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Localization on the quantum graph connecting the points
of the lattice Z¢

Stanislav Alekseevich Molchanov and Oleg Safronov

Abstract. We consider the graph whose edges connect all nearest neighbours of the lattice Z< .
We prove several theorems establishing localization of eigenfunctions of the Schrédinger oper-
ator on this graph. The energies for which we establish the localization belong to specific
intervals whose union is an unbounded subset of the real line.

1. Introduction

This paper contains several results on the localised states for a random Hamiltonian
(Schrodinger-type operator) on the graph I' = I'y, d = 2. This graph, whose vertices
are points of Z¢, and the edges are the intervals connecting the nearest neighbours,
was introduced by Pavel Exner [6,7,9] before the general quantum graphs theory has
been thoroughly developed (see [3]).

In particular, P. Exner and his collaborators considered the “Laplace operator”
on I'y; and the Hamiltonian with some kind of periodic potential. One of the cent-
ral observations made by the authors of [6, 9] is that the spectrum of such operators
can have infinitely many gaps. This means that the corresponding system has “semi-
conducting” properties even for waves with arbitrarily high frequencies. The latter
fact has substantial applications.

For instance, we may consider the optical network of thin channels (of small dia-
meter ¢) that have been “drilled” by a laser inside an optical material (like silicon).
The propagation of electromagnetic waves with high frequencies through this net-
work is described by Maxwell’s equations. An important result of [15] says that in
the limit as & — 0, the system of Maxwell’s equations reduces to the Schrodinger
equation on the graph I'; with Kirchhoff-type gluing conditions at the vertices. The
statistical errors appear in such systems mainly in the junctions (intersections of the
channels). This is exactly Exner’s model with a random §-like potential, and we have
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a physically justified problem of Anderson’s localization for the random Hamiltonian
on ['3.

The paper [15] is not the only work addressing graphs as limits of net-work of
tubes. Another appropriate reference here is the one to the book of O. Post [18] in
which the author considers tubes with Dirichlet and Neumann boundary conditions.

The model studied in the present paper is similar to, but not the same as the one
studied by Pavel Exner, Mario Helm, and Peter Stollmann in [10]. Loosely speaking,
we deal with the operator

d2
H=-——+ > V(n)8a(x)

nezd

defined on the graph whose edges connect the points of Z¢. The symbol §, denotes
the delta finction “sitting” at the point n. The precise definition of the operator H is
given below.

For each pair m,n € Z¢ of neighbouring (i.e., such that [n — m| = 1) points of
the lattice Z<, define I »,m to be the interval connecting the two points. We will study
the graph I'; C R? defined as the union of all intervals of the form I nme

o= |Jlum.
n,m:lm—n|=1

There is a natural measure on I'; whose restriction to [, coincides with the
Lebesgue measure on this interval. In the Hilbert space L2(I'y), we consider the self-
adjoint operator H generated by the quadratic form

Wl = [ W@ dx + Y Vool
Ta

nezd

where V:Z? — R is a bounded real potential on the lattice Z¢:
V =V el®Z4).

The domain of the quadratic form 4 is the collection of all absolutely continuous
square-integrable functions on I'; having square integrable derivatives. It would be
natural to call this collection the “Sobolev space” W 12(I'y). Such spaces are called
the “maximal (or decoupled) Sobolev spaces” in the book [18] by Olaf Post. A stand-
ard analysis shows that

[Hu](x) = —u"(x), forae.x €Ty, forallu € D(H).

The domain D(H) of H is the set of all functions u € W12(I'y) such that u’ are
absolutely continuous on each I, »,, the second derivatives obey the condition u” €
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L?(Ty), and

Z 8( (n) V(n)u(n) foreachn € Z¢. (1.1

[n—m|=1

By the symbol - (m o) (n), we denote the value of the derivative of u at the initial point
n of the interval I, ,,. This time, we distinguish between I, ,, and I, 5.

Note that if V' = 0, then (1.1) turns into the Kirchhoff condition. The spectrum of
the operator with V' = 0 is the positive half-line R+ = [0, 00). In this case, — H is the
generator of a certain “diffusion” process on I'. The transition probability of this pro-
cess is the integral kernel p(¢, x1, x») of the operator exp(—tH ). The corresponding
random motion could be viewed as a combination of two types of Brownian motion.
Namely, a particle moves along one of edges of I" until it reaches a vertex. After that,
it starts moving along the next edge which is randomly selected with the probability
1/(2d) similar to the way the next point is selected for the Brownian particle moving
on Z¢.

While the spectrum of the operator with V' = 0 coincides with the spectrum of
the operator on —A on L2(R?), it is not absolutely continuous. This is very well
illustrated in the paper [8] by Pavel Exner. If d > 2, the points (7n)? withn € N are
eigenvalues of infinite multiplicity. The corresponding eigenfunctions can be selected
so that they are compactly supported.

Another interesting fact is that, if 1V # 0 is constant on the lattice I', then the
spectrum of the operator H has gaps situated either to the left or to the right of the
points (77)2. This phenomenon was discovered by Pavel Exner and is also described
in [8]. The latter fact is rather surprising because the spectrum of a usual periodic
Schrédinger operator on L2(R?) with d > 2 has only finitely many gaps (see [17,
20-22]).

The main results of this paper are Theorems 1.1 and 1.2 described below. Let
p(H) and X (H) be the resolvent set and the spectrum of the operator H , respectively.
Let vy > 0 be a positive number. In Theorems 1.1 and 1.2, we consider the case where
V is a potential of the form

V(n) = £(vo + owy),

where o > 0 is a coupling constant and w, are independent random variables identic-
ally distributed on [0, 1]. We will assume that there is a constant C > 0 and » > 0 for
which the density of distribution v (w, ) of the random variable w, obeys the condition

0 <v(wp) < Cowj, forallw, € (0,1].



S. A. Molchanov and O. Safronov 574
Theorem 1.1. Suppose that V(n) = vg + owy, with vy > 0. Then the set p(H) NR =
R\ X(H) contains infinitely many intervals of the form

((wn)* An), n=12,...,

where A, > 0 satisfy the equation

el sm\/_ _
2d(cos(v/An) + (=)t 4 X2 = 0=0.

For each n € N, there is a Ay, > An for which the operator H has dense pure point
spectrum in [y, A,] with probability one.

Theorem 1.2. Suppose that V(n) = —(vo + owy) with 0 < vg < 2d. Then the set
p(H)NR =R\ X(H) contains infinitely many intervals of the form

An, (wn)?), n=1.2,...,

where A, > 0 satisfy the equation

2d(cos(v/An) + (=1)" 1) — Si‘j/‘)@vo — 0.

For each n € N, there is a in < Ay, for which the operator H has dense pure point

spectrum in [;\n, An] with probability one.
Remark. Theorems 1.1 and 1.2 remain valid for vy = 0 with A, = (7wn)?.

These results are essentially different from the theorems in [10] where the authors
consider potentials defined on the edges of the graph rather than on the vertices. They
are also different from the results of the paper [14] whose assumptions are not fulfilled
in the models treated by Theorems 1.1 and 1.2. In fact, the corresponding statement
in [14] establishes localization for energies near points E that do not belong to the
spectrum of the operator with V' = 0. Since the spectrum of this operator is [0, c0),
the intervals [A,, A,] or [An. An] considered in Theorems 1.1 and 1.2 are excluded
from the discussion in [14] simply because A,, — oo.

The paper [15] by S. Molchanov and B. Vainberg explains the physics related to
the considered model. The graph 'y could be interpreted as the union of infinitely
many conducting channels that meet at the points of the lattice Z¢. These points
are called “junctions.” No matter how hard one tries to make the junctions perfect,
they still have different properties changing randomly as one passes from one point
of junction to another. In reality, such channels are made in silicon by a laser with
a very high accuracy, while the junctions are always imperfect. This imperfection is
described by the potential V whose values at the points of Z¢ are selected randomly.
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Clearly, one could study more general graphs whose theory is given in the book
by G. Berkolaiko and P. Kuchment [3]. Our goal is to discuss the most natural model
that could serve as a basis for further investigations.

The paper is structured so that it consists of six sections. Theorems 1.1 and 1.2
will be proved in Section 3. Section 4 contains a proof of the exponential decay of
eigenfunctions of the operators studied in Section 3. Anderson’s localization in the
problem with a big coupling constant is discussed in Section 5. Finally, Section 6 is
devoted to the theory unbounded random potentials.

2. Preliminaries

The following lemma reduces the questions of our interest to the study of a discrete
Schrodinger operator. This reduction is known at least since the publication of the
paper by von Below [23]. One can also find it in the articles by Cattaneo [4], Exner [8],
and Pankrashkin [16].

Lemma 2.1. Let k € C satisfy the condition k # wn for alln € Z. Let  be a solution
of the equation

—y"(x) = k*y(x), xeTly\2Z7

that is continuous on I' ;. Then

= " yim) + %V(n)t/f(n) = —(2d cosk)¥(n), foralln € Z°.
Im—n|=1

Proof. The statement of the lemma is a simple consequence of the fact that if

—¢"(t) = k?p(t), fort €[0,1],

e in(k(t—1) sin(ko)
sin(k (¢t — sin(kt
() = ————9(0) + ———(1)
sink sink
Therefore, the derivative of ¢ at 0 equals
, k cos(k) k
¢ (0) =————¢0) + - o)
sink

This implies the relation

oy 2dk cos(k)
) m("):—v )+—| Z|: ¥ (m). l
n—m|=1
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Consider two different cases V' > 0 and V' < 0. Throughout the paper, X(H)
denotes the spectrum of H, and p(H) = C \ X (H) is its resolvent set.

Corollary 2.2. Suppose there is a constant ¢y > 0 for which
V=cy on Z°.
Then the set p(H) N R = R\ X (H) contains infinitely many intervals of the form
(Tn)*, X)), n=1.2,...,

where A, > 0 satisfy the equation

2d(cos(v/A,) + (=)™ + Shﬂco —0. @.1)

The bottom of the spectrum mg = inf{A € X (H )} is not smaller than the least positive
solution Ao > 0 of the equation (2.1) forn = 0. If V = ¢ is constant, then A,, € X (H).

In the case V' < 0, we have to consider two different situations.

Corollary 2.3. Suppose there is a constant cy > 0 for which
V<—y on z4.
Then the set p(H) N R = R \ X (H) contains infinitely many intervals of the form
(An, (tn)?), n=1,2,...,

where A, > 0 satisfy the equation

sin /A,
2d(cos(v/An) + (=D)"T1) — co =0,
(cos(v/An) + (=1)"77) T 0
except for the case ¢y = 2d where the equation for Ay < 0 has to be replaced by
sinh v/—A1
2d(cosh(v/—A1) +1) — ————co = 0.
/=1
The bottom of the spectrum X (H) is not higher than the solution Ay < 0 of the equa-
tion
sinh v/—A¢
2d(cosh(v/—Xo) — 1) = ————c¢¢ = 0.
/—%o

If V = —cy is constant, then A, € X (H).

Let us also mention the following interesting fact (see [3, Section 3.4]).
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Proposition 2.4. Let d > 2. The points (wn)? with n € N are eigenvalues of H no
matter what V is. The multiplicity of these eigenvalues is infinite.

Proof. If n is odd, then let y be a closed path in I'y containing an even number of
intervals I, ,, and having no self-intersections. On one of the edges of the path define
the function ¥ (¢) = sin(wnt) for ¢t € [0, 1]. After that, we extend this function to
a function on y so that i changes its sign each time one passes through a vertex.
Finally, we extend ' to a function on I'; by setting v = 0on 'y \ y. Itis easy to see
that Hyr = (7n)?y.

If n is even, then let y be any closed path in I'; having no self-intersections.
On one of the edges of the path, define the function ¥ (t) = sin(swnt) for ¢ € [0, 1].
After that, we extend this function to a periodic function on y. Finally, we extend v
to a function on I'y by setting ¢ = 0 on Iy \ y. It is also easy to see that Hy{r =

(7”1)21/’- [

Define $ to be the orthogonal sum of the eigenspaces of H corresponding to the
eigenvalues (wm)? with m € N. The next result describes the orthogonal complement
L*(Ty) e $.

Proposition 2.5. Let y > 0 be a fixed positive number. Assume that V: 7% — R is
non-negative and bounded. For eachn € 7.9, set ¢, = ¢(-,n), where ¢(x, y) denotes
the value of the integral kernel of the operator (H + yI)™! at x,y € T'y. Then the
span of all vectors (H + yI) ™ g,, corresponding to differentn € Z¢ and 1 € N U {0},
is dense in L*>(T'z) © 9.

Proof. Indeed, if f € L?(T) is a function obeying the condition
(f.(H+yD)7lp,) =0, forallneZ%, 1 e NU{0, (2.2)
then the function u = (H + yI)™! f is the solution of the equation
H+yhu=f

that vanishes at each point n € 72 . Denote now the subspace of all vectors f satis-
fying (2.2) by the symbol $¢. Then £y is an invariant subspace of the operator H. In
particular, if u € D(H) N 9y, then (H + yI)u € $Hy, which implies that u vanishes at
each point n € Z¢ of the lattice. Thus, the part of the operator H in the subspace $
is also a restriction of the orthogonal sum of operators —d?/dx? with the Dirichlet
boundary conditions at the endpoints of the intervals I, ;,. Therefore, $¢ C . [ ]

Throughout the paper, the symbol —A denotes the operator defined on £2(Z¢) by

[—Au](n) = — Zu(m) +2du(n), foralln e Z¢. (2.3)

[m—n|=1
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The following very-well-known result describes the dependence of the matrix ele-
ments R(n,m) of the operator (—A — z + V)~! on the values of V. A slightly
different proof of this statement can be found in [5].

Lemma 2.6. Let ng € Z2 be a fixed point of the lattice. Then for any z € C \ R, the
Green’s function R(n,m) = ((=A — z 4+ V)78, 8;) of the operator
—-A—z+V

is a linear fractional function of V(ng) the form

_ aV(ng) + B

Roem = oo + B

(2.4)

where o, B, & and B do not depend on V(ny).

Proof. Set V=v- V(no)dn, where 8,, is the operator of multiplication by the
characteristic function of the one point set {rn¢}. Then

(—A—z4V) 1= (A =24+ V) = V(o) (A =z 4+ V) 18y (A —z + V)7L,

(2.5)
Denote now the integral kernel of the operator (—A — z + 17)_1 by fé(no, m). It
follows from (2.5) that

R(no.m) = R(no.m) — V(no) R(no. no) R(no. m).
Thus, R(ng,m) is a linear fractional function of V(). It remains to note that
R(n,m) = R(n,m) — V(no)R(n,no)R(ng, m). ]

The following statement gives further information about the role of the points
(rn)? in the spectrum of H.

Proposition 2.7. Suppose
lim V(n) = o0
[n]—o0
Then the spectrum of H in the complement
R\ | J{@n)*)

neN

is discrete.
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Proof. Let —A be the operator defined on £2(Z¢) by (2.3). Then the spectrum of this
operator is the interval [0, 4d]. For M > 0, define the potential V34 by

V(n) ifV(n)=M,
Vim(n) = .
M if V(n) < M.
Then for any ¢ > 0 and n € N, there is an M > 0 such that the operator
in(k
Ty = —A + 2d(cos(k) — 1) + Smk( ) Ve

has a bounded inverse for all k € [rn + ¢, w(n 4+ 1) — g]. Since V' — V) is a finite rank
operator, applying the analytic Fredholm alternative, we conclude that the operator

sin(k)

1
* k

V=V T (2.6)

has a bounded inverse for all k € [(wn + &, w(n + 1) — &) except for a discrete
sequence of points. It remains to note that the operator

sin(k)

v
k

A = —A 4 2d(cos(k) — 1) +

has a bounded inverse whenever the operator (2.6) is invertible. Moreover,

sin(k)
k

1 1\ o
agt=(1+ v -nTt) T
We leave it as an exercise for the reader to prove that H — k21 has a bounded inverse
(defined on all of £2) if and only if Ay has a bounded inverse (defined on all of £2). m

Let us mention a similarity of this proposition to the main result of the paper [11]
by A. Gordon, S. Molchanov, and B. Tsagani where the authors show that the spec-
trum of a one-dimensional Schrédinger operator with a special unbounded potential
is discrete outside of the union of the points (7 n)2.

We also need the following result on monotonicity of the Green’s function of the
discrete Laplace operator.

Proposition 2.8. Let V1 = 0 and V, = 0 be two bounded non-negative potentials on
7.2 satisfying the inequality
V1 < Vz on Zd.

Let T'y, 5 and Ty, ; be the integral kernels of the operators (—A + Vi — A)~! and
(=A 4+ Vo —A)~L. Then

Ly, a(n,m) =Ty, x(n,m), foralln,m e 72 and ). < 0.



S. A. Molchanov and O. Safronov 580

Proof. Consider the case where
Vi=V=0 Vo=V+aW forsomeW =0anda > 0.

Then

d
—cTvanm) = =3 Ty HWIOTy(.m) <0,
lez4

because 'y, = 0. Indeed, for large values of |A| and n # m

1
FV,A(”,m) = Z l_[ er,A(m,m)
Y ney

where the sum is taken over all paths y connecting the point m with the point 7. Since
Ty a(m,m) = —1/A + O(1/|A?) as A — —oo, we obtain that I'y; > 0 for large
values of |A]. On the other hand, it is easy to show that

d
27 va(n.m) = Y Tvan, DTyl m) = 0.
lez?

Thus,
Ty, <Tya, ford; <A, <0. [

To prove localization near the edges of the gaps, we need to know the rate of the
decay of the integral kernel g, (n — m) of the free resolvent (—A — A)~!, where —A
is the operator (2.3).

Proposition 2.9. Let A € (—1,0), let r = 0 satisfy the inequality r + 2 > d and let
g2 (n —m) be the integral kernel of the operator (—A — X)~. Then there is a constant
C, > 0 for which

r

C
|n|r|g/l(n)| < WTM, foralln (S Zd, S (—1,0) (27)

The constant C, depends only on r and d.

Proof. Consider first the case where r is integer. Observe that
LT

2d 29 cos(g;) — A

ga(n) = @r)¢ /

[~m,7)?

Denote {

w8 = 2d — 22?21 cos(§j) — A




Localization on the quantum graph connecting the points of the lattice Z¢ 581

Then there is a constant C, > 0 for which
IV 02 (6)] < Cr(@a(§))/>F,  forall A € (—1,0). (2.8)

This inequality follows from the fact that the r-th order derivatives of ¢, (¢) are func-
tions of the form

r+1

P (§)
= ) 2.9)
o mZ=l (2d —2337_; cos(§)) — 1)

where P, are linear combinations of products of sin(§;,) and cos(£,) such that
| P ()| < C|E)*™ "2 form > r/2 + 1. The representation (2.9) is in its turn estab-
lished by induction in r. Indeed,

00 < 2Py (§) sin(§;) : 0Py /05
= + .
0&; ,,; (2d —2Y°9_, cos(&) — AymH! mX::l 2d -2 39, cos(§;) — Aym
The estimate (2.8) implies that
1l g3 ()] < € / (02 (6)/7+ dt. (2.10)
[~7,m)?

Obviously, this inequality is also valid for » = 0. In the case r is not integer, (2.10) is
established by interpolation.
On the other hand, there is constant ¢y > 0 such that

d
colé)?> <2d — 2Zcos(§j), forall £ € [—m, n)d. (2.11)
j=1

Combining (2.10) with (2.11), we obtain that

~ _ C
il lea ) < & [ colé =270 de = ot "

R4
The next statement plays a crucial role in the proof of Theorem 1.1.
Proposition 2.10. Let —1 < A < 0 and let g)(n — m) be the integral kernel of the

operator (—A — A)7L. Let also 1/2 < s < 1. Then there is a constant Cs, depending
only on s and d, for which

(1—s)d

Y lgaml < GIA™"3, forall A < (<1,0). (2.12)

nezd




S. A. Molchanov and O. Safronov 582

Proof. Note first that there is a constant Cy > 0 depending only on d for which

ColA|7V2  ifd =1,
lga(m)| < fA) =13 Coln|A|™Y ifd =2
Co ifd =3

Let us choose parameters r and r; > d — 2 so that rs > d, but sr; < d. In view
of (2.7), the left-hand side of (2.12) can be estimated as follows:

Yol <sVdfa) + D gl + Y lgaml

nezd 2/d<|n|<2/d]TA] In|=2/d/A]
|Cry |? Zsr
<5V f(3) + AT 20 /241=d]2) [ dx
|x|<2+/d/TAI
|Cr|s —sr
+ dsr/2|/\|s(r/2+l—d/2) /|X| dx
|x|>2+/d/|A]
\ slkl_s (1— s)d' .

3. Proof of Theorems 1.1 and 1.2

Recall that we consider the case where V' is a potential of the form
V(n) = £(vo + own),

where vg > 0, 0 > 0 is a coupling constant and w,, are independent random variables
identically distributed on [0, 1]. We will assume that there is a constant C > 0 and
x > 0 for which the density of distribution v(wj) of the random variable w,, obeys the
condition
0 <v(wy) < Cowjf, forallw, € (0,1].
We will prove only Theorem 1.1 in which V' is positive. The proof of Theorem 1.2
follows the same pattern. Let A, be the solution of the equation

sin /A«
2d(cos(v/Ax) — 1) + v =0
Vs
such that (7n)? < A« < (mw(n + 1))? where with n is an even number and

S \/I
VA

2d(cos(vA) — 1) + vo >0, forall A € ((n)2, Ay).
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We will show that there is a A > A, such that H has dense pure point spectrum in

[As, A

For a fixed 0 < ¢ < 1, we introduce the random variables &, by

. {a)n—g ifw, <e,
n:

0 ifw, = ¢,

and set
M = @n — &n.
Then 1, = ¢ and the potential V' can be decomposed into the sum

V=V, +V,

where Vy(n) = &, and V,(n) = vg + o1, Therefore, the operator

in k
Ap = —A + 2d(cos(k) — 1) + 512 14
can be written in the form
~ sink - ink ~
Ap = A4 + 28y where Ay = —A + 2d(cos(k) — 1) + 22§

We see now that A,:l may be considered as a solution of the equation

_ ~ sink ~
A — A =— . A Ve Ay,

which is convenient to write in terms of integral kernels Gy (n, m) and 6k (n, m) of
the operators A; ! and A, !:

sink

Gr(n,m)— Gk(n,m) =— 3

Y Gi(n. Ve(HGr (Ul m),
1

Using the obvious inequality | Y, ¢;[* < 3, [¢;|* for 0 < s < 1, we obtain

sink

k

(Gl < 1Gilnm)l + |22 321G DV OFIGRLm) . G
1

Finally, using monotonicity of the Green’s function with respect to the potential, we
estimate the positive function G (n, m) by the kernel [y (n, m) of the operator

(—A + 2d(cos(k) — 1) + %(vo + 08))_1.
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Namely, we have the inequality
ék(n,m) < Ix(n,m), foralln,m e ze. (3.2)

Now, let k. € (v/A«. w(n + 1)) be the solution of the equation

sin k,

2d(cos(ks) — 1) +

(vo +0e/2) =0

&

obeying the condition k; — /A, as &€ — 0. Then for any k € (v/A«, k),

Slzk(vo +0¢e/2) > 0.

2d(cos(k) — 1) +

Consequently,
sink

k
2d(cos(k) — 1) + == (vo + oe) > Smk oe.

Therefore,
Te(n,m) < gn—m), foralln,m e Z%, (3.3)

where g is the integral kernel of the operator

ink
(~A+t0e)™! and T = inf (sm ) >0
kel ke]

Combining (3.1), (3.2), and (3.3), we obtain that |G (n, m)|* satisfies the inequality

1
Vs

Now, we will use the following lemma.

Gicr,m)|* < |Getn.m)l* + |

S lgtn = DEIV(OFIGRUm)f . (34)
1

Lemma 3.1. There is a constant C(s, %) > 0 depending only on s € (0,1) and » > 0
such that for all 0 < ¢ < 1,

e 1
— S f— N
/|v—s|s 0 a‘ v”* dv $C(S,%)6”+1/)v a‘ v* dv (3.5)
v—>b v—>b
0 0
foralla,b in C.
Proof. Note that
1 1
— N f— )
/lv—llsv a‘v”dv§/‘v a‘v”dv (3.6)
v—>b v—>b
0 0
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Also note that one can find two constants ¢s, > 0 and Cs, > 0 for which

1+ |al® /‘v—a 1+ |al®
vsC 3.7
s,x1+|b|s v—b s,x1+|b|s (3.7

To prove (3.7), we consider the function

1
|S -1 flv—a
fla,b) =
)l

v dv. (3.8)

If |a] <2 and |b| < 2, then f(a, b) is a continuous positive function of a and b
defined on the square. Therefore, it is bounded from above and separated from zero
by a positive constant.

On the other hand, if |a| > 2 or |b| > 2 then |v — a|® and |v — b|® are equivalent
to the constant functions 1 + |a|* and 1 + |b|*® correspondingly.

To prove (3.5), we make a substitution

v—al/els
‘v dv—es+"+1/| /‘v"dv
—b/e
&5+ lal®
<t ——.
S)(gs + |b|s
Consequently,
v—ajls , 1+ |al®
v*¥ dv < &*T1C .
- b‘ Y1+ bl
Combining this estimate with the left inequality in (3.7), we obtain (3.5). [ ]

Denote by ( /) the mean value of a random variable f defined on €2. That is,

~ [ fw)dw
Q

where dw is the probability measure on 2.
Clearly, if |[Im k| > 0, then
(IGk(n,m)|*) < oo, (3.9)

for any s € (0, 1). Our nearest goal is to prove (3.9) for some real k’s with k% € S (H).
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Corollary 3.2. There is a constant C > 0 that depends only on s, x and o for which
the mean values of |Gy (n, m)|* satisfy the inequality

(IGk(n,m)I*) < |Gy (n,m)|° + Zlg(n = DI (Gk (. m)]*).

Csg*
VAl
Proof. This is a consequence of (3.4), Lemma 2.4 and Lemma 3.1. ]

Consider now the “integral” operator T from £!(Z?) to £!(Z?) defined by

[Tul(n) = Z lg(n = D*u(l)

Ix/_I

Obviously,
x+1

Ce
IT] < > lgm).
|ﬁ*|s n

Proposition 3.3. Let
(1—=s)d—-2) < 2x.

Then there is an € > 0 for which
IT| < 1. (3.10)

Proof. According to Proposition 2.10, for 1/2 < s < 1,

Z lgm)|° < m, for all ¢ > 0.
nezd

Consequently, if (1 — s)(d —2) < 2x, then
IT|| =0, ase— 0. ]

Corollary 3.4. Let (3.10) be fulfilled. Then there is a finite positive constant C > 0
such that

> {|Ge(n.m)¥) < C. (3.11)

n
for each k € [\/Ay, k¢] and for each m € 7.9.

To finish the proof of Theorem 1.1 we will use the Simon—Wolff Theorem (see [12,
19]) described below.

Let A be a cyclic self-adjoint operator on a separable Hilbert space, let ¢ be its
normalised cyclic vector, and P be the orthogonal projection onto the span of ¢.
Denote by u the spectral measure of the operator A corresponding to the vector ¢.
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Theorem 3.5. Let U be a Borel subset of R. The operator A — oP has pure point
spectrum in U for almost every value of o € R if and only if

/ ([du(gz < 0o forLebesgue a.e. A € U. (3.12)
0

The condition (3.12) literally means that
I(A =AD" gl* < oo.

Let us now write the Hilbert identity for the operator H: D(H) — L?(I'y) considered
in Theorem 1.1. Changing the value of V by o at x = n can be formally viewed as
adding «d, to H. Here, we understand d, as a distribution on the graph I'; (not as an
element of £2(Z?)). For any y > 0, and any fixed point n € Z¢,

(H+ad, +yI) ' = (H+yI)™ ! = B(a) P,

where P is the projection onto the span of the vector ¢ = (H + yI)~'8, and () isa
meromorphic function of « such that %(O) = |l¢||%. Applying the Simon—Wolff the-
orem, we obtain that the operator (H + yI)~! almost surely has pure point spectrum
in the Borel set U if and only if

(H +yD) " =AD"V (H + yI)7'8, € L’(Ty), foralln € Z¢ (3.13)
for almost every A € U. Note that condition (3.13) can be rewritten in the form
(H 4yl —27'1)718, € LX(Ty), foralln € Z%,
which is, in its turn, equivalent to

Z |Gr(m,n)|?> <oo fork?=21"1—y. (3.14)
m

Since (3.11) implies (3.14) for almost every k € [/A«, k], it also implies Theorem 1.1.
One could argue that ¢ = (H + yI)™18, is not a cyclic vector, but this condition is
not needed. Instead, one has to define $ to be the orthogonal sum of the eigenspaces
of H corresponding to the eigenvalues (7m)? with m € N and realise that, according
to Proposition 2.5, the span of all vectors (H + yI)~!6,, corresponding to different
neZ%andl € N, isdense in L2(I'y) & $.

The proof of Theorem 1.2 is analogous to the one of Theorem 1.1.
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4. Exponential decay of eigenfunctions

Here we establish an exponential decay of the eigenfunctions of the operators con-
sidered in Section 3. Let us recall that one of the assumptions made in Section 3 was
that there is a constant C > 0 and » > 0 for which the density of distribution v(w,)
of the random variable w, obeys the condition

0 <v(wp) < Cowj, forallw, € (0,1].

Theorem 4.1. Let the function V and the operator H be the same as in Theorem 1.1
Assume that x > d — 1. Let A, > 0 be the points described in Theorem 1.1. Then for
each n € N, there is a in > A, for which the eigenfunctions corresponding to the
eigenvalues in [Ay, in] decay exponentially fast almost surely.

Theorem 4.2. Let the function V and the operator H be the same as in Theorem 1.2
Assume that x > d — 1. Let A,, € R be the points described in Theorem 1.2. Then
foreachn € N, there is a )I,, < An for which the eigenfunctions corresponding to the
eigenvalues in [)In, An] decay exponentially fast almost surely.

Remark. Theorems 4.1 and 4.2 remain valid for vo = 0 with A, = (7wn)?.

The remaining part of this section consists of the proofs of these theorems. Let us
first establish the exponential decay of the Green’s function g, (n — m) of the integral
kernel of the operator (—A — A1)~ for A < 0.

Theorem 4.3. Let A < 0. Then

2d
2d — A

In—nol ,2d — X
(5

OSgA(n—no)Sl

Proof. We will use the equation

2dgyp(n —ng) — Zg,'\(m —ng) = Agi(n —ng) + 8uy(n)

m:m—n|=1

that is satisfied by the function g, . This equation can be written in the form

1 1
gr(n —ng) = 2d — Z gr(m —ng) + m&zo(”) 4.1)

m:m—n|=1
Repeating the arguments of in [5, Lemma 2.3], we obtain

2d
2d — A

In—no| (2d —A
|A]

0<guln—no) < | )220 (42)
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Indeed, equation (4.1) implies that for n # no,

¥1
oo -10=Y(57—) 0

14

where the sum is taken over all paths connecting the points n and ny. Since the number
of the paths y of length k that start at n is (2d)¥, and the paths that we consider
possess the property |y| = |n — ng|, we conclude that

0<gx(n—np) < Z )kgx(o),

k=|n—ng|

2d — A

which implies (4.2). ]
Corollary 4.4. Let co = (6d)™ ' and C; = 2d + 1. Then

Ce—colAlln=nol

T . foralln,ng € Z% and A € (—1,0). (4.3)

0<ga(n—np) <

Corollary4.5. Lets € (0,1) andlet u = %. Then there is a constant Cs > 0 depend-

ing only on s and d, for which
C
> et g )l < W forall € (~1,0). (4.4)
nezd
Proof. Tt follows from (4.3) that

Clse—z_lcoslklln\ Cise—Z_lcosl/lHnl

Zemn”gk(’l”ss Z T‘FZ R

nezd |n|<2v/d |n|>2+d
~ _,—1
Civ Ce™2 cos|Al|x|
< + dx.
Z |A|2s / |A|2s
|n|<2+/d R4
It remains to make a substitution x = |A|~!X in the last integral. ]

Let us now prove Theorem 4.1. As in Section 3, consider the case where vy > 0,
and A is the solution of the equation

sin /A«

Vs

such that (7n)? < A« < (w(n + 1))? where with 7 is an even number and

sin v/A
VA

2d(cos(v/Ax) — 1) +

U()=0.

2d(cos(ﬁ) -1+ vo >0, forall A € ((mn)?, Ay).
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For a fixed 0 < & < 1, we introduce the random variables &, by

. {a)n—e ifw, <e,
n:

0 ifw, = ¢,

and set
Nn = Wy — %-n-

Then 71, = ¢ and the potential V' can be decomposed into the sum
V="V + Ve

where Vy(n) = 0&, and 178(11) = v + 07p.
Our goal is to obtain an estimate for the integral kernel G (n, m) of the operator
A;l, where

sink

A = —A 4+ 2d(cos(k) — 1) + V.

For that purpose, we define k, € (v/A«, w(n + 1)) to be the solution of the equation

sin ke (vo +0¢/2) =0

2d(cos(ks) — 1) + B

obeying the condition k, — ﬁ* as ¢ — 0. After that, we set

. sink
T = inf ( ) > 0,
kel kel N 2k

and define g to be the integral kernel of the operator
(=A + toe)™ L.

Combining (3.1), (3.2), and (3.3), we obtain that |G (n, m)|* satisfies the inequality

1
Vs

Combining (3.5) and (4.7) we obtain the following statement.

(Grln,m)|* < [gn —m)|* + |

Y letn = DEVDFIG T, (@5)
l

Corollary 4.6. There is a constant C > 0 that depends only on s, x and o for which
the mean values of |Gy (n, m)|* satisfy the inequality

C8x+1
(IGk(n,m)|°) < |g(n —m)|* + . > g =DI(|G.m)[*).  (4.6)
* l

VA
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Since we intend to establish an exponential decay of the Green’s function, it makes
sense to work with the quantities of the form

s|tea|

O (n,m) = exp(u«|n —m|)(|Gg(n,m)|*)  where jx = d

Using the triangle inequality |n — m| < |n —I| + |/ — m|, we infer from (4.6) that

O (n,m) < |g(n —m)[Setsn—ml 4

|f Dg(n—l)r‘e“*‘" Hor.m). 47

Consider now the “integral” operator T from £!(Z?) to £'(Z?) defined by

[Tu)(n) = Z lg(n — D et l).

|f*

Obviously,
C8x+1

T
1T < Welll

Z lg(m)Fer.
Proposition 4.7. Let
x>2s—1+d.

Then there is an € > 0 for which
1T < 1. (4.8)

Proof. According to (4.4), for0 < s < 1,

C;
> gm)fer " < S Gyzaperas foralle >0,
nezd

Consequently, if x > 25 — 1 4+ d, then
IT|| =0, ase—0. ]

Corollary 4.8. Let ¢ > 0 be a number for which (4.8) is fulfilled for all k € [v/Ay. k).
Then there is a finite positive constant C > 0 such that

> (G (n.m)If) exp(yusln —ml) < C.

n

for each k € [\/Ax, kg and for each m € Z9.

We see that the Green’s function Gy (1, m) decays exponentially fast as |[n —m| —
oo for a.e. k € [v/A«. ko). Therefore, the integral kernel of (H — AI)~! decays expo-
nentially as well for a.e. A € [A,, A,,]. This implies Theorem 4.1 (see [19]). The proof
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in [19] is based on the following observation. For a.e. w = {wy}, the Green’s function
G (n, m) satisfies

> Gl m) P exp(paln —ml) < oo, 49)

n

for each m € Z? and almost every k € [v/A«, k¢]. Thus, (4.9) holds almost surely for
all m € Z4 on a subset K C [ﬁ*, k¢] of full measure. The fact that the Lebesgue
measure of Ko = {k2 : k € [\/A«. k] \ K} equals zero implies that the spectral meas-
ure of this set is also zero almost surely. To show this, we use the Hilbert identity for
the operator H. For any y > 1, and any fixed point n € Z¢,

(H+ad, +yI) ' = (H +yIl)" ! = B(a) P,

where P is the projection onto the span of the vector ¢ = (H + yI)~1§, and B(«)
is an meromorphic function of « such that %(O) = ||¢||*>. Denote by ug the spec-
tral measure of the operator (H + yI)~! — BP corresponding to the vector ¢. Then
according to Atkinson’s averaging formula (see [2]), the Lebesgue measure of Ky
equals

Kol = / s (Ko) dp.
R

Therefore, pg(Ko) = 0 for almost every B, and hence, ug)(Ko) = 0 for almost
every o € R. By Fubini’s theorem, the spectral measure of the operator H corres-
ponding to any vector (H + yI)~!§, vanishes on the set Ko almost surely. This is
enough to claim that K is free of eigenvalues of H for almost every w.

Note now that, for « # 0, the sequence {i/(n)} of the values of an eigenfunction
of H + a8y, corresponding to the eigenvalue k? ¢ K, satisfies the equation Axy +
w(no)smkﬂa&io = 0. Consequently, the values ¥ (n) are given by the formula

sin(k)
k

Thus, ¥ (n) decays exponentially.

Y(n) =— aGr(n,ng)y(ng), foralln e z°.

This proves Theorem 4.1. The proof of Theorem 4.2 is analogous to the one of
Theorem 4.1.
5. Localization in the problem with the large coupling constant

Here we consider potentials of the form

V(n) =Vo(n) + ow,, ne z4,
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where V) is a fixed bounded function and w, are independent random variables uni-
formly distributed on the interval [0, 1]. To establish localization, we repeat some of
the steps of the proof of the main result of [1].

Since no specific condition was imposed on the potential V' in Lemma 2.4, we
may state that for any fixed point n¢ € Z%, the Green’s function Gy (n, m) of the
operator

in(k
A = —A 4+ 2d(cos(k) — 1) + s1nk( )V
is a linear fractional function of V,, the form
Vv
Gtn.my = VD G
aV(ng) + B

where «, 8, &, and B do not depend on V(7).

The following lemma is one of the key statements in the theory of random oper-
ators on the lattice Z¢ (the proofs can be found in [ 1, 5]).

Lemma 5.1. Foreach 0 < s < 1/2, there is a constant Cy(s) > 0 such that

1
[
0

foralla,b, and c in C. The constant Cy(s) depends only on s.

v_b’ dv\co(s)/)—) dv

Without loss of generality, we may assume that

1

/ 1
|U
0

~ dv < Co(s)

for all ¢ in C.
Theorem 5.2. LetImk? > 0,0 < s < 1/2 and let Gy (n,m) be the integral kernel of
the operator A;l where Ax: 0%(Z4) — €2(Z?) is defined by

[Axu](n) = — Z u(m) + %V(n)u(n) + (2d cosk)u(n), foralln € Z°.

Im—n|=1
Suppose that V' is a random potential function of the form

V(n) = Vo(n) + own,
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where w, are independent random variables uniformly distributed on [0, 1]. Then for
eachng € 74,

Co(s)[k|*

(IGk(n,no)°) € ————
o’|sink|*

( Z(IGk(m,no)ls) +5,,0), foralln € Z¢. (5.2)

|m—n|=1

Proof. Green’s function satisfies the equation

ink
— " Gilm.no) + == V(@) Gi(n.10) + (2d c0s k)G (. mo) = 8-

|m—n|=1
Consequently,
sink -1
Gr(n,ng) = ( . V(n) + 2d cosk)) ( Z Gr(m,ng) + 8,,0).
|m—n|=1
It remains to use (5.1) and apply Lemma 5.1. u

Theorem 5.3. Let [A1, A;] C [0, 00) be a bounded closed interval. Suppose

Co(s)|k|* 1 2
—_— < Ik A1, Aol
o8| sink|s = 2d fora € [, 42]

Then the operator H has pure point spectrum in [A1, A3]. The eigenfunctions corres-

ponding to eigenvalues in [L1, A2] decay at infinity exponentially.

Proof. Under the conditions of the theorem, the inequality (5.2) implies that there is
an ¢ > 0 such that

i s L N d
(1 + 2d)(|Gk(n,no)| ) < 2d(| Z|<|1Gk(m,n0)| >+5,,0), foralln € 24,
m—n|=

Therefore,
(=A + eD){|Gk (-, n0)|*) < 8ny- (5.3)

It follows from (5.3) that
(IGk(n,no)|*) < g—e(n — no),

where g;(n — m) is the integral kernel of the operator (—A — A)~!. It remains to
mention that g_.(n — ng) decays exponentially fast as |n — ng| — oc. ]

In particular, this theorem implies that, if
Co(s) 1
< —,
o’ 2d
then there is a positive number A, > 0 such that the operator H has pure point spec-
trum in [0, A4].




Localization on the quantum graph connecting the points of the lattice Z¢ 595

6. Localization in the problem with unbounded random potentials

Here we consider potentials of the form
V(n) =o,w,, ne Zd,

where {0, } is a fixed sequence of positive numbers and w,, are independent random
variables uniformly distributed on the interval [0, 1]. Assume that
lim o, = oc.
|n|—o00
Note that similar (but still different) models with unbounded random potentials were
considered earlier by A. Gordon, S. Molchanov, V. Jaksic, and B. Simon in [13].
Let Cy(s) be the constant from Lemma 5.1. We may always choose Cy(s) so that

1
1
/ dv < Cy(s)
0

lv—cl®

for all ¢ in C.

Theorem 6.1. LetImk? > 0,0 < s < 1/2 and let Gy (n,m) be the integral kernel of
the operator A;" where Ax: £2(Z%) — (2(Z?) is defined by

[Agul(n) == u(m) + %V(n)u(n) + (2d cosk)u(n), forallneZ?. (6.1)

Im—n|=1
Suppose that V' is a random potential function of the form
V(n) = 0nwn,
where wy, are independent random variables uniformly distributed on [0, 1]. Then for
eachng € Zd,

Co(s)|k]®

Gi(n,ng)l’) <
(IGk(n,no)|*) o3 sink[*

( Z(|Gk(m,n0)ls)+8n0>, foralln € 7. (6.2)

lm—n|=1
Proof. Green’s function satisfies the equation
sink

- Z Gy (m,no) + TV(”)Gk(”, no) + (2d cos k)G (n,no) = 8-

Im—n|=1
Consequently,

sink -1
Gr(n,ng) = (TV(n) + (2d cos k)) ( 3" Gi(m.no) + 3,,0).

Im—n|=1

It remains to apply Lemma 5.1. |
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Theorem 6.2. Let the constants o, obey the condition

lim o, = oo.
[n|—o00

Then the operator H has pure point spectrum.
Proof. Let us show that H has pure point spectrum in each interval of the form
J=[(mn+e)? (x(n + 1) —e)?].

For that purpose, we choose G, so that
55| sin o |$
GalSinkl 051, forallk2e s, nezd.
Co(s)|k|*

and represent V' in the form
V=V+(V—V), where V(n) =6y, foralln € Z¢.
Since 0, — 00 as |[n| — oo, we may choose G, so that there is an R > 0 for which
6n = op, forall|n| > R.

In this case, VV — V is a finite rank operator on £2(Z%). Let ,ka be the operator
sink

A V(n)u(n) + (2d cosk)u(n), foralln € Z4.

[Axul(n) = = > u(m) +

|m—n|=1
Then the inverse of the operator (6.1) satisfies the condition
1 g1 SNk o s -1
which could be viewed as an equation for A,:l

sink ~

A+ = ANV - A = A (6.3)

We will show that the operator
AWV =V)
is compact almost surely. Therefore, (6.3) is solvable if and only if 1 is not an eigen-

value of the operator

Sk 217 _ vy,

On the other hand, if 1 is an eigenvalue of this operator, then there is a non-zero

¥ € £2(Z4) for which
sink ~

Y=—"=A V-V
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Multiplying both sides of this equality by A &, we obtain that
Ay = 0.

Thus, k2 is an eigenvalue of H. The collection of eigenvalues is a countable set of
measure zero. Consequently, equation (6.3) is solvable for almost every k% € J.
It remains to prove that the integral kernel ék of Ay almost surely satisfies the
condition
Z |G (n,n0)|? < oo forall ng € Z¢,

nez4
for almost every k2 € J. The inequality (6.2), with G, and o, replaced by Gy and
Oy, implies that
o) sink|®

C(,(s)|k|s<|ék(”’”°)|s>$( Z<I5k(m,no)ls>+8no), foralln € Z4.

[m—n|=1

Therefore,
(—=A + W)(|Gk (-, no)[*) < 8ng»

where the potential W is defined by

Win) = oyl sink|® B
Co(s)|k|*
Since W =1,
(=A + D{(|G (-, n0)|*) < ng- (6.4)

It follows from (6.4) that
(1Gk (o no)l*) < (A + 1) '8y,

Put differently,
(IGk(n,no)’) < g—1(n —no)
where g;(n — m) is the integral kernel of the operator (—A — A)~!. Taking into

account the fact that g_;(n — ng) decays exponentially fast as |n — ng| — oo, we
conclude that

> (1Gr(n.no)*) dk < oo.

k2eg n€L?

By Fubini theorem,

Y 1Gk(n.no)f < o0

nezd

almost surely for almost every k2 € J. n
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We would like to mention that the additional assumption

Z L 00 (6.5)

0,
nezd "

implies that V(n) — oo as |n| — oo almost surely. Indeed, for any M > 0 the prob-
ability P, of the event {V(n) < M} equals M/o,. The condition (6.5) tells us that

Consequently, V(n) = M for all sufficiently large |n| > Ry. According to Proposi-
tion 2.7, the essential spectrum of H in this case is the union of the points (77)? with
n € N, which means that the spectrum is discrete between (77)? and (7 (n + 1))2.

On the other hand, if o, < In(1 + |nr|), then using the second Borel-Cantelli
lemma one can easily show that H has a dense pure point spectrum in [0, 00).

Theorem 6.3. Let 0, — 00 as |n| — oo so slowly that
on <In(1+ |n|), foralln € Z%.
Then H has a dense pure point spectrum in [0, 00).

Proof. Itis sufficient to show that for any small § > 0 and for any large natural number
m € N, there is a point ng € Z¢ such that V(n) < § for all n € ng + [0, m)?. The
probability P(ng,m) of the event

{(V(n) <8 foralln € ng +[0,m)?}.
is not smaller than (§/(In(1 + |no| + m~/d)))™+V?_ Consequently,
Z P(ng,m) = oc.

noemZ4
By the second Borel-Cantelli lemma, there are infinitely many n¢ € Z¢ for which
V(n) <§ foralln € ng + [0, m)<. (6.6)

Now, for any ¢ > 0 and ng € Z¢, one can find a large number m € N for which
there exists a function ¥ supported on 1o + [0, m)¢ satisfying the inequality ||(—A +
2d(cosk — 1)y < e||y]. If (6.6) holds, then

5
1Ayl < (e + %)uwn, forall k > 0.

This implies that either A is not invertible, or || A, || = (e+ %)_1. Since § and ¢ are
arbitrary, we conclude that Az almost surely does not have a bounded inverse. Thus,
k? € T(H). ]
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