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Short note  Pythagorean triples and Catalan’s equation

Christian Aebi

Abstract. We prove that there are only six primitive Pythagorean triangles whose
area has exactly three prime divisors.

1 Introduction

Innumerable properties of Pythagorean triangles have been described by Dickson [3, Chap-
ter IV, pp. 165-191], Sierpiniski [4] and Beiler [1, pp. 104—134]. Curiously, the property
below seems to have gone completely unnoticed. It relies on a combination of basic
properties of Pythagorean triples and Catalan’s elementary equation, that we recall below
from [5].

(C) Integer solutions of [3# —2%| = laref=1=a,f =2, a=3andB=1,a = 2.
Our aim is to prove the following theorem.

Theorem. The only primitive Pythagorean triangles whose area has exactly three prime
divisors are

5,12, 13], [8.15,17], [9, 40, 41], [7,24,25], [16,63,65], [17, 144, 145].

2 Proof of the theorem

Let integers a, b, ¢ be the sides and hypotenuse, respectively, of a primitive Pythagorean
triangle of area K having three prime divisors. As is well known [2], there exist coprime
positive integers m, n of different parity, i.e. one odd and one even, such that a = 2mn,
b = m? — n? (or vice versa) and ¢ = m? + n?. Observing K = mn(m — n)(m + n), first
modulo 2 and then modulo 3, implies that 2 and 3 divide K. Let p be the third prime
divisor of K. Since m,n are coprime by definition, m,n,m 4+ n and m,n, m —n are
pairwise coprime. Furthermore, as m, n have different parity, m + n, m — n are coprime.
Hence, since K only has 3 prime divisors, at least one of the integers n,m,m —n,m 4+ n
is 1, and so, asn < m, eithern =1 orm —n = 1. Notice, if n =1 =n —m, thenm = 2 and
n = 1 producing the [3, 4, 5] triangle, whose area has only two prime factors. Consequently,
exactly one factor equals 1 and the other three coprime factors must therefore be 2%, 3£ p¥
for certain strictly positive integers «, 8, y.
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If n = 1, then m being even, we have m = 2% and so either 2% — 1 = 38 or2¢ +1=35,
In the first case, (C) implies ¢ = 2, 8 = 1, y = 1, giving [8, 15, 17], and in the second,
either « = 3, B = 2, giving p¥ = 7 and hence [16, 63, 65], or « = f = 1, giving the
contradiction p¥ = 1.

If m —n = 1, then we solve the following four systems of equations:

m,n=2% n,m=23%andm+n =pY,

m,n=2% n,m=p’andm+n =35,

In the first case, 2% — 38 =1 implies @« = 2, 8 = 1 and so p¥ = 7, i.e. [24,7,25]. In the
second case, 3% — 2% = 1, either we obtain o = 1, B =1,y =1andso [12,5,13], or
o =3,8 =2,y =1, meaning [144, 17, 145].

In the last two cases, we first get 2¢ — p¥ = 1,2% + p? = 3# giving 2971 =38 4 1.
Hence, (C) implies « = 1 = § and so y = 0, an undesired solution, since K would have
only two prime divisors.

Finally, p¥ —2% =1, p¥ 4 2% = 38 implies, once again by (C), ¢ =2, =2,y =1,
meaning [40, 9, 41], and the undesired solution« = 0, f = 1 and p = 2, i.e. the [3, 4, 5]
triangle of area 6. ]

Remark. By applying the same method of proof as above, one easily sees that the pre-
ceding [3, 4, 5] is the only primitive triangle whose area has exactly two prime divisors.
However, the question on whether the number of solutions is finite or infinite for four
prime divisors of the area of primitive Pythagorean triangles eludes the author completely.
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