D symmetry under the assumption (A) for general N � 2

Theorem 3.1. Suppose u is a weak solution to (P ). Under the assumption (A), it holds

u.x/ D u.x0; xN / D u.xN / in RNC :

Proof. Let�2R and � >0 to be chosen later. For any unit vector �2@B 01.0/ WD ¹x2@R
N
C W

jxj D 1º, define
u�;� WD u.x C �� C �eN /:

One can easily verify that ��u�;� D e�2u�;� in RNC . Setting ! WD u � u�;� , we get

(3.1) ��! D e�2u � e�2u�;� D g.x/! in RNC ;

where g.x/ WD .e�2u � e�2u�;� /=.u � u�;� /2C.RNC / and g.x/ � 0. From Theorem 2.1
and Lemma 2.3, we infer that, there exist constants C1; C2 > 0 such that

(3.2) C1x
2
N � u.x/ � C2 ln.1C xN / in †Cmin¹1;ƒº:

For � > 0, by (3.2), there exist 
 D 
.�/ > 0 and z� D z�.�/ < min¹1;ƒº (with 
; z� � �2

as � ! 0C) such that u < 
 in †z� and u�;� > 2
 in †z� for any �2R. Thus

! D u � u�;� < �
 < 0 in †z�.
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Define D WD RNC n†z�. Then ! � �
 < 0 on @D. Moreover, it follows from Lemma 2.6
that

k!kL1.D/ � krukL1.RN
C /
.j�j C �/ � C.j�j C �/:

As a consequence, by applying Lemma 2.1 in [2] from Berestycki, Caffarelli and Niren-
berg to the problem ´

�! C g.x/! D 0 in D;
! � 0 on @D;

we obtain ! WD u� u�;� � 0 inD. Thus ! � 0 in RNC , i.e., u � u�;� in RNC . Now, letting
� ! 0C, we obtain

u � u�; 8�2R;

and hence u.x/D u.xC��/ for any�2R. By the arbitrariness of�2R and � 2 @B 01.0/,
we deduce that u.x/ D u.xN /. This finishes our proof of Theorem 3.1.

3.2. 1-D symmetry without the assumption (A) for N D 2

When the spatial dimension N D 2, we can prove the 1-D symmetry of weak solution u
to (P ) by using Kelvin type transforms, without the boundedness assumption (A).

Theorem 3.2. Assume N D 2. If u is a weak solution to (P ), then u has 1-D symmetry,
namely,

u.x/ D u.x0; xN / D u.xN /:

Proof. For N D 2, we define the Kelvin type transform of the solution u by

u.x/ WD u
� x

jxj2

�
; x ¤ 0:

It follows from equation (P ) that u solves the equation

��u D
1

jxj4
e�2u; x ¤ 0;

in the weak sense:

(3.3)
Z

R2
C

ru � r'd x D
Z

R2
C

1

jxj4
e�2u ' d x; 8' 2C 1c .R

2
C/:

Note that, by Theorem 2.1, u has singularity at the origin 0. By the regularity result in
Section 2, we know that u2C 2.R2C/\ C.R

2
C/, thus u2C 2.R2C/ and u is continuous up

to the boundary @R2C except the origin 0.
We need now to introduce some standard notations. For any � < 0, we define

†� WD ¹x D .x1; x
0/ D .x1; : : : ; xN�1; xN /2RNC j x1 < �º;

and
x� D .2� � x1; x

0/; u�.x/ D u.x�/ D u.2� � x1; x
0/ in †�:

Note that u� has singularity at 0� D .�2�; x0/.



Classification of solutions to ��u D e�2u in the half-space 1051

By the reflection invariance and (3.3), we deduce that

(3.4)
Z

RN
C

ru� � r'd x D
Z

RN
C

1

jx�j4
e�2u� ' d x; 8' 2C 1c .R

N
C /:

Let logarithmic cut-off functions 0 �  R, �" � 1, be defined by

 R.x/ D

8̂<̂
:
1 for jxj �

p
R;

2 log.R=jxj/=logR for
p
R � jxj � R;

0 for jxj � R;

and

�".x/ D

8̂<̂
:
0 for jx � 0�j � ";
2 log."=jxj/=log " for " � jx � 0�j �

p
";

1 for jx � 0�j �
p
":

Then,  R and �" satisfy

(3.5)

8̂̂<̂
:̂
 R D 1 in Bp

R
.0/;

 R D 0 in RN n BR.0/;

jr Rj D
2

jxj logR
in BR.0/ n BpR .0/;

and

(3.6)

8̂̂<̂
:̂
�" D 0 in B".0�/;
�" D 1 in RN n Bp" .0�/;

jr�"j D
2

jxjj log "j
in Bp" .0�/ n B".0�/;

and moreover,

(3.7)
Z
BR.0/nB

p
R
.0/

jr Rj
2
�

4�

logR
�!
R!1

0

and

(3.8)
Z
Bp".0�/nB".0�/

jr�"j
2
�

4�

j log "j
�!
"!0

0:

For any given ı > 0, we define

w D w";ı;R;� WD .u � u� � ı/C�
2
" 

2
R�†� ;

where �A denotes the characteristic function of the set A. One can see that w 2H 1
0 .R

N
C /

and w is compactly supported in RNC . Therefore, by density, we can use w as test function
in (3.3) and (3.4) and deriveZ

†�

ru � rwd x D
Z
†�

1

jxj4
e�2uw d x;Z

†�

ru� � rwd x D
Z
†�

1

jx�j4
e�2u�w d x:
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Note that u � u� on supp.w/ and jx�j � jxj in †�, by subtracting the above two integral
formulae, we getZ

†�

r.u � u�/ � rw d x D
Z
†�

� 1

jxj4
e�2u �

1

jx�j4
e�2u�

�
w d x � 0:(3.9)

Define
hı WD .u � u� � ı/C:

Note that

rw D rhı �
2
"  

2
R C 2hı �"r�" 

2
R C 2hı �

2
"  Rr R in †�:

We infer from (3.9) thatZ
†�

jrhı j
2�2"  

2
R dx � 2

Z
†�

hı jrhı j�
2
"  Rjr�Rj dx C 2

Z
†�

hı jrhı j�" 
2
Rjr�"j dx:

By using Young’s inequality, we get

(3.10)

Z
†�

jrhı j
2�2" 

2
R

� 8

Z
†�\.BR.0/nB

p
R
.0//

h2ı �
2
" jr Rj

2
C 8

Z
†�\.B

p
".0�/nB".0�//

h2ı  
2
Rjr�"j

2

DW I1.R/C I2."/:

Since
hı � u � C in BR.0/ n BpR .0/

for R large, it follows from (3.7) that

lim
R!C1

I1.R/ D 0:

On the other hand, note that hı �u�C in†�\ .Bp" .0�/ nB".0�//, it follows from (3.8)
that Z

†�\ .B
p
".0�/nB".0�//

h2ı  
2
R jr�"j

2
� C

Z
†�\ .B

p
".0�/nB".0�//

jr�"j
2
D o".1/;

that is,
lim
"!0

I2."/ D 0:

Consequently, passing to the limit as R!C1 and "! 0C in (3.10) yields thatZ
†�

jrhı j
2d x D 0:

This implies that u � u� C ı in †�. Then, letting ı ! 0C, we get

u � u� in †� for any � < 0:
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Repeating the argument in the opposite .�x1/-direction, we conclude that

u.x1; x
0/ D u.�x1; x

0/;

and hence
u.x1; x

0/ D u.�x1; x
0/;

i.e., u is symmetric with respect to the hyperplane ¹x1 D 0º, i.e., the xN -axis for N D 2.
Taking the translation invariance of the problem (P ) into account, we can see that u has to
be rotationally symmetric with respect to any line parallel to the xN -axis, which implies
that u must be constant on any hyperplane ¹xN D h � 0º. Therefore, we have

u.x/ D u.x0; xN / D u.xN /:

This completes our proof of Theorem 3.2.

4. Completion of the proof of Theorem 1.2: ODE analysis

4.1. ODE analysis

Since we have proved that u 2 C 2.RNC / \ C.R
N
C / and u.x/ D u.xN /, it follows that

u2C 2.RC/ \ C.RC/ and u solves the following ODE:8̂<̂
:
�u00 D e�2u in RC;

u.t/ > 0 in RC;

u.0/ D 0:

(4.1)

One can easily verify that

(4.2) u�.t/ D ln.1C t /

is a special solution to the ODE (4.1), and for any L > 0,

uL.t/ WD lnŒsinh.L.t C t0.L///� � lnL; with t0.L/ D
1

L
ln
�
LC

p
L2 C 1

�
is also a special solution to the ODE (4.1) such that limt!1 u

0
L.t/ D L.

Lemma 4.1. Suppose u.t/ 6� u�.t/ is another solution to the ODE (4.1), then there exist
t0 > 0 and C > 0 such that u.t0/ > C t0 C u�.t0/ and u0.t0/ > .C t C u�.t//0.t0/.

Proof. Suppose u.t/ 6� u�.t/ is another solution to the ODE (4.1), then there exists t0 > 0
such that either u.t0/ < u�.t0/ and u0.t0/ < u0�.t0/, or u.t0/ > u�.t0/ and u0.t0/ > u0�.t0/.

If u.t0/ < u�.t0/ and u0.t0/ < u0�.t0/, suppose there exists � > 0 such that u.t/ <
u�.t/ for any t 2 Œt0; t0 C �� and u.t0 C �/ D u�.t0 C �/. Then it follows from (4.1) that
.u0 � u0�/

0.t/ D �.e�2u � e�2u�/ < 0 for any t 2 Œt0; t0 C ��, and hence u0.t/ � u0�.t/ <
u0.t0/ � u

0
�.t0/ < 0 for any t 2 Œt0; t0 C ��, which implies

u.t0 C �/ � u�.t0 C �/ < u.t0/ � u�.t0/C .u
0.t0/ � u

0
�.t0//� < u.t0/ � u�.t0/ < 0:

This contradicts u.t0 C �/ D u�.t0 C �/. Therefore, we must have u.t/ < u�.t/ for all
t � t0. The ODE (4.1) implies again that u0.t/� u0�.t/ < u

0.t0/� u
0
�.t0/ < 0 for all t > t0.
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Thus

u.t/ < u�.t/C .u.t0/ � u�.t0//C .u
0.t0/ � u

0
�.t0//.t � t0/

< ln.1C t /C .u0.t0/ � u0�.t0//.t � t0/! �1 as t !C1,

which contradicts u.t/ > 0.
As a consequence, if u.t/ 6�u�.t/, then there must exist t0>0 such that u.t0/ > u�.t0/

and u0.t0/ > u0�.t0/. Furthermore, u.t0/ > C t0 C u�.t0/ and u0.t0/ > C C u0�.t0/ for
C > 0 small enough.

Next, we will show that if u.t/ 6� u�.t/ is a solution to (4.1), then u must have linear
growth, i.e., limt!C1 u

0.t/ D L for some L > 0.
To this end, for any C > 0, we define the following auxiliary function:

zC .t/ WD Ct C ln.1C t / D Ct C u�.t/:

Since u�.t/ < zC .t/ for t > 0, one has

�z00C .t/ D �u
00
�.t/ D e

�2u�.t/ > e�2zC .t/; 8t > 0:

Note that zC .0/ D u.0/ D 0, zC .t/ > 0 for t > 0, thus zC is a super-solution for the
ODE (4.1). Moreover, z0C .t/! C as t !C1.

Now, for arbitrarily fixed t0 > 0 and C > 0, we consider the following problem:

(4.3)

8̂<̂
:
�w00.t/ D e�2w.t/; 8t > t0;

w.t0/ > zC .t0/;

w0.t0/ > z
0
C .t0/:

Note that Lemma 4.1 implies that any solution u.t/ 6�u�.t/ to the ODE (4.1) satisfies (4.3)
for some t0 > 0 and C > 0. We have the following lemma.

Lemma 4.2. For any fixed t0 >0 andC >0, there exists a solutionw to the problem (4.3).
Moreover, we have w.t/ > zC .t/ for t � t0 and there exists a finite constant L > C > 0

such that limt!1w
0.t/ D L < C1.

Proof. Since the nonlinearity e�2w is locally Lipschitz, there exists a unique local solution
w for problem (4.3). Next, we will show thatw.t/> zC .t/ for t � t0 and hence the solution
w is global.

Suppose on the contrary that there exists T > t0 such thatw.t/ > zC .t/ for t0 < t < T
but w.T / D zC .T /. Then we have

.w0.t/ � z0C .t//
0 > �e�2w.t/ C e�2zC .t/ � 0; 8t 2 Œt0; T �:

This yields that w0.t/ � z0C .t/ > w
0.t0/ � z

0
C .t0/ > 0 for each t 2 Œt0; T �, thus

w.T / > zC .T /C .w
0.t0/ � z

0
C .t0//.T � t0/ > zC .T /;

which contradictsw.T /D zC .T /. Therefore, it must hold thatw.t/ > zC .t/ > 0 for t � t0,
thus the nonlinear term e�2w is globally Lipschitz and hence the solutionw actually exists
on the whole Œt0;C1/.

Moreover, we deduce from

w.t/ > zC .t/ and .w0.t/ � z0C .t//
0 > �e�2w.t/ C e�2zC .t/ > 0 on Œt0;C1/
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that
w0.t/ � z0C .t/ > w

0.t0/ � z
0
C .t0/ > 0 for each t 2 Œt0;C1/.

Furthermore, w00.t/D�e�2w < 0 on Œt0;C1/ implies that w0.t/ is monotone decreasing
and

w0.t/ > z0C .t/C .w
0.t0/ � z

0
C .t0// > C C .w

0.t0/ � z
0
C .t0// > C on Œt0;C1/.

Thus there exists a constant L > C such that limt!C1w
0.t/D L > limt!1 z

0
C .t/D C .

This finishes our proof of Lemma 4.2.

As a direct consequence of Lemma 4.2, we have the following corollary.

Corollary 4.3. Suppose u.t/ 6� u�.t/ is a solution to (4.1). Then u must have linear
growth, i.e., there exists a constant L > 0 such that limt!C1 u

0.t/ D L > 0.

Finally, we will show that uL is the unique solution to the ODE (4.1) with arbitrary
asymptotic linear growth rate L > 0 at1, and hence classify all solutions u.t/ 6� u�.t/
to (4.1).

Theorem 4.4. For arbitrarily fixed L > 0, uL is the unique solution to8̂<̂
:
�u00L.t/ D e

�2uL.t/; 8t > 0;

uL.t/ > 0; 8t > 0;

uL.0/ D 0; limt!C1 u
0
L.t/ D L:

(4.4)

Proof. Assume by contradiction that u1L, u2L are two different solutions to (4.4) with the
same asymptotic linear growth rate L > 0 at1. First, we will show that u1L.t/ ¤ u

2
L.t/

for all t > 0. If not, suppose that there exist 0 � t� < t�, which are a pair of neighboring
roots of the equation u1L.t/ D u2L.t/. Without loss of generalities, we may assume that
u1L.t/ < u2L.t/ for any t 2 .t�; t�/ but u1L.t�/ D u2L.t�/ and u1L.t

�/ D u2L.t
�/. For any

� > 0, taking ' WD .u2L � u
1
L � �/C as a test function for problem (4.4), we deriveZ t�

t�

Œ.u2L � u
1
L � �/

0
C�
2 d t D

Z t�

t�

.e�2u
2
L � e�2u

1
L/.u2L � u

1
L � �/C d t � 0:

Thus u2L � u
1
L C � in Œt�; t�� for all � > 0, and hence u1L D u

2
L in Œt�; t��. It follows that

u1L.t
�/ D u2L.t

�/ and .u1L/
0
.t�/ D .u2L/

0
.t�/. Consequently, by uniqueness of solution to

ODE �u00L D e�2uL , we must have u1L � u2L in Œt�;C1/. Note that, if we cannot take
t� D 0, then there must exist a sequence of pairs of neighboring roots 0 < .t�/k < .t�/k
of the equation u1L.t/ D u2L.t/ such that .t�/k ! 0 as k ! C1. Therefore, we finally
deduce that u1L � u

2
L in the whole Œ0;C1/, which contradicts u1L 6� u

2
L.

Therefore, without loss of generalities, we may assume that u1L.t/ < u2L.t/ for all
t 2RC. It follows from

.u1L
0
� u2L

0
/0.t/ D e�2u

2
L.t/ � e�2u

1
L.t/ < 0 in RC

and u1L
0
.t/, u2L

0
.t/! L as t !C1 that

u1L
0
.t/ � u2L

0
.t/ > 0 for all t 2RC.
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Thus u1L.t/ � u
2
L.t/ is strictly increasing in RC. Recalling that u1L.0/ D u

2
L.0/ D 0, we

derive u1L.t/ > u
2
L.t/ in RC, which is absurd. Therefore, we must have u1L � u

2
L for any

t � 0, and hence the uniqueness holds true. This concludes our proof of Theorem 4.4.

4.2. Conclusion: proof of Theorem 1.2

From the regularity result in Section 2 and from Theorems 3.1 and 3.2, we know that
u2C 2.RNC / \ C.R

N
C / and u.x/ D u.xN /, and hence u2C 2.RC/ \ C.RC/ and solves

the ODE (4.1). Consequently, we deduce from the ODE analysis in Section 4 (see Lem-
mas 4.1 and 4.2, Corollary 4.3, and Theorem 4.4) that, either u D u�.xN / D ln.1C xN /,
or u has asymptotic linear growth rate L at1 and hence u D uL.xN / (8L > 0), where

uL.t/ D lnŒsinh.L.t C t0.L///� � lnL; with t0.L/ D
1

L
ln
�
LC

p
L2 C 1

�
;

is the unique solution to the ODE (4.1) such that limxN!C1 u
0
L.xN / D L > 0.
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