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Localization on the quantum graph connecting the points
of the lattice Zd

Stanislav Alekseevich Molchanov and Oleg Safronov

Abstract. We consider the graph whose edges connect all nearest neighbours of the lattice Zd .
We prove several theorems establishing localization of eigenfunctions of the Schrödinger oper-
ator on this graph. The energies for which we establish the localization belong to specific
intervals whose union is an unbounded subset of the real line.

1. Introduction

This paper contains several results on the localised states for a random Hamiltonian
(Schrödinger-type operator) on the graph � D �d , d > 2. This graph, whose vertices
are points of Zd , and the edges are the intervals connecting the nearest neighbours,
was introduced by Pavel Exner [6,7,9] before the general quantum graphs theory has
been thoroughly developed (see [3]).

In particular, P. Exner and his collaborators considered the “Laplace operator”
on �d and the Hamiltonian with some kind of periodic potential. One of the cent-
ral observations made by the authors of [6, 9] is that the spectrum of such operators
can have infinitely many gaps. This means that the corresponding system has “semi-
conducting” properties even for waves with arbitrarily high frequencies. The latter
fact has substantial applications.

For instance, we may consider the optical network of thin channels (of small dia-
meter ") that have been “drilled” by a laser inside an optical material (like silicon).
The propagation of electromagnetic waves with high frequencies through this net-
work is described by Maxwell’s equations. An important result of [15] says that in
the limit as " ! 0, the system of Maxwell’s equations reduces to the Schrödinger
equation on the graph �3 with Kirchhoff-type gluing conditions at the vertices. The
statistical errors appear in such systems mainly in the junctions (intersections of the
channels). This is exactly Exner’s model with a random ı-like potential, and we have
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a physically justified problem of Anderson’s localization for the random Hamiltonian
on �3.

The paper [15] is not the only work addressing graphs as limits of net-work of
tubes. Another appropriate reference here is the one to the book of O. Post [18] in
which the author considers tubes with Dirichlet and Neumann boundary conditions.

The model studied in the present paper is similar to, but not the same as the one
studied by Pavel Exner, Mario Helm, and Peter Stollmann in [10]. Loosely speaking,
we deal with the operator

H D �
d2

dx2
C

X
n2Zd

V.n/ın.x/

defined on the graph whose edges connect the points of Zd . The symbol ın denotes
the delta finction “sitting” at the point n. The precise definition of the operator H is
given below.

For each pair m; n 2 Zd of neighbouring (i.e., such that jn � mj D 1) points of
the lattice Zd , define In;m to be the interval connecting the two points. We will study
the graph �d � Rd defined as the union of all intervals of the form In;m.

�d D
[

n;mWjm�njD1

In;m:

There is a natural measure on �d whose restriction to In;m coincides with the
Lebesgue measure on this interval. In the Hilbert space L2.�d /, we consider the self-
adjoint operator H generated by the quadratic form

hŒu� D

Z
�d

ju0.x/j2 dx C
X
n2Zd

V.n/ju.n/j2;

where V WZd ! R is a bounded real potential on the lattice Zd :

V D xV 2 `1.Zd /:

The domain of the quadratic form h is the collection of all absolutely continuous
square-integrable functions on �d having square integrable derivatives. It would be
natural to call this collection the “Sobolev space” W 1;2.�d /. Such spaces are called
the “maximal (or decoupled) Sobolev spaces” in the book [18] by Olaf Post. A stand-
ard analysis shows that

ŒHu�.x/ D �u00.x/; for a.e. x 2 �d ; for all u 2 D.H/:

The domain D.H/ of H is the set of all functions u 2 W 1;2.�d / such that u0 are
absolutely continuous on each In;m, the second derivatives obey the condition u00 2
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L2.�d /, and X
jn�mjD1

@u

@.m � n/
.n/ D V.n/u.n/ for each n 2 Zd : (1.1)

By the symbol @u
@.m�n/

.n/, we denote the value of the derivative of u at the initial point
n of the interval In;m. This time, we distinguish between In;m and Im;n.

Note that if V D 0, then (1.1) turns into the Kirchhoff condition. The spectrum of
the operator with V D 0 is the positive half-line RC D Œ0;1/. In this case, �H is the
generator of a certain “diffusion” process on � . The transition probability of this pro-
cess is the integral kernel p.t; x1; x2/ of the operator exp.�tH/. The corresponding
random motion could be viewed as a combination of two types of Brownian motion.
Namely, a particle moves along one of edges of � until it reaches a vertex. After that,
it starts moving along the next edge which is randomly selected with the probability
1=.2d/ similar to the way the next point is selected for the Brownian particle moving
on Zd .

While the spectrum of the operator with V D 0 coincides with the spectrum of
the operator on �� on L2.Rd /, it is not absolutely continuous. This is very well
illustrated in the paper [8] by Pavel Exner. If d > 2, the points .�n/2 with n 2 N are
eigenvalues of infinite multiplicity. The corresponding eigenfunctions can be selected
so that they are compactly supported.

Another interesting fact is that, if V ¤ 0 is constant on the lattice � , then the
spectrum of the operator H has gaps situated either to the left or to the right of the
points .�n/2. This phenomenon was discovered by Pavel Exner and is also described
in [8]. The latter fact is rather surprising because the spectrum of a usual periodic
Schrödinger operator on L2.Rd / with d > 2 has only finitely many gaps (see [17,
20–22]).

The main results of this paper are Theorems 1.1 and 1.2 described below. Let
�.H/ and†.H/ be the resolvent set and the spectrum of the operatorH , respectively.
Let v0 > 0 be a positive number. In Theorems 1.1 and 1.2, we consider the case where
V is a potential of the form

V.n/ D ˙.v0 C �!n/;

where � > 0 is a coupling constant and !n are independent random variables identic-
ally distributed on Œ0; 1�. We will assume that there is a constant C > 0 and ~ > 0 for
which the density of distribution �.!n/ of the random variable !n obeys the condition

0 < �.!n/ 6 C!~n ; for all !n 2 .0; 1�:
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Theorem 1.1. Suppose that V.n/D v0C �!n with v0 > 0. Then the set �.H/\RD

R n†.H/ contains infinitely many intervals of the form

..�n/2; �n/; n D 1; 2; : : : ;

where �n > 0 satisfy the equation

2d.cos.
p
�n/C .�1/

nC1/C
sin
p
�n

p
�n

v0 D 0:

For each n 2 N, there is a Q�n > �n for which the operator H has dense pure point
spectrum in Œ�n; Q�n� with probability one.

Theorem 1.2. Suppose that V.n/ D �.v0 C �!n/ with 0 < v0 < 2d . Then the set
�.H/ \R D R n†.H/ contains infinitely many intervals of the form

.�n; .�n/
2/; n D 1; 2; : : : ;

where �n > 0 satisfy the equation

2d.cos.
p
�n/C .�1/

nC1/ �
sin
p
�n

p
�n

v0 D 0:

For each n 2 N, there is a Q�n < �n for which the operator H has dense pure point
spectrum in Œ Q�n; �n� with probability one.

Remark. Theorems 1.1 and 1.2 remain valid for v0 D 0 with �n D .�n/2.

These results are essentially different from the theorems in [10] where the authors
consider potentials defined on the edges of the graph rather than on the vertices. They
are also different from the results of the paper [14] whose assumptions are not fulfilled
in the models treated by Theorems 1.1 and 1.2. In fact, the corresponding statement
in [14] establishes localization for energies near points E that do not belong to the
spectrum of the operator with V D 0. Since the spectrum of this operator is Œ0;1/,
the intervals Œ�n; Q�n� or Œ Q�n; �n� considered in Theorems 1.1 and 1.2 are excluded
from the discussion in [14] simply because �n !1.

The paper [15] by S. Molchanov and B. Vainberg explains the physics related to
the considered model. The graph �d could be interpreted as the union of infinitely
many conducting channels that meet at the points of the lattice Zd . These points
are called “junctions.” No matter how hard one tries to make the junctions perfect,
they still have different properties changing randomly as one passes from one point
of junction to another. In reality, such channels are made in silicon by a laser with
a very high accuracy, while the junctions are always imperfect. This imperfection is
described by the potential V whose values at the points of Zd are selected randomly.
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Clearly, one could study more general graphs whose theory is given in the book
by G. Berkolaiko and P. Kuchment [3]. Our goal is to discuss the most natural model
that could serve as a basis for further investigations.

The paper is structured so that it consists of six sections. Theorems 1.1 and 1.2
will be proved in Section 3. Section 4 contains a proof of the exponential decay of
eigenfunctions of the operators studied in Section 3. Anderson’s localization in the
problem with a big coupling constant is discussed in Section 5. Finally, Section 6 is
devoted to the theory unbounded random potentials.

2. Preliminaries

The following lemma reduces the questions of our interest to the study of a discrete
Schrödinger operator. This reduction is known at least since the publication of the
paper by von Below [23]. One can also find it in the articles by Cattaneo [4], Exner [8],
and Pankrashkin [16].

Lemma 2.1. Let k 2C satisfy the condition k¤ �n for all n 2Z. Let be a solution
of the equation

� 00.x/ D k2 .x/; x 2 �d n Zd ;

that is continuous on �d . Then

�

X
jm�njD1

 .m/C
sin k
k
V.n/ .n/ D �.2d cos k/ .n/; for all n 2 Zd :

Proof. The statement of the lemma is a simple consequence of the fact that if

�'00.t/ D k2'.t/; for t 2 Œ0; 1�;

then

'.t/ D �
sin.k.t � 1//

sin k
'.0/C

sin.kt/
sin k

'.1/

Therefore, the derivative of ' at 0 equals

'0.0/ D �
k cos.k/

sin k
'.0/C

k

sin k
'.1/

This implies the relationX
jn�mjD1

@ 

@.m � n/
.n/ D �

2dk cos.k/
sin k

 .n/C
k

sin k

X
jn�mjD1

 .m/:



S. A. Molchanov and O. Safronov 576

Consider two different cases V > 0 and V < 0. Throughout the paper, †.H/
denotes the spectrum of H , and �.H/ D C n†.H/ is its resolvent set.

Corollary 2.2. Suppose there is a constant c0 > 0 for which

V > c0 on Zd :

Then the set �.H/ \R D R n†.H/ contains infinitely many intervals of the form

..�n/2; �n/; n D 1; 2; : : : ;

where �n > 0 satisfy the equation

2d.cos.
p
�n/C .�1/

nC1/C
sin
p
�n

p
�n

c0 D 0: (2.1)

The bottom of the spectrummH D inf¹�2†.H/º is not smaller than the least positive
solution �0 >0 of the equation (2.1) for nD 0. If V D c0 is constant, then �n 2†.H/.

In the case V < 0, we have to consider two different situations.

Corollary 2.3. Suppose there is a constant c0 > 0 for which

V 6 �c0 on Zd :

Then the set �.H/ \R D R n†.H/ contains infinitely many intervals of the form

.�n; .�n/
2/; n D 1; 2; : : : ;

where �n > 0 satisfy the equation

2d.cos.
p
�n/C .�1/

nC1/ �
sin
p
�n

p
�n

c0 D 0;

except for the case c0 > 2d where the equation for �1 6 0 has to be replaced by

2d.cosh.
p
��1/C 1/ �

sinh
p
��1

p
��1

c0 D 0:

The bottom of the spectrum †.H/ is not higher than the solution �0 < 0 of the equa-
tion

2d.cosh.
p
��0/ � 1/ �

sinh
p
��0

p
��0

c0 D 0:

If V D �c0 is constant, then �n 2 †.H/.

Let us also mention the following interesting fact (see [3, Section 3.4]).
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Proposition 2.4. Let d > 2. The points .�n/2 with n 2 N are eigenvalues of H no
matter what V is. The multiplicity of these eigenvalues is infinite.

Proof. If n is odd, then let 
 be a closed path in �d containing an even number of
intervals In;m and having no self-intersections. On one of the edges of the path define
the function  .t/ D sin.�nt/ for t 2 Œ0; 1�. After that, we extend this function to
a function on 
 so that  changes its sign each time one passes through a vertex.
Finally, we extend  to a function on �d by setting  D 0 on �d n 
 . It is easy to see
that H D .�n/2 .

If n is even, then let 
 be any closed path in �d having no self-intersections.
On one of the edges of the path, define the function  .t/ D sin.�nt/ for t 2 Œ0; 1�.
After that, we extend this function to a periodic function on 
 . Finally, we extend  
to a function on �d by setting  D 0 on �d n 
 . It is also easy to see that H D
.�n/2 .

Define H to be the orthogonal sum of the eigenspaces of H corresponding to the
eigenvalues .�m/2 withm 2N. The next result describes the orthogonal complement
L2.�d /	H.

Proposition 2.5. Let 
 > 0 be a fixed positive number. Assume that V WZd ! R is
non-negative and bounded. For each n 2 Zd , set 'n D '.�; n/, where '.x; y/ denotes
the value of the integral kernel of the operator .H C 
I /�1 at x; y 2 �d . Then the
span of all vectors .H C 
I /�l'n, corresponding to different n2Zd and l 2N [ ¹0º,
is dense in L2.�d /	H.

Proof. Indeed, if f 2 L2.�/ is a function obeying the condition

.f; .H C 
I /�l'n/ D 0; for all n 2 Zd ; l 2 N [ ¹0º; (2.2)

then the function u D .H C 
I /�1f is the solution of the equation

.H C 
I /u D f

that vanishes at each point n 2 Zd . Denote now the subspace of all vectors f satis-
fying (2.2) by the symbol H0. Then H0 is an invariant subspace of the operator H . In
particular, if u 2D.H/\H0, then .H C 
I /u 2H0, which implies that u vanishes at
each point n 2 Zd of the lattice. Thus, the part of the operator H in the subspace H0
is also a restriction of the orthogonal sum of operators �d2=dx2 with the Dirichlet
boundary conditions at the endpoints of the intervals In;m. Therefore, H0 � H.

Throughout the paper, the symbol �� denotes the operator defined on `2.Zd / by

Œ��u�.n/ D �
X

jm�njD1

u.m/C 2du.n/; for all n 2 Zd : (2.3)
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The following very-well-known result describes the dependence of the matrix ele-
ments R.n; m/ of the operator .�� � z C V /�1 on the values of V . A slightly
different proof of this statement can be found in [5].

Lemma 2.6. Let n0 2 Zd be a fixed point of the lattice. Then for any z 2 C nR, the
Green’s function R.n;m/ D ..�� � z C V /�1ın; ım/ of the operator

�� � z C V

is a linear fractional function of V.n0/ the form

R.n;m/ D
˛V.n0/C ˇ

Q̨V.n0/C Q̌
; (2.4)

where ˛, ˇ, Q̨ and Q̌ do not depend on V.n0/.

Proof. Set zV D V � V.n0/ın0
where ın0

is the operator of multiplication by the
characteristic function of the one point set ¹n0º. Then

.��� zC V /�1D .��� zC zV /�1 � V.n0/.��� zC zV /
�1ın0

.��� zC V /�1:

(2.5)
Denote now the integral kernel of the operator .�� � z C zV /�1 by zR.n0; m/. It
follows from (2.5) that

R.n0; m/ D zR.n0; m/ � V.n0/ zR.n0; n0/R.n0; m/:

Thus, R.n0; m/ is a linear fractional function of V.n0/. It remains to note that

R.n;m/ D zR.n;m/ � V.n0/ zR.n; n0/R.n0; m/:

The following statement gives further information about the role of the points
.�n/2 in the spectrum of H .

Proposition 2.7. Suppose
lim
jnj!1

V.n/ D1

Then the spectrum of H in the complement

R n
[
n2N

¹.�n/2º

is discrete.
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Proof. Let �� be the operator defined on `2.Zd / by (2.3). Then the spectrum of this
operator is the interval Œ0; 4d �. For M > 0, define the potential VM by

VM .n/ D

´
V.n/ if V.n/ > M;

M if V.n/ < M:

Then for any " > 0 and n 2 N, there is an M > 0 such that the operator

Tk D ��C 2d.cos.k/ � 1/C
sin.k/
k

VM

has a bounded inverse for all k 2 Œ�nC ";�.nC 1/� "�. Since V �VM is a finite rank
operator, applying the analytic Fredholm alternative, we conclude that the operator

I C
sin.k/
k

.V � VM /T
�1
k (2.6)

has a bounded inverse for all k 2 Œ.�n C "; �.n C 1/ � "/ except for a discrete
sequence of points. It remains to note that the operator

Ak D ��C 2d.cos.k/ � 1/C
sin.k/
k

V

has a bounded inverse whenever the operator (2.6) is invertible. Moreover,

A�1k D
�
I C

sin.k/
k

.V � VM /T
�1
k

��1
T �1k :

We leave it as an exercise for the reader to prove thatH � k2I has a bounded inverse
(defined on all of `2) if and only ifAk has a bounded inverse (defined on all of `2).

Let us mention a similarity of this proposition to the main result of the paper [11]
by A. Gordon, S. Molchanov, and B. Tsagani where the authors show that the spec-
trum of a one-dimensional Schrödinger operator with a special unbounded potential
is discrete outside of the union of the points .�n/2.

We also need the following result on monotonicity of the Green’s function of the
discrete Laplace operator.

Proposition 2.8. Let V1 > 0 and V2 > 0 be two bounded non-negative potentials on
Zd satisfying the inequality

V1 6 V2 on Zd :

Let �V1;� and �V2;� be the integral kernels of the operators .��C V1 � �/�1 and
.��C V2 � �/

�1. Then

�V1;�.n;m/ > �V2;�.n;m/; for all n;m 2 Zd and � < 0:
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Proof. Consider the case where

V1 D V > 0; V2 D V C ˛W for some W > 0 and ˛ > 0:

Then
d

d˛
�V;�.n;m/ D �

X
l2Zd

�V;�.n; l/W.l/�V;�.l; m/ 6 0;

because �V;� > 0. Indeed, for large values of j�j and n ¤ m

�V;�.n;m/ D
X



Y
Qn2


1

2d � �C V. Qn/
�V;�.m;m/

where the sum is taken over all paths 
 connecting the pointm with the point n. Since
�V;�.m; m/ D �1=� C O.1=j�j

2/ as � ! �1, we obtain that �V;� > 0 for large
values of j�j. On the other hand, it is easy to show that

d

d�
�V;�.n;m/ D

X
l2Zd

�V;�.n; l/�V;�.l; m/ > 0:

Thus,
�V;�1

6 �V;�2
for �1 < �2 < 0:

To prove localization near the edges of the gaps, we need to know the rate of the
decay of the integral kernel g�.n �m/ of the free resolvent .�� � �/�1, where ��
is the operator (2.3).

Proposition 2.9. Let � 2 .�1; 0/, let r > 0 satisfy the inequality r C 2 > d and let
g�.n�m/ be the integral kernel of the operator .��� �/�1. Then there is a constant
Cr > 0 for which

jnjr jg�.n/j 6
Cr

j�jr=2C1�d=2
; for all n 2 Zd ; � 2 .�1; 0/: (2.7)

The constant Cr depends only on r and d .

Proof. Consider first the case where r is integer. Observe that

g�.n/ D .2�/
�d

Z
Œ��;�/d

e�i�n d�

2d � 2
Pd
jD1 cos.�j / � �

:

Denote
'�.�/ D

1

2d � 2
Pd
jD1 cos.�j / � �

:
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Then there is a constant Cr > 0 for which

jr
r'�.�/j 6 Cr.'�.�//

r=2C1; for all � 2 .�1; 0/: (2.8)

This inequality follows from the fact that the r-th order derivatives of '�.�/ are func-
tions of the form

Q.�/ D

rC1X
mD1

Pm.�/

.2d � 2
Pd
jD1 cos.�j / � �/m

; (2.9)

where Pm are linear combinations of products of sin.�j1
/ and cos.�j2

/ such that
jPm.�/j 6 C j�j2m�r�2 for m > r=2C 1. The representation (2.9) is in its turn estab-
lished by induction in r . Indeed,

@Q

@�i
D

rX
mD1

2Pm.�/ sin.�i /

.2d � 2
Pd
jD1 cos.�j / � �/mC1

C

rX
mD1

@Pm=@�i

.2d � 2
Pd
jD1 cos.�j / � �/m

:

The estimate (2.8) implies that

jnjr jg�.n/j 6 zCr
Z

Œ��;�/d

.'�.�//
r=2C1 d�: (2.10)

Obviously, this inequality is also valid for r D 0. In the case r is not integer, (2.10) is
established by interpolation.

On the other hand, there is constant c0 > 0 such that

c0j�j
2 6 2d � 2

dX
jD1

cos.�j /; for all � 2 Œ��; �/d : (2.11)

Combining (2.10) with (2.11), we obtain that

jnjr jg�.n/j 6 zCr
Z

Rd

.c0j�j
2
� �/�.r=2C1/ d� D

Cr

j�jr=2C1�d=2
:

The next statement plays a crucial role in the proof of Theorem 1.1.

Proposition 2.10. Let �1 < � < 0 and let g�.n � m/ be the integral kernel of the
operator .�� � �/�1. Let also 1=2 < s < 1. Then there is a constant Cs , depending
only on s and d , for whichX

n2Zd

jg�.n/j
s 6 Csj�j

�s� .1�s/d
2 ; for all � < .�1; 0/: (2.12)
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Proof. Note first that there is a constant C0 > 0 depending only on d for which

jg�.n/j 6 f .�/ D

8̂̂<̂
:̂
C0j�j

�1=2 if d D 1;

C0 ln j�j�1 if d > 2;

C0 if d > 3:

Let us choose parameters r and r1 > d � 2 so that rs > d , but sr1 < d . In view
of (2.7), the left-hand side of (2.12) can be estimated as follows:X

n2Zd

jg�.n/j
s 6 5

p
df .�/ C

X
2
p
d6jnj62

p
d=j�j

jg�.n/j
s
C

X
jnj>2

p
d=j�j

jg�.n/j
s

6 5
p
df .�/C

jCr1 j
s

d sr1=2j�js.r1=2C1�d=2/

Z
jxj<2

p
d=j�j

jxj�sr1 dx

C
jCr j

s

d sr=2j�js.r=2C1�d=2/

Z
jxj>2

p
d=j�j

jxj�sr dx

6 Csj�j
�s� .1�s/d

2 :

3. Proof of Theorems 1.1 and 1.2

Recall that we consider the case where V is a potential of the form

V.n/ D ˙.v0 C �!n/;

where v0 > 0, � > 0 is a coupling constant and !n are independent random variables
identically distributed on Œ0; 1�. We will assume that there is a constant C > 0 and
~ > 0 for which the density of distribution �.!n/ of the random variable !n obeys the
condition

0 < �.!n/ 6 C!~n ; for all !n 2 .0; 1�:

We will prove only Theorem 1.1 in which V is positive. The proof of Theorem 1.2
follows the same pattern. Let �� be the solution of the equation

2d.cos.
p
��/ � 1/C

sin
p
��

p
��

v0 D 0

such that .�n/2 < �� < .�.nC 1//2 where with n is an even number and

2d.cos.
p
�/ � 1/C

sin
p
�

p
�
v0 > 0; for all � 2 ..�n/2; ��/:
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We will show that there is a Q� > �� such that H has dense pure point spectrum in
Œ��; Q��.

For a fixed 0 < " < 1, we introduce the random variables �n by

�n D

´
!n � " if !n < ";

0 if !n > ";

and set
�n D !n � �n:

Then �n > " and the potential V can be decomposed into the sum

V D V" C zV";

where V".n/ D ��n and zV".n/ D v0 C ��n. Therefore, the operator

Ak D ��C 2d.cos.k/ � 1/C
sin k
k
V

can be written in the form

Ak D zAk C
sin k
k
V"; where zAk D ��C 2d.cos.k/ � 1/C

sin k
k
zV":

We see now that A�1
k

may be considered as a solution of the equation

A�1k �
zA�1k D �

sin k
k
zAkV"Ak;

which is convenient to write in terms of integral kernels Gk.n; m/ and zGk.n; m/ of
the operators A�1

k
and zA�1

k
:

Gk.n;m/ � zGk.n;m/ D �
sin k
k

X
l

zGk.n; l/V".l/Gk.l; m/;

Using the obvious inequality j
P
j cj j

s 6
P
j jcj j

s for 0 < s < 1, we obtain

jGk.n;m/j
s 6 j zGk.n;m/js C

ˇ̌̌sin k
k

ˇ̌̌sX
l

j zGk.n; l/j
s
jV".l/j

s
jGk.l; m/j

s; (3.1)

Finally, using monotonicity of the Green’s function with respect to the potential, we
estimate the positive function zGk.n;m/ by the kernel �k.n;m/ of the operator�

��C 2d.cos.k/ � 1/C
sin k
k
.v0 C �"/

��1
:
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Namely, we have the inequality

zGk.n;m/ 6 �k.n;m/; for all n;m 2 Zd : (3.2)

Now, let k" 2 .
p
��; �.nC 1// be the solution of the equation

2d.cos.k"/ � 1/C
sin k"
k"

.v0 C �"=2/ D 0

obeying the condition k" !
p
�� as "! 0. Then for any k 2 .

p
��; k"/,

2d.cos.k/ � 1/C
sin k
k
.v0 C �"=2/ > 0:

Consequently,

2d.cos.k/ � 1/C
sin k
k
.v0 C �"/ >

sin k
2k

�":

Therefore,
�k.n;m/ 6 g.n �m/; for all n;m 2 Zd ; (3.3)

where g is the integral kernel of the operator

.��C ��"/�1 and � D inf
k2Œ
p
��;k"�

�sin k
2k

�
> 0

Combining (3.1), (3.2), and (3.3), we obtain that jGk.n;m/js satisfies the inequality

jGk.n;m/j
s 6 j zGk.n;m/js C

ˇ̌̌ 1
p
��

ˇ̌̌sX
l

jg.n � l/jsjV".l/j
s
jGk.l; m/j

s; (3.4)

Now, we will use the following lemma.

Lemma 3.1. There is a constant C.s; ~/ > 0 depending only on s 2 .0; 1/ and ~ > 0
such that for all 0 < " < 1,

"Z
0

jv � "js
ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv 6 C.s; ~/"~C1

1Z
0

ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv (3.5)

for all a; b in C.

Proof. Note that

1Z
0

jv � 1js
ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv 6

1Z
0

ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv (3.6)
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Also note that one can find two constants cs;~ > 0 and Cs;~ > 0 for which

cs;~
1C jajs

1C jbjs
6

1Z
0

ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv 6 Cs;~

1C jajs

1C jbjs
(3.7)

To prove (3.7), we consider the function

f .a; b/ D
�1C jajs
1C jbjs

��1 1Z
0

ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv: (3.8)

If jaj 6 2 and jbj 6 2, then f .a; b/ is a continuous positive function of a and b
defined on the square. Therefore, it is bounded from above and separated from zero
by a positive constant.

On the other hand, if jaj > 2 or jbj > 2 then jv � ajs and jv � bjs are equivalent
to the constant functions 1C jajs and 1C jbjs correspondingly.

To prove (3.5), we make a substitution

"Z
0

jv � "js
ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv D "sC~C1

1Z
0

jv � 1js
ˇ̌̌v � a="
v � b="

ˇ̌̌s
v~ dv

6 "sC~C1Cs;~
"s C jajs

"s C jbjs
:

Consequently,

"Z
0

jv � "js
ˇ̌̌v � a
v � b

ˇ̌̌s
v~ dv 6 "~C1Cs;~

1C jajs

1C jbjs
:

Combining this estimate with the left inequality in (3.7), we obtain (3.5).

Denote by hf i the mean value of a random variable f defined on �. That is,

hf i D

Z
�

f .!/ d!

where d! is the probability measure on �.
Clearly, if j Im kj > 0; then

hjGk.n;m/j
s
i <1; (3.9)

for any s 2 .0; 1/. Our nearest goal is to prove (3.9) for some real k’s with k2 2†.H/.
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Corollary 3.2. There is a constant C > 0 that depends only on s, ~ and � for which
the mean values of jGk.n;m/js satisfy the inequality

hjGk.n;m/j
s
i 6 j zGk.n;m/js C

C"~C1

j
p
��js

X
l

jg.n � l/jshjGk.l; m/j
s
i;

Proof. This is a consequence of (3.4), Lemma 2.4 and Lemma 3.1.

Consider now the “integral” operator T from `1.Zd / to `1.Zd / defined by

ŒT u�.n/ D
C"~C1

j
p
��js

X
l

jg.n � l/jsu.l/

Obviously,

kT k 6
C"~C1

j
p
��js

X
n

jg.n/js:

Proposition 3.3. Let
.1 � s/.d � 2/ < 2~:

Then there is an " > 0 for which
kT k < 1: (3.10)

Proof. According to Proposition 2.10, for 1=2 < s < 1,X
n2Zd

jg.n/js 6
Cs

j��"jsC
.1�s/d

2

; for all " > 0:

Consequently, if .1 � s/.d � 2/ < 2~, then

kT k ! 0; as "! 0:

Corollary 3.4. Let (3.10) be fulfilled. Then there is a finite positive constant C > 0

such that X
n

hjGk.n;m/j
s
i < C; (3.11)

for each k 2 Œ
p
��; k"� and for each m 2 Zd .

To finish the proof of Theorem 1.1 we will use the Simon–Wolff Theorem (see [12,
19]) described below.

Let A be a cyclic self-adjoint operator on a separable Hilbert space, let ' be its
normalised cyclic vector, and P be the orthogonal projection onto the span of '.
Denote by � the spectral measure of the operator A corresponding to the vector '.
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Theorem 3.5. Let U be a Borel subset of R. The operator A � ˛P has pure point
spectrum in U for almost every value of ˛ 2 R if and only if

1Z
0

d�.t/

.t � �/2
<1 for Lebesgue a.e. � 2 U: (3.12)

The condition (3.12) literally means that

k.A � �I/�1'k2 <1:

Let us now write the Hilbert identity for the operatorH WD.H/!L2.�d / considered
in Theorem 1.1. Changing the value of V by ˛ at x D n can be formally viewed as
adding ˛ın to H . Here, we understand ın as a distribution on the graph �d (not as an
element of `2.Zd /). For any 
 > 0, and any fixed point n 2 Zd ,

.H C ˛ın C 
I /
�1
D .H C 
I /�1 � ˇ.˛/P;

whereP is the projection onto the span of the vector ' D .H C 
I /�1ın and ˇ.˛/ is a
meromorphic function of ˛ such that dˇ

d˛
.0/ D k'k2. Applying the Simon–Wolff the-

orem, we obtain that the operator .H C 
I /�1 almost surely has pure point spectrum
in the Borel set U if and only if

..H C 
I /�1 � �I/�1.H C 
I /�1ın 2 L
2.�d /; for all n 2 Zd (3.13)

for almost every � 2 U. Note that condition (3.13) can be rewritten in the form

.H C 
I � ��1I /�1ın 2 L
2.�d /; for all n 2 Zd ;

which is, in its turn, equivalent toX
m

jGk.m; n/j
2 <1 for k2 D ��1 � 
: (3.14)

Since (3.11) implies (3.14) for almost every k 2 Œ
p
��;k"�, it also implies Theorem 1.1.

One could argue that ' D .H C 
I /�1ın is not a cyclic vector, but this condition is
not needed. Instead, one has to define H to be the orthogonal sum of the eigenspaces
ofH corresponding to the eigenvalues .�m/2 withm 2N and realise that, according
to Proposition 2.5, the span of all vectors .H C 
I /�lın, corresponding to different
n 2 Zd and l 2 N, is dense in L2.�d /	H.

The proof of Theorem 1.2 is analogous to the one of Theorem 1.1.
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4. Exponential decay of eigenfunctions

Here we establish an exponential decay of the eigenfunctions of the operators con-
sidered in Section 3. Let us recall that one of the assumptions made in Section 3 was
that there is a constant C > 0 and ~ > 0 for which the density of distribution �.!n/
of the random variable !n obeys the condition

0 < �.!n/ 6 C!~n ; for all !n 2 .0; 1�:

Theorem 4.1. Let the function V and the operator H be the same as in Theorem 1.1
Assume that ~ > d � 1. Let �n > 0 be the points described in Theorem 1.1. Then for
each n 2 N, there is a Q�n > �n for which the eigenfunctions corresponding to the
eigenvalues in Œ�n; Q�n� decay exponentially fast almost surely.

Theorem 4.2. Let the function V and the operator H be the same as in Theorem 1.2
Assume that ~ > d � 1. Let �n 2 R be the points described in Theorem 1.2. Then
for each n 2 N, there is a Q�n < �n for which the eigenfunctions corresponding to the
eigenvalues in Œ Q�n; �n� decay exponentially fast almost surely.

Remark. Theorems 4.1 and 4.2 remain valid for v0 D 0 with �n D .�n/2.

The remaining part of this section consists of the proofs of these theorems. Let us
first establish the exponential decay of the Green’s function g�.n�m/ of the integral
kernel of the operator .�� � �/�1 for � < 0.

Theorem 4.3. Let � < 0. Then

0 6 g�.n � n0/ 6
ˇ̌̌ 2d

2d � �

ˇ̌̌jn�n0j
�2d � �
j�j2

�
:

Proof. We will use the equation

2dg�.n � n0/ �
X

mWjm�njD1

g�.m � n0/ D �g�.n � n0/C ın0
.n/

that is satisfied by the function g�. This equation can be written in the form

g�.n � n0/ D
1

2d � �

X
mWjm�njD1

g�.m � n0/C
1

2d � �
ın0
.n/ (4.1)

Repeating the arguments of in [5, Lemma 2.3], we obtain

0 6 g�.n � n0/ 6
ˇ̌̌ 2d

2d � �

ˇ̌̌jn�n0j
�2d � �
j�j

�
g�.0/: (4.2)
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Indeed, equation (4.1) implies that for n ¤ n0,

g�.n � n0/ D
X



� 1

2d � �

�j
 j
g�.0/;

where the sum is taken over all paths connecting the points n and n0. Since the number
of the paths 
 of length k that start at n is .2d/k , and the paths that we consider
possess the property j
 j > jn � n0j, we conclude that

0 6 g�.n � n0/ 6
X

k>jn�n0j

� 2d

2d � �

�k
g�.0/;

which implies (4.2).

Corollary 4.4. Let c0 D .6d/�1 and C1 D 2d C 1. Then

0 6 g�.n � n0/ 6
C1e

�c0j�jjn�n0j

j�j2
; for all n; n0 2 Zd and � 2 .�1; 0/: (4.3)

Corollary 4.5. Let s 2 .0;1/ and let�D sj�j
12d

. Then there is a constantCs >0 depend-
ing only on s and d , for whichX

n2Zd

e�jnjjg�.n/j
s 6

Cs

j�j2sCd
; for all � 2 .�1; 0/: (4.4)

Proof. It follows from (4.3) thatX
n2Zd

e�jnjjg�.n/j
s 6

X
jnj62

p
d

C s1 e
�2�1c0sj�jjnj

j�j2s
C

X
jnj>2

p
d

C s1 e
�2�1c0sj�jjnj

j�j2s

6
X

jnj62
p
d

C s1
j�j2s

C

Z
Rd

zCe�2
�1c0sj�jjxj

j�j2s
dx:

It remains to make a substitution x D j�j�1 Qx in the last integral.

Let us now prove Theorem 4.1. As in Section 3, consider the case where v0 > 0,
and �� is the solution of the equation

2d.cos.
p
��/ � 1/C

sin
p
��

p
��

v0 D 0:

such that .�n/2 < �� < .�.nC 1//2 where with n is an even number and

2d.cos.
p
�/ � 1/C

sin
p
�

p
�
v0 > 0; for all � 2 ..�n/2; ��/:
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For a fixed 0 < " < 1, we introduce the random variables �n by

�n D

´
!n � " if !n < ";

0 if !n > ";

and set
�n D !n � �n:

Then �n > " and the potential V can be decomposed into the sum

V D V" C zV";

where V".n/ D ��n and zV".n/ D v0 C ��n.
Our goal is to obtain an estimate for the integral kernel Gk.n;m/ of the operator

A�1
k

, where

Ak D ��C 2d.cos.k/ � 1/C
sin k
k
V:

For that purpose, we define k" 2 .
p
��; �.nC 1// to be the solution of the equation

2d.cos.k"/ � 1/C
sin k"
k"

.v0 C �"=2/ D 0

obeying the condition k" !
p
�� as "! 0. After that, we set

� D inf
k2Œ
p
��;k"�

�sin k
2k

�
> 0;

and define g to be the integral kernel of the operator

.��C ��"/�1:

Combining (3.1), (3.2), and (3.3), we obtain that jGk.n;m/js satisfies the inequality

jGk.n;m/j
s 6 jg.n �m/js C

ˇ̌̌ 1
p
��

ˇ̌̌sX
l

jg.n � l/jsjV".l/j
s
jGk.l; m/j

s; (4.5)

Combining (3.5) and (4.7) we obtain the following statement.

Corollary 4.6. There is a constant C > 0 that depends only on s, ~ and � for which
the mean values of jGk.n;m/js satisfy the inequality

hjGk.n;m/j
s
i 6 jg.n �m/js C

C"~C1

j
p
��js

X
l

jg.n � l/jshjGk.l; m/j
s
i; (4.6)
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Since we intend to establish an exponential decay of the Green’s function, it makes
sense to work with the quantities of the form

‚k.n;m/ D exp.��jn �mj/hjGk.n;m/jsi where �� D
sj�"� j

12d
:

Using the triangle inequality jn �mj 6 jn � l j C jl �mj, we infer from (4.6) that

‚k.n;m/6 jg.n�m/jse��jn�mjC
C"~C1

j
p
��js

X
l

jg.n� l/jse��jn�lj‚k.l;m/: (4.7)

Consider now the “integral” operator T from `1.Zd / to `1.Zd / defined by

ŒT u�.n/ D
C"~C1

j
p
��js

X
l

jg.n � l/jse��jn�lju.l/:

Obviously,

kT k 6
C"~C1

j
p
��js

X
n

jg.n/jse��jnj:

Proposition 4.7. Let
~ > 2s � 1C d:

Then there is an " > 0 for which
kT k < 1: (4.8)

Proof. According to (4.4), for 0 < s < 1,X
n2Zd

jg.n/jse��jnj 6
Cs

j��"j2sCd
; for all " > 0:

Consequently, if ~ > 2s � 1C d , then

kT k ! 0; as "! 0:

Corollary 4.8. Let " > 0 be a number for which (4.8) is fulfilled for all k 2 Œ
p
��; k"�.

Then there is a finite positive constant C > 0 such thatX
n

hjGk.n;m/j
s
i exp.��jn �mj/ < C;

for each k 2 Œ
p
��; k"� and for each m 2 Zd .

We see that the Green’s functionGk.n;m/ decays exponentially fast as jn�mj!
1 for a.e. k 2 Œ

p
��; k"�. Therefore, the integral kernel of .H � �I/�1 decays expo-

nentially as well for a.e. � 2 Œ�n; Q�n�. This implies Theorem 4.1 (see [19]). The proof
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in [19] is based on the following observation. For a.e. ! D ¹!nº, the Green’s function
Gk.n;m/ satisfies X

n

jGk.n;m/j
s exp.��jn �mj/ <1; (4.9)

for each m 2 Zd and almost every k 2 Œ
p
��; k"�. Thus, (4.9) holds almost surely for

all m 2 Zd on a subset K � Œ
p
��; k"� of full measure. The fact that the Lebesgue

measure ofK0 D ¹k2 W k 2 Œ
p
��; k"� nKº equals zero implies that the spectral meas-

ure of this set is also zero almost surely. To show this, we use the Hilbert identity for
the operator H . For any 
 > 1, and any fixed point n 2 Zd ,

.H C ˛ın C 
I /
�1
D .H C 
I /�1 � ˇ.˛/P;

where P is the projection onto the span of the vector ' D .H C 
I /�1ın and ˇ.˛/
is an meromorphic function of ˛ such that dˇ

d˛
.0/ D k'k2. Denote by �ˇ the spec-

tral measure of the operator .H C 
I /�1 � ˇP corresponding to the vector '. Then
according to Atkinson’s averaging formula (see [2]), the Lebesgue measure of K0
equals

jK0j D

Z
R

�ˇ .K0/ dˇ:

Therefore, �ˇ .K0/ D 0 for almost every ˇ, and hence, �ˇ.˛/.K0/ D 0 for almost
every ˛ 2 R. By Fubini’s theorem, the spectral measure of the operator H corres-
ponding to any vector .H C 
I /�1ın vanishes on the set K0 almost surely. This is
enough to claim that K0 is free of eigenvalues of H for almost every !.

Note now that, for ˛ ¤ 0, the sequence ¹ .n/º of the values of an eigenfunction
of H C ˛ın0

corresponding to the eigenvalue k2 … K0, satisfies the equation Ak C
 .n0/

sin.k/
k
˛ın0

D 0. Consequently, the values  .n/ are given by the formula

 .n/ D �
sin.k/
k

˛Gk.n; n0/ .n0/; for all n 2 Zd :

Thus,  .n/ decays exponentially.

This proves Theorem 4.1. The proof of Theorem 4.2 is analogous to the one of
Theorem 4.1.

5. Localization in the problem with the large coupling constant

Here we consider potentials of the form

V.n/ D V0.n/C �!n; n 2 Zd ;
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where V0 is a fixed bounded function and !n are independent random variables uni-
formly distributed on the interval Œ0; 1�. To establish localization, we repeat some of
the steps of the proof of the main result of [1].

Since no specific condition was imposed on the potential V in Lemma 2.4, we
may state that for any fixed point n0 2 Zd , the Green’s function Gk.n; m/ of the
operator

Ak D ��C 2d.cos.k/ � 1/C
sin.k/
k

V

is a linear fractional function of Vn0
the form

Gk.n;m/ D
˛V.n0/C ˇ

Q̨V.n0/C Q̌
; (5.1)

where ˛, ˇ, Q̨ , and Q̌ do not depend on V.n0/.

The following lemma is one of the key statements in the theory of random oper-
ators on the lattice Zd (the proofs can be found in [1, 5]).

Lemma 5.1. For each 0 < s < 1=2, there is a constant C0.s/ > 0 such that

1Z
0

1

jv � cjs

ˇ̌̌v � a
v � b

ˇ̌̌s
dv 6 C0.s/

1Z
0

ˇ̌̌v � a
v � b

ˇ̌̌s
dv

for all a; b, and c in C. The constant C0.s/ depends only on s.

Without loss of generality, we may assume that

1Z
0

1

jv � cjs
dv 6 C0.s/

for all c in C.

Theorem 5.2. Let Imk2 > 0, 0 < s < 1=2 and let Gk.n;m/ be the integral kernel of
the operator A�1

k
where Ak W `2.Zd /! `2.Zd / is defined by

ŒAku�.n/ D �
X

jm�njD1

u.m/C
sin k
k
V.n/u.n/C .2d cos k/u.n/; for all n 2 Zd :

Suppose that V is a random potential function of the form

V.n/ D V0.n/C �!n;
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where !n are independent random variables uniformly distributed on Œ0; 1�. Then for
each n0 2 Zd ,

hjGk.n; n0/j
s
i 6

C0.s/jkj
s

� sj sin kjs

� X
jm�njD1

hjGk.m; n0/j
s
i C ın0

�
; for all n 2 Zd : (5.2)

Proof. Green’s function satisfies the equation

�

X
jm�njD1

Gk.m; n0/C
sin k
k
V.n/Gk.n; n0/C .2d cos k/Gk.n; n0/ D ın0

:

Consequently,

Gk.n; n0/ D
�sin k
k
V.n/C .2d cos k/

��1� X
jm�njD1

Gk.m; n0/C ın0

�
:

It remains to use (5.1) and apply Lemma 5.1.

Theorem 5.3. Let Œ�1; �2� � Œ0;1/ be a bounded closed interval. Suppose

C0.s/jkj
s

� sj sin kjs
<

1

2d
for all k2 2 Œ�1; �2�:

Then the operator H has pure point spectrum in Œ�1; �2�. The eigenfunctions corres-
ponding to eigenvalues in Œ�1; �2� decay at infinity exponentially.

Proof. Under the conditions of the theorem, the inequality (5.2) implies that there is
an " > 0 such that�
1C

"

2d

�
hjGk.n; n0/j

s
i 6

1

2d

� X
jm�njD1

hjGk.m; n0/j
s
i C ın0

�
; for all n 2 Zd :

Therefore,
.��C "I /hjGk.�; n0/j

s
i 6 ın0

: (5.3)

It follows from (5.3) that

hjGk.n; n0/j
s
i 6 g�".n � n0/;

where g�.n � m/ is the integral kernel of the operator .�� � �/�1. It remains to
mention that g�".n � n0/ decays exponentially fast as jn � n0j ! 1.

In particular, this theorem implies that, if

C0.s/

� s
<

1

2d
;

then there is a positive number �� > 0 such that the operator H has pure point spec-
trum in Œ0; ���.
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6. Localization in the problem with unbounded random potentials

Here we consider potentials of the form

V.n/ D �n!n; n 2 Zd ;

where ¹�nº is a fixed sequence of positive numbers and !n are independent random
variables uniformly distributed on the interval Œ0; 1�. Assume that

lim
jnj!1

�n D1:

Note that similar (but still different) models with unbounded random potentials were
considered earlier by A. Gordon, S. Molchanov, V. Jaksic, and B. Simon in [13].

Let C0.s/ be the constant from Lemma 5.1. We may always choose C0.s/ so that

1Z
0

1

jv � cjs
dv 6 C0.s/

for all c in C.

Theorem 6.1. Let Imk2 > 0, 0 < s < 1=2 and let Gk.n;m/ be the integral kernel of
the operator A�1

k
where Ak W `2.Zd /! `2.Zd / is defined by

ŒAku�.n/D�
X

jm�njD1

u.m/C
sin k
k
V.n/u.n/C .2d cosk/u.n/; for all n2Zd : (6.1)

Suppose that V is a random potential function of the form

V.n/ D �n!n;

where !n are independent random variables uniformly distributed on Œ0; 1�. Then for
each n0 2 Zd ,

hjGk.n; n0/j
s
i 6

C0.s/jkj
s

� snj sin kjs

� X
jm�njD1

hjGk.m; n0/j
s
i C ın0

�
; for all n 2 Zd : (6.2)

Proof. Green’s function satisfies the equation

�

X
jm�njD1

Gk.m; n0/C
sin k
k
V.n/Gk.n; n0/C .2d cos k/Gk.n; n0/ D ın0

:

Consequently,

Gk.n; n0/ D
�sin k
k
V.n/C .2d cos k/

��1� X
jm�njD1

Gk.m; n0/C ın0

�
:

It remains to apply Lemma 5.1.
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Theorem 6.2. Let the constants �n obey the condition

lim
jnj!1

�n D1:

Then the operator H has pure point spectrum.

Proof. Let us show that H has pure point spectrum in each interval of the form

J D Œ.�nC "/2; .�.nC 1/ � "/2�:

For that purpose, we choose Q�n so that

Q� snj sin kjs

C0.s/jkjs
� 2d > 1; for all k2 2 J; n 2 Zd :

and represent V in the form

V D zV C .V � zV /; where zV.n/ D Q�n!n for all n 2 Zd :

Since �n !1 as jnj ! 1, we may choose Q�n so that there is an R > 0 for which

Q�n D �n; for all jnj > R:

In this case, V � zV is a finite rank operator on `2.Zd /. Let zAk be the operator

Œ zAku�.n/ D �
X

jm�njD1

u.m/C
sin k
k
zV.n/u.n/C .2d cos k/u.n/; for all n 2 Zd :

Then the inverse of the operator (6.1) satisfies the condition

A�1k �
zA�1k D

sin k
k
zA�1k .
zV � V /A�1k

which could be viewed as an equation for A�1
k

A�1k C
sin k
k
zA�1k .V �

zV /A�1k D
zA�1k : (6.3)

We will show that the operator
zA�1k .V �

zV /

is compact almost surely. Therefore, (6.3) is solvable if and only if 1 is not an eigen-
value of the operator

sin k
k
zA�1k .
zV � V /:

On the other hand, if 1 is an eigenvalue of this operator, then there is a non-zero
 2 `2.Zd / for which

 D
sin k
k
zA�1k .
zV � V / :
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Multiplying both sides of this equality by zAk , we obtain that

Ak D 0:

Thus, k2 is an eigenvalue of H . The collection of eigenvalues is a countable set of
measure zero. Consequently, equation (6.3) is solvable for almost every k2 2 J .

It remains to prove that the integral kernel zGk of zAk almost surely satisfies the
condition X

n2Zd

j zGk.n; n0/j
2 <1 for all n0 2 Zd ;

for almost every k2 2 J . The inequality (6.2), with Gk and �n replaced by zGk and
Q�n, implies that

Q� snj sin kjs

C0.s/jkjs
hj zGk.n; n0/j

s
i 6

� X
jm�njD1

hj zGk.m; n0/j
s
i C ın0

�
; for all n 2 Zd :

Therefore,
.��CW /hj zGk.�; n0/j

s
i 6 ın0

;

where the potential W is defined by

W.n/ D
Q� snj sin kjs

C0.s/jkjs
� 2d:

Since W > 1,
.��C 1/hj zGk.�; n0/j

s
i 6 ın0

: (6.4)

It follows from (6.4) that

hj zGk.�; n0/j
s
i 6 .��C I /�1ın0

;

Put differently,
hj zGk.n; n0/j

s
i 6 g�1.n � n0/

where g�.n � m/ is the integral kernel of the operator .�� � �/�1. Taking into
account the fact that g�1.n � n0/ decays exponentially fast as jn � n0j ! 1, we
conclude that Z

k22J

X
n2Zd

hj zGk.n; n0/j
s
i dk <1:

By Fubini theorem, X
n2Zd

j zGk.n; n0/j
s <1

almost surely for almost every k2 2 J .
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We would like to mention that the additional assumptionX
n2Zd

1

�n
<1 (6.5)

implies that V.n/!1 as jnj ! 1 almost surely. Indeed, for any M > 0 the prob-
ability Pn of the event ¹V.n/ < M º equals M=�n. The condition (6.5) tells us thatX

n2Zd

Pn <1:

Consequently, V.n/ > M for all sufficiently large jnj > R0. According to Proposi-
tion 2.7, the essential spectrum ofH in this case is the union of the points .�n/2 with
n 2 N, which means that the spectrum is discrete between .�n/2 and .�.nC 1//2.

On the other hand, if �n 6 ln.1 C jnj/, then using the second Borel–Cantelli
lemma one can easily show that H has a dense pure point spectrum in Œ0;1/.

Theorem 6.3. Let �n !1 as jnj ! 1 so slowly that

�n 6 ln.1C jnj/; for all n 2 Zd :

Then H has a dense pure point spectrum in Œ0;1/.

Proof. It is sufficient to show that for any small ı > 0 and for any large natural number
m 2 N, there is a point n0 2 Zd such that V.n/ < ı for all n 2 n0 C Œ0; m/d . The
probability P.n0; m/ of the event

¹V.n/ < ı for all n 2 n0 C Œ0;m/d º:

is not smaller than .ı=.ln.1C jn0j Cm
p
d///.mC1/

d
. Consequently,X

n02mZd

P.n0; m/ D1:

By the second Borel–Cantelli lemma, there are infinitely many n0 2 Zd for which

V.n/ < ı for all n 2 n0 C Œ0;m/d : (6.6)

Now, for any " > 0 and n0 2 Zd , one can find a large number m 2 N for which
there exists a function  supported on n0C Œ0;m/d satisfying the inequality k.��C
2d.cos k � 1// k 6 "k k. If (6.6) holds, then

kAk k 6
�
"C

ı

k

�
k k; for all k > 0:

This implies that either Ak is not invertible, or kA�1
k
k >

�
"C ı

k

��1. Since ı and " are
arbitrary, we conclude that Ak almost surely does not have a bounded inverse. Thus,
k2 2 †.H/.
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