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K-theory invariance of Lp-operator algebras associated
with étale groupoids of strong subexponential growth

Are Austad, Eduard Ortega, and Mathias Palmstrøm

Abstract. We introduce the notion of (strong) subexponential growth for étale groupoids and study
its basic properties. In particular, we show that the K-groups of the associated reduced groupoidLp-
operator algebras are independent of p 2 Œ1;1/ whenever the groupoid has strong subexponential
growth. Several examples are discussed. Most significantly, we apply classical tools from analytic
number theory to exhibit an example of an étale groupoid associated with a shift of infinite type
which has strong subexponential growth, but not polynomial.

1. Introduction

For p 2 Œ1;1/, an Lp-operator algebra is a Banach algebra which admits an isometric
representation on some Lp-space. Such Banach algebras were first considered by Herz in
[24] where he studied the Lp-operator algebra generated by the left regular representation
of a locally compact group. In the 2010s, Phillips initiated their study once more, leading a
program aimed at generalizing the modern theory of C�-algebras toLp-operator algebras,
and they have since seen a growing amount of interest among operator algebraists, see for
example [8–10,12,14,15,17,18,41]. Both historically and currently,Lp-operator algebras
are studied mostly through examples, but there have been attempts to establish a more
general theory (see [5,16,19]). However, as of yet, there is no abstract characterization of
such Banach algebras like there is for C�-algebras, and lacking the richness of C�-theory,
their study often require different techniques from that of C�-algebras.

Given a combinatorial or dynamical object, one can in many cases associate an Lp-
operator algebra in a way that reflects the combinatorial or dynamical structure of the
object, which is a source of interesting examples. Such an object can for example be a
graph, a group acting on a locally compact Hausdorff space, or a locally compact Haus-
dorff groupoid. Given such an object and associated Lp-operator algebras, for p 2 Œ1;1/,
it is a natural problem to investigate the extent to which the structure of the Banach alge-
bras differ for various exponents p 2 Œ1;1/. For instance, natural questions are whether
the properties of simplicity or monotraciality are shared by some or all p 2 Œ1;1/, vari-
ants of which have been studied in [3, 4, 23, 39, 40]. One crucial aspect in the theory of
Lp-operator algebras where the value of the exponent plays a significant role is in the
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so-called rigidity problem for étale groupoids. In the case where p D 2, there exist non-
isomorphic étale groupoids G and G 0 (which are not even continuously orbit equivalent),
yet their reduced C�-algebras are isomorphic, that isC �r .G /ŠC

�
r .G

0/. However, this phe-
nomenon does not occur for the reduced Lp-operator algebras for p ¤ 2 (see [9, 20, 25]).
This is due to the rigidity of the homotopy classes of invertible isometries on Lp-spaces,
as established by Lamperti’s theorem.

Another natural question in this spirit is whether or not their K-theory differs. Phillips
computed the K-groups of the Lp-Cuntz algebras in [38], finding that the K-groups are
independent of the exponent p 2 Œ1;1/. Further, Liao and Yu obtained a similar result
in [29], to the effect that for a fairly large class of groups, the K-groups of the reduced
group Lp-operator algebras are independent of the exponent p 2 Œ1;1/, and in [47]
Wang and Wang showed similarly that the K-groups of the Lp-Toeplitz algebras are
independent of the exponent p 2 .1;1/. Inspired by the observation that all of these
Lp-operator algebras have groupoid models, the authors attempted in [2] to provide a uni-
fying result for all of the aforementioned cases. The attempt was partially successful in
that it was proved that for an étale groupoid which has polynomial growth with respect to
a continuous length function, the K-groups are indeed independent of the exponent, see
[2, Theorem 4.7]. This result includes that of Wang and Wang as a special case, as well
as Liao and Yu’s result when restricting to discrete groups of polynomial growth. How-
ever, it fails to include Phillips’ result for the Lp-Cuntz algebras as their groupoid models
have exponential growth (see Example 3.3). The purpose of the present paper is to extend
[2, Theorem 4.7] to cover a larger class of étale groupoids, namely those of strong subex-
ponential growth (see Definition 3.1). Our first main result is the following. Here F p

�
.G /

is the reduced Lp-operator algebra of G (see Section 2).

Theorem A (cf. Theorem 4.13). If G is an étale groupoid which has strong subexpo-
nential growth with respect to a locally bounded length function, then K�.F

p

�
.G //, for

� D 0; 1, is independent of p 2 Œ1;1/.

The above result extends [2, Theorem 4.7] in several ways. First of all, étale groupoids
with polynomial growth all have strong subexponential growth, but the converse is not
true. It therefore covers a strictly larger class of examples. Secondly, it does not require
the length function to be continuous, only locally bounded. Finally, and more subtly,
the case p D 1 is included in this result. It was out of necessity left out of [2, Theo-
rem 4.7] due to its proof relying in part on duality arguments, an issue we remedy in
this article by employing a novel approach using interpolation techniques from [36,43] to
construct spectrally invariant subalgebras of the reduced Lp-operator algebras. Note that
the construction of these algebras is new even in the C�-algebra setting. By opting to use
interpolation techniques, the proof of Theorem A is also both simpler and shorter than the
proof of [2, Theorem 4.7].

As mentioned, every étale groupoid with polynomial growth will have strong subex-
ponential growth, and it can be observed that this class containment is strict. Indeed, this
is even the case for discrete groups since it is well known that the Grigorchuck group
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is an example of a group which has strong subexponential growth but not polynomial.
Also, any action of the Grigorchuck group on a locally compact Hausdorff space yields
an étale groupoid with the same growth properties. To obtain an example not related to
groups, there are many metric spaces with intermediate growth arising from graph theory
(see for example [6,26,28,33]), and then by Corollary 5.4 the associated coarse groupoid
has strong subexponential growth, but not polynomial. Establishing that the Grigorchuck
group has intermediate growth solved a big open question of whether or not there exist
groups of intermediate growth. Using classical tools from analytic number theory as well
as recent results by Brix, Hume and Li in [7], we are able to provide an example of an étale
groupoid with intermediate growth by comparatively much simpler means. The groupoid
is a Deaconu–Renault-type groupoid associated with a certain shift that we call the ordered
prime shift (see Section 5.3). This leads us to our second main result.

Theorem B (cf. Theorem 5.9). Let GX denote the Deaconu–Renault groupoid associated
with the ordered prime shift space X , and let yGX denote its cover groupoid. Then yGX is an
étale groupoid that has strong subexponential growth, but not polynomial growth.

The paper is structured as follows. In Section 2, we recall some definitions and results
regarding étale groupoids and their associated reduced Lp-operator algebras. In Section 3
we introduce the notion of (strong) subexponential growth for étale groupoids and prove
some properties such groupoids necessarily must possess. Section 4 covers the proof of our
main result Theorem A, but we also prove a similar result for the symmetrized versions of
the reduced groupoid Lp-operator algebras therein. Lastly, in Section 5 we exhibit several
examples of étale groupoids with strong subexponential growth, the most significant of
which is the example of the ordered prime shift in Section 5.3.

2. Preliminaries

We recall some basic terminology and results regarding étale groupoids and their reduced
Lp-operator algebras. The reader is referred to [9, 42] for details.

Let G be a locally compact groupoid with unit space G .0/, composable pairs G .2/,
and range and source maps r; sW G ! G given by r.x/ D xx�1 and s.x/ D x�1x. The
groupoid G is called étale if the range and source maps are local homeomorphisms. Every
groupoid in this article will be assumed to be Hausdorff. For any X � G .0/, we denote by
GX D ¹x 2 G W s.x/ 2 Xº, GX D ¹x 2 G W r.x/ 2 Xº, and G .X/ D GX \ GX . We shall
write Gu and G u instead of G¹uº and G ¹uº, whenever u 2 G .0/ is a unit. When G is étale,
the fibers Gu and G u, for u 2 G .0/, are discrete. The isotropy group at a unit u 2 G .0/ is
the group G .u/ WD Gu \ G u, and the isotropy bundle is the set Iso.G / D

F
u2G .0/ G .u/.

If Iso.G /ı D G .0/, then G is said to be effective. Given subsets A;B � G , their product is
the set AB D ¹ab j .a; b/ 2 G .2/; a 2 A; b 2 Bº.

A length function on a groupoid G is a map lW G ! R�0 such that l.u/ D 0, for all
u 2 G .0/, l.x�1/D l.x/, for all x2G , and l.xy/�l.x/Cl.y/, whenever .x; y/2G .2/.
We say a length function l is locally bounded if it is bounded on compact sets. Two natural
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examples of length functions on étale groupoids are the following: First, suppose � is a
discrete group with a length function l� W� ! R�0, and suppose that � acts on a locally
compact space X . Then it is easy to see that l.
; x/ D l�.
/ is a locally bounded length
function on the transformation groupoid � ËX . Second, if G is an étale groupoid which is
compactly generated in the sense that there is a compact set S � G such that S D S�1 and
G D

S1
kD1 S

k , then the function lS given by lS .u/ WD 0, for all units u 2 G .0/, and for
x 2 G n G .0/, lS .x/ D inf¹k j x 2 Skº, is a length function on G . lS is locally bounded
if for example also G D

S1
kD1.S

k/ı.
Now let Cc.G / denote the space of compactly supported continuous functions on G .

We endow Cc.G / with the convolution product, which for f; g 2 Cc.G / is given by

f � g.x/ D
X

y2Gs.x/

f .xy�1/g.y/ D
X

y2G r.x/

f .y/g.y�1x/;

for x 2 G , and involution given by

f �.x/ D f .x�1/;

for f 2 Cc.G / and x 2 G . The I -norm on Cc.G / is given by

kf kI D max
°

sup
u2G .0/

X
x2Gu

ˇ̌
f .x/

ˇ̌
; sup
u2G .0/

X
x2Gu

ˇ̌
f .x/

ˇ̌±
:

With the above norm and algebraic operations, .Cc.G /;�;� ; k�kI / is a normed �-algebra.
Let p 2 Œ1;1/ and fix any unit u 2 G .0/. The operator �u.f / 2 B.`p.Gu// associated
with f 2 Cc.G /, is the operator given by

�u.f /.�/.x/ D
X
y2Gu

f .xy�1/�.y/;

for x 2 Gu and � 2 `p.Gu/. The map �uWCc.G /! B.`p.Gu// is an I -norm contractive
homomorphism of Cc.G /, and is called the left regular representation at u. The reduced
groupoid Lp-operator algebra associated with G is denoted F p

�
.G / and is the completion

of Cc.G / under the norm
kf kF p

�
WD sup

u2G .0/



�u.f /

:
By [9, Lemma 4.5] this norm satisfies the following, for any f 2 Cc.G /,

kf k1 � kf kF p
�
� kf kI :

Since
L
u2G .0/�u is an isometric representation ofFp

�
.G / on theLp-space

L
u2G .0/`

p.Gu/,
F
p

�
.G / is an Lp-operator algebra. It is unital if and only if G .0/ is compact, in which case

the indicator function of the unit space is the identity element. The mapjpWF
p

�
.G /!C0.G /

given by
jp.a/.x/ D �s.x/.a/.ıs.x//.x/;
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for a 2 F p
�
.G / and x 2 G , is contractive, linear, injective and extends the identity map on

Cc.G /. We shall refer to this map as Renault’s p-j -map. Given a; b 2 F p
�
.G / and x 2 G ,

we have that jp.ab/.x/ D jp.a/ � jp.b/.x/, where the sum defining jp.a/ � jp.b/.x/ is
absolutely convergent (see [9, Propositions 4.7 and 4.9]).

3. Growth of étale groupoids

Let lW G ! Œ0;1/ be a locally bounded length function on an étale groupoid G . Given
t � 0, we define

BGu.t/ WD
®
x 2 Gu j l.x/ � t

¯
;

and defineBGu.t/ analogously. Since l is symmetric, jBGu.t/j D jBGu.t/j, for every t � 0.

Definition 3.1. Let G be an étale groupoid endowed with a locally bounded length func-
tion l. We say that G has polynomial growth with respect to l if there exist constants
C > 0 and d 2 N such that

sup
u2G .0/

ˇ̌
BGu.t/

ˇ̌
� C.1C t /d ;

for all t � 0; strong subexponential growth with respect to l if there exist ˛ > 0, 0 < ˇ < 1
and a positive constant C > 0 such that

sup
u2G .0/

ˇ̌
BGu.t/

ˇ̌
� C exp.˛tˇ /;

for each t � 0; subexponential growth with respect to l if

lim sup
t!1

sup
u2G .0/

ˇ̌
BGu.t/

ˇ̌1=t
D 1:

If G does not have subexponential growth with respect to l, then we say G has exponential
growth with respect to l.

Clearly we have the following relationship between the above definitions:

polynomial growth H) strong subexponential growth H) subexponential growth:

In [2] the authors exhibited several examples of étale groupoids with polynomial growth,
for example AF-groupoids, certain point set groupoids, coarse groupoids associated with
uniformly locally finite metric spaces with polynomial growth, and Deaconu–Renault
groupoids associated with certain finite directed graphs. To obtain an example of an étale
groupoid with strong subexponential growth which does not have polynomial growth, one
can simply take the transformation groupoid formed from any action of the Grigorchuck
group on a locally compact space. Equipped with the natural length function described
in Section 2, the growth of the transformation groupoid is the same as that of the Grig-
orchuck group, which has strong subexponential growth (see [21, Theorem B (1)]). Also,
in Section 5.3, we shall exhibit an example of an étale groupoid associated with a shift of
infinite type that has strong subexponential growth, but not polynomial growth.



A. Austad, E. Ortega, and M. Palmstrøm 6

Following [32, Definition 5.4 and Proposition 5.5] we say that an étale groupoid G is
fiberwise amenable if for any compact K � G and " > 0, there exists F � G finite such
that

jKF j=jF j � 1C ":

Fiberwise amenability was introduced by Ma and Wu in [32]. For certain classes of
groupoids, it is a strengthening of the notion of amenability for groupoids. Indeed, in
the case of transformation groupoids, it is equivalent to the acting group being amenable,
while in the case of coarse groupoids associated with metric spaces, it is equivalent to met-
ric amenability of the underlying metric space. In general, however, there is no implication
between the two notions.

Proposition 3.2. If G is an étale groupoid with subexponential growth with respect to a
locally bounded length function, then G is fiberwise amenable.

Proof. Let lWG ! R�0 be the length function, and letK � G be compact. Then l.K/ �

Œ0;M � for some M 2 N. Fix any unit u 2 G .0/ and let " > 0 be given; then we may find
k 2 N0 such that ˇ̌

BGu.k CM/
ˇ̌
=
ˇ̌
BGu.k/

ˇ̌
� 1C ":

Indeed, if this were not the case, then for every k 2 N0, we would haveˇ̌
BGu.k CM/

ˇ̌
> .1C "/

ˇ̌
BGu.k/

ˇ̌
:

In particular, by induction, ˇ̌
BGu.kM/

ˇ̌
> .1C "/k ;

for every k 2 N, from which we get the contradiction that

lim sup
k!1

sup
u2G .0/

ˇ̌
BGu.k/

ˇ̌1=k
� lim sup

k!1

ˇ̌
BGu.k/

ˇ̌1=k
> 1:

Also, since G has subexponential growth, jBGu.k/j < 1, and combining this with the
observation ˇ̌

KBGu.k/
ˇ̌
=
ˇ̌
BGu.k/

ˇ̌
�
ˇ̌
BGu.k CM/

ˇ̌
=
ˇ̌
BGu.k/

ˇ̌
� 1C ";

we see that G is indeed fiberwise amenable.

Fiberwise amenability has connections with soficity of the topological full groups (see
[31, Section 7]), and, more importantly to us, for � -compact groupoids with compact unit
space, it implies the existence of invariant probability measures on the unit space (see
[32, Proposition 5.9]).

Example 3.3. Suppose G is a locally compact, � -compact, Hausdorff, étale, minimal
and effective groupoid with compact unit space. Then C �r .G / is a simple and unital C�-
algebra. If G has subexponential growth, then by Proposition 3.2, G is fiberwise amenable,
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and hence by [32, Proposition 5.9] there exists a G -invariant Borel probability measure �
on G .0/. Then � WD � ı E, where E W C �r .G / ! C.G .0// is the canonical conditional
expectation, is a faithful trace. If C �r .G / is purely infinite, however, then it has no faithful
trace. In particular, a � -compact étale groupoid G which is minimal, effective, with com-
pact unit space and for which C �r .G / is purely infinite must have exponential growth with
respect to any locally bounded length function.

4. Applications to K-theory of groupoid Lp-operator algebras

Our aim for this section is to show that the K-groups K�.F
p

�
.G // are independent of

p 2 Œ1;1/, for �D 0;1, whenever G is an étale groupoid which has strong subexponential
growth with respect to a locally bounded length function.

Throughout, G will always denote a fixed étale groupoid endowed with a fixed locally
bounded length function lW G ! R�0 and we fix some p 2 Œ1;1/. Given ˛; ˛0 > 0 and
ˇ; ˇ0 2 .0; 1/, let us say .˛; ˇ/ � .˛0; ˇ0/ if ˛ � ˛0 and ˇ � ˇ0. For ease of notation,
whenever we write a pair .˛; ˇ/ we shall always implicitly assume that ˛ > 0 and ˇ 2
.0; 1/. Notice that if the condition in the definition of strong subexponential growth is
satisfied for some pair .˛0; ˇ0/, then it is satisfied for all .˛; ˇ/ � .˛0; ˇ0/.

For each pair .˛; ˇ/, let !˛;ˇ WG ! R�0 be the function given by

!˛;ˇ .x/ WD exp
�
˛l.x/ˇ

�
:

Then !˛;ˇ is a submultiplicative weight on G , meaning that!˛;ˇ .u/D 1 for each u2 G .0/,
!˛;ˇ .x

�1/ D !˛;ˇ .x/, and !˛;ˇ .xy/ � !˛;ˇ .x/!˛;ˇ .y/, whenever .x; y/ 2 G .2/.
For any complex-valued function f on G and q 2 Œ1;1/ we define

kf kq WD max
²

sup
u2G .0/

° X
x2Gu

ˇ̌
f .x/

ˇ̌q±1=q
; sup
u2G .0/

° X
x2Gu

ˇ̌
f .x/

ˇ̌q±1=q³
;

while as usual, kf k1 D supx2G jf .x/j. We let `q.G / WD ¹f WG ! C j kf kq <1º, for
q 2 Œ1;1�. The next lemma will be used frequently throughout.

Lemma 4.1. If G has strong subexponential growth with respect to l with constants
.˛0; ˇ0/ and C > 0 as in Definition 3.1, then for every .˛;ˇ/ � .˛0; ˇ0/ with ˛ > ˛0, one
has that

sup
u2G .0/

X
x2Gu

exp
�
� ˛l.x/ˇ

�
<1:

Proof. Fix any u 2 G .0/. We computeX
x2Gu

exp
�
� ˛l.x/ˇ

�
D

1X
kD0

X
x2Gu

k�l.x/�kC1

exp
�
� ˛l.x/ˇ

�

�

1X
kD0

ˇ̌
BGu.k C 1/

ˇ̌
exp.�˛kˇ /
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�

1X
kD0

C exp
�
˛0.k C 1/

ˇ0
�

exp.�˛kˇ /

� exp.˛0/C
1X
kD0

exp
�
� .˛ � ˛0/k

ˇ
�
<1;

independently of u 2 G .0/, since ˛ > ˛0. Note that in the last transition we used that
.k C 1/ˇ0 � kˇ0 C 1 as 0 < ˇ0 < 1. The result follows.

Given ˛ > 0 and ˇ 2 .0; 1/, let k�k˛;ˇ denote the norm on Cc.G / given by

kf k˛;ˇ WD kf!˛;ˇkp;

and let Sp
l;.˛;ˇ/

.G / D Cc.G /
k�k˛;ˇ be the Banach space obtained by completing Cc.G / in

this norm.
Since we have the norm inequality k�k1 � k�k˛;ˇ on Cc.G /, it follows by a similar

argument to [2, Lemma 3.4] that Sp
l;.˛;ˇ/

.G / � C0.G /.

Proposition 4.2. If G has strong subexponential growth with respect to l and pair of
constants .˛0;ˇ0/, then for each pair .˛;ˇ/� .˛0;ˇ0/ with ˛ > ˛0, there exists a constant
K˛;ˇ > 0 such that

kf kF p
�
� K˛;ˇkf k˛;ˇ ;

for all f 2 Cc.G /. In particular, the restriction of the inverse of Renault’s p-j -map,
j�1p WS

p

l;.˛;ˇ/
.G /! F

p

�
.G /, is a linear, injective and continuous map.

Proof. Fix a pair .˛; ˇ/ such that .˛; ˇ/ � .˛0; ˇ0/ and ˛ > ˛0. Since k�kF p
�
� k � kI on

Cc.G /, to establish the first statement, it suffices to establish that k�kI � K˛;ˇk�k˛;ˇ on
Cc.G /, for some constant K˛;ˇ > 0. Specifically, put

K˛;ˇ WD sup
u2G .0/

X
x2Gu

exp
�
� ˛l.x/ˇ

�
;

which is finite by Lemma 4.1 since ˛ > ˛0. Let f 2 Cc.G / and fix any u 2 G .0/; then by
Hölder’s inequality

kf k`1.Gu/ D


f exp

�
� ˛l.�/ˇ

�
exp

�
˛l.�/ˇ

�


`1.Gu/

�


 exp

�
� ˛l.�/ˇ

�


`q.Gu/



f exp
�
˛l.�/ˇ

�


`p.Gu/

�


 exp

�
� ˛l.�/ˇ

�


`1.Gu/



f exp
�
˛l.�/ˇ

�


`p.Gu/

� K˛;ˇkf k˛;ˇ ;

and similarly kf k`1.Gu/ � K˛;ˇkf k˛;ˇ , so that after taking suprema we see that kf kI �
K˛;ˇkf k˛;ˇ .
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To see the second statement, let �WCc.G /! F
p

�
.G / be the usual inclusion. Having

proved the first statement here, it follows that the inclusion extends to a bounded linear
map

�˛;ˇ WS
p

l;.˛;ˇ/
.G /! F

p

�
.G /:

If now f 2 S
p

l;.˛;ˇ/
.G /, find ¹fnºn � Cc.G / such that fn ! f in k�k˛;ˇ -norm; then

�˛;ˇ .fn/! �˛;ˇ .f / in F p
�
.G /, so that

jp
�
�˛;ˇ .f /

�
D lim
n!1

jp
�
�˛;ˇ .fn/

�
D lim
n!1

fn D f:

It follows that �˛;ˇ .f / D j�1p .f /.

Remark 4.3. If l is any locally bounded length function with respect to which G has
(strong) subexponential growth, then one can obtain a locally bounded integer-valued
length function with respect to which G also has (strong) subexponential growth; sim-
ply define zl.x/ D ceil.l.x//, where for t � 0, ceil.t/ is the smallest integer larger than
or equal to t . Then clearly l � zl � 1C l, and from this it follows that G has (strong)
subexponential growth with respect to zl, and moreover that the norms k�k˛;ˇ defined in
terms of l are equivalent to the ones defined in terms of zl.

Let us for the remainder of this section assume G has strong subexponential growth
with respect to l, with constants C > 0 and .˛0;ˇ0/ as in Definition 3.1. For our purposes,
we may assume by Remark 4.3 that l takes integer values. We also fix a pair .˛; ˇ/ �
.˛0; ˇ0/ with ˛ > ˛0, and consider the associated Banach space Sp

l;.˛;ˇ/
.G /. For ease

of notation, we write ! instead of !˛;ˇ for the associated weight. Define two auxiliary
functions u and � as follows:

u.x/ WD exp
�
� ˛.2 � 2ˇ /l.x/ˇ

�
;

for x 2 G , and � WD !u. The following inequality is essential to the arguments in this
section, and can be proved exactly like in [36, Theorem 2.2]:

!.xy/

!.x/!.y/
� u.x/C u.y/; (4.1)

for all .x; y/ 2 G .2/.
We also need the following Young’s convolution inequality for étale groupoids. We

omit its proof because it is completely analogous to that in the setting of discrete groups.

Lemma 4.4. Let p; q; r � 1 be such that 1C 1=r D 1=p C 1=q. If f 2 `p.G / and g 2
`q.G /, then f � g 2 `r .G / and

kf � gkr � kf kpkgkq :

Lemma 4.5. If f; g 2 Sp
l;.˛;ˇ/

.G /, then

kf � gk˛;ˇ � kf k˛;ˇkg�k1 C kf�k1kgk˛;ˇ :
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Proof. It follows by (4.1) thatˇ̌
f � g.x/!.x/

ˇ̌
�

X
y2Gs.x/

ˇ̌
f .xy�1/

ˇ̌ˇ̌
g.y/

ˇ̌
!.x/

D

X
y2Gs.x/

ˇ̌
f .xy�1/

ˇ̌ˇ̌
g.y/

ˇ̌
!.xy�1y/

�

X
y2Gs.x/

ˇ̌
f .xy�1/

ˇ̌
u.xy�1/!.xy�1/

ˇ̌
g.y/

ˇ̌
!.y/

C

X
y2Gs.x/

ˇ̌
f .xy�1/

ˇ̌
!.xy�1/

ˇ̌
g.y/

ˇ̌
u.y/!.y/

D

X
y2Gs.x/

ˇ̌
f .xy�1/

ˇ̌
�.xy�1/

ˇ̌
g.y/

ˇ̌
!.y/

C

X
y2Gs.x/

ˇ̌
f .xy�1/

ˇ̌
!.xy�1/

ˇ̌
g.y/

ˇ̌
�.y/

D jf j� � jgj!.x/C jf j! � jgj�.x/;

for each x 2 G , and therefore

kf � gk˛;ˇ �


jf j� � jgj!



p
C


jf j! � jgj�



p
� kf�k1kgk˛;ˇ C kf k˛;ˇkg�k1;

by Lemma 4.4.

Lemma 4.6. Suppose .˛; ˇ/ � .˛0; ˇ0/ is such that ˛.2 � 2ˇ / > ˛0. Then there exists
� D �.˛; ˇ/ 2 .0; 1/ and a constant C˛;ˇ > 0, such that

kf � f k˛;ˇ � C˛;ˇkf k
1C�
˛;ˇ
kf k1��

F
p
�

;

for all f 2 Sp
l;.˛;ˇ/

.G /.

Proof. For � 2 .0; 1/, let

�� .x/ WD !
1�� .x/u.x/ D exp

�
˛.1 � �/l.x/ˇ � ˛.2 � 2ˇ /l.x/ˇ

�
D exp

�
l.x/ˇ˛.1 � � � 2C 2ˇ /

�
:

Now, as 2 > 2ˇ since ˇ 2 .0; 1/ and by assumption ˛.2� 2ˇ / > ˛0, there exists � 2 .0; 1/
such that 2C � > 2ˇ C 1 and ˛.� � 1C 2 � 2ˇ / > ˛0; for such � , since

�� .x/ D exp
�
� ˛.� � 1C 2 � 2ˇ /l.x/ˇ

�
for x 2 G ;

we see that Lemma 4.1 implies that k��ks � k��k1 <1 for all s 2 Œ1;1�.
Now let f 2 Sp

l;.˛;ˇ/
.G /. By Lemma 4.5 with f D g, we have that

kf � f k˛;ˇ � 2kf�k1kf k˛;ˇ :
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Let u 2 G .0/ be any unit. Then,

kf�k`1.Gu/ D
X
x2Gu

ˇ̌
f .x/

ˇ̌
�.x/

D

X
x2Gu

ˇ̌
f .x/

ˇ̌
!.x/u.x/

D

X
x2Gu

ˇ̌
f .x/

ˇ̌1���ˇ̌
f .x/

ˇ̌
!.x/

��
�� .x/

�

° X
x2Gu

ˇ̌
f .x/

ˇ̌p± 1��p ° X
x2Gu

ˇ̌
f .x/!.x/

ˇ̌p± �p ° X
x2Gu

�� .x/
q
± 1
q

D kf k1��`p.Gu/
kf!k�`p.Gu/k��k`q.Gu/

� kf k1��
F
p
�

kf k�˛;ˇk��kq;

by the generalized Hölder inequality with the exponents p
1��

, p
�

and q, where q is the
Hölder conjugate of p, and the fact that

kf k`p.Gu/ D kf � ıuk`p.Gu/ �


�u.f /

 � kf kF p

�
:

Also,

kf�k`1.Gu/ D kf
��k`1.Gu/

�

° X
x2Gu

ˇ̌
f �.x/

ˇ̌q± 1��q ° X
x2Gu

ˇ̌
f �.x/!.x/

ˇ̌p± �p ° X
x2Gu

�� .x/
s
± 1
s

D kf �k1��`q.Gu/
kf!k�`p.Gu/k��k`s.Gu/

� kf k1��
F
p
�

kf k�˛;ˇk��ks;

where 1 < s D s.�/ is such that

1 � �

q
C
�

p
C
1

s
D 1:

In the fourth inequality in the preceding computation, when p 2 .1;1/, we have used the
fact that

kf �k`q.Gu/ � kf
�
kF

q
�
D kf kF p

�
;

since the involution on Cc.G / extends to an isometric anti-isomorphism F
p

�
.G /! F

q

�
.G /

(this follows for example by [1, Lemma 3.5]), and when p D 1, that kf k1 � kf kF p
�

.
By our observation in the beginning, we may find � such that �� is in `s.G / for every
s 2 Œ1;1�. Choose such a � , find s D s.�/, and put C˛;ˇ WD 2max¹k��ks; k��kqº <1.
Then

kf�k1 �
C˛;ˇ

2
� kf k1��

F
p
�

kf k�˛;ˇ ;
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so that
kf � f k˛;ˇ � C˛;ˇkf k

1��
F
p
�

kf k1C�
˛;ˇ

;

as desired.

Let us define the index set

J.˛0; ˇ0/ WD
®
.˛; ˇ/ 2 R>0 � .0; 1/W .˛; ˇ/ � .˛0; ˇ0/ and ˛.2 � 2ˇ / > ˛0

¯
:

Proposition 4.7. If .˛; ˇ/ 2 J.˛0; ˇ0/, then Sp
l;.˛;ˇ/

.G / is a Banach algebra.

Proof. Let f; g 2 Sp
l;.˛;ˇ/

.G /. By Lemma 4.5, we have that

kf � gk˛;ˇ � kf k˛;ˇkg�k1 C kf�k1kgk˛;ˇ ;

and in the proof of Lemma 4.6 we saw that

kf�k1 � C˛;ˇkf k
1��
F
p
�

kf k�˛;ˇ ;

for some positive constant C˛;ˇ and � 2 .0; 1/. By Proposition 4.2,

kf kF p
�
� K˛;ˇkf k˛;ˇ ;

for all f 2 Cc.G / and a constant K˛;ˇ , and by continuity of the inclusion, it also holds
for all f 2 Sp

l;.˛;ˇ/
.G /. Putting all of this together, we see that

kf � gk˛;ˇ � C
0
˛;ˇkf k˛;ˇkgk˛;ˇ ;

for some constant C 0
˛;ˇ

> 0 not depending on f and g. Upon rescaling the norm, we see
that Sp

l;.˛;ˇ/
.G / becomes a Banach algebra.

Proposition 4.8. For any .˛;ˇ/ 2 J.˛0;ˇ0/, the Banach algebra Sp
l;.˛;ˇ/

.G / is spectrally
invariant in F p

�
.G /.

Proof. Recall from Lemma 4.6 that there exist C˛;ˇ > 0 and � 2 .0; 1/ such that

kf � f k˛;ˇ � C˛;ˇkf k
1C�
˛;ˇ
kf k1��

F
p
�

;

for all f 2 Sp
l;.˛;ˇ/

.G /. In particular,

kf 2nk˛;ˇ D


.f n/2



˛;ˇ
� C˛;ˇkf

n
k
1C�
˛;ˇ
kf nk1��

F
p
�

:

Raising everything to the power 1=2n and taking limits gives

rSp
l;.˛;ˇ/

.G /.f / � rSp
l;.˛;ˇ/

.G /.f /
1C�
2 rF p

�
.G /.f /

1��
2 ;

which is equivalent to rSp
l;.˛;ˇ/

.G /.f / � rF p
�
.G /.f /. Since the other inequality follows by

the inclusion Sp
l;.˛;ˇ/

.G / ,! F
p

�
.G /, we see that rSp

l;.˛;ˇ/
.G /.f / D rF p

�
.G /.f /, for all f 2

S
p

l;.˛;ˇ/
.G /. This suffices by [27, Lemma 2.7].
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Since spectral invariance is equivalent to stability under holomorphic functional calcu-
lus for Banach algebras by [46, Lemma 1.2], [11, Chapter 3, Appendix C, Proposition 3]
applies to give the following result.

Corollary 4.9. For any .˛;ˇ/2J.˛0;ˇ0/,K�.S
p

l;.˛;ˇ/
.G //ŠK�.F

p

�
.G //, where �D0;1.

Recall that .˛; ˇ/ � .˛0; ˇ0/ if ˛ � ˛0 and ˇ � ˇ0. In this case, since k�k˛;ˇ � k�k˛0;ˇ 0 ,
it follows that Sp

l;.˛;ˇ/
.G / � S

p

l;.˛0;ˇ 0/
.G /. Therefore, ¹Sp

l;.˛;ˇ/
.G /º.˛;ˇ/2J.˛0;ˇ0/ forms a

directed system of decreasing Banach algebras.

Definition 4.10. Let G be an étale groupoid with strong subexponential growth with
respect to the locally bounded length function l and constants ˛0 > 0 and 0 < ˇ0 < 1

as in Definition 3.1. We define the space of strongly subexponentially decreasing func-
tions as

S
p
l .G / WD

\
.˛;ˇ/2J.˛0;ˇ0/

S
p

l;.˛;ˇ/
.G /:

Since the system ¹.˛; ˇ/º.˛;ˇ/2J.˛0;ˇ0/ has a countable cofinal sequence, Spl .G / is an
intersection of a decreasing sequence of Banach algebras, hence is a Fréchet algebra.

The restriction of the inverse of Renault’s p-j -map extends to an injective continuous
algebra homomorphism S

p
l .G / ,! F

p

�
.G /, so we may view S

p
l .G / as a subalgebra of

F
p

�
.G / endowed with a finer Fréchet algebra topology than the one inherited from F

p

�
.G /.

Proposition 4.11. If G has strong subexponential growth with respect to l, then Spl .G /
is stable under holomorphic functional calculus in F p

�
.G /.

Proof. Suppose .˛0; ˇ0/ is the pair as in the definition of strong subexponential growth in
Definition 3.1. Since Spl .G / is a Fréchet algebra under a finer topology than the one inher-
ited from F

p

�
.G /, it suffices by [46, Lemma 1.2] to see that Spl .G / is spectrally invariant in

F
p

�
.G /. For that, let a 2 Spl .G /with inverse a�1 2 F p

�
.G /. Then a 2 Sp

l;.˛;ˇ/
.G / for every

.˛; ˇ/ 2 J.˛0; ˇ0/, and is invertible in F p
�
.G /. By Proposition 4.8, a�1 2 Sp

l;.˛;ˇ/
.G / for

all .˛; ˇ/ 2 J.˛0; ˇ0/, which means that a�1 2 Spl .G /.

Before we prove our main result, let us recall the definition of the K-groups for a
Fréchet algebra.

Definition 4.12. Let A be a unital Fréchet algebra. We defineK0.A/ as the Grothendieck
group of the abelian semigroup of isomorphism classes of finitely generated projective
A-modules with direct sum as the semigroup multiplication. Using the embeddings u 7!
diag.u; 1/, we defineK1.A/D lim

�!
GLn.A/=GLn.A/0, where the GLn.A/ are the invert-

ible matrices in the Fréchet algebra Mn.A/ endowed with the induced topology, and
GLn.A/0 is the normal subgroup given by the path component of the identity. If A is
not unital, K�.A/ is defined to be the kernel of the naturally induced map from K�. zA/ to
K�.C/.

When A is a Banach algebra, the above defines its usual K-groups.
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Theorem 4.13. If G has strongsubexponentialgrowthwith respect to somelocally bounded
length function, then K�.F

p

�
.G //, for � D 0; 1, is independent of p 2 Œ1;1/.

Proof. Suppose .˛0; ˇ0/ are the constants as in the definition of strong subexponential
growth for G in Definition 3.1, and let Spl .G /, for p 2 Œ1;1/, be the associated Fréchet
algebras of strongly subexponentially decreasing functions. Combining Proposition 4.11
with [2, Lemma 2.3], we have that

K�
�
S
p
l .G /

�
Š K�

�
F
p

�
.G /

�
;

for � D 0; 1 and p 2 Œ1;1/. Therefore, it suffices to prove that

S
p
l .G / D S

1
l .G /;

as Fréchet algebras, for all p 2 .1;1/. It is straightforward to verify that

kak˛;ˇ;p � kak˛;ˇ;1;

for all a 2 S1
l;.˛;ˇ/

.G / and .˛; ˇ/ 2 J.˛0; ˇ0/, where k�k˛;ˇ;p is the norm on Sp
l;.˛;ˇ/

.G /.
It follows that the inclusion S1l .G / � S

p
l .G / is continuous. Conversely, fix .˛; ˇ/ 2

J.˛0; ˇ0/. By an application of Hölder’s inequality together with Lemma 4.1 it follows
that there exists a constant K˛;ˇ > 0 such that

kak˛;ˇ;1 � K˛;ˇkak2˛;ˇ;p;

for all a2Sp
l;.˛;ˇ/

.G /. Since also .2˛;ˇ/2J.˛0;ˇ0/, it follows that the inclusion Spl .G /�
S1l .G / is continuous, so that Spl .G / D S

1
l .G / as Fréchet algebras.

A symmetrized version ofFp
�
.G/, the Banach �-algebraFp;�

�
.G/, has recently appeared

in the literature (see for example [1,13,29,40,44,45]), often under the name symmetrized
p-pseudofunctions. In what follows, we shall recall the definition of these and explain
how Theorem 4.13 can be extended to these Banach �-algebras. We fix p 2 Œ1;1/, and
on Cc.G / we define the norm

kf kp;� WD max
®
kf kF p

�
; kf �kF p

�

¯
:

We let F p;�
�
.G / be completion of Cc.G / in this norm, which is a Banach �-algebra. Notice

that
F
1;�
�
.G / D LI .G / D Cc.G /

k�kI
:

By the same argument as in [1, Proposition 3.9], the inclusion Cc.G / � C �r .G / extends to
an injective contraction F p;�

�
.G / ,! C �r .G /. Consequently, Renault’s j -map restricts to

a contractive injection jp;�WF
p;�

�
.G /! C0.G /. Suppose now that G has strong subexpo-

nential growth with respect to a locally bounded length function l and constants .˛0; ˇ0/
as in Definition 3.1. Then, since the analogous inequality as in Proposition 4.2 holds for
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the norm on F p;�
�
.G /, we can argue as therein to obtain that for .˛; ˇ/ 2 J.˛0; ˇ0/, the

inverse of the restricted Renault’s j -map is an injective continuous homomorphism

S2l;.˛;ˇ/.G / ,! F
p;�

�
.G /;

and hence S2
l;.˛;ˇ/

.G / may be identified as a Banach subalgebra of F p;�
�
.G / under a finer

topology.

Corollary 4.14. If G has strong subexponential growth with respect to some locally
bounded length function, then

K�
�
F
p;�

�
.G /

�
Š K�

�
F
p

�
.G /

�
Š K�

�
C �r .G /

�
;

for � D 0; 1 and p 2 Œ1;1/.

Proof. Suppose .˛0; ˇ0/ is the pair of constants as in Definition 3.1 for G . By Proposi-
tion 4.8, S2

l;.˛;ˇ/
.G / is spectrally invariant in C �r .G /, for any .˛; ˇ/ 2 J.˛0; ˇ0/. It then

follows from the inclusions

S2l;.˛;ˇ/.G / � F
p;�

�
.G / � C �r .G /;

that S2
l;.˛;ˇ/

.G / is spectrally invariant in F p;�
�
.G / as well. Therefore,

K�
�
F
p;�

�
.G /

�
Š K�

�
S2l;.˛;ˇ/.G /

�
Š K�

�
C �r .G /

�
;

for all p 2 Œ1;1/. The result then follows by combining this with Theorem 4.13.

5. Examples

The purpose of this final section is to exhibit several examples of étale groupoids with
(strong) subexponential growth. In Section 5.1, we show that all second countable proper
étale groupoids are in fact of polynomial growth. Then, in Section 5.2, we show how the
results from [2, Section 5.1] apply to give coarse groupoids with (strong) subexponential
growth associated with many already existing examples in the literature of metric spaces.
Finally, in Section 5.3 we use ideas from [35] as well as recent results of Brix, Hume and
Li in [7] to construct an étale groupoid from a shift space of infinite type which has strong
subexponential growth and not polynomial.

5.1. Proper groupoids

Recall that an étale groupoid G is called proper if the map .r; s/WG ! G .0/ � G .0/; x 7!

.r.x/; s.x// is proper, that is, .r; s/�1.K/ � G is compact whenever K � G .0/ � G .0/ is
compact.

Proposition 5.1. If G is a second countable proper étale groupoid, then there is a locally
bounded length function with respect to which G has polynomial growth.
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Proof. Since G .0/ is locally compact Hausdorff and second countable, we can find an
increasing sequence of compact sets ¹Kiº1iD1 such that

G .0/ D

1[
iD1

Ki D

1[
iD1

Ki
ı:

For each i 2 N, let

G .i/ WD G .Ki / D
®
x 2 G W s.x/; r.x/ 2 Ki

¯
;

so that G .i/ � G .i C 1/, for each i 2 N. Then since G is proper, it follows that each G .i/

is a compact subgroupoid of G , and, moreover,

G D

1[
iD1

G .i/ D

1[
iD1

G .i/ı:

Let f WG !C be a positive continuous compactly supported function such that 1G .i/ � f .
Then since the counting measures form a continuous Haar system, the map

u 7!
ˇ̌
G .i/u

ˇ̌
D

X
x2Gu

1G .i/.x/ �
X
x2Gu

f .x/;

has a finite supremum. Let us denote this supremum by p.i/, so that

p.i/ WD sup
u2G .0/

ˇ̌
G .i/u

ˇ̌
<1:

Define a length function lW G ! R�0 as follows: l.u/ WD 0, for all u 2 G .0/, and if
x 2 G n G .0/ then

l.x/ WD min
®
p.i/W x 2 G .i/

¯
:

We claim that l is a locally bounded length function. Indeed, given x 2 G , there exists
i 2 N such that x 2 G .i/, and for any such i , x 2 G .i/ if and only if x�1 2 G .i/, and
therefore l.x�1/ D l.x/, for all x 2 G . Moreover, if .x; y/ 2 G .2/, say x 2 G .n/ and
y 2 G .m/, let k WD max¹n;mº. Then x; y; xy 2 G .k/, so that

l.xy/ � p.k/ � p.n/C p.m/;

for any such n and m. Thus l.xy/ � l.x/C l.y/, so that l is indeed a length function.
To see that it is locally bounded, let K � G be compact. Since also G D

S1
iD1 G .i/ı,

compactness produces an N 2 N such that K � G .N /, and so l.K/ � p.N/ <1, so
l is a locally bounded length function. Now let N 2 N be given, and if possible, find the
largest k 2 N such that p.k/ � N . By definition, if x … G .k/, then l.x/ > N , and so, for
any u 2 G .0/,ˇ̌

BGu.N /
ˇ̌
D
ˇ̌®
x 2 GuWl.x/ � N

¯ˇ̌
�
ˇ̌®
x 2 G .k/u

¯ˇ̌
� p.k/ � N:

If no such k 2 N exist, then jBGu.N /j D 1 � N , for any u 2 G .0/. Therefore, G has
polynomial growth.



K-theory invariance of Lp-operator algebras associated with étale groupoids 17

Remark 5.2. Suppose G is a second-countable proper étale groupoid. By Proposition 5.1,
G has polynomial growth, and hence for any ˛ > 0 and ˇ 2 .0; 1/, S2

l;.˛;ˇ/
.G / is a Banach

algebra. It is clear that if f; g 2 Cc.G / with jf j � jgj, then kf k˛;ˇ � kgk˛;ˇ , and there-
fore S2

l;.˛;ˇ/
.G / is an unconditional completion of Cc.G /; it is moreover regular (see

paragraph succeeding [37, Proposition 2.4]) since (a multiple of) the unconditional norm
k�k˛;ˇ dominates the reduced C�-algebra norm. Therefore, combining Corollary 4.9 and
Theorem 4.13 with [37, Proposition 2.4], we have that

K�
�
F
p

�
.G /

�
Š K�

�
S2l;.˛;ˇ/.G /

�
Š K�

�
A.G /

�
;

for any p 2 Œ1;1/ and any unconditional completion A.G / of Cc.G / such that the uncon-
ditional norm dominates the reduced C �-norm on Cc.G /.

5.2. Coarse groupoids

Let us briefly recall the definition of coarse groupoids: We say that an extended metric
space .X; d/ is uniformly locally finite if for every R > 0 we have

sup
x2X

ˇ̌
xB.x;R/

ˇ̌
<1;

where xB.x; R/ is the closed ball of radius R around x. From this we construct an étale
groupoid, denoted by G.X;d/, as follows. For every r > 0, let Er WD ¹.x; y/ 2 X � X j
d.x; y/ � rº, and define

G.X;d/ WD
[
r�0

Er ;

where the closure is taken in the Stone–Čech compactification ˇX � ˇX . The unit space
G
.0/

.X;d/
is identified with E0 Š ˇX . The range and source maps are the natural extensions

of the first and second projection map on X �X to the Stone–Čech compactification, and
the multiplication map is inherited from the pair groupoid multiplication on ˇX � ˇX .

By [2, Lemma 5.6] we know that the metric d naturally extends to a metric ˇd on
G.X;d/ which induces a continuous and proper length function lˇd on G.X;d/. We recall
the following result from [2, Proposition 5.8].

Proposition 5.3. Let .X; d/ be a uniformly locally finite extended metric space, and sup-
pose there is a function f WR�0 ! R�0 for which j xB.x; r/j � f .r/ for all x 2 X and all
r � 0. Let � 2 ˇX D G

.0/

.X;d/
. Then

ˇ̌
B.G.X;d//�.r/

ˇ̌
�

´
f .r/ � 2 X;

Mf .r/2 � 2 ˇX nX

for a sufficiently large constant M . That is, the growth of the groupoid G.X;d/ is bounded
above by the growth of f 2.
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We immediately obtain the following corollary.

Corollary 5.4. Let .X; d/ be an extended metric space for which j xB.x; r/j � f .r/ for all
x2X and all r�0. If there are C;˛>0 and 0<ˇ<1 for which f .r/�C exp.˛rˇ / for all
r�0, then G.X;d/ has strong subexponential growth with respect to ľ d . If limr!1f .r/

1=r

D 1, then G.X;d/ has subexponential growth with respect to lˇd .

Proof. By the assumptions on f we have j xB.x; r/j � C exp.˛rˇ /. By Proposition 5.3
there exists M > 0 such that we can guaranteeˇ̌

.G.X;d//u
ˇ̌
�MC exp.2˛rˇ /

uniformly in u, from which we deduce that G.X;d/ has strong subexponential growth with
respect to lˇd .

The statement for subexponential growth follows similarly.

There are several interesting metric spaces with (strong) subexponential growth com-
ing from graph theory, see for example [6, 26, 28, 33]. By the argument in the proof
of Corollary 5.4, we deduce that for any one of these examples, the associated coarse
groupoid has also (strong) subexponential growth. Moreover, if the original extended met-
ric space has (strong) subexponential growth but not polynomial growth, then the same
is true for the associated coarse groupoid. This follows by observing that for any point
x 2 X � ˇX D G

.0/

.X;d/
, we have jB.G.X;d//x .r/j D j xB.x; r/j.

5.3. Shift groupoids

Let us start by recalling the definition of a shift space and its associated Deaconu–Renault
groupoid. Fix a finite set A that we call an alphabet. A path is a map x W N ! A, and we
denote by AN the set of all paths. Given x 2AN , and w D .w1; : : : ;wn/ 2An, we define
the concatenation of a word w 2 An with a path x 2 AN to be the path

wxŒi� D

´
wi if 1 � i � n;

xŒi � n� if i � nC 1:

Whenever x 2 AN , by xŒn; nC k� we mean the word .xŒn�; xŒnC 1�; : : : ; xŒnC k�/ 2
AkC1, for n 2 N and k 2 N0. We give AN the product topology, so that AN is a Cantor
space, with topology generated by the sets of the form

Z.w/ D
®
x 2 AN

j xŒi � D wi for 1 � i � n
¯

forwD .w1; : : : ;wn/2An. Define the shift map � WAN!AN by �.x/Œn�D xŒnC 1� for
every n 2 N. A (one-sided) shift space is a closed subset X � AN such that �.X/ � X .
A word of length n in X is an element w D .w1; : : : ; wn/ 2 An such that there exists
x 2 X and k 2 N such that xŒk C i � 1� D wi for 1 � i � n. We denote by Ln.X/ the
set of all words of length n in X , and L�.X/ D

S
n2N Ln.X/ the set of all words of X .
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We define the complexity function of X to be the function pX .n/ D
Pn
iD1 jLi .X/j. The

Deaconu–Renault groupoid associated with the shift space � W X ! X is the groupoid

GX WD
®
.x; k; y/ 2 X �Z �X j 9n;m 2 N0 such that m � n D k and �m.x/ D �n.y/

¯
with multiplication .x; m � n; y/ � .y; k � l; z/ D .x; m C k � .n C l/; z/, inversion
.x; m � n; y/�1 D .y; n � m; x/, and unit space G

.0/
X D ¹.x; 0; x/ j x 2 Xº identified

with X . The topology has as basis sets of the form

Z.u; v/ WD
®
.x;m � n; y/ 2 GX j �

m.x/ D �n.y/ for x 2 Z.u/ and y 2 Z.v/
¯
;

for u 2 Lm.X/ and v 2 Ln.X/. We allow u and v to be the empty word, in which case

Z.u;;/ WD
®
.x;m; y/ 2 GX j �

m.x/ D y for x 2 Z.u/ and y 2 X
¯
;

for u 2 Lm.X/ and

Z.;; v/ WD
®
.x;�n; y/ 2 GX j �

n.y/ D x for x 2 X and y 2 Z.v/
¯
;

for v 2 Ln.X/. The shift map � is always locally injective. It is a local homeomorphism
if and only if X is a shift of finite type, meaning that there exists K 2 N and a subset
F � AK , called the forbidden words, such that for every x 2 X and n 2 N we have that
xŒn; nCK � 1� … F . In this case, observe that F D AK nLK.X/. A shift is of infinite
type if it is not of finite type. Given a shift space X , the associated Deaconu–Renault
groupoid GX is étale if X is a shift of finite type, and r-discrete if X is a shift of infinite
type; that is, a locally compact groupoid whose unit space is open.

Now, observe that the set

S WD
[
a2A

Z.a;;/ [Z.;; a/ (5.1)

is a generating set for GX . Indeed, given g D .x;m � n; y/ 2 GX , we have that

.x;m � n; y/ D
�
x; 1; �.x/

��
�.x/; 1; �2.x/

�
� � �
�
�m�1.x/; 1; �m.x/

��
�n.y/;�1; �n�1.y/

�
� � �
�
�.y/;�1; y

�
;

and therefore,

g 2 Z
�
xŒ1�;;

�
� � �Z

�
xŒm�;;

�
Z
�
;; yŒn�

�
� � �Z

�
;; yŒ1�

�
:

We denote by lS W GX !N [ ¹0º the associated length function, which we recall is given
by l.x/ D 0 for x 2 X , and

l.g/ D inf¹k 2 N j g 2 Skº;

when g 2 GX nX .
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Now let x 2 X and define Wx.n/ WD ¹g 2 .GX /x j lS .g/ D nº, for n 2 N0. First
observe that

Wx.1/ D
®
.ax; 1; x/ j a 2 L1.X/ such that ax 2 X

¯
[
®
.�.x/;�1; x/

¯
;

therefore jWx.1/j � pX .1/C 1. Moreover,

Wx.2/ D
®
.wx; 2; x/ j w 2 L2.X/ such that wx 2 X

¯
[
®
.a�.x/; 0; x/ j a 2 L1.X/ such that a�.x/ 2 X

¯
[
®
.�2.x/;�2; x/

¯
;

and therefore we have that jWx.2/j � pX .2/C pX .1/C 1, and in general,

ˇ̌
Wx.n/

ˇ̌
� 1C

nX
kD1

pX .k/ � 1C npX .n/;

for n 2 N, so that

ˇ̌
B.GX /x .n/

ˇ̌
D 1C

nX
kD1

ˇ̌
Wx.k/

ˇ̌
� 1C nC n2pX .n/:

It follows immediately from this that if the complexity function pX has (strong) subexpo-
nential growth, then the function n 7! supx2X jB.GX /x .n/j also has (strong) subexponential
growth. Let us record this result for future reference.

Lemma 5.5. Let X be a shift and GX the associated Deaconu–Renault groupoid. If the
complexity function has (strong) subexponential growth, then the groupoid GX has (strong)
subexponential growth.

If X is a shift of finite type, then it is a standard result that X is conjugate to a shift
space associated with an infinite path space of a finite directed graph [30, Section 2.2].
Then combining this with [2, Section 5.3] we have the following.

Proposition 5.6. If X is a shift of finite type, then there is a finite directed graph EX such
that GEX Š GX . Consequently, with respect to the natural length function, the Deaconu–
Renault groupoid GX is either of exponential or polynomial growth.

Since we are interested in exhibiting examples of groupoids associated with shifts
whose growth is strongly subexponential and not polynomial, we see from Proposition
5.6 that it is natural to look for examples among the shifts of infinite type. The shift that
will turn out to give our desired example is one that we call the ordered prime shift, which
we define next: The alphabet is A D ¹0; 1º, and we let

F WD ¹10n1 j n 2 N0 is not a primeº [ ¹10p110p21 j p1; p2 are primes with p1 � p2º;

be the forbidden words. The associated shift X WD XF is the space of all paths consisting
of admissible words, that is, the paths x such that for any n 2 N and k 2 N0, the word
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xŒk; n C k� is not a forbidden word. Notice that any admissible word has one of three
forms:

0k for k 2 N0I (5.2)

0k10l for l; k 2 N0I (5.3)

0k10p110p21 � � � 0pr10l for k; l 2 N0; r 2 N; pi prime 8i and pi < piC1 8i: (5.4)

Lemma 5.7. The complexity function pX of the ordered prime shift X has strong subex-
ponential growth, but not polynomial growth.

There are two key tools to proving the above. First, Chebyshev’s theorem which gives
a useful estimate for the map x 7! �.x/ that counts the number of prime numbers not
exceeding x 2 R�2 (see [34, Theorem 6.3]): there exists constants c1; c2 > 0 such that for
all x 2 R�2,

c1x

ln.x/
� �.x/ �

c2x

ln.x/
: (5.5)

Second, the following estimate for the Hardy–Ramanujan partition function (see [22]):
there exists A;B > 0 such that for all sufficiently large n,

eA
p
n
� p.n/ � eB

p
n; (5.6)

where we recall that p.n/ counts the number of unrestricted partitions of the positive
integer n.

Proof of Lemma 5.7. First we show that pX cannot have polynomial growth. Consider the
words of the form

10p110p21 � � � 0pr1;

where pi are all distinct primes in increasing order which does not exceed
p
n=2. Such a

word has length

r C 1C

rX
iD1

pi � r C 1C r
p
n=2 � n=2C

p
n=2�.

p
n=2/ � n=2C

2c2n=2

ln.n=2/
� n;

for all large n, where we have used (5.5). Let ¹p1; : : : ; p�.pn=2/º be the collection of
primes not exceeding

p
n=2. As we saw above, any sub-collection gives a unique word as

above of length less than or equal to n. Thus, using (5.5), we have

pX .n/ � # subsets of ¹p1; : : : ; p�.pn=2/º D 2
�.
p
n=2/
� 2

2c1
p
n=2

ln.n=2/ ;

so that pX cannot be dominated by any polynomial.
Next we show that pX has strong subexponential growth. For this we will use some

rough estimates on the number of elements of length at most n. Recall that any word has
one of the three forms (5.2), (5.3) and (5.4). There are nC 1 words of the form (5.2) with
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length at most n, and there are at most n2 words of the form (5.3) with length at most n. Let
us then consider the words of the form (5.4). Fix any 1 � k � n and consider the set of all
primes ¹p1; : : : ; p�.k/º not exceeding k. A sub-collection ¹pi1 ; : : : ; pir º that is arranged
in increasing order gives a unique element 10pi110pi2 1 � � � 10pir 1 of length possibly less
than k. There are p.k/ unrestricted partitions of k into a sum of non-negative integers, and
hence there are at most p.k � .r C 1//� p.k/ elements of the form 10pi110pi21 � � �10pir 1

such that
P
j pij C r C 1D k. For every such element 10pi110pi21 � � �10pir 1, there are at

most n2 elements of the form 0t10pi110pi21 � � � 10pir 10l with 0 � t C l � n � k. There-
fore, the number of elements of the form (5.4) with length at most n is bounded by

nX
kD1

n2p.k/ � n3p.n/:

This together with (5.6) implies that there exist constants C;˛ > 0 large enough such that

pX .n/ � nC 1C n
2
C n3p.n/ � 4n3p.n/ � Ce˛

p
n;

for all n 2 N. This proves the lemma.

Proposition 5.8. With respect to its canonical length function, the Deaconu–Renault
groupoid associated with the ordered prime shift has strong subexponential growth, and
is not of polynomial growth.

Proof. Let GX denote the groupoid associated with the ordered prime shift X . Combining
Lemma 5.5 with Lemma 5.7, we see that GX has strong subexponential growth. Let us
show next that it is not of polynomial growth. For this, let x 2 X be the path x D 01.
Concatenating any admissible word w with x yields another element wx 2 X , and it
therefore follows that ˇ̌

B.GX /x .n/
ˇ̌
� pX .n/:

Since the complexity function pX is not dominated by any polynomial, the same must be
true for the function n 7! jB.GX /x .n/j, hence the result.

As already remarked, theDeaconu–Renault groupoid associated with the ordered prime
shift is not an étale groupoid, but an r-discrete groupoid. To obtain an étale groupoid with
the same growth, we can apply recent results of Brix, Hume and Li in [7]. Therein, given
an r-discrete groupoid G , the authors associate an étale groupoid yG called the cover of G .
The cover groupoid can be viewed as a transformation groupoid built from a groupoid
action of G on a locally compact Hausdorff space yX , so yG D G Ë yX (see [7, Proposi-
tion 7.5]). When G is the Deaconu–Renault groupoid associated with a shift of infinite
type, we endow yG with the length function lW yG ! R�0 given by l.g; x/D lS .g/, where
lS is the length function on G induced by the generating set S as in (5.1). With this choice
of length function, it is clear that yG and G share the same growth properties, and hence we
arrive at a desired example.
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Theorem 5.9. Let GX denote the Deaconu–Renault groupoid associated with the ordered
prime shift X , and let yGX denote its cover groupoid. Then yGX is an étale groupoid that
has strong subexponential growth, but not polynomial growth.

Acknowledgments. We would like to thank the anonymous referee for numerous com-
ments which improved the article.

Funding. The first named author was supported by The Research Council of Norway
project 324944.

References

[1] A. Austad and E. Ortega, Groupoids and Hermitian Banach �-algebras. Internat. J. Math. 33
(2022), no. 14, article no. 2250090 Zbl 1516.22004 MR 4536260

[2] A. Austad, E. Ortega, and M. Palmstrøm, Polynomial growth and property RDp for étale
groupoids with applications to K-theory. J. Noncommut. Geom. 19 (2025), no. 2, 601–645
Zbl 08028333 MR 4886496
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