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Compatible Poisson structures
on multiplicative quiver varieties

Maxime Fairon

Abstract. Any multiplicative quiver variety is endowed with a Poisson structure
constructed by Van den Bergh through reduction from a Hamiltonian quasi-Poisson
structure. The smooth locus carries a corresponding symplectic form defined by
Yamakawa through quasi-Hamiltonian reduction. In this note, we include the Poisson
structure as part of a pencil of compatible Poisson structures on the multiplicative
quiver variety. The pencil is defined by reduction from a pencil of Hamiltonian quasi-
Poisson structures which has dimension `.`� 1/=2, where ` is the number of arrows
in the underlying quiver. For each element of the pencil, we exhibit the corresponding
compatible symplectic or quasi-Hamiltonian structure. We comment on analogous
constructions for character varieties and quiver varieties. This formalism is applied
to the spin Ruijsenaars–Schneider phase space in order to explain the compatibility
of two Poisson structures that have recently appeared in the literature.

1. Introduction

Geometric perspective

Consider a double quiver xQ, that is, a directed graph equipped with an involution a 7! a�

on its arrows that reverses their orientation (cf. §2.1 for the notations). Denoting the vertex
set by I , and fixing a dimension vector n 2ZI�0, we can construct the corresponding
representation space M xQ.n/. It is a smooth affine variety parametrized by points that
associate a matrix Xa 2 End.

L
s2I Cns / with each arrow a 2 xQ, such that Xa has only

one non-trivial block of size nt.a/ � nh.a/ if a goes from the vertex t .a/ (the tail) to
the vertex h.a/ (the head), see §2.1 and §2.3 for precise conventions. There is a natural
action of GLn WD

Q
s2I GLns .C/ on M xQ.n/ by simultaneous conjugation of the matrices

parametrizing a point X WD .Xa/a2 xQ.
Define the open subvarietyM ı

xQ
�M xQ (we omit to write n hereafter) by imposing the

condition det.IdCXaXa�/¤ 0 for each a2 xQ, where Id is the identity on
L
s2I Cns . Then
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the action of GLn restricts to M ı
xQ

, and it makes the following morphism equivariant:

(1.1) ˆ WM ıxQ ! GLn; ˆ.X/ WD
Y
a2 xQ

.IdCXaXa�/".a/:

Fix q D .qs/ 2 .C�/I and form the closed subvariety ˆ�1.
Q
s qs Idns /, which first

appeared in the study of the Deligne–Simpson problem by Crawley-Boevey and Shaw,
see [14]. In particular, it was shown that ˆ�1.

Q
s qs Idns / is, up to isomorphism, inde-

pendent of the ordering of the factors in (1.1), or the orientation "W xQ! ¹˙1º satisfying
".a�/ D �".a/. The corresponding moduli space M xQ;q;� of stability � 2QI with respect
to the GLn action is a multiplicative quiver variety, see Definition 2.7. As the name sug-
gests, these are analogues of (Nakajima or additive) quiver varieties [33]. They attracted
attention for studying: their properties of normality [24], the generators of their pure coho-
mology [32], their quantization [21, 23], their symplectic resolutions [36]; or to provide
their realization as: partial compactifications of character varieties [13, 42], wild charac-
ter varieties [9], moduli of microlocal sheaves on a curve [6], phase spaces of integrable
systems of Ruijsenaars–Schneider type [11, 12, 16] (and references therein).

Leaving aside these various directions, we are interested in the original question re-
garding multiplicative quiver varieties. Namely, the problem was to endow M xQ;q;� with a
Poisson (or maybe symplectic) structure, such that ˆ in (1.1) can be interpreted as a kind
of moment map. This was solved by Van den Bergh using quasi-Poisson reduction [39],
or by Van den Bergh and independently by Yamakawa using quasi-Hamiltonian reduc-
tion [40, 42]. There is a belief that the Poisson structure hence obtained on M xQ;q;� is
unique1 (up to obvious rescaling), as one would generally talk about “the” Poisson struc-
ture on this variety (or “the” symplectic form on its smooth locus). Hence, the present
work was initiated to investigate this belief, and to build examples where uniqueness does
not hold. To do so, we shall take a step back and construct pencils of compatible quasi-
Poisson structures on M ı

xQ
before reduction (cf. §3.1 for precise definitions). There, one

can rely on a widespread method for studying quiver varieties which is to consider, for
each arrow a2 xQ, the (non-contracting) C�-action by symplectomorphisms

(1.2) Xa 7! � Xa; Xa� 7! ��1Xa� ; Xb 7! Xb if b ¤ a; a�; � 2 C�:

Similarly, the mapping (1.2) preserves Van den Bergh’s quasi-Poisson structure on M ı
xQ

.
Taking exterior products of infinitesimal actions associated with (1.2) and adding them to
Van den Bergh’s quasi-Poisson bivector, it is a striking (yet simple) observation that we
still have a quasi-Poisson structure with moment map (1.1). A more technical construction
also allows to give the corresponding 2-form. This leads to the first main result, proved
in §3.2, for a quiver Q whose double is xQ (the number of arrows in Q is denoted jQj).

Theorem A. Set rQ WD 1
2
jQj.jQj � 1/. Then the GLn-variety M ı

xQ
admits a Hamiltonian

quasi-Poisson pencil of order r � rQ centered at the quasi-Poisson bivector P in (2.11)

1Our point of view is to consider the existence of various Poisson structures for the same complex structure
on the variety. The present paper does not aim at endowing multiplicative quiver varieties with a hyperkähler
structure, which is an open problem whose solution is only known in some cases, see [9].
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constructed by Van den Bergh [39], with moment map ˆ in (1.1). If ns � 1 for each s 2 I ,
the order is r D rQ.

Furthermore, each element from the pencil is non-degenerate, and we can explicitly
write the corresponding quasi-Hamiltonian 2-form. By reduction, this descends to a Pois-
son pencil on the associated multiplicative quiver varieties.

Interestingly, this method can be applied in more general contexts, cf. the key Proposi-
tion 3.6. We are able to state variants of Theorem A in §3.3 for generalized multiplicative
quiver varieties, character varieties, or (additive) quiver varieties. We shall use Theo-
rem A in Section 5 to study a family of multiplicative quiver varieties with numerous
non-equivalent Poisson structures, and whose motivation we now review.

Mathematical physics perspective

In 1995, a spin generalization of the celebrated Ruijsenaars–Schneider (RS) system [35]
was introduced by Krichever and Zabrodin [26]. Loosely speaking, they managed to
upgrade a classical integrable system of n relativistic particles by endowing each parti-
cle with d � 2 internal degrees of freedom, the so-called spin variables, without breaking
integrability of the system. In fact, their approach used an extra reduction of the model
to claim integrability, which thus left open the question of describing the phase space of
the system as a complex Poisson manifold of (complex) dimension 2nd . In the case of a
rational potential, this was quickly solved by Arutyunov and Frolov [4]. However, apart
from a conjecture on the form of the Poisson brackets in the trigonometric case formulated
in [4], and the n D 2 elliptic case partly studied in [37], no progress could be achieved for
almost 20 years.

Using the technology of multiplicative quiver varieties, Chalykh and the author [12]
described the phase space of the spin RS system in the trigonometric case from the
quiver Qd made of 1 loop and d extra arrows. This approach is satisfying as it gives
a direct multiplicative analogue of Wilson’s construction for the (non-relativistic) spin
Calogero–Moser system [38, 41]. Furthermore, it provided a proof to the conjecture of
Arutyunov and Frolov [4]. While this may have closed the study of the trigonometric
spin RS system, a preprint by Arutyunov and Olivucci [5] appeared slightly later, where
they derived the phase space through Poisson–Lie reduction. This last work created some
puzzlement because it constructs another Poisson structure which does not satisfy the
original conjecture from [4]. It may have been unclear how to resolve that state of affairs
without a key observation about a real form of the trigonometric spin RS system recently
considered in [18]: the real form admits a pencil of compatible Poisson brackets, which all
yield the same equations of motion. It seemed therefore natural to conjecture in [18] that
a similar situation arises in the complex setting, and that it bridges the gap between the
approaches of [12] and [5]. The second main result of this paper meets this expectation as
follows.

Theorem B. Conjecture C.2 in [18] is true. That is, the Poisson structures constructed by
Chalykh–Fairon [12] and Arutyunov–Olivucci [5] on a local parametrization of the spin
RS phase space belong to a Poisson pencil of order .d � 1/.d � 2/=2 � r � .d � 1/d=2,
hence they are compatible. Furthermore, any non-degenerate Poisson bracket from this
Poisson pencil provides a Hamiltonian formulation for the trigonometric spin RS system.
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The first part of the statement is obtained in Proposition 5.6, while the second part is
established in Proposition 5.8. To derive the pencil, we explicitly rely on Theorem A to
construct a quasi-Poisson pencil before quasi-Hamiltonian reduction on an open represen-
tation space M ı

xQd
associated with the quiver Qd .

We should warn the reader that we are working in a local coordinate system to prove
Theorem B because the reduction techniques are different: for multiplicative quiver vari-
eties, we use quasi-Poisson reduction, while the approach of Arutyunov–Olivucci uses
Poisson–Lie reduction. In particular, the master phase spaceM ı

xQd
and its moment map do

not appear in [5]; only the slice ˆ�1.q Idn/ with ˆ given by (5.6) can be realized in [5]
using the (2n to 1) local diffeomorphism GLn.C/�!GLn.C/, .hC;h�/ 7! hCh

�1
� , where

GLn.C/� is the Poisson-Lie dual of GLn.C/. This slice does not carry an induced Pois-
son structure, for the bracket is only closed with respect to invariant functions on the slice.
Thus, one is forced to compare the 2 models only after reduction.

Layout. In Section 2, we recall the basics on algebraic quasi-Poisson and quasi-Hamil-
tonian geometries, and their use for constructing multiplicative quiver varieties following
Van den Bergh and Yamakawa [39,40,42]. We introduce the notion of quasi-Poisson pen-
cils in Section 3, and we describe their elementary properties and ways to build these. Such
constructions are applied to the open representation spacesM ı

xQ
that lead to multiplicative

quiver varieties, hence proving Theorem A. We also consider this formalism for related
families of moduli spaces, such as character varieties and quiver varieties. We investigate
a universal formulation of the pencil in Section 4, in the spirit of Van den Bergh’s non-
commutative Poisson geometry [39]. Section 5 contains the parts of the paper related to
the spin Ruijsenaars–Schneider phase space where, in particular, we derive Theorem B.

2. Original Poisson structure on multiplicative quiver varieties

We recall the construction of multiplicative quiver varieties and their known Poisson struc-
ture.

2.1. Notation

We work over the field of complex numbers C and set˝ WD ˝C .
A quiver .Q;I;h; t/, orQ for short, is the data of a setQ of arrows, a set I of vertices,

and the head or tail maps h; t WQ! I . Quivers are assumed to be finite, i.e., jQj; jI j<1.
We may depict an arrow a 2Q as aW t .a/! h.a/ or t .a/

a
�! h.a/. The path algebra CQ

ofQ is the C-algebra generated by ¹a2Qº [ ¹es j s 2 I º, where the latter are a complete
set of orthogonal idempotents (i.e., er es D ırs es for r; s 2 I and

P
s2I es D 1), subject to

the mixed relations a D et.a/aeh.a/ for each a 2Q. This means that we write path from
left to right as in [39, 40]. We put B WD

L
s2I Ces and see CQ as a B-algebra.

Let Q be a quiver. Denote by xQ its double, obtained by adding an arrow a�W h.a/!

t .a/ for each a2Q. This endows xQ with an involution .�/�W xQ! xQ if we put .a�/� WD a
for each a2Q. Thus h.a�/D t .a/ for all a2 xQ. To distinguish between arrows originally
inQ and those in xQ nQ, we have the orientation map "W xQ! ¹˙1º given by ".a/DC1,
".a�/ D �1 for any a2Q.
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2.2. Quasi-Poisson and quasi-Hamiltonian geometry

The complex algebraic treatment of quasi-Hamiltonian [2] and quasi-Poisson [1] geome-
try can be found in Boalch [7], Van den Bergh [39, 40] and Yamakawa [42]. The recent
work of Huebschmann [22] provides a more general setup.

2.2.1. Basics. Hereafter, we assume that G is a complex reductive algebraic subgroup of
GLN .C/ for some N � 1, and its Lie algebra g, seen as a subspace of glN .C/, inherits
the Ad-invariant non-degenerate symmetric trace form

.�;�/g W g � g! C; .�; � 0/g WD tr.�� 0/:

Fix dual bases .Ea/a and .Ea/a of g with respect to the trace form, i.e., .Ea;Eb/g D ıab .
We define the Ad-invariant Cartan trivector � 2 ^3g by

� WD
1

12

X
a;b;c

.Ea; ŒEb; Ec �/gEa ^Eb ^Ec :

Introduce for any � 2 g the left- and right-invariant vector fields �L and �R onG. They act
by derivation according to �L.F /.g/D d

dt
jtD0F.g e

t�/ and �R.F /.g/D d
dt
jtD0F.e

t� g/,
for any function F in an open neighborhood of g 2G. (We shall freely use analytic nota-
tion.) They allow to define a g-valued differential operator D by

D.F / WD
1

2

X
a

.ELa CE
R
a /.F /E

a for any function F on G.

Let �L D g�1dg and �R D dg g�1 be the left- and right-invariant Maurer–Cartan
elements in matrix notation. These are g-valued 1-forms, from which we define the closed
Ad-invariant 3-form

� WD
1

12
.�R ^; Œ�R ^; �R�/g D

1

6
tr.dg g�1 ^ dg g�1 ^ dg g�1/:

Let M be an affine complex algebraic variety with a left action of G denoted by
.g; x/ 7! g � x for any g 2G, x 2M . The infinitesimal action of g on M assigns to each
� 2g a vector field �M on M satisfying

(2.1) �M .f /.x/ D
d

dt

ˇ̌̌
tD0
f .exp.�t�/ � x/;

for any function f in an open neighborhood of x 2M . The map � 7! �M can be extended
equivariantly to return a k-vector field M for any 2^kg. We denote byQx 2

V�
TxM

the evaluation of a multivector field Q on M at a point x 2M and use a similar notation
for k-forms.

2.2.2. Definitions and standard results. LetG andM be as above. We viewG as acting
on itself by the adjoint action. Given a bivector P2�.M;

V2
TM/, we let P ]W T �M !

TM be defined by2 P ].˛1/.˛2/ D hP; ˛1 ˝ ˛2i for 1-forms ˛1;2 on M .

2Our convention is hX1 ˝X2;df1 ˝ df2i WD X1.f1/X2.f2/ for vector fieldsX1;X2 and functions f1; f2
on M .
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Definition 2.1. A G-invariant bivector P on M is quasi-Poisson if ŒP; P � D �M , where
Œ�;�� denotes the Schouten–Nijenhuis bracket on M . Then .M; P / is called a quasi-
Poisson variety.

The quasi-Poisson bivector P is non-degenerate if, for any x 2M , the following map
is surjective:

T �xM � g! TxM; .˛; �/ 7! P ]x .˛/C �M;x :

The quasi-Poisson variety .M; P / is Hamiltonian if it admits a moment map, that is, a
G-equivariant morphism ˆWM ! G satisfying, for any function F on G,

(2.2) P ].d.ˆ�F // D .ˆ�D.F //M :

Given a 2-form ! onM , we define ![WTM ! T �M as ![.X1/.X2/D hX1˝X2;!i.

Definition 2.2. Fix aG-invariant 2-form ! onM and aG-equivariant morphismˆWM !

G. We say that the triple .M; !; ˆ/ is a quasi-Hamiltonian variety (with moment map
given by ˆ) if the following three conditions are satisfied:

d! D ˆ��;(2.3a)

![.�M / D
1

2
ˆ�.�; �L C �R /g; 8� 2g;(2.3b)

TxM ! T �xM � g; X 7! .![x.X/; hX; .ˆ
��L/xi/; is injective for all x 2M:(2.3c)

Remark 2.3. We follow [1, 39] for the rule (2.3a), which is taken with an opposite sign
in [2, 42]. The rule (2.3c) is stated in that form in [40], which is equivalent to explicitly
characterizing ker!x as in [1, 2], see Lemma 4.1 in [40] or Section 4.2 of [22].

Proposition 2.4. There is a 1-1 correspondence between structures of non-degenerate
Hamiltonian quasi-Poisson variety and those of quasi-Hamiltonian variety on M admit-
ting the (same) moment mapˆWM!G for which the associated quasi-Poisson bivectorP
and 2-form ! are related by

(2.4) P ] ı ![ D IdTM �
1

4

X
a

.Ea/M ˝ˆ
�.Ea; �L � �R/g:

Lemma 2.5. Let .M; P; ˆ/ be a Hamiltonian quasi-Poisson variety. Assume that there
exists a 2-form ! such that .M; !; ˆ/ satisfies (2.3a) and (2.3b), and the compatibility
condition (2.4) holds for P with !. Then P is non-degenerate and .M; !;ˆ/ is a quasi-
Hamiltonian variety.

Proposition 2.6 (Fusion). Let .M; P; ˆ/ be a Hamiltonian quasi-Poisson variety for an
action of G �G �H . Write ˆ D .ˆ1; ˆ2; ˆH / componentwise with ˆH WM ! H , and
ĵ WM ! G valued in the j -th factor of G for j D 1; 2. Then, for the diagonal action of
G �H ,! G �G �H , .g; h/ 7! .g; g; h/, onM , the triple .M;P � fus; .ˆ1ˆ2;ˆH //

is a Hamiltonian quasi-Poisson variety for

(2.5)  fus WD
1

2

X
a

.Ea; 0/M ^ .0; E
a/M ;

where we use dual bases .Ea/a and .Ea/a of g in the infinitesimal action of g� g onM .
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Furthermore, assume that P is non-degenerate and denote by ! the quasi-Hamilto-
nian 2-form corresponding to the action of G �G �H . Then P � fus is non-degenerate,
and ! � !fus is the quasi-Hamiltonian 2-form corresponding to the action of G �H for

(2.6) !fus WD
1

2
.ˆ�11 dˆ1 ^; dˆ2ˆ�12 /g:

2.3. Multiplicative quiver variety

2.3.1. Quiver representations. Fix a quiver Q and a dimension vector n D .ns/ 2 ZI�0
which assigns an integer to each vertex. A representation of dimension n of the path alge-
bra CQ is an element � 2 HomB.CQ; End.Cn// such that, for each s 2 I , �.es/ is the
projection on the summand Cns of Cn WD

L
r2I Cnr . Using the convention of §2.1, we

see that the matrix �.a/, a 2Q, may only have a nonzero block of size nt.a/ � nh.a/ cor-
responding to a linear map3 Cnh.a/ ! Cnt.a/ . Therefore the space of all representations
of dimension n D .ns/2ZI�0, denoted MQ WD MQ.n/, is an affine space AdC of dimen-
sion d WD

P
a2Q nt.a/nh.a/. This turns MQ into an affine variety. Rather than working

with points as representations of CQ, we view a point X2MQ as being parametrized as
X D .Xa/a2Q, with Xa WD �.a/ for � the corresponding representation.

There is a natural left action of GLn WD
Q
s2I GLns .C/ onMQ given by the morphism

(2.7) GLn �MQ !MQ; .g D .gs/s2I ; X/ 7! g � X WD .gt.a/Xag�1h.a//a2Q:

This induces a left action on functions given by .g � f /.X/D f .g�1 � X/ for any function f
onMQ. Abusing notation, we introduce for each a2Q the morphism XaWMQ! End.Cn/

returning the matrix representing a 2Q at each point. The GLn-action can then be writ-
ten as g � Xa D g�1Xag. Differentiating this, we get an infinitesimal action of gln WDQ
s2I glns .C/ on functions that satisfies �MQ

.Xa/ D ŒXa; ��, cf. (2.1).

Take a stability parameter � WD .�s/2QI such that � � n WD
P
s2I �sns D 0. We say

that the point X 2MQ is � -semistable (respectively, � -stable) if � � dim.V / � 0 (respec-
tively, if � � dim.V / < 0) for any nonempty vector subspace V D

L
s2I Vs ¨ Cn such

that Xa.Vh.a// � Vt.a/. We let

M �:s
Q WD ¹X2MQ j X is � -stableº and M �:ss

Q WD ¹X2MQ j X is � -semistableº:

2.3.2. Definition. Introduce the smooth open affine subvariety

M ıxQ WD ¹X j det.IdCXaXa�/ ¤ 0; 8a2 xQº �M xQ:

Fix a total ordering < on xQ. We reproduce from (1.1) the GLn-equivariant morphism

(2.8) ˆ WM ıxQ ! GLn; ˆ.X/ WD
Y
a2 xQ

.IdCXaXa�/".a/;

3We warn the reader that we use Van den Bergh’s convention [39, 40] for quiver representations, which is
the opposite of the convention taken in [14, 42].
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where factors are taken from left to right with respect to the ordering < on the arrows.
Similarly, set ˆa WD

Q
b<a.IdCXbXb�/".b/ for all a 2 xQ. Finally, fix q WD .qs/2 .C�/I

and denote in the same way the central element .qs Idns /s 2 GLn. Note that ˆ�1.q/ is a
GLn-invariant closed subvariety of M ı

xQ
, which is empty if qn WD

Q
s2I q

ns
s ¤ 1 because

det ıˆ D 1. This subvariety parametrizes representation of the multiplicative preprojec-
tive algebra ƒq.Q/, cf. [14]. We are in position to define the main objects at stake, see
Section 2.2 of [42] for the relevant geometric invariant theory of quivers.

Definition 2.7 ([14,42]). The multiplicative quiver variety associated with q and stability
parameter � is the good quotient

(2.9) M xQ;q;� WD .M
�:ss
xQ
\ˆ�1.q//==GLn :

Its smooth locus is given by the geometric quotient Ms
xQ;q;�
WD .M �:s

xQ
\ˆ�1.q//=GLn.

2.3.3. (Quasi-)Poisson structure and corresponding 2-form. Set @a 2X1.M xQ; gln/

with .i; j / entry given by the vector field .@a/ij WD @=@.Xa/j i , i.e.,

..@a/ijf /.X/ D
d

dt

ˇ̌̌
tD0
f ..Xb C tıabEj i /b2 xQ/;

for any function f around X2M xQ. In particular, as a matrix, @a only consists of a nonzero
block of size nh.a/ � nt.a/, and h.@a/ij ;d.Xa/kli D ıjkıil with indices i; j; k; l taken with
respect to the nonzero blocks of @a and Xa. Note that the infinitesimal action of � 2 gln
on M xQ can be written as the vector field

(2.10) �M xQ D
X
a2 xQ

tr..@aXa � Xa@a/�/ D
X
a2 xQ

tr..@a�Xa� � Xa@a/�/:

Theorem 2.8 ([39,40,42]). The smooth complex varietyM ı
xQ

is endowed with a structure
of Hamiltonian quasi-Poisson variety for the moment map ˆ in (2.8) and the quasi-
Poisson bivector

(2.11)

P WD
1

2

X
a2 xQ

".a/ tr Œ.IdCXa�Xa/ @a ^ @a� �

�
1

2

X
a<b
a;b2 xQ

tr
�
.@a�Xa� � Xa @a/ ^ .@b�Xb� � Xb @b/

�
:

Moreover, P is non-degenerate, with corresponding 2-form

(2.12)

! WD �
1

2

X
a2 xQ

".a/ tr Œ.IdCXaXa�/�1 dXa ^ dXa� �

�
1

2

X
a2 xQ

tr
�
ˆ�1a dˆa ^ d.IdCXaXa�/".a/ .IdCXaXa�/�".a/

�
that makes .M ı

xQ
; !; ˆ/ a quasi-Hamiltonian variety. The structures are independent of

the choice of ordering or the orientation of arrows, up to isomorphism.
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Corollary 2.9 ([39, 40, 42]). The multiplicative quiver variety M xQ;q;� , if not empty, is
a Poisson variety with Poisson bivector given by (2.11). The Poisson structure is non-
degenerate on Ms

xQ;q;�
where the corresponding symplectic form is given by (2.12).

Remark 2.10. Let us emphasize that Yamakawa [42] uses a convention equivalent to
writing paths from right to left in C xQ and follows the definition of quasi-Hamiltonian
space from [2] (cf. Remark 2.3). This explains the minor difference between (2.12) and
the 2-form in Proposition 3.2 of [42].

Remark 2.11. Recall that Theorem 2.8 is obtained by applying the method of fusion,
see [1,2]. Therefore it suffices to prove the result for M ı

xQ
seen as a

Q
a2 xQ GLnt.a/ -variety

where for each a2 xQ, the action of the corresponding subgroup is by

X 7! g.a/ � X WD .g.a/Xa; Xa�g�1.a/; Xb/b¤a;a� :

In that case only the first sum in (2.11) and (2.12) is considered, while the moment map
consists of the morphisms ˆ.a/WM ıxQ ! GLnt.a/ , X 7! .IdCXaXa�/".a/. This amounts to
proving the result for a totally separated quiver, cf. Section 6.7 of [39] and [40, 42].

3. The (quasi-)Poisson pencil and its variants

We introduce the notion of a quasi-Poisson pencil and derive some elementary properties.
We construct such pencils in the presence of C�-actions and we apply this formalism to
the open representation spaces M ı

xQ
that lead to multiplicative quiver varieties, as well as

related spaces.

3.1. General framework

Recall that on a variety M , a family of Poisson bivectors .Pj /j2J forms a Poisson pencil
if the linear combination

P
j2J0

cjPj is a Poisson bivector for any finite subset J0 � J
and .cj /j 2CJ0 . The pencil has order r if r � 1 is the largest integer for which there exist
j1; : : : ; jr 2J and a point x 2M such that Pj1;x ; : : : ; Pjr ;x 2

V2
TxM are independent.

Pencils of order r D 2 play a central role in the bihamiltonian approach to integrabil-
ity [25].

Definition 3.1. Assume that M is a G-variety and let P0 be a quasi-Poisson bivector on
M . A family of bivectors .Pj /j2J forms a quasi-Poisson pencil centered at P0 if, for any
finite subset J0 � J and .cj /j 2 CJ0 , the linear combination P0 C

P
j2J0

cjPj is also
a quasi-Poisson bivector. The pencil has order r if r � 1 is the largest integer for which
there exist j1; : : : ; jr 2 J and a point x 2 M such that4 Pj1;x ; : : : ; Pjr ;x 2

V2
TxM are

independent.

4As opposed to [18], we do not require the r bivectors to be independent from P0;x at x 2M . This last
independence condition may fail in some cases, although it is automatic when the induced trivector �M;x is
nonzero due to part (1) of Lemma 3.2.
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If there exists a morphism ˆWM ! G which is a moment map for any quasi-Poisson
bivector P0 C

P
j2J0

cjPj as above, we say that the pencil is Hamiltonian with moment
map ˆ.

3.1.1. First properties. Without loss of generality, we assume that the index set J is
finite. The bivector fields in a quasi-Poisson pencil are far from being arbitrary.

Lemma 3.2. For a G-variety M , let .Pj /j2J be a finite family of bivectors on M , and
let P0 be a quasi-Poisson bivector on M . Then:

(1) .Pj /j2J defines a quasi-Poisson pencil of order r centered at P0 if and only if
.Pj /j2J defines a G-invariant Poisson pencil of order r and, for any j 2 J , Pj
satisfies ŒP0; Pj � D 0.

(2) When P0 is Hamiltonian for the moment mapˆWM !G, the quasi-Poisson pencil is
Hamiltonian forˆ if and only if P ]j .d.ˆ

�F //D 0 for any j 2J and any function F
on G.

Proof. For (1), assume that the pencil is quasi-Poisson. Given parameters z WD .zj /j 2CJ ,
write P.z/ D

P
j2J zjPj . Taking the Schouten bracket of the bivector P.z/ with itself

yields

(3.1) ŒP.z/;P.z/�D ŒP0CP.z/;P0CP.z/�� 2ŒP0;P.z/�� ŒP0;P0�D�2ŒP0;P.z/�;

since P0 and P0 C P.z/ are quasi-Poisson. Fix j 2 J , and take zk D 0 for all k ¤ j so
that (3.1) yields z2j ŒPj ; Pj � D �2zj ŒP0; Pj �; varying zj 2C implies that ŒP0; Pj � D 0.
Thus (3.1) is identically zero and each bivector P.z/ is Poisson. By definition, quasi-
Poisson bivectors are G-invariant, so that Pj D .P0 C Pj / � P0 is itself G-invariant for
any j 2J . The fact that the order is the same is direct from the definition. The converse is
proved similarly.

For part (2), assume thatˆ is a moment map for the whole pencil. Then for any j 2J ,

P
]
j .d.ˆ

�F // D .P0 C Pj /
].d.ˆ�F // � P ]0 .d.ˆ

�F // D 0;

as both terms cancel out since they satisfy (2.2). The converse is proved similarly.

Fusion as in Proposition 2.6 is compatible with pencils in the following way.

Lemma 3.3. Let .M; P0; ˆ/ be a Hamiltonian quasi-Poisson variety for an action of
G �G �H . WriteˆD .ˆ1;ˆ2;ˆH / componentwise, withˆH WM !H andˆi WM !
G valued in the i -th factor of G for i D 1; 2. Then:

(1) Assume that .Pj /j2J defines a Hamiltonian quasi-Poisson pencil centered atP0 with
moment map ˆ. Then, after fusion, it defines a Hamiltonian quasi-Poisson pencil
centered at P0 �  fus with moment map .ˆ1ˆ2; ˆH /, where  fus is given by (2.5).

(2) For z WD .zj /j 2CJ , assume that before fusion Q.z/ WD P0 C
P
j zjPj is non-

degenerate with corresponding quasi-Hamiltonian 2-form !.z/. Then Q.z/ �  fus
is non-degenerate with corresponding quasi-Hamiltonian 2-form !.z/� !fus, where
!fus is given by (2.6).

(3) The order of the quasi-Poisson pencil stays the same after fusion.
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Proof. For fixed z WD .zj /j 2CJ andQ.z/ WDP0C
P
j zjPj , anyQ.z/� fus is a Hamil-

tonian quasi-Poisson bivector for the moment map .ˆ1ˆ2; ˆH / due to Proposition 2.6.
Part (1) directly follows. For part (2), we make the same reasoning with the 2-form and
apply Proposition 2.6 again. For part (3), it suffices to use the alternative characterization
of a quasi-Poisson pencil given by item (1) in Lemma 3.2.

Finally, we make some observations regarding quasi-Poisson reduction. Given a quasi-
Poisson pencil as in Definition 3.1, the family .P0; Pj /j2J defines a Poisson pencil on
M==G of order5 r 0 � r C 1. In the Hamiltonian case, the family .P0; Pj /j2J defines a
Poisson pencil of order r 0 � r C 1 on any reduction ˆ�1.C/==G (where C is the closure
of a conjugacy class in G); this is also true in the presence of a stability parameter.

3.1.2. Construction using an abelian group action. We start by adapting to the alge-
braic setting an observation for constructing compatible quasi-Poisson bivectors made in
Section 3.2 of [18].

Let M be a variety with an action of G as in §2.2.1. Assume that .M; P; ˆ/ is a
Hamiltonian quasi-Poisson variety.

Lemma 3.4. LetH be an abelian reductive algebraic group and h its Lie algebra. Assume
that H acts on M such that both P and ˆ are H -invariant. Given a basis �.1/; : : : ; �.`/

of h, construct the following bivector on M from their infinitesimal vector fields:

 z D
X

1�i<j�`

zij �
.i/
M ^ �

.j /
M ;

where z D .zij /i<j 2C`.`�1/=2. Then .M; P C  z ; ˆ/ is a Hamiltonian quasi-Poisson
G-variety.

Proof. SinceP isH -invariant andH is abelian, we obtain Œ�M ;P �D 0 and Œ�M ;�0M �D 0
for any �; �0 2 h. Thus

ŒP C  z ; P C  z � D ŒP; P �;

and the bivector is quasi-Poisson.
By H -invariance of ˆ, h�M ; dˆ�F i D 0 for any function F on G and � 2 h. This

implies that (2.2) is satisfied with P C  z and ˆ.

Now, we work with P which is non-degenerate, and there exists a corresponding
quasi-Hamiltonian structure whose 2-form is denoted !.

Proposition 3.5. Under the assumptions of Lemma 3.4, assume that there exists a closed
invariant 2-form $z such that $ [

z.�M / D 0 for all � 2 g, and the compatibility condi-
tion (2.4) holds for P C  z with ! C$z . Then .M; P C  z ; ˆ/ is a non-degenerate
Hamiltonian quasi-Poisson G-variety and .M; ! C$z ; ˆ/ is the corresponding quasi-
Hamiltonian G-variety.

Proof. By Lemma 3.4, .M;P C z ;ˆ/ is a Hamiltonian quasi-PoissonG-variety. By the
assumptions on $z , the triple .M; ! C$z ; ˆ/ satisfies (2.3a) and (2.3b). The compati-
bility (2.4) allows to conclude from Lemma 2.5.

5By abusing terminology, we allow the order to be zero; this occurs, e.g., if M==G is 0-dimensional.
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In the situations presented above, we obtain a Hamiltonian quasi-Poisson pencil cen-
tered at P with moment map ˆ, according to Definition 3.1. If the infinitesimal vector
fields �.1/M ; : : : ; �

.`/
M are independent, this pencil has order r D `.` � 1/=2.

3.1.3. The trick: embeddings of C� in the center ofG . We can construct the 2-form$z

that appears in Proposition 3.5 in the presence of some C� actions obtained from the
center of G.

Proposition 3.6. Assume .M; P;ˆ/ is a Hamiltonian quasi-Poisson G-variety, where G
admits a decomposition G D G0 � �`jD1Gj such that for each 1 � j � `, C� embeds
in the center of Gj as diagonal matrices (i.e., there is a map � 7! � IdGj ). For each
1� j � `, denote by Inf .j / the infinitesimal action of 12C associated with the embedding
of C� into Gj . Write the moment map as ˆ D .ˆ0; ˆ1; : : : ; ˆ`/, with ˆ0WM ! G0 and
ĵ WM ! Gj , for 1 � j � `. Furthermore, fix z D .zij /1�i<j�` 2 C`.`�1/=2. Then:
(1) The triple .M;P C  z ; ˆ/ is a Hamiltonian quasi-Poisson G-variety for

(3.2)  z WD
X

1�i<j�`

zij Inf .i/ ^ Inf .j /:

(2) Assume that P is non-degenerate and ! is the corresponding 2-form. Let

(3.3) $z WD

X
1�i<j�`

zij tr.ˆ�1i dˆi / ^ tr.ˆ�1j d ĵ /:

Then P C  z is non-degenerate, and .M; ! C$z ; ˆ/ defines the corresponding
quasi-Hamiltonian variety.

Proof. Part (1) directly follows from Lemma 3.4.
For part (2), note that $z is closed and $ [

z.�M / D 0 for any � 2 g, as tr. ĵ d ĵ / is
G-invariant for 1 � j � k. Thus the statement holds by Proposition 3.5 if we can show
the compatibility

.P C  z/
]
ı .! C$z/

[
D IdTM �

1

4

X
a

.Ea/M ˝ˆ
�.Ea; �L � �R/g:

By assumption, this holds for z D 0. Since  ]z ı$ [
z D 0 by invariance of tr. ĵ d ĵ /, we

are left to prove that for any X 2g,

(3.4)  ]z ı !
[.X/ D �P ] ı$ [

z.X/:

Using (3.2), the left-hand side of (3.4) readsX
i<j

zij
�
![.Inf .j //.X/ Inf .i/ � ![.Inf .i//.X/ Inf .j /

�
:

Write 1gj for the image of 12C obtained by differentiating the embedding C� ,! Gj .
By definition of the vector field Inf .j / and (2.3b), we get

![.Inf .j // D
1

2
.1gj ; ˆ

�1 dˆC dˆˆ�1/g D tr.ˆ�1j d ĵ /;
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since ĵ is the diagonal block of ˆ corresponding to its Gj -component. Hence

(3.5) (3.4)lhs D
X
i<j

zij .hX; tr.ˆ�1j d ĵ /i Inf .i/ � hX; tr.ˆ�1i dˆi /i Inf .j //:

Meanwhile, we use (3.3) to expand the right-hand side of (3.4) as

(3.6) �
X
i<j

zij
�
hX; tr.ˆ�1i dˆi /iP ].tr.ˆ�1j d ĵ //�hX; tr.ˆ�1j d ĵ /iP

].tr.ˆ�1i dˆi //
�
:

We can write tr.ˆ�1j d ĵ /D
P
u;v.ˆ

�1
j /vu d. ĵ /uv , and let guvWz 7! zuv be the function

on Gj returning the .u; v/ entry of an element (recall that Gj embeds in G which is itself
embedded in some GLN ). Note from (2.2) that

P ].d. ĵ /uv/ D .ˆ
�
j D.guv//M D

1

2

X
a

.Ea ĵ C ĵEa/uv .E
a/M ;

where .Ea/a and .Ea/a are dual bases of gj . This implies

P ].tr.ˆ�1j d ĵ // D
�X

a

tr.Ea/Ea
�
M
D .1gj /M D Inf .j /:

Plugging this expression in (3.6) yields that the right-hand side of (3.4) has the same
expansion as the left-hand side in (3.5), as desired.

When the C� actions considered in the statement of Proposition 3.6 define indepen-
dent infinitesimal vector fields, this result yields a quasi-Poisson pencil centered at P of
order `.` � 1/=2.

Remark 3.7. In Proposition 3.6, if some factors Gj of G are simply given by C�, then
the corresponding terms appearing in  z (3.2) and $z (3.3) are multiple of the terms
obtained by fusion of the corresponding actions. To see this, assume, e.g., that G1 D
G2 D C� with ¹1º being trivially an orthonormal basis of gi D C, i D 1; 2, then note that
1
2

Inf .1/ ^ Inf .2/ is just  fus from (2.5), and 1
2
ˆ�11 dˆ1 ^ˆ�12 dˆ2 equals !fus from (2.6).

Remark 3.8. In the real case with a compact Lie groupG, an analogue of Proposition 3.6
consists in considering the U.1/-actions coming from (the center of) factors U.n/ in G.
The pencil exhibited in [18] can be derived as a special instance of this construction.

3.2. Case of multiplicative quiver varieties

Let Q be a quiver and n a dimension vector. We continue with the notation of §2.3.
For each b 2 xQ, there is a natural left action of C� on M xQ given by

(3.7) Ab W C
�
�M xQ !M xQ; .�; X/ 7! � �b X WD .�ıab".a/ Xa/a2 xQ:

This induces a left action on functions characterized by � �b Xb D ��1Xb , � �b Xb� D �Xb� ,
and � �b Xa D Xa for a2 xQ n ¹b; b�º. We obtain a corresponding infinitesimal action of C
on functions that satisfies z �b Xb D �zXb , z �b Xb� D zXb� , and z �b Xa D 0 otherwise
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for z 2C. We write Ab.z/ WD z �b .�/ for the corresponding vector field on M xQ. The
following identity is straightforward:

(3.8) Ab.z/ D z tr.Xb� @b� � Xb @b/:

The vector field Ab restricts to M ı
xQ

because the moment map ˆ in (2.8) is invariant
under (3.7).

To state the next result, recall P , ! and ˆ given by (2.11), (2.12) and (2.8) that define
on M ı

xQ
the structures, presented in Theorem 2.8, of non-degenerate Hamiltonian quasi-

Poisson and quasi-Hamiltonian variety which correspond to one another.

Theorem 3.9. Fix z D .za;b/a<b , where za;b 2C for each a; b 2Q with a < b. Define
the following bivector and 2-form on M ı

xQ
:

 z D
X
a<b

za;b tr ŒXa� @a� � Xa @a� ^ tr ŒXb� @b� � Xb @b�;(3.9)

$z D

X
a<b

za;b tr Œ.IdCXaXa�/�1 d.IdCXaXa�/�(3.10)

^ tr Œ.IdCXbXb�/�1 d.IdCXbXb�/�:

Then:
(1) the triple .M ı

xQ
;P C z ;ˆ/ is a non-degenerate Hamiltonian quasi-Poisson variety;

(2) the triple .M ı
xQ
; ! C$z ; ˆ/ is a quasi-Hamiltonian variety;

(3) the two triples correspond to one another via (2.4).

Proof. Note that the action Ab of C� on M ı
xQ

defined in (3.7) is obtained using the
embedding C� ,! GLnt.b/ , � 7! � Idnt.b/ , from the corresponding action considered in
Remark 2.11 before fusion. Therefore it suffices to apply Proposition 3.6 to M ı

xQ
before

fusion, then perform fusion as in the original works of Van den Bergh and Yamakawa
[39, 40, 42]; we conclude by Lemma 3.2.

The range of parameters z in Theorem 3.9 is restricted to all a < b with a; b 2Q
instead of a; b 2 xQ to avoid redundancies. Indeed, it is clear that Ab.z/ D �Ab�.z/ for
each b 2 xQ and z 2C, and similarly using the notation from Remark 2.11,

tr Œˆ�1.b/dˆ.b/� D � tr Œˆ�1.b�/dˆ.b�/�

for each b 2 xQ. The infinitesimal actions Ab.1/ from (3.8), taken with b 2Q, are inde-
pendent whenever eachXb is not just a point, and we can conclude that Theorem A holds.
We can in fact state the following generalization of Corollary 2.9.

Corollary 3.10. The multiplicative quiver variety M xQ;q;� , if it is not empty, is a vari-
ety equipped with a Poisson pencil of order r � rQC1, where rQ WD jQj.jQj � 1/=2.
For any z0 2 C� and for any z 2 CrQ , the Poisson bivector z0P C  z0z (see (2.11)
and (3.9)) is non-degenerate on Ms

xQ;q;�
, where the corresponding symplectic form is given

by z�10 !C$z�10 z (cf. (2.12) and (3.10)).
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Remark 3.11. Quantizations of multiplicative quiver varieties were considered in [21,23]
based on the Van den Bergh bivector P given in (2.11). It would be interesting to under-
stand how to generalize these works to encompass the whole pencil of Corollary 3.10.

Computing the order r of the pencil inherited by M xQ;q;� appears to be a challenging
problem. If the quiver Q contains loops or multiple arrows between two vertices, we
expect that r > 1 (assuming that dimM xQ;q;� > 0). We refer to Corollary 5.4 with d > 2 for
a family of quivers where this holds. However, the added bivectors  z in (3.9) may vanish
after quasi-Poisson reduction, leading to trivial cases; this occurs for quivers of Al type,
for example. Let us see this in greater generalities for a star-shaped quiver. Following, e.g.,
Section 4 of [42], given k � 1 and l WD .l1; : : : ; lk/ 2 Zk�1, the quiverQkIl corresponding
to these data has for vertex set I D ¹0º [ ¹.k0; l 0/ j 1 � l 0 � lk0 ; 1 � k0 � kº and exactly
one arrow .k0; 1/! 0 for each 1 � k0 � k, and one arrow .k0; l 0/! .k0; l 0 � 1/ for each
2 � l 0 � lk0 and k0. We call a quiver star-shaped if it is of the form QkIl (for some k; l),
up to changing the orientation of some arrows.

Proposition 3.12. Assume that Q is star-shaped and q 2 .C�/I is such that M xQ;q;0
(with � D 0/ has positive dimension. Then, the Poisson pencil constructed in Corol-
lary 3.10 has order 1, i.e., it only consists of multiples of Van den Bergh’s bivector P
in (2.11).

Proof. The coordinate ring CŒM xQ;q;0� is generated by elements tr.
/ WD tr.Xa1 � � � Xak /,
where 
 WD a1 � � � ak 2C xQ is a closed path with a1; : : : ; ak 2 xQ. (This is a consequence
of the Le Bruyn–Procesi theorem [27].) In the double of a star-shaped quiver, any closed
path 
 contains as many factors of a and a� for each fixed a 2Q, so that the associated
element tr.
/ is invariant under each C�-action Ab in (3.7), b 2Q. Thus, any infinitesimal
action (3.8) acts trivially on CŒM xQ;q;0�, and the bivector  z in (3.9) is just zero.

3.3. Variants of the pencil

We present several uses of Proposition 3.6 in situations that are analogous to the one of
multiplicative quiver varieties.

3.3.1. Deformation of the moment map. Fix 
 WD .
a/a2Q 2 CjQj and let 
a WD 
a�
for any a2 xQ nQ. Write

M


xQ
WD ¹X j det.
a IdCXaXa�/ ¤ 0; 8a2 xQº �M xQ:

This subvariety is empty if there exists a such that 
a D 0 with nt.a/ ¤ nh.a/. Using the
approach of Section 4.4 of [42], the following result is easily adapted from Theorem 2.8,
which corresponds to the case 
 D .1; : : : ; 1/.

Theorem 3.13. The smooth complex varietyM 

xQ

is endowed with a structure of Hamilto-
nian quasi-Poisson variety for the moment map

ˆ
 WM


xQ
! GLn; ˆ
 .X/ WD

Y
a2 xQ

.
a IdCXaXa�/".a/;
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and the quasi-Poisson bivector

(3.11)

P 
 WD
1

2

X
a2 xQ

".a/ tr Œ.
a IdCXa�Xa/ @a ^ @a� �

�
1

2

X
a<b
a;b2 xQ

tr Œ.@a�Xa� � Xa @a/ ^ .@b�Xb� � Xb @b/�:

The quasi-Poisson structure is non-degenerate, and the corresponding quasi-Hamiltonian
structure is defined by the 2-form

(3.12)

!
 WD �
1

2

X
a2 xQ

".a/ tr Œ.
a IdCXaXa�/�1 dXa ^ dXa� �

�
1

2

X
a2 xQ

tr
�
.ˆ
a/

�1 dˆ
a ^ d.
a IdCXaXa�/".a/ .
a IdCXaXa�/�".a/
�
;

where ˆ
a WD
Q
b<a.
b IdCXbXb�/".b/. Furthermore, the structure is independent of the

choice of ordering or the orientation of arrows, up to isomorphism.

While the correspondence (2.4) between the two structures is known, we derive it in
Appendix A, as we are not aware of references presenting this computation6. We arrive at
the following generalization of Theorem 3.9.

Theorem 3.14. Fix z D .za;b/a<b , where za;b 2C for each a; b 2Q with a < b. Define
on M 


xQ
the bivector  z in (3.9) and the 2-form

$

z WD

X
a<b

za;b tr Œ.
a IdCXaXa�/�1 d.
a IdCXaXa�/�

^ tr Œ.
b IdCXbXb�/�1 d.
b IdCXbXb�/�:

Then the triple .M 

xQ
;P 
 C z ;ˆ


 / is a non-degenerate Hamiltonian quasi-Poisson vari-

ety, which corresponds to the quasi-Hamiltonian variety .M ı
xQ
; !
 C$



z ; ˆ


 /.

By performing reduction, one can state the analogue of Corollary 3.10 in the obvious
way.

3.3.2. Character varieties. Fix integers r; g � 0 such that r C g > 0. For n � 1, define

Mg;r;n WD ¹.A1; A
�
1 ; : : : ; Ag ; A

�
g ; Z1; : : : ; Zr / j Ai ; A

�
i ; Zj 2 GLn.C/º:

There is a natural action of GLn on Mg;r;n by simultaneous conjugation of the 2g C r
matrices .Ai ; A�i ; Zj /. For 1 � i � g, we define as we did for quivers the matrix-valued
vector field @Ai 2X1.Mg;r;n;GLn/ with .k; l/ entry given by .@Ai /kl WD @=@.Ai /lk . We
introduce in the exact same way the notations @A�i and @Zj , 1 � j � r . To state the next
result, we let .A�i /

� WD Ai .

6Let us nevertheless refer to [10] for a proof in noncommutative geometry. We warn the reader that the
reference follows Yamakawa’s convention [42] for writing paths from right to left.
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Theorem 3.15. The smooth complex varietyMg;r;n is endowed with a Hamiltonian quasi-
Poisson pencil of order g.g � 1/=2 centered at the quasi-Poisson bivector

Pchar WD
1

2

X
1�i�g

tr ŒA�i Ai @Ai ^ @A�i � AiA
�
i @A�i ^ @Ai �C

1

2

X
1�j�r

tr ŒZ2j @Zj ^ @Zj �

�
1

2

X
1�i�g

tr Œ.@A�i A
�
i � Ai @Ai / ^ .@AiAi � A

�
i @A�i /�

�
1

2

X
1�i<k�g

X
Ci2¹Ai ;A

�
i º

Ck2¹Ak ;A
�
k
º

tr Œ.@C�i C
�
i � Ci @Ci / ^ .@C�k

C �k � Ck @Ck /�

�
1

2

X
1�i�g

Ci2¹Ai ;A
�
i º

X
1�j�r

tr Œ.@C�i C
�
i � Ci @Ci / ^ .@ZjZj �Zj @Zj /�

�
1

2

X
1�j<k�r

tr Œ.@ZjZj �Zj @Zj / ^ .@ZkZk �Zk @Zk /�;

with moment map

ˆ WMg;r;n ! GLn; ˆ.Ai ; A
�
i ; Zj / WD

Y
1�i�g

AiA
�
i A
�1
i .A

�
i /
�1Z1 � � �Zr :

A bivector from the pencil is given by Pchar C  z for z D .zi;k/i<k , zik 2C, and

(3.13)  z D
X
i<k

zi;k tr ŒA�i @A�i � Ai @Ai � ^ tr ŒA�k @A�k � Ak @Ak �:

Proof. If r D 0, this is the case of a g-loop quiver considered in Theorem 3.13, where
all deformation parameters 
a are set to zero. If r > 0, we perform fusion with r copies
of GLn endowed with its Hamiltonian quasi-Poisson structure for the conjugation action
and for which the moment map is the identity, see Proposition 3.1 in [1].

Remark 3.16. The extra terms for a bivector in the pencil do not depend on the elements
Z1; : : : ; Zr , cf. (3.13). This is because the general construction of a pencil as in Propo-
sition 3.6 depends on actions of C�, and in the present situation the center of GLn acts
trivially under the actions Zj 7! gZjg

�1 for g 2 GLn.

Character varieties are obtained by performing reduction of Mg;r;n with respect to
its GLn-action. In general, the smooth loci of these varieties do not carry a symplectic
form; for the Poisson structure to be generically non-degenerate, one needs to consider
subvarieties of character varieties obtained by fixing the factors Z1; : : : ; Zr to closures of
conjugacy classes. One can prepare the passage to fixing conjugacy classes before reduc-
tion, and the corresponding subvariety of Mg;r;n is of the form M



xQ

considered in §3.3.1,
where Q is a “comet-shaped quiver”, an extension of a g-loop quiver by adding r legs.
We refer to [13, 36, 42] for more details on this construction. The upshot is that, for this
last type of varieties, the pencil is made of non-degenerate bivectors and we can write the
corresponding quasi-Hamiltonian structures as stated in Theorem 3.13.
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3.3.3. Generalized MQV. Following Boalch [9], we consider quivers endowed with a
color function, i.e., pairs .Q; c/ where cWQ ! C for some finite set C is a map on the
arrows. We assume that for each c 2C , the subquiver Qc D c�1.c/ (if not empty) is a
multipartite graph: we can partition the vertices

Ic D ¹s 2 I j s D t .a/ or s D h.a/ for some a2Qcº

into disjoint subsets Ic;1; : : : ; Ic;kc (kc � 2) such that there is exactly one arrow vrs W r! s

for all r 2 Ic;` and s 2 Ic;`0 with 1 � `0 < ` � kc . (Any quiver can be seen as a colored
quiver by taking C D Q and c D idQ.)

Fix a pair .Q; c/ and n 2 ZI�0. We consider the double xQ ofQ andM xQ WDM xQ.n/ as
in §2.3 (these are independent of c). At X2M xQ, we can form for each c 2C the matrices

vc;C WD IdC
X

r2Ic;`; s2Ic;`0

with `>`0

Xvrs and vc;� WD IdC
X

r2Ic;`; s2Ic;`0

with `>`0

Xv�rs ;

which, as elements of End.
Lkc
`D1

L
s2Ic;`

Cns /, are regarded as an upper block-triangular
and a lower block-triangular matrix, respectively. We then let

M
c;c
xQ
WD ¹X2M xQ j vc;�vc;C admits an opposite Gauss decompositionº �M xQ:

In other words, at a point of M c;c
xQ

, we can factorize vc;�vc;C D wc;Cˆcwc;�, with

ˆc D .ˆc;s/ 2

kcM
`D1

M
s2Ic;`

GLns ;

which is block-diagonal, while wc;C and wc;� are unipotent upper block-triangular and
lower block-triangular, respectively. The interested reader should consult [9] for precise
definitions7, as our sole aim is to use the following result.

Theorem 3.17 ([9]). The smooth complex variety M c
xQ
WD
T
c2C M

c;c
xQ

is endowed with a
structure of quasi-Hamiltonian variety for the moment map

(3.14) ˆc
WM c

xQ
!GLn; ˆc.X/D .ˆc

s.X//s2I for ˆc
s.X/ WD

Y
c2C

with s2Ic

ˆc;s 2GLns :

The moment map in (3.14) depends on an ordering of the colors at each vertex s 2 I ,
which is irrelevant up to isomorphism because the structure is obtained by fusion. We shall
not need to write down explicitly the 2-form !B giving the quasi-Hamiltonian structure in
Theorem 3.17, but it can be obtained by combining Proposition 5.3 in [9] with the quasi-
Hamiltonian structure of the higher fission spaces given in [8]. By the correspondence

7One should bear in mind that Boalch’s convention for writing paths and looking at representations are the
opposite of those in the present text. A double quiver for us corresponds to a graph for Boalch. We refer to [19]
for the conventions that we follow.
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of Proposition 2.4, there is an associated quasi-Poisson structure for a non-degenerate
quasi-Poisson bivector8 PB 2�.M

c
xQ
;
V2

TM c
xQ
/. For the next result, we extend the color

function as cW xQ! C by putting c.a�/ D c.a/ for any a2Q.

Theorem 3.18. Fix an ordering on pairs C WD ¹.c; s/ j c 2C; s 2 Icº. Fix parameters
zD .zc;rIc0;s/.c;r/<.c0;s/, where zc;rIc0;s 2C for each .c; r/; .c0; s/2C with .c; r/ < .c0; s/.
Define the following bivector and 2-form on M c

xQ
:

 z D
X

.c;r/<.c0;s/

zc;rIc0;s Inf .c;r/ ^ Inf .c
0;s/;

$z D

X
.c;r/<.c0;s/

zc;rIc0;s tr Œˆ�1c;r dˆc;r � ^ tr Œˆ�1c0;s dˆc0;s�:

where for .c; r/ 2 C , we have

Inf .c;r/ WD
X

a2 xQwith
c.a/Dc; t.a/Dr

trŒXa� @a� � Xa @a�:(3.15)

Then:
(1) the triple .M c

xQ
; PB C  z ; ˆ

c/ is a non-degenerate Hamiltonian quasi-Poisson vari-
ety;

(2) the triple .M c
xQ
; !B C$z ; ˆ

c/ is a quasi-Hamiltonian variety;

(3) the two triples correspond to one another via (2.4).

Proof. This is similar to the proof of Theorem 3.9: we first use Proposition 3.6 on the
variety M c

xQ
considered before fusion of the components for different colors, and then

conclude with Lemma 3.2. Before fusion, we see M c
xQ

as a G-variety for

G D
Y
s2I

GL
C.s/
ns ; where C.s/ D ¹c 2C j s 2 Icº.

For fixed s and c 2C.s/, the action of the component GLns of GL
C.s/
ns corresponding to c

is given on a morphism XaWM c
xQ
! End.Cn/, a2 xQ, by

(3.16) g � Xa D
²

Xa c.a/ ¤ c;

g�ıt.a/;sXagıh.a/;s ; c.a/ D c;
g 2 GLns ;

where we denote by g its embedding under GLns ,!GLnD
Q
s2I GLns (without repeated

factors for c 2C.s/). The component of the moment map corresponding to this c-th com-

ponent GLns of GL
C.s/
ns is ˆc;s due to the construction that yields Theorem 3.17, cf. [9].

Moreover, differentiating (3.16) gives the infinitesimal action of 1 2 C corresponding to
the embedding of C� in the c-th component GLns of GL

C.s/
ns , which coincides with Inf .c;r/

from (3.15).

8It should be possible to writePB using the results of Li-Bland and Ševera [28,29], although we are unaware
of a precise formula for PB in the above parametrization of M c

xQ
.
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In analogy with the original theory of Crawley-Boevey and Shaw [14] given in §2.3,
Boalch defines the generalized multiplicative quiver variety Mc

xQ;q;�
at a parameter q 2

.C�/I with stability � 2QI by reduction of M c
xQ

as in Definition 2.7. One can then spell
out the obvious analogue of Corollary 3.10 as a consequence of Theorem 3.18.

Finally, if C D Q and c D idQ, we get back to the original construction presented
in §2.3, as discussed in Section 5 of [9]. Thus, Theorem 3.18 gives back Theorem 3.9
in that situation. Remark that the pencil obtained from the generalized theory depends
on C.C � 1/=2 D jQj.2jQj � 1/ parameters instead of rQ D jQj.jQj � 1/=2; this is
because infinitesimal vector fields appear twice with opposite signs, cf. the discussion
after Theorem 3.9.

3.3.4. Quiver varieties. For the interested reader, let us note the “additive” version of
Proposition 3.6, and how it applies to quiver varieties. Recall that a triple .M; P; �/ is a
Hamiltonian PoissonG-variety ifP is a Poisson bivector and�WM! g is aG-equivariant
morphism satisfying �M D P ].d.�; �/g/ for all � 2 g. If P ]x defines an isomorphism
T �xM ! TxM at each x 2 M , there corresponds a unique symplectic form ! such that
P ] ı ![ D IdTM ; in particular, ![.�M / D d.�; �/g.

Proposition 3.19. Assume that .M; P; �/ is a Hamiltonian Poisson G-variety, where G
admits a decompositionGDG0 ��`jD1Gj such that for each 1� j � `, C� embeds in the
center of Gj as diagonal matrices. For each 1 � j � `, denote by Inf .j / the infinitesimal
action of 12C associated with the embedding of C� into Gj . Write the moment map as
� D .�0; �1; : : : ; �`/, with �0WM ! g0 and �j WM ! gj , 1 � j � `. Furthermore, fix
z D .zij /1�i<j�` 2 C`.`�1/=2.

(1) The triple .M;PC z ;�/ is a Hamiltonian PoissonG-variety for z defined by (3.2).
(2) Assume that P is non-degenerate and ! is the corresponding symplectic form. Let

!z WD
X

1�i<j�`

zij tr.d�i / ^ tr.d�j /:

Then P C  z is non-degenerate, and .M; ! C !z ; �/ defines the corresponding
(Hamiltonian) symplectic variety.

Proof. This follows by adapting the proof of Proposition 3.6 to the present setting.

Let Q be a quiver and n a dimension vector. Rephrasing Nakajima [33] with the nota-
tion of §2.3, the GLn-variety M xQ admits the following Poisson bivector and symplectic
form

Pqv D
X
a2Q

tr Œ@a ^ @a� �; !qv D �
X
a2Q

tr ŒdXa ^ dXa� �;

which correspond to one another. Their moment map is given by

� WM xQ ! gln; �.X/ WD
X
a2Q

.XaXa� � Xa�Xa/:

We get the following result as a direct application of Proposition 3.19, even though it is
easy to check and certainly known to experts.
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Theorem 3.20. Fix z D .za;b/a<b , where za;b 2C for each a; b 2Q with a < b. Define
on M xQ the bivector  z by (3.9), and the 2-form !z by

!z D
X
a<b

za;b trŒd.XaXa�/� ^ trŒd.XbXb�/�:

Then the triple .M xQ; Pqv C z ; �/ is a non-degenerate Hamiltonian Poisson variety such
that .M xQ; !qv C !z ; �/ is the corresponding Hamiltonian symplectic variety.

By performing Hamiltonian reduction, we obtain a pencil of compatible Poisson brack-
ets on quiver varieties.

Remark 3.21. It was suggested by A. Alekseev that the Poisson structures defined in the
previous two results can be obtained as special instances of a construction due to Lu and
Mouquin [30]. Namely, for Proposition 3.19, see G as a Poisson-Lie group for the zero
Poisson structure, so that g D g0 ˚

L`
jD1 gj is a Lie bialgebra with cobracket ıg being

trivially the sum of the zero cobrackets on g0; g1; : : : ; g`. If 1.j / 2 g denotes the image
of 12C induced at the level of Lie algebras by the inclusions C� ,! Gj ,! G, then

t D
X
i<j

zij 1
.i/
^ 1.j / 2 ^2g

is a mixed twisting element (Definition 3.1 in [30]). It follows from Lemma 2.6 in [30] that
.M;P C tM / is a Poisson .g; ıg;t/-variety for the twisting cobracket ıg;t D ıg C Œt;��;
but the latter vanishes while the action of g on M sends t to tM D  z , see (3.2), hence
.M;P C  z/ is a Poisson G-variety.

As for Theorem 3.20, consider for each a2Q the subquiver

�a D t .a/
a

�
a�
h.a/

of xQ. We have an action of
Ga WD GLnt.a/ �GLnh.a/

on
Ya WDM�a.nt.a/; nh.a//;

cf. (2.7), thus M xQ D �a2QYa inherits an action of �a2QGa (it is “before fusion”, see
Remark 2.11). Denote the Lie algebra of Ga by ga, and see g D

L
a2Q ga as a Lie

bialgebra for the zero cobracket as above. Let 1.a/ be the image of .Idnt.a/ ; 0nh.a// under
the inclusion ga ,! g. Again,

t D
X
a<b

zab 1
.a/
^ 1.b/

is mixed twisting and induces  z from (3.9). Hence Pqv C z is a mixed product Poisson
structure onM xQ for the action of�a2QGa, cf. Proposition 3.4 in [30]. Factoring the action
of GLn through �a2QGa by taking diagonal embeddings yields the Poisson GLn-variety
structure considered in Theorem 3.20.
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4. Noncommutative origin of the pencil

It was realised by Van den Bergh [39] that the Poisson bracket obtained on any affine
multiplicative quiver variety M xQ;q;0 through Corollary 2.9 has a noncommutative origin
which is defined at the level of the quiver xQ. We shall explain this statement in the pres-
ence of a deformation parameter as in §3.3.1; then we describe how to adapt this point of
view for the whole Poisson pencil.

Fix an associative unital C-algebra A, and consider A ˝ A as a C-algebra for the
product satisfying .f1˝ f2/.f3˝ f4/D f1f3˝ f2f4, f1; : : : ; f4 2A. Denote by �.12/ 2
End.A˝A/ the operation that exchanges the two tensor factors. An outer double bracket 9

is a bilinear map ¹¹�;�ººoWA � A! A˝ A such that, for f; g; h2A,

¹¹f; g ººo D � �.12/ ¹¹g; f ººo;(4.1a)
¹¹f; ghººo D .g ˝ 1/ ¹¹f; hººo C ¹¹f; gººo .1˝ h/;(4.1b)
¹¹fg; hººo D .1˝ f / ¹¹g; hººo C ¹¹f; hººo .g ˝ 1/:(4.1c)

If A is a B-algebra, then we require the outer double bracket to be B-bilinear, that is,
¹¹A;Bººo D 0. Due to the two derivation rules (4.1b)–(4.1c), it suffices to specify an outer
double bracket on generators of A. For our purpose, take A D C xQ the path algebra of
a double quiver xQ endowed with a total ordering as in §2.3; the ordering induces a
skewsymmetric map o.�;�/W xQ � xQ ! ¹�1; 0; 1º by setting o.a; b/ D C1 if a < b.
We see A as a B-algebra for B D

L
s2I Ces . We fix constants .
a/a2 xQ as in §3.3.1 (thus


a� D 
a for all a 2 xQ). Following Section 3.2 of [15] (based on Section 6.7 of [39]), we
consider the B-linear outer double bracket that satisfies, for a; b 2 xQ,

(4.2)

¹¹a; bººo D ".a/ ı.bDa�/

h

a eh.a/ ˝ et.a/ C

1

2
ba˝ et.a/ C

1

2
eh.a/ ˝ ab

i
�
1

2
o.a; b/ et.b/a˝ et.a/b �

1

2
o.a�; b�/ b eh.a/ ˝ aeh.b/

C
1

2
o.a; b�/ ba˝ et.a/ C

1

2
o.a�; b/ eh.a/ ˝ ab:

By localisation (see Proposition 2.5.3 in [39]), the outer double bracket descends toAQ WD
C xQS
 obtained by adding inverses to the elements in S WD ¹
a1C aa� j a2 xQº.

An important result is that the pair .AQ; ¹¹�;�ººo/ is a double quasi-Poisson algebra
(Theorem 3.3 in [15]). Without unravelling the definition (cf. Section 5.1 of [39]), let
us only give consequences of this fact. Put H0.AQ/ D AQ=ŒAQ; AQ�, which is a vector
space coming with a linear map trWAQ!H0.AQ/ that sends commutators to zero. We get
from Lemma 5.1.3 in [39] thatH0.AQ/ is equipped with a Lie bracket, denoted ¹�;�ºVdB,
uniquely determined by

(4.3) ¹tr.f /; tr.g/ºVdB D tr.m.¹¹f; gººo//; f; g 2AQ;

where mWAQ ˝ AQ ! AQ is the multiplication. In particular, (4.3) extends to a Pois-
son bracket on Sym.H0.AQ//, which we also denote by ¹�;�ºVdB. The following result
follows from Sections 7.7 and 7.13 of [39] and the fact that the representation space
Rep.AQ; n/ coincides with M 


xQ
.n/ for any n2ZI�0.
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Proposition 4.1. The morphism of algebras

(4.4)
Xtr W Sym.H0.AQ//! CŒM 


xQ
==GLn�;

tr.a1 � � � ak/ 7! tr.Xa1 � � � Xak / for a1; : : : ; ak 2 xQ;

is a morphism of Poisson algebras if Sym.H0.AQ// is equipped with ¹�;�ºVdB given
in (4.3) and CŒM 


xQ
==GLn� is equipped with P 
 given in (3.11).

Remark 4.2. Note that (4.4) is surjective by Le Bruyn–Procesi’s theorem [27]. Thus,
the pair .Sym.H0.AQ//; ¹�;�ºVdB/ is a “universal” Poisson algebra, in the sense that
it induces the Poisson structure on each variety M 


xQ
==GLn (hence on any affine mul-

tiplicative quiver variety). By (4.3), all computations can be performed using the pair
.AQ; ¹¹�;�ººo/, which is why it can be seen as a noncommutative origin for these Poisson
structures.

To understand the bivector  z given in (3.10) at the level of xQ, we need an analogue
of Van den Bergh’s outer double brackets. Taking an arbitrary A as above, a right double
bracket [20] is a bilinear map ¹¹�;�ººr WA � A! A˝ A such that, for f; g; h2A,

¹¹f; gººr D � �.12/¹¹g; f ººr ;(4.5a)
¹¹f; ghººr D .1˝ g/¹¹f; hººr C ¹¹f; gººr .1˝ h/;(4.5b)
¹¹fg; hººr D .f ˝ 1/¹¹g; hººr C ¹¹f; hººr .g ˝ 1/:(4.5c)

As in the outer case, we can assume B-bilinearity if A is a B-algebra, and it suffices to
specify the right double bracket on generators. Examples of right double brackets can be
easily constructed using the following result.

Lemma 4.3. LetQ0 be an arbitrary quiver with a total ordering<0 on its arrows. For any
a; b 2Q0 with a <0 b, fix yab 2C and extend these constants to a skewsymmetric matrix
.yab/a;b2Q0 by setting yaa D 0 and yab D �yba if b <0 a.

(1) There is a unique B 0-linear right double bracket on CQ0, where B 0 D
L
s2I 0 Ces ,

such that for a; b 2Q0, ¹¹a; bººr D yab a˝ b.

(2) Given a right double bracket ¹¹�;�ººr on an algebra A, introduce the multilinear
map

(4.6)
¹¹�;�;�ººr W A

�3
! A˝3;

¹¹�;�;�ººr WD
X

kD0;1;2

�k.123/ ı .¹¹�;�ººr ˝ idA/ ı .idA˝¹¹�;�ººr / ı ��k.123/;

where, for a permutation � 2 S3, we denote by ��WA˝3 ! A˝3 the corresponding
action by permutation of tensor factors. Then the right double bracket from part .1/
on CQ0 is .12/-weak Poisson (see Definition 2.7 in [20]), i.e.,

(4.7) ¹¹�;�;�ººr � �
�1
.12/ ı ¹¹�;�;�ººr ı �.12/ D 0:

(3) The right double bracket from .1/ descends to any localisation A D CQ0S at a set
S � CQ0, where it is .12/-weak Poisson.
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Proof. For (1), it suffices to check that the skewsymmetry rule (4.5a) holds on gener-
ators. But this is a direct consequence of the defining identity ¹¹a; bººr D yab a ˝ b,
a; b 2Q0, because .yab/a;b2Q0 is skewsymmetric. (Note that, by requiring B 0-linearity,
¹¹CQ0; esººr D 0 D ¹¹es;CQ0ººr for s 2 I 0.)

For (2), we use that the map ¹¹�;�;�ººr � ��1.12/ ı ¹¹�;�;�ººr ı �.12/ is a derivation
in each argument (for specific A-bimodule structures on A˝3) by Lemma 3.12 in [20].
Hence we only have to verify (4.7) on generators a; b; c 2Q0, cf. Lemma 2.11 in [20]. We
first compute

.¹¹�;�ººr ˝ idA/ ı .idA˝¹¹�;�ººr /.a; b; c/ D ybc¹¹a; bººr ˝ c D yabybc a˝ b ˝ c:

Therefore, by (4.6), we obtain

¹¹a; b; cººr D .yabybc C ybcyca C ycayab/ a˝ b ˝ c:

This gives at once

�.12/¹¹b; a; cººr D .ybayac C yacycb C ycbyba/ a˝ b ˝ c;

which equals ¹¹a; b; cººr as .yab/a;b2Q0 is skewsymmetric. Thus (4.7) holds on the triple
.a; b; c/.

For (3), the right double bracket uniquely descends to CQ0S since we need

¹¹a; s�1ººr D �.1˝ s
�1/¹¹a; sººr .1˝ s

�1/; ¹¹s�1; aººr D �.s
�1
˝ 1/¹¹s; aººr .s

�1
˝ 1/;

as a consequence of (4.5b)–(4.5c) for any a2CQ0 and s 2S . Using again that the map on
the left-hand side of (4.7) is a derivation by Lemma 3.12 in [20], its value on .CQ0S /

�3

can be computed using its value on .CQ0/�3, where it vanishes.

For our purpose, we return to the case of xQ with a total ordering as in §2.3. For any
a; b 2Q with a < b, fix zab 2C, and extend these constants to a skewsymmetric matrix
.zab/a;b2 xQ, which is symmetric under the involution a 7! a�, by setting for any a; b 2Q,

(4.8)
zaa D 0; zab D �zba if b < a;
za�b D zab� D za�b� D zab :

We can then use Lemma 4.3 with Q0 D xQ to get a right double .12/-weak Poisson
bracket on AQ D C xQS
 which is B-linear and uniquely determined by

(4.9) ¹¹a; bººr D ".a/ ".b/ zab a˝ b; a; b 2 xQ:

Indeed, this corresponds to taking the constants yab D ".a/".b/zab . Due to Proposi-
tion 3.15 in [20], the .12/-weak Poisson property guarantees that Sym.H0.AQ// is equip-
ped with a Poisson bracket, denoted ¹�;�ºz , uniquely determined by

(4.10) ¹tr.f /; tr.g/ºz D .tr˝ tr/.¹¹f; gººr /; f; g 2AQ:

Note that, as opposed to (4.3), the bracket (4.10) maps H0.AQ/�2 into Sym2.H0.AQ//,
hence it is not obtained from a Lie bracket on H0.AQ/. The following result is the ana-
logue of Proposition 4.1.
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Proposition 4.4. The morphism of algebras

Xtr W Sym.H0.AQ//! CŒM 

xQ
==GLn�

defined in (4.4) is a morphism of Poisson algebras if Sym.H0.AQ// is equipped with
¹�;�ºz from (4.10) and CŒM 


xQ
==GLn� is equipped with  z from (3.9).

Proof. We can equip CŒM 

xQ
� with a unique antisymmetric biderivation satisfying (for

a; b 2 xQ)

(4.11) ¹.Xa/ij ; .Xb/klº WD ".a/ ".b/ zab .Xa/ij .Xb/kl :

By Theorem 4.11 in [20] and (4.9), the operation ¹�; �º is a Poisson bracket, and it
descends to CŒM 


xQ
==GLn�. We remark, in view of equation (4.7) in [20], that Xtr is a

morphism of Poisson algebras if CŒM 

xQ
==GLn� is equipped with that Poisson bracket, and

that Sym.H0.AQ// is equipped with ¹�;�ºz in (4.10). Thus, we need to verify that (4.11)
coincides with the expression for  z in (3.9) evaluated on generators .Xa/ij (with a 2 xQ)
of CŒM 


xQ
�. Using (3.9), we compute

¹.Xa/ij ; .Xb/klº D

8̂̂<̂
:̂
zab .Xa/ij .Xb/kl if a; b 2Q with a < b;
za�b� .Xa/ij .Xb/kl if a�; b� 2Q with a� < b�;
�za�b .Xa/ij .Xb/kl if a�; b 2Q with a� < b;
�zab� .Xa/ij .Xb/kl if a; b� 2Q with a < b�:

By definition of the skewsymmetric matrix .zab/a;b2 xQ using (4.8), this is equivalent
to (4.11).

Theorem 4.5. Fix z0 2 C. The morphism of algebras

Xtr W Sym.H0.AQ//! CŒM 

xQ
==GLn�;

defined in equation (4.4), is a morphism of Poisson algebras if Sym.H0.AQ// is equipped
with z0¹�;�ºVdB C ¹�;�ºz , cf. (4.3) and (4.10), while CŒM 


xQ
==GLn� is equipped with

z0P

 C  z , cf. (3.11) and (3.9).

Proof. If we combine Propositions 4.1 and 4.4, the only part of the statement which is
unclear is that the linear combination z0¹�;�ºVdB C ¹�;�ºz is a Poisson bracket. Since
we know that it is true if z0 D 0 or z D 0, it suffices to show by rescaling that ¹�;�ºVdB C

¹�;�ºz is a Poisson bracket on Sym.H0.AQ//. Using again the known cases z0 D 0 and
z D 0, we are left to check that

(4.12) ¹f; ¹g; hºVdBºz C ¹f; ¹g; hºzºVdB C cyclic perm. D 0;

for arbitrary f; g; h2 Sym.H0.AQ//. (Here, ‘cyclic perm.’ means that we add the 4 terms
obtained by replacing .f; g; h/ by .g; h; f / and .h; f; g/.) We shall check it for elements
of the form

f D tr.a1 � � � an/; g D tr.b1 � � � bl /; h D tr.c1 � � � cm/;

with ai ; bj ; ck 2 xQ and n; l;m � 1, from which the result follows.
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Given an element d 2A˝A, we use Sweedler’s notation and write d D d 0˝ d 00 (this
abuse of notation is not harmful since all the operations considered below are linear). To
write ¹g; hºz , we start by computing, using the derivation rules (4.5b)–(4.5c) and (4.9),

¹¹b1 � � � bl ; c1 � � � cmººr

D

lX
jD1

mX
kD1

b1 � � � bj�1¹¹bj ; ckºº
0
r bjC1 � � � bl ˝ c1 � � � ck�1¹¹bj ; ckºº

00
r ckC1 � � � cm

D

lX
jD1

mX
kD1

".bj /".ck/zbj ;ck b1 � � � bl ˝ c1 � � � cm

Therefore, we get after applying tr˝ tr to this expression that (4.10) yields

(4.13) ¹g; hºz D cg;h g h; where cg;h WD
lX

jD1

mX
kD1

".bj /".ck/zbj ;ck :

Let us define similarly cf1;f2 for any f1; f2 2 ¹f; g; hº, noting that cf1;f2 D �cf2;f1 by
the skewsymmetry of .zab/a;b2 xQ. We obtain, by the derivation rule of the Poisson bracket
¹�;�ºVdB, that

¹f; ¹g; hºzºVdB D cg;h.¹f; gºVdB hC g¹f; hºVdB/;

from which we can write (4.12) in the equivalent form

(4.14) ¹h; ¹f; gºVdBºz C cg;h¹f; gºVdB hC ch;f ¹g; f ºVdB hC cyclic perm. D 0:

In particular, this identity is satisfied provided that we can show

(4.15) ¹h; ¹f; gºVdBºz D .�cg;h C ch;f /¹f; gºVdB h;

as the three displayed terms in (4.14) vanish if (4.15) holds, and therefore their cyclic
permutations also vanish.

To derive (4.15), we start by computing, using the derivation rules (4.1b)–(4.1c),

¹¹a1 � � � an; b1 � � � blººo

D

nX
iD1

lX
jD1

b1 � � � bj�1¹¹ai ; bj ºº
0
o aiC1 � � � an ˝ a1 � � � ai�1¹¹ai ; bj ºº

00
o bjC1 � � � bl :

Thus, we deduce from (4.3) that

(4.16)
¹f; gºVdB D

nX
iD1

lX
jD1

Fi;j ;

where Fi;j WD tr.¹¹ai ; bj ºº0o aiC1 � � � ana1 � � � ai�1¹¹ai ; bj ºº
00
o bjC1 � � � blb1 � � � bj�1/:

Note that Fi;j is made of seven terms, cf. (4.2), which we label F
.1/
i;j ; : : : ;F

.7/
i;j , respec-

tively. (These terms could be zero.)
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Inside the trace for F
.r/
i;j , r ¤ 1, all the factors ai 0 ; bj 0 appearing in f and g are present.

Therefore, by an argument similar to the one that led to (4.13), we get

¹h;F
.r/
i;j ºz D Qc hF

.r/
i;j ; Qc WD

mX
kD1

".ck/
� nX
i 0D1

".ai 0/ zck ;ai 0 C

lX
j 0D1

".bj 0/ zck ;bj 0

�
;

for r D 2; : : : ; 7. In particular, observe that Qc D ch;f C ch;g D �cg;h C ch;f . For r D 1,
we get that the two factors ai and bj are missing inside the trace for F

.1/
i;j , hence

¹h;F
.1/
i;j ºz D OchF

.1/
i;j ; with Oc WD

mX
kD1

".ck/

� nX
i 0D1
i 0¤i

".ai 0/ zck ;ai 0 C

lX
j 0D1
j 0¤j

".bj 0/ zck ;bj 0

�
:

This time, we can write

Oc D ch;f �
mX
kD1

".ck/".ai / zck ;ai C ch;g �
mX
kD1

".ck/".bj / zck ;bj

D �cg;h C ch;f �
mX
kD1

".ck/.".bj / zck ;bj C ".ai / zck ;ai /:

Note that F
.1/
i;j contains a factor ı.bjDa�i /, cf. the first term of (4.2). As we can write

ı.bjDa�i /

mX
kD1

".ck/.".bj /zck ;bjC".ai /zck ;ai /D ı.bjDa�i /

mX
kD1

".ck/".ai /.�zck ;a�i Czck ;ai /;

we notice that this expression vanishes since .zab/ is symmetric in each index under the
involution a 7! a� by (4.8). Therefore,

OcF
.1/
i;j D .�cg;h C ch;f /F

.1/
i;j ;

so that
¹h;F

.r/
i;j ºz D .�cg;h C ch;f / hF

.r/
i;j

for each 1 � r � 7. In particular,

¹h;Fi;j ºz D .�cg;h C ch;f / hFi;j :

Combining these observations with (4.16), we find

¹h; ¹f; gºVdBºz D .�cg;h C ch;f /
nX
iD1

lX
jD1

hFi;j D .�cg;h C ch;f / h ¹f; gºVdB;

which is precisely (4.15).
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As a consequence of Theorem 4.5, we can repeat Remark 4.2 and see the family
of Poisson brackets .z0¹�;�ºVdB C ¹�;�ºz/ on Sym.H0.AQ// as the universal Pois-
son pencil that induces the one on the varieties M 


xQ
== GLn defined by taking invari-

ants in Theorem 3.14. In fact, any computation can be performed using the operations
.¹¹�;�ººo; ¹¹�;�ººr / on AQ.

Remark 4.6. An analogue of Theorem 4.5 in the case of character varieties (cf. §3.3.2)
can be obtained by replacing Van den Bergh’s outer double (quasi-Poisson) bracket onAQ
by the one introduced by Massuyeau–Turaev [31] on

Cha˙11 ; .a�1/
˙1; : : : ; a˙1g ; .a�g/

˙1; z˙11 ; : : : ; z˙1r i:

The case of quiver varieties (cf. §3.3.4) is obtained similarly by using Van den Bergh’s
outer double Poisson bracket on C xQ given in Sections 6.3 and 6.4 of [39]. Alternatively
note that the outer double bracket on C xQ in the Poisson case reduces to the first constant
term appearing in (4.2), thus we can formally derive this case from Theorem 4.5 by setting

a D Q
 2 C� for each a 2 xQ and considering the family .z0 Q
�1¹�;�ºVdB C ¹�;�ºz/ in
the limit Q
 !1. For generalized MQV (cf. §3.3.3), it is conjectured in [19] that their
Poisson structure is induced by an outer double bracket; as this problem is still open,
exhibiting a universal Poisson pencil is currently beyond reach.

5. Application to the spin RS phase space

In [12], the authors constructed the phase space of the spin Ruijsenaars–Schneider (RS)
system of Krichever and Zabrodin [26] as a multiplicative quiver variety. We revisit this
result with the pencil constructed in Theorem 3.9 in order to bridge the gap with the
alternative construction of the phase space from [5], where a different Poisson structure is
derived.

5.1. General construction

We recall the setting of [12]. Fix d � 2. Consider the quiver Qd consisting of the vertex
set I D ¹0;1º and the arrows xW0! 0 and v˛W1! 0 for 1� ˛ � d . On the double xQd ,
we take the ordering x < x� < v1 < v�1 < � � � < vd < v

�
d

.
Let 
 WD .
x ; 
˛/ 2 CjQd j be given by 
x D 0 and 
˛ D 1 for 1 � ˛ � d . For n � 1

and nD .n0; n1/D .n; 1/, we form the varietyM 

xQd

as in §3.3.1. Explicitly, if X , Z, V˛
and W˛ denote, respectively, the nonzero blocks of the matrices Xx , Xx� , Xv˛ and Xv�˛
(where 1 � ˛ � d ), we have

M


xQd
WD¹.X;Z; V˛; W˛/ j det.X/; det.Z/; det.IdnCW˛V˛/ ¤ 0; 1 � ˛ � dº

�¹X;Z 2GLn.C/; V1; : : : ; Vd 2Mat1�n.C/; W1; : : : ; Wd 2Matn�1.C/ º:(5.1)

The action of the group GLn.C/ �C� on the variety is given by

(5.2) .g; �/ � .X;Z; V˛; W˛/ D .gXg
�1; gZg�1; �V˛g

�1; gW˛�
�1/:
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Since the group ¹.� Idn; �/ j �2C�º acts trivially, we shall only focus on10 the action of
GLn.C/. By Theorem 3.13, M 


xQd
is a smooth complex variety of dimension 2n2 C 2nd

with the non-degenerate quasi-Poisson bivector P given in (3.11) and the corresponding
moment map

(5.3) ˆ WM


xQd
! GLn; ˆ.X;Z; V˛; W˛/ WD XZX

�1Z�1
Y

1�˛�d

.IdCW˛V˛/�1;

where we write factors in the product from left to right with increasing indices 1 � ˛ � d .
The quasi-Poisson bracket corresponding to P is explicitly spelled out in equation (2.8)
of [12]. (We shall not use the corresponding 2-form given in (3.12).)

A useful parametrization of M 

xQd

is given as follows. For 1 � ˛ � d , introduce

(5.4) A˛ WD W˛ and B˛ WD V˛.IdnCW˛�1V˛�1/ � � � .IdnCW1V1/Z;

which are easily seen to satisfy

(5.5) .IdnCW˛V˛/ � � � .IdnCW1V1/Z D Z C A1B1 C � � � C A˛B˛:

In particular, the right-hand side,

Z˛ WD Z C A1B1 C � � � C A˛B˛;

is invertible. Thus,

M


xQd
D¹.X;Z;A˛; B˛/ j det.X/; det.Z/; det.Z˛/ ¤ 0; 1 � ˛ � dº

�¹X;Z 2GLn.C/; A1; : : : ; Ad 2Matn�1.C/; B1; : : : ; Bd 2Mat1�n.C/º:

With that parametrization, the action of GLn.C/ is obtained from (5.2) by substituting A˛
and B˛ for W˛ and V˛ , respectively, while the moment map reads

(5.6) ˆ WM 

xQd
! GLn; ˆ.X;Z;A˛;B˛/ WDXZX

�1 .ZCA1B1C � � � CAdBd /
�1:

The quasi-Poisson bracket P can be written in terms of those elements by combining
Lemma 3.3 and (3.15) from [12].

To perform reduction, choose q 2C� such that qk ¤ 1 for 1 � k � n. Then the action
of GLn.C/ that factors through (5.2) is free11 on the subvariety ˆ�1.q Idn/, which is
denoted M�

n;d;q
in [12]. The affine GIT quotientˆ�1.q Idn/==GLn.C/ (in fact, geometric

quotient) corresponding to taking trivial stability parameter � in Definition 2.7 is therefore
a smooth complex variety of dimension 2nd , cf. [12]. We set

(5.7) C�n;d;q WD ˆ
�1.q Idn/==GLn.C/;

which we call the spin Ruijsenaars–Schneider (RS) phase space. We get a non-degenerate
Poisson bracket on C�

n;d;q
defined by quasi-Poisson reduction from the bivector P .

10As we omit the action of an abelian group, this does not change the description of the quasi-Poisson
structure given subsequently.

11This requires the condition on q. If qk D 1, then ˆ�1.q Idn/ contains the points .X.k/; Z.k/; 0; 0/ for
any k-dimensional representation x 7! X.k/, z 7! Z.k/, of the quantum torus Chx˙1; z˙1i=.xz � qzx/, which
have stabilizers of dimension � 1 as, e.g., � Idn acts trivially. This condition is not discussed in [5], so that their
description works only on the smooth locus of the reduced space (5.7) when q is a k-th root of unity for some
1 � k � n.
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5.1.1. The pencil. For each z D .z˛ˇ / 2 Cd.d�1/=2, we form the bivector  z on M 

xQd

using (3.9), where we set zv˛ ;vˇ D z˛ˇ and zx;v˛ D 0 for each 1 � ˛ < ˇ � d . For con-
venience, we extend z to an antisymmetric d � d matrix with entries .z˛ˇ /1�˛;ˇ�d by
setting z˛ˇ D �zˇ˛ if ˛ > ˇ and z˛˛ D 0. The corresponding bracket, also denoted  z
by abusing notation, is explicitly given by

 z.Xij ;�/ D 0;  z.Zij ;�/ D 0;(5.8a)
 z..V˛/i ; .Vˇ /j / D z˛ˇ .V˛/i .Vˇ /j ;  z..W˛/i ; .Wˇ /j / D z˛ˇ .W˛/i .Wˇ /j ;(5.8b)
 z..V˛/i ; .Wˇ /j / D �z˛ˇ .V˛/i .Wˇ /j ;  z..W˛/i ; .Vˇ /j / D �z˛ˇ .W˛/i .Vˇ /j ;(5.8c)

where Xij , Zij , .V˛/i and .W˛/i are the “matrix entry” functions defined in the obvious
way. In terms of the alternative parametrization that uses (5.4), we still have (5.8a), as
well as

 z..A˛/i ; .Aˇ /j / D z˛ˇ .A˛/i .Aˇ /j ;  z..B˛/i ; .Bˇ /j / D z˛ˇ .B˛/i .Bˇ /j ;(5.9a)
 z..A˛/i ; .Bˇ /j /D� z˛ˇ .A˛/i .Bˇ /j ;  z..B˛/i ; .Aˇ /j /D� z˛ˇ .B˛/i .Aˇ /j :(5.9b)

By Theorem 3.14, the bivector P C z is always non-degenerate quasi-Poisson on M 

xQd

for the moment map (5.3) (or equivalently (5.6)). In particular, this yields a quasi-Poisson
pencil centered atP of order d.d � 1/=2. After performing reduction, we obtain a Poisson
pencil on the spin RS phase space C�

n;d;q
given in (5.7).

5.2. Local parametrization

We continue with the notations of the previous subsection. Following Section 4.1 of [12],
consider the affine space .C�/n � C2nd with coordinates .xi ; a˛i ; b

˛
i /
1�˛�d
1�i�n , and define

the following subspace of dimension 2nd :
(5.10)
hreg D

°
.xi ; a

˛
i ; b

˛
i / j xi ¤ xj ; xi ¤ qxj ; 8i ¤ j I

X
1�˛�d

a˛i D 1; 8i I det.Z˛/¤ 0; 8˛
±
;

where for ˛ 2 ¹0º [ ¹1; : : : ; dº, we introduce the following matrix:

Z˛ 2 Matn�n.C/; .Z˛/ij WD q

Pd
ˇD1 a

ˇ
i b

ˇ
j

xix
�1
j � q

C

X̨
ˇD1

a
ˇ
i b

ˇ
j ; 1 � i; j � n:

(The second sum is omitted when ˛ D 0.) There is an action of the symmetric group Sn
on hreg by simultaneous permutation of the indices: � � .xi ; a˛i ; b

˛
i / D .x�.i/; a

˛
�.i/

; b˛
�.i/

/.

Proposition 5.1 ([12]). The morphism of affine varieties �Whreg=Sn! C�
n;d;q

obtained by
mapping .xi ; a˛i ; b

˛
i / to the orbit of the point .X;Z;A˛; B˛/ given by

(5.11) Xij D ıijxi ; Zij D q

Pd
ˇD1 a

ˇ
i b

ˇ
j

xix
�1
j � q

; .A˛/i D a
˛
i ; .B˛/i D b

˛
i ;
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is well defined and injective. Furthermore, � is a morphism of Poisson varieties if C�
n;d;q

is endowed with the Poisson bracket defined by the Poisson bivector P from (3.11) and
hreg=Sn is endowed with the Poisson bracket ¹�;�º0 uniquely determined by

¹xi ; xj º0 D 0; ¹xi ; a
˛
j º0 D 0; ¹xi ; b

˛
j º0 D ıijxib

˛
j ;(5.12a)

¹a˛i ; a
ˇ
j º0 D

1

2
ı.i¤j /

xi C xj

xi � xj
.a˛i a

ˇ
j C a

˛
j a

ˇ
i � a

˛
j a

ˇ
j � a

˛
i a
ˇ
i /(5.12b)

C
1

2
o.ˇ; ˛/.a˛i a

ˇ
j C a

˛
j a

ˇ
i /C

1

2

dX

D1

o.˛; 
/a
ˇ
j .a

˛
i a


j C a

˛
j a



i /

�
1

2

dX

D1

o.ˇ; 
/a˛i .a
ˇ
j a



i C a

ˇ
i a



j /;

¹a˛i ; b
ˇ
j º0 D a

˛
i Zij � ı˛ˇ Zij �

1

2
ı.i¤j /

xi C xj

xi � xj
.a˛i � a

˛
j /b

ˇ
j(5.12c)

C ı.˛<ˇ/ a
˛
i b

ˇ
j C a

˛
i

ˇ�1X

D1

a


i .b



j � b

ˇ
j / � ı˛ˇ

ˇ�1X

D1

a


i b


j

�
1

2

dX

D1

o.˛; 
/b
ˇ
j .a

˛
i a


j C a

˛
j a



i /;

¹b˛i ; b
ˇ
j º0 D

1

2
ı.i¤j /

xi C xj

xi � xj
.b˛i b

ˇ
j C b

˛
j b

ˇ
i / � b

˛
i Zij C b

ˇ
j Zj i(5.12d)

C
1

2
o.ˇ; ˛/.b˛i b

ˇ
j � b

˛
j b

ˇ
i / � b

˛
i

ˇ�1X

D1

a


i .b



j � b

ˇ
j /

C b
ˇ
j

˛�1X

D1

a


j .b



i � b

˛
i /:

In these formulae, o.�;�/W ¹1; : : : ; dº�2 ! ¹0;˙1º is the skew-symmetric function such
that o.˛; ˇ/DC1 if ˛ < ˇ, and Zij is defined in (5.11). This induces an isomorphism of
Poisson varieties �W hreg=Sn ! Cı, where Cı � C�

n;d;q
is the image of �.

As the Poisson structure is non-degenerate, � is an isomorphism of symplectic vari-
eties. To establish that the map � intertwines the two Poisson structures, it suffices to check
the result on the functions

(5.13) fk WD tr.Xk/; g˛ˇ Ik WD tr.A˛BˇXk/; k � 0; 1 � ˛; ˇ � d;

as their pullbacks provide a local coordinate system in view of

(5.14) ��fk WD
X
i

xki ; ��g˛ˇ Ik D
X
i

a˛i b
ˇ
i x

k
i ;

X
1�˛�d

��g˛ˇ Ik D
X
i

b
ˇ
i x

k
i :

5.2.1. Local expression of  z. The argument leading to Proposition 5.1 can be adapted
to the Poisson bivector  z given in §5.1.1 as follows.
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Lemma 5.2. The isomorphism of varieties �W hreg=Sn ! Cı given by (5.11) in Proposi-
tion 5.1 is an isomorphism of Poisson varieties if Cı is endowed with the Poisson bracket
defined by  z and hreg=Sn is endowed with the Poisson bracket, denoted  loc

z , uniquely
determined by

 loc
z .xi ; xj / D 0;  loc

z .xi ; a
˛
j / D 0;  loc

z .xi ; b
˛
j / D 0;(5.15a)

 loc
z .a

˛
i ; a

ˇ
j / D Gz.i; j I˛; ˇ/ a

˛
i a
ˇ
j ;(5.15b)

 loc
z .a

˛
i ; b

ˇ
j / D �Gz.i; j I˛; ˇ/ a

˛
i b
ˇ
j ;(5.15c)

 loc
z .b

˛
i ; b

ˇ
j / D Gz.i; j I˛; ˇ/ b

˛
i b
ˇ
j :(5.15d)

Here, we have set for any 1 � i; j � n and 1 � ˛; ˇ � d ,

(5.16) Gz.i; j I˛; ˇ/ WD z˛ˇ C
X

1���d

.z�˛ a
�
j � z�ˇ a

�
i /C

X
1��;��d

z�� a
�
i a

�
j ;

which is antisymmetric under simultaneously swapping the pairs .i; ˛/ and .j; ˇ/.

Proof. Gathering (5.8a), (5.9a)–(5.9b) and (5.13), we compute

(5.17)
 z.fk ; fl / D 0;  z.fk ; g˛ˇ Il / D 0;

 z.g
"Ik ; g˛ˇ Il / D .z
˛ C z"ˇ � z
ˇ � z"˛/ g
"Ik g˛ˇ Il ;

for any k; l � 1 and 1 � ˛; ˇ; 
; " � d . Checking that � intertwines the two Poisson
structures12 thanks to (5.14) is an exercise along the lines of Appendix A.4 in [12] (though
much easier).

Note that  loc
z is well defined because

dX
˛D1

Gz.i; j I˛; ˇ/a
˛
i D 0 for any 1 � i � n.

Lemma 5.3. The Poisson bracket  loc
z is degenerate and admits the following Casimirs:

(5.18) x1; : : : ; xn; a˛j b
˛
j ; with 1 � j � n; 1 � ˛ � d:

Proof. To be degenerate, one needs that the algebra of Casimirs defined as

¹F 2CŒhreg�
Sn j  loc

z .F;G/ D 0; 8G 2CŒhreg�
Snº

has positive (Krull) dimension. Thus, it is direct if we establish that the elements (5.18)
are Casimirs, or equivalently that they Poisson commute under  loc

z with the generators
.xj ; a

˛
j ; b

˛
j /. Any xi is clearly a Casimir by (5.15a).

12A priori,  z is only an antisymmetric biderivation on hreg=Sn, and we deduce that it is a Poisson bracket
because it is one on Cı and � is an isomorphism intertwining the two structures.
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Next, for arbitrary 1 � j � n, 1 � ˇ � d , one has by (5.15b)–(5.15c) and the anti-
symmetry of (5.16),

 loc
z .a

˛
i b
˛
i ; a

ˇ
j / D  

loc
z .a

˛
i ; a

ˇ
j /b

˛
i C a

˛
i  

loc
z .b

˛
i ; a

ˇ
j /

D .Gz.i; j I˛; ˇ/CGz.j; i Iˇ; ˛// a
˛
i b

˛
i a

ˇ
j D 0:

Similarly,  loc
z .a

˛
i b
˛
i ; b

ˇ
j / D 0. Thus the element a˛i b

˛
i is also a Casimir.

By reduction of the quasi-Poisson pencil given in §5.1.1, any bivector z0P C  z
on C�

n;d;q
with z0 2C is Poisson, and it is non-degenerate whenever z0 ¤ 0, cf. Corol-

lary 3.10. Restricting the Poisson pencil to Cı, the isomorphism �W hreg=Sn ! Cı that
intertwines the Poisson structures ¹�;�º0 with P (by Proposition 5.1) and  loc

z with  z
(by Lemma 5.2) is therefore intertwining the structure z0¹�;�º0 C  loc

z with z0P C  z ,
making the former a Poisson bracket for any possible parameter. These observations can
be summarized in the following form.

Corollary 5.4. There is a Poisson pencil on hreg=Sn spanned by the Poisson brackets
¹�;�º0 and  loc

z , with z D .z˛ˇ /1�˛<ˇ�d defined as in §5.1.1. Any linear combination
z0¹�;�º0 C  

loc
z with z0 2C is therefore a Poisson bracket, which is non-degenerate

when z0 ¤ 0. This pencil (and therefore the pencil spanned by P and  z on C�
n;d;q

/ has
order r � .d � 1/.d � 2/=2C 1.

Proof. We only need to compute the bound on the order of the pencil. Since each  loc
z is

degenerate while ¹�;�º0 is not, the order equals ord. loc
z /C 1.

Assume that for some z,  loc
z � 0 identically. By the definition (5.10) of hreg, we can

find a point m2hreg where all .b˛i / are nonzero while a˛i D ı˛;1. At such a point, (5.15d)
reads

(5.19)  loc
z;m.b

˛
i ; b

ˇ
j / D Œz˛ˇ C z1˛ � z1ˇ � b

˛
i b
ˇ
j ; 1 � ˛; ˇ � d;

as z11 D 0 by skewsymmetry of the matrix .z˛ˇ /. By assumption, (5.19) vanishes and we
get that

(5.20) z˛ˇ D z˛1 C z1ˇ ;

for any 1 � ˛; ˇ � d . Hence we can fix arbitrarily z12; : : : ; z1d , then define the other
parameters through (5.20), and still get loc

z;mD 0. As we have freedom in choosing param-
eters,

ord. loc
z;m/ D

d.d � 1/

2
� .d � 1/ D

.d � 1/.d � 2/

2
�

It follows by definition that
ord. loc

z / � ord. loc
z;m/;

and we get the claimed bound.

Remark 5.5. We expect that the inequality for the order given in Corollary 5.4 is an
equality. This is the case for d D 2, as the order is precisely 1. To see this, note that
 loc
z � 0 identically for any z12 2C because Gz.i; j I ˛; ˇ/ (5.16) is always vanishing

on hreg.
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5.2.2. Comparison with the structure of Arutyunov–Olivucci. In [5], the spin RS
phase space C�

n;d;q
(5.7) is obtained by reduction using Poisson-Lie symmetries. Their

local parametrization, presented in Section 5 of [5] (with ` D d ), is related to the one of
Proposition 5.1 by substituting their matrices

Q;L2GLn.C/; a2Matn�d .C/ and c2Matd�n.C/;

respectively with

X;�XZX�12GLn.C/; .A1 � � �Ad /2Matn�d .C/ and .BT1 � � �B
T
d /
T
2Matd�n.C/:

They have an additional parameter � ¤ 0 which can be omitted by simultaneously rela-
beling a D

p
�a, c D

p
�c and rescaling their Poisson brackets by ��1. Thus, we can

take � D 1, and write down the two Poisson brackets that they derived locally on hreg=Sn
(see13 (6.4) in [5] and [3]) by

¹xi ; xj º˙ D 0; ¹xi ; a
˛
j º˙ D 0; ¹xi ; b

˛
j º˙ D ıijxib

˛
j ;(5.21a)

¹a˛i ; a
ˇ
j º˙ D

1

2
ı.i¤j /

xi C xj

xi � xj
.a˛i a

ˇ
j C a

˛
j a

ˇ
i � a

˛
j a

ˇ
j � a

˛
i a
ˇ
i /(5.21b)

�
1

2
o.ˇ; ˛/a˛j a

ˇ
i �

1

2

dX

D1

o.˛; 
/a
ˇ
j a

˛
j a



i

˙
1

2

dX

D1

o.ˇ; 
/a˛i a
ˇ
i a



j �

1

2

�X

;"

o."; 
/a"i a


j

�
a˛i a

ˇ
j ;

¹a˛i ; b
ˇ
j º˙ D a

˛
i Zij � ı˛ˇ Zij �

1

2
ı.i¤j /

xi C xj

xi � xj
.a˛i � a

˛
j /b

ˇ
j(5.21c)

C a˛i

X

?ˇ

a


i b



j � ı˛ˇ

X

?ˇ

a


i b



j ˙

1

2

dX

D1

o.˛; 
/b
ˇ
j a

˛
j a



i

˙
1

2

�X

;"

o."; 
/a"i a


j

�
a˛i b

ˇ
j C

1

2
a˛i a

ˇ
i b

ˇ
j �

1

2
ı˛ˇ a

˛
i b

ˇ
j ;

¹b˛i ; b
ˇ
j º˙ D

1

2
ı.i¤j /

xi C xj

xi � xj
.b˛i b

ˇ
j C b

˛
j b

ˇ
i / � b

˛
i Zij C b

ˇ
j Zj i(5.21d)

˙
1

2
o.ˇ; ˛/b˛j b

ˇ
i � b

˛
i

X

?ˇ

a


i b



j C b

ˇ
j

X

?˛

a


j b



i

�
1

2

�X

;"

o."; 
/a"i a


j

�
b˛i b

ˇ
j C

1

2
.a˛j � a

ˇ
i /b

˛
i b

ˇ
j ;

where we use the notation from Proposition 5.1. Observe that both Poisson brackets are
equivalent under relabeling spin indices through ˛ 7! d C 1� ˛ (this was remarked before
reduction in [17]). Hence we shall only focus on the minus Poisson bracket.

13These expressions appear in compact r-matrix notation in [5], and their presentation in [3] contains typos.
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Proposition 5.6. The minus Poisson bracket ¹�;�º� constructed in [5] by Arutyunov
and Olivucci and the Poisson bracket ¹�;�º0 constructed by Chalykh and Fairon in [12]
belong to the pencil of compatible Poisson brackets from Corollary 5.4.

Proof. By definition, ¹�;�º0 is certainly in the pencil. Take the sequence of parame-
ters z� given by z�

˛ˇ
D 1=2, for ˛ < ˇ. The corresponding skewsymmetric matrix has

entries 1
2
o.˛; ˇ/, and the Poisson structure  loc

z� from (5.15) is given in terms of

Gz�.i; j I˛; ˇ/ D
1

2
o.˛; ˇ/C

1

2

X



o.
; ˛/a


j �

1

2

X



o.
; ˇ/a


i C

1

2

X

;"

o."; 
/a"i a


j :

It is then an exercise to check that

¹�;�º� D ¹�;�º0 C  
loc
z�

using (5.12) and (5.21), remembering that
P

 a



j D 1 for each 1 � j � n.

Remark 5.7. In [12], it is conjectured that the irreducible component of C�
n;d;q

contain-
ing Cı D �.hreg=Sn/ is the whole variety C�

n;d;q
, in analogy with the case d D 1 due to

Oblomkov [34]. Under that conjecture, we can reformulate Proposition 5.6 as the com-
patibility of the Poisson structures constructed in [5, 12] on the whole spin RS phase
space C�

n;d;q
.

Finally, we can use Proposition 5.6 to provide another quiver interpretation of the
minus Poisson structure of Arutyunov and Olivucci [5]. To do so, we need to unwind the
construction of the master phase space M 


xQd
considered in §5.1. At a purely geometric

level, the quasi-Poisson structure is obtained by considering the internally fused double
GLn �GLn D ¹.X;Z/º as a GLn-variety, with d copies of the space

.T �Cn/ı WD ¹.W; V / 2 T �Cn
j 1C V W ¤ 0º

seen as a .GLn�C�/-variety, and we perform fusion of these different actions in a specific
order. Observe from Remark 3.7 that the fusion terms added by the C� actions will, in
fact, appear as bivectors  z in the pencil described in §5.1.1. By tracking all these fusion
terms, we see that they correspond to adding� z� , for z� given by z�

˛ˇ
D 1=2, for ˛ < ˇ.

It follows from the proof of Proposition 5.6 that these are precisely the terms that are
killed to go from ¹�;�º0 (the local expression of the bivector P ) to ¹�;�º� (the Poisson
structure from [5]). Forgetting the fusion of these C� actions can be reinterpreted as fol-
lows. We consider xQ1d

d
, where Q1d

d
consists of the vertex set ¹0;11; : : : ;1d º and

the arrows xW 0 ! 0 and v˛W 1˛ ! 0 for 1 � ˛ � d . We then perform the reduction
of M .0;1;:::;1/

xQ
1d
d

.n; 1; : : : ; 1/ at q Idn 2GLn.C/, i.e., we consider11; : : : ;1d as ‘framing

vertices’ with respect to which we are not reducing14. In this way, Van den Bergh’s quasi-
Poisson structure associated with Q1d

d
yields the minus Poisson structure of [5] in local

coordinates.

14We use the standard trick that a (Hamiltonian) quasi-Poisson .G �H/-variety where H is abelian can be
viewed as a (Hamiltonian) quasi-Poisson G-variety. Here H D .C�/d and G D GLn.C/.
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5.2.3. Hamiltonian formulation of the spin RS system. It is proved in [5,12] that, with

h WD 2.q�1 � 1/ tr.Z/;

the equations of motion for the derivation

d

dt
WD ¹h;�º;

where ¹�;�º denotes the Poisson bracket from the corresponding reference, satisfy locally

(5.22)

dxi

dt
D 2fi i xi ;

da˛i
dt
D

X
k¤i

Vik fik .a
˛
k � a

˛
i /;

db˛i
dt
D

X
k¤i

. Vik fik b
˛
i � Vki fki b

˛
k /;

where
Vik D

xi C xk

xi � xk
�
xi C qxk

xi � qxk
and fij D

X
1�˛�d

a˛i b
˛
j :

These are the equations of the spin RS system introduced by Krichever and Zabrodin [26]
under the constraints

P
˛ a

˛
i D 1.

Proposition 5.8. For any z 2Cd.d�1/=2, let ¹�;�º WD ¹�;�º0 C  loc
z . Then the equa-

tions (5.22) hold for
h WD 2.q�1 � 1/ tr.Z/ D 2

X
i

fi i :

In particular, any non-degenerate Poisson bracket from the pencil on hreg=Sn gives the
equations (5.22), up to rescaling of h.

Proof. Notice that  loc
z .h; �/ D 0 because h is a linear combination of Casimirs by

Lemma 5.3. Thus ¹h;�º D ¹h;�º0, and (5.22) holds for ¹�;�º0 by [12].
For the second part, recall that a non-degenerate Poisson bracket from the pencil is

of the form ¹�;�º D z0¹�;�º0 C  
loc
z with z0 2C�. In that case, we get (5.22) for

d=dt D ¹z�10 h;�º.

Remark 5.9. In the pencil introduced in §5.1.1, we assumed that the parameters written
in terms of the arrows of Qd satisfy zx;v˛ D 0 for all 1 � ˛ � d . If these parameters
were taken to be nonzero, we would get a larger pencil, but the proof of Proposition 5.8
would no longer be valid. To illustrate this claim, note that for such a case the second
equality in (5.17) gets replaced with  z.fk ; g˛ˇ Il /D k.zx;v˛ � zx;vˇ /fkg˛ˇ Il . In particu-
lar, one may deduce  loc

z .xi ; b
˛
j / D .zx;v˛ � zx;vˇ /xi , which is nonzero if the parameters

.zx;v1 ; : : : ; zx;vd / are not all equal. Similarly, the second item of Proposition 5.10 below
may no longer be valid for the extended pencil because H may not lie in the Poisson
center of Q.
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5.3. Integrability

For any k � 1 and 1 � ˛; ˇ � d , introduce the following functions:

hk WD tr.Zk/; tkI˛ˇ WD tr.W˛VˇZk/ and hkI˛ WD tr.Zk˛/;

where Z˛ was defined by (5.5). We form commutative subalgebras of CŒC�
n;d;q

� by

H WDCŒhk j k � 1�; Q WD CŒtkI˛ˇ j k � 1; 1 � ˛; ˇ � d�;

Hint WDCŒhkI˛ j k � 1; 1 � ˛ � d�:

Recall from Section 5 of [12] the following chain of inclusions: H � Hint � Q.

Proposition 5.10. For any Poisson structure P C  z on C�
n;d;q

with z as in §5.1.1,
the commutative algebras H , Hint and Q are Poisson algebras. Furthermore, if we denote
by C� the irreducible component of C�

n;d;q
containing Cı D �.hreg=Sn/, then

(1) Hint is an abelian Poisson algebra of dimension nd D 1
2

dim.C�/, hence it defines
an integrable system on C� ;

(2) Q has codimension n in C� with Poisson center containing H of dimension n on C�,
hence it defines a degenerately integrable system on C�.

Proof. When the parameters in z are all zero, this follows from Theorems 2.4 and 5.5
in [12]. In particular, the stated dimensions always hold since they do not depend on the
Poisson structure.

We can compute in general that  z.hkI˛; hlIˇ / D 0 for any indices because

 z.Zij ;�/ D 0 and  z..W
V
 /ij ;�/ D 0

by (5.8). Thus Hint and its subalgebra H stay abelian for any Poisson structure. Using (5.8)
again, we find, as in (5.17),

 z.tkI
"; tlI˛ˇ / D .z
˛ C z"ˇ � z
ˇ � z"˛/ tkI
" tlI˛ˇ ;

so that Q is closed under  z , hence it is also closed under P C  z .

A. Explicit correspondence

We verify the correspondence (2.4) for Theorem 3.13. Since the structures are obtained by
fusion (cf. Remark 2.11 and [39,40,42]), it follows from (the complex algebraic analogue
of) Proposition 10.7 in [1] that we only need to check the correspondence for a 1-arrow
quiver. So take Q D 1

a
! 2. For the dimension vector n D .n1; n2/ and parameter 
 WD


a 2C, the data .Xa; Xa�/ with

Xa D
�
0n1�n1 A

0n1�n2 0n2�n2

�
and Xa� D

�
0n1�n1 0n2�n1
B 0n2�n2

�
;

for A 2 Matn1�n2.C/ and B 2 Matn2�n1.C/, parametrize a point X2M xQ.
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The open subspaceM 

xQ

corresponds to requiring det.
 Idn1CAB/¤ 0, and we define

ˆ
 WM


xQ
! GLn1 �GLn2

by

ˆ
 .X/ D .
 IdCXaXa�/.
 IdCXa�Xa/�1 D
�

 Idn1 CAB 0n2�n1
0n1�n2 .
 Idn2 CBA/

�1

�
:

If 
 D 0 and n1 D n2, we are in the case of the quasi-Poisson double of GLn1.C/
where the correspondence can be found in Example 10.5 of [1]. Hence we can work
with 
 ¤ 0, from which, up to rescaling, we can assume that 
 D 1; therefore we simply
write M 


xQ
, P 
 , !
 and ˆ
 as M ı

xQ
, P , ! and ˆ hereafter.

Let us already note that the matrix-valued vector fields @a and @a� take the form

@a D

�
0n1�n1 0n2�n1

.@=@Aj i /ij 0n2�n2

�
and @a� D

�
0n1�n1 .@=@Bj i /ij
0n1�n2 0n2�n2

�
;

from which we deduce

@aXa� D Xa�@a D 0 and @a�Xa D Xa@a� D 0:

Take the dual bases .Eij /ij and .Eij D Ej i /j i of gln1 � gln2 , for the pairs of indices
.i; j / 2 ¹1; : : : ; n1º

�2 [ ¹n1 C 1; : : : ; n1 C n2º
�2 and where Eij is the elementary matrix

with only nonzero entry in position .i; j /. We want to verify (2.4), i.e., that for any
X 2TM ı

xQ
,

(A.1) P ] ı ![.X/ D X �
1

4

X
i;j

hX; .ˆ�1dˆ � dˆˆ�1/ij i .Eij /M ı
xQ
:

We do so for any X D .@a/ij D @=@aj i and leave the case X D .@a�/ij as an exercise;
this is sufficient to prove our claim. To evaluate the left-hand side of (A.1), we compute,
using (2.12),

![..@a/ij / D �
1

2
tr
�
.IdCXaXa�/�1 dXa ^ dXa� C dXa ^ .IdCXa�Xa/�1 dXa�

�[
..@a/ij /

D �
1

2

�
dXa�.IdCXaXa�/�1 C .IdCXa�Xa/�1 dXa�

�
ij
:

Thus, we get, from (2.11),

P ] ı ![..@a/ij / D
1

2
tr
�
.IdCXa�Xa/ @a ^ @a� C @a ^ .IdCXaXa�/@a�

�]
ı ![..@a/ij /

D
1

2
.@a/ij C

1

4

�
.IdCXa�Xa/�1@a.IdCXaXa�/C .IdCXa�Xa/@a.IdCXaXa�/�1

�
ij
:

Next, we look at the right-hand side of (A.1). From the general equalities

h.@b/ij ;d.IdCXbXb�/".b/uv iD

´
ıuj .Xb�/iv; if ".b/D C 1;
�.IdCXbXb�/�1uj .Xb�.IdCXbXb�/�1/iv; if ".b/D � 1;
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and

h.@b/ij ;d.IdCXb�Xb/�".b/uv iD

²
�..IdCXb�Xb/�1Xb�/uj .IdCXb�Xb/�1iv ; if ".b/DC1;
.Xb�/uj ıiv; if ".b/D�1;

(valid for any b 2 xQ and any quiver Q), we deduce for the case at hand that

h.@a/ij ; .ˆ
�1dˆ � dˆˆ�1/uvi D .IdCXaXa�/�1uj .Xa�/iv � .Xa�/uj .IdCXa�Xa/�1iv

� ıuj .Xa�.IdCXaXa�/�1/iv C ..IdCXa�Xa/�1Xa�/uj ıiv:

Together with (2.10) for � D Eij , we obtain

(A.1)rhs D .@a/ij �
1

4

X
bDa;a�

�
Xa�.@bXb � Xb@b/.IdCXaXa�/�1

C .@bXb � Xb@b/.IdCXa�Xa/�1Xa� � .IdCXa�Xa/�1.@bXb � Xb@b/Xa�

� Xa�.IdCXaXa�/�1.@bXb � Xb@b/
�
ij

D .@a/ij �
1

4

�
Xa�.@a�Xa� � Xa@a/.IdCXaXa�/�1

C .@aXa � Xa�@a�/Xa�.IdCXaXa�/�1 � .IdCXa�Xa/�1.@aXa � Xa�@a�/Xa�

� .IdCXa�Xa/�1Xa�.@a�Xa� � Xa@a/
�
ij
:

It is straightforward to conclude after simplifying the second term as

�
1

2
.@a/ij C

1

4

�
.IdCXa�Xa/�1@a.IdCXaXa�/C .IdCXa�Xa/@a.IdCXaXa�/�1

�
ij
:
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