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Sharp Lp estimates for generalized Steklov eigenfunctions
with an application to nodal sets

Xiaoqi Huang, Yannick Sire, Xing Wang, and Cheng Zhang

Abstract. We study a generalized Steklov problem involving a rough potential on the boundary.
We establish sharp Lp estimates for the Steklov eigenfunctions on compact manifolds with
boundary, controlled by their L2 norms on the boundary. We first establish sharp boundary
estimates by heat kernel bounds and resolvent estimates for the Dirichlet-to-Neumann operator
with a rough potential. And then we combine harmonic extension with the Littlewood–Paley
decomposition to obtain sharp interior estimates. These results are new even when there is no
potential. As an application, we prove the eigenfunctions are C 1 if the potential is Lipschitz
and refine the previous results by Wang and Zhu (2015) on the lower bound of the size of the
boundary nodal sets. A key tool is the commutator estimate for first-order pseudo-differential
operators by Calderón (1965), and Coifman and Meyer (1978).

1. Introduction

Eigenfunction estimates have been recently considered in the case of Schrödinger
operators with singular potentials (see e.g., [3, 4,29,38–41,53]). In the present paper,
we investigate a generalization of the well-known Steklov problem with rough poten-
tials. For surveys on the Steklov problem, see e.g., [13, 34].

Let .�;h/ be a smooth manifold with boundary .M;g/, where dim�D nC 1� 2
and hjM D g. The Steklov eigenvalue problem with potential V is´

�he�.x/ D 0; x 2 �;

@�e�.x/C V.x/e�.x/ D �e�.x/; x 2 @� DM:

Here � is a unit outer normal vector on M . Then the restriction of the eigenfunction
e�.x/ (denoted also by e� to simplify notations) to the boundary M is an eigenfunc-
tion of D C V :

.D C V /e�.x/ D �e�.x/; x 2M:
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Here D is the Dirichlet-to-Neumann operator D WH 1=2.M/! H�1=2.M/;

Df D @�ujM ;

where u is the harmonic extension of f :´
�hu.x/ D 0; x 2 �;

u.x/ D f .x/; x 2 @� DM:
(1.1)

Such a type of Steklov problem with potential has been considered in [15] from
the point of view of conformal geometry, where the potential V is the mean curvature
on the boundary @�. See e.g., [21–23, 47] for related works on Yamabe problem on
compact manifolds with boundary. In the current paper, we derive estimates whenever
the potential is merely bounded or Lipschitz.

Form 2R, we denote OPSm the class of pseudo-differential operators of orderm.
It is known that D 2 OPS1 and one can write (see e.g., [66, Proposition C.1])

D D
p
��g C P0;

for some P0 2OPS0. Therefore, up to a classical pseudo-differential operator of order
zero, the problem of eigenfunction bounds (among other results) on the boundary M
has been treated in our previous paper [38]. In this setting, the model is related to
relativistic matter (see e.g., [11, 16, 27, 28, 42, 43]).

In our first result below, we provide a control of the Lp norms of the Steklov
eigenfunctions in the domain by their L2 norms on the boundary.

Theorem 1. Let V 2 L1.M/. Then for � � 1, we have

ke�kLp.�/ . ��1=pC�.p/ke�kL2.M/; 2 � p � 1; (1.2)

where

�.p/ D

8̂̂<̂
:̂
n � 1

2

�1
2
�
1

p

�
; 2 � p <

2.nC 1/

n � 1
;

n � 1

2
�
n

p
;

2.nC 1/

n � 1
� p � 1:

This result is new, even for V � 0. Note that the estimate is sharp when V � 0
and � is the unit ball B.0; 1/ � RnC1 with boundary M D Sn. In this case, the
Steklov eigenfunction e�.x/ D rkek.!/ in the polar coordinate r 2 Œ0; 1�, ! 2 Sn,
where �2 D k.k C n � 1/, k 2 N and ek.!/ is a spherical harmonic of degree k,
that is, the restriction to Sn of homogeneous harmonic polynomials of degree k. It is
straightforward to see that

ke�kLp.B.0;1// � �
�1=p
ke�kLp.Sn/: (1.3)
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The Lp estimates of the Laplacian eigenfunctions on compact manifolds were proved
by Sogge [55], and they are sharp on Sn

ke�kLp.Sn/ . ��.p/ke�kL2.Sn/; (1.4)

and they are saturated by zonal spherical harmonic for p � 2.nC1/
n�1

and highest weight
spherical harmonic for p � 2.nC1/

n�1
(see e.g., [56]). Thus, combining (1.3) with (1.4),

we see that (1.2) is sharp.
The motivation for this result is to investigate the feature that Steklov eigenfunc-

tions concentrate near the boundary, and rapidly decay away from the boundary (see
e.g., [19, 30, 31, 37, 50]). Motivated by the elliptic inverse boundary value problems
such as Calderón problem (see e.g., [10, 46]), Hislop and Lutzer [37] proved that for
any compact set K � �,

ke�kL2.K/ � CN�
�N
ke�kL2.M/ for all N:

This bound reflects the fact that the Steklov eigenfunctions become highly oscillatory
as the eigenvalue increases, hence they decay rapidly away from the boundary. Hislop
and Lutzer [37] conjectured that the decay is actually of order e��dh.K;@�/. One may
see by examining the case of unit ball B.0; 1/ � RnC1 that the exponential decay is
optimal. For real-analytic surfaces (n D 1), Polterovich, Sher, and Toth [50] obtained
a pointwise bound and the eigenfunction decay is a key feature in their main results on
nodal length. They proved that for any real-analytic compact surface�with boundary
M D @�, there exist constants C; c > 0 depending only on �, such that

je�.x/j � Ce
�c�dg.x;@�/ke�kL2.M/:

Their methods are specific to the case of real-analytic surfaces. A different method
of proving this bound was communicated to them by M. Taylor. See also Galkowski
and Toth [30] for recent results in higher-dimensional real-analytic manifolds. More-
over, this interesting concentration feature is also related to the restriction estimates
of eigenfunctions to submanifolds (see e.g., [7, 8, 57, 64]).

To prove Theorem 1, we will need to establish the following boundary Lp esti-
mates. These types of estimates are important in their own right (see surveys e.g.,
[59, 72]).

Lemma 1. If V 2 L1.M/, then the following two eigenfunction estimates hold:

ke�kLp.M/ . ��.p/ke�kL2.M/; 2 � p � 1: (1.5)

ke�kL1.M/ & ��.n�1/=4ke�kL2.M/: (1.6)
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Both (1.5) and (1.6) are sharp on Sn. Indeed, they can be saturated by zonal spher-
ical harmonic or highest weight spherical harmonic (see e.g., [56,59]). For smooth V ,
(1.5) was proved by Seeger and Sogge [51]. They obtained the eigenfunction estimates
for self-adjoint elliptic pseudo-differential operators satisfying a convexity assump-
tion on the principal symbol. However, to obtain Lemma 1 for rough V , one has to
use a different approach. We prove it by establishing new heat kernel estimates and
resolvent estimates for D C V .

Remark 1. As noticed in [38, Remark 1], the resolvent method cannot efficiently
handle singular potentials when the order ˛ of the leading term .��g/

˛=2 is too small,
say ˛ < 2n

nC1
. Here we encounter the same difficulty and can only handle bounded

potentials, since Dirichlet-to-Neumann operator has order ˛ D 1.

Lemma 2. Let 2 � p � 1 and 1
p
C

1
p0
D 1. If V 2 Lnp

0

.M/, then

ke�kLp.�/ . ��1=pke�kLp.M/: (1.7)

From (1.3), we see that the estimate (1.7) is sharp for � D B.0; 1/. The end-
point p D 1 follows from the maximum principle, since e� is harmonic in �. The
other endpoint p D 2 can be obtained from the trace theorem and standard regularity
estimates. Then (1.7) is proved by an interpolation argument involving the harmonic
extension and the Littlewood–Paley decomposition.

Remark 2. It is worth mentioning that it is possible to extend Lemma 2 to more sin-
gular potentials (e.g., Kato class) by an interpolation theorem between Besov spaces
[2, Theorem 6.4.5 (6)]. By Remark 1 and for simplicity, we shall give a direct proof
for Lemma 2 that already suffices for our purpose.

Next, in the second theorem we exploit the boundary eigenfunction estimates in
Lemma 1 to estimate the Hausdorff measure of the boundary nodal sets for Lipschitz
potentials.

Theorem 2. If V 2 Lip1.M/, then we have the following lower bound for the Haus-
dorff measure of the boundary nodal set N� D ¹x 2M W e�.x/ D 0º,

Hn�1.N�/ & �.3�n/=2: (1.8)

This refines the previous results of Wang and Zhu [70]. Inspired by Yau’s conjec-
ture for nodal sets, one may expect that the “correct” bound should be � �. To our
knowledge, (1.8) is still the best lower bound estimate for the boundary nodal sets
of the Steklov eigenfunctions up to now. The difficulty lies in the nonlocal property
of the Dirichlet-to-Neumann operator. Unlike the smooth case, the rough potential
requires us to investigate the regularity of eigenfunctions before estimating the nodal
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sets. We first prove that the eigenfunctions are C 1 if the potential V is Lipschitz
(Lemma 8), and then estimate the size of nodal sets by applying the Gauss–Green
theorem on nodal domains. A key tool is the commutator estimate (Lemma 7) for first-
order pseudo-differential operators by Calderón [9] and Coifman and Meyer [12]. We
also establish a useful result on the equivalence between two kinds of Sobolev norms
on compact manifolds (Proposition 2), which is interesting in its own right. We cannot
find this basic result in the literature, so we give a detailed proof for completeness.

The paper is structured as follows. In Section 2, we prove Lemma 1. In Section 3,
we prove Lemma 2. In Section 4, we apply these estimates to the study of bound-
ary nodal sets. In Appendix A, we establish heat kernel bounds. In Appendix B, we
establish the kernel estimates of pseudo-differential operators.

Throughout this paper, X . Y (or X & Y ) means X � CY (or X � CY ) for
some positive constant C independent of �. This constant may depend on V and the
domain �. X � Y means X . Y and X & Y .

2. Boundary eigenfunction estimates: proof of Lemma 1

To prove Lemma 1, we begin with the following resolvent estimate.

Proposition 1. For � � 1, we have

k.
p
��g � .�C i//

�1
kL2!Lp . ��.p/; 2 < p �

2.nC 1/

n � 1
; (2.1)

where

�.p/ D

8̂̂<̂
:̂
n � 1

2

�1
2
�
1

p

�
; 2 � p <

2.nC 1/

n � 1
;

n � 1

2
�
n

p
;

2.nC 1/

n � 1
� p � 1:

Proof. For k 2 N, let �Œk;kC1/ be the spectral projection operator for
p
��g corre-

sponding to the spectral interval Œk; k C 1/, and let �Œ2Œ��;1/ be spectral projection
operator onto the interval Œ2Œ��;1/, where Œ�� denotes the largest integer that is
smaller than �. Then for any function f , by Cauchy–Schwarz inequality,

.
p
��g � .�C i//

�1f

D

X
k<2Œ��

1

k � .�C i/
.k � .�C i//.

p
��g � .�C i//

�1�Œk;kC1/f

C �Œ2Œ��;1/.
p
��g � .�C i//

�1f

.
� X
k<2Œ��

j.k � .�C i//.
p
��g � .�C i//

�1�Œk;kC1/f j
2
�1=2

C j�Œ2Œ��;1/.
p
��g � .�C i//

�1f j:
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Thus, by Minkowski’s inequality,

k.
p
��g � .�C i//

�1f kLp

�

� X
k<2Œ��

k.k � .�C i//.
p
��g � .�C i//

�1�Œk;kC1/f k
2
Lp

�1=2
C k�Œ2Œ��;1/.

p
��g � .�C i//

�1f kLp :

To handle the first term on the right, note that �Œk;kC1/ D �Œk;kC1/ ı �Œk;kC1/, and by
the classical results in [55],

k�Œk;kC1/f kLp . .1C k/�.p/kf kL2 . ��.p/kf kL2 ; if k < 2Œ��:

Thus,� X
k<2Œ��

k.k � .�C i//.
p
��g � .�C i//

�1�Œk;kC1/f k
2
Lp

�1=2
. ��.p/

� X
k<2Œ��

k.k � .�C i//.
p
��g � .�C i//

�1�Œk;kC1/f k
2
L2

�1=2
. ��.p/.

X
k<2Œ��

k�Œk;kC1/f k
2
L2
/1=2ls��.p/kf kL2 ;

where in the second inequality we used the fact that by spectral theorem,

k.k � .�C i//.
p
��g � .�C i//

�1�Œk;kC1/f kL2 . k�Œk;kC1/f kL2 for all k 2N:

To handle the second term, we use Sobolev estimates to see that

k�Œ2Œ��;1/.
p
��g � .�C i//

�1f kLp

. k�Œ2Œ��;1/.
p
��g/

n. 12�
1
p /.
p
��g � .�C i//

�1f kL2 :

When 2 < p � 2.nC1/
n�1

, it is straightforward to check that n
�
1
2
�

1
p

�
< 1, thus by

spectral theorem,

k�Œ2Œ��;1/.
p
��g/

n. 12�
1
p /.
p
��g � .�C i//

�1f kL2 . kf kL2 ;

which is better than the desired bound in (2.1).

2.1. Proof of Lemma 1

It follows from similar strategies as in [3]. Recall that D D
p
��g C P0; by using

the second resolvent formula, we have

.D C V � .�C i//�1

D .
p
��g � .�C i//

�1
� .
p
��g� .�C i//

�1.P0 C V /.D C V � .�C i//
�1:

(2.2)
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Since P0 2 OPS0 and the eigenvalues of D C V are real, by spectral theorem, we
have

kP0.D C V � .�C i//
�1
kL2!L2 . k.D C V � .�C i//�1kL2!L2 . 1: (2.3)

Similarly, since V 2 L1.M/, we have

kV.D C V � .�C i//�1kL2!L2 . 1: (2.4)

Thus, (2.2), (2.3), (2.4), and (2.1) yield that

k.D C V � .�C i//�1kL2!Lp . ��.p/; 2 < p �
2.nC 1/

n � 1
: (2.5)

If we let �V
Œ�;�C1/

denote the spectral projection operator associated withp
��g C P0 C V

for the interval Œ�; �C 1/, then (2.5) implies

k�VŒ�;�C1/f kLp . ��.p/kf kL2 ; 2 < p � 1: (2.6)

Note that if we take f D e� in (2.6), and use the fact that �V
Œ�;�C1/

e� D e�, we
obtain (1.5). We postpone the proof of (2.6). By using the arguments from Sogge and
Zelditch [62], we note that (1.6) can be obtained from Hölder’s inequality and (1.5)

ke�k
1=�

L2.M/
� ke�kL1.M/ke�k

1=��1

Lp.M/

. ke�kL1.M/.�
�.p/
ke�kL2.M//

1=��1
D ke�kL1.M/�

.n�1/=4
ke�k

1=��1

L2.M/
:

Here 2 < p < 2.nC1/
n�1

, and � D p
p�1

�
1
2
�
1
p

�
.

Proof of (2.6). If 2 < p � 2.nC1/
n�1

, this follows from (2.5) by letting f D �V
Œ�;�C1/

f

there along with the fact that

k.D C V � .�C i//�VŒ�;�C1/kL2!L2 . 1:

If p > 2.nC1/
n�1

, we shall use the heat kernel bounds in Proposition 3. Indeed, the oper-
ator HV D D C V with V 2 L1.M/ satisfies the heat kernel bound (A.2). Then
Young’s inequality implies

ke�tHV kLq.M/!Lp.M/ . t�n.1=q�1=p/; if 0 < t � 1 and 1 � q � p � 1:
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If we fix t D ��1 and pc D
2.nC1/
n�1

, and apply the above bound, we have for p >
2.nC1/
n�1

,

k�VŒ�;�C1/f kLp . �n.1=pc�1=p/ke�
�1HV �VŒ�;�C1/f kLpc

D �n.1=pc�1=p/k�VŒ�;�C1/e
��1HV �VŒ�;�C1/f kLpc

. �n.1=pc�1=p/�.n�1/=2�n=pcke�
�1HV �VŒ�;�C1/f kL2

. �.n�1/=2�n=pkf kL2 ;

where in the third line we applied (2.6) at p D pc and in the last line we applied
spectral theorem. Since n�1

2
�
n
p
D �.p/ when p � pc , we complete the proof.

3. Interior eigenfunction estimates: Proof of Lemma 2

In this section, we prove Lemma 2, and then Theorem 1 follows from the Lp bounds
in Lemma 1. To proceed, we shall use the following lemma.

Lemma 3. For any f 2H 1=2.@�/, let u2H 1.�/ be the weak solution to the Dirich-
let boundary value problem (1.1). Then there exists a constant C > 0 such that

kukL2.�/ � Ckf kH�1=2.@�/:

This lemma was proved in [19, Proposition 2.17]. It follows from the trace
theorem and standard regularity estimates (see e.g., [35, Theorem 1.5.1.2, Theorem
1.5.1.3, Corollary 2.2.2.4, and Corollary 2.2.2.6]).

Lemma 4. Let Q 2 OPS0. Then Q is bounded on Lp for 1 < p <1, i.e.,

kQf kLp � Ckf kLp :

Here the Lp norm can be taken on Rn and compact manifolds. See e.g., [60,
Theorem 3.1.6 and Theorem 4.3.1] for the proofs.

We also need the kernel estimates of the pseudo-differential operators on compact
manifolds.

Lemma 5. Let�2R, andm2C1.R/ belong to the symbol class S�, that is, assume
that

j@˛t m.t/j � C˛.1C jt j/
��˛ for all ˛: (3.1)
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If P D
p
��g , then m.P / is a pseudo-differential operator of order �. Moreover, if

R � 1, then the kernel of the operator m.P=R/ satisfies for all N 2 N,ˇ̌̌
m
�P
R

�
.x; y/

ˇ̌̌
.

8̂<̂
:
Rn.Rdg.x; y//

�n��.1CRdg.x; y//
�N ; nC � > 0;

Rn log.2C .Rdg.x; y//�1/.1CRdg.x; y//�N ; nC � D 0;

Rn.1CRdg.x; y//
�N ; nC � < 0:

(3.2)

We shall give a proof of this lemma in Appendix B.

3.1. Proof of Lemma 2

It suffices to consider two cases, p D1 and p <1.

Case 1. p D1. From the maximum principle (see e.g., [32, Theorem 8.1]), since e�
is harmonic in �. We get

ke�kL1.�/ . ke�kL1.@�/;

and since V 2 L1.M/, by Lemma 1, we have

ke�kL1.@�/ . �.n�1/=2ke�kL2.@�/;

which yields (1.2) for the case p D1.

Case 2. p <1. Let us fix a Littlewood–Paley bump function ˇ 2 C10
��
1
2
; 2
��

satis-
fying

1X
`D�1

ˇ.2�`s/ D 1; s > 0;

and define

ˇ0.s/ D 1 �
X
`>0

ˇ.2�`jsj/;

ˇ`.s/ D ˇ.2
�`
jsj/; for ` > 0:

Let P D
p
��g . Then we have for ` � 0,

kˇ`.P /f kLp.@�/ . kf kLp.@�/; 1 � p � 1: (3.3)

The implicit constant is independent of `. Indeed, by Lemma 5 with � D �n� 1 and
R D 2`, we have

jˇ`.P /.x; y/j . 2n`.1C 2`dg.x; y//
�N for all N: (3.4)

Then, (3.3) follows from Young’s inequality.
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Let TH be the harmonic extension operator from @� to �. Then by Lemma 3, we
have

kTH .ˇ`.P /f /kL2.�/ . kˇ`.P /f kH�1=2.@�/ . 2�`=2kf kL2.@�/: (3.5)

And from the maximal principle and (3.3), we have

kTH .ˇ`.P /f /kL1.�/ . kˇ`.P /f kL1.@�/ . kf kL1.@�/: (3.6)

By (3.5), (3.6), and interpolation, we have the followingLp estimate of the frequency-
localized harmonic extension operator:

kTH .ˇ`.P /f /kLp.�/ . 2�`=pkf kLp.@�/; 2 � p � 1: (3.7)

Thus, if 2` & �, we have


TH�X
2`&�

ˇ`.P /e�

�



Lp.�/

.
X
2`&�

2�`=pke�kLp.@�/ . ��1=pke�kLp.@�/:

So it remains to consider 2` . �. Let Q̌ 2 C10 with Q̌ � 1 in a neighborhood of
�
1
2
; 2
�

and define Q̌`.s/ D Q̌.2�`jsj/. Then by (3.7),

kTH .ˇ`.P /e�/kLp.�/ D kTH .ˇ`.P / Q̌`.P /e�/kLp.�/

. 2�`=pk Q̌`.P /e�kLp.@�/: (3.8)

Moreover, for 2 � p <1,

k Q̌`.P /e�kLp.@�/

D .1C �/�1k Q̌`.P /.1C
p
��g C P0 C V /e�kLp.@�/

. .1C �/�1k Q̌`.P /.1C
p
��g/e�kLp.@�/

C .1C �/�1k Q̌`.P /.P0 C V /e�kLp.@�/

. .1C �/�12`ke�kLp.@�/ C .1C �/
�1
ke�kLp.@�/

C .1C �/�1k Q̌`.P /.Ve�/kLp.@�/;

where we use (3.3) and Lemma 4. For the third term, by using (3.4) with 2` . � and
Young’s inequality, we obtain

.1C �/�1k Q̌`.P /.Ve�/kLp.@�/ . .1C �/�1C1=p
0

kVe�kLq.@�/

. .1C �/�1=pkV kLnp0 .@�/ke�kLp.@�/:

Here 1
q
D

1
np0
C

1
p

.
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Combining these with (3.8) , we obtain


TH�X
2`.�

ˇ`.P /e�

�



Lp.�/

.
X
2`.�

2�`=pk Q̌`.P /e�kLp.@�/ . ��1=pke�kLp.@�/:

So we obtain (1.7) in Lemma 2.

4. Applications to nodal sets

Inspired by Yau’s conjecture on the Hausdorff measure of nodal sets of Laplace eigen-
functions ([20,36,44,45,71]), an analogous question has been asked for nodal sets of
Steklov eigenfunctions (see e.g., [13, 34]). The study of the boundary nodal set

N� D ¹x 2M W e�.x/ D 0º

was largely initiated by Bellova and Lin [1]. They conjectured that the .n � 1/-dimen-
sional Hausdorff measure

Hn�1.N�/ � �:

The optimal upper bound Hn�1.N�/ . � was proved by Zelditch [73] for real ana-
lytic manifolds. See also the results by Sogge, Wang, and Zhu [61], Zhu [74], and
Decio [17, 18] for the references on interior nodal sets. In this section, we will apply
the eigenfunction estimates from the previous sections to study the measure of the
boundary nodal set of generalized Steklov eigenfunctions in Theorem 2.

When V � 0, Wang and Zhu [70] proved (1.8) for smooth manifolds under the
assumption that zero is a regular value. Their proof follows from the idea in Sogge
and Zelditch [62] (see also Colding and Minicozzi [14]), and the assumption that
zero is a regular value is used to ensure the validity of the Gauss–Green theorem.
Recently, this assumption has been proved to be “generic” by Wang [69], and the proof
is based on the transversality theorems of Uhlenbeck [67]. In this paper, we remove
this assumption by following Sogge and Zelditch [62, Proof of Proposition 1], where
they used the Gauss–Green theorem for domains with rough boundaries. We refer
to Federer [26, Section 2.10.6, p. 173, Theorem 4.5.11, p. 506], Evans and Gariepy
[25, Theorem 1 on p. 209], and Pfeffer [48, Theorem 5.19].

Unlike the smooth case, the low regularity of potential requires us to investi-
gate the regularity of eigenfunctions before estimating the nodal set. The Lipschitz
assumption is used to ensure that the eigenfunctions are C 1 (see Lemma 8), so that
the restriction of re� to the nodal set makes sense and that the nodal set N� is locally
C 1 near the non-critical points of e�. These allow us to apply the Gauss–Green theo-
rem.
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Before proceeding to the proof, it is important to establish some general results for
Sobolev spaces on compact manifolds. These results are interesting in their own right
but we cannot find a direct reference, so detailed proofs are provided for completeness.

Let s > 0 and 1 < p <1. We can define the Sobolev norm on M by local coor-
dinates

kf kW s;p.M/ D

X
�

k.I ��/s=2f�kLp.Rn/; (4.1)

where f� D .��f / ı ��1� , and ¹��º is a partition of unity subordinate to a finite cov-
ering M D

S
�� , and �� W�� ! z�� � Rn is the coordinate map. For simplicity,

we sometimes do not distinguish between �� and z�� , f� and ��f , since they are
identical up to the coordinate map.

Moreover, we can also define another Sobolev norm by pseudo-differential oper-
ators

kf kH s;p.M/ D k.I ��g/
s=2f kLp.M/: (4.2)

By [60, Theorem 4.3.1], we see that .I ��g/s=2 is an invertible pseudo-differential
operator of order s with elliptic principal symbol .

P
gjk.x/�j �k/

s=2. Moreover, if we
replace .I ��g/s=2 in (4.2) by any invertible pseudo-differential operator of order s,
then it still gives a comparable norm, by Lemma 4.

We prove that these two Sobolev norms are equivalent.

Proposition 2. For s > 0 and 1 < p <1, we have

kf kW s;p.M/ � kf kH s;p.M/:

The implicit constants are independent of f .

As a corollary, different partitions of unity and such coordinate atlases in the
definition (4.1) give comparable norms. When p D 2, Proposition 2 follows from
Plancherel theorem and the L2-boundedness of zero order pseudo-differential opera-
tors, see e.g., [58, Section 4.2]. The case p ¤ 2 is more complicated, and it is difficult
to find good references. To prove this on our own, we start with the following key
lemma. Roughly speaking, this lemma establishes a “linear relation” between any
two pseudo-differential operators of the same order.

Lemma 6. Let s > 0. Let V1; V;� be open sets such that xV1 � V � �. Let P1, P 2
OPSs with symbols supported in V1; V respectively. If the principal symbol Np.x; �/ of
P is elliptic on xV1, i.e., for any x 2 xV1,

Np.x; �/ ¤ 0 for all � ¤ 0;

then there is a Q 2 OPS0 with symbol supported in V1 such that

P1 �QP 2 OPS0 :
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Proof. Let p1.x; �/ be the symbols ofP1 on�. Since Np.x;�/ is elliptic on the support
of p1.x; �/, we have

'.�/p1.x; �/

Np.x; �/
2 S0

where ' 2 C1 vanishes near the origin but equals one near infinity. Denote the asso-
ciated zero order pseudo-differential operator byQ0. LetR�1 D P1 �Q0P . Then by
the Kohn–Nirenberg theorem (see e.g., [60, Theorem 3.1.1]), we haveR�1 2OPSs�1.
The symbol of R�1 is supported in V1. If s � 1, then we are done by settingQ DQ0,
since P1 �Q0P 2 OPSs�1 � OPS0.

Next, it remains to consider s > 1. Let k D dse � 2. We need to construct Q�i 2
OPS�i ; R�i�1 2 OPSs�i�1 recursively for 1 � i � k � 1. If ri .x; �/ is the symbol
of R�i , and Q�i has the symbol

'.�/ri .x; �/

Np.x; �/
2 S�i ;

then using the Kohn–Nirenberg theorem, we haveR�i�1DR�i �Q�iP 2OPSs�i�1.
The symbol of R�i�1 is supported in V1. Let

Q D

k�1X
iD1

Q�i :

The symbol of Q is supported in V1. Then P1 �QP D R�k 2 OPSs�k � OPS0.

Proof of Proposition 2. The basic idea is to verify these two equivalences

k.I ��g/
s=2f kLp.M/ �

X
�

k.I ��g/
s=2f�kLp.M/

�

X
�

k.I ��/s=2f�kLp.Rn/: (4.3)

The first equivalence is straightforward. Indeed, The relation . follows from the
Minkowski inequality. And for the other direction, we use Lemma 4 to see that

k.I ��g/
s=2f�kLp.M/ D k.I ��g/

s=2M�� .I ��g/
�s=2..I ��g/

s=2f /kLp.M/

. k.I ��g/s=2f kLp.M/; (4.4)

where M�� stands for the operator of multiplying by ��.x/. Summing up of (4.4)
over �, we obtain the first equivalence in (4.3).

To prove the second equivalence in (4.3), it suffices to show that for each �

k.I ��g/
s=2f�kLp.M/ � k.I ��/

s=2f�kLp.Rn/: (4.5)
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For each�� ; �� 2 C10 .��/ in (4.1), we can find open subsets V� ; U� ; W� of�� ,
and cutoff functions  � 2 C10 .V�/;  �1 2 C

1
0 .U�/;  �2 2 C

1
0 .W�/; �� 2 C

1
0 .��/

such that
supp�� �� U� � V� �� W�

and  � � 1 on xU� ,  �2 � 1 on xV� , �� � 1 on xW� .
Let P� D  �.I ��/s=2; P�1 D  �1.I ��g/s=2M�� . We see thatM�� 2 OPS0,

and P� ; P�1 2 OPSs . Note that the principal symbol of P� is  �.x/j�js , which is
elliptic on xU� . By Lemma 6, we can find Q�1 2 OPS0 supported in U� such that

P�1 �Q�1P� 2 OPS0 :

Then by Lemma 4, we obtain the local estimate

kP�1.f�/kLp.��/ D k.P�1 �Q�1P�/.f�/CQ�1P�.f�/kLp.��/

. kf�kLp.��/ C kP�f�kLp.��/: (4.6)

Moreover, if P�2 D  �2.I � �g/
s=2M�� , then P�2 has the principal symbol

 �2.x/.
P
gjk.x/�j �k/

s=2, which is elliptic on xV� . Similarly, by applying Lemma 6
to P� and P�2, we obtain the local estimate

kP�.f�/kLp.��/ . kf�kLp.��/ C kP�2f�kLp.��/: (4.7)

Next, we handle the nonlocal part. We write

.1 �  �/.I ��/
s=2f� D .1 �  �/.I ��/

s=2.����f /

D .1 �  �/.I ��/
s=2M�� .��f /:

Since dist.supp.1 �  �/; supp ��/ D ı� > 0, using integration by parts, we see that
the kernel of .1 �  �/.I ��/s=2M�� satisfiesˇ̌̌̌ Z

Rn

.1 �  �.x//e
i.x�y/����.y/.1C j�j

2/s=2d�

ˇ̌̌̌
. .1C jx � yj/�N for all N:

By Young’s inequality, we get

k.1 �  �/.I ��/
s=2.f�/kLp.Rn/ . k��f kLp.Rn/ D kf�kLp.��/: (4.8)

Similarly, using the fact that the kernel of pseudo-differential operators on com-
pact manifolds is smooth away from diagonal, we have

k.1 �  �1/.I ��g/
s=2.f�/kLp.M/ D k.1 �  �1/.I ��g/

s=2.����f /kLp.M/

. k��f kLp.M/ D kf�kLp.��/ (4.9)
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and
k.1 �  �2/.I ��g/

s=2.f�/kLp.M/ . kf�kLp.��/: (4.10)

Combining (4.6) with the nonlocal estimates (4.8) and (4.9), we obtain

k.I ��g/
s=2f�kLp.M/

. k.1 �  �1/.I ��g/s=2f�kLp.M/ C k �1.I ��g/
s=2f�kLp.M/

. kf�kLp.��/ C k �1.I ��g/
s=2f�kLp.��/

D kf�kLp.��/ C kP�1f�kLp.��/

. kf�kLp.��/ C kP�f�kLp.��/
D kf�kLp.��/ C k.I ��/

s=2f� � .1 �  �/.I ��/
s=2f�kLp.��/

. kf�kLp.��/ C k.I ��/
s=2f�kLp.Rn/

. k.I ��/s=2f�kLp.Rn/:

Here in the last step we apply Lemma 4 to .I ��/�s=2 2 OPS0.
Similarly, combining (4.7) with the nonlocal estimates (4.8) and (4.10), we have

k.I ��/s=2f�kLp.Rn/

. k.1 �  �/.I ��/s=2f�kLp.Rn/ C k �.I ��/s=2f�kLp.Rn/

. kf�kLp.��/ C k �.I ��/
s=2f�kLp.��/

D kf�kLp.��/ C kP�f�kLp.��/

. kf�kLp.��/ C kP�2f�kLp.��/
D kf�kLp.��/ C k.I ��g/

s=2f� � .1 �  �2/.I ��g/
s=2f�kLp.��/

. kf�kLp.��/ C k.I ��g/
s=2f�kLp.M/

. k.I ��g/s=2f�kLp.M/:

In the last step we used Lemma 4 for .I ��g/�s=2 2 OPS0. So we finish the proof
of (4.5). Thus, the proof of Proposition 2 is complete.

Let ŒD ; V � D DV � VD . We need to following commutator estimate.

Lemma 7. Let 1 < p <1. Given P 2 OPS1,

kŒP; f �ukLp � Ckf kLip1kukLp :

Here kf kLip1 is the Lipschitz norm of f .

Here the Lp norm can be taken on Rn and compact manifolds. See Taylor [65,
Proposition 1.3]. The result was proven in Calderón [9] for classical first-order pseudo-
differential operators and by Coifman and Meyer [12] for OPS1.
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Lemma 8. If V 2 Lip1.M/, then e� 2 C 1;˛.M/, for any 0 < ˛ < 1.

Proof. By Sobolev embedding (see e.g., [24]), we only need to show ke�kW 2;p.M/ <

1 for any 1 < p <1. Indeed, using the commutator estimate in Lemma 7 and the
equation .D C V /e� D �e�, we have

kD.Ve�/kLp.M/

� kV.D C V /e�kLp.M/ C kV
2e�kLp.M/ C kŒD ; V �e�kLp.M/

. �kV kL1ke�kLp.M/ C kV k
2
L1ke�kLp.M/ C kV kLip1ke�kLp.M/

. .1C �/ke�kLp.M/:

So, by Proposition 2, we obtain

ke�kW 2;p.M/

� k.1CD/2e�kLp.M/

. k.1CD/.1CD C V /e�kLp.M/ C kD.Ve�/kLp.M/ C kV kL1ke�kLp.M/

. .1C �/.k.1CD/e�kLp.M/ C ke�kLp.M//

� .1C �/.k.1CD C V /e�kLp.M/ C kV kL1ke�kLp.M/ C ke�kLp.M//

. .1C �/2ke�kLp.M/:

Now, we are ready to prove the nodal set estimates. Let

N� D ¹x 2M W e�.x/ D 0º;

DC D ¹x 2M W e�.x/ > 0º;

D� D ¹x 2M W e�.x/ < 0º:

We first express the manifold M as a (essentially) disjoint union

M D
[
j�1

Dj;C [
[
j�1

Dj;� [N�

where Dj;C and Dj;� are the positive and negative nodal domains of e�, i.e., the
connected components of the sets DC and D�. To simplify the notation, without loss
of generality, we may assume that there are only two nodal domains DC and D�.
Since re� is continuous by Lemma 8, the restriction of re� to N� is well defined.
Moreover, if the .n � 1/-dimensional Hausdorff measure Hn�1.N�/ D 1, then the
lower bound (1.8) trivially holds. So we may assume that Hn�1.N�/ < 1 in the
following.

We mainly follow the exposition in Evans and Gariepy [25]. Since the eigen-
functions are continuous, the “measure theoretic boundaries” (see [25, definition on
p. 208]) of the nodal domains must be subsets of N�, so they also have finite
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.n � 1/-dimensional Hausdorff measure. Then we can apply the Gauss–Green the-
orem (see [25, Theorem 1 on p. 209]) on nodal domains D˙ with “measure theoretic
boundaries” @D˙. Let �˙.x/ be the “measure theoretic unit outer normal” at x 2
@D� (see [25, Definition on p. 203 and Theorem 2 on p. 205]). Since e� is C 1, the
implicit function theorem implies that the nodal set is C 1 near x0 2 @D˙ whenever
re�.x0/ ¤ 0. Thus, we have �˙.x/ D ˙

re�.x/
je�.x/j

whenever re�.x/ ¤ 0. So we haveZ
DC

div.f re�/dVg D
Z
@DC

hf re�; ��idS D �

Z
@DC

f jre�jdS;

Z
D�

div.f re�/dVg D
Z
@D�

hf re�; �CidS D

Z
@D�

f jre�jdS;

Then X
˙

Z
@D˙

f jre�j D

Z
D�

div.f re�/ �
Z
DC

div.f re�/: (4.11)

Note that by Cauchy–Schwarz and the fact that @D˙ � N�Z
@D˙

jre�j .
� Z
@D˙

jre�j
2

�1=2
Hn�1.@D˙/

1=2

.
� Z
@D˙

jre�j
2

�1=2
Hn�1.N�/

1=2: (4.12)

Therefore, to estimate the lower bound of Hn�1.N�/, it suffices to estimate bothR
@D˙
jre�j and

R
@D˙
jre�j

2. This can be done by applying the eigenfunction esti-
mates from previous sections.

Lemma 9. If V 2 Lip1.M/, thenX
˙

Z
@D˙

jre�j �
�2

4
ke�kL1.M/:

Proof. We set f D 1 in (4.11). We haveX
˙

Z
@D˙

jre�j �

ˇ̌̌̌ Z
D�

�ge� �

Z
DC

�ge�

ˇ̌̌̌
:

Since
p
��g D D � P0, we have

��g D .D C V /
2
� .DV � VD/ � 2V.D C V /C V 2

� 2P0.D C V /C 2P0V CQ0;
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where Q0 D P0D �DP0 C P
2
0 2 OPS0. Thus,X

˙

Z
@D˙

jre�j

D

Z
DC

�

Z
D�

.�2e� � ŒD ; V �e� � 2�Ve� C V
2e� � 2�P0e� C 2P0Ve� CQ0e�/

� �2ke�kL1.M/ � kŒD ; V �e�kL1.M/ � 2�kVe�kL1.M/ � kV
2e�kL1.M/

� 2�kP0e�kL1.M/ � 2kP0Ve�kL1.M/ � kQ0e�kL1.M/:

By Hölder’s inequality and (1.6), we have

ke�kL1C".M/ . �..n�1/"/=.2.1C"//ke�kL1.M/; 0 < " < 1:

Combining this estimate with Lemma 7, we have

kŒD ; V �e�kL1.M/ . kŒD ; V �e�kL1C".M/

. kV kLip1ke�kL1C".M/ . �kV kLip1ke�kL1.M/;

if " > 0 is small enough. Moreover, if " > 0 is small enough, then by Lemma 4 we
have

�kVe�kL1.M/ . �kV kL1ke�kL1.M/;

kV 2e�kL1.M/ . kV k2L1ke�kL1.M/;

�kP0e�kL1.M/ . �kP0e�kL1C".M/ . �ke�kL1C".M/ . �3=2ke�kL1.M/

kP0Ve�kL1.M/ . kP0Ve�kL1C".M/ . kVe�kL1C".M/ . �kV kL1ke�kL1.M/

kQ0e�kL1.M/ . kQ0e�kL1C".M/ . ke�kL1C".M/ . �ke�kL1.M/:

So we finish the proof Lemma 9.

Lemma 10. If V 2 Lip1.M/, thenX
˙

Z
@D˙

jre�j
2 . �3ke�kL2.M/:

Proof. We set f D
p
1C jre�j2 in (4.11). And thenX

˙

Z
@D˙

p
1C jre�j2 jre�j

D

Z
D�

div.
p
1C jre�j2re�/ �

Z
DC

div.
p
1C jre�j2re�/
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.
Z
M

j div.
p
1C jre�j2re�/j .

Z
M

p
1C jre�j2 jr

2e�j

. .ke�kL2.M/ C kre�kL2.M//kr
2e�kL2.M/ . �3ke�kL2.M/:

Here we use the Sobolev estimates of eigenfunctions in the last step. Indeed, we have
the following Sobolev estimates:

kre�kL2.M/ . kDe�kL2.M/ C ke�kL2.M/

� k.D C V /e�kL2.M/ C kVe�kL2.M/ C ke�kL2.M/

. �ke�kL2.M/ C kV kL1ke�kL2.M/

. �ke�kL2.M/I

similarly, we may exploit Lemma 7 to obtain

kr
2e�kL2.M/ . kD2e�kL2.M/ C kDe�kL2.M/ C ke�kL2.M/

. k.D C V /2e�kL2.M/ C kŒD ; V �e�kL2.M/ C kV.D C V /e�kL2.M/

C kV 2e�kL2.M/ C �ke�kL2.M/

. �2ke�kL2.M/ C �kV kLip1ke�kL2.M/ C kV k
2
L1ke�kL2.M/

. �2ke�kL2.M/:

So Lemma 10 is proved.

Finally, we finish the proof of (1.8) by inserting Lemma 9 and Lemma 10 into
(4.12) and applying (1.6).

A. Heat kernel bounds

In this section, we prove the heat kernel estimates for the operators

HV D .��g/
˛=2
C P˛�1 C V;

where P˛�1 is a classical pseudo-differential operator of order ˛ � 1, and the real-
valued potential V belongs to the Kato class on the closed manifold .M; g/. These
results generalize those of Gimperlein and Grubb [33, Theorem 4.3] for

H 0
D .��g/

˛=2
C P˛�1;

under the minimal assumption on V . They are more general estimates than we need
in this paper (˛ D 1), but they may be useful for future research.
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Definition 1. For n � 2 and 0 < ˛ < 2, the potential V is said to be in the Kato class
K˛.M/ if

lim
r#0

sup
x2M

Z
Br .x/

dg.x; y/
˛�n
jV.y/jdy D 0 (A.1)

where dg.�; �/ denotes geodesic distance and Br.x/ is the geodesic ball of radius r
about x and dy denotes the volume element on .M; g/. To define the Kato class for
n D 1 and 0 < ˛ < 2, we replace the function dg.x; y/˛�n in (A.1) by

w.x; y/ D

8̂<̂
:
dg.x; y/

˛�1; ˛ < 1;

log.2C dg.x; y/�1/; ˛ D 1;

1; ˛ > 1:

Since M is compact we have K˛.M/ � L1.M/, and for any p > n
˛

, we have
Lp.M/�K˛.M/ by Hölder’s inequality. We recall that the assumption V 2K˛.M/

implies that the operators HV D .��g/˛=2 C V are self-adjoint and bounded from
below. See [38, Proof of Proposition 2]. The same argument is still valid to prove that
HV D .��g/

˛=2 C P˛�1 C V is self-adjoint and bounded from below, whenever
P˛�1 is self-adjoint.

Proposition 3. Let n � 1, 0 < ˛ < 2 and V 2 K˛.M/. Let pV .t; x; y/ be the heat
kernel of HV D .��g/˛=2 C P˛�1 C V . Then we have

jpV .t; x; y/j . q˛.t; x; y/; 0 < t � 1; x; y 2M; (A.2)

where q˛.t; x; y/ D min¹t�n=˛ , tdg.x; y/�n�˛º.

A.1. Proof of Proposition 3

Let pV D pV .t;x;y/ denote the heat kernel e�tHV .x;y/. Let p0D p0.t;x;y/ denote
the heat kernel e�tH

0
.x; y/. We employ the following fact derived from Duhamel’s

principle.

Lemma 11. Suppose V 2 L1.M/. Then,

pV D
X
k�0

Sk

with S0 D p0 and

Sk.t; x; y/ D

tZ
0

Z
M

p0.t � s; x; z/V .z/Sk�1.s; z; y/dzds:
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Proof. Since V acts as a bounded multiplication operator on L2, we apply [49, The-
orem 6.2] with A D �H 0 and B.s/ D V to complete the proof.

Lemma 12. For 0 < ˛ < 2, let

N ˛
t .V / D sup

y2M

tZ
0

Z
M

q˛.s; y; z/jV.z/jdzds:

Then we have

tZ
0

Z
M

q˛.s; x; z/q˛.t � s; z; y/jV.z/jdzds � CN
˛
t .V /q˛.t; x; y/;

where C > 0 is a constant.

This lemma follows from the 3P-inequality in [5, Theorem 4] and [68, Proposition
2.4]. We remark that such 3P-inequality holds for all ˛ 2 .0; 2/ but fails to hold for
the Gaussian kernel (˛ D 2).

Lemma 13 (3P-inequality). We have for any s; t > 0 and x; y; z 2M

q˛.t; x; z/q˛.s; z; y/ � C1q˛.s C t; x; y/.q˛.t; x; z/C q˛.s; z; y//;

where C1 > 0 is a constant.

Proof. Note that for A;B > 0,

min¹A;Bº �
AB

AC B
; .AC B/n=˛ � An=˛ C Bn=˛;

and the triangle inequality dg.x; y/ � dg.x; z/ C dg.z; y/. The implicit constants
may depend on n and ˛.

We have

q˛.t; x; z/C q˛.s; z; y/

q˛.t; x; z/q˛.s; z; y/
D

1

q˛.t; x; z/
C

1

q˛.s; z; y/

� tn=˛ C t�1dg.x; z/
nC˛
C sn=˛ C s�1dg.z; y/

nC˛

� .t C s/n=˛ C t�1dg.x; z/
nC˛
C s�1dg.z; y/

nC˛

� .t C s/n=˛ C .s C t /�1.dg.x; z/
nC˛
C dg.z; y/

nC˛/

� .t C s/n=˛ C .s C t /�1.dg.x; z/C dg.z; y//
nC˛

� .t C s/n=˛ C .s C t /�1dg.x; y/
nC˛

�
1

q˛.s C t; x; y/
:
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Now, we give a proof of Proposition 3. We use an approximation argument sim-
ilar to the one for the Feynman-Kac formula as presented in [52, Theorem 6.2]. By
Gimperlein and Grubb [33, Theorem 4.3],

jp0.t; x; y/j � C0q˛.t; x; y/; 0 < t � 1: (A.3)

For m; l 2 NC, let

V lm.x/ D

8̂<̂
:
V.x/; �m � V.x/ � l;

�m; V.x/ < �m;

l; V .x/ > l:

Then Lemma 11 yields
pV lm
D

X
k�0

S
m;l
k
;

where
S
m;l
0 .t; x; y/ D p0.t; x; y/

and for k � 1,

S
m;l
k
.t; x; y/ D

tZ
0

Z
M

p0.t � s; x; z/.V
l
m/.z/S

m;l
k�1

.s; z; y/dz ds: (A.4)

We claim that, for the constant C > 0 in Lemma 12, we have

jS
m;l
k
.t; x; y/j � C kC10 .CN ˛

t .V //
kq˛.t; x; y/; k � 0; 0 < t � 1:

We prove the claim by induction. The base case k D 0 follows immediately
from (A.3). Suppose the claim holds for k � 1. Then (A.3), (A.4), and Lemma 12
imply

jS
m;l
k
.t; x; y/j � C k0 .CN

˛
t .V //

k�1

tZ
0

Z
M

C0q˛.t � s; x; z/q˛.s; z; y/jV.z/jdz ds

� C k0 .CN
˛
t .V //

k�1
� C0CN

˛
t .V /q˛.t; x; y/

D C kC10 .CN ˛
t .V //

kq˛.t; x; y/:

This establishes the claim.
Moreover, the Kato class property of V implies that for any 0 < ˛ < 2,

lim
t#0
N ˛
t .V / D 0: (A.5)
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Indeed, for n � 2,

tZ
0

Z
M

q˛.r; y; z/jV.z/jdz dr

.
Z

dg.z;y/<t
1=.2˛/

dg.z; y/
˛�n
jV.z/jdz C

Z
M

tdg.z; y/
˛�n
jV.z/jdz;

which implies (A.5) by the definition of Kato class. The case n D 1 is similar.
Therefore, there exists 0 < t1 � 1 such that C0CN ˛

t .V / �
1
3

for all t 2 .0; t1�.
Thus, we have the uniform upper bound

jpV lm
.t; x; y/j � zCq˛.t; x; y/; 0 < t � t1:

By the dominated convergence theorem, the functions pV lm converge pointwise to a
function QpV .t; x; y/ as m; l !1, with

j QpV .t; x; y/j � zCq˛.t; x; y/; 0 < t � t1: (A.6)

Let zE.t/ be the operator associated with the integral kernel QpV .t; x; y/. For any fixed
t > 0, by the dominated convergence theorem, with the uniform upper bound obtained
above, we have

lim
l!1

lim
m!1

k.e
�tH

V lm � zE.t//f kL2 D 0 for all f 2 L2.M/:

To verify that QpV .t; x; y/ is indeed the kernel of e�tHV , it suffices to show

lim
l!1

lim
m!1

k.e
�tH

V lm � e�tHV /f kL2 D 0 for all f 2 L2.M/:

Indeed, by the monotone convergence theorem for forms [54, Theorem 7.5.18 (b)],
we obtain

HV lm
! HV l1 in strong resolvent sense:

Since HV l1 is closed by the KLMN Theorem [54, Theorem 7.5.7], and [54, Theorem
7.2.10] gives

lim
m!1

e
�tH

V lmf D e
�tH

V l1f in L2.M/:

Similarly, [54, Theorem 7.5.18 (a)] yields

lim
l!1

e
�tH

V l1f D e�tHV f in L2.M/:

Finally, we extend the upper bound (A.6) in the full range 0 < t � 1 by using the
semigroup property.
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A.2. Two-sided estimates

ForH 0D .��g/
˛=2 (0<˛ <2) orH 0DD (Dirichlet-to-Neumann operator, ˛D 1),

the heat kernel p0 D e�tH
0
.x; y/ satisfies the two-sided estimates

C�1q˛.t; x; y/ � p0.t; x; y/ � Cq˛.t; x; y/; 0 < t � 1; x; y 2M:

See e.g., [33, Theorems 4.2 an 4.4] and [6, Theorem 3.1]. For HV D H 0 C V with
V 2 K˛.M/, by modifying the argument above, we can obtain the two-sided heat
kernel estimates

pV .t; x; y/ � q˛.t; x; y/; 0 < t � 1; x; y 2M:

B. Kernel bounds of pseudo-differential operators

In this section, we prove the kernel bounds of pseudo-differential operators in
Lemma 5. See [60, Theorem 4.3.1] for the proof of the fact that m.P / is a pseudo-
differential operator of order �. The kernel bounds (3.2) can be viewed as the rescaled
version on compact manifolds compared to the Euclidean estimates in [63, Proposi-
tion 1 on p. 241]. We mean that the bounds hold near the diagonal (so that dg.x; y/ is
smaller than the injectivity radius ofM ) and that outside the neighborhood of the diag-
onal they areO.R�N /. Roughly speaking, modulo lower order terms,m.P=R/.x; y/
equals

.2�/�n
Z

Rn

m
�
j�j

R

�
eidg.x;y/�1d�

near the diagonal, which satisfies the bounds in (3.2), while outside of a fixed neigh-
borhood of the diagonal m.P=R/.x; y/ is O.R�N /. For completeness, we give a
detailed proof by using the Hadamard parametrix.

B.1. Proof of Lemma 5

Since the spectrum of P D
p
��g is nonnegative, we may assume that m.t/ is an

even function on R. Let ı > 0 be smaller than the injectivity radius of .M; g/. Let
� 2 C10 .�1; 1/ be even and satisfy � � 1 on

�
�
ı
2
; ı
2

�
. So we can write

m.P=R/ D
R

2�

Z
R

Om.tR/ cos.tP /dt

D
R

2�

Z
�.t/ Om.tR/ cos.tP /dt C

R

2�

Z
.1 � �.t// Om.tR/ cos.tP /dt:

(B.1)
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To handle the first term in (B.1), we need to use the Hadamard parametrix (see e.g.,
[58, Section 1.2 and Theorem 3.1.5]). For 0 < t < ı and N0 > nC 3, we have

cos tP.x; y/ D
N0X
�D0

!�.x; y/@tE�.t; dg.x; y//CRN0.t; x; y/ (B.2)

where the leading term

@tE0 D .2�/
�n

Z
Rn

eidg.x;y/�1 cos.t j�j/d� (B.3)

and E� satisfies 2@tE� D tE��1, and @tE�.t=R; r/ D Rn�2�@tE�.t; Rr/ for any
R > 0. Here !� 2 C1.M �M/, and !0.x; x/D 1 for all x 2M . For � � 1, we have
the following explicit formula (see e.g., [58, Section 1.2]):

E� D �Š.2�/
�n

Z
0�s1�����s��t

Z
Rn

eidg.x;y/�1
sin.t � s�/j�j

j�j

sin.s� � s��1/j�j
j�j

� � �

�
sin.s2 � s1/j�j

j�j

sin s1j�j
j�j

d�ds1 : : : ds� :

So for � � 1, we obtain (see e.g., [58, Section 1.2])

@tE� D
1

2
tE��1 D

Z
eidg.x;y/�1a�.t; j�j/d�

D

X
˙

��1X
jD0

a˙j�

Z
eidg.x;y/�1˙it j�jtjC1j�j�2�C1Cjd�; (B.4)

where a˙j� are constants, and a� 2 C1. The remainder kernel RN0 2 C
N0�n�3 satis-

fies
j@˛t;x;yRN0.t; x; y/j . jt j

2N0C2�n�j˛j; j˛j � N0 � n � 2: (B.5)

Then we plug (B.2) into the first term of (B.1). We first handle the contribution of
the leading term in (B.2). By (B.3), we can write

R

2�

“
�.t/ Om.tR/ cos.t j�j/eidg.x;y/�1dt d�

D

Z
m.j�j=R/eidg.x;y/�1d�

C
R

2�

“
.1 � �.t// Om.tR/ cos.t j�j/eidg.x;y/�1dt d�

´ I1 C I2:
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Using the property (3.1) and integration by parts, we see that for any N 2 N,

jI1j .

8̂<̂
:
Rn.Rdg.x; y//

�n��.1CRdg.x; y//
�N ; nC � > 0;

Rn log.2C .Rdg.x; y//�1/.1CRdg.x; y//�N ; nC � D 0;

Rn.1CRdg.x; y//
�N ; nC � < 0;

(B.6)

and

jI2j .
ˇ̌̌̌
R

•
.1 � �.t//.tR/�Nm.N/.s/e�itRs cos.t j�j/eidg.x;y/�1dsdtd�

ˇ̌̌̌
. R�NC1

“
.1C jj�j �Rjsjj/�N1.1C jsj/�NC�dsd�

. R�N
Z
.1C j�j=R/�NC�d�

. R�NCn: (B.7)

Here we choose N1 > N > nC �.
Similarly, we can handle the contributions of the remaining terms in (B.2). For

each � � 1, we can write

R

2�

Z
�.t/ Om.tR/@tE�.t; dg.x; y//dt D

R

2�

Z
Om.tR/@tE�.t; dg.x; y//dt�

R

2�

Z
.1 � �.t// Om.tR/@tE�.t; dg.x; y//dt ´ I3 C I4:

Using the scaling property @tE�.t=R; r/D Rn�2�@tE�.t;Rr/ and formula (B.4), we
can integrate by parts to see that

jI3j D .2�/
�1Rn�2�

ˇ̌̌̌ Z
Om.t/@tE�.t; Rdg.x; y//dt

ˇ̌̌̌
D .2�/�1Rn�2�

ˇ̌̌̌X
˙

��1X
jD0

a˙j�

“
eiRdg.x;y/�1˙it j�j Om.t/tjC1j�j�2�C1Cjdtd�

ˇ̌̌̌

D Rn�2�
ˇ̌̌̌X
˙

��1X
jD0

i�j�1a˙j�

Z
eiRdg.x;y/�1m.jC1/.˙j�j/j�j�2�C1Cjd�

ˇ̌̌̌
. Rn�2�.1CRdg.x; y//

�N

C

��1X
jD0

ˇ̌̌̌Z
eiRdg.x;y/�1m.jC1/.j�j/j�j�2�C1Cj'.j�j/d�

ˇ̌̌̌
(B.8)

.

8̂<̂
:
Rn�2�.Rdg.x; y//

�n��.1CRdg.x; y//
�N ; nC � > 0;

Rn�2� log.2C .Rdg.x; y//�1/.1CRdg.x; y//�N ; nC � D 0;

Rn�2�.1CRdg.x; y//
�N ; nC � < 0;

(B.9)
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where ' 2 C1 vanishes near the origin but equals one near infinity. The first term
in (B.8) follows from the smoothness of a� in (B.4) near � D 0 and integration by
parts. Moreover,

jI4j .
X
˙

��1X
jD0

ˇ̌̌̌
R

•
.1 � �.t//.tR/�Nm.NCjC1/.s/

� e�itRseidg.x;y/�1˙it j�j�j�.j�j/d� ds dt

ˇ̌̌̌
. R�NC1

“
.1C jj�j �Rjsjj/�N1.1C jsj/�NC�dsd�

. R�N
Z
.1C j�j=R/�NC�d� . R�NCn: (B.10)

The remainder term RN0 in (B.2) is easy to handle. Indeed, for nC � < N � N0 �
n � 2, using (B.5) we integrate by parts to obtainˇ̌̌ R

2�

Z
�.t/ Om.tR/RN0.t; x; y/dt

ˇ̌̌
. R�NC1

ˇ̌̌̌“
�.t/t�NRN0.t; x; y/m

.N/.s/e�itRsds dt

ˇ̌̌̌
. R�NC1

Z
.1CRjsj/�N .1C jsj/��Nds . R�NC1: (B.11)

To handle the second term in (B.1), we notice that for � � 0ˇ̌̌̌
R

2�

Z
.1 � �.t// Om.tR/ cos.t�/dt

ˇ̌̌̌
.
ˇ̌̌̌
R

“
.1 � �.t//.tR/�Nm.N/.s/e�itRs cos.t�/dtds

ˇ̌̌̌
. R�NC1

Z
.1C j� �Rjsjj/�N1.1C jsj/�NC�ds . R�N

�
1C

�

R

��NC�
:

Thus, we obtainˇ̌̌̌
R

2�

Z
.1 � �.t// Om.tR/ cos.tP /.x; y/dt

ˇ̌̌̌
. R�N

X
j

.1C �j =R/
�NC�

jej .x/ej .y/j

. R�N
X
k

.1C k=R/�NC�
X

�j2Œk;kC1/

jej .x/ej .y/j

. R�N
X
k

.1C k=R/�NC�.1C k/n�1 . R�NCn: (B.12)
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Here we used the L1 bound of Laplace eigenfunctions (see e.g., [60, Lemma 4.2.4])X
�j2Œk;kC1/

jej .x/ej .y/j . sup
x2M

X
�j2Œk;kC1/

jej .x/j
2 . .1C k/n�1:

Combining the bounds (B.6), (B.7), (B.9), (B.10), (B.11), and (B.12), we complete
the proof.

Acknowledgments. The authors are grateful to Jiuyi Zhu for his helpful comments
on nodal sets. The authors would like to thank two anonymous referees for numerous
comments which have improved the exposition in this paper.

Funding. Y.S. is partially supported by the NSF DMS Grant 2154219. C.Z. is par-
tially supported by National Key R&D Program of China No. 2024YFA1015300 and
NSFC Grant No. 12371097. X.W. is partially supported by Fundamental Research
Funds for the Central Universities Grant No. 531118010864 from Hunan University.

References

[1] K. Bellová and F.-H. Lin, Nodal sets of Steklov eigenfunctions. Calc. Var. Partial Differ-
ential Equations 54 (2015), no. 2, 2239–2268 Zbl 1327.35263 MR 3396451

[2] J. Bergh and J. Löfström, Interpolation spaces. An introduction. Grundlehren Math. Wiss.
223, Springer, Berlin etc., 1976 Zbl 0344.46071 MR 0482275

[3] M. D. Blair, X. Huang, Y. Sire, and C. D. Sogge, Uniform Sobolev estimates on compact
manifolds involving singular potentials. Rev. Mat. Iberoam. 38 (2022), no. 4, 1239–1286
Zbl 1493.58013 MR 4445914

[4] M. D. Blair, Y. Sire, and C. D. Sogge, Quasimode, eigenfunction and spectral projection
bounds for Schrödinger operators on manifolds with critically singular potentials. J. Geom.
Anal. 31 (2021), no. 7, 6624–6661 Zbl 1472.35257 MR 4289239

[5] K. Bogdan and T. Jakubowski, Estimates of heat kernel of fractional Laplacian perturbed
by gradient operators. Comm. Math. Phys. 271 (2007), no. 1, 179–198 Zbl 1129.47033
MR 2283957

[6] K. Bogdan, A. Stós, and P. Sztonyk, Harnack inequality for stable processes on d -sets.
Studia Math. 158 (2003), no. 2, 163–198 Zbl 1031.60070 MR 2013738

[7] J. Bourgain, Geodesic restrictions and Lp-estimates for eigenfunctions of Riemannian
surfaces. In Linear and complex analysis, pp. 27–35, Amer. Math. Soc. Transl. Ser. 2 226,
American Mathematical Society, Providence, RI, 2009 Zbl 1189.58015 MR 2500507

[8] N. Burq, P. Gérard, and N. Tzvetkov, Restrictions of the Laplace-Beltrami eigenfunctions
to submanifolds. Duke Math. J. 138 (2007), no. 3, 445–486 Zbl 1131.35053
MR 2322684

[9] A.-P. Calderón, Commutators of singular integral operators. Proc. Nat. Acad. Sci. U.S.A.
53 (1965), 1092–1099 Zbl 0151.16901 MR 0177312

https://doi.org/10.1007/s00526-015-0864-8
https://zbmath.org/?q=an:1327.35263
https://mathscinet.ams.org/mathscinet-getitem?mr=3396451
https://doi.org/10.1007/978-3-642-66451-9
https://zbmath.org/?q=an:0344.46071
https://mathscinet.ams.org/mathscinet-getitem?mr=0482275
https://doi.org/10.4171/rmi/1300
https://doi.org/10.4171/rmi/1300
https://zbmath.org/?q=an:1493.58013
https://mathscinet.ams.org/mathscinet-getitem?mr=4445914
https://doi.org/10.1007/s12220-019-00287-z
https://doi.org/10.1007/s12220-019-00287-z
https://zbmath.org/?q=an:1472.35257
https://mathscinet.ams.org/mathscinet-getitem?mr=4289239
https://doi.org/10.1007/s00220-006-0178-y
https://doi.org/10.1007/s00220-006-0178-y
https://zbmath.org/?q=an:1129.47033
https://mathscinet.ams.org/mathscinet-getitem?mr=2283957
https://doi.org/10.4064/sm158-2-5
https://zbmath.org/?q=an:1031.60070
https://mathscinet.ams.org/mathscinet-getitem?mr=2013738
https://doi.org/10.1090/trans2/226/03
https://doi.org/10.1090/trans2/226/03
https://zbmath.org/?q=an:1189.58015
https://mathscinet.ams.org/mathscinet-getitem?mr=2500507
https://doi.org/10.1215/S0012-7094-07-13834-1
https://doi.org/10.1215/S0012-7094-07-13834-1
https://zbmath.org/?q=an:1131.35053
https://mathscinet.ams.org/mathscinet-getitem?mr=2322684
https://doi.org/10.1073/pnas.53.5.1092
https://zbmath.org/?q=an:0151.16901
https://mathscinet.ams.org/mathscinet-getitem?mr=0177312


Sharp Lp estimates for generalized Steklov eigenfunctions 419

[10] A.-P. Calderón, On an inverse boundary value problem. In Seminar on Numerical Analysis
and its Applications to Continuum Physics (Rio de Janeiro, 1980), pp. 65–73, Soc. Brasil.
Mat., Rio de Janeiro, 1980 MR 0590275

[11] R. Carmona, W. C. Masters, and B. Simon, Relativistic Schrödinger operators: asymptotic
behavior of the eigenfunctions. J. Funct. Anal. 91 (1990), no. 1, 117–142
Zbl 0716.35006 MR 1054115

[12] R. Coifman and Y. Meyer, Commutateurs d’intégrales singulières et opérateurs multil-
inéaires. Ann. Inst. Fourier (Grenoble) 28 (1978), no. 3, XI, 177–202 Zbl 0368.47031
MR 0511821

[13] B. Colbois, A. Girouard, C. Gordon, and D. Sher, Some recent developments on the
Steklov eigenvalue problem. Rev. Mat. Complut. 37 (2024), no. 1, 1–161
Zbl 1532.58004 MR 4695859

[14] T. H. Colding and W. P. Minicozzi, II, Lower bounds for nodal sets of eigenfunctions.
Comm. Math. Phys. 306 (2011), no. 3, 777–784 Zbl 1238.58020 MR 2825508

[15] G. Cox, D. Jakobson, M. Karpukhin, and Y. Sire, Conformal invariants from nodal sets.
II. Manifolds with boundary. J. Spectr. Theory 11 (2021), no. 2, 387–409
Zbl 1477.58018 MR 4293482

[16] I. Daubechies and E. H. Lieb, One-electron relativistic molecules with Coulomb interac-
tion. Comm. Math. Phys. 90 (1983), no. 4, 497–510 Zbl 0946.81522 MR 0719430

[17] S. Decio, Nodal sets of Steklov eigenfunctions near the boundary: inner radius estimates.
Int. Math. Res. Not. IMRN (2022), no. 21, 16709–16729 Zbl 1501.35135 MR 4504905

[18] S. Decio, Hausdorff measure bounds for nodal sets of Steklov eigenfunctions. Anal. PDE
17 (2024), no. 4, 1237–1259 Zbl 1540.35123 MR 4746870

[19] M. Di Cristo and L. Rondi, Interior decay of solutions to elliptic equations with respect to
frequencies at the boundary. Indiana Univ. Math. J. 70 (2021), no. 4, 1303–1334
Zbl 1475.35139 MR 4318476

[20] H. Donnelly and C. Fefferman, Nodal sets of eigenfunctions on Riemannian manifolds.
Invent. Math. 93 (1988), no. 1, 161–183 Zbl 0659.58047 MR 0943927

[21] J. F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat metric with
constant mean curvature on the boundary. Ann. of Math. (2) 136 (1992), no. 1, 1–50
Zbl 0766.53033 MR 1173925

[22] J. F. Escobar, The Yamabe problem on manifolds with boundary. J. Differential Geom. 35
(1992), no. 1, 21–84 Zbl 0771.53017 MR 1152225

[23] J. F. Escobar, Uniqueness and non-uniqueness of metrics with prescribed scalar and mean
curvature on compact manifolds with boundary. J. Funct. Anal. 202 (2003), no. 2, 424–442
Zbl 1041.53026 MR 1990532

[24] L. C. Evans, Partial differential equations. Second edn., Grad. Stud. Math. 19, American
Mathematical Society, Providence, RI, 2010 Zbl 1194.35001 MR 2597943

[25] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions. Studies in
Advanced Mathematics, CRC Press, Boca Raton, FL, 1992 Zbl 0804.28001
MR 1158660

[26] H. Federer, Geometric measure theory. Grundlehren Math. Wiss. 153, Springer, New York,
1969 Zbl 0176.00801 MR 0257325

https://mathscinet.ams.org/mathscinet-getitem?mr=0590275
https://doi.org/10.1016/0022-1236(90)90049-Q
https://doi.org/10.1016/0022-1236(90)90049-Q
https://zbmath.org/?q=an:0716.35006
https://mathscinet.ams.org/mathscinet-getitem?mr=1054115
https://doi.org/10.5802/aif.708
https://doi.org/10.5802/aif.708
https://zbmath.org/?q=an:0368.47031
https://mathscinet.ams.org/mathscinet-getitem?mr=0511821
https://doi.org/10.1007/s13163-023-00480-3
https://doi.org/10.1007/s13163-023-00480-3
https://zbmath.org/?q=an:1532.58004
https://mathscinet.ams.org/mathscinet-getitem?mr=4695859
https://doi.org/10.1007/s00220-011-1225-x
https://zbmath.org/?q=an:1238.58020
https://mathscinet.ams.org/mathscinet-getitem?mr=2825508
https://doi.org/10.4171/jst/345
https://doi.org/10.4171/jst/345
https://zbmath.org/?q=an:1477.58018
https://mathscinet.ams.org/mathscinet-getitem?mr=4293482
https://doi.org/10.1007/bf01216181
https://doi.org/10.1007/bf01216181
https://zbmath.org/?q=an:0946.81522
https://mathscinet.ams.org/mathscinet-getitem?mr=0719430
https://doi.org/10.1093/imrn/rnab198
https://zbmath.org/?q=an:1501.35135
https://mathscinet.ams.org/mathscinet-getitem?mr=4504905
https://doi.org/10.2140/apde.2024.17.1237
https://zbmath.org/?q=an:1540.35123
https://mathscinet.ams.org/mathscinet-getitem?mr=4746870
https://doi.org/10.1512/iumj.2021.70.9367
https://doi.org/10.1512/iumj.2021.70.9367
https://zbmath.org/?q=an:1475.35139
https://mathscinet.ams.org/mathscinet-getitem?mr=4318476
https://doi.org/10.1007/BF01393691
https://zbmath.org/?q=an:0659.58047
https://mathscinet.ams.org/mathscinet-getitem?mr=0943927
https://doi.org/10.2307/2946545
https://doi.org/10.2307/2946545
https://zbmath.org/?q=an:0766.53033
https://mathscinet.ams.org/mathscinet-getitem?mr=1173925
https://doi.org/10.4310/jdg/1214447805
https://zbmath.org/?q=an:0771.53017
https://mathscinet.ams.org/mathscinet-getitem?mr=1152225
https://doi.org/10.1016/S0022-1236(02)00054-X
https://doi.org/10.1016/S0022-1236(02)00054-X
https://zbmath.org/?q=an:1041.53026
https://mathscinet.ams.org/mathscinet-getitem?mr=1990532
https://doi.org/10.1090/gsm/019
https://zbmath.org/?q=an:1194.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=2597943
https://zbmath.org/?q=an:0804.28001
https://mathscinet.ams.org/mathscinet-getitem?mr=1158660
https://zbmath.org/?q=an:0176.00801
https://mathscinet.ams.org/mathscinet-getitem?mr=0257325


X. Huang, Y. Sire, X. Wang, and C. Zhang 420

[27] R. L. Frank, E. H. Lieb, and R. Seiringer, Stability of relativistic matter with magnetic
fields for nuclear charges up to the critical value. Comm. Math. Phys. 275 (2007), no. 2,
479–489 Zbl 1135.81030 MR 2335782

[28] R. L. Frank, E. H. Lieb, and R. Seiringer, Hardy–Lieb–Thirring inequalities for fractional
Schrödinger operators. J. Amer. Math. Soc. 21 (2008), no. 4, 925–950 Zbl 1202.35146
MR 2425175

[29] R. L. Frank and J. Sabin, Sharp Weyl laws with singular potentials. Pure Appl. Anal. 5
(2023), no. 1, 85–144 Zbl 1514.35300 MR 4578533

[30] J. Galkowski and J. A. Toth, Pointwise bounds for Steklov eigenfunctions. J. Geom. Anal.
29 (2019), no. 1, 142–193 Zbl 1407.35239 MR 3897008

[31] J. Galkowski and J. A. Toth, Lower bounds for Steklov eigenfunctions. Pure Appl.
Math. Q. 19 (2023), no. 4, 1873–1898 Zbl 1531.35198 MR 4671385

[32] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order.
Reprint of the 1998 edn., Classics in Mathematics, Springer, Berlin, 2001
Zbl 1042.35002 MR 1814364

[33] H. Gimperlein and G. Grubb, Heat kernel estimates for pseudodifferential operators, frac-
tional Laplacians and Dirichlet-to-Neumann operators. J. Evol. Equ. 14 (2014), no. 1,
49–83 Zbl 1432.35107 MR 3169031

[34] A. Girouard and I. Polterovich, Spectral geometry of the Steklov problem (survey article).
J. Spectr. Theory 7 (2017), no. 2, 321–359 Zbl 1378.58026 MR 3662010

[35] P. Grisvard, Elliptic problems in nonsmooth domains. Monographs and Studies in Mathe-
matics 24, Pitman (Advanced Publishing Program), Boston, MA, etc., 1985
Zbl 0695.35060 MR 0775683

[36] Q. Han and F.-H. Lin, Nodal sets of solutions of elliptic differential equations. Book in
preparation

[37] P. D. Hislop and C. V. Lutzer, Spectral asymptotics of the Dirichlet-to-Neumann map on
multiply connected domains in Rd . Inverse Problems 17 (2001), no. 6, 1717–1741
Zbl 0991.35108 MR 1872919

[38] X. Huang, Y. Sire, and C. Zhang, Spectral cluster estimates for Schrödinger operators of
relativistic type. J. Math. Pures Appl. (9) 155 (2021), 32–61 Zbl 1477.35109
MR 4324292

[39] X. Huang and C. D. Sogge, Weyl formulae for Schrödinger operators with critically sin-
gular potentials. Comm. Partial Differential Equations 46 (2021), no. 11, 2088–2133
Zbl 1477.58021 MR 4313448

[40] X. Huang and C. Zhang, Pointwise Weyl laws for Schrödinger operators with singular
potentials. Adv. Math. 410 (2022), part A, article no. 108688 Zbl 1501.58015
MR 4491246

[41] X. Huang and C. Zhang, Sharp pointwise Weyl laws for Schrödinger operators with sin-
gular potentials on flat tori. Comm. Math. Phys. 401 (2023), no. 2, 1063–1125
Zbl 1517.58006 MR 4610271

[42] E. H. Lieb and H.-T. Yau, The Chandrasekhar theory of stellar collapse as the limit of
quantum mechanics. Comm. Math. Phys. 112 (1987), no. 1, 147–174 Zbl 0641.35065
MR 0904142

https://doi.org/10.1007/s00220-007-0307-2
https://doi.org/10.1007/s00220-007-0307-2
https://zbmath.org/?q=an:1135.81030
https://mathscinet.ams.org/mathscinet-getitem?mr=2335782
https://doi.org/10.1090/S0894-0347-07-00582-6
https://doi.org/10.1090/S0894-0347-07-00582-6
https://zbmath.org/?q=an:1202.35146
https://mathscinet.ams.org/mathscinet-getitem?mr=2425175
https://doi.org/10.2140/paa.2023.5.85
https://zbmath.org/?q=an:1514.35300
https://mathscinet.ams.org/mathscinet-getitem?mr=4578533
https://doi.org/10.1007/s12220-018-9984-7
https://zbmath.org/?q=an:1407.35239
https://mathscinet.ams.org/mathscinet-getitem?mr=3897008
https://doi.org/10.4310/pamq.2023.v19.n4.a7
https://zbmath.org/?q=an:1531.35198
https://mathscinet.ams.org/mathscinet-getitem?mr=4671385
https://doi.org/10.1007/978-3-642-61798-0
https://zbmath.org/?q=an:1042.35002
https://mathscinet.ams.org/mathscinet-getitem?mr=1814364
https://doi.org/10.1007/s00028-013-0206-2
https://doi.org/10.1007/s00028-013-0206-2
https://zbmath.org/?q=an:1432.35107
https://mathscinet.ams.org/mathscinet-getitem?mr=3169031
https://doi.org/10.4171/JST/164
https://zbmath.org/?q=an:1378.58026
https://mathscinet.ams.org/mathscinet-getitem?mr=3662010
https://zbmath.org/?q=an:0695.35060
https://mathscinet.ams.org/mathscinet-getitem?mr=0775683
https://doi.org/10.1088/0266-5611/17/6/313
https://doi.org/10.1088/0266-5611/17/6/313
https://zbmath.org/?q=an:0991.35108
https://mathscinet.ams.org/mathscinet-getitem?mr=1872919
https://doi.org/10.1016/j.matpur.2021.08.004
https://doi.org/10.1016/j.matpur.2021.08.004
https://zbmath.org/?q=an:1477.35109
https://mathscinet.ams.org/mathscinet-getitem?mr=4324292
https://doi.org/10.1080/03605302.2021.1925915
https://doi.org/10.1080/03605302.2021.1925915
https://zbmath.org/?q=an:1477.58021
https://mathscinet.ams.org/mathscinet-getitem?mr=4313448
https://doi.org/10.1016/j.aim.2022.108688
https://doi.org/10.1016/j.aim.2022.108688
https://zbmath.org/?q=an:1501.58015
https://mathscinet.ams.org/mathscinet-getitem?mr=4491246
https://doi.org/10.1007/s00220-023-04665-1
https://doi.org/10.1007/s00220-023-04665-1
https://zbmath.org/?q=an:1517.58006
https://mathscinet.ams.org/mathscinet-getitem?mr=4610271
https://doi.org/10.1007/bf01217684
https://doi.org/10.1007/bf01217684
https://zbmath.org/?q=an:0641.35065
https://mathscinet.ams.org/mathscinet-getitem?mr=0904142


Sharp Lp estimates for generalized Steklov eigenfunctions 421

[43] E. H. Lieb and H.-T. Yau, The stability and instability of relativistic matter. Comm. Math.
Phys. 118 (1988), no. 2, 177–213 Zbl 0686.35099 MR 0956165

[44] A. Logunov, Nodal sets of Laplace eigenfunctions: polynomial upper estimates of the
Hausdorff measure. Ann. of Math. (2) 187 (2018), no. 1, 221–239 Zbl 1384.58020
MR 3739231

[45] A. Logunov, Nodal sets of Laplace eigenfunctions: proof of Nadirashvili’s conjecture and
of the lower bound in Yau’s conjecture. Ann. of Math. (2) 187 (2018), no. 1, 241–262
Zbl 1384.58021 MR 3739232

[46] N. Mandache, Exponential instability in an inverse problem for the Schrödinger equation.
Inverse Problems 17 (2001), no. 5, 1435–1444 Zbl 0985.35110 MR 1862200

[47] F. C. Marques, Conformal deformations to scalar-flat metrics with constant mean curvature
on the boundary. Comm. Anal. Geom. 15 (2007), no. 2, 381–405 Zbl 1132.53021
MR 2344328

[48] W. F. Pfeffer, The Gauss–Green theorem. Adv. Math. 87 (1991), no. 1, 93–147
Zbl 0732.26013 MR 1102966.

[49] R. S. Phillips, Perturbation theory for semi-groups of linear operators. Trans. Amer. Math.
Soc. 74 (1953), 199–221 Zbl 0053.08704 MR 0054167

[50] I. Polterovich, D. A. Sher, and J. A. Toth, Nodal length of Steklov eigenfunctions on real-
analytic Riemannian surfaces. J. Reine Angew. Math. 754 (2019), 17–47 Zbl 1437.35182
MR 4000569

[51] A. Seeger and C. D. Sogge, Bounds for eigenfunctions of differential operators. Indiana
Univ. Math. J. 38 (1989), no. 3, 669–682 Zbl 0703.35133 MR 1017329

[52] B. Simon, Functional integration and quantum physics. Pure Appl. Math. 86, Academic
Press, New York and London, 1979 Zbl 0434.28013 MR 0544188

[53] B. Simon, Schrödinger semigroups. Bull. Amer. Math. Soc. (N.S.) 7 (1982), no. 3, 447–526
Zbl 0524.35002 MR 0670130

[54] B. Simon, Operator theory. A Comprehensive Course in Analysis, Part 4, American Math-
ematical Society, Providence, RI, 2015 Zbl 1334.00003 MR 3364494

[55] C. D. Sogge, Concerning the Lp norm of spectral clusters for second-order elliptic oper-
ators on compact manifolds. J. Funct. Anal. 77 (1988), no. 1, 123–138 Zbl 0641.46011
MR 0930395

[56] C. D. Sogge, Lectures on eigenfunctions of the Laplacian. In Topics in mathematical anal-
ysis, pp. 337–360, Ser. Anal. Appl. Comput. 3, World Sci. Publ., Hackensack, NJ, 2008
Zbl 1170.35071 MR 2462960

[57] C. D. Sogge, Kakeya–Nikodym averages and Lp-norms of eigenfunctions. Tohoku Math.
J. (2) 63 (2011), no. 4, 519–538 Zbl 1234.35156 MR 2872954

[58] C. D. Sogge, Hangzhou lectures on eigenfunctions of the Laplacian. Ann. of Math. Stud.
188, Princeton University Press, Princeton, NJ, 2014 Zbl 1312.58001 MR 3186367

[59] C. D. Sogge. Problems related to the concentration of eigenfunctions. Journees equations
aux derivees partielles (2015), article no. 9

[60] C. D. Sogge, Fourier integrals in classical analysis. Second edn., Cambridge Tracts in
Math. 210, Cambridge University Press, Cambridge, 2017 Zbl 1361.35005
MR 3645429

https://doi.org/10.1007/bf01218577
https://zbmath.org/?q=an:0686.35099
https://mathscinet.ams.org/mathscinet-getitem?mr=0956165
https://doi.org/10.4007/annals.2018.187.1.4
https://doi.org/10.4007/annals.2018.187.1.4
https://zbmath.org/?q=an:1384.58020
https://mathscinet.ams.org/mathscinet-getitem?mr=3739231
https://doi.org/10.4007/annals.2018.187.1.5
https://doi.org/10.4007/annals.2018.187.1.5
https://zbmath.org/?q=an:1384.58021
https://mathscinet.ams.org/mathscinet-getitem?mr=3739232
https://doi.org/10.1088/0266-5611/17/5/313
https://zbmath.org/?q=an:0985.35110
https://mathscinet.ams.org/mathscinet-getitem?mr=1862200
https://doi.org/10.4310/cag.2007.v15.n2.a7
https://doi.org/10.4310/cag.2007.v15.n2.a7
https://zbmath.org/?q=an:1132.53021
https://mathscinet.ams.org/mathscinet-getitem?mr=2344328
https://doi.org/10.1016/0001-8708(91)90063-D
https://zbmath.org/?q=an:0732.26013
https://mathscinet.ams.org/mathscinet-getitem?mr=1102966
https://doi.org/10.2307/1990879
https://zbmath.org/?q=an:0053.08704
https://mathscinet.ams.org/mathscinet-getitem?mr=0054167
https://doi.org/10.1515/crelle-2017-0018
https://doi.org/10.1515/crelle-2017-0018
https://zbmath.org/?q=an:1437.35182
https://mathscinet.ams.org/mathscinet-getitem?mr=4000569
https://doi.org/10.1512/iumj.1989.38.38031
https://zbmath.org/?q=an:0703.35133
https://mathscinet.ams.org/mathscinet-getitem?mr=1017329
https://zbmath.org/?q=an:0434.28013
https://mathscinet.ams.org/mathscinet-getitem?mr=0544188
https://doi.org/10.1090/S0273-0979-1982-15041-8
https://zbmath.org/?q=an:0524.35002
https://mathscinet.ams.org/mathscinet-getitem?mr=0670130
https://doi.org/10.1090/simon/004
https://zbmath.org/?q=an:1334.00003
https://mathscinet.ams.org/mathscinet-getitem?mr=3364494
https://doi.org/10.1016/0022-1236(88)90081-X
https://doi.org/10.1016/0022-1236(88)90081-X
https://zbmath.org/?q=an:0641.46011
https://mathscinet.ams.org/mathscinet-getitem?mr=0930395
https://doi.org/10.1142/9789812811066_0011
https://zbmath.org/?q=an:1170.35071
https://mathscinet.ams.org/mathscinet-getitem?mr=2462960
https://doi.org/10.2748/tmj/1325886279
https://zbmath.org/?q=an:1234.35156
https://mathscinet.ams.org/mathscinet-getitem?mr=2872954
https://doi.org/10.1515/9781400850549
https://zbmath.org/?q=an:1312.58001
https://mathscinet.ams.org/mathscinet-getitem?mr=3186367
https://doi.org/10.5802/jedp.638
https://doi.org/10.1017/9781316341186
https://zbmath.org/?q=an:1361.35005
https://mathscinet.ams.org/mathscinet-getitem?mr=3645429


X. Huang, Y. Sire, X. Wang, and C. Zhang 422

[61] C. D. Sogge, X. Wang, and J. Zhu, Lower bounds for interior nodal sets of Steklov eigen-
functions. Proc. Amer. Math. Soc. 144 (2016), no. 11, 4715–4722 Zbl 1359.35116
MR 3544523

[62] C. D. Sogge and S. Zelditch, Lower bounds on the Hausdorff measure of nodal sets. Math.
Res. Lett. 18 (2011), no. 1, 25–37 Zbl 1242.58017 MR 2770580

[63] E. M. Stein, Harmonic analysis. Real-variable methods, orthogonality, and oscillatory
integrals. Princeton Math. Ser. 43, Princeton University Press, Princeton, NJ, 1993
Zbl 0821.42001 MR 1232192

[64] D. Tataru, On the regularity of boundary traces for the wave equation. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 26 (1998), no. 1, 185–206 Zbl 0932.35136 MR 1633000

[65] M. Taylor, Commutator estimates. Proc. Amer. Math. Soc. 131 (2003), no. 5, 1501–1507
Zbl 1022.35096 MR 1949880

[66] M. E. Taylor, Partial differential equations II. Qualitative studies of linear equations. Sec-
ond edn., Appl. Math. Sci. 116, Springer, New York, 2011 MR 2743652

[67] K. Uhlenbeck, Generic properties of eigenfunctions. Amer. J. Math. 98 (1976), no. 4,
1059–1078 Zbl 0355.58017 MR 0464332

[68] F.-Y. Wang and X.-C. Zhang, Heat kernel for fractional diffusion operators with perturba-
tions. Forum Math. 27 (2015), no. 2, 973–994 Zbl 1346.60111 MR 3334091

[69] L. Wang, Generic properties of Steklov eigenfunctions. Trans. Amer. Math. Soc. 375
(2022), no. 11, 8241–8255 Zbl 1498.58020 MR 4491450

[70] X. Wang and J. Zhu, A lower bound for the nodal sets of Steklov eigenfunctions. Math.
Res. Lett. 22 (2015), no. 4, 1243–1253 Zbl 1327.58012 MR 3391885

[71] S. T. Yau, Problem section. In Seminar on Differential Geometry, pp. 669–706, Ann. of
Math. Stud 102, Princeton Univ. Press, Princeton, NJ, 1982 Zbl 0479.53001
MR 0645762

[72] S. Zelditch, Local and global analysis of eigenfunctions on Riemannian manifolds. In
Handbook of geometric analysis. No. 1, pp. 545–658, Adv. Lect. Math. (ALM) 7, Int.
Press, Somerville, MA, 2008 Zbl 1176.58017 MR 2483375

[73] S. Zelditch, Hausdorff measure of nodal sets of analytic Steklov eigenfunctions. Math.
Res. Lett. 22 (2015), no. 6, 1821–1842 Zbl 1344.53034 MR 3507264

[74] J. Zhu, Interior nodal sets of Steklov eigenfunctions on surfaces. Anal. PDE 9 (2016),
no. 4, 859–880 Zbl 1342.35193 MR 3530194

Received 9 September 2024; revised 17 November 2025.

Xiaoqi Huang
Department of Mathematics, Louisiana State University, 303 Lockett Hall, Baton Rouge,
LA 70803-4918, USA; xhuang49@lsu.edu
Author IDs: zbMATH huang.xiaoqi MR 1438043

Yannick Sire
Department of Mathematics, Johns Hopkins University, 404 Krieger Hall –
3400 N. Charles Street, Baltimore, MD 21218, USA; ysire1@jhu.edu

https://doi.org/10.1090/proc/13067
https://doi.org/10.1090/proc/13067
https://zbmath.org/?q=an:1359.35116
https://mathscinet.ams.org/mathscinet-getitem?mr=3544523
https://doi.org/10.4310/MRL.2011.v18.n1.a3
https://zbmath.org/?q=an:1242.58017
https://mathscinet.ams.org/mathscinet-getitem?mr=2770580
https://doi.org/10.1515/9781400883929
https://zbmath.org/?q=an:0821.42001
https://mathscinet.ams.org/mathscinet-getitem?mr=1232192
https://zbmath.org/?q=an:0932.35136
https://mathscinet.ams.org/mathscinet-getitem?mr=1633000
https://doi.org/10.1090/S0002-9939-02-06723-0
https://zbmath.org/?q=an:1022.35096
https://mathscinet.ams.org/mathscinet-getitem?mr=1949880
https://doi.org/10.1007/978-1-4419-7052-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2743652
https://doi.org/10.2307/2374041
https://zbmath.org/?q=an:0355.58017
https://mathscinet.ams.org/mathscinet-getitem?mr=0464332
https://doi.org/10.1515/forum-2012-0074
https://doi.org/10.1515/forum-2012-0074
https://zbmath.org/?q=an:1346.60111
https://mathscinet.ams.org/mathscinet-getitem?mr=3334091
https://doi.org/10.1090/tran/8769
https://zbmath.org/?q=an:1498.58020
https://mathscinet.ams.org/mathscinet-getitem?mr=4491450
https://doi.org/10.4310/MRL.2015.v22.n4.a14
https://zbmath.org/?q=an:1327.58012
https://mathscinet.ams.org/mathscinet-getitem?mr=3391885
https://doi.org/10.1515/9781400881918-035
https://zbmath.org/?q=an:0479.53001
https://mathscinet.ams.org/mathscinet-getitem?mr=0645762
https://zbmath.org/?q=an:1176.58017
https://mathscinet.ams.org/mathscinet-getitem?mr=2483375
https://doi.org/10.4310/MRL.2015.v22.n6.a15
https://zbmath.org/?q=an:1344.53034
https://mathscinet.ams.org/mathscinet-getitem?mr=3507264
https://doi.org/10.2140/apde.2016.9.859
https://zbmath.org/?q=an:1342.35193
https://mathscinet.ams.org/mathscinet-getitem?mr=3530194
mailto:xhuang49@lsu.edu
https://zbmath.org/authors/huang.xiaoqi
https://mathscinet.ams.org/mathscinet/MRAuthorID/1438043
mailto:ysire1@jhu.edu


Sharp Lp estimates for generalized Steklov eigenfunctions 423

Author IDs: zbMATH sire.yannick MR 734674

Xing Wang
School of Mathematics, Hunan University, 410012 Changsha, P. R. China;
xingwang@hnu.edu.cn
Author IDs: zbMATH wang.xing.2 MR 1332237

Cheng Zhang
Mathematical Sciences Center, Tsinghua University, JingZhai, 100084 Beijing, P. R. China;
czhang98@tsinghua.edu.cn
Author IDs: zbMATH zhang.cheng.1 MR 1159118

Licensed under the Creative Commons Attribution 4.0 International License CC BY 4.0 (httpsW//
creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, and redistribu-
tion with appropriate credit, a link to the license, and indication of changes.

https://zbmath.org/authors/sire.yannick
https://mathscinet.ams.org/mathscinet/MRAuthorID/734674
mailto:xingwang@hnu.edu.cn
https://zbmath.org/authors/wang.xing.2
https://mathscinet.ams.org/mathscinet/MRAuthorID/1332237
mailto:czhang98@tsinghua.edu.cn
https://zbmath.org/authors/zhang.cheng.1
https://mathscinet.ams.org/mathscinet/MRAuthorID/1159118
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Boundary eigenfunction estimates: proof of Lemma 1
	2.1. Proof of Lemma 1

	3. Interior eigenfunction estimates: Proof of Lemma 2
	3.1. Proof of Lemma 2

	4. Applications to nodal sets
	A. Heat kernel bounds
	A.1. Proof of Proposition 3
	A.2. Two-sided estimates

	B. Kernel bounds of pseudo-differential operators
	B.1. Proof of Lemma 5

	References

