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Fourier–Mukai transforms commuting with Frobenius
over algebraic spaces

Chandranandan Gangopadhyay and Ankit Rai

Abstract. In this article, we give a characterization of Fourier–Mukai transforms on algebraic
spaces that commute with the Frobenius thereby extending the work of Daniel Bragg [Bull. Lond.
Math. Soc. 56 (2024), 3477–3483]. We also treat the case of twisted sheaves on algebraic spaces.

1. Introduction

Let X be a quasi-compact, and quasi-separated algebraic space defined over an algebra-
ically closed field k of characteristic p. Let D.X/, Dqcoh.X/, and Dperf.X/ denote, respec-
tively, the unbounded derived categories of complexes of OX -modules, quasi-coherent OX
modules, and perfect OX -modules on the étale site. For any morphism f WX ! Y among
quasi-compact and quasi-separated algebraic spaces, there exists well-defined pushfor-
ward and pullback functors

f �WD.Y /! D.X/; f�WD.X/! D.Y /:

Since any morphism among quasi-compact and quasi-separated algebraic spaces is itself
quasi-compact and quasi-separated [23, Tag 03KS, Tag 03KR] and Y is a quasi-separated
algebraic space, [23, Tag 08FA, Tag 08F4] implies thatf � andf� restrict to the unbounded
derived category of quasi-coherent sheaves to define a pair of adjoint functors

f �WDqcoh.Y /! Dqcoh.X/; f�WDqcoh.X/! Dqcoh.Y /:

In other words, f is a concentrated morphism in the sense of [11, Definition 2.4]. In this
article, we only consider functors on quasi-coherent sheaves or its subcategory of perfect
complexes. When p > 0, the absolute Frobenius map given by the p-power map on affine
k-algebras, gives rise to the absolute Frobenius morphism FX WX ! X . The definition of
the Frobenius morphism is discussed in more generality in the appendix (Section A) for
convenience. The discussion of the paragraph above applies to the Frobenius morphisms
FX and FY .
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A functor ˆWDqcoh.X/! Dqcoh.Y / is said to be a Fourier–Mukai transform if there
exists K 2 Dqcoh.X �k Y / such that ˆ.F / D prY �.K ˝ pr�X .F //. We may also write
ˆK for the Fourier–Mukai transform given by K. It is known from [22, 25] that not all
functors ˆWDqcoh.X/! Dqcoh.Y / are Fourier–Mukai functors. But something very close
is true as demonstrated by Toën [24] and more generally by Ben-Zvi–Francis–Nadler [2].
In another direction, under the assumption thatˆ is an equivalence of categories andX;Y
are smooth projective varieties, it is a result of Orlov (see [6, Remark 2.1]) that ˆ is a
Fourier–Mukai transform [20, Theorem 2.2].

When X is a smooth algebraic space there exists an equivalence of categories known
as a Serre functor

SX WDqcoh.X/! Dqcoh.X/I F 7! F ˝ !X ŒdimX�:

It is known from [4, Lemma 4.2] that any equivalence ˆ necessarily commutes with
the Serre functor. A result of Calabrese [4, Theorems 6.1 and 7.1] implies that under
the assumption that !X is either ample or anti-ample, X ' Y and ˆ is given by the
composition of the following three functors: pullback along an isomorphism f WX ! Y ,
shifts Œn�, and twist �˝L by a line bundle L onX . In characteristic p > 0, the Frobenius
pushforwards provide another interesting endo-functor of the category Dqcoh.X/. Bragg
investigated the constraints put on ˆ if it satisfies the equation

ˆ ı FX� Š FY � ıˆ; (1.1)

and proves the following.

Theorem 1.1 ([3, Theorem 1.1]). Let X and Y be smooth projective connected varieties
defined over a field k of characteristic p > 0. Let ˆWDqcoh.X/! Dqcoh.Y / be an equiva-
lence of categories which satisfies (1.1). Then there exists an isomorphism f WX

�
�! Y , a

line bundle L on Y and an integer n such that

ˆ ' f� ı .�˝ L/Œn�:

In this article we prove the following generalization of the above theorem to the con-
text of smooth algebraic spaces.

Theorem 1.2. Let X and Y be smooth proper connected algebraic spaces over an alge-
braically closed field k of characteristic p > 0. Let ˆ be a Fourier–Mukai equivalence
which satisfies (1.1). Then there exists an isomorphism f WX

�
�! Y , a line bundle L on X

and an integer n such that
ˆ ' f� ı .�˝ L/Œn�:

We also prove an appropriate twisted analogue of the above result. This result is new
even in the case of schemes. The setup is as follows. The algebraic Brauer group Br.X/
is the set of Morita equivalence classes of Azumaya OX -algebras of finite rank equipped
with the monoid structure given by tensor product. Let ˛ 2 Br.X/ be an element in the
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algebraic Brauer group of the algebraic space X . Consider the �n-gerbe �˛WX˛ ! X

associated to the element ˛ [17, Proposition 2.2.1.4]. Any quasi-coherent sheaf on X˛
comes equipped with a right (inertial) action of �n. A sheaf F on X˛ is called ˛-twisted
if the action of �n

X˛
coincides with the natural action of GmX˛

coming from the OX˛ -
module structure. QCoh.X; ˛/ denotes the abelian category of ˛-twisted quasi-coherent
sheaves onX and Dqcoh.X;˛/ denotes the unbounded derived category of sheaves of OX˛ -
modules whose cohomology sheaves lie in QCoh.X; ˛/. Let ˇ 2 Br.Y / and �ˇ WYˇ ! Y

be the gerbe corresponding to the class ˇ. For a morphism f WX ! Y , the gerbe Yˇ �Y X
represents the class f �ˇ and we denote it by Xf �ˇ . As per the discussion on concentrated
morphisms, the following functors are well defined

f �WDqcoh.Y; ˇ/! Dqcoh.X; f
�ˇ/; f�WDqcoh.X; f

�ˇ/! Dqcoh.Y; ˇ/;

FX˛�WDqcoh.X; p˛/! Dqcoh.X; ˛/:

Note that X˛ and Yˇ are tame stacks and hence [10, Theorem C] implies that X˛ and Yˇ
are concentrated. Any morphism among concentrated stacks is a concentrated morphism
[11, Lemma 2.5 (iv)]. Assume that ˛ and ˇ satisfy n˛D nˇD 0 for some n that is coprime
to p. By the choice of n there exists r > 0 such that pr � 1mod.n/, hence .F �X /

r˛ D ˛.
Consider the r-th iterate of the Frobenius pushforward

.FX�/
r
WDqcoh.X; ˛/! Dqcoh.X; ˛/:

For any ˇ 2 Br.Y /, and any K 2 Dqcoh.X � Y; ˛
�1 � ˇ/, we get a Fourier–Mukai trans-

form
ˆK WDqcoh.X; ˛/! Dqcoh.Y; ˇ/:

In the situation described above, there is a natural generalization of Theorem 1.2 as stated
below.

Theorem 1.3. Let X and Y be smooth proper connected algebraic space over an alge-
braically closed field k of characteristic p > 0. Let ˛ 2 Br.X/ and ˇ 2 Br.Y / such that
n˛ D 0 D nˇ for a positive integer n coprime to p. Let r be a natural number such that
pr � 1mod.n/. Let ˆ be a Fourier–Mukai equivalence which satisfies

ˆ ı .FX�/
r
D .FY �/

r
ıˆ:

Then there exists an isomorphism f WX ! Y , a line bundle L on X and an integer n such
that f �ˇ D ˛ and

ˆ ' f� ı .�˝ L/Œn�:

We briefly describe the organization of the article and our strategy for the proofs of the
main theorems. In Section 2.1 we recall the general formalism of derived pushforward and
pullback on the (unbounded) derived categories of quasi-coherent sheaves on concentrated
stacks due to Hall and Rydh. Their formalism is especially helpful when treating the case
of twisted sheaves and their derived categories. In Section 2.2 we give a brief discussion
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on twisted sheaves following [17] and record facts about the derived category of twisted
sheaves to be used in the subsequent sections. In Section 3 we prove Theorem 1.2 and in
Section 4 we prove Theorem 1.3. The article also contains two appendices. Appendix A
describes the construction of the absolute Frobenius morphism for stacks, and Appendix B
discusses vanishing of higher derived functors of pushforward along proper morphisms
whose fibers have bounded cohomological dimension.

Our proof depends on the same principle that underlies both the proof of the theorem
of Bondal–Orlov and the theorem of Bragg. Let ‰X (resp. ‰Y ) be an endofunctor of the
derived category Dqcoh.X/ (resp. Dqcoh.Y /) which moreover has the property: ‰X .E/ Š
EŒn� (resp. ‰Y .F / Š F Œm�) for some E 2 Dbcoh.X/ (resp. F 2 Dbcoh.X/) and n (resp. m)
if and only ifE (resp. F ) is a necessarily simple skyscraper sheaf placed in certain degree.
If ˆK is a Fourier–Mukai equivalence which moreover satisfies ‰Y ı ˆK D ˆK ı ‰X ,
then K is a coherent sheaf supported on the graph of an isomorphism f WX ! Y and ˆK
is naturally equivalent to the graph of the isomorphism f after possibly tensoring with a
line bundle on X and shifting by an integer r . For the proof of the Bondal–Orlov theorem
the functor‰X and‰Y are respective Serre functors, and for the proof of [3, Theorem 1.1]
they are Frobenius pushforwards. One of the key points in loc. cit. is to show that objects in
the derived category which are stable under Frobenius pushforward have zero-dimensional
support. Bragg’s proof extends using standard techniques to show that the same result
holds for Frobenius pushforwards in the context of algebraic spaces (see Lemma 3.2).

A quick look at the proof of the Bondal–Orlov theorem will convince the reader that
the later half of the proof heavily depends on the arguments involving points on schemes.
This approach seems to break down in the context of algebraic spaces, nonetheless the
(relative!) analogue of Bondal–Orlov theorem for algebraic spaces continues to be true
as shown by Calabrese [4, Theorems 6.2 and 7.1] via moduli theoretic techniques. The
obvious approach of extending Calabrese’s proof to prove Theorem 1.2 seems to run into
the problem of finding the correct set of ‘point-like objects’. We circumvent this problem
by devising a criterion to detect if a given Fourier–Mukai transform (possibly after com-
posing with shift functor Œn� for some integer n) induces an equivalence of the k-linear
abelian category of quasi-coherent sheaves (see Proposition 3.4). We verify using this cri-
terion that a Fourier–Mukai equivalence commuting with Frobenius pushforwards (up to
shifts) gives an equivalence among the abelian categories of quasi-coherent sheaves of X
and Y . Now, an application of the main theorems of [5] finishes the proof. The proof of the
aforementioned criterion depends on a generalization of the theorem of formal functions
to proper quasi-finite morphisms among tame stacks (Proposition B.1). A more general
statement which may be of some future use and whose proof we were unable to find in the
literature is also proven (see Proposition B.2).

2. Prerequisites

In this section, we collect all the necessary facts about algebraic spaces and the unbounded
derived category of quasi-coherent sheaves on them that will be needed in the sequel.
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2.1. Generalities on concentrated stacks

Throughout the article, sheaves on algebraic stacks are defined as in [14,18] via the lisse-
étale site. Let D.OX/ denote the unbounded derived category of sheaves of OX-modules.
Any morphism f WX! Y among quasi-compact and quasi-separated stacks is itself quasi-
compact and quasi-separated [23, Tag 075S]. All the algebraic stacks that appear in this
article are quasi-compact, quasi-separated Deligne–Mumford stacks. Recall that for such
stacks the change of topology map Xlis-ét ! Xét induces an equivalence of categories

Dqcoh.Xlis-ét/! Dqcoh.Xét/:

As the small étale site topos is functorial, any morphism f WX ! Y induces a pair of
adjoint functors

.f �ét ; fét�/WD.Xét/! D.Yét/:

But f� does not necessarily restrict to the quasi-coherent derived category of sheaves.
Hall–Rydh introduce the notion of concentrated stacks and concentrated morphisms to
correct this defect [11, Definition 2.4].

A quasi-compact quasi-separated algebraic stack X is called concentrated if the struc-
ture sheaf OX is a compact object of Dqcoh.X/. According to [11, Lemma 2.5 (iv)] mor-
phisms among concentrated stacks are themselves concentrated, in particular f� (hence
so does fét) restricts to a functor f�WDqcoh.X/! Dqcoh.Y/ (see [11, Theorem 2.6 (ii)]).
In the setup of concentrated morphism among concentrated stacks, flat base change and
projection formula have been proved by Hall–Rydh for unbounded derived category of
quasi-coherent sheaves [11, Theorem 2.6 (iv), Corollary 4.12]. We will apply the discus-
sion above to the following two scenarios

(1) X is a quasi-compact and quasi-separated algebraic space. In this case we follow
the standard convention in the literature and denote algebraic spaces by standard
letters X , Y , etc. It follows from [23, Tag 073G] that X is a concentrated stack.

(2) X is a �n-gerbe over an algebraic space X . In particular, it is tame. It follows
from [10, Theorem C] that X is a concentrated stack. When n is an integer that is
coprime to p [19, Remark 8.3.4] implies that X is also a Deligne–Mumford stack.

Since we are only concerned with scenarios (1) and (2), we will assume and freely use
the fact that the stacks that appear in Section 3 and Section 4 are quasi-compact quasi-
separated concentrated Deligne–Mumford stacks. The main theorem of this article con-
cerns smooth proper algebraic spaces over k. It follows that X is finitely presented and
separated. This observation is implicitly used to apply Lemma 3.2, Lemma 3.3, and Propo-
sition 3.4 and its twisted counterparts in Section 4 to the proofs of the main theorems of
this article.

2.2. Derived category of twisted sheaves on algebraic spaces

We recall some facts from [17]. Let X be a quasi-compact and quasi-separated algebraic
space defined over k. Let Br.X/ denote the group formed by the Morita equivalence

https://stacks.math.columbia.edu/tag/075S
https://stacks.math.columbia.edu/tag/073G
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classes of Azumaya OX -algebras A of finite rank, and Br0.X/ denote H2ét.X;Gm/tors the
subgroup of torsion elements in H2ét.X;Gm/. The canonical map

Br.X/ ,! Br0.X/

is injective. The group Br.X/ is called the algebraic Brauer group, and Br0.X/ is called
the cohomological Brauer group.

Let ˛ 2 Br.X/ be an element of order n which is coprime to p, and let p˛WX˛ ! X

denote the associated �n-gerbe. Let I.X˛/ denote the inertia stack; it follows that I.X˛/'
�n

X˛
. For any quasi-coherent sheaf F on X˛ we have the following map

F � �n
X˛
! F:

We say that F is an ˛-twisted sheaf on X , if the above action coincides with the right
action corresponding to the left OX˛ -module structure on F. Let QCoh.X; ˛/ denote the
abelian category of ˛-twisted quasi-coherent sheaves on X , and define

Dqcoh.X; ˛/ D
®
K 2 D.X/ j Hi .K/ 2 QCoh.X; ˛/ for all i 2 Z

¯
:

Under the assumption thatX is separated, the gerbe X˛ has affine diagonal. It follows from
[9, Theorem 1.2] that the canonical map D.QCoh.X˛//! Dqcoh.X˛/ is an equivalence
of categories. This fact via an application of [15, Lemma 3.2.5] allows to upgrade the
decomposition of a quasi-coherent sheaf on X˛ as direct sum of eigensheaves for the
action of �n

X˛
(see [17, Proposition 3.1.1.4]) to the following decomposition of derived

categories

Dqcoh.X˛/ D

nG
iD1

Dqcoh.X; i˛/: (2.1)

Under the above decomposition, Dqcoh.X; 0/ is canonically identified with the essential
image of the natural pullback map p�˛ WDqcoh.X/!Dqcoh.X˛/. For any morphism f WX!

Y and ˇ 2 Br.Y /, we have the following identification Xf �ˇ D Yˇ �Y X . The pullback
and pushforward maps among the derived categories of quasi-coherent sheaves induced
by the natural map Xf �ˇ ! Yˇ restricts (see [17, Lemma 3.1.1.5]) to give an adjoint pair
of functors

f �WDqcoh.Y; ˇ/! Dqcoh.X; f
�ˇ/; f�WDqcoh.X; f

�ˇ/! Dqcoh.Y; ˇ/:

Let ˛ correspond to a class arising from Azumaya an OX -algebra A, and let QCoh.X/ �
A denote the category of right A-quasi-coherent modules. There exists a locally free ˛-
twisted sheaf E˛ of finite rank such that A Š End.E˛/. Moreover, the functor

�˝ E_˛ WQCoh.X; ˛/! QCoh.X/ � A: (2.2)

is an equivalence of categories [16, Proposition 3.2.2.1].
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Lemma 2.1. Let X˛ (respectively Yˇ ) be two �n-gerbes over quasi-compact separated
algebraic spaces X (respectively Y ) corresponding to classes ˛ 2 Br.X/ (respectively
ˇ2Br.Y /), and prWX˛�Yˇ!Yˇ denote the second projection. Let K 2 Dqcoh.X � Y;

r˛ � ˇ/ for some r such that r˛ ¤ 0. Then pr�.K/ D 0.

Proof. Using flat base change, we may reduce to the case Y D Spec.A/ where A is
completion of localization of a affine k-algebra. Note that Br.A/ ' Br.k/ D 0. Thus it
suffices to prove the following statement: With X˛ as in the statement of the theorem,
Yˇ D Spec.A/ � B�n for A as above, and K 2 Dqcoh.X � Spec.A/; ˛ � 0/, the coho-
mology groups Hi .X˛ � Yˇ ; K/ vanish for all i � 0. Another application of flat base
change applied to the morphism Spec.k/! B�n we may further reduce to proving that
Hi .X˛ � Spec.A/;K/ D 0 for all i � 0.

It follows from the more general statement that for any two objects

F1; F2 2 Dqcoh
�
X˛ � Spec.A/

�
;

the Ext groups Extk.F1; F2/ vanish for all k � 0 unless both F1 and F2 both belong to
the subcategory Dqcoh.X � Spec.A/; i˛ � 0/ for some i . But this is true by upgrading
[17, Proposition 3.1.1.4] to the level of derived categories using [15, Lemma 3.2.5]

3. Proof of Theorem 1.2

We recall the setup for convenience. k is an algebraically closed field of char p > 0, X is
a quasi-compact, quasi-separated algebraic space over k. Any other assumptions that will
be imposed will be mentioned in the statement of the lemma/proposition/theorem.

Definition 3.1. For E 2 Dbcoh.X/, the cohomological support is defined to be the finite
union

Supph.E/ WD
[

SuppH i .E/;

where the support of an abelian sheaf H i .E/ is as defined in [23, Tag 04KA].

Lemma 3.2. Let X be of finite type over k, and let E 2 Dbcoh.X/. Suppose FX�E Š E,
then Supph.E/ is zero-dimensional.

Proof. Since FX� is a finite morphism and only finitely many cohomology sheaves of
E are non-vanishing, we may assume that E 2 Coh.X/. Let Z i

,�! X be the scheme
theoretic support of the sheaf E [23, Tag 07U1] and let F � E be the unique1 sheaf
on Z such that i�F D E. Now, FX�E D E implies that i�FZ�F D i�F , and therefore
FY �F D F [23, Tag 04CJ]. Note that jZj D Supp.E/ by [23, Tag 07U0]. In conclusion,
we are reduced to showing that if X is an algebraic space and E is a quasi-coherent sheaf

1Note that this also implies the uniqueness of the subsheaf F .

https://stacks.math.columbia.edu/tag/04KA
https://stacks.math.columbia.edu/tag/07U1
https://stacks.math.columbia.edu/tag/04CJ
https://stacks.math.columbia.edu/tag/07U0
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supported on X satisfying FX�E D E, then dimX D 0. Since X is quasi-separated using
[23, Tag 06NH] we may choose an open dense immersion U ! X of an affine scheme
U D Spec.R/ in X . Since X is of finite type over k, R is a k-algebra of finite type. Fix
an embedding j W Spec.R/ ,! AN

k
. Then

FAN
k
�
.j�EjU / D j�.FU�EjU / Š j�.EjU / D j�EjU :

Let V � Spec.R/ be an irreducible component of Spec.R/ equipped with the reduced
induced subscheme structure such that dim.V / D dim.Spec.R//. It suffices to show that
dim.V / D 0. Applying [3, Lemma 3.1] to j�EjU we get that

rkV
�
.FAN

k
�
/j�EjU

�
D pdim.V /rkV .j�EjU /;

But .FAN
k
�
/j�EjU Š j�EjU and rkV .j�EjU / > 0 due to our assumption that E is sup-

ported on V . Hence dim.V / D 0. This is what we wanted to show.

Given a morphism xW Spec.k/! X , define the skyscraper sheaf k.x/ WD x�k. If X
is separated x is a closed immersion, hence k.x/ is a coherent sheaf on X . We recall a
lemma from [12]. Note that in loc. cit. the statement was proved for schemes, but the same
proof works in our context.

Lemma 3.3 ([12, Lemma 4.5]). Let X be smooth and proper over k. Suppose that E 2
Dbcoh.X/ satisfies the following three conditions

(1) Supph.E/ is zero-dimensional,

(2) HomDqcoh.X/.E;EŒi �/ D 0 for i < 0,

(3) HomDqcoh.X/.E;E/ D k.

Then E Š k.x/Œm� for some x 2 X.k/ and an integer m.

Recall that the Fourier–Mukai transform with kernel K 2 Dqcoh.X � Y / is defined to
be the functor

ˆK WDqcoh.X/! Dqcoh.Y /I F 7! prY �.K ˝ pr�XF /: (3.1)

We state a proposition which will be needed later.

Proposition 3.4. Let X;Y be smooth proper connected algebraic spaces over k. LetK 2
Dperf.X � Y / be such that ˆK WDqcoh.X/ ! Dqcoh.Y / is an equivalence of categories.
Then the following are true.

(1) Assume that ˆK.k.x// is placed in a single degree for all x 2 X.k/. Then K is a
(possibly shifted) quasi-coherent sheaf on X � Y which is flat over X .

(2) Assume that ˆK.k.x// is a sheaf placed in degree zero whose support is zero
dimensional. Then ˆK restricts to a k-linear exact functor

ˆK WQCoh.X/! QCoh.Y /:

https://stacks.math.columbia.edu/tag/06NH
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Proof. The projection map prX WX � Y ! X is flat. Let pWU ! X be an étale cover of
X with U a finite type k-scheme. For any u 2 U.k/ we have the following commutative
diagram where the squares are cartesian

u � Y U � Y X � Y Y:

u U X

q

iu�id

r

prU

p�id prY

prX

iu p

It suffices to prove that .p � id/�K is flat over U and is concentrated in a single fixed
degree. Since U is a scheme, [4, Lemma 4.1]2 (see also [12, Lemma 3.31]) implies that
it suffices to prove ..p � id/�K/ju�Y is concentrated in a single degree. This is what we
will show now. We have the following series of equations��
p � id/�K

�ˇ̌
u�Y

D pr0Y �
��
.p � id/�K

�
ju�Y

�
use the isomorphism prY ı r D pr0Y Wu � Y ! Y

D prY �.r�r
�K/ r D .p � id/ ı .iu � id/; and pr0Y D prY ı r

D prY �
�
K ˝ r�.Ou�Y /

�
since K is perfect, the projection formula holds
for the map r

D prY �
�
K ˝ r�q

�k.u/
�

use that q�k.u/ D Ou�Y

D prY �
�
K ˝ pr�X .p ı iu/�k.u/

�
use flat base change in the relevant diagram

D ˆK
�
.p ı iu/�k.u/

�
use definition of Fourier–Mukai transforms:

Therefore, our hypothesis implies that ..p� id/�K/ju�Y is concentrated in a single degree.
If U were a connected scheme, we would be done. Otherwise let U D U0 tU1 be disjoint
union of two nonempty open and closed subschemes. We know that ..p � id/�K/jUi is
concentrated in a single degree say ni . Let x 2 X.k/ be such that there exists u0 2 U0.k/
and u1 2 U1.k/ which maps to x. Such a point exists since X is connected. Thus we get
the equality n0 D n1. This finishes proof of assertion (1).

Now we prove the second assertion. From part (1) we get that K is flat over X . Thus
for any F 2 QCoh.X/,

pr�XF ˝K 2 QCoh.X � Y /:

LetZ
iZ
,�! X � Y denote the schematic support ofK, then .p � id/�1.Z/ is the schematic

support of .p � id/�.K/ since p is étale. Suppose we know that .p � id/�1.Z/ is quasi-
finite over Y , then prY ı iZ DW a W Z ! Y is a quasi-finite map. (The fibers of the map

2We remark that Calabrese states this lemma with the hypothesis that the restriction ofK to the fiber of
prU over all points (and not just closed points) ofU is concentrated in a single degree, but the proof uses the
hypothesis for only closed points. Note that the assumption that K has bounded cohomology is satisfied,
since K is perfect and X is proper and hence can be covered by finitely many smooth affine schemes.
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a D prY ı iZ are discrete since fibers of .p � id/�1.Z/ ! Y is discrete and .p � id/
is an open map.) Since K is supported on Z, hence pr�XF ˝ K is supported on Z as
well. Let G 2 QCoh.Z/ be such that pr�XF ˝K D iZ�G. Thus we get ˆK.F / D a�G.
Since aWZ ! Y is quasi-finite and proper, higher derived functors Ria� � 0 vanish (see
[23, Tag 0A4T]). Now, we may use [23, Tag 0FZH] or rather a more general version from
[21, Proposition A.4] to conclude. All that remains to show is that .p � id/�1.Z/! Y is
a quasi-finite map.

Let us denote .p � id/�1.Z/ by Z0. Let qW V ! Y be an étale cover of Y with V a
finite type k-scheme and pWU ! X as before. Define Z00 as the pullback of Z0 along
q � idU . We have the following diagram in which squares are cartesian.

Z00 U � V V

Z0 U � Y Y

s

q

Since quasi-finite maps satisfy faithfully flat descent, it is enough to show that sWZ00 !
V is quasi-finite. Let .u; v/; .u1; v/ 2 Z00.k/. Since the schematic support of K is Z
and .u; v/; .u1; v/ 2 Z00.k/ it is an easy check that ˆK.k.p.u/// and ˆK.k.p.u1///
are two sheaves supported on a zero-dimensional set containing q.v/. Also, ˆK is an
equivalence of categories, henceˆK.k.p.u/// andˆK.k.p.u1/// satisfy the assumptions
of Lemma 3.3. ThusˆK.k.u//ŠˆK.k.u1//Š k.q.v//. SinceˆK is assumed to be fully
faithful, we get that k.p.u// Š k.p.u1//. Since p is étale and of finite type, its fibers are
discrete finite sets. Hence the subset ¹u1 2 U.k/ j .u1; v/ 2Z00.k/º � p�1.v/ is a discrete
finite set. This implies that the map Z00 ! V is quasi-finite. This finishes the proof of
assertion (2).

Theorem 3.5. Let X and Y be smooth proper connected algebraic spaces over an alge-
braically closed field k of characteristic p > 0. LetˆWDqcoh.X/!Dqcoh.Y / be a Fourier–
Mukai equivalence which satisfies

ˆ ı FX� Š FY � ıˆ:

Then there exists an isomorphism f WX
�
�! Y , a line bundle L on Y and an integer n such

that
ˆ ' f� ı .�˝ L/Œn�:

Proof. Observe that ˆ induces an equivalence among the full subcategory of compact
objects since ˆ is an equivalence. Since both X and Y are algebraic spaces and hence
concentrated [10, Theorem C], that is the category of perfect complexes coincides with
the full subcategory of compact objects in D.X/. By [2, Theorem 1.2 (2)]3 we get that

3As noted in [11, §Perfect stacks (i), p. 2321] quasi-compact separated algebraic spaces are perfect
stacks.

https://stacks.math.columbia.edu/tag/0A4T
https://stacks.math.columbia.edu/tag/0FZH
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the Fourier–Mukai kernel inducing ˆ is a perfect complex. Now by hypothesis, for any
x 2 X.k/,

FX�ˆ
�
k.x/

�
Š ˆ

�
FX�k.x/

�
Š ˆ

�
k.x/

�
:

By Lemma 3.2, the support of ˆ.k.x// is a zero-dimensional. Since ˆ is fully faithful,
Lemma 3.3 implies that ˆ.k.x// must be isomorphic to k.y/Œm� for some y 2 Y.k/ and
an integer m. Proposition 3.4 implies that ˆŒ�m� restricts to a k-linear exact fully faith-
ful functor QCoh.X/! QCoh.Y /. Arguing similarly with ˆ�1Œm� we get that ˆŒ�m�
induces a k-linear equivalence QCoh.X/! QCoh.Y / of abelian categories. Finally, an
application of [5, Theorems 2.10 and 4.5] finishes the proof.

4. Proof of Theorem 1.3
In this section, we will complete the proof of Theorem 1.3. The proof proceeds in a manner
analogous to that of Theorem 1.2 with appropriate adjustments at a few places to account
for the fact that twisted sheaves are objects on a gerbe on the algebraic space. This extra
subtlety requires some care at a certain stages of the proof which we explain below.

We recall the setup. X and Y are quasi-compact quasi-separated algebraic spaces over
an algebraically closed field k of characteristic p > 0, X˛ (respectively Yˇ ) denote the
gerbes associated to ˛ 2 Br.X/ (respectively ˇ 2 Br.Y /). We assume that n˛ D nˇ D 0
for an integer n that is coprime to p. Let r > 0 be an integer such that pr � 1mod.n/.
Symbols for stacks and sheaves on stacks are written in cursive letter while the algebraic
spaces and sheaves on algebraic spaces are written in usual font.

Definition 4.1. For an ˛-twisted sheaf F 2Coh.X;˛/, the support of F is defined to be the
Zariski closed subspace jp˛j.Supp.F//� jX j, where p˛WX˛! X is the gerbe associated
to ˛ 2 Br.X/. Define Supph.F/, the cohomological support of F 2 Dbcoh.X; ˛/ to be the
finite union of Zariski closed subspaces

Supph.F/ WD
[
i

p˛
�

Supp
�
H i .F/

��
:

Lemma 4.2. Let X be of finite type over k and ˛ be as before. Suppose .FX�/rF Š F for
some r such that pr˛ D ˛ in the Brauer group. Then Supph.F/ is zero-dimensional.

Proof. Since FX� is an exact functor (FX is finite, see for instance [13, Proposition 3.9]),
it suffices to prove the lemma for F 2 Coh.X; ˛/. The equality .FX�/rF Š F from the
hypothesis implies the equality .FX�/rF˝ E_˛ Š F˝ E_˛ . Here E˛ is the sheaf introduced
in (2.2). Using projection formula, the above is equivalent to .FX�/r .F ˝ .F �X /

rE_˛ / Š

F ˝ E_˛ . It can be checked, for instance using the description of twisted sheaves in terms
of 2-cocyles on algebraic space X that F �XE˛ D Ep˛ , hence .F �X /

rE˛ Š Epr˛ Š E˛ . Thus
we get the equality .FX�/r .F ˝ E_˛ / Š F ˝ E_˛ . Recall from Section 2.2 that F ˝ E_˛ is
now p�˛G for a quasi-coherent OX -sheaf G. Applying Lemma 3.2 to G implies that the
support of G is zero dimensional. We may write

Supp.F/ D Supp.F˝ E_˛ / D Supp.p�˛G/ D jpj
�1
˛

�
Supp.G/

�
:
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The first equality follows since E_˛ is a locally free sheaf of finite rank and the last equality
follows from the definition of support and the fact that p˛ is a faithfully flat map. Hence,
jpj˛.Supp.F// is zero dimensional. Note that jp˛j is a homeomorphism by [23, Tag 06R9]
and hence Supp.F/ is zero dimensional as well. The proof is complete.

In this paragraph, we review the definition of twisted skyscraper sheaves. Recall that
p˛WX˛!X denotes the gerbe associated to ˛2Br.X/. It is also clear from [23, Tag 06QD]
that p˛ is a coarse moduli space map. Since X˛ has finite inertia stack, the coarse moduli
space map p˛ is a universal homeomorphism. Let x 2 jX˛j be the canonical lift of a point
x 2 X.k/. Then the morphism x ! X˛ admits the following factorization

x ! BGx
�x
,�! X˛;

where Gx D AutX˛ .x/. Since ˛ 2 H2ét.X;�n/ by assumption, the group Gx is isomorphic
to�nŠZ=nZ. The latter isomorphism holds since .n;p/D 1 and kD Nk. Define k.x;˛/2
Coh.BGx ; ��x˛/ to be the unique simple coherent sheaf. Since �x is a closed immersion,
�x�.k.x;˛// is again a coherent sheaf and is an ˛-twisted sheaf by construction. We denote
it by k.x; ˛/. Next, we need the lemma characterizing twisted skyscraper sheaves.

Lemma 4.3. Let X be smooth and proper over k and ˛ 2 Br.X/. Let F 2 Dbcoh.X; ˛/ be
such that

(1) Supph.F/ is zero-dimensional.

(2) HomDqcoh.X;˛/.F;FŒi �/ D 0 for i < 0.

(3) HomDqcoh.X;˛/.F;F/ D k.

Then F Š k.x; ˛/Œm� for some x 2 X.k/ and an integer m.

Proof. Arguing as in [12, Lemma 4.5] we get that F D GŒm� for an integer m and G 2

Coh.X; ˛/ supported on a singleton x 2 X˛.k/. Define I WD ker.OX˛ ! End.G//, then
we know that OX˛=I is a coherent sheaf supported at one point x 2 X˛.k/. Let

p
I be

radical ideal, then OX˛=
p
I is a reduced closed substack Z � X˛ . Now, [23, Tag 0H25]

implies that Z � BGx is a closed substack. Hence Z D BGx . Since X is assumed to be
smooth and proper, so is X˛ . Hence X˛ is a Noetherian algebraic stack. So there existsN0
a non-negative integer such that

p
I
N0
6� I and

p
I
N0C1

� I. Then we have the following
series of maps

G � G=
p
I � k.x; ˛/ ,!

p
I
N0

G ,! G:

The composite map is nonzero, so it must be an isomorphism due to hypothesis 3. Hence
all the surjective maps and injective maps must be isomorphisms. This completes the
proof.

To any object K 2 Dqcoh.X �k Y; ˛
�1 � ˇ/, we may associate the following functor

ˆK WDqcoh.X; ˛/! Dqcoh.Y; ˇ/I F 7! prY �.K ˝ pr�XF /: (4.1)

The above functor is called the twisted Fourier–Mukai transform with kernelK. Note that
Dqcoh.X � Y;˛

�1 � ˇ/ is a full subcategory of D.X˛ � Yˇ / and thus the objectK defines

https://stacks.math.columbia.edu/tag/06R9
https://stacks.math.columbia.edu/tag/06QD
https://stacks.math.columbia.edu/tag/0H25
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a functor
ˆK WDqcoh.X˛/! Dqcoh.Yˇ /:

It follows from Lemma 2.1 that ˆK.k.x; ˛0// D 0 for all ˛0 ¤ ˛. This fact will be used
when adapting the proof of Proposition 3.4 to prove the following

Proposition 4.4. Let X and Y be smooth proper connected algebraic spaces over k, ˛ 2
Br.X/ and ˇ 2 Br.Y /, andK 2 Dperf.X � Y; ˛

�1 � ˇ/. Assume that ˆK WDqcoh.X; ˛/!

Dqcoh.Y; ˇ/ is an equivalence of categories.

(1) Assume thatˆK.k.x;˛// is concentrated in a single degree for all x 2X.k/. Then
K is a (possibly shifted) quasi-coherent sheaf on X˛ � Yˇ which is flat over X˛ .

(2) Furthermore, if ˆK.k.x; ˛// is a sheaf concentrated in degree zero whose coho-
mological support is zero dimensional, then ˆK restricts to a k-linear exact func-
tor ˆK WQCoh.X; ˛/! QCoh.Y; ˇ/.

Proof. The projection map prX˛ WX˛ � Yˇ ! X˛ is flat. Let pWU ! X˛ be an étale cover
of X˛ withU a finite type k-scheme. For any u2U.k/we have the following commutative
diagram where the squares are cartesian

u � Yˇ U � Yˇ X˛ � Yˇ Yˇ :

u U X˛

q

iu�id

r

prU

p�id prYˇ

prX˛

iu p

It suffices to prove that .p � id/�K is flat overU . SinceU is a scheme, by [4, Lemma 4.1]4

(see also [12, Lemma 3.31]) it suffices to prove that ..p � id/�K/ju�Yˇ is concentrated in
a single degree. This is what we will show now. We have the following series of equations�
.p � id/�K

�ˇ̌
u�Yˇ

D prYˇ�r�
��
.p � id/�K

�ˇ̌
u�Yˇ

�
use the isomorphism prYˇ ı r Wu � Yˇ ! Yˇ

D prYˇ�.r�r
�K/ r D .p � id/ ı .iu � id/

D prYˇ�
�
K ˝ r�.Ou�Yˇ /

�
since K is perfect, the projection formula holds

for the map r

D prYˇ�
�
K ˝ r�q

�k.u/
�

use that q�k.u/ D Ou�Yˇ

D prYˇ�
�
K ˝ pr�X˛ .p ı iu/�k.u/

�
use flat base change in the relevant diagram

D ˆK
�
.p ı iu/�k.u/

�
use definition of Fourier–Mukai transforms:

4We remark that Calabrese states the Lemma where the hypothesis is imposed for all points, but for
the proof the hypothesis is required for closed points only.
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The map p ı iuWSpec.k/! X˛ factors as

Spec.k/! BGu
�x
,�! X˛:

Computing the pushforward we see that .p ı iu/�k.u/ D ˚niD0k.u; i˛/. Recall from the
discussion above, ˆK.k.x; �// either vanishes or is concentrated in a single degree from
our hypothesis. Therefore ..p � id/�K/ju�Yˇ is concentrated in a single degree. The argu-
ment in the proof of Proposition 3.4 (1) needed to deal with the case of a disconnected U
works verbatim in this case. This finishes proof of assertion (1).

Now we prove the second assertion. From part (1) we get that K is flat over X˛ and is
a sheaf placed in degree zero. Thus for any F 2 Coh.X˛/

pr�X˛F˝K 2 Coh.X˛ � Yˇ /:

Let Z
iZ
,�! X˛ � Yˇ denote the schematic support of K (see [8, Lemma 2.6]), then

.p � id/�1.Z/ is the schematic support of .p � id/�.K/ since p is étale. Suppose we know
that .p � id/�1.Z/ is quasi-finite over Yˇ , then prYˇ ı iZ DW aWZ! Yˇ is quasi-finite5

over Yˇ . SinceK is supported on Z, pr�X˛F˝K is supported on Z as well. Let G2Coh.Z/
be such that pr�X˛F˝K D iZ�G. Thus we get ˆK.F/ D a�G. Since aWZ! Yˇ is quasi-
finite and proper, higher derived functors Ria� � 0 vanish (see Proposition B.1). Now, we
may use [23, Tag 0FZH] or rather its generalization [21, Proposition A.4] to conclude. All
that remains to show is that .p � id/�1.Z/! Yˇ is a quasi-finite map.

Let us denote .p � id/�1.Z/ by Z0. Let qW V ! Yˇ be an étale cover of Y with V a
finite type k-scheme. Define Z00 as the pullback of Z0 along q � idU . We have the following
cartesian diagram.

Z00 U � V V

Z0 U � Yˇ Yˇ

idU�q q

Since quasi-finite maps satisfy faithfully flat descent, it is enough to show Z00!V is quasi-
finite. Let .u; v/; .u1; v/ 2 Z00.k/. By hypothesis, ˆK.k.p.u/; ˛// and ˆK.k.p.u1/; ˛//
are two coherent sheaves supported on a zero-dimensional set containing q.v/. Also, ˆK
is an equivalence of categories and hence ˆK.k.p.u/; ˛// and ˆK.k.p.u1/; ˛// satisfy
the hypothesis of Lemma 4.3. Thus ˆK.k.p.u/; ˛// Š ˆK.k.p.u1/; ˛// Š k.q.v/; ˇ/.
Since ˆK is assumed to be fully faithful, we get that k.p.u/; ˛/ Š k.p.u1/; ˛/. Since
p is étale and of finite type, its fibers are discrete finite sets. This shows that the set
¹u1 2 U.k/ j .u1; v/ 2 Z00.k/º is a finite discrete set. Hence the map Z00 ! V is quasi-
finite. This finishes the proof of assertion (2).

5The fibers of the map a are discrete since fibers of .p � id/�1.Z/! Y is discrete and .p � id/ is
an open map. The map a is locally of finite type and quasi-compact since Z and Yˇ are locally of finite
presentation, quasi-compact and quasi-separated algebraic stacks. The map a is quasi-DM follows from
[23, Tag 050M] and the fact that Z! Spec.k/ is quasi-DM. The latter fact follows since [23, Tag 06R5]
shows that IZ ! Z is finite, and hence Z! Spec.k/ is quasi-DM [23, Tag 0CL0].

https://stacks.math.columbia.edu/tag/0FZH
https://stacks.math.columbia.edu/tag/050M
https://stacks.math.columbia.edu/tag/06R5
https://stacks.math.columbia.edu/tag/0CL0
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Theorem 4.5. Let X and Y be smooth proper algebraic space over an algebraically
closed field of characteristic p > 0. Let ˛ 2 Br.X/ and ˇ 2 Br.Y / such that n˛ D 0D nˇ
for a positive integer n coprime to p. Let r be a natural number such that pr � 1mod.n/.
Let ˆ be a Fourier–Mukai equivalence which satisfies

ˆ ı .FX�/
r
D .FY �/

r
ıˆ:

Then up to a shift and twists by a line bundle, ˆ is given by pullback via a morphism
f WY ! X such that f �˛ D ˇ.

Proof. The proof of the theorem is verbatim except we substitute the use of Lemma 3.2,
Lemma 3.3, Proposition 3.4 and [5, Theorems 2.1 and 4.5] with the use of Lemma 4.2,
Lemma 4.3, Proposition 4.4 and [5, Theorem 4.3].

A. Frobenius morphism for stacks

Recall that for a scheme S over a field of characteristic p > 0, we have the absolute Frobe-
nius morphism FS WS ! S which is defined to be identity on the underlying topological
space of S , and is defined to be the p-power map s! sp on the structure sheaf OS . For an
algebraic stack X over a field Spec.k/ of characteristic p > 0, define the absolute Frobe-
nius morphism FX W X! X as follows : Let S be a scheme over k, and let � 2 X.S/.
Since X is a fibered category over Sch=k, we have the pullback F �S � which is unique up
to unique isomorphism. We define FX.�/ WD F

�
S �. For a morphism Qf W � ! � 2 X lying

over f W T ! S 2 Sch=k, we have the following commutative diagram

F �T � F �S �

� �

T S

T S

Qf

FT

f

FS

f

It follows that there exists a unique map F �T � ! F �T � which makes the above diagram
commute. We define F �T Qf to be this unique map.

B. Vanishing of certain higher derived functors

Proposition B.1. Let f WX! Y be a quasi-finite morphism among proper tame Noethe-
rian stacks. Then f� is exact.
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Proof. The map f induces a morphism among associated coarse moduli spaces f WX!Y .
By standard arguments, the map f WX ! Y is proper and quasi-finite. Since X and Y

are tame stacks, the coarse moduli space map is exact [1]. Now, we are done by [23,
Tag 0A4T].

More generally, we have the following.

Proposition B.2. Let f WX! Y be a proper morphism among quasi-compact separated
Noetherian algebraic stacks such that the cohomological dimension of the fibers for any
p 2 jYj is bounded above by n. Then Rif� � 0 for any i > n.

Proof. It suffices to prove the theorem for Y D Spec.A/, where A is a Noetherian ring.
Since f is a proper morphism, Rif�F is a finite A-module for any F 2 Coh.X/ [7].
To prove .Rif�F/ D 0 it suffices to prove that .Rif�F/m D 0 for all maximal ideals
m�A. Since completionAm! yAm is faithfully flat, it suffices to prove that .Rif�F/ymD
.Rif�F/˝ yAm D 0. Let Xn D X�Spec.A/ Spec.A=mn/, Fn D FjXn , and fn D f �Spec.A/

A=mnWXn ! Spec.A=mn/. Consider the pro-system ¹ker.'n/ºn, where 'n is the map

'nW
Rif�F

mnRif�F
! Rifn�Fn

induced by the map F! Fn. Note that the proof of [23, Tag 08AY (i)] holds since derived
pushforward along proper morphisms of Noetherian stacks preserves the subcategory of
coherent sheaves [7]. The aforementioned lemma implies that the pro-system ¹ker.'n/ºn
is null. Thus we get an injective map on taking the limit

.Rif�F/ym ,! lim
 �
n

Rifn�Fn:

Thus it suffices to show that Rifn�Fn D 0 for all i > n. We have the following sequence
of A=mn-modules

0! mn�1=mn
! A=mn

! A=mn�1
! 0:

Tensoring with OX, we get the following exact sequence of coherent OXn -modules

G! Fn ! Fn�1 ! 0:

Note that G is supported on Xn�1. With G0 D im.G! Fn/, we get a short exact sequence
in which the extreme terms are supported on Xn�1

0! G0 ! Fn ! Fn�1 ! 0:

Thus we get a long exact sequence

� � � ! Rifn�1�G0 ! Rifn�Fn ! Rifn�1�Fn�1 ! RiC1fn�1�G0 ! � � � :

Now we can complete the proof by induction on n.

https://stacks.math.columbia.edu/tag/0A4T
https://stacks.math.columbia.edu/tag/08AY
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