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Sharp L? estimates for generalized Steklov eigenfunctions
with an application to nodal sets

Xiaoqi Huang, Yannick Sire, Xing Wang, and Cheng Zhang

Abstract. We study a generalized Steklov problem involving a rough potential on the boundary.
We establish sharp L? estimates for the Steklov eigenfunctions on compact manifolds with
boundary, controlled by their L? norms on the boundary. We first establish sharp boundary
estimates by heat kernel bounds and resolvent estimates for the Dirichlet-to-Neumann operator
with a rough potential. And then we combine harmonic extension with the Littlewood—Paley
decomposition to obtain sharp interior estimates. These results are new even when there is no
potential. As an application, we prove the eigenfunctions are C! if the potential is Lipschitz
and refine the previous results by Wang and Zhu (2015) on the lower bound of the size of the
boundary nodal sets. A key tool is the commutator estimate for first-order pseudo-differential
operators by Calderén (1965), and Coifman and Meyer (1978).

1. Introduction

Eigenfunction estimates have been recently considered in the case of Schrodinger
operators with singular potentials (see e.g., [3,4,29,38-41,53]). In the present paper,
we investigate a generalization of the well-known Steklov problem with rough poten-
tials. For surveys on the Steklov problem, see e.g., [13,34].

Let (€2, h) be a smooth manifold with boundary (M, g), where dimQ =n + 1> 2
and h|pr = g. The Steklov eigenvalue problem with potential V' is

Apey(x) =0, x €Q,
dper(x) + V(x)ey(x) = Aep(x), x€dQ =M.

Here v is a unit outer normal vector on M. Then the restriction of the eigenfunction
e, (x) (denoted also by e, to simplify notations) to the boundary M is an eigenfunc-
tionof D + V:

(D + V)ep(x) = dep(x), x € M.
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Here D is the Dirichlet-to-Neumann operator D: H'/2(M) — H~Y/2(M),
Df = dyulpm,

where u is the harmonic extension of f:

{Ahu(x) =0, xeQ, (L

ux)= f(x), x€dQ=M.

Such a type of Steklov problem with potential has been considered in [15] from
the point of view of conformal geometry, where the potential V' is the mean curvature
on the boundary 92. See e.g., [21-23,47] for related works on Yamabe problem on
compact manifolds with boundary. In the current paper, we derive estimates whenever
the potential is merely bounded or Lipschitz.

For m € R, we denote OPS™ the class of pseudo-differential operators of order .
It is known that & € OPS! and one can write (see e.g., [66, Proposition C.1])

c(i):\/_Ag_FPO,

for some Py € OPS°. Therefore, up to a classical pseudo-differential operator of order
zero, the problem of eigenfunction bounds (among other results) on the boundary M
has been treated in our previous paper [38]. In this setting, the model is related to
relativistic matter (see e.g., [11,16,27,28,42,43]).

In our first result below, we provide a control of the L? norms of the Steklov
eigenfunctions in the domain by their L? norms on the boundary.

Theorem 1. Let V € L°°(M). Then for A > 1, we have

leallr@ S ATV P el 2ary. 2= p < o, (1.2)
where
n—l(l_l)’ 2§p<2(n+1),
o(p) = 2 \2 n—1
n—1 n 2(n+1) -
2 P’ n—1 —5 =

This result is new, even for V' = 0. Note that the estimate is sharp when V = 0
and  is the unit ball B(0, 1) C R**! with boundary M = S". In this case, the
Steklov eigenfunction ey (x) = r¥ex(w) in the polar coordinate r € [0, 1], w € S,
where A2 = k(k +n — 1), k € N and ex () is a spherical harmonic of degree k,
that is, the restriction to S” of homogeneous harmonic polynomials of degree k. It is
straightforward to see that

leallLr .y ~ AP leallLr(sny- (1.3)
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The L? estimates of the Laplacian eigenfunctions on compact manifolds were proved
by Sogge [55], and they are sharp on S”

leallzecsny S AP fleall2(sms (1.4)

and they are saturated by zonal spherical harmonic for p > % and highest weight
spherical harmonic for p < % (see e.g., [56]). Thus, combining (1.3) with (1.4),
we see that (1.2) is sharp.

The motivation for this result is to investigate the feature that Steklov eigenfunc-
tions concentrate near the boundary, and rapidly decay away from the boundary (see
e.g., [19,30,31,37,50]). Motivated by the elliptic inverse boundary value problems
such as Calder6n problem (see e.g., [10,46]), Hislop and Lutzer [37] proved that for

any compact set K C €2,
leall2cxy < CN/\_NIIe,xlle(M) for all N.

This bound reflects the fact that the Steklov eigenfunctions become highly oscillatory
as the eigenvalue increases, hence they decay rapidly away from the boundary. Hislop
and Lutzer [37] conjectured that the decay is actually of order e ~*4n(K:9) Ope may
see by examining the case of unit ball B(0, 1) C R”*! that the exponential decay is
optimal. For real-analytic surfaces (n = 1), Polterovich, Sher, and Toth [50] obtained
a pointwise bound and the eigenfunction decay is a key feature in their main results on
nodal length. They proved that for any real-analytic compact surface 2 with boundary
M = 0%, there exist constants C, ¢ > 0 depending only on €2, such that

—cAd Q2
les (x)] < Ce™ =D 1o, |15 4y

Their methods are specific to the case of real-analytic surfaces. A different method
of proving this bound was communicated to them by M. Taylor. See also Galkowski
and Toth [30] for recent results in higher-dimensional real-analytic manifolds. More-
over, this interesting concentration feature is also related to the restriction estimates
of eigenfunctions to submanifolds (see e.g., [7,8,57,64]).

To prove Theorem 1, we will need to establish the following boundary L? esti-
mates. These types of estimates are important in their own right (see surveys e.g.,
[59,72]).

Lemma 1. IfV € L% (M), then the following two eigenfunction estimates hold:
lealrany S A7 Pllealzary. 2 < p < o (1.5)

leallziany 2 A~ 4 leall L2 ar)- (1.6)



X. Huang, Y. Sire, X. Wang, and C. Zhang 394

Both (1.5) and (1.6) are sharp on S”. Indeed, they can be saturated by zonal spher-
ical harmonic or highest weight spherical harmonic (see e.g., [56,59]). For smooth V,
(1.5) was proved by Seeger and Sogge [51]. They obtained the eigenfunction estimates
for self-adjoint elliptic pseudo-differential operators satisfying a convexity assump-
tion on the principal symbol. However, to obtain Lemma | for rough V', one has to
use a different approach. We prove it by establishing new heat kernel estimates and
resolvent estimates for D + V.

Remark 1. As noticed in [38, Remark 1], the resolvent method cannot efficiently
handle singular potentials when the order « of the leading term (—A g)"‘/ 2 is too small,
say o < anfl .
potentials, since Dirichlet-to-Neumann operator has order o = 1.

Here we encounter the same difficulty and can only handle bounded

Lemma?2. Let2 < p <ocand L + & = LIfV € L"P (M), then

leallLry < A™Y2llerllLr - (1.7)

From (1.3), we see that the estimate (1.7) is sharp for @ = B(0, 1). The end-
point p = oo follows from the maximum principle, since e is harmonic in €2. The
other endpoint p = 2 can be obtained from the trace theorem and standard regularity
estimates. Then (1.7) is proved by an interpolation argument involving the harmonic
extension and the Littlewood—Paley decomposition.

Remark 2. It is worth mentioning that it is possible to extend Lemma 2 to more sin-
gular potentials (e.g., Kato class) by an interpolation theorem between Besov spaces
[2, Theorem 6.4.5 (6)]. By Remark 1 and for simplicity, we shall give a direct proof
for Lemma 2 that already suffices for our purpose.

Next, in the second theorem we exploit the boundary eigenfunction estimates in
Lemma | to estimate the Hausdorff measure of the boundary nodal sets for Lipschitz
potentials.

Theorem 2. If V € Lip! (M), then we have the following lower bound for the Haus-
dorff measure of the boundary nodal set Ny = {x € M : e;(x) = 0},

HH(Ny) 2 ACT/2, (1.8)

This refines the previous results of Wang and Zhu [70]. Inspired by Yau’s conjec-
ture for nodal sets, one may expect that the “correct” bound should be ~ A. To our
knowledge, (1.8) is still the best lower bound estimate for the boundary nodal sets
of the Steklov eigenfunctions up to now. The difficulty lies in the nonlocal property
of the Dirichlet-to-Neumann operator. Unlike the smooth case, the rough potential
requires us to investigate the regularity of eigenfunctions before estimating the nodal



Sharp L? estimates for generalized Steklov eigenfunctions 395

sets. We first prove that the eigenfunctions are C! if the potential V is Lipschitz
(Lemma 8), and then estimate the size of nodal sets by applying the Gauss—Green
theorem on nodal domains. A key tool is the commutator estimate (Lemma 7) for first-
order pseudo-differential operators by Calderdn [9] and Coifman and Meyer [12]. We
also establish a useful result on the equivalence between two kinds of Sobolev norms
on compact manifolds (Proposition 2), which is interesting in its own right. We cannot
find this basic result in the literature, so we give a detailed proof for completeness.

The paper is structured as follows. In Section 2, we prove Lemma 1. In Section 3,
we prove Lemma 2. In Section 4, we apply these estimates to the study of bound-
ary nodal sets. In Appendix A, we establish heat kernel bounds. In Appendix B, we
establish the kernel estimates of pseudo-differential operators.

Throughout this paper, X <Y (or X Z Y) means X < CY (or X > CY) for
some positive constant C independent of A. This constant may depend on V' and the
domain 2. X ~ Y means X <Yand X = Y.

2. Boundary eigenfunction estimates: proof of Lemma 1

To prove Lemma 1, we begin with the following resolvent estimate.

Proposition 1. For A > 1, we have

S 2(n + 1
I/ B = 4 i) gz 250, 2 < p < 205D
where 11 5 |
Lo, 1< p< 20t
o(p) = 2 \2 p n—1
PP=Yn-1 n 2 + 1)
-, Tl <ps
2 p n—1

Proof. For k € N, let x[x k+1) be the spectral projection operator for \/—_Ag corre-
sponding to the spectral interval [k, k + 1), and let x[2[1],00) be spectral projection
operator onto the interval [2[A], co), where [A] denotes the largest integer that is
smaller than A. Then for any function f, by Cauchy—Schwarz inequality,

(\/ _Ag —(A+ i))_lf
= ¥ gk G R~ G D) s f
el + Ao (V=g = A+ f
/
(U= G+ N~ G i) psesn )
fali] + ai1.00 (V=Bg = A+ )7 ],

A
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Thus, by Minkowski’s inequality,
I(v/=2g =+ i)D" fllLr

/
< ( Xk~ G B~ A D) asen S1E0)

k<2[A]
+ I xe2ian00) (V—2g — (A + )7 fllLr.

To handle the first term on the right, note that yx x+1) = X[k,k+1) © X[k,k+1)> and by
the classical results in [55],

Ixkk+n flliLe S A+P fllz SATP| fll2.  ifk <2[Al
Thus,

/
(k= o+ By = Gt i S1F0)

k<2[A]

/
< Ao(p)( 3 k= O+ iN(V=Ag — O+ i))—lx[k,kﬂ)flliz)l )

k<2[A]

SAT D Nxeaan L12)21s27P £ 2.
k<2[A]

where in the second inequality we used the fact that by spectral theorem,

Ik = A +D)(V=Ag = A+ D) prk+n SN2 S I xwk+n Sz forall k € N.
To handle the second term, we use Sobolev estimates to see that
Ixt2121.00) (V=RBg — A + D)7 flLr
S 1pp1o0 (V=20)"E P (V=Ag = O+ )" £l

When 2 < p < %, it is straightforward to check that n(% — %) < 1, thus by
spectral theorem,

n(l_1 oy —
I xi200.00) (V=B 22 (V=Ag — A+ )" fll2 S 1 fll2s

which is better than the desired bound in (2.1). ]

2.1. Proof of Lemma 1

It follows from similar strategies as in [3]. Recall that & = /—Ag + Py; by using
the second resolvent formula, we have

D+V-A+i) !

= (VA A+ = (VA= A+ D) NP+ VD + V(A +i) .
(2.2)
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Since Py € OPS® and the eigenvalues of D + V are real, by spectral theorem, we
have

[Po(D+V —A+i) o2 SIO+V —A+i) p2nr2 S1.(23)
Similarly, since V' € L°° (M), we have
VO +V —A+i) Yoz S 1. (2.4)

Thus, (2.2), (2.3), (2.4), and (2.1) yield that

D +V = A+ i) pempr SATP. 2<p < % 2.5)
If we let X&, 141y denote the spectral projection operator associated with
V=Ag+ P+ V
for the interval [A, A + 1), then (2.5) implies
Gy fllLr SAYPNfll2, 2<p <oo. (2.6)

Note that if we take f = e; in (2.6), and use the fact that )(Ef1 A+1E€A = €r, We
obtain (1.5). We postpone the proof of (2.6). By using the arguments from Sogge and
Zelditch [62], we note that (1.6) can be obtained from Holder’s inequality and (1.5)

lexl ¥, < leallziaanlleall}igh,

0— - 1/6—1
S lleallian AP leallzzan) ™" = lleallLianr ™ *leall 50,

Here 2 < p < 2041 ‘and 9 = 23— 3)-

Proof of (2.6). 1f2 < p < 24D ‘his follows from (2.5) by letting f = Xosen S
there along with the fact that

D +V = A+ Nl <10

Ifp> 2(” +1) , we shall use the heat kernel bounds in Proposition 3. Indeed, the oper-

ator HV = 50 + V with V € L°°(M) satisfies the heat kernel bound (A.2). Then
Young’s inequality implies

||e~tHV lzeay—rrmy St —n(1/¢=1/P) " ifo0 <t <1landl < g <p<oo.
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If we fix t = A7! and p, = % and apply the above bound, we have for p >
2(n+1)
n—1 >

_ —1
X gey S llLr S AP PP A0V 8 FllLe

_ —1
D VP TaS G

< An/pem VP (=02 b AT Y ¥

< AG=D27nlp | £,

where in the third line we applied (2.6) at p = p. and in the last line we applied

spectral theorem. Since % - % = o(p) when p > p., we complete the proof. =

3. Interior eigenfunction estimates: Proof of Lemma 2

In this section, we prove Lemma 2, and then Theorem 1 follows from the L? bounds
in Lemma 1. To proceed, we shall use the following lemma.

Lemma 3. Forany f € H/2(Q), letu € H'(2) be the weak solution to the Dirich-
let boundary value problem (1.1). Then there exists a constant C > 0 such that

lullz2@) < CIf la—17200)-

This lemma was proved in [19, Proposition 2.17]. It follows from the trace
theorem and standard regularity estimates (see e.g., [35, Theorem 1.5.1.2, Theorem
1.5.1.3, Corollary 2.2.2.4, and Corollary 2.2.2.6]).

Lemma 4. Ler Q € OPS®. Then Q is bounded on L? for1 < p < oo, ie.,

1QfllLr = Cll fllLr.

Here the L? norm can be taken on R” and compact manifolds. See e.g., [60,
Theorem 3.1.6 and Theorem 4.3.1] for the proofs.

We also need the kernel estimates of the pseudo-differential operators on compact
manifolds.

Lemma5. Let u € R, and m € C*°(R) belong to the symbol class S*, that is, assume
that
[0¥m ()| < Co(1 + [t forall a. 3.1
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If P = \/—Ag, then m(P) is a pseudo-differential operator of order . Moreover, if
R > 1, then the kernel of the operator m(P / R) satisfies for all N € N,

()
R"(Rdg(x,y)) ™ *(1 + Rdg(x, )™V, n4u >0,
< {R"1og(2 + (Rdg(x,y) ™)1+ Rdg(x, )™, n+p=0, (32
R"(1 + Rdg(x,y)™V, n4u<o0.

We shall give a proof of this lemma in Appendix B.

3.1. Proof of Lemma 2
It suffices to consider two cases, p = co and p < co.

Case 1. p = co. From the maximum principle (see e.g., [32, Theorem 8.1]), since e,
is harmonic in 2. We get

lleallLoe() < lleallLee )
and since V € L°°(M), by Lemma 1, we have
leallzeoag) S A2 llenll2pg)-
which yields (1.2) for the case p = oo.

Case 2. p < oc. Let us fix a Littlewood-Paley bump function 8 € C$°((3.2)) satis-
fying

o0
Y Bt =1 s>o0.
{=—00

and define

Bo(s) = 1= B2 "Is)),

>0
Be(s) = ,3(2_€|s|), for £ > 0.

Let P = /—Ag. Then we have for £ > 0,

1Be(P) fllLraey S | fllLrgey. 1= p =< oc. (3.3)

The implicit constant is independent of £. Indeed, by Lemma 5 with 4 = —n — 1 and
R = 25, we have

1Be(P)(x, )| <2"(1 + 2%dg(x,y))™™ forall N. (3.4)

Then, (3.3) follows from Young’s inequality.
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Let Ty be the harmonic extension operator from 92 to 2. Then by Lemma 3, we
have

ITe (Be(P) )iz < IBeP) fla-1260) S 2721 f l260)- (3.5)
And from the maximal principle and (3.3), we have
[T (Be(P) L) < 1Be(P) fllLecn) < IS lLe@e)- (3.6)

By (3.5), (3.6), and interpolation, we have the following L? estimate of the frequency-
localized harmonic extension operator:

I Ter (Be(P) Hllzry < 27PN flree), 2 < p < 0. (3.7

Thus, if 2¢ > A, we have

|71 (Y BuPes)|
2624

ey S 22 lenllran) A7 enllLron):
262

So it remains to consider 2¢ < A. Let ,5 € Cg° with ,5 = 1 in a neighborhood of (%, 2)
and define B;(s) = B(2¢|s|). Then by (3.7),
ITa (Be(PYen) ey = T (Be(P)Be(P)es)|Lr (@
<2797 Bu(P)enllLr ) (3.8)

Moreover, for 2 < p < oo,

1Be(P)esllLr oo
= (L+ )7 Be(PY(1 + y/=Ag + Po + V)eillLr oo
<A+ 20)B(PYA + V=ApellLrog
+ (1 +)7HBe(PY(Po + VerllLr g
S A+ 2 erllroa) + (1 + D) erllLrog)
+ (1 + D)7 Be(PY(Ver)Lr oo

where we use (3.3) and Lemma 4. For the third term, by using (3.4) with 2t < )\ and
Young’s inequality, we obtain

(1 + V)Y Be(PYVellragy S 1+ 1)V Ve llLape

<(1+ )L)_l/pHV”an’(aQ)HeAHL”(aQ)‘

1

Here 7= +

=

1
np’
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Combining these with (3.8) , we obtain

T P )H < S o-Urgy(p <A7Vp .
[75( Y- BePren ey S 2 PUBPYeslran S A7V erllLrgs)
2tsa 2657

So we obtain (1.7) in Lemma 2.

4. Applications to nodal sets

Inspired by Yau’s conjecture on the Hausdorff measure of nodal sets of Laplace eigen-
functions ([20,36,44,45,71]), an analogous question has been asked for nodal sets of
Steklov eigenfunctions (see e.g., [13,34]). The study of the boundary nodal set

Ny ={xeM:ep(x) =0}

was largely initiated by Bellova and Lin [1]. They conjectured that the (n — 1)-dimen-
sional Hausdorff measure
H"HN;) ~ ).

The optimal upper bound #"~!(N,) < A was proved by Zelditch [73] for real ana-
lytic manifolds. See also the results by Sogge, Wang, and Zhu [61], Zhu [74], and
Decio [17, 18] for the references on interior nodal sets. In this section, we will apply
the eigenfunction estimates from the previous sections to study the measure of the
boundary nodal set of generalized Steklov eigenfunctions in Theorem 2.

When V = 0, Wang and Zhu [70] proved (1.8) for smooth manifolds under the
assumption that zero is a regular value. Their proof follows from the idea in Sogge
and Zelditch [62] (see also Colding and Minicozzi [14]), and the assumption that
zero is a regular value is used to ensure the validity of the Gauss—Green theorem.
Recently, this assumption has been proved to be “generic” by Wang [69], and the proof
is based on the transversality theorems of Uhlenbeck [67]. In this paper, we remove
this assumption by following Sogge and Zelditch [62, Proof of Proposition 1], where
they used the Gauss—Green theorem for domains with rough boundaries. We refer
to Federer [26, Section 2.10.6, p. 173, Theorem 4.5.11, p. 506], Evans and Gariepy
[25, Theorem 1 on p. 209], and Pfeffer [48, Theorem 5.19].

Unlike the smooth case, the low regularity of potential requires us to investi-
gate the regularity of eigenfunctions before estimating the nodal set. The Lipschitz
assumption is used to ensure that the eigenfunctions are C! (see Lemma 8), so that
the restriction of Ve, to the nodal set makes sense and that the nodal set NV, is locally
C! near the non-critical points of e;. These allow us to apply the Gauss—Green theo-
rem.
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Before proceeding to the proof, it is important to establish some general results for
Sobolev spaces on compact manifolds. These results are interesting in their own right
but we cannot find a direct reference, so detailed proofs are provided for completeness.

Lets > 0and 1 < p < co. We can define the Sobolev norm on M by local coor-
dinates

£ llws.oany =D NI = D) fyllLo@n. @.1)
v

where f, = (¢v f) ok L, and {¢,} is a partition of unity subordinate to a finite cov-
ering M = | Q,, and «,: 2, — €, C R” is the coordinate map. For simplicity,
we sometimes do not distinguish between €2, and 52\,, fv and ¢, f, since they are
identical up to the coordinate map.
Moreover, we can also define another Sobolev norm by pseudo-differential oper-
ators
I zzs-pany = 1T = Ag)*? FllLoar- (4.2)

By [60, Theorem 4.3.1], we see that (1 — A g)s/ 2 is an invertible pseudo-differential
operator of order s with elliptic principal symbol (3~ g/* (x)& 1Ek)° /2 Moreover, if we
replace (I — Ag)* /2 in (4.2) by any invertible pseudo-differential operator of order s,
then it still gives a comparable norm, by Lemma 4.

We prove that these two Sobolev norms are equivalent.

Proposition 2. Fors > 0and 1 < p < oo, we have

IS lws.rary = |Lf |2 o)
The implicit constants are independent of f.

As a corollary, different partitions of unity and such coordinate atlases in the
definition (4.1) give comparable norms. When p = 2, Proposition 2 follows from
Plancherel theorem and the L2-boundedness of zero order pseudo-differential opera-
tors, see e.g., [58, Section 4.2]. The case p # 2 is more complicated, and it is difficult
to find good references. To prove this on our own, we start with the following key
lemma. Roughly speaking, this lemma establishes a “linear relation” between any
two pseudo-differential operators of the same order.

Lemma 6. Lets > 0. Let V1, V, Q be open sets such that VicV CQ Let Py, Pe
OPS?® with symbols supported in V1,V respectively. If the principal symbol p(x, &) of
P is elliptic on 171, i.e., forany x € 171,

p(x.§) #0 forall§ #0,
then there is a Q € OPS® with symbol supported in Vy such that

P, — QP € 0PS°.
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Proof. Let p1(x,£) be the symbols of P; on Q. Since p(x, £) is elliptic on the support

of p1(x, &), we have
eEP1(x.E) _

p(x.§)

where ¢ € C* vanishes near the origin but equals one near infinity. Denote the asso-

SO

ciated zero order pseudo-differential operator by Q¢. Let R_; = P; — Qo P. Then by
the Kohn—Nirenberg theorem (see €.g., [60, Theorem 3.1.1]), we have R_; € OPS® -1
The symbol of R_; is supported in V7. If s < 1, then we are done by setting Q = Q,
since P; — Qo P € OPS*~! c OPS°.

Next, it remains to consider s > 1. Let k = [s] > 2. We need to construct Q_; €
OPS™, R_;_; € OPS* ! recursively for 1 <i <k — 1. If r;(x, £) is the symbol
of R_;, and Q_; has the symbol

@(©)ri(x,§)
p(x.§)

then using the Kohn—Nirenberg theorem, wehave R_,_; = R_; — Q_; P € OPS* i~ 1,
The symbol of R_;_; is supported in V. Let

k=1
0= Z 0.
i=1

The symbol of Q is supported in V;. Then Py — QP = R_; € OPS** c OPS°. =

eSS,

Proof of Proposition 2. The basic idea is to verify these two equivalences
I = Ag)*? fllLoany ~ DI = M) fiollLoany
v

~ U = A fyllo@n. 4.3)

The first equivalence is straightforward. Indeed, The relation < follows from the
Minkowski inequality. And for the other direction, we use Lemma 4 to see that

I = 802 follerany = 1T = D) > My, (I = Ag) ™2 = D) f)l|Lrany
<N =80 fllLr . (4.4)
where My, stands for the operator of multiplying by ¢, (x). Summing up of (4.4)

over v, we obtain the first equivalence in (4.3).
To prove the second equivalence in (4.3), it suffices to show that for each v

I(I = Ag)*"? fullLraany = 11 — AY*"? ol Lo ey (4.5)
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For each Q,,, ¢, € C5°(£2y) in (4.1), we can find open subsets V,,, Uy, W, of Q,,
and cutoff functions ¥, € C§°(V,), Y1 € Cg°(Uy), Yo € Cg°(Wy), ny € Cg°(2))
such that

supp¢p, CC U, C V, CC W,

and Y, = 1 on U,, Yo = 1on v, ny = 1 on w,.

Let P, = Y, (I — A)*/2, Pyy = Y1 (I — Ag)*/>M,,,. We see that M,,, € OPS®,
and P,, P,; € OPS®. Note that the principal symbol of P, is ¥, (x)|§]*, which is
elliptic on U,. By Lemma 6, we can find Q,; € OPS® supported in U, such that

P,y — 0,1 P, € OPS?.
Then by Lemma 4, we obtain the local estimate

[ Por(fo)llr@,) = [(Por — Qui Pu)(fo) + Qui Pu(fu)llLr(,)
S ”fv”Lp(Qu) + ”Pva“LP(Qv)- (4.6)

Moreover, if Py, = Y o(1 — Ag)s/ 2M%, then P,, has the principal symbol
Vo () (X g7* (x)& 1Ek)° /2 which is elliptic on V,,. Similarly, by applying Lemma 6
to P, and P,,, we obtain the local estimate

I Py(f)llLr @) S I ller@y) + P2 follLr,)- 4.7

Next, we handle the nonlocal part. We write

(1= y)(I = A2 fy = (1 =) — A *(puin f)
= (1 =y — A My, (. f).

Since dist(supp(l — v,), supp¢,) = 8§, > 0, using integration by parts, we see that
the kernel of (1 — v,)(I — A)*/?>My, satisfies

‘/(1 — Yo (X)) g, (1) (1 + |E2)2dE| S (1 +|x —y)™N  forall N.
Rn

By Young’s inequality, we get
1=y = A2 (f)lr@n S v flr@n = I hlr@y.  @8)

Similarly, using the fact that the kernel of pseudo-differential operators on com-
pact manifolds is smooth away from diagonal, we have

(1= vu)T = A)* () llrany = 11 = Yu)I = Ag) (oo f)llrar)
Sl flleean = 1S llLr ) (4.9)
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and
11— Yu2) (T — A 2(f)lrany S I follLr@u)- (4.10)

Combining (4.6) with the nonlocal estimates (4.8) and (4.9), we obtain

I = Ag)*"? fyllran)
S I =vo)U = A2 fllLrany + 1¥n (I — M) fllLoany
< Aler@y) + 1Y = Ag)*? fullLr @y
= [ foller@y) + 1Pv follLr )
S Ihllie@yy + 1Py HollLr .
= Aller@n + 1T = A2 f, — (1 =) = A2 fillLr )
< IAllzr@yy + 1T = A2 fllr e
ST =82 fyllLr@m.-

Here in the last step we apply Lemma 4 to (I — A)™%/? € OPS°.
Similarly, combining (4.7) with the nonlocal estimates (4.8) and (4.10), we have

(T = A2 fy Lo @y
SNA=y)U = A2 fillLo@ny + 1Yo (I = A2 £ l|lLo@n)
S pllzr@y) + 1 = A2 follr @,
= SllLe@y) + 1Py follr,)
S Ihllee@y) + 1 Pv2 follLr@,)
= | fller@ny + 10 = Mgy "2 fo = (1 =) — A2 fillLr ()
S A lee@n + 1T = Mg follLr
SN = A" fullLean-

In the last step we used Lemma 4 for (I — A g)_s/ 2 € OPS°. So we finish the proof
of (4.5). Thus, the proof of Proposition 2 is complete. |

Let [D,V] = DV — VD. We need to following commutator estimate.

Lemma 7. Let 1 < p < co. Given P € OPSl,

I[P, flullr < CllLf lppr lellze.
Here || f || ;1 is the Lipschitz norm of f.

Here the L? norm can be taken on R” and compact manifolds. See Taylor [65,
Proposition 1.3]. The result was proven in Calderén [9] for classical first-order pseudo-
differential operators and by Coifman and Meyer [12] for OPS®.
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Lemma 8. IfV < Lip' (M), then ej, € CY*(M), forany 0 < o < 1.

Proof. By Sobolev embedding (see e.g., [24]), we only need to show |ex |l y2.»(pr) <
oo for any 1 < p < oco. Indeed, using the commutator estimate in Lemma 7 and the
equation (D + V)ey, = Ae,, we have

D Ve lLran
< V(D + V)erllrany + 1VerllLran + ID. VieallLr o
S AMVIzeelleallran + 1VIZ s leallLean + 1V It lleallLe o
S A+ MleallLr -

So, by Proposition 2, we obtain

||€)L||W2~P(M)
~ (1 + D)?exllLr )
SIA+D)A+ D+ VieallLrany + [ DVed Loy + 1V Lo lleallLr
S A+0)UA + D)exllLrany + lleallrary)
<A +)UA+ D+ WeallLran + 1V L lleallLrary + lealle o)
S (L+ V2 Neallr o). u

Now, we are ready to prove the nodal set estimates. Let

Ny ={xeM:eyp(x) =0},
Dy ={xeM:e)x) >0},
D_={xeM:e)(x) <0}

We first express the manifold M as a (essentially) disjoint union

M=|JDjulJDj-UN,
j=1 =1

where D;  and D; _ are the positive and negative nodal domains of ¢, i.e., the
connected components of the sets D4 and D_. To simplify the notation, without loss
of generality, we may assume that there are only two nodal domains Dy and D_.
Since Ve, is continuous by Lemma 8, the restriction of Ve, to N, is well defined.
Moreover, if the (n — 1)-dimensional Hausdorff measure #”~!(N;) = oo, then the
lower bound (1.8) trivially holds. So we may assume that #"~!(N;) < oo in the
following.

We mainly follow the exposition in Evans and Gariepy [25]. Since the eigen-
functions are continuous, the “measure theoretic boundaries” (see [25, definition on
p- 208]) of the nodal domains must be subsets of N,, so they also have finite
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(n — 1)-dimensional Hausdorff measure. Then we can apply the Gauss—Green the-
orem (see [25, Theorem 1 on p. 209]) on nodal domains D+ with “measure theoretic
boundaries” dD 4. Let vy (x) be the “measure theoretic unit outer normal” at x €
dD= (see [25, Definition on p. 203 and Theorem 2 on p. 205]). Since ey is C!, the
implicit function theorem implies that the nodal set is C! near xo € dD+ whenever
Ve, (xg) # 0. Thus, we have vy (x) = £+ Yer ) henever Ve, (x) # 0. So we have

lex ()]
/div(fVeA)dV = /(fVeA,v_)dSz— / fIVe,ldS,
Dy D, D,
/div(fVe,l)dV = /(fVeA,er)dS: / f|VenldsS,
D_ aD_ oD_
Then
/ flVe,| = /div(fVe;k)—/div(fVek). 4.11)
* oD, Dy

Note that by Cauchy—Schwarz and the fact that D+ C N,

1/2
[ |V€x|§( / |V€A|2) H"1 (0D )2

dD oD
1/2
s( f |V€A|2) HH(N )2 (4.12)
3Di

Therefore, to estimate the lower bound of #"~1(N,), it suffices to estimate both
faDi [Vey| and [, D, |Ve,|2. This can be done by applying the eigenfunction esti-
mates from previous sections.

Lemma 9. IfV € Lip' (M), then
> [ veil = 2 teallran.
+ oD

Proof. Weset f = 1in (4.11). We have

Z/|V€A|< / gex—/AgeA.

oD, _ Dy

Since \/—A, = D — Py, we have

N =D +V)? = (DV VD) -2V(D+V)+V?
—2Po(D + V) + 2PV + Qo,
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where Q¢ = PoD — D Py + PZ € OPS. Thus,
> [ 1val
+ 9D,
= / — /(/\26,1 —[D,Vie) —2AVe, + VZ2e, —2APye; + 2Py Ve, + Qoey)
D D_
= AZHQAHLI(M) - [I[D, V]e)L”Ll(M) - 2A”Vel||L1(M) - ||V2€A||L1(M)
=2 Poenliprary — 211 PoVearllLiary — 1 QoenllLrary-
By Holder’s inequality and (1.6), we have

leallLi+ecary S AV CATD o5 11114y, 0 <& < 1.

Combining this estimate with Lemma 7, we have
11D, VieallLiary < D, VeallLr+ean
S WV lptleallii+eary < AV it leallzrary.

if & > 0 is small enough. Moreover, if ¢ > 0 is small enough, then by Lemma 4 we
have

AMVerllLiary < AV e lleall L1 ary-

1V2erlliLian S IV IZsollealltany:
M PoerllLiary S M Poeallpi+eary S Alleallpieqary S A3 *leallan

[PoVerllLrany S IPoVerllLi+eary S IVerllLi+eary S AV ILeelleallLran
[QoerllLrary < 1Qoeallpi+eary S leallpi+eary < AlleallLroam-
So we finish the proof Lemma 9. |
Lemma 10. If V e Lip' (M), then

> [ 1vel < Rllealiaon,

+ 9D,
Proof. Weset f = /14 |Ve;|?in (4.11). And then
> [ VTHVaP Ve

+ 9D,

= / div(v/1 4+ |Vey|?Vey) — / div(y/1 4+ |Vey|?Ve,)

D_ Dy
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s/|div(¢1+|w2vm| 5/\/1+|WA|2 V2,
M M

< (leallzzary + IVerllza) IV erllL2an < Allealiz2an-

Here we use the Sobolev estimates of eigenfunctions in the last step. Indeed, we have
the following Sobolev estimates:

IVerllLzaary S 1Deallzany + leall Lz
<D+ Meallezany + 1Verllrzaary + lleallzan
< AMleallzzary + 1V Iz lleall2qan

< Meallzzearys
similarly, we may exploit Lemma 7 to obtain

IV2erllr2an S 1D%exllr2an + 1Denlrzan + llealzarn
S D+ VY?erllrzan + 1D Vieal 2y + 1V(D + Vel 2
+ 1V2erllzoary + MleallLzaan
< Alleallzany + AV gt lleall L2y + 1V 7o leall 2
< AlleallLzan-

So Lemma 10 is proved. ]

Finally, we finish the proof of (1.8) by inserting Lemma 9 and Lemma 10 into
(4.12) and applying (1.6).

A. Heat kernel bounds

In this section, we prove the heat kernel estimates for the operators
Hy = (=0g)"? + Poy + V.,

where Py_; is a classical pseudo-differential operator of order « — 1, and the real-
valued potential V' belongs to the Kato class on the closed manifold (M, g). These
results generalize those of Gimperlein and Grubb [33, Theorem 4.3] for

HO = (_Ag)OZ/2 + Py1,

under the minimal assumption on V. They are more general estimates than we need
in this paper (¢ = 1), but they may be useful for future research.
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Definition 1. Forn > 2 and 0 < o < 2, the potential V is said to be in the Kato class
Ko(M) if
timsup [ d (e, )" V() ldy = 0 A1)

ri0 xeM
By (x)

where dg (-, -) denotes geodesic distance and B, (x) is the geodesic ball of radius r
about x and dy denotes the volume element on (M, g). To define the Kato class for
n =1land 0 < o < 2, we replace the function dg (x, y)*™" in (A.1) by

dg(xvy)a_l’ o< 17
w(x,y) = {log2 +de(x, )™ "), a=1,
1, oa>1.

Since M is compact we have Ky(M) C L'(M), and for any p > &+ we have
L? (M) C Kq(M) by Holder’s inequality. We recall that the assumption V' € Ky (M)
implies that the operators Hy = (—A,)*? + V are self-adjoint and bounded from
below. See [38, Proof of Proposition 2]. The same argument is still valid to prove that
Hy = (—A g)“/ 2 4 Py_y + V is self-adjoint and bounded from below, whenever
Py_; is self-adjoint.

Proposition 3. Letn > 1,0 <a <2 and V € Kq(M). Let py(t,x,y) be the heat
kernel of Hy = (—Ag)*'? + Py—1 + V. Then we have

lpv(t,x, )| S qu(t,x,y), O0<t<1,x,yeM, (A.2)

where q(t, x, y) = min{t /%, tdg (x, y) ™).

A.1. Proof of Proposition 3

Let py = py(t,x, y) denote the heat kernel e “HV (x, y). Let po = po(t,x,y) denote
the heat kernel e—/H" (x,y). We employ the following fact derived from Duhamel’s
principle.

Lemma 11. Suppose V € L*°(M). Then,

pv=>_ 5

k>0

with So = po and

t
Sk(z,x,y)=//po(t—s,x,Z)V(Z)Sk_l(s,z,y)dzds.
0 M
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Proof. Since V acts as a bounded multiplication operator on L2, we apply [49, The-
orem 6.2] with A = —H® and B(s) = V to complete the proof. n

Lemma 12. For0 < a < 2, let
t
Nf(V) = sup //qa(s,y,z)|V(z)|dzds.
yeM
0 M
Then we have
t
//ﬁuxmn%a—azwwcwwwECNﬂm%ame
0 M

where C > 0 is a constant.

This lemma follows from the 3P-inequality in [5, Theorem 4] and [68, Proposition
2.4]. We remark that such 3P-inequality holds for all & € (0, 2) but fails to hold for
the Gaussian kernel (o = 2).

Lemma 13 (3P-inequality). We have for any s,t > 0and x,y,z € M
Qa(tsx,Z)CIa(&Zs y) f Clqu(S + t’x’ y)(qa(t,x,z) + th(S’Z’ y))’
where C1 > 0 is a constant.

Proof. Note that for A, B > 0,

min{A, B} ~ (A + B)Y* ~ A"® 4 p"/*

A+ B’

and the triangle inequality dg(x, y) < dg(x,z) + dg(z, y). The implicit constants
may depend on 7 and «.
We have
Qa([ﬂxyz)'i‘%x(sszsy) _ 1 + 1
C[a(t,x7Z)CIa(S»Z,Y) Qa(zv)ﬁz) Qa(saZaY)
~ tn/a + l_ldg(X,Z)n_Hx + Sn/ot + S_ldg(Z,y)n+a
A+ )"+t g (x,2)" T 4 5T g (2, y)" T
> (049" + (5 + D)7 (dg (6, 2)" + dg (2, y)"F)
N (4 )"+ (5 + )7 (dg (x.2) + dg(z.9)"
> (t + )" 4 (s + 1)y (x, )"
- 1
Ga(s +1,x,y)
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Now, we give a proof of Proposition 3. We use an approximation argument sim-

ilar to the one for the Feynman-Kac formula as presented in [52, Theorem 6.2]. By

Gimperlein and Grubb [33, Theorem 4.3],
|po(t,x,y)| < Cogalt,x,y), 0 <t =<1.
Form,[ € N4, let
V(x), —m=<V(x)=<I,
V,fl(x) ={-m, V(x)<-m,
[, Vix) > 1.

Then Lemma 11 yields

Pyl = ZS/T’I,

k>0
where
S (t.x.) = polt.x.)
and for k > 1,

t
™ (1% y) = / f polt — 5%, 2)VEY)S™ (5. 2. y)dz= ds.
oM

We claim that, for the constant C > 0 in Lemma 12, we have

IS e, 9| = CEFHONFV ) galt x,y), k=0,0<t<1.

(A.3)

(A4)

We prove the claim by induction. The base case k = 0 follows immediately
from (A.3). Suppose the claim holds for k — 1. Then (A.3), (A.4), and Lemma 12

imply

t
1S (1 x, y)| < CECNE (V) [ / Codall — 5.3, 2)qa(s. 2. Y|V (2)|dz ds
oM

< CE(CNZ (V)1 CoCNE(V)qalt, x, )
= CEUCNE V) qalt, x, y).

This establishes the claim.

Moreover, the Kato class property of V' implies that for any 0 < a < 2,

lim N (V) = 0.
lim + (V)

(AS)
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Indeed, forn > 2,

t
/ / Ga(r.y. 2)V(2)|dz dr
oM

< / dg(z.9)* " |V(2)|dz + [ tdg (2, )|V (2)ldz,

dg(z,y)<t!/C® M

which implies (A.5) by the definition of Kato class. The case n = 1 is similar.
Therefore, there exists 0 < #; < 1 such that CoCNZ (V) < % for all t € (0, 11].
Thus, we have the uniform upper bound

Py (t.%, ) < Cqalt,x,y), 0<t<t.

By the dominated convergence theorem, the functions Py, converge pointwise to a
function py (¢, x, y) asm,! — oo, with

v (t, %, )| < Cqalt,x,y), 0<t<t. (A.6)

Let £(7) be the operator associated with the integral kernel jy (¢, x, y). For any fixed
t > 0, by the dominated convergence theorem, with the uniform upper bound obtained
above, we have

lim lim ¢ "Vh —E@)fll2 =0 forall f e L2(M).

=00 M—>00

—tHy

To verify that py (¢, x, ) is indeed the kernel of e , it suffices to show

lim lim ||(e_tHVr51 —e " V) fll,2 =0 forall f e L2(M).
[ —o00 M—>00
Indeed, by the monotone convergence theorem for forms [54, Theorem 7.5.18 (b)],
we obtain
Hy, — H Vi, in strong resolvent sense.

m

Since H Vi is closed by the KLMN Theorem [54, Theorem 7.5.7], and [54, Theorem
7.2.10] gives
tim e b f =V in L2(M).

m—00

Similarly, [54, Theorem 7.5.18 (a)] yields

lim e "V f = e~HV £ in L2(M).

l—>00

Finally, we extend the upper bound (A.6) in the full range 0 < f < 1 by using the
semigroup property.
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A.2. Two-sided estimates

For H® = (—Az)*? (0 < < 2) or H® = D (Dirichlet-to-Neumann operator, @ = 1),
the heat kernel py = e™*H 0 (x, y) satisfies the two-sided estimates

C'qu(t,x,y) < po(t,x,y) < Cqq(t,x,y), 0<t<1l,x,yeM.

See e.g., [33, Theorems 4.2 an 4.4] and [6, Theorem 3.1]. For Hy = H® + V with
V € K, (M), by modifying the argument above, we can obtain the two-sided heat
kernel estimates

pv(t,x,y) ~qut,x,y), 0<t=<1,x,ye M.

B. Kernel bounds of pseudo-differential operators

In this section, we prove the kernel bounds of pseudo-differential operators in
Lemma 5. See [60, Theorem 4.3.1] for the proof of the fact that m(P) is a pseudo-
differential operator of order w. The kernel bounds (3.2) can be viewed as the rescaled
version on compact manifolds compared to the Euclidean estimates in [63, Proposi-
tion 1 on p. 241]. We mean that the bounds hold near the diagonal (so that dg (x, y) is
smaller than the injectivity radius of M) and that outside the neighborhood of the diag-
onal they are O(R™"). Roughly speaking, modulo lower order terms, m(P/R)(x, y)
equals

- E1\ ia
27) " (_) idg(x.y)81 4
e [m(%y)e ¢
R”7
near the diagonal, which satisfies the bounds in (3.2), while outside of a fixed neigh-

borhood of the diagonal m(P/R)(x, y) is O(R™™). For completeness, we give a
detailed proof by using the Hadamard parametrix.

B.1. Proof of Lemma 5

Since the spectrum of P = ,/—A, is nonnegative, we may assume that m(¢) is an

even function on R. Let § > 0 be smaller than the injectivity radius of (M, g). Let

p € Cg°(—1,1) be even and satisfy p = 1 on (—%, %) So we can write

m(P/R) = %/n%(tR) cos(tP)dt

R
- %/p(t)ﬁ’l(l‘R) cos(tP)dt + %/(1 = p(O)R(R) cos(tP)dt.
(B.1)
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To handle the first term in (B.1), we need to use the Hadamard parametrix (see e.g.,
[58, Section 1.2 and Theorem 3.1.5]). For 0 < ¢t < § and Ny > n + 3, we have

No
costP(x,y) = Za)v(x, V) E,(t,dg(x,y)) + Rny(t,x,Y) (B.2)
v=0
where the leading term
3, Eo = (2m)™" / ' N8 cos(r|€])d & (B.3)

Rll

and E, satisfies 20,E, = tE,_, and ,E,(t/R,r) = R"29,E,(t, Rr) for any
R > 0. Here w, € C*®°(M x M), and wg(x,x) = 1forall x € M.Forv > 1, we have
the following explicit formula (see e.g., [58, Section 1.2]):

_ —n idg (x,p)E SN — 5v)[§] sin(sy —sy—1)[§]
By = vi@m) / /e q £]

_sin(sy — 51)|§] sin sy [§]

t3 13

So for v > 1, we obtain (see e.g., [58, Section 1.2])

0<s;<<sy<t R”

d&dsy...ds,.

1 .
3, E, = EtEv_l = /eldg(x’y)élav(t, |EdE

v—1
_ Zza;l;/eidg(x,y)élztitléltj-i-l|$|—2v+1+jdé_-7 (B.4)

+ j=0
where aﬁ are constants, and a,, € C*. The remainder kernel Ry, € C No—n=3 gatis-
fies
2Ng+2—n—
0%, Rivo (t.x, )| < [¢]PNo27n=lel g < Ny —n — 2. (B.5)

Then we plug (B.2) into the first term of (B.1). We first handle the contribution of
the leading term in (B.2). By (B.3), we can write

%// p()M(tR) cos(t|E])e! 4P gp g
- /m(lél/R)eidm,y)sldg

+ % // (1 — p(t))i(tR) cos(t|E|)e' e M gt d g

= 11 +12.
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Using the property (3.1) and integration by parts, we see that forany N € N,

R™(Rdg(x, y)) """ (1 + Rdg(x,y))7", n+ >0,
[I1] S {R"10g(2 + (Rdg (x.y)) ") (1 + Rdg(x.y)™. n+p=0, (B.6)
R™(1 4 Rdg(x,y))™V, n+p <0,

and

L] < |R // (1= p(@) RN m W) (5)e RS cos(t|])e¥s ¥V dsdrd &
IS R‘N“/ (1 + [l = RIsIDM (1 + |s)~V**dsdg
SRV [0+ lel/Ry s

< RN+, (B.7)

Here we choose Ny > N > n + pu.
Similarly, we can handle the contributions of the remaining terms in (B.2). For
each v > 1, we can write

= / PR Byt dg (v, ) = 5 / (R)D Ey (1. dg (x. y))di—
o [ PR B dy ey 5= 1+ 1

Using the scaling property 9, E,(t/R,r) = R"2Y9, E,(t, Rr) and formula (B.4), we
can integrate by parts to see that

|I3] = @r) ' R*2

/ﬁz(z)B,Ev(I, Rdg(x,y))dt

v—1
ST [ s i

+ j=0

— (27_[)—1 Rn—2v

_ Rn—ZV

v—1
Sy i [ e"’“’g“’”élm<f+“<i|s|>|sr2”+l+fds'

+ j=0
SR (1 + Rdg(x,y)) 7N
v—1
+
j=0
R"™(Rdg(x,y)) " *(1 + Rdg(x,y)) ™", n+pu>0,
R"2"10g(2 + (Rdg(x.y)™)(1 + Rdg (x.y)) ™. n+p=0, (B9
R"™(1 4 Rdg(x.y) ", n+p <0,

/ e"Rdg“’”flm(f“’(|$|)|$|—2”+1+f¢(|él>d¥‘ B8

A
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where ¢ € C* vanishes near the origin but equals one near infinity. The first term
in (B.8) follows from the smoothness of @, in (B.4) near £ = 0 and integration by
parts. Moreover,

v—1
112 YR [[f a - popary VYm0

+ j=0 _e—itRseidg(x,y)Sl:I:it|$|¢jv(|%-|)d§- ds dt

< RN / (1 + |1 = RIsl) ™ (1 + s~V *#dsde
<rV / (1 + [El/R)y"N+ide < RV, (B.10)

The remainder term Ry, in (B.2) is easy to handle. Indeed, forn +u < N < Ng —
n — 2, using (B.5) we integrate by parts to obtain

(% / p(O)7(tR) Ry, (1. x. y)dt

5 R—N+1

// o)t ™ Ry, (t, x, y)m™ (s)e 7R dg di
< RNF! /(1 + RIs)™NA + |s)*Nds < RTVFL (B.11)
To handle the second term in (B.1), we notice that for A > 0
R N
'2— /(1 — p(t))m(tR) cos(t)u)dt‘
b4

<

R / (1= p()tR) N m™) (5)e™ RS cos(11)dtds

AN—N+u
SRV /(1 + 2= RIsID™N (A 4+ [sh™V s < R—N(l + E) :

Thus, we obtain

’% /(1 — p(t))m(tR) cos(tP)(x, y)dt

SRV A+ 4/R) N ep(x)e; (v)]

J

SRV (A +k/R7VTEY " ej(x)e; (v)]
k Ajelk,k+1)

SRV (1 +k/Ry7VH + k)t g RV (B.12)
k
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Here we used the L° bound of Laplace eigenfunctions (see e.g., [60, Lemma 4.2.4])

Yo lej@e; IS sup Y e ()> S (1 4+k)"

A elk.k+1) XEM ) elkk+1)

Combining the bounds (B.6), (B.7), (B.9), (B.10), (B.11), and (B.12), we complete
the proof.
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