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Local perturbations of potential well arrays

Pavel Exner and David Spitzkopf

Abstract. We consider an equidistant array of disjoint potential wells in R� , � � 2, built over a
straight line, and show that, under a restriction on the potential support aspect ratio, a perturba-
tion consisting of longitudinal shifts of a finite number of them preserving the disjointness gives
rise to a non-empty discrete spectrum below the threshold of the lowest spectral band.

1. Introduction

At a time, the existence and properties of the discrete spectrum coming from local
perturbations of a periodic Schrödinger operator was a topic of intense interest. The
one-dimensional situation was discussed, for instance, in [12, 22], or [14] where one
can find references to an earlier work by Firsova and Rofe-Beketov. Its higher-dimen-
sional counterparts with unperturbed potential being ‘fully periodic’, i.e., having a
bounded elementary cell, were analyzed in [9, 13]. A more general setting appeared
in [4], where the unperturbed potential even need not be periodic and the perturbation
was supposed to be sign-definite.

Recently, a similar problem appeared again in connection with the investigation
of geometric perturbations of soft waveguides, cf. [11] and reference therein. In [10]
an infinite array of disjoint and rotationally symmetric potential wells in dimensions
� D 2; 3 was considered, the centers of which lay on a curve at equal arcwise dis-
tances; it was shown that if the curve is not straight but it is straight outside a compact,
the corresponding Schrödinger operator has a non-empty discrete spectrum. Here we
consider such an array, in any dimension � � 2 and without any symmetry, which
remains straight and is subject to a local perturbation consisting of shifting a finite
number of the wells preserving their disjoint character. This perturbation is much
weaker than the one considered [10]; we are going to show that it can nevertheless
produce eigenvalues at the bottom of the spectrum. Rather than an additive perturba-
tion in the spirit of the older papers mentioned above, the effect may be regarded as a
sort of substantially refined version of the potential well conspiracy [16].
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Figure 1. The potential array support with the indicated size restrictions of individual wells.

Last not least, let us express our gratitude to the anonymous referee for careful
reading of the manuscript, pointing out various minor inconsistencies, and suggesting
an alternative way to prove Proposition 3.1.

2. Problem setting

The potential wells in R� , � � 2, we are going to consider refer to a real-valued and
non-negative function V 2 Lp.†�;R.0//, where p D 2 for � D 2; 3 and p > 1

2
� for

� � 4, and †�;R.0/ D .��; �/ � BR.0/ with �; R > 0, BR.0/ � R��1 being a ball
centered at the origin. They will be obtained by shifts: given an infinite discrete set
Y D ¹yiº � R � R��1, we denote by Vj W x 7! V.x � yj / the potential supported in
the set †�;R.yi /, where †�;R.yi /´ †�;R.0/C yi . We do not require any particular
symmetry of the ‘individual’ potential, however, we always assume that the supports
do not overlap; in the case we are most interested in, when the points of Y are on a
line identified with the first axis, it means that dist.yi ; yj / > 2� if i ¤ j . Excluding,
of course, the trivial case V D 0, our goal in this paper is to discuss Schrödinger
operators

HV;Y D �� �
X
j

Vj .x/; D.HV;Y / D H
2.R�/; (2.1)

for a particular family of the sets Y ; we will use the shorthand �VY for the potential
term on the right-hand side of (2.1), cf. Figure 1. It is not difficult to check that HV;Y
is self-adjoint and bounded from below, cf. Proposition 3.1.

As in [10], the ‘unperturbed’ system refers to the situation when the well centers
form a straight equidistant array, Y0 D ¹.ja; 0/ 2 R � R��1 W j 2 Zº of a spacing
a > 2�. In the mentioned paper, however, we considered � D 2; 3, and what is more
important, the potentials were supposed to be spherically symmetric and the points
of Y to lie on a non-straight but asymptotically straight curve with a fixed arcwise
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distance; here our primary focus is on arrays of points at the same line as Y0 differing
from the latter by changing positions of a finite number of them.

Recall that the spectrum of a single-well operator, which we denote as HV ,
depends on the dimension. We have always �ess.HV / D Œ0;1/, however, while the
discrete spectrum is always non-empty if � D 2 [20], it is well known that in the
higher-dimensional situation the existence of eigenvalues requires a critical strength,
e.g.,

R �
0
V.r/rdr > 1 for � D 3 [5, 15].

As we have said, the departing point of our discussion is the straight and equidis-
tant array, Y D Y0. In this case, the spectrum of operator is purely essential; its
properties are collected in the following proposition.

Proposition 2.1. The operator HV;Y0 is self-adjoint and bounded from below. We
have �.HV;Y0/ D �ess.HV;Y0/, where the spectrum contains the interval Œ0;1/ and
inf �.HV;Y0/ < 0. In the negative part, the spectrum may or may not have gaps;
their number is finite and does not exceed #�disc.HV /. This bound is saturated for the
spacing a large enough if � D 2, in the case � � 3 there may be one gap less which
happens if the potential is weak, i.e., for H�V;Y0 with � > 0 sufficiently small.

Proof. By assumption, the function V belongs to Lp.†�;R.0// for any p > 1
2
� and

� � 2, which means that the potential VY0 satisfies

sup
x2R�

Z
B1.x/

VY0.x
0/p dx0 <1

and by [3, Proposition 4.3] it belongs to Kato class K� , then the operator (2.1) is
self-adjoint and bounded from below by [21, Theorem A.2.7]. An alternative, more
explicit way to check the self-adjointness is to employ [17, Theorem X.63] approx-
imating HV;Y0 by the sequence of cut-off operators

H
.n/
V;Y0
D �� �

X
jj j�n

Vj .x/;

each of which is self-adjoint by virtue of a simple Kato–Rellich-type argument.
Instead of points ˙i of the resolvent set in the said theorem, we can use ��2 with
� large enough because the sequence is non-increasing and HV;Y0 is semibounded as
we shall see a little below. By the resolvent identity, we get for such a �

.HV;Y0 C �
2/�1 � .H

.n/
V;Y0
C �2/�1 D .H

.n/
V;Y0
C �2/�1

X
jj j>n

Vj .HV;Y0 C �
2/�1

which is an operator with the norm not exceeding 2.�2C inf�.HV;Y0//
�1; we denote

it Dn. The resolvent kernels involved are positive, so that applying it to an arbitrary
� 2 L2.R�/, we get the sequence of functions Dn�, non-increasing and converging
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pointwise to zero, hence H .n/
V;Y0
! HV;Y0 in the strong resolvent sense as n!1. It

remains to check that the sequence of

An´ H
.n/
V;Y0
�HV;Y0 D

X
jj j>n

Vj

has a densely defined weak graph limit, which is the case because for any  2
C10 .R

�/ the sequence ¹An º converges weakly to zero.
A detailed proof of the essential spectrum claim was given in [10] for � D 2; 3; it

carries over to higher �; here we sketch it only briefly to recall some notions we will
need in the following. The inclusion �.HV;Y0/� Œ0;1/ is easy to check using a Weyl
sequence of functions the supports of which are compact and disjoint moving away
from the array axis; the negative spectrum is dealt with using Floquet decomposition,
HV;Y0 D

R ˚
B
HV .�/d� , with B D

�
�
�
a
; �
a

�
and the fiber HV .�/ in L2.Sa/, where

Sa´ Ja �R��1 with Ja´
�
�
a
2
; a
2

�
is the periodicity cell, acting asHV D��� V

on the domain

D.HV .�// D
°
 2 H 2.Sa/ W  

�a
2
; x?

�
D ei� 

�
�
a

2
; x?

�
and

@x1 
�a
2
; x?

�
D ei�@x1 

�
�
a

2
; x?

�
for all x? 2 R��1

±
I

it is associated with the quadratic form

QV;� Œ �´

Z
Sa

�ˇ̌̌�
�i@x1 �

�

a

�
 .x/

ˇ̌̌2
C jrx? .x/j

2
� V.x/j .x/j2

�
dx (2.2)

with the domain consisting ofH 1.Sa/ functions satisfying the periodic boundary con-
ditions,  

�
a
2
; x?

�
D  

�
�
a
2
; x?

�
. In view of the compact support of V , the negative

spectrum of HV .�/ consists of at most finite number of eigenvalues which are con-
tinuous functions of � and their ranges constitute the spectral bands; this implies, in
particular, thatHV;Y0 is bounded from below. The spectral threshold ofHV;Y0 corres-
ponds to min�2B inf �.HV .�//; the corresponding eigenvalue is associated with the
eigenfunction 0 chosen to be real-valued and positive; its periodic extension denoted
by the same symbol is the corresponding generalized eigenfunction of HV;Y0 refer-
ring to the threshold. Finally, to show that inf�.HV;Y0/ < 0 holds always, one can use
 0 with suitable mollifiers to construct explicit trial functions making the value of the
quadratic form (2.2) negative.

In the particular case of the mirror-symmetric potential, V.x1; x?/D V.�x1; x?/,
the lower and upper band edges correspond respectively to the center and the endpoint
of B, or equivalently, to operators H #

V , # D N;D, with Neumann and Dirichlet con-
ditions; the eigenfunction  0 then corresponds to the lowest eigenvalue of HN

V .
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Remark 2.2. If the potential is not sign-definite, the claim remains true except that
inf �.HV;Y0/ < 0 requires additionally

R
†�;R.0/

V.x/ dx > 0. The existence of the
negative spectrum for weak potentials in the dimensions � � 3 does not contradict the
need of a critical strength to achieve inf �.HV / < 0; note that the spectral threshold
converges in its absence to zero as a ! 1. One naturally expects the spectrum of
HV;Y0 to be absolutely continuous. The question about conditions under which this
happens in the present case where the elementary cell, the slab Sa, is unbounded, is of
independent interest, however, we will not pursue it here because it has no importance
for the effect we are investigating.

3. Preliminaries

As indicated, the subject of our interests are perturbations ofHV;Y0 which are local in
the sense that there is bounded setP such that the symmetric difference†.VY ;VY0/´
suppVY�suppVY0 � P . To begin with, we have to check that the self-adjointness is
preserved and so is the essential spectrum of the operator; note that for the purpose of
this paper, we just need that the essential spectrum threshold remains the same.

Proposition 3.1. The operatorHV;Y is self-adjoint onH 2.R�/ for any local perturb-
ation and �ess.HV;Y / D �ess.HV;Y0/.

Proof. Concerning the self-adjointness and semiboundedness, the Kato class argu-
ment from the proof of Proposition 2.1 applies to local perturbations VY of VY0
as well. To prove the spectral stability, we employ Weyl’s criterion. To prove the
inclusion �ess.HV;Y / � �ess.HV;Y0/ one can proceed as in [10] and construct to any
� 2 �ess.HV;Y0/ a sequence ¹ nº � H 2.R�/ which converges weakly to zero and
k.HV;Y � �/ nk ! 0 as n! 1. By assumption, such sequences exist for HV;Y0
and one can construct their elements explicitly as products of the generalized eigen-
function of HV;Y0 corresponding to � (given by the direct integral decomposition
mentioned in the proof of Proposition 2.1) and suitable mollifiers in the x1 variable;
since the perturbation is local, in contrast to [10] we do not need the transverse parts
of the mollifiers. Without loss of generality, we may suppose that the functions  n
have compact and pairwise disjoint supports; then we can use them to construct a
Weyl sequence supported in a halfspace where VY and VY0 coincide.

The opposite inclusion follows again from Weyl’s criterion, by which to any num-
ber � 2 �ess.HV;Y / there is a sequence ¹ nº � H 2.R�/, weakly convergent to zero,
for which k.HV;Y � �/ nk ! 0 as n!1. Now, we do not know its explicit form,
but we can check that ¹ nº is a Weyl sequence for HV;Y0 as well. Indeed, we have

k.HV;Y0 � �/ nk � k.HV;Y � �/ nk C k.VY0 � VY / nk:
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The first term on the right-hand side tends to zero as n ! 1 by assumption; for
the second one, we use the fact that the functions  n are continuous, then  n

w
! 0

implies that on any compact n converges to zero pointwise being uniformly bounded
[19, Proposition 19.3.1]. It follows that

k.VY0 � VY / nk D

Z
†.VY ;VY0 /

jVY .x/ � VY0.x/j
2
j n.x/j

2 dx ! 0

as n!1 holds by dominated convergence theorem, taking into account the fact that
VY � VY0 2 L

2 on †.VY ; VY0/; this concludes the proof.

Second proof. There is alternative way to prove the claim1 based on the following
result. Let H0 be self-adjoint and W be H0-bounded with the bound less than one
so that H D H0 �W is also self-adjoint. Let further ¹Pnº be a family of projections
such that kWP?n k ! 0 as n!1. If Pn.H0 C i/�1 is compact for all n � 1, then
.H C i/�1 � .H0 C i/

�1 is compact. Indeed, we have

.H C i/�1 � .H0 C i/
�1

D .H C i/�1WP?n .H0 C i/
�1
C .H C i/�1WPn.H0 C i/

�1:

The operator .H C i/�1W is bounded because its adjoint is bounded, and consequent-
ly, the second term on the right-hand side is compact for all n. The first one converges
to zero in the norm, so the norm limit of the whole expression is that of the second
term which is naturally compact. In our case,H0 DHV;Y0 andW D VY0 � VY which
is compactly supported. Choosing, for instance, RanPn D L2.Bn.0//, we have
WP?n D 0 for all n large enough. At the same time, we know that D.HV;Y0/ D
H 2.R�/, hence the compactness of Pn.HV;Y0 C i/

�1 follows from the Rellich–
Kondrashov theorem [2, Theorem 6.3].

The second preliminary item concerns the method to be used, based on the
Birman–Schwinger principle; for a rich bibliography concerning this remarkable tool,
we refer to [6]. The main object is the family of operators

KV;Y .z/´ V
1=2
Y .�� � z/�1V

1=2
Y (3.1)

in L2.R�/ parametrized by z 2 C nRC; for our purpose, z D ��2 with � > 0 will be
important. By assumption about the potential, the operatorKV;Y .��2/ is positive and
mapsL2.suppVY /!L2.suppVY /. SinceL2.suppVY /D

P˚
j L

2.†�;R.yj //, one can
regard Birman–Schwinger operator (3.1) as matrix integral operator with the entries

K
.i;j /
V;Y .��

2/´ V
1=2
i .��C �2/�1V

1=2
j (3.2)

1We thank the referee for suggesting the idea.
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mappingL2.†�;R.yj // toL2.†�;R.yi //. The Birman–Schwinger principle allows us
to determine eigenvalues of HV;Y by inspection of those of KV;Y .��2/:

Proposition 3.2. z 2 �disc.HV;Y / holds if and only if 1 2 �disc.KV;Y .z// and the
dimensions of the corresponding eigenspaces coincide. The operator KV;Y .��2/ is
bounded for any � > 0 and the function � 7! KV;Y .��

2/ is continuously decreasing
in .0;1/ with lim�!1 kKV;Y .��

2/k D 0.

Proof. The first claim is a particular case of a more general and commonly known
result, see, e.g., [7]. Using the explicit form of .�� � z/�1 kernel mentioned above,
one can check that each of the operators (3.2) is Hilbert–Schmidt. This is obvious for
i ¤ j because the kernel is bounded for jx1 � x01j � a� 2� and in view of the compact
potential supports, we have Vj 2 L2.†�;R.yj // even for � > 3. As for the diagonal
entries, in low dimensions one can employ Sobolev inequality [17, Section IX.4]. For
� D 3, it applies directly. For � D 2, we use the fact that K0.�jxj/ � c

�jxj
holds for

some c > 0 on the potential support. For � > 3, this argument no longer works, but we
can get an even stronger result in a different way. It is enough to note thatK.j;j /V;Y .��

2/

is nothing but the Birman–Schwinger operator of single-well Schrödinger operator
HVj , unitarily equivalent to HV . In view of the compact support, the operator H�Vj
has for any � > 0 a finite number of negative eigenvalues depending monotonously
on �, hence K.j;j /V;Y .��

2/ has a finite rank not exceeding #�disc.HV /.

The full operator KV;Y .��2/ D
P
i;j2Z K

.i;j /
V;Y .��

2/ is no longer compact, of
course, but it remains to be bounded as a consequence of the decay of the resolvent
kernel. Since both VY and the resolvent kernel are non-negative, we can estimate the
corresponding quadratic form value by

.�;KV;Y .��
2/�/ �

X
i;j2Z

.j�i j; K
.i;j /
V;Y .��

2/j�j j/ �
X
i;j2Z

k�ikkK
.i;j /
V;Y .��

2/kk�j k

for any � 2
P˚
j L

2.†�;R.yj //, where �j ´ �j†�;R.yj /. To the series on the right-
hand side of the inequality, one can apply the matrix version of the Schur test [8,
Section II.1]. For Y D Y0, the points are identically spaced which impliesX

i2Z

kK
.i;j /
V;Y0

.��2/k D
X
j2Z

kK
.i;j /
V;Y0

.��2/k (3.3)

independently of the value of the other index. As in the proof of Proposition 3.1,
we use the decay of the resolvent kernel: there is a c > 0 such that kK.i;j /V;Y0

.��2/k �

ce��aji�j j, which means that the series (3.3) converge and since k�k2D
P
j2Z k�j k

2,
they provide a bound to kKV;Y0.��

2/k.
Let us next look at the difference KV;Y .��2/ � KV;Y0.��

2/. Since the perturb-
ation is local by assumption, there is an N 2 N such that the matrix entries of the



P. Exner and D. Spitzkopf 494

difference vanish for indices such that min¹ji j; jj jº>N . The part with max¹ji j; jj jº �
N is a finite sum of bounded operators; it remains to check the boundedness of
the parts with ji j � N and jj j > N , and vice versa. For brevity, we put nij ´
kK

.i;j /
V;Y .��

2/ �K
.i;j /
V;Y0

.��2/k and we employ again the exponential decay: since the
array Y is equidistant for jj j > N , a rough estimate gives nij�c.1C e2�aN /e��aji�j j.
For a fixed i , thus, the series

P
jj j>N nij converges, and the maximum over the finite

number of indices i is finite; we denote it m1. Next, we take the sums
P
ji j�N nij

which, in view of the decay, satisfy limjj j!1
P
ji j�N nij <1, and as a result,m2´

supjj j>N
P
ji j�N nij <1. By the Schur test, the norm of the corresponding operator

does not exceed
p
m1m2, and the same argument applies if we swap the roles of i

and j .
The continuity in � follows from the functional calculus and we have

d
d�
. ; V

1=2
Y .��C �2/�1V

1=2
Y  / D �2�. ; V

1=2
Y .��C �2/�2V

1=2
Y  / < 0

for any non-zero  2 L2.suppVY / which implies, in particular, the norm monoton-
icity with respect to �. Finally, recalling thatH�V has for any � > 0 a finite number of
negative eigenvalues and #�disc.H�0V / � #�disc.H�V / holds for �0 � �, we infer that
lim�!1 kK

.i;i/
V;Y .��

2/kD 0. Indeed, in the opposite case at least the largest eigenvalue

ofK.i;i/V;Y .��
2/would have a positive limit as �!1which is, by Birman–Schwinger

principle, in contradiction with the monotonicity of � 7! #�disc.H�V /. Using fur-
ther the monotonicity of the resolvent kernel with respect to jx � x0j, we finally get
kK

.i;j /
V;Y .��

2/k � kK
.i;i/
V;Y .��

2/k for i ¤ j , which completes the proof.

4. Eigenvalues at the bottom of the spectrum

As indicated, we are interested in eigenvalues at the bottom of the spectrum of HV;Y
due to changes of positions of a finite number of potential wells. Let us first note that
some perturbations of that type keep the spectral threshold preserved.

Example 4.1. Consider a potential which is mirror-symmetric, V.x1; x?/ D V.�x1;
x?/, and subjected to purely transversal shifts, that is, suppose that the first Cartesian
components of yj D .ja; yj;?/ and y.0/j D .ja; y

.0/
j;?/ are the same for all j 2 Z. Let

HN
V;Y be obtained from HV;Y by imposing the additional Neumann conditions at the

planes
®�
j C 1

2
a; x?

�
W j 2 Z; x? 2 R��1

¯
. We know from the proof of Proposi-

tion 2.1 that under the assumed symmetry, the generalized eigenfunction  0 corres-
ponding to the spectral threshold ofHV;Y0 is the periodic extension of the ground-state
eigenfunction of HN

V on Sa, which means that inf �.HV;Y0/ D inf �.HN
V /. However,

both HN
V;Y and HN

V;Y0
are unitarily equivalent to

P˚
j2ZH

N
V , or alternatively, they are
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unitarily equivalent to each other; the respective transformation consists of shifting
the transverse coordinate by yj;? � y

.0/
j;? in the j -th copy of Sa. Consequently, their

spectra are the same, and combining this fact with Neumann bracketing [18, Sec-
tion XIII.15], we get

inf �.HV;Y / � inf �.HN
V;Y / D inf �.HN

V;Y0
/ D inf �.HV;Y0/: (4.1)

If Y is now a local perturbation of Y0 of the considered type, we have

inf �.HV;Y0/ D inf �ess.HV;Y0/ D inf �ess.HV;Y / (4.2)

by Propositions 2.1 and 3.1, which means that there are no eigenvalues at the bottom
of the spectrum of HV;Y .

Note that inequality (4.1) does not require locality of the perturbation and one
may wonder whether shifting the well centers transversally, say, to the broken lines
¹.x1; cjx1j; 0/ W x1 2 Rº with some c > 0, we are not in conflict with the result of [10]
establishing the existence of discrete spectrum for such a bent array of rotationally
symmetric potental wells. The answer is no, of course, because while (4.1) remains
valid, the last identity in (4.2) can no longer be used: in the tilted array the distances
between the neighboring wells increase and, as a result, the threshold of �ess.HV;Y /

increases as well.

The situation is different if the perturbation consists of longitudinal shifts, that
is, yj;? D 0 for all j 2 Z and yj;1 ¤ ja for a finite (and non-empty) subset of the
indices j . Without loss of generality. we may suppose that the order of the points
remains preserved, yj;1 < yjC1;1 for all j 2 Z.

Theorem 4.2. In the described situation, �disc.HV;Y / ¤ ; holds provided R �

�
p
� � 1.

Proof. Let �0 be the spectral parameter value referring the spectral threshold of unper-
turbed system, inf �.HV;Y0/ D ��

2
0 ; in view of Proposition 3.2, it is enough to check

that there is a � > �0 such thatKV;Y .��2/ has eigenvalue one which happens provided
sup �.KV;Y .��20// > 1. Thus, we have to find a trial function � 2 L2.suppVY / �
L2.R�/ such that

.�;KV;Y .��
2
0/�/ > k�k

2
I

the left-hand side can be written explicitly asX
i;j2Z

Z
†�;R.yi /�†�;R.yj /

N�.x/V
1=2
i .x/R�0.x; x

0/V
1=2
j .x0/�.x0/ dx dx0: (4.3)

As usual in such situations, we employ the generalized eigenfunction  0 associ-
ated with the bottom of the essential spectrum of HV;Y0 as the starting point; the
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corresponding generalized eigenfunction of KV;Y0 referring to the upper edge of its
spectrum is �0´ V

1=2
Y0

 0. We will use the symbol �0 also for the family

¹�0;j º 2

˚X
j2Z

L2.†�;R.yj //; �0;j .� C yj /´ �0.�/ for � 2 †�;R.0/I (4.4)

the excuse for this abuse of notation is that it is convenient when we write the expres-
sion to be estimated in the form (4.3). Recall that the ‘original’ function  0 could be
chosen real-valued and positive; the same applies mutatis mutandis to �0. By con-
struction, �0 is symmetric with respect to the discrete translations; it may have other
symmetries inherited from those of the potential V .

The function (4.4) naturally does not belong to L2.suppVY /; to make it a viable
trial function, we have as usual to multiply it by a suitable family of mollifiers. To this
aim, we will employ the functions

hn.x/ D
X
i2Z

hn;i�†�;R.yi /.x/ (4.5)

with the coefficients chosen, for instance, as

hn;i D
n2

n2 C i2
; i 2 Z: (4.6)

Before proceeding, we have to make sure that the effect of the mollifier can be made
arbitrarily small.

Lemma 4.3. .hn�0; KV;Y0.��20/hn�0/ � khn�0k
2 D O.n�2/ as n!1.

Proof. The first term of the above difference equalsX
i2Z

X
j2Z

Z
†�;R.yi /

dx �0;i .x/
Z

†�;R.yj /

V
1=2
Y .x/.��C �20/

�1.x; x0/V
1=2
Y .x0/�0;j .x

0/ dx0

To simplify the notation for a moment, denote KV;Y0.��
2
0/ as K and its matrix oper-

ator entries asKij . For � D �0, we haveK�0D �0 so that khn�0k2D .hn�0; hnK�0/
and the difference in question equals .�0; hnŒK; hn��0/, or more explicitly

D D
X
i;j2Z

hn;i .hn;j � hn;i /Mij ;

where Mij D .�0;i ; Kij�0;j /; recall that the hn;i -s are just numbers. The �0;i -s are
shifted copies of the same function and in view of the exponential decay of the
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resolvent kernel we infer that there is a positive number c such that jMij j � ce��aji�j j.
Using the explicit form of the coefficients hn;i , we can rewrite the expression as

D D 4n2
1X

i;jD0

i2 � j 2

.n2 C i2/2.n2 C j 2/
Mij :

Passing to the summation over k D i � j and l D i C j , we get

D D 4n2
X
k2Z

1X
lD1

kl

.n2 C 1
4
.k C l/2/2.n2 C 1

4
.k � l/2/

Mij

or

D D �4n2
1X
kD1

1X
lD1

k2l2

.n2 C 1
4
.k C l/2/2.n2 C 1

4
.k � l/2/2

Mij :

Hence, the difference is negative and estimating the denominator from below by
1
16
l4n4, we arrive at the bound

jDj �
64c

n2

1X
lD1

l�2
1X
kD1

k2e��ak;

which yields the sought result.

Remark 4.4. The proof of [10, Theorem 2.6] contains a gap: one has to check that
the positivity of the curvature-induced perturbation survives in the limit when the
mollifier is removed. Instead of checking this directly, one can replace the cut-off in
[10, Lemma 3.7] by (4.5) with the sequence (4.6) for which the trial function family
converges pointwise to the generalized eigenfunction at the threshold; recall that the
function �Y0 used there can be unitarily mapped to the �0 of the above lemma.

Proof of Theorem 4.2 (continued). We want thus to prove that

.hn�0; KV;Y .��
2
0/hn�0/ � khn�0k

2 > 0

holds for all n large enough. Adding and subtracting .hn�0; KV;Y0.��
2
0/hn�0/ to the

left-hand side and using the above lemma, this will be true if

lim
n!1

..hn�0; KV;Y .��
2/hn�0/ � .hn�0; KV;Y0.��

2/hn�0// > 0: (4.7)

would hold for � D �0, and certainly if we verify (4.7) for any � > 0. As in the proof of
Proposition 3.2, due to the local character of the perturbation we can write the sought
relation more explicitly,

lim
n!1

2
X

.i;j /2PN

hn;ihn;j .�0; ŒK
.i;j /
V;Y .��

2/ �K
.i;j /
V;Y0

.��2/��0/ > 0



P. Exner and D. Spitzkopf 498

for some N 2 N, the summation running over PN D P<N [ P
>
N with

P<N ´¹.i; j / W �N � i < j � N º;

P>N ´¹.i; j / W i < N & jj j � N or ji j � N & j > N ºI

recall thatK.i;i/V;Y .��
2/DK

.i;i/
V;Y0

.��2/ andK.i;j /V;Y .��
2/DK

.j;i/
V;Y .��

2/. Since the per-
turbation is local by assumption, for a sufficiently largeN the contributions to the sum
from the index pairs outside PN are zero.

The set P<N is finite and the series
P
.i;j /2P>

N
.�0; K

.i;j /
V;Y0

.��2/�0/ converges
absolutely in view of the exponential decay of jMij j observed in the proof of the
previous lemma; the same applies to the series in which K.i;j /V;Y0

.��2/ is replaced by

K
.i;j /
V;Y .��

2/. This allows us to use the dominant convergence theorem and exchange
the limit with the double sum; as a result one has to check positivity of the seriesX

i;j2Z

.�0; ŒK
.i;j /
V;Y .��

2/ �K
.i;j /
V;Y0

.��2/��0/: (4.8)

To estimate the sum, we use the explicit expression of its terms, namelyZ
†�;R.0/

Z
†�;R.0/

�0.�/V
1=2.�/ŒR�.jyi � yj C � � �

0
j/ �R�.jy

.0/
i � y

.0/
j C � � �

0
j/�

� V 1=2.� 0/�0.�
0/d�d� 0

D

Z
†�;R.0/

Z
†�;R.0/

�0.�/V
1=2.�/ŒR�.j.i � j /an1 C �ijn1 C � � �

0
j/

�R�.j.i � j /an1 C � � �
0
j/�V 1=2.� 0/�0.�

0/d�d� 0

where n1 ´ .1; 0/ 2 R � R��1, and furthermore, abusing the notation, we have
replaced R�.x; x0/ by R�.jx � x0j/ and introduced the symbol �ij ´ .yi � y

.0/
i �

yj C y
.0/
j /1 for the perturbation shift along the first axis. The latter can be expressed

through relative shifts of the neighboring points, ıj ´ .yjC1 � yj /1 � a; we obvi-
ously have

�ij D

max.i;j /�1X
rDmin.i;j /

ır

and we note that with respect to the summation indices appearing in (4.8), this quantity
has zero mean. Indeed, by rearrangements we getX

i;j2Z

�ij D

1X
lD1

�X
j2Z

j�1X
rDj�l

ır C
X
j2Z

jCl�1X
rDj

ır

�
D

1X
lD1

X
j2Z

jCl�1X
rDj�1

ır

D

1X
lD1

X
r2Z

rClX
jDr�lC1

ır D

1X
lD1

2l
X
r2Z

ır D 0;
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because the last sum vanished due the locality of the perturbation. This suggests to
employ Jensen inequality to estimate the expression (4.8). We cannot use the convex-
ity of R� directly, however, because the perturbation enters its argument through the
Euclidean distance between the integration variables in the above expression. Fortu-
nately, there is a region where the convexity is preserved.

Lemma 4.5. The function x 7! R�.
p
.b C x/2 C c2/ with b > 0 and a real c is

strictly convex in .0;1/ for any � > 0 provided that c � b
p
� � 1.

Proof. Given that R�.�/ is convex and decreasing, the strict convexity of its composi-
tion with d W z.x/ D

p
.b C x/2 C c2 is equivalent to the inequality

R00�.z.x//

jR0�.z.x//j
>

z00.x/

.z0.x//2
:

To estimate the left-hand side from below, we use the explicit form of resolvent kernel.
For � D 3, where R�.z/ D e��z

4�z
, this is elementary, the expression being

R00�.z/

jR0�.z/j
D
1

z

1C .1C �z/2

1C �z
>
2

z
:

For a general � � 2, we have R�.z/ D .2�/��=2
�
�
z

��
K�.�z/, where � D �

2
� 1, and

the expression in question can be written as � d
dz ln jR0�.z/j. The derivative can be

evaluated explicitly being negative as expected,

.2�/�=2
d

dz
R�.z/ D �

���

z�C1
K�.�z/C

��
z

��
K 0�.�z/

D �

��
z

��h�
z
K�.�z/C �K��1.�z/C

�

z
K�.�z/

i
D ��

��
z

��h2�
�z
K�.�z/CK��1.�z/

i
D ���C1z��K�C1.�z/;

where we have used successively the relations K 0�.u/ D �K��1.u/ �
�
u
K�.u/ and

K�C1.u/ D K��1.u/ C
2�
u
K�.u/, see [1, 9.6.26]. Differentiating the logarithm of

the right-hand side and using the mentioned expression of the Macdonald function
derivative again, we get

d
dz

ln jR0�.z/j D �
�

z
C �

K 0�C1.�z/

K�C1.�z/
D �

� � 1

z
� �

K�.�z/

K�C1.�z/
;

because � � 1 D 2� � 1, and since �.K�=K�C1/.�z/ > 0, we arrive at the bound

R00�.z/

jR0�.z/j
D �

d
dz

ln jR0�.z/j >
� � 1

z
:
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On the other hand,
z00.x/

.z0.x//2
D

c2

z.x/.b C x/2
I

comparing the two expressions we get the sought bound.

Proof of Theorem 4.2 (concluded). Using the dominated convergence argument again,
we can interchange the double integral with the sum. Since �0 is positive and V is non-
negative and non-zero, it is sufficient to check that the sum of the square brackets in
the above explicit expression for the terms of the series (4.8) over all pair of mutually
different indices i;j is non-negative for any fixed �;� 0, and it is positive unless �ij D 0.
We decompose the integration variables, into the longitudinal and transversal part,
� D �1 C �?. By assumption we have j�? � � 0?j � 2R, the longitudinal parts are all
positive and larger than the smallest distance of the neighboring sets †�;R.yi / and
†�;R.yiC1/, that is, larger than 2�. We can thus apply Lemma 4.5 with b D 2� and
c D 2R; this concludes the proof.

Remark 4.6. Note that theorem assumption cover arrays of spherical potential wells
and that the restriction becomes weaker for higher dimensions. The condition we
obtained for the existence of the discrete spectrum below the threshold of the unper-
turbed array is, however, sufficient but by no means necessary, for several reasons.
First of all, the estimate made in the proof of Lemma 4.5 is rather rough: we neg-
lected the term �.K�=K�C1/.�z/ which is not only positive but larger than � which
means that the bound in the theorem can be replaced, e.g., by R � �

p
� � 1C ��,

and since we consider here only � such that ��2 < inf �ess.HV;Y0/, the stronger the
potential V is, the weaker is the restriction on the aspect ratio of the potential sup-
port. Secondly, if R1 satisfies the assumptions of the theorem so that the integral over
transversal variables with j�? � � 0?j � 2R1 produces a positive contribution to the
expression (4.8) and the actual R is larger than R1, the said positive quantity may
still outweigh the remaining part, especially if R � R1 is small. We believe that the
restriction we have obtained comes from our proof method and could be disposed of.

5. Other local perturbations

While some local perturbations moving the points of Y0 away from the array axis may
preserve the spectral threshold ofHV;Y as shown in Example 4.1, in general they may
give rise to bound states as long as their transverse component is not too large.

Proposition 5.1. To a given local longitudinal perturbation Y ¤ Y0 there is an " D
".Y / such that �disc.HV;Y 0/¤ ; provided that jyj;? � y0j;?j < " holds for all yj 2 P .
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Figure 2. Bound state resulting from a displacement of one potential well with the indication
of the binding energy; in the inset the longitudinally expanded neighborhood of the coordinate
origin is shown.

Proof. The expression (4.8) is a continuous function of the positions of the points
of Y , hence being positive for Y , it remains to be such for small enough transversal
shifts of the point of Y n Y0.

In reality, however, the bound state existence extends beyond this perturbative
regime. To illustrate this, we present the result of a numerical computation in which
an equidistant array of two-dimensional circular wells of the shape given by

V.x/ D �V0 exp
°
�
1

2�2
jxj2

±
�jxj�R.x/

with the parameters � D 0:5, V0 D 5, R D 1, and the well center spacing a D 5,
is perturbed by a displacement of one of them. Figure 2 shows the positions of the
displaced well center which gives rise to a bound state with the indication of the
corresponding binding energy. The computation was done on the finite array of eleven
wells; imposing Dirichlet and Neumann conditions at the ends of the chain we were
able to ensure that the error coming from the cut-off is already negligible.

The boundary of the eigenvalue existence area has a linear asymptotics at the
unperturbed position as the inset shows. We note also that, while it goes beyond our
assumptions and we do not show it here, the discrete spectrum may exist also if the
wells can overlap, especially in the situation when the potential on their intersection
is the sum of the constituents.
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6. Concluding remarks

The existence result we have obtained is for sure not optimal. As we have mentioned
we expect that the aspect ratio bound is not necessary, and one can also conjecture that
the result will carry over to situations where the family of local shift parameters ¹ıj º
will decay sufficiently fast instead of being of compact support. Another hypothesis
which is most probably unnecessary is the vertical slicing of the well array into paral-
lel copies of the slab Sa. The periodicity cell need not have such a simple geometry,
and in dimensions � � 3 it even need not be simply connected; imagine the potential
supports in the form of an interlocked chain of annular tubes.

The existence of eigenvalues at the spectrum bottom is naturally not the only ques-
tion one can ask. Other points of interest concern eigenvalues in the spectral gaps of
HV;Y0 and their properties, in particular, their dependence on the ‘individual’ poten-
tial V . The same questions can be asked in situations when Y is not an array but a
lattice in R� , the case � D 2 being of a particular interest. True, we have the results
mentioned in the opening, but they do not apply here: local shifts in the potential well
lattice are not suited for solution by separation of variables as in [13], and as potential
perturbations in sense of [4] they are sign indefinite.

Funding. The work was partially supported by the European Union’s Horizon 2020
research and innovation programme under the Marie Skłodowska-Curie grant agree-
ment No 873071.
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