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Compatible Poisson structures
on multiplicative quiver varieties

Maxime Fairon

Abstract. Any multiplicative quiver variety is endowed with a Poisson structure
constructed by Van den Bergh through reduction from a Hamiltonian quasi-Poisson
structure. The smooth locus carries a corresponding symplectic form defined by
Yamakawa through quasi-Hamiltonian reduction. In this note, we include the Poisson
structure as part of a pencil of compatible Poisson structures on the multiplicative
quiver variety. The pencil is defined by reduction from a pencil of Hamiltonian quasi-
Poisson structures which has dimension £(¢ — 1) /2, where £ is the number of arrows
in the underlying quiver. For each element of the pencil, we exhibit the corresponding
compatible symplectic or quasi-Hamiltonian structure. We comment on analogous
constructions for character varieties and quiver varieties. This formalism is applied
to the spin Ruijsenaars—Schneider phase space in order to explain the compatibility
of two Poisson structures that have recently appeared in the literature.

1. Introduction

Geometric perspective

Consider a double quiver O, that is, a directed graph equipped with an involution a — a*
on its arrows that reverses their orientation (cf. §2.1 for the notations). Denoting the vertex
set by I, and fixing a dimension vector n € Zio, we can construct the corresponding
representation space M5 (n). It is a smooth affine variety parametrized by points that
associate a matrix X, € End(€D,.; C") with each arrow a € Q, such that X, has only
one non-trivial block of size n,(;) X np() if a goes from the vertex f(a) (the tail) to
the vertex h(a) (the head), see §2.1 and §2.3 for precise conventions. There is a natural
action of GLy, := [[;¢; GL4,(C) on M 0 (n) by simultaneous conjugation of the matrices
parametrizing a point X := (Xa)4¢ -

Define the open subvariety M 5— C M (we omit to write n hereafter) by imposing the

condition det(Id +X,X,+) # 0 for each a € Q, where Id is the identity on se; C™ . Then
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the action of GL,, restricts to M 5 and it makes the following morphism equivariant:

(1.1) ®: M5 —Gly,  (X):= [ ]ad+xaXqe)@.
acQ

Fix q = (¢5) € (C*)! and form the closed subvariety @ ([T, g5 Idn, ), which first
appeared in the study of the Deligne—Simpson problem by Crawley-Boevey and Shaw,
see [14]. In particular, it was shown that <I>71(]_[S qs 1d,,) is, up to isomorphism, inde-
pendent of the ordering of the factors in (1.1), or the orientation &1 Q0 — {£1} satisfying
e(a*) = —e(a). The corresponding moduli space M 0.q,0 Of stability 0 € Q! with respect
to the GL,, action is a multiplicative quiver variety, see Definition 2.7. As the name sug-
gests, these are analogues of (Nakajima or additive) quiver varieties [33]. They attracted
attention for studying: their properties of normality [24], the generators of their pure coho-
mology [32], their quantization [21, 23], their symplectic resolutions [36]; or to provide
their realization as: partial compactifications of character varieties [13,42], wild charac-
ter varieties [9], moduli of microlocal sheaves on a curve [6], phase spaces of integrable
systems of Ruijsenaars—Schneider type [11, 12, 16] (and references therein).

Leaving aside these various directions, we are interested in the original question re-
garding multiplicative quiver varieties. Namely, the problem was to endow M 0.q,0 Witha
Poisson (or maybe symplectic) structure, such that ® in (1.1) can be interpreted as a kind
of moment map. This was solved by Van den Bergh using quasi-Poisson reduction [39],
or by Van den Bergh and independently by Yamakawa using quasi-Hamiltonian reduc-
tion [40,42]. There is a belief that the Poisson structure hence obtained on M 0.4.0 is
unique' (up to obvious rescaling), as one would generally talk about “the” Poisson struc-
ture on this variety (or “the” symplectic form on its smooth locus). Hence, the present
work was initiated to investigate this belief, and to build examples where uniqueness does
not hold. To do so, we shall take a step back and construct pencils of compatible quasi-
Poisson structures on M 2 before reduction (cf. §3.1 for precise definitions). There, one

can rely on a widespread method for studying quiver varieties which is to consider, for
each arrow a € Q, the (non-contracting) C*-action by symplectomorphisms

(1.2) Xa > AXg, Xgr > A, Xp > Xp ifb#a,a*, AeC*.

Similarly, the mapping (1.2) preserves Van den Bergh’s quasi-Poisson structure on M 2.
Taking exterior products of infinitesimal actions associated with (1.2) and adding them to
Van den Bergh’s quasi-Poisson bivector, it is a striking (yet simple) observation that we
still have a quasi-Poisson structure with moment map (1.1). A more technical construction
also allows to give the corresponding 2-form. This leads to the first main result, proved
in §3.2, for a quiver Q whose double is Q (the number of arrows in Q is denoted | Q).

Theorem A. Setrp := %|Q |(|Q| — 1). Then the GLy-variety Mé— admits a Hamiltonian

quasi-Poisson pencil of order r < rg centered at the quasi-Poisson bivector P in (2.11)

'Our point of view is to consider the existence of various Poisson structures for the same complex structure
on the variety. The present paper does not aim at endowing multiplicative quiver varieties with a hyperkéhler
structure, which is an open problem whose solution is only known in some cases, see [9].
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constructed by Van den Bergh [39], with moment map ® in (1.1). If ng > 1 foreach s € I,
the order isr = rg.

Furthermore, each element from the pencil is non-degenerate, and we can explicitly
write the corresponding quasi-Hamiltonian 2-form. By reduction, this descends to a Pois-
son pencil on the associated multiplicative quiver varieties.

Interestingly, this method can be applied in more general contexts, cf. the key Proposi-
tion 3.6. We are able to state variants of Theorem A in §3.3 for generalized multiplicative
quiver varieties, character varieties, or (additive) quiver varieties. We shall use Theo-
rem A in Section 5 to study a family of multiplicative quiver varieties with numerous
non-equivalent Poisson structures, and whose motivation we now review.

Mathematical physics perspective

In 1995, a spin generalization of the celebrated Ruijsenaars—Schneider (RS) system [35]
was introduced by Krichever and Zabrodin [26]. Loosely speaking, they managed to
upgrade a classical integrable system of n relativistic particles by endowing each parti-
cle with d > 2 internal degrees of freedom, the so-called spin variables, without breaking
integrability of the system. In fact, their approach used an extra reduction of the model
to claim integrability, which thus left open the question of describing the phase space of
the system as a complex Poisson manifold of (complex) dimension 2nd. In the case of a
rational potential, this was quickly solved by Arutyunov and Frolov [4]. However, apart
from a conjecture on the form of the Poisson brackets in the trigonometric case formulated
in [4], and the n = 2 elliptic case partly studied in [37], no progress could be achieved for
almost 20 years.

Using the technology of multiplicative quiver varieties, Chalykh and the author [12]
described the phase space of the spin RS system in the trigonometric case from the
quiver Q4 made of 1 loop and d extra arrows. This approach is satisfying as it gives
a direct multiplicative analogue of Wilson’s construction for the (non-relativistic) spin
Calogero—Moser system [38, 41]. Furthermore, it provided a proof to the conjecture of
Arutyunov and Frolov [4]. While this may have closed the study of the trigonometric
spin RS system, a preprint by Arutyunov and Olivucci [5] appeared slightly later, where
they derived the phase space through Poisson—Lie reduction. This last work created some
puzzlement because it constructs another Poisson structure which does not satisfy the
original conjecture from [4]. It may have been unclear how to resolve that state of affairs
without a key observation about a real form of the trigonometric spin RS system recently
considered in [18]: the real form admits a pencil of compatible Poisson brackets, which all
yield the same equations of motion. It seemed therefore natural to conjecture in [18] that
a similar situation arises in the complex setting, and that it bridges the gap between the
approaches of [12] and [5]. The second main result of this paper meets this expectation as
follows.

Theorem B. Conjecture C.2 in [18] is true. That is, the Poisson structures constructed by
Chalykh—Fairon [12] and Arutyunov—Olivucci [5] on a local parametrization of the spin
RS phase space belong to a Poisson pencil of order (d — 1)(d —2)/2 <r <(d —1)d /2,
hence they are compatible. Furthermore, any non-degenerate Poisson bracket from this
Poisson pencil provides a Hamiltonian formulation for the trigonometric spin RS system.
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The first part of the statement is obtained in Proposition 5.6, while the second part is
established in Proposition 5.8. To derive the pencil, we explicitly rely on Theorem A to
construct a quasi-Poisson pencil before quasi-Hamiltonian reduction on an open represen-
tation space M é—d associated with the quiver Q.

We should warn the reader that we are working in a local coordinate system to prove
Theorem B because the reduction techniques are different: for multiplicative quiver vari-
eties, we use quasi-Poisson reduction, while the approach of Arutyunov—Olivucci uses
Poisson—-Lie reduction. In particular, the master phase space M E—d and its moment map do

not appear in [5]; only the slice ®~1(¢q Id,) with ® given by (5.6) can be realized in [5]
using the (2" to 1) local diffeomorphism GL,, (C)* — GL,, (C), (h4,h_) — h+h~', where
GL,,(C)* is the Poisson-Lie dual of GL,(C). This slice does not carry an induced Pois-
son structure, for the bracket is only closed with respect to invariant functions on the slice.
Thus, one is forced to compare the 2 models only after reduction.

Layout. In Section 2, we recall the basics on algebraic quasi-Poisson and quasi-Hamil-
tonian geometries, and their use for constructing multiplicative quiver varieties following
Van den Bergh and Yamakawa [39,40,42]. We introduce the notion of quasi-Poisson pen-
cils in Section 3, and we describe their elementary properties and ways to build these. Such
constructions are applied to the open representation spaces M 2 that lead to multiplicative

quiver varieties, hence proving Theorem A. We also consider this formalism for related
families of moduli spaces, such as character varieties and quiver varieties. We investigate
a universal formulation of the pencil in Section 4, in the spirit of Van den Bergh’s non-
commutative Poisson geometry [39]. Section 5 contains the parts of the paper related to
the spin Ruijsenaars—Schneider phase space where, in particular, we derive Theorem B.

2. Original Poisson structure on multiplicative quiver varieties

We recall the construction of multiplicative quiver varieties and their known Poisson struc-
ture.

2.1. Notation

We work over the field of complex numbers C and set ® := Qc¢.

A quiver (Q, 1,h,t), or Q for short, is the data of a set Q of arrows, a set I of vertices,
and the head or tail maps i, ¢: Q — I. Quivers are assumed to be finite, i.e., |Q], |I| < 0.
We may depict an arrow a € Q as a:t(a) — h(a) or t(a) N h(a). The path algebra C Q
of Q is the C-algebra generated by {a € Q} U {es | s € [}, where the latter are a complete
set of orthogonal idempotents (i.e., e, es = §,5es forr, s € I and Zse 1 es = 1), subject to
the mixed relations a = e;(,)aep(q) for each a € Q. This means that we write path from
left to right as in [39,40]. We put B := @,; Ce, and see CQ as a B-algebra.

Let O be a quiver. Denote by Q its double, obtained by adding an arrow a*: h(a) —
t(a) for each a € Q. This endows Q with an involution (—)*: 0 — Q if we put (a*)* :=a
for each a € Q. Thus h(a*) = t(a) for all a € Q. To distinguish between arrows originally
in Q and those in Q \ Q, we have the orientation map &: O — {#1} given by e(a) = +1,
g(a*) = —1foranya € Q.
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2.2. Quasi-Poisson and quasi-Hamiltonian geometry

The complex algebraic treatment of quasi-Hamiltonian [2] and quasi-Poisson [1] geome-
try can be found in Boalch [7], Van den Bergh [39, 40] and Yamakawa [42]. The recent
work of Huebschmann [22] provides a more general setup.

2.2.1. Basics. Hereafter, we assume that G is a complex reductive algebraic subgroup of
GLy (C) for some N > 1, and its Lie algebra g, seen as a subspace of gl 5 (C), inherits
the Ad-invariant non-degenerate symmetric trace form

(—)g:gxg—>C, (£.8)g:=t(E).

Fix dual bases (E,), and (E?), of g with respect to the trace form, i.e., (Eg, Eb)g = 04p-
We define the Ad-invariant Cartan trivector ¢ € A3q by

1
¢= 1 > (E*.[E®. E))g Ea A Ep A E.

a,b,c

Introduce for any £ € g the left- and right-invariant vector fields £~ and £® on G. They act
by derivation according to ££ (F)(g) = %hzo F(ge¥)and ER(F)(g) = %h:o F(e't g),
for any function F in an open neighborhood of g € G. (We shall freely use analytic nota-
tion.) They allow to define a g-valued differential operator D by

1
D(F) = 3 > (EL + EX)(F)E“ for any function F on G.
a

Let 9L = g7 'dg and % = dg g~ ! be the left- and right-invariant Maurer—Cartan
elements in matrix notation. These are g-valued 1-forms, from which we define the closed
Ad-invariant 3-form

1 1 _ _ _
n = E(HRG[GRGOR])g=gtr(dgg "Adgg' Adgg™h).

Let M be an affine complex algebraic variety with a left action of G denoted by
(g,x) — g-xforany g € G, x € M. The infinitesimal action of g on M assigns to each
& € g a vector field £y on M satisfying

d
@.1) ()= |

f(exp(=§) - x),

for any function f in an open neighborhood of x € M. The map £ — &7 can be extended
equivariantly to return a k-vector field Y7 for any y € A¥g. We denote by O € \°* T M
the evaluation of a multivector field Q on M at a point x € M and use a similar notation
for k-forms.

2.2.2. Definitions and standard results. Let G and M be as above. We view G as acting
on itself by the adjoint action. Given a bivector Pe I'(M, /\2 TM), we let P#: T*M —
TM be defined by’ Pﬁ(ocl)(oez) = (P, 01 ® ay) for 1-forms a1, on M.

2Qur convention is (X1 ® X2,d fi ® df2) := X1(f1) X2(f2) for vector fields X1, X» and functions f1, f>
on M.
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Definition 2.1. A G-invariant bivector P on M is quasi-Poisson if [P, P] = ¢, where
[—, —] denotes the Schouten—Nijenhuis bracket on M. Then (M, P) is called a quasi-
Poisson variety.
The quasi-Poisson bivector P is non-degenerate if, for any x € M, the following map
is surjective:
TIM xg— TeM, (o) — PHa) + Eprx.

The quasi-Poisson variety (M, P) is Hamiltonian if it admits a moment map, that is, a
G-equivariant morphism ®: M — G satisfying, for any function F on G,
(2.2) PHA(®*F)) = (" D(F))u-

Given a 2-form w on M, we define w®: TM — T*M as 0”(X1)(X2) = (X1 ® X2, w).

Definition 2.2. Fix a G-invariant 2-form w on M and a G-equivariant morphism ®: M —
G. We say that the triple (M, w, @) is a quasi-Hamiltonian variety (with moment map
given by @) if the following three conditions are satisfied:

(2.3a) dw = ®*p,
1
(2.3b) "(Ey) = 5@ oL 4 0R),, vieq,
(23c) TeM - T)M xg, X (wfc(X), (X, (®*0%),)), is injective for all x € M.

Remark 2.3. We follow [1,39] for the rule (2.3a), which is taken with an opposite sign
in [2,42]. The rule (2.3c) is stated in that form in [40], which is equivalent to explicitly
characterizing ker wy as in [1,2], see Lemma 4.1 in [40] or Section 4.2 of [22].

Proposition 2.4. There is a 1-1 correspondence between structures of non-degenerate
Hamiltonian quasi-Poisson variety and those of quasi-Hamiltonian variety on M admit-
ting the (same) moment map ®: M — G for which the associated quasi-Poisson bivector P
and 2-form w are related by

1
(2.4) P¥ow® =Tdry -7 Xa:(Ea)M ® O*(E, 0L —oR),.

Lemma 2.5. Let (M, P, ®) be a Hamiltonian quasi-Poisson variety. Assume that there
exists a 2-form w such that (M, w, ®) satisfies (2.3a) and (2.3b), and the compatibility
condition (2.4) holds for P with w. Then P is non-degenerate and (M, o, ®) is a quasi-
Hamiltonian variety.

Proposition 2.6 (Fusion). Let (M, P, ®) be a Hamiltonian quasi-Poisson variety for an
action of G X G x H. Write ® = (&, @5, ) componentwise with ®g: M — H, and
®;: M — G valued in the j-th factor of G for j = 1,2. Then, for the diagonal action of
GxH<—GxGxH, (g, h)— (g,gh),on M, the triple (M, P — g5, (01 D2, py))

is a Hamiltonian quasi-Poisson variety for
1
25) Vi 1= 5 ;(Ea,om A0, E),

where we use dual bases (Ez)q and (E%), of g in the infinitesimal action of ¢ X g on M.
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Furthermore, assume that P is non-degenerate and denote by w the quasi-Hamilto-
nian 2-form corresponding to the action of G x G x H. Then P — \ry is non-degenerate,
and o — wyy 1S the quasi-Hamiltonian 2-form corresponding to the action of G x H for

1 _
(2.6) s 1= 5 (P 1dd; 4 dd, D5 1),.

2.3. Multiplicative quiver variety

2.3.1. Quiver representations. Fix a quiver Q and a dimension vector n = (ny) € Zio
which assigns an integer to each vertex. A representation of dimension n of the path alge-
bra CQ is an element p € Homp (C @, End(C™)) such that, for each s € I, p(es) is the
projection on the summand C”s of C" := @, ; C" . Using the convention of §2.1, we
see that the matrix p(a), a € O, may only have a nonzero block of size 1;(,) X 1) cor-
responding to a linear map® C"@ — C™ @, Therefore the space of all representations
of dimension n = (ny) € Zio, denoted Mo := Mg (n), is an affine space A(‘é of dimen-
siond =) ac0 Nt(@) Mh(a)- This turns Mg into an affine variety. Rather than working
with points as representations of C Q, we view a point X € Mg as being parametrized as
X = (Xa)ae, With X, := p(a) for p the corresponding representation.

There is a natural left action of GL,, := [[,<; GLn, (C) on Mo given by the morphism

(2.7) GLa xMg — Mg, (g = (g5)ser-X) = & - X 1= (81(a) Xa &j(u))ac0-

This induces a left action on functions given by (g - f)(X) = f(g~! - X) for any function f
on M. Abusing notation, we introduce for each a € Q the morphism X,: Mo — End(C")
returning the matrix representing a € Q at each point. The GL,-action can then be writ-
ten as g - X, = g~ 'X,g. Differentiating this, we get an infinitesimal action of gl :=
[Iser 8Ly, (C) on functions that satisfies &a,, (Xq) = [Xa, ], cf. (2.1).

Take a stability parameter 6 := (6;) € Q! such that 6 -n := Y ; Osn, = 0. We say
that the point X € Mg is f-semistable (respectively, 8-stable) if 6 - dim(}') < 0 (respec-
tively, if 6 - dim(V) < 0) for any nonempty vector subspace V = @P,; Vs S C" such
that Xa(Vh(a)) C Vi(a)- We let

Mg's :={XeMp | Xis f-stable} and MS'” :={Xe Mg | Xis 0-semistable}.
2.3.2. Definition. Introduce the smooth open affine subvariety
MG = (X | det(Id +XsXq+) # 0, Va € 0} C Mg.
Fix a total ordering < on Q. We reproduce from (1.1) the GLy-equivariant morphism

(2.8) ®:MZ—GLy, ®X) := [ ] ad+xa%g)*@,
acQ

3We warn the reader that we use Van den Bergh’s convention [39,40] for quiver representations, which is
the opposite of the convention taken in [14,42].



M. Fairon 942

where factors are taken from left to right with respect to the ordering < on the arrows.
Similarly, set ®, := [],.,(d +XpXp+)?®) for all a € Q. Finally, fix q := (¢5) € (C*)!
and denote in the same way the central element (¢s Id,,,)s € GLj. Note that ®~1(q) is a
GL,-invariant closed subvariety of M 5, which is empty if " := [],c; ¢s* # 1 because

deto @ = 1. This subvariety parametrizes representation of the multiplicative preprojec-
tive algebra A4(Q), cf. [14]. We are in position to define the main objects at stake, see
Section 2.2 of [42] for the relevant geometric invariant theory of quivers.

Definition 2.7 ([14,42]). The multiplicative quiver variety associated with ¢ and stability
parameter 6 is the good quotient

(2.9) M50 = (Mg—'” No~1(q))//GLy.
Its smooth locus is given by the geometric quotient MSQ 0 = M g_.s N ®~1(q))/ GL,.

2.3.3. (Quasi-)Poisson structure and corresponding 2-form. Set 9, € X! (M Ly,
with (i, j) entry given by the vector field (d,);; := 9/9(Xq);ji, i.e.,

d
((9a)ij /(X)) = 7 t=0f((Xb + 18abEji)pep)-

for any function f around X € M 5. In particular, as a matrix, d, only consists of a nonzero
block of size ny ) X n¢(a), and ((04)ij,d(Xa)k1) = 8;%8;; withiindices i, j, k, [ taken with
respect to the nonzero blocks of d, and X,. Note that the infinitesimal action of & € gl
on M g can be written as the vector field

(2.10) g = ) t((3aXa —Xa82)§) = D tr((arXa — Xada) §).
acQ acQ
Theorem 2.8 ([39,40,42]). The smooth complex variety M 5— is endowed with a structure

of Hamiltonian quasi-Poisson variety for the moment map ® in (2.8) and the quasi-
Poisson bivector

1
Pi=> Z_e(a) tr[(1d +Xg+Xg) 0 A g+]
acQ
1
-5 D tr[(darXar — Xa 0a) A (Dp=Xpe — Xp 0p)]-

a<b_
a,beQ

2.11)

Moreover, P is non-degenerate, with corresponding 2-form

1 _
== > e(a) tr[(1d +XoXg+) " dXg A dXge]

2.12) acQ

1 _ _
=5 2 w[@! APy A d(Id +XaKae) " (1d +XoXar) ]
acQ
that makes (M 5—, w, ®) a quasi-Hamiltonian variety. The structures are independent of
the choice of ordering or the orientation of arrows, up to isomorphism.
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Corollary 2.9 ([39, 40, 42]). The multiplicative quiver variety ‘Mé,q,e’ if not empty, is
a Poisson variety with Poisson bivector given by (2.11). The Poisson structure is non-

degenerate on MSQ 0f where the corresponding symplectic form is given by (2.12).

Remark 2.10. Let us emphasize that Yamakawa [42] uses a convention equivalent to
writing paths from right to left in C Q and follows the definition of quasi-Hamiltonian
space from [2] (cf. Remark 2.3). This explains the minor difference between (2.12) and
the 2-form in Proposition 3.2 of [42].

Remark 2.11. Recall that Theorem 2.8 is obtained by applying the method of fusion,

see [1,2]. Therefore it suffices to prove the result for M 5 seenas a [ [,c5 GLa,,,-variety

where for each a € Q, the action of the corresponding subgroup is by

X &) - X = (@) Xa> Xa*&(a) Xb)bsta,a*-

In that case only the first sum in (2.11) and (2.12) is considered, while the moment map
consists of the morphisms ®,): M&— — GLy, ), X (Id +XaXa*)s(a)_ This amounts to
proving the result for a totally separated quiver, cf. Section 6.7 of [39] and [40,42].

3. The (quasi-)Poisson pencil and its variants

We introduce the notion of a quasi-Poisson pencil and derive some elementary properties.
We construct such pencils in the presence of C*-actions and we apply this formalism to
the open representation spaces M 5— that lead to multiplicative quiver varieties, as well as

related spaces.

3.1. General framework

Recall that on a variety M, a family of Poisson bivectors (P;);es forms a Poisson pencil
if the linear combination } ;. ; ¢, P; is a Poisson bivector for any finite subset Jo C J
and (cj); €C Jo_The pencil has order r if r > 1 is the largest integer for which there exist
Jis...,jr€J and apoint x € M suchthat Pj, »,..., Pj, x € \* TxM are independent.
Pencils of order r = 2 play a central role in the bihamiltonian approach to integrabil-

ity [25].

Definition 3.1. Assume that M is a G-variety and let Py be a quasi-Poisson bivector on
M . A family of bivectors (P;);es forms a quasi-Poisson pencil centered at Py if, for any
finite subset Jo C J and (¢;); € C7°, the linear combination Py + ¢j Pj is also

j€Jo
a quasi-Poisson bivector. The pencil has order r if r > 1 is the largest integer for which
there exist ji,..., jr € J and a point x € M such that* Pix,....,Pj. x € /\2 Ty M are
independent.

4As opposed to [18], we do not require the r bivectors to be independent from Po,x at x € M. This last
independence condition may fail in some cases, although it is automatic when the induced trivector ¢y x is
nonzero due to part (1) of Lemma 3.2.
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If there exists a morphism ®: M — G which is a moment map for any quasi-Poisson
bivector Py + ¢j P; as above, we say that the pencil is Hamiltonian with moment
map ®.

Jj€Jo

3.1.1. First properties. Without loss of generality, we assume that the index set J is
finite. The bivector fields in a quasi-Poisson pencil are far from being arbitrary.

Lemma 3.2. For a G-variety M, let (Pj)jes be a finite family of bivectors on M, and
let Py be a quasi-Poisson bivector on M. Then:

(1) (Pj)jes defines a quasi-Poisson pencil of order r centered at Py if and only if
(Pj)jes defines a G-invariant Poisson pencil of order r and, for any j € J, P;
satisfies [Py, Pj] = 0.

(2) When Py is Hamiltonian for the moment map ®: M — G, the quasi-Poisson pencil is
Hamiltonian for ® if and only if PJP (d(®*F)) =0 forany j € J and any function F
on G.

Proof. For (1), assume that the pencil is quasi-Poisson. Given parameters z := (z;); € C 7
write P(z) = ). jes Zj Pj. Taking the Schouten bracket of the bivector P(z) with itself
yields

(3.1) [P(2). P(2)] =[Po+ P(2). Po + P(2)] = 2[Po. P(2)] — [Po. Po] = =2[Po. P(2)].

since Py and Py + P(z) are quasi-Poisson. Fix j € J, and take z;x = O for all k # j so
that (3.1) yields ng [Pj, Pj] = —2z;[Po, P;]; varying z; € C implies that [Py, P;] = 0.
Thus (3.1) is identically zero and each bivector P(z) is Poisson. By definition, quasi-
Poisson bivectors are G-invariant, so that P; = (Po + P;) — Py is itself G-invariant for
any j € J. The fact that the order is the same is direct from the definition. The converse is
proved similarly.

For part (2), assume that ® is a moment map for the whole pencil. Then for any j € J,

PHA(®*F)) = (Po + P)!(d(®* F)) — P§(d(®* F)) =0,
as both terms cancel out since they satisfy (2.2). The converse is proved similarly. ]

Fusion as in Proposition 2.6 is compatible with pencils in the following way.

Lemma 3.3. Let (M, Py, ®) be a Hamiltonian quasi-Poisson variety for an action of
G xG x H. Write ® = (&, ®,, g ) componentwise, with ®g: M — H and ®;: M —
G valued in the i-th factor of G fori = 1,2. Then:

(1) Assume that (Pj)jey defines a Hamiltonian quasi-Poisson pencil centered at Py with
moment map ®. Then, after fusion, it defines a Hamiltonian quasi-Poisson pencil
centered at Py — Yy with moment map (91 D,, @gr), where Yy is given by (2.5).

(2) For z := (zj); € C’, assume that before fusion Q(z) := Py + >, zj Pj is non-
degenerate with corresponding quasi-Hamiltonian 2-form w(z). Then Q(z) — Vs
is non-degenerate with corresponding quasi-Hamiltonian 2-form w(z) — wgs, where
Wsys 1S given by (2.6).

(3) The order of the quasi-Poisson pencil stays the same after fusion.
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Proof. Forfixed z :=(z;); eC’and Q(z):= Py + Zj zj Pj,any Q(z) — Vs is a Hamil-
tonian quasi-Poisson bivector for the moment map (®; P,, g ) due to Proposition 2.6.
Part (1) directly follows. For part (2), we make the same reasoning with the 2-form and
apply Proposition 2.6 again. For part (3), it suffices to use the alternative characterization
of a quasi-Poisson pencil given by item (1) in Lemma 3.2. |

Finally, we make some observations regarding quasi-Poisson reduction. Given a quasi-
Poisson pencil as in Definition 3.1, the family (Py, Pj);es defines a Poisson pencil on
M/ G of order’ ' < r + 1. In the Hamiltonian case, the family (Po, Pj)jes defines a
Poisson pencil of order 7 < r 4 1 on any reduction ®~!(€) /G (where € is the closure
of a conjugacy class in G); this is also true in the presence of a stability parameter.

3.1.2. Construction using an abelian group action. We start by adapting to the alge-
braic setting an observation for constructing compatible quasi-Poisson bivectors made in
Section 3.2 of [18].

Let M be a variety with an action of G as in §2.2.1. Assume that (M, P, ®) is a
Hamiltonian quasi-Poisson variety.

Lemma3.4. Let H be an abelian reductive algebraic group and Yy its Lie algebra. Assume
that H acts on M such that both P and ® are H -invariant. Given a basis )((1), R )((é)
of 0, construct the following bivector on M from their infinitesimal vector fields:

V= Z zij 150 A IS
1<i<j<t
where z = (z;j)i<j € CY=D/2 Then (M, P + Y, ®) is a Hamiltonian quasi-Poisson
G-variety.

Proof. Since P is H-invariant and H is abelian, we obtain [xas, P] =0and [ya. xj,] =0
for any y, y’ € . Thus
[P+ ¥z, P+ Y] =[P, P],
and the bivector is quasi-Poisson.
By H -invariance of ®, {ya, d®* F) = 0 for any function F on G and y € §. This
implies that (2.2) is satisfied with P + v/, and ®. ]

Now, we work with P which is non-degenerate, and there exists a corresponding
quasi-Hamiltonian structure whose 2-form is denoted w.

Proposition 3.5. Under the assumptions of Lemma 3.4, assume that there exists a closed
invariant 2-form @, such that wg (Ep) = 0 for all € € g, and the compatibility condi-
tion (2.4) holds for P + {, with ® + @,. Then (M, P + yr;, ®) is a non-degenerate
Hamiltonian quasi-Poisson G-variety and (M, w + w5, ®) is the corresponding quasi-
Hamiltonian G-variety.

Proof. By Lemma 3.4, (M, P + v, ®) is a Hamiltonian quasi-Poisson G-variety. By the
assumptions on @3, the triple (M, w + w;, ®) satisfies (2.3a) and (2.3b). The compati-
bility (2.4) allows to conclude from Lemma 2.5. ]

By abusing terminology, we allow the order to be zero; this occurs, e.g., if M/ G is 0-dimensional.
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In the situations presented above, we obtain a Hamiltonian quasi-Poisson pencil cen-

tered at P with moment map &, according to Definition 3.1. If the infinitesimal vector

fields )(1(‘;), e XJ(\? are independent, this pencil has order r = £(¢ — 1) /2.

3.1.3. The trick: embeddings of C* in the center of G. We can construct the 2-form =
that appears in Proposition 3.5 in the presence of some C* actions obtained from the
center of G.

Proposition 3.6. Assume (M, P, ®) is a Hamiltonian quasi-Poisson G-variety, where G
admits a decomposition G = G' x szlGj such that for each 1 < j < £, C* embeds
in the center of G; as diagonal matrices (i.e., there is a map A +— Aldg;). For each

1 < j <{, denote by Inf D) the infinitesimal action of 1 € C associated with the embedding
of C*into G;. Write the moment map as ® = (', @y, ..., @), with ®: M — G’ and
®;:M — Gy, for 1 < j < L. Furthermore, fix z = (Zij)1<i<j<t € CHE=D/2 Then:

(1) The triple (M, P + 3z, ®) is a Hamiltonian quasi-Poisson G-variety for
(3.2) Y= Yz Inf® AInf).
1<i<j<t
(2) Assume that P is non-degenerate and w is the corresponding 2-form. Let
(3.3) wo= Yz (@ dD) A (@) dD)).
1<i<j<t

Then P + ¥, is non-degenerate, and (M, w + w;, ®) defines the corresponding
quasi-Hamiltonian variety.

Proof. Part (1) directly follows from Lemma 3.4.

For part (2), note that @ is closed and w'z’ (Em) = O for any £ € g, as tr(P; dP;) is
G-invariant for 1 < j < k. Thus the statement holds by Proposition 3.5 if we can show
the compatibility

1
(P +y2)f o (@ + )" = ldrag = ) (Ea)y ® O (E*.0% —0%),.

By assumption, this holds for z = 0. Since 1//§ o w'g’ = 0 by invariance of tr(®; d®;), we
are left to prove that for any X € g,

(3.4) Yo w’(X) = —Ptowl(X).
Using (3.2), the left-hand side of (3.4) reads

> zij (0 (InfP)(X) Inf® — " (Inf D) (X) Inf).

i<j

Write 14; for the image of 1 € C obtained by differentiating the embedding C* — G;.
By definition of the vector field Inf () and (2.3b), we get

. 1 _ _ _
@’(Inf¥) = 5Ug; @ 1do +do @)y = tr(P; ! dD;),
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since ®; is the diagonal block of ® corresponding to its G;-component. Hence
(3.5) G = Y zij (X, tr(®; " d®;)) Inf® — (X, tr(®} " dd;)) InfD).
i<j
Meanwhile, we use (3.3) to expand the right-hand side of (3.4) as
(3.6) =Y zij (X, (D" dd;)) PH(tr(®] ' d))) — (X, tr(D; ' dD;)) PH(tr(D; ' dby))).
i<j

We can write tr(<1>;1 ddj) =3, (@;I)W d(P;)uv, and let gyp: z > Zyy be the function
on G, returning the (u, v) entry of an element (recall that G; embeds in G which is itself
embedded in some GL ). Note from (2.2) that

1
PRA®)u) = (] D(guo))mt = 5 Y (Ea®s + @5 Ea)ur (E")m,
a
where (E;), and (E¢), are dual bases of g;. This implies
PH(tr(®; ! dd;)) = (Ztr(Ea) E“)M = (Ig))n = Inf",
a

Plugging this expression in (3.6) yields that the right-hand side of (3.4) has the same
expansion as the left-hand side in (3.5), as desired. [

When the C* actions considered in the statement of Proposition 3.6 define indepen-
dent infinitesimal vector fields, this result yields a quasi-Poisson pencil centered at P of
order £({ — 1)/2.

Remark 3.7. In Proposition 3.6, if some factors G; of G are simply given by C*, then
the corresponding terms appearing in ¥, (3.2) and @, (3.3) are multiple of the terms
obtained by fusion of the corresponding actions. To see this, assume, e.g., that G; =
G, = C* with {1} being trivially an orthonormal basis of g; = C,i = 1,2, then note that
%Inf(l) A Inf® is just Yrgys from (2.5), and %@fldq)l A <I>;1dd>2 equals wg,s from (2.6).

Remark 3.8. In the real case with a compact Lie group G, an analogue of Proposition 3.6
consists in considering the U(1)-actions coming from (the center of) factors U(n) in G.
The pencil exhibited in [18] can be derived as a special instance of this construction.

3.2. Case of multiplicative quiver varieties
Let Q be a quiver and n a dimension vector. We continue with the notation of §2.3.
For each b € O, there is a natural left action of C* on M5 given by

(3.7) Ay C x Mz —> Mg, (LX) > A X:= Q0 @x,) 5.

This induces a left action on functions characterized by A - X; = A%y, A op Xpw = AXp+,
and A -4 X, = X, fora € Q \ {b, b*}. We obtain a corresponding infinitesimal action of C
on functions that satisfies z -, Xp = —zXp, z -p Xp+ = zXp, and z - X; = 0 otherwise



M. Fairon 948

for z € C. We write Ap(z) := z - (—) for the corresponding vector field on M g- The
following identity is straightforward:

3.8) Ap(z) = z tr(Xpx dpx — Xp 0p).

The vector field 4 restricts to Mé because the moment map @ in (2.8) is invariant

under (3.7).
To state the next result, recall P, w and ® given by (2.11), (2.12) and (2.8) that define
on M 5— the structures, presented in Theorem 2.8, of non-degenerate Hamiltonian quasi-

Poisson and quasi-Hamiltonian variety which correspond to one another.

Theorem 3.9. Fix z = (z4,)q<b, where z,p € C for each a,b € Q with a < b. Define
the following bivector and 2-form on Mé:

3.9) Yz = Zap tr[Xa* da= — Xa da] Atr[Xpn dpr — Xp 3],
a<b

(3.10) w, = Z Zap tr[(Id +X,Xg+) " d(1d +X,Xg+)]
a<b

Atr[(Id +XpXp+) ™1 d(Id +XpXp0)].

Then:
(1) the triple (M 5— P + 5, ®) is a non-degenerate Hamiltonian quasi-Poisson variety;
(2) the triple (Mé—, w + @z, ) is a quasi-Hamiltonian variety;

(3) the two triples correspond to one another via (2.4).

Proof. Note that the action 4, of C* on Mé— defined in (3.7) is obtained using the
embedding C* < GLy,,,, A +> A1dy,,, from the corresponding action considered in
Remark 2.11 before fusion. Therefore it suffices to apply Proposition 3.6 to M 5 before

fusion, then perform fusion as in the original works of Van den Bergh and Yamakawa
[39,40,42]; we conclude by Lemma 3.2. [

The range of parameters z in Theorem 3.9 is restricted to all @ < b with a,b € O
instead of a, b € O to avoid redundancies. Indeed, it is clear that A, (z) = —p=(z) for
each b € Q and z € C, and similarly using the notation from Remark 2.11,

tr[%l)dcb(b)] = —tr[oba,t)dcp(b*)]

for each b € Q. The infinitesimal actions (1) from (3.8), taken with b € Q, are inde-
pendent whenever each X3 is not just a point, and we can conclude that Theorem A holds.
We can in fact state the following generalization of Corollary 2.9.

Corollary 3.10. The multiplicative quiver variety M 0.q.00 I it is not empty, is a vari-
ety equipped with a Poisson pencil of order r < rg +1, where rg := |Q|(|Q] — 1)/2.
For any zo € C* and for any z € C"2, the Poisson bivector zoP + Vz,; (see (2.11)

and (3.9)) is non-degenerate on MSQ W where the corresponding symplectic form is given

by 25l o+ w1, (of (2.12) and (3.10)).
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Remark 3.11. Quantizations of multiplicative quiver varieties were considered in [21,23]
based on the Van den Bergh bivector P given in (2.11). It would be interesting to under-
stand how to generalize these works to encompass the whole pencil of Corollary 3.10.

Computing the order r of the pencil inherited by M5 q,0 appears to be a challenging
problem. If the quiver Q contains loops or multiple arrows between two vertices, we
expect that r > 1 (assuming that dim M5  » > 0). We refer to Corollary 5.4 with d > 2 for
a family of quivers where this holds. However the added bivectors v, in (3.9) may vanish
after quasi-Poisson reduction, leading to trivial cases; this occurs for quivers of A4; type,
for example. Let us see this in greater generalities for a star-shaped quiver. Following, e.g.,
Section 4 of [42], givenk > 1 and ! := (I1,...,[x) € Z’;l, the quiver Qy.; corresponding
to these data has for vertex set I = {0} U {(k’.I") | 1 <1’ <[}, 1 <k’ <k} and exactly
one arrow (k’, 1) — O foreach 1 < k’ < k, and one arrow (k’,!’) — (k’,1’ — 1) for each
2 <!’ <l and k'. We call a quiver star-shaped if it is of the form Qy.; (for some k, ),
up to changing the orientation of some arrows.

Proposition 3.12. Assume that Q is star-shaped and q € (C*)! is such that Mg
(with 0 = 0) has positive dimension. Then, the Poisson pencil constructed in Corol-
lary 3.10 has order 1, i.e., it only consists of multiples of Van den Bergh’s bivector P
in (2.11).

Proof. The coordinate ring C[M 5 . ,] is generated by elements tr(y) := tr(Xq, -+ Xa; ),
where y 1= ay ---ax € CQ is a closed path with a1, ..., ax € Q. (This is a consequence
of the Le Bruyn—Procesi theorem [27].) In the double of a star-shaped quiver, any closed
path y contains as many factors of a and a* for each fixed a € Q, so that the associated
element tr(y) is invariant under each C*-action Ay, in (3.7), b € Q. Thus, any infinitesimal
action (3.8) acts trivially on C[M 5 . o], and the bivector ¥z in (3.9) is just zero. |

3.3. Variants of the pencil

We present several uses of Proposition 3.6 in situations that are analogous to the one of
multiplicative quiver varieties.

3.3.1. Deformation of the moment map. Fix y := (Va)aco € C!9l and let y, 1= yg+
foranya € Q \ Q. Write

Mé i= {X | det(yq Id +X,Xz+) # 0, Va€ 0} C M.

This subvariety is empty if there exists a such that y, = 0 with 1) # nj(g). Using the
approach of Section 4.4 of [42], the following result is easily adapted from Theorem 2.8,
which corresponds to the case y = (1,...,1).

Theorem 3.13. The smooth complex variety M é— is endowed with a structure of Hamilto-
nian quasi-Poisson variety for the moment map

7 Mé — GLy, ®7(X) = [ ] (vald +XaXe=)*@,
acQ
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and the quasi-Poisson bivector

1
PY = 3 > e(a) w[(va1d +Xg+Xq) 0g A 0]
acQ
1
—5 D l(0aXar —Xa da) A (DX —Xp 0p)].

a<b_
a,beQ

@3.11)

The quasi-Poisson structure is non-degenerate, and the corresponding quasi-Hamiltonian
structure is defined by the 2-form

1 -
o’ = — 3 %8(61) tr[(Ya Id +XoXo+) "L dXg A dXg]
ac

1
-3 > e [(@5) 71 dOL A d(ya 1d +XaXa+ )@ (v 1d +XXgr) @],
aeQ

(3.12)

where @y := ], (vp 1d +XpXp ) ®). Furthermore, the structure is independent of the
choice of ordering or the orientation of arrows, up to isomorphism.

While the correspondence (2.4) between the two structures is known, we derive it in
Appendix A, as we are not aware of references presenting this computation®. We arrive at
the following generalization of Theorem 3.9.

Theorem 3.14. Fix z = (24,p)a<p, Where zqp € C for each a,b € Q with a < b. Define
on Mé the bivector Y, in (3.9) and the 2-form

w) = Z Zab tr[(Ya Id +XaXa+) 7 d(yg 1d +X4Xg%)]
a<b
Atr[(yp Id +XpXp+) " d(yp Id +XpXp+)].

Then the triple (M é PY + 1, ®Y) is a non-degenerate Hamiltonian quasi-Poisson vari-
ety, which corresponds to the quasi-Hamiltonian variety (M 5—, o’ + @), dY).

By performing reduction, one can state the analogue of Corollary 3.10 in the obvious
way.
3.3.2. Character varieties. Fix integers r, g > 0 such that r + g > 0. For n > 1, define

Mg n = {(AI,AT,...,Ag,A;,Zl,...,Zr) | Ai, A7, Z; € GL,(C)}.

There is a natural action of GL, on My ,, by simultaneous conjugation of the 2g + r
matrices (A4;, A;", Zj;).For1 <1i < g, we define as we did for quivers the matrix-valued
vector field 94, € X1 (Mg .0, GLy) with (k,[) entry given by (d4,)x; := 9/3(A;) . We
introduce in the exact same way the notations BA; and d Z;s 1 < j <r. To state the next
result, we let (A7)* := A;.

SLet us nevertheless refer to [10] for a proof in noncommutative geometry. We warn the reader that the
reference follows Yamakawa’s convention [42] for writing paths from right to left.
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Theorem 3.15. The smooth complex variety My , , is endowed with a Hamiltonian quasi-
Poisson pencil of order g(g — 1)/2 centered at the quasi-Poisson bivector

1 1
Popar := 5 Z tr[A;kA,- aAi A BA;* - Al‘AraA;« A aA,-] + E Z tI‘[Z]2 8Z_i A azi]

1<i<g 1<j=<r

1 * *
— z Z tr[(aA;“Ai - Ai 8Ai) A (aAi Ai - Ai aA;k)]

1<i<g

1
-5 XX ul@e € - Gide) Ao CF — Crdc,)
1<i<k<g C;e{4; A’}
Cre{Ay,A}}

1 *
-5 ) wl@crCF = Cide) A0z, Z) — Zj 9z,)]
1<i< 1<j<r
c,-eTAZi;‘} ==
1
- > wl(0z,2) — Zj 9z,) A0z, Zi — Zi 0z2,)).
1<j<k<r

with moment map

®: Mgrn—GLy, (4. AF.Zj):= [] AAFA7 (A" 212,

I<i<g

A bivector from the pencil is given by Penar + V7 for z = (2i k)i<k, Zik € C, and

(3.13) Yz =) zig [A] Oqr — A; 04,) A tr[Af Oqr — Ag 0a).

i<k
Proof. If r = 0, this is the case of a g-loop quiver considered in Theorem 3.13, where
all deformation parameters y, are set to zero. If r > 0, we perform fusion with r copies
of GL, endowed with its Hamiltonian quasi-Poisson structure for the conjugation action
and for which the moment map is the identity, see Proposition 3.1 in [1]. ]

Remark 3.16. The extra terms for a bivector in the pencil do not depend on the elements
Zy,...,Zy, cf. (3.13). This is because the general construction of a pencil as in Propo-
sition 3.6 depends on actions of C*, and in the present situation the center of GL,, acts
trivially under the actions Z; > gZ; g~ ! for g € GL,.

Character varieties are obtained by performing reduction of My , , with respect to
its GL,-action. In general, the smooth loci of these varieties do not carry a symplectic
form; for the Poisson structure to be generically non-degenerate, one needs to consider
subvarieties of character varieties obtained by fixing the factors Zy, ..., Z, to closures of
conjugacy classes. One can prepare the passage to fixing conjugacy classes before reduc-
tion, and the corresponding subvariety of My ;. , is of the form M ¥ considered in §3.3.1,
where Q is a “comet-shaped quiver”, an extension of a g-loop quiver by adding r legs.
We refer to [13,36,42] for more details on this construction. The upshot is that, for this
last type of varieties, the pencil is made of non-degenerate bivectors and we can write the
corresponding quasi-Hamiltonian structures as stated in Theorem 3.13.
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3.3.3. Generalized MQYV. Following Boalch [9], we consider quivers endowed with a
color function, i.e., pairs (Q, ¢) where c: Q — C for some finite set C is a map on the
arrows. We assume that for each ¢ € C, the subquiver Q. = ¢~ !(c) (if not empty) is a
multipartite graph: we can partition the vertices

I.={sel|s=t(a)ors = h(a) forsomea € Q.}

into disjoint subsets /¢ 1, ..., I k. (ke > 2) such that there is exactly one arrow v,s:7 — §
forallr €I,y and s € I, o with 1 < €’ < £ < k.. (Any quiver can be seen as a colored
quiver by taking C = Q and ¢ = idg.)

Fix a pair (Q, c) and n € ZI ;. We consider the double 0 of O and Mg := Mg(n) as
in §2.3 (these are independent of ¢). AtX € M, g We can form for each ¢ € C the matrices

Ve,+ = 1d+ Z Xy, and v _:=Id+ Z Xy, »

VEIC,Z,SEIC,Z/ rGIC!(,SEIc’e/
with £>£' with £>¢'

which, as elements of End(@}lzc= 1 Bse I, C"s), are regarded as an upper block-triangular
and a lower block-triangular matrix, respectively. We then let

Mé—’c ={Xe Mg | v¢,—Ve,+ admits an opposite Gauss decomposition} C M.

In other words, at a point of Mgc, we can factorize ve,— Ve 4+ = We,4+ Pewe,—, with

ke
d, = (cbc,s) € @ @ GLnsa

t=1s€l.y

which is block-diagonal, while w, 4 and w,,_ are unipotent upper block-triangular and
lower block-triangular, respectively. The interested reader should consult [9] for precise
definitions’, as our sole aim is to use the following result.

Theorem 3.17 ([9]). The smooth complex variety Mé = eec Mé—’c is endowed with a

structure of quasi-Hamiltonian variety for the moment map

(3.14) ®°: M5 —GLa, O°(X) = (Pi(X)ser  for B5(X):= [ ®cseGLy,.
ceC
withs€l,

The moment map in (3.14) depends on an ordering of the colors at each vertex s € [,
which is irrelevant up to isomorphism because the structure is obtained by fusion. We shall
not need to write down explicitly the 2-form wp giving the quasi-Hamiltonian structure in
Theorem 3.17, but it can be obtained by combining Proposition 5.3 in [9] with the quasi-
Hamiltonian structure of the higher fission spaces given in [8]. By the correspondence

7One should bear in mind that Boalch’s convention for writing paths and looking at representations are the
opposite of those in the present text. A double quiver for us corresponds to a graph for Boalch. We refer to [19]
for the conventions that we follow.
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of Proposition 2.4, there is an associated quasi-Poisson structure for a non-degenerate
quasi-Poisson bivector® Pg e T’ (M é— /\2 ™ é—) For the next result, we extend the color

function as ¢: 0 — C by putting ¢(a*) = c¢(a) forany a € Q.
Theorem 3.18. Fix an ordering on pairs € := {(c,s) | c € C, s € I.}. Fix parameters

Z = (Ze,r;e',5)(e.r)<(c',s) Where z¢ y. e s € C for each (c,r),(c’,s) € € with (c,r) < (', ).
Define the following bivector and 2-form on M é—:

Ye= Y Zerens InfOD AInf@),
(c,r)<(c’,s)

w; = Z Ze,ricl,s tr[CDC_} dd. ;] A tr[@;}s dde ).
(c,r)<(c’,s)

where for (c,r) € €, we have

(3.15) Inf©" = 3" tr[Kgr 0ar — Xq 0al.

aEQ with
c(a)=c,t(a)=r

Then:
(1) the triple (Mé—, Pp + ¥z, @) is a non-degenerate Hamiltonian quasi-Poisson vari-
ety;
(2) the triple (Mé—, wp + wz, ®°) is a quasi-Hamiltonian variety;

(3) the two triples correspond to one another via (2.4).

Proof. This is similar to the proof of Theorem 3.9: we first use Proposition 3.6 on the
variety M é— considered before fusion of the components for different colors, and then

conclude with Lemma 3.2. Before fusion, we see M 5— as a G-variety for

G =[[GLsY. where Ciyy = {c€C |sel).

sel

For fixed s and ¢ € C(s), the action of the component GLj, of GL,(ifs) corresponding to ¢
is given on a morphism X,: Mé — End(C"),a € Q, by

| X c(a) #c,
(3.16) 8 Xa = { g—gt(a),sxag&z(a),x, C(a) =c, g€ GLnS’

where we denote by g its embedding under GL,,, < GLj,, = [ [,c; GLy, (without repeated
factors for ¢ € C(y)). The component of the moment map corresponding to this c-th com-
ponent GL;,, of GL,(,i(s) is ®. s due to the construction that yields Theorem 3.17, cf. [9].
Moreover, differentiating (3.16) gives the infinitesimal action of 1 € C corresponding to

the embedding of C* in the c-th component GL,,, of GLnCs(S), which coincides with Inf (¢")
from (3.15). [

81t should be possible to write Pp using the results of Li-Bland and Severa [28,29], although we are unaware

of a precise formula for Pp in the above parametrization of M (%
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In analogy with the original theory of Crawley-Boevey and Shaw [14] given in §2.3,
Boalch defines the generalized multiplicative quiver variety MCQ wf at a parameter q €

(C*)! with stability 6 € Q' by reduction of M (Cj as in Definition 2.7. One can then spell

out the obvious analogue of Corollary 3.10 as a consequence of Theorem 3.18.

Finally, if C = QO and ¢ = idg, we get back to the original construction presented
in §2.3, as discussed in Section 5 of [9]. Thus, Theorem 3.18 gives back Theorem 3.9
in that situation. Remark that the pencil obtained from the generalized theory depends
on €(€ — 1)/2 = |Q|(2|Q| — 1) parameters instead of ro = |Q[(|Q| — 1)/2; this is
because infinitesimal vector fields appear twice with opposite signs, cf. the discussion
after Theorem 3.9.

3.3.4. Quiver varieties. For the interested reader, let us note the “additive” version of
Proposition 3.6, and how it applies to quiver varieties. Recall that a triple (M, P, i) is a
Hamiltonian Poisson G-variety if P is a Poisson bivector and u: M — g is a G-equivariant
morphism satisfying £y = P*(d(, £)q) for all £ € g. If P! defines an isomorphism
TXM — TxM ateach x € M, there corresponds a unique symplectic form  such that
P* 0 w® = Idrps; in particular, w®(£y) = d(p, £)g-

Proposition 3.19. Assume that (M, P, 1) is a Hamiltonian Poisson G-variety, where G
admits a decomposition G = G’ x Xf 1G; such that for each 1 < j <{, C* embeds in the

center of G as diagonal matrices. For each 1 < j < {, denote by Inf D) the infinitesimal
action of 1 € C associated with the embedding of C* into G;. Write the moment map as
w= W, 1, pg), with': M — o' and puj: M — g;, 1 < j < L. Furthermore, fix
z = (zij)1=i<j<t € CHEED/2,

(1) The triple (M, P+;, p) is a Hamiltonian Poisson G -variety for V; defined by (3.2).
(2) Assume that P is non-degenerate and w is the corresponding symplectic form. Let
W=y zy t(du) Ate(dpy).
1<i<j<{
Then P + v, is non-degenerate, and (M, w + w;, 1) defines the corresponding
(Hamiltonian) symplectic variety.
Proof. This follows by adapting the proof of Proposition 3.6 to the present setting. ]

Let Q be a quiver and n a dimension vector. Rephrasing Nakajima [33] with the nota-
tion of §2.3, the GLy-variety M5 admits the following Poisson bivector and symplectic
form

Py = tr[dg Adar]. wqy=— ) tr[dXs A dXgs.
acQ acQ
which correspond to one another. Their moment map is given by

wiMg—gly, w®) =Y (XaXer —XqrXa).
acQ

We get the following result as a direct application of Proposition 3.19, even though it is
easy to check and certainly known to experts.
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Theorem 3.20. Fix z = (24,5)q<p, Where z,4p, € C for each a, b € Q with a < b. Define
on Mg the bivector \; by (3.9), and the 2-form w; by

0z =) zap wld(XaXar)] A [d(XpXpe)].

a<b

Then the triple (M g Pav + ¥z, W) is a non-degenerate Hamiltonian Poisson variety such
that (M g Wav T 0z, L) is the corresponding Hamiltonian symplectic variety.

By performing Hamiltonian reduction, we obtain a pencil of compatible Poisson brack-
ets on quiver varieties.

Remark 3.21. It was suggested by A. Alekseev that the Poisson structures defined in the
previous two results can be obtained as special instances of a construction due to Lu and
Mougquin [30]. Namely, for Proposition 3.19, see G as a Poisson-Lie group for the zero
Poisson structure, so that g = g’ & EBf:l g, is a Lie bialgebra with cobracket §4 being
trivially the sum of the zero cobrackets on g’, g1, ..., ge. If 1) € g denotes the image
of 1 € C induced at the level of Lie algebras by the inclusions C* — G; — G, then

t = ZZijl(i) A1) e A2q

i<j

is a mixed twisting element (Definition 3.1 in [30]). It follows from Lemma 2.6 in [30] that
(M, P + tyr) is a Poisson (g, 8q,+)-variety for the twisting cobracket 85+ = 85 + [t, —];
but the latter vanishes while the action of g on M sends t to tyr = V¥, see (3.2), hence
(M, P + ;) is a Poisson G-variety.

As for Theorem 3.20, consider for each a € Q the subquiver

a

Ty =1t(a) 2 h(a)

of 0. We have an action of

Gq := GLy,,) X GLy,,
on

Yq := Mr, (n1(a), Mh(a))-
cf. (2.7), thus M 0 = XacQ Y, inherits an action of x,e0 G, (it is “before fusion”, see
Remark 2.11). Denote the Lie algebra of G, by g4, and see g = @aeg gq as a Lie
bialgebra for the zero cobracket as above. Let 1@ be the image of (Id
the inclusion g, < g. Again,

i) O”h(a)) under

t = Zzab 1@ A 1®)

a<b

is mixed twisting and induces ¥, from (3.9). Hence Pg, + ¥ is a mixed product Poisson
structure on M 0 for the action of x4e 9 Gy, cf. Proposition 3.4 in [30]. Factoring the action
of GL, through x,c0 G, by taking diagonal embeddings yields the Poisson GL,-variety
structure considered in Theorem 3.20.
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4. Noncommutative origin of the pencil

It was realised by Van den Bergh [39] that the Poisson bracket obtained on any affine
multiplicative quiver variety M 0.4,0 through Corollary 2.9 has a noncommutative origin

which is defined at the level of the quiver Q. We shall explain this statement in the pres-
ence of a deformation parameter as in §3.3.1; then we describe how to adapt this point of
view for the whole Poisson pencil.

Fix an associative unital C-algebra A4, and consider A ® A as a C-algebra for the
product satisfying (f1 ® 2)(f3 ® fa) = f1./3® f2fa, f1...., fa € A. Denote by (1) €
End(A ® A) the operation that exchanges the two tensor factors. An outer double bracket’
is a bilinear map {—, —},: A x A —> A ® A such that, for f, g, h€ A,

(4.1a) {figho = —7(12) {g. /o
(4.1b) {/fghlo = (@D M} +{/ gho(1Q M),
(4.1c) {/g.h}o=(10® f){g.h}to + {/ h}}o(g ® D).

If A is a B-algebra, then we require the outer double bracket to be B-bilinear, that is,
{A, B}, = 0. Due to the two derivation rules (4.1b)—(4.1c¢), it suffices to specify an outer
double bracket on generators of A. For our purpose, take A = CQ the path algebra of
a double quiver O endowed with a total ordering as in §2.3; the ordering induces a
skewsymmetric map o(—, —): O x Q — {—1,0, 1} by setting o(a,b) = +1 if a < b.
We see A as a B-algebra for B = (P, Ces. We fix constants (Ya),e g as in §3.3.1 (thus
Var = Vg forall a € Q_). Following Section 3.2 of [15] (based on Section 6.7 of [39]), we

consider the B-linear outer double bracket that satisfies, fora,b € Q,

1 1
{a. b}, = e(a) 5(b=a*)[3/a eh(@) ® €@ + 5 ba ® ey + 5 €hia) ® ab]
1 1
“4.2) —3 o(a,b)eipya @ eiq)b — 5 o(a*,b*) bepw) @ aepp)
1 1
+3 o(a,b*)ba @ ey(q) + 3 o(a*,b)epq) ® ab.

By localisation (see Proposition 2.5.3 in [39]), the outer double bracket descends to Ag :=
C Qs obtained by adding inverses to the elements in S := {y,1 + aa* |a € Q}.

An important result is that the pair (Ao, {—, —}}5) is a double quasi-Poisson algebra
(Theorem 3.3 in [15]). Without unravelling the definition (cf. Section 5.1 of [39]), let
us only give consequences of this fact. Put Hyo(Ag) = Ag/[Ap, Ap], which is a vector
space coming with a linear map tr: A9 — Ho(A o) that sends commutators to zero. We get
from Lemma 5.1.3 in [39] that Hy(Ag) is equipped with a Lie bracket, denoted {—, —}y4g,
uniquely determined by

(4.3) {r(f). r(@hvas = tr(m({ f. g}0)). [ g€ Ag.

where m: Ag ® Ag — Ag is the multiplication. In particular, (4.3) extends to a Pois-
son bracket on Sym(Ho(Ag)), which we also denote by {—, —}vqs. The following result
follows from Sections 7.7 and 7.13 of [39] and the fact that the representation space
Rep(A g, n) coincides with M é (n) for any n e Zéo-



Compatible Poisson structures on multiplicative quiver varieties 957

Proposition 4.1. The morphism of algebras

Xy 1 Sym(Ho(Ag)) — C[Mé— // GLa],
4.4 _
tr(ay - ag) = tr(Xg, -+ Xg,) foray,...,ap€Q,

is a morphism of Poisson algebras if Sym(Ho(Ag)) is equipped with {—, —}yas given
in (4.3) and (C[M;— // GLy] is equipped with PY given in (3.11).

Remark 4.2. Note that (4.4) is surjective by Le Bruyn—Procesi’s theorem [27]. Thus,
the pair (Sym(Ho(Ag)). {—, —}vap) is a “universal” Poisson algebra, in the sense that
it induces the Poisson structure on each variety M é // GL,, (hence on any affine mul-
tiplicative quiver variety). By (4.3), all computations can be performed using the pair
(Ag.{—.,—}o), which is why it can be seen as a noncommutative origin for these Poisson
structures.

To understand the bivector ¥, given in (3.10) at the level of 0, we need an analogue
of Van den Bergh’s outer double brackets. Taking an arbitrary A as above, a right double
bracket [20] is a bilinear map {—, —},: A x A - A ® A such that, for f, g, he€ A,

(4.5a) {fighr = _T(l2){{g7 S
(4.5b) {fghlty =A@ LS 1l +{/ gh-(1® D),
(4.5¢) {/g.h}r = (f @D{g. h}r +{/ 1} (g ® D).

As in the outer case, we can assume B-bilinearity if A is a B-algebra, and it suffices to
specify the right double bracket on generators. Examples of right double brackets can be
easily constructed using the following result.

Lemma 4.3. Let Q' be an arbitrary quiver with a total ordering <’ on its arrows. For any
a,be Q' witha <' b, fix yap € C and extend these constants to a skewsymmetric matrix
(yab)a,bEQ’ by setting yaq = 0 and yap = —Ypa if b < a.
(1) There is a unique B'-linear right double bracket on CQ’, where B’ = @, Ces,
such that fora,b € Q', {a, b}, = yapa ® b.

(2) Given a right double bracket {—, —}, on an algebra A, introduce the multilinear

map
{—— =) A3 > A%,
@6 — —hr = D th 0 (= —Yr ®ida) 0 (ids ®F—. —}r) 0 135
k=0,1,2

where, for a permutation p € Sz, we denote by T,: A®3 — A®3 the corresponding
action by permutation of tensor factors. Then the right double bracket from part (1)
on C Q' is (12)-weak Poisson (see Definition 2.7 in [20]), i.e.,

(4.7) {—— =Y —tan o= ——Yrotaz =0.

(3) The right double bracket from (1) descends to any localisation A = C Q's at a set
S c CQ/, where it is (12)-weak Poisson.
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Proof. For (1), it suffices to check that the skewsymmetry rule (4.5a) holds on gener-
ators. But this is a direct consequence of the defining identity {a, b}, = y.p a ® b,
a,be Q’, because (y4p)a,peo’ is skewsymmetric. (Note that, by requiring B’-linearity,
{CQO',es}, =0={e;,CQ'}, forsel’)

For (2), we use that the map {—, —, =}, — r(_é) o {—, —, —J}r o T(12) is a derivation
in each argument (for specific A-bimodule structures on A%®3) by Lemma 3.12 in [20].
Hence we only have to verify (4.7) on generators a, b, c € Q’, cf. Lemma 2.11 in [20]. We
first compute

{— =) ®idy) o (ida ®{—, —}r)(a,b,¢) = ypcla, b}y ® ¢ = yapypca @b ® c.
Therefore, by (4.6), we obtain

{a.b.c}r = VabYbe + YbeVea + YeaVap) a @ b @ c.

This gives at once

taplb.a.clr = (YbaYac + YacYeb + YebVba) @ @ b ® ¢,

which equals {a, b, ¢}, as (Yap)a,peo’ is skewsymmetric. Thus (4.7) holds on the triple
(a,b,c).
For (3), the right double bracket uniquely descends to C Q' since we need

{{a’s_l}}r = _(1 ®S_1){{a’s}}r(l ®S_1)v {{S_l»a}}r = _(s_l ® 1){{S’a}}r(s_l ® 1)9

as a consequence of (4.5b)—(4.5c) for any a € C Q' and s € S. Using again that the map on
the left-hand side of (4.7) is a derivation by Lemma 3.12 in [20], its value on (C Q&)X3
can be computed using its value on (C Q’)*3, where it vanishes. |

For our purpose, we return to the case of O with a total ordering as in §2.3. For any
a,be Q witha < b, fix z4 € C, and extend these constants to a skewsymmetric matrix
(Zab), peg> Which is symmetric under the involution a — a*, by setting for any a,b € Q,

“38) Zaa =0, zgp = —zp, ifb <a,

Za*b = Zab* = Za*b* = Zgb-

We can then use Lemma 4.3 with Q' = O to get a right double (12)-weak Poisson
bracket on Ag = C Qg which is B-linear and uniquely determined by

4.9) {a.by, =e(a)e(b)zagpa ®b, a,be.

Indeed, this corresponds to taking the constants y,; = €(a)&(b)z4p. Due to Proposi-
tion 3.15 in [20], the (12)-weak Poisson property guarantees that Sym(Ho(A)) is equip-
ped with a Poisson bracket, denoted {—, —};, uniquely determined by

(4.10) {r(f). (@)} = (@ f. g}r). [ geAp.

Note that, as opposed to (4.3), the bracket (4.10) maps Ho(Ag)*? into Sym?(H, (40)),
hence it is not obtained from a Lie bracket on Ho(Ap). The following result is the ana-
logue of Proposition 4.1.
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Proposition 4.4. The morphism of algebras
Xy : Sym(Ho(Ag)) — C[MF // GLa]

defined in (4.4) is a morphism of Poisson algebras if Sym(Ho(Ap)) is equipped with
{—, =}z from (4.10) and (C[Mé // GLy] is equipped with v, from (3.9).

Proof. We can equip (C[Mé] with a unique antisymmetric biderivation satisfying (for
a,be Q)
4.11) {Xa)ij, Xp)rr} = e(a) (b) zap (Xa)ij (Xp)ki-

By Theorem 4.11 in [20] and (4.9), the operation {—, —} is a Poisson bracket, and it
descends to C[Mé // GLy]. We remark, in view of equation (4.7) in [20], that X is a

morphism of Poisson algebras if C[M é // GLy] is equipped with that Poisson bracket, and
that Sym(Ho(Ag)) is equipped with {—, —} in (4.10). Thus, we need to verify that (4.11)
coincides with the expression for ¥, in (3.9) evaluated on generators (X,);; (with a € Q)
of C [Mé]. Using (3.9), we compute

Zap Xa)ij KXp)ki ifa,be Q witha < b,
Zarb* (Xa)ij Xp)ki ifa*,b* € Q witha™ < b*,
—Za*p (Xa),»j(xb)kl ifa*,be Q witha™ < b,
—Zgb* (Xa)ij X))y ifa,b* € Q witha < b*.

{1(Xa)ij> Xp)rt} =

By definition of the skewsymmetric matrix (Zgp), pe g using (4.8), this is equivalent
to (4.11). |

Theorem 4.5. Fix zy € C. The morphism of algebras
Xy : Sym(Ho(Ag)) — C[Mé // GLa),

defined in equation (4.4), is a morphism of Poisson algebras if Sym(Ho(Ap)) is equipped
with zo{—, —}vas + {—, —}z, ¢f (4.3) and (4.10), while (C[Mé // GLy] is equipped with
zoPY + Y5, ¢f (3.11) and (3.9).

Proof. If we combine Propositions 4.1 and 4.4, the only part of the statement which is
unclear is that the linear combination zo{—, —}vag + {—, —}; is a Poisson bracket. Since
we know that it is true if zg = 0 or z = 0, it suffices to show by rescaling that {—, —}yes +

{—, —}; is a Poisson bracket on Sym(Hy(Ap)). Using again the known cases zo = 0 and
z = 0, we are left to check that

(4.12) {/f:A8 M}vas}z + { /{8 h}z}vas + cyclic perm. = 0,

for arbitrary f, g,h € Sym(Ho(Ag)). (Here, ‘cyclic perm.” means that we add the 4 terms
obtained by replacing (f, g, ) by (g, h, f) and (h, f, g).) We shall check it for elements
of the form

f=t(ar-an), g=tbi--b), h =t cm),

witha;, b;,ci € Q and n, [, m > 1, from which the result follows.
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Given an elementd € A ® A, we use Sweedler’s notation and write d = d’ ® d” (this
abuse of notation is not harmful since all the operations considered below are linear). To
write {g, h};, we start by computing, using the derivation rules (4.5b)—(4.5c) and (4.9),

{{bl "‘bl,cl "'Cm}}r

Il
MN
M=

bi--bj1fbj,cklrbjt1---by @ cre--ck—14bj, ck}r Ckt1Cm

1k=1

-
~ 1

Il
NE

8(bj)8(ck)zbj,ck bl o 'bl QcCrCm
=1k

~
Il
—-

Therefore, we get after applying tr ® tr to this expression that (4.10) yields

I m
(4.13) {g.h}z; =cgngh, where cgj:= Z ZE(bj)t?(Ck)ij,ck-
J=1k=1

Let us define similarly cy, , for any fi, f> €{f, g, h}, noting that cf, r, = —cy, 7 by
the skewsymmetry of (zap),, pe - We obtain, by the derivation rule of the Poisson bracket
{—. —}vas, that

{48 h}zhvas = con({f. &hvas h + gL/ h}vas).

from which we can write (4.12) in the equivalent form
4.14)  {hAf 8glvas}z + cgnlfi ghvas h + ch s{g, [Ivas h + cyclic perm. = 0.

In particular, this identity is satisfied provided that we can show

(4.15) th, A f. glvas}z = (=cg.n + cn p)U S, &hvas hs

as the three displayed terms in (4.14) vanish if (4.15) holds, and therefore their cyclic
permutations also vanish.
To derive (4.15), we start by computing, using the derivation rules (4.1b)—(4.1c¢),

{{al cedy, by "'bl}}o

n !
= Zzbl cobjfai b}, aiv1--an @ ay---ai—1{ai bj Y, bjt1---by.

i=1j=1

Thus, we deduce from (4.3) that

n 1
4.16) (fghae=) > Fij.

i=1j=1
where F; ;= tw({ai, b}, ait1---anay -+ ai—1§ai, bj Y bjy1---biby---bj_1).

Note that ; ; is made of seven terms, cf. (4.2), which we label 371(]1) e, ?71(;), respec-
tively. (These terms could be zero.)
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Inside the trace for %, (;) r # 1, all the factors a;r, bjr appearing in f and g are present.

Therefore, by an argument similar to the one that led to (4.13), we get

I
7Dy, =en s, &= Z e(n) Z (i) Zep.ap + 3 2by) Zepy )
i'=1 j'=
forr =2,...,7. In particular, observe that ¢ = c, s + cp g = —Cgp +cp r. Forr =1,
we get that the two factors a; and b; are missing inside the trace for ”( , hence
m n 1
.7 =eh D with ¢ = Zs(ck)(Ze(a,-/)zck,ai, + 3 s(b,-/)zck,b,,).
k=1 i'=1 j'=1
i J'#i
This time, we can write
m m
¢ - Z e(c)8(@i) Zep.ay + g — Y &(ci) e(bj) Ze b,
k=1 k=1
m
= —cgn + Z e(cr) (b)) Zey b, + £(ai) Zey ;)

Note that ﬁ(;) contains a factor S(bj =a*), cf. the first term of (4.2). As we can write

m m
Seby=ary O &) (€(b)) Zep b, +8ai) Zep.a)) =8 =ary Y (k) (@) (~Z¢p a + Zey.ar)-
k=1 k=1

we notice that this expression vanishes since (z,p) is symmetric in each index under the
involution a — a* by (4.8). Therefore,

Aq-(1) _ 1)
Fii = (—cgntcnr) ¥

so that
7Y, = (—coun + cnp) hF

for each 1 < r < 7. In particular,
{h, ?"i,j}g = (_Cg,h + Ch,f)h?i,j-

Combining these observations with (4.16), we find

n !
(h A f ghvastz = (—cem +cnp) DD hFij = (—cgn+ chr)h{f g

i=1j=1

which is precisely (4.15). |
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As a consequence of Theorem 4.5, we can repeat Remark 4.2 and see the family
of Poisson brackets (zo{—, —}vas + {—, —}z) on Sym(H,(Ap)) as the universal Pois-
son pencil that induces the one on the varieties Mé // GL,, defined by taking invari-

ants in Theorem 3.14. In fact, any computation can be performed using the operations
({{_7 _}}0» {{_’ _}}r) on AQ

Remark 4.6. An analogue of Theorem 4.5 in the case of character varieties (cf. §3.3.2)
can be obtained by replacing Van den Bergh’s outer double (quasi-Poisson) bracket on Ao
by the one introduced by Massuyeau—Turaev [31] on
Clai!, @hH*!,... ,a;,tl, (a;)il,zfﬂ, L zEY,

The case of quiver varieties (cf. §3.3.4) is obtained similarly by using Van den Bergh’s
outer double Poisson bracket on CQ given in Sections 6.3 and 6.4 of [39]. Alternatively
note that the outer double bracket on C 0 in the Poisson case reduces to the first constant
term appearing in (4.2), thus we can formally derive this case from Theorem 4.5 by setting
Ya = 7 € C* for each a € Q and considering the family (zo7 ™' {—, —}vas + {—. —}z) in
the limit y — oo. For generalized MQV (cf. §3.3.3), it is conjectured in [19] that their
Poisson structure is induced by an outer double bracket; as this problem is still open,
exhibiting a universal Poisson pencil is currently beyond reach.

5. Application to the spin RS phase space

In [12], the authors constructed the phase space of the spin Ruijsenaars—Schneider (RS)
system of Krichever and Zabrodin [26] as a multiplicative quiver variety. We revisit this
result with the pencil constructed in Theorem 3.9 in order to bridge the gap with the
alternative construction of the phase space from [5], where a different Poisson structure is
derived.

5.1. General construction

We recall the setting of [12]. Fix d > 2. Consider the quiver Q4 consisting of the vertex
set I = {0, oo} and the arrows x:0 — 0 and v,: 00 — 0 for 1 <o < d. On the double O,
we take the ordering x < x* < vy <v} <--- <wvg <v}.

Lety := (Vx,Ya) € C'%! be givenby y, = O0and y, = 1 for1 <a <d.Forn > 1
and n = (ng,ne) = (n, 1), we form the variety Méd asin §3.3.1. Explicitly, if X, Z, Vg
and W, denote, respectively, the nonzero blocks of the matrices Xy, X+, Xy, and Xy
(where 1 < o < d), we have

Mé ={(X, Z, Vy, Wy) | det(X), det(Z),det(Id,, + Wy, Vy) #0, 1 <a <d}

d
(5.1) c{X,Z eGL,(C), V1,...,Vz eMaty1x,(C), W1,..., Wy € Mat,»1(C) }.

The action of the group GL,(C) x C* on the variety is given by

(5.2) (g N (X, Z, Vo, Wy) = (gXg ™ g Zg L AV,og ™, gWod™h).
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Since the group {(A1d,,A) | A € C*} acts trivially, we shall only focus on'’ the action of
GL, (C). By Theorem 3.13, M éd is a smooth complex variety of dimension 2n? + 2nd

with the non-degenerate quasi-Poisson bivector P given in (3.11) and the corresponding
moment map

(5.3) @:Méd—>GLn, OX, Z, Vo, Wy):=XZX 177! ]_[ (Id +W,y V)1,
1<a<d

where we write factors in the product from left to right with increasing indices 1 <« < d.
The quasi-Poisson bracket corresponding to P is explicitly spelled out in equation (2.8)
of [12]. (We shall not use the corresponding 2-form given in (3.12).)

A useful parametrization of M éd is given as follows. For 1 < a < d, introduce

54) Ay := Wy and By := Vo(Idy +Wo—1Ve—1) -+ (Id, + W1 V1) Z,
which are easily seen to satisfy
(5.9 (Idy +WoVy) - (dy +WiVN)Z = Z 4+ A1B1 + -+ + Ay By.
In particular, the right-hand side,
Zy:=7Z+ A1B1+ -+ AgBa,
is invertible. Thus,
Méd ={(X,Z, Ay, By) | det(X),det(Z),det(Zy) #0, 1 <o <d}
C{X,Z eGL,(C), Ay,...,Aq eMat,x1(C), By, ..., Bg € Mat1x,(C)}.

With that parametrization, the action of GL,, (C) is obtained from (5.2) by substituting A,
and By for W, and Vj, respectively, while the moment map reads

(5.6) @:Méd —~GL,, ®(X,Z,Ag.By):=XZX Y (Z+ ABi+---+ AgBy)" .

The quasi-Poisson bracket P can be written in terms of those elements by combining
Lemma 3.3 and (3.15) from [12].

To perform reduction, choose g € C* such that qk # 1 for 1 <k < n. Then the action
of GL,(C) that factors through (5.2) is free'' on the subvariety ®~!(g Id,), which is
denoted M ; in[12]. The affine GIT quotient ®~!(¢1d,) // GL,(C) (in fact, geometric
quotient) corresponding to taking trivial stability parameter 6 in Definition 2.7 is therefore
a smooth complex variety of dimension 2nd, cf. [12]. We set

(5.7) aq = P (q1dy) // GL,(C).

which we call the spin Ruijsenaars—Schneider (RS) phase space. We get a non-degenerate
Poisson bracket on € , 4 defined by quasi-Poisson reduction from the bivector P.

10As we omit the action of an abelian group, this does not change the description of the quasi-Poisson
structure given subsequently.

"This requires the condition on ¢. If ¢% = 1, then ®~!(¢1d,) contains the points (X(x). Z (k). 0, 0) for
any k-dimensional representation x — X (x), z = Z ), of the quantum torus C (x®!, zE1) /(xz — gzx), which
have stabilizers of dimension > 1 as, e.g., A Id,, acts trivially. This condition is not discussed in [5], so that their
description works only on the smooth locus of the reduced space (5.7) when ¢ is a k-th root of unity for some
1<k<n.
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5.1.1. The pencil. For each z = (z45) € C¥@~1D/2 we form the bivector ¥, on Méd

using (3.9), where we set zy, v, = Zgp and zxy, = 0 foreach 1 <o < B < d. For con-
venience, we extend z to an antisymmetric d x d matrix with entries (z48)1<q,8<d DY
setting zog = —zgq if @ > B and zye = 0. The corresponding bracket, also denoted v,
by abusing notation, is explicitly given by

(583.) W; (Xij’ _) = 0’ Wz(zij’ _) = 0»
(5.8b) Y ((Va)i, (Vp)j) = zap Va)i(Vp)j,  ¥z((Wa)i, Wp)j) = Zap (Wa)i (Wp);,
(5.80) Yz ((Va)i»Wp)j) = —zap (Va)i(Wp)j,  ¥z((Wa)i, (Va)j) = —zap (Wa)i(Vp);,

where X;;, Z;j, (V)i and (W,,); are the “matrix entry” functions defined in the obvious
way. In terms of the alternative parametrization that uses (5.4), we still have (5.8a), as
well as

(5.9a) wg ((A)i, (Aﬂ)j) = Zap (Ag)i (Aﬂ)jv wg((Boz)i , (Bﬂ)j) = Zap (Bot)i(Bﬂ)j ,
(5.9b) ¥ ((Aa)i, (Bp)j) = —zap (Aa)i(Bp)j, ¥z((Ba)i, (Ag)j)= — Zap (Ba)i(Ap);-

By Theorem 3.14, the bivector P + 1/, is always non-degenerate quasi-Poisson on M éd

for the moment map (5.3) (or equivalently (5.6)). In particular, this yields a quasi-Poisson
pencil centered at P of order d(d — 1)/2. After performing reduction, we obtain a Poisson
pencil on the spin RS phase space €, 4 given in (5.7).

5.2. Local parametrization

We continue with the notations of the previous subsection. Following Section 4.1 of [12],

consider the affine space (C*)” x C2"? with coordinates (x;, a% ay b"‘)}z‘l’;fl , and define
the following subspace of dimension 2nd:

(5.10)

Breg = {(xl,al DI | xi # xj, xi £ qxj Vi # Z a¥ =1, Vi; det(Zy) # 0, Va}
1<a<d

where for « € {0} U {1, ..., d}, we introduce the following matrix:

z: La ﬁ a
N +3 alvl. 1<ij<n

Zy € Matyxn (C), (Zg)ij i=q ———— 4

B=1

(The second sum is omitted when o = 0.) There is an action of the symmetric group S,
on e by simultaneous permutation of the indices: o - (x;, ay, bf¥) = (x4(), ag(i), bg(i)).

Proposition 5.1 ([12]). The morphism of affine varieties &: Yreg/Sn — €, g obtained by
mapping (x;,af, b) to the orbit of the point (X, Z, Ay, By) given by

ﬂ
POy
(5.11) Xij = 8ijxi, Zij =q——— = 1 j . (Ao)i =af, (Ba)i = b,

Xi X —q
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is well defined and injective. Furthermore, £ is a morphism of Poisson varieties if € .,
is endowed with the Poisson bracket defined by the Poisson bivector P from (3.1 1) and
Brea/Sn is endowed with the Poisson bracket {—, —}o uniquely determined by

(5.12a)  {xj,xj}o =0, {Xi,aq}o =0, {xi,bj}o = 8ijxibf

j7
(5.12b) {af‘,af}o— 5(1#) (a aj; —i—a"‘aﬂ a;"f af‘a?)
1 1<
B B Y
+§0(,3,a)(aa +aa)+ Zo(a,y)aj(aa +aa)
y 1

1 d
—EZO(ﬂ,y)a?‘(a al +adlal),
y=1

Xi +Xj
(5.12¢) {af.bfYo = af Zij — Sup Zij — 5(1#;)1—;( af —a?)b?
J
B-1 B—1
+ 8aepy al bl +af Y al (b)Y —bY) —Sap > alb!
y=1 y=1

d
1
—EZO(a,y)b}s(a aj +atal),

(5.12d) (b, b0} = 8(,;5,) al (b"‘bﬁ + 6268 — b2 Zi; + 0P 7
B—1
b5 0B OB —bbf) — b 3 a0 — b))
y=1
a—1
+b > al b} - bp).
y=1
In these formulae, o(—, —):{1,...,d}**> — {0, £1} is the skew-symmetric function such

thato(o, B) = +1 if o < B, and Z;; is defined in (5.11). This induces an isomorphism of
Poisson varieties &: Yreg/ Sy — €°, where €° C €, o is the image of §.

As the Poisson structure is non-degenerate, £ is an isomorphism of symplectic vari-
eties. To establish that the map £ intertwines the two Poisson structures, it suffices to check
the result on the functions

(5.13) fe = tw(X9),  gapx = tr(AeBpX¥), k=0, 1<a,p<d,

as their pullbacks provide a local coordinate system in view of

(5.14) £ fi = Zx, . E Zaph = Za“b"’ FoY . £ gapu = Zb’f’ £
1<a=d

5.2.1. Local expression of ¥;. The argument leading to Proposition 5.1 can be adapted
to the Poisson bivector v, given in §5.1.1 as follows.
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Lemma 5.2. The isomorphism of varieties §: Yreq/Sn — €° given by (5.11) in Proposi-
tion 5.1 is an isomorphism of Poisson varieties if €° is endowed with the Poisson bracket
defined by v, and Yyeg/ Sy is endowed with the Poisson bracket, denoted V1o uniquely
determined by -

(5.152) Y (xioxj) =0, Y(xi.af) =0, ¥(x;i.b¥) =0,
(5.15b) yia? af) = G, (i, jia. B)ald?,

(5.15¢) l°°(al, ])— —-G;(,j;a, ,B)a"‘bﬂ

(5.15d) Y02 b)) = G, (i, jia. B) bEBE.

Here, we have set forany 1 <i,j <nandl1 <a,B <d,

(5.16) Gz(i,j;0,B) :=zop + Z (2 af —zupal’) + Z Zuval aj,
l<u=d 1<u,v=d

which is antisymmetric under simultaneously swapping the pairs (i, o) and (j, B).

Proof. Gathering (5.8a), (5.92)—(5.9b) and (5.13), we compute

Vz(fe. J) =0, ¥:z(fk. gapst) =0

5.17)
1/fg(gya;k’ gaB;l) = (Zya +zZep —Zyp — Zea) 8yek 8ap;l»

for any k,/ > 1 and 1 < «, B, y, ¢ < d. Checking that ¢ intertwines the two Poisson
structures'? thanks to (5.14) is an exercise along the lines of Appendix A.4 in [12] (though
much easier). u

Note that 1//1"° is well defined because

d
ZG;(i,j;a,,B)af‘ =0 foranyl <i <n.

a=1
Lemma 5.3. The Poisson bracket wl"c is degenerate and admits the following Casimirs:

(5.18) XlsennsXns a;?‘b;", withl <j<n,1<ac=d.

Proof. To be degenerate, one needs that the algebra of Casimirs defined as
(F € Clhreg]™ | Y1 (F, G) = 0, ¥G € Clhyeg] "}

has positive (Krull) dimension. Thus, it is direct if we establish that the elements (5.18)
are Casimirs, or equivalently that they Poisson commute under 1//1"C with the generators
(xj.af,bY). Any x; is clearly a Casimir by (5.15a).

12 A priori, ¥ is only an antisymmetric biderivation on e /Sy, and we deduce that it is a Poisson bracket
because it is one on €° and £ is an isomorphism intertwining the two structures.
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Next, for arbitrary 1 < j <n, 1 < 8 < d, one has by (5.15b)—(5.15¢) and the anti-
symmetry of (5.16),

(@b, aP) = yl (a2, aP) b + a¥ y (b2 aP)
= (G:(i. j: . p) + G (jui: foa)) af bl = 0.

Similarly, w"’c (a¥b}, b]ﬂ) = 0. Thus the element a*b}* is also a Casimir. |

By reduction of the quasi-Poisson pencil given in §5.1.1, any bivector zo P + v,
on ‘6’; dg with zg € C is Poisson, and it is non-degenerate whenever zog # 0, cf. Corol-
lary 3.10. Restricting the Poisson pencil to €°, the isomorphism &: fs /S, — €° that
intertwines the Poisson structures {—, —}¢ with P (by Proposition 5.1) and wl"c with ¥,
(by Lemma 5.2) is therefore intertwining the structure zo{—, —}o + ¥1°¢ with zo P + v,
making the former a Poisson bracket for any possible parameter. These observations can
be summarized in the following form.

Corollary 5.4. There is a Poisson pencil on Yeg/Sy spanned by the Poisson brackets
{—,—}o and wloc with 2 = (Zgg)1<a<B<d defined as in §5.1.1. Any linear combination
zo{—, —}o + WOC with zo € C is therefore a Poisson bracket, which is non-degenerate
when zo # 0. This pencil (and therefore the pencil spanned by P and v on ‘C’n d q) has
orderr > (d —1)(d —2)/2 + 1.

Proof. We only need to compute the bound on the order of the pencil. Since each wl"“ i
degenerate while {—, —}¢ is not, the order equals ord(l/fl"c) + 1.
Assume that for some z, ¥1°° = 0 identically. By the definition (5.10) of fee, we can

find a point m € b, where all (bf‘) are nonzero while af = 84,1. At such a point, (5.15d)
reads

(5.19) YL (08 bF) = [z + 210 — 2161 BPBE . 1< B<d,

i j ’
as z11 = 0 by skewsymmetry of the matrix (z,g). By assumption, (5.19) vanishes and we
get that

(5.20) Zap = Za1 t Z18,

for any 1 < «, B < d. Hence we can fix arbitrarily z15, ..., Z14, then define the other
parameters through (5.20), and still get wl"c = 0. As we have freedom in choosing param-
eters,
ord(y* ) = dd-1) d-1)= d-1)d 2).
= 2 2
It follows by definition that
Ord(wlOC) > Ol"d(llfloc

and we get the claimed bound. ]

Remark 5.5. We expect that the inequality for the order given in Corollary 5.4 is an
equality. This is the case for d = 2, as the order is precisely 1. To see this, note that
w;’c = 0 identically for any z;, € C because G (i, j; o, B) (5.16) is always vanishing
on E)reg-
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5.2.2. Comparison with the structure of Arutyunov-Olivucci. In [5], the spin RS
phase space ‘62‘, dg (5.7) is obtained by reduction using Poisson-Lie symmetries. Their
local parametrization, presented in Section 5 of [5] (with £ = d), is related to the one of
Proposition 5.1 by substituting their matrices

0,LeGL,(C), aeMat,;(C) and ceMatyy,(C),
respectively with
X, kXZX ' €GL,(C), (A1---Ag)E€Matyxq(C) and (B] ---BI)T e Matyx,(C).

They have an additional parameter k¥ # O which can be omitted by simultaneously rela-
beling a = +/ka, ¢ = /kc and rescaling their Poisson brackets by «~!. Thus, we can
take k = 1, and write down the two Poisson brackets that they derived locally on §, /Sn
(see'? (6.4) in [5] and [3]) by

(521a)  {xi.xj}x = 0, {xi,a q‘}i =0, {xi,bf}x = 8;x:b7,

(a a + a"‘aﬂ —a}"af —a?‘a?)

(521b)  f{af.al}i = 5(1;&1)
1 1<

T jo.0afal ¥ 53 olay)a)dfa]
y=1

d
1 1
+ 3 Z o(B, y)af‘a?a}/ F 5(20(8, )/)a,-ea}’>a§"af,

y=1 V,€

Xi + xj
(521c)  Aaf.b; bri = ai' Zij — Sap Zij — ‘8(1#1) l

J B
=, @ —aDb
+af Zayby—c?aﬂ Za"by Zo(a,y)bfaf‘ay

&3 vzB y—l
1 1 1
+ E(Zo(e, y)afa}')af‘bf + Ea?‘a?bf - 58(,,9(1?‘19/-3,
V,e
Xi —i—x]

521d)  {bE.bPhs = 5(,;&,) (b"‘ b? + 0Py — b2 Zi; + b 7,

+ Eo(ﬁ,a)b}?‘biﬁ —b Y albl + b7y alb)
yZB yZa
1
F - 3 (Zo(s y)aga”)b“b’s = (a ?‘—af)bf‘bjﬂ
V.6

where we use the notation from Proposition 5.1. Observe that both Poisson brackets are
equivalent under relabeling spin indices through o — d + 1 — « (this was remarked before
reduction in [17]). Hence we shall only focus on the minus Poisson bracket.

13These expressions appear in compact r-matrix notation in [5], and their presentation in [3] contains typos.
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Proposition 5.6. The minus Poisson bracket {—, —}_ constructed in [5] by Arutyunov
and Olivucci and the Poisson bracket {—, —}o constructed by Chalykh and Fairon in [12]
belong to the pencil of compatible Poisson brackets from Corollary 5.4.

Proof. By definition, {—, —}¢ is certainly in the pencil. Take the sequence of parame-
ters z— given by Zap = 1/2, for o < B. The corresponding skewsymmetric matrix has

entries 5 L o(a, B), and the Poisson structure 1/r1°° from (5.15) is given in terms of

. 1 1 1 1 .
G-, j;a,B) = Eo(oc,ﬂ) + 3 Zo(y,a)a}’ —3 Zo(y,ﬂ)a,}' + 5 Zo(s, y)a; a]y
¥ V56

v

It is then an exercise to check that
I e
using (5.12) and (5.21), remembering that Zy a’ =1foreachl < Jj <n. [

Remark 5.7. In [12], it is conjectured that the irreducible component of ‘€X da contain-
ing €° = £(Breg/Sn) is the whole variety € dq in analogy with the case d = 1 due to
Oblomkov [34]. Under that conjecture, we can reformulate Proposition 5.6 as the com-
patibility of the Poisson structures constructed in [5, 12] on the whole spin RS phase
space €,

Flnally, we can use Proposition 5.6 to provide another quiver interpretation of the
minus Poisson structure of Arutyunov and Olivucci [5]. To do so, we need to unwind the
construction of the master phase space M éd considered in §5.1. At a purely geometric
level, the quasi-Poisson structure is obtained by considering the internally fused double
GL, x GL, = {(X, Z)} as a GL,-variety, with d copies of the space

(T*C")° := (W, V) e T*C" | 1 + VW # 0}

seen as a (GL, xC*)-variety, and we perform fusion of these different actions in a specific
order. Observe from Remark 3.7 that the fusion terms added by the C* actions will, in
fact, appear as bivectors v, in the pencil described in §5.1.1. By tracking all these fusion
terms, we see that they correspond to adding —,-, for z~ given by Zop =1/2,fora < f.
It follows from the proof of Proposition 5.6 that these are prec:1sely the terms that are
killed to go from {—, —}¢ (the local expression of the bivector P) to {—, —}_ (the Poisson
structure from [5]). Forgettmg the fusion of these C* actions can be reinterpreted as fol-
lows. We consider Qd where Q %4 consists of the vertex set {0, 00y, ..., 004} and
the arrows x:0 — 0 and Vg:00q — 0 for 1 < a < d. We then perform the reduction
of Mggc}ﬂ;”"l)(n, 1,...,1) atgId, € GL,(C), i.e., we consider o0y, ..., 004 as ‘framing
d
vertices” with respect to which we are not reducing'*. In this way, Van den Bergh’s quasi-

Poisson structure associated with Q:,od yields the minus Poisson structure of [5] in local
coordinates.

4We use the standard trick that a (Hamiltonian) quasi-Poisson (G x H)-variety where H is abelian can be
viewed as a (Hamiltonian) quasi-Poisson G-variety. Here H = (C*)? and G = GL,(C).
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5.2.3. Hamiltonian formulation of the spin RS system. It is proved in [5, 12] that, with
h=2q'-1)t(2),
the equations of motion for the derivation

d

— =1{h,—},
g = )
where {—, —} denotes the Poisson bracket from the corresponding reference, satisfy locally
dx;
d_tl = 2fii xi,
daj o o
(5.22) a2V S —ap),
k#i
db¢
a’tl = Z( Vik fix by — Vii friby),
k#i

where
Xi + Xk Xi +gxg

Xi — Xk Xi — (4 Xk

Vik = and fj = Y afby.

1<a<d

These are the equations of the spin RS system introduced by Krichever and Zabrodin [26]
under the constraints ), af¥ = 1.

Proposition 5.8. For any z € C4/@=D/2 Jet {— —} := {— —}o + Y. Then the equa-
tions (5.22) hold for

h:=2¢""'=D)w(Z) =2 fu.

In particular, any non-degenerate Poisson bracket from the pencil on Y,/ Sy, gives the
equations (5.22), up to rescaling of h.

Proof. Notice that ¥1°°(h, —) = 0 because h is a linear combination of Casimirs by
Lemma 5.3. Thus {h, —} = {h, —}¢, and (5.22) holds for {—, —}¢ by [12].

For the second part, recall that a non-degenerate Poisson bracket from the pencil is
of the form {—, —} = zo{—, —}o + V¢ with zo € C*. In that case, we get (5.22) for
d/dt ={zy'h,—}. (]

Remark 5.9. In the pencil introduced in §5.1.1, we assumed that the parameters written
in terms of the arrows of Qg satisfy z, ,, = 0 for all 1 < o < d. If these parameters
were taken to be nonzero, we would get a larger pencil, but the proof of Proposition 5.8
would no longer be valid. To illustrate this claim, note that for such a case the second
equality in (5.17) gets replaced with ¥z (fk, 8api1) = k(2x,v, — Zx,v5) fk&ap;1- In particu-
lar, one may deduce w;"c (xi, b;") = (Zxwy — Zx,vp )xi, which is nonzero if the parameters
(Zx,01» - - - » Zx,u,) are not all equal. Similarly, the second item of Proposition 5.10 below
may no longer be valid for the extended pencil because # may not lie in the Poisson
center of @.
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5.3. Integrability

Forany k > 1 and 1 < «, 8 < d, introduce the following functions:
hy = 1t(Z5),  trap = t(WeVgZ¥) and Iy := tr(Z5),
where Z, was defined by (5.5). We form commutative subalgebras of C[€ , q] by

J=Clhg |k >1], Q:=Cliguap | k>1.1<ap<d]
Hoi :=Clhi | k=1, 1 <o <d].

Recall from Section 5 of [12] the following chain of inclusions: # C Hj, C Q.

Proposition 5.10. For any Poisson structure P + vy, on ‘C;dq with z as in §5.1.1,
the commutative algebras H, Hin and @ are Poisson algebras. Furthermore, if we denote
by € the irreducible component of €, g containing €° = & (Hree/Sn), then

(1) Hiy is an abelian Poisson algebra of dimension nd = % dim(€*), hence it defines
an integrable system on €,

(2) @ has codimension n in €* with Poisson center containing ¥ of dimension n on €%,
hence it defines a degenerately integrable system on €*.

Proof. When the parameters in z are all zero, this follows from Theorems 2.4 and 5.5
in [12]. In particular, the stated dimensions always hold since they do not depend on the
Poisson structure.

We can compute in general that ¥, (hg.q, hi.g) = O for any indices because

Vz(Zij.—) =0 and Y (W, Vy)ij.—) =0

by (5.8). Thus iy, and its subalgebra J stay abelian for any Poisson structure. Using (5.8)
again, we find, as in (5.17),

I;Z/g(l‘k;ys,l‘l;oz,fi) = (Z)/Ot +zZep —Zyp — Zoq) Tksye tsaps

so that @ is closed under v, hence it is also closed under P + /. [

A. Explicit correspondence

We verify the correspondence (2.4) for Theorem 3.13. Since the structures are obtained by
fusion (cf. Remark 2.11 and [39,40,42]), it follows from (the complex algebraic analogue
of) Proposition 10.7 in [1] that we only need to check the correspondence for a 1-arrow

quiver. So take 0 =1 % 2. For the dimension vector n = (n1,n2) and parameter y :=
yq € C, the data (X, Xg*) with

On xn A On Xn On Xn
X — 1 1 and X . = 1 1 2 1 ,
“ ( 0n1Xn2 Onzxnz ) a ( B Onzxnz

for A € Maty, xn,(C) and B € Maty,xn, (C), parametrize a point X € M 5.
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The open subspace M é corresponds to requiring det(y Id,,, +AB) # 0, and we define
o7 Mé — GL,, xGL,,

by

Y (X) = (y Id +XoXq)(y Id +Xa*xa)_l _ ( y1d,, +AB Onyxny )

0n1><n2 (V Idnz +BA)_1

If y =0 and n; = n,, we are in the case of the quasi-Poisson double of GLj, (C)
where the correspondence can be found in Example 10.5 of [1]. Hence we can work
with y # 0, from which, up to rescaling, we can assume that y = 1; therefore we simply
write Mg, P7,w” and Y as M2, P, w and ® hereafter.

Let us already note that the matrix-valued vector fields d, and 9,+ take the form

0 0 0 (3/0B;:)ii
a — nixXni naXni d a - nixXni JtJtj ,
“ ( (a/aAji)ij Onzxnz ) an “ ( n1Xny Onzxnz

from which we deduce
0aXgx = X4+0, =0 and 09,+X, = X0, = 0.

Take the dual bases (E;;);; and (EV = Eji);i of gl,, x gL, , for the pairs of indices
(i, j)e{l,...,n P2 U{n1 +1,...,n1 + na}*? and where E;; is the elementary matrix
with only nonzero entry in position (i, j). We want to verify (2.4), i.e., that for any
Xe TME_,

1 _ _
(A.1) Pfow’(X) =X — 2 3 (X, (@7d® —d® ®~")y) (Eij)ars.
i
We do so for any X = (d,);; = 0/0a;; and leave the case X = (d4+);; as an exercise;

this is sufficient to prove our claim. To evaluate the left-hand side of (A.1), we compute,
using (2.12),

1 _ _ b
o ((3a)ij) = —5 [(d +XaXa+) " dXg A dXgs + dXg A (Id +Xa+Xa) ™! dXa+ ] ((0a)if)

1
= —5 [dKar (14 +XeXg2) ™" + (1d +XgoXe) ™! dXae ]

Thus, we get, from (2.11),
1
P¥ 00 ((9a)yj) = 5 ¢ [(14+Xg+Xa) B0 A D + g A (14 +XaXe ) | 00" (0)iy)

1 1 _ -
= 5 (8a)ij + Z [(Id +Xa*xa) laa (Id +Xaxa*) + (Id +Xa*Xa)aa(Id +Xaxa*) l]ij'

Next, we look at the right-hand side of (A.1). From the general equalities

8uj Xp*)ivs ife(b)= + 1,

’ )y —
((@p)ij. dd+Xp R i) { —(1d 4% Ko )} (Rpe (14 +XpXpe) D i 2() = — 1,
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and

—((1d “rXb*Xb)_le*)u_/ (Id +Xp+ Xb)-_l ife(b)=+1,

i’

y —e(b)y _
((9p)ij,d(Id +Xp+Xp)yy >—{ (Xp#)uj Siv- ife(h)=—1,

(valid for any b € Q and any quiver Q), we deduce for the case at hand that
((0a)ij. (71D —d® D7) yp) = (Id +XaXax);, (Rax)iv — (Xax)uj (Id +Xa#Xa) 7y,
- (Suj (Xa* (Id +Xaxa*)_l)iv + ((Id +Xa*xa)_lxa*)uj8iv-
Together with (2.10) for £ = E;;, we obtain

1
(A-Dis = Ba)ij — D [Xa 3%y — Xp3p) (1d +XgXgr) ™"
b=a,a*

+ (3pXp — Xp0p) (Ad +XgxXg) ™ Xgr — (Id +XgxXa) "1 (3pXp — Xp0p) X
— X+ (Id +XaXa*) ™' (3pXp — Xp3p)],;

1
= (aa)ij - Z[Xa*(aa*xa* - Xaaa)(ld +XaXa*)_1

+ (aaxa - Xa*aa*)xa*(ld +Xaxa*)_1 - (Id +Xa*xa)_1(aaxa - Xa*aa*)xa*

— (1d +Xa*Xa) ™' Xa+ (da*Xar — Xada) ],

It is straightforward to conclude after simplifying the second term as

1 1
-3 (0a)ij + 7 [(1d +Xg+Xa) 7100 (1d +XaXg#) + (Id +XgXg)0q (Id +xaxa*)—1]ﬂ_.
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