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Localization for heavy-tailed Anderson models

Omar Hurtado

Abstract. Using recent results on uniform large deviation estimates for random matrix prod-
ucts obtained by Omar Hurtado and Sidhanth Raman (2025), we prove localization for one-
dimensional Anderson models with heavy tails.

1. Introduction

1.1. Main results

This article is concerned with the Anderson model with heavy tailed distributions.
This is a fundamental model in the study of disordered materials, whose spectral
properties have been extensively studied. Mathematically it is given by a (random)
operator acting on £2(Z) of the form

[HYl(n) =¥+ 1)+ ¥ (n—1) + Vay(n), (1.1)

where V,, is an i.i.d. random potential. Such random operators allow one to study
the effect on electronic transport of disorder in a material, and said operators are
expected (and to a large degree, now known) to display a phenomenon known as
Anderson localization. For any probability measure on pu, we call the operator H
defined by (1.1) with V; having law u the Anderson model with single site distribu-
tion pu. There are stronger and weaker notions of localization, the stronger notions
formulated in terms of moments of the position operator applied to the time evolution
associated to H ; this article focuses on purely spectral notions of localization.

Definition 1.1. An operator H is spectrally localized if it has no continuous spectrum
and its eigenvectors decay exponentially.

The current state of the art concerning spectral localization for general operators
of the form (1.1) is the following, from [5] by Carmona, Klein, and Martinelli.
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Theorem 1.2 ([5]). If u satisfies

/ [x]* du(x) < oo

for some a > 0 and is not concentrated on a single point, with single site distribution
W is almost surely spectrally localized.

Importantly, Carmona, Klein, and Martinelli make no regularity assumptions in
their work, and we will not either. In this work we treat models which satisfy the
weaker moment condition:

/ (log™ (1x)? dpu(x) < . (1.2)

(Here log™ (x) = max{log x, 0}.) We obtain certain non-trivial estimates as soon as
p > 1, but our main result concerns the case where p > 11.

By applying results obtained in [23] and combining them with variations on argu-
ments from [5] and a result from [33] which we use as a black box, we obtain the
following theorem.

Theorem 1.3. If u satisfies (1.2) for p > 11 and is not supported on a single point,
then the Anderson model associated to | is almost surely spectrally localized.

At least in terms of relaxing the moment assumptions on p, this is the first
improvement on the work of Carmona, Klein, and Martinelli which does not require
any regularity assumption, and partially answers a conjecture posed in [28].

1.2. Background on random Schridinger type operators

These models have been quite well studied, and are fundamental models in the study
of disordered materials going back to the groundbreaking (and Nobel Prize winning)
work of P. W. Anderson near the middle of the twentieth century. We do not try and
give a full account of the history, but we mention some useful reference works, as
well as works concerning localization for similar models, with special attention paid
to those which treat singular distributions in one dimension.

Indeed, good accounts for the general, possibly multidimensional, case appear
in [2, 6]. The one-dimensional theory is markedly different because of the transfer
matrix method. While there are other methods which are unique to one dimension,
e.g., the spectral averaging of [25], the modern study of random one-dimensional
models (and closely related one-dimensional ergodic models of various other flavors)
is dominated by the use of this method, which studies ergodic operators by studying
associated linear cocycles. For an account of the specifically one-dimensional theory,
discussing also work for more general ergodic models, see e.g., [7].
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While there were many results capable of treating the case where the random noise
is sufficiently regular (see [12, 13, 19,25]), the first result capable of treating the case
with singular potentials (e.g., V;, Bernoulli variables) was the groundbreaking work
of Carmona, Klein, Martinelli in [5]. Already, some aspects of the theory of random
matrix products were exploited here to facilitate the proof. This proof combined the
Multiscale Analysis (MSA) method developed in [13] with certain facts from the
theory of random matrix products.

Since then, various “single-scale” proofs of localization in one dimension which
eschew MSA and leverage even further properties of random matrix products have
appeared, see e.g., [4,20,24]. See also [22,28,29] for more works which used meth-
ods introduced in [24] to prove localization for wider classes of random operators,
and [8,21] which built on methods from [20]. (It is worth mentioning also the impor-
tant paper [31] which provided a proof based on harmonic analysis via results in
harmonic analysis concerning a variant of the uncertainty principle.) In the “single-
scale” proofs, uniform large deviation estimates are of crucial importance. It would be
interesting to see if a “single-scale” proof of the present results is possible; all of the
current single-scale approaches leverage exponential large deviation estimates, which
are not available in the heavy-tail regime.

As this history makes clear, lack of regularity in & complicates proofs of local-
ization. (This is also true in higher dimensions, and in fact localization for e.g., the
Bernoulli-Anderson model was only recently solved in dimension 2 [9] and 3 [27],
and remains open in dimensions 4 and higher; this work used ideas developed for
related continuum models in the landmark work of Bourgain and Kenig [3].) Except
for the highly technical version of MSA developed in [3, 18] and various works which
built upon these, applications of MSA generally require some moment condition but
can treat Holder regular potentials in higher dimensions. As soon as one has e.g., i
given by a bounded density with respect to Lebesgue measure, one does not require
any moment condition. Indeed, the celebrated fractional moment method introduced
by Aizenman and Molchanov in [1] gives the following.

Theorem 1.4 ([1]). Let pu be a distribution generated by a bounded density on R.
Then the Anderson model generated by . is almost surely spectrally localized.

In particular, heavy tailed models with regular potentials can be treated via FMM;
our localization results are novel in the context of potentials with heavy tails and a
lack of regularity.

1.3. Approach of the paper

The main new tool is the use of certain uniform large deviation estimates which were
proven by Raman and the author in [23]. The results of said paper are reasonably
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general, requiring only irreducibility and proximality assumptions. Specialized to the
context of the current paper, we specifically obtain polynomial large deviation esti-
mates for the associated transfer matrices when (1.2) is satisfied for p > 1; this is
Theorem 2.4. This more or less automatically yields one of the necessary assump-
tions for a localization proof via MSA for p sufficiently large; the so-called “initial
scale estimate”, Theorem 3.4.

These polynomial large deviation estimates also allow us to prove the second
necessary assumption; the Wegner estimate which controls the probability of an eigen-
value falling with a small interval, in this case Theorem 4.1. However, here it is not
quite automatic, and we prove it by adapting an argument appearing in [5] to prove a
similar bound, though it is worth pointing out that we obtain a weaker bound under
weaker assumptions. We prove a polynomial bound, and though the outline is the
same as in [5] there are a few technical difficulties only arising in our case, and at the
same time we simplify certain parts of the argument using our bounds which are uni-
form in energy. (Such uniform bounds were not yet proven when [5] was published,
though the pointwise versions were and figured crucially in the proof.) The polyno-
mial bounds we obtain suffice to prove localization via a theorem of von Dreifus and
Klein in [33], which makes use of MSA; we use it as a black box and do not carry out
an MSA argument ourselves.

2. Preliminaries

2.1. Notation

Throughout, we always use P to denote the probability of an event. Generally, we use
calligraphic letters to denote events, and #4C is the complement of the event . For an
operator H on a Hilbert space, o (H ) denotes the spectrum of H, i.e., the set of those
E € C such that H — E does not have a bounded inverse. All operators considered are
self-adjoint (by our assumption that V' is real-valued) and so in particular the spectrum
is actually a subset of R. Whenever we deal with random phenomena we use P[] to
denote probability of an event «A; for a random variable, we denote the probability of
an event depending on its value by e.g., P[X < g].

2.2. Generalized eigenfunctions and transfer matrices

Much of this section recalls facts which are well known in the study of random or
more generally ergodic Schrédinger operators; the fundamentally new inputs are The-
orem 2.4 (which is proven in [23]) and Proposition 2.7. More comprehensive accounts
of many of these identities appear in e.g., [22,24,29].
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Fundamental objects in the study of spectral questions concerning the Anderson
model are generalized eigenfunctions.

Definition 2.1. We say E and € RZ are a generalized eigenvalue and generalized
eigenfunction, respectively, if
Hy = Ey 2.1

and v is of strictly slower than exponential growth, i.e.,

lim sup € log |y (n)| <O0.
|n]—o00 |I’l|

Clearly, all bona fide ¢? eigenfunctions are generalized eigenfunctions, but formal
solutions with e.g., very slow decay or even polynomial growth are also permitted. It is
a general fact that “intermediate” growth which is superpolynomial but subexponen-
tial is impossible for formal solutions, so one can restrict to the class of polynomially
bounded formal solutions, but this fact is not important for our purposes.

The importance of these objects in spectral theory is a consequence of a result
known as Sch’nol’s theorem, which roughly says that the spectrum of H is supported
on the set of the generalized eigenvalues of H. We will not make this precise since
we do not need to make use of Sch’nol’s theorem directly, but it is implicit via our
use of Theorem 3.2 below (which is a special case of a result of von Dreifus and
Klein). Because of this relationship, in localization arguments asymptotics of formal
solutions end up being central. In the one-dimensional context, these can be studied
fruitfully via the transfer matrix method. Specifically, we introduce first the one step

transfer matrices:
TnE _ E-V, -1 .
1 0

For v solving Hy = E, we have
W(n+1))=TE( v (n) ) 2y
("o ) =7 (i) 22

Naturally, one can multiply one step transfer matrices to get a matrix which gives one

(‘/’15/"(:)1) ) from any ('/'1(;'(1,:)1) ); we define
TETE,---TE,,. n>m,

Tnl::‘m = ]7 n=m,
(TE)"UTEY - (TE)™', n<m.

By induction, (2.2) gives the following:

(M) <, (V)
yo )=y )
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Note that T,fm is a product of |n — m|i.i.d. random matrices, with distribution of each
term depending on the sign of n — m; we will focus on the case n > m specifically.
We let 1% be the distribution of TOE on SL(2, R). Under certain assumptions on
the distribution, some of them “geometric” and some in terms of moments, we can
obtain exponential behavior of random products with high probability. By exponential
behavior, we refer to linear growth of log || 714 51|l and related quantities in | — a|; in
particular the following well-known fact is a consequence of work of Furstenberg and

collaborators.

Proposition 2.2 ([14—16]). Under the assumptions of Theorem 1.3, there is a function
A:R — R which is strictly positive and continuous such that

lim
b—a—>+00 b —a

log | Tz 4l = A(E)

almost surely.

A similar statement holds for the quantities log ||T[aE,b]x|| and log |(x, T[aE,b] ),
where x, y are non-zero elements of R2. (There is also A~ (E) corresponding to
the limit b — a — —oo; in many cases of interest, including the particular case of
Schrodinger cocycles it turns out that this “backwards” Lyapunov exponent coincides
with the “forwards” one.)

Remark 2.3. To be precise all the works cited treat products of random matrices, and
make various assumptions, said assumptions varying from paper to paper. Furstenberg
and Kesten demonstrated the existence of the limit under very weak assumptions; later
Furstenberg showed positivity under assumptions which hold in the present context.
Continuity was demonstrated by Furstenberg and Kifer under assumptions which also
hold in the present context. That the various hypotheses necessary to apply these
results are satisfied is a standard argument, see e.g., [5].

Under strong moment conditions (like e.g., those assumed in the paper of Car-
mona, Klein, and Martinelli), strong quantitative bounds on this convergence are
known; these were proven (in a pointwise form) by Le Page in [26] and exploited
in the work of Carmona, Klein, and Martinelli. Versions uniform in energy have since
been proven in e.g., [4, 10, 11,32]; note that except for the work of Tsay all of these
results assume boundedness, which is stronger than the assumptions made by Car-
mona, Klein, and Martinelli.

In [23], Raman and the author showed (among other things) uniform estimates
under weaker moment assumptions than those previously considered, in [23, Theo-
rem 1.20].

Theorem 2.4 ([23]). We let H be a random operator as in Theorem 1.3, and T[aE b]

the associated transfer matrices. Then for any I C R compact and € > 0, there is
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C > 0 (depending on u, 1, &) such that all of the following estimates hold:

P[| log ||T[f,b]|| —nA(E)| > ne]l < CL™?,
P[|log | T{% yyx|| = nA(E)| > ne] < CL™7  for ||x| =1,
P[llog[(x, T{% 1) —nA(E)| > nel < CL™?  for |Ix|| = |ly| = 1.

Remark 2.5. In fact, these bounds hold for operators of the form (1.1) satisfying (1.2)
with p > 3. Even for those satisfying it for some p € (1, 3) a similar bound holds but
with CL™? replaced by CL->~1:57,

These bounds on the transfer matrices are the main new input enabling the local-
ization result. They enable a Wegner estimate, though the proof is somewhat technical
and deferred to the last section. They also provide nice bounds on what are called the
Green’s functions of the operator, which is a sort of finite volume resolvent.

In order to introduce the Green’s function, we must first define a few other quan-
tities. First, we let H, 5] denote the truncation of H to the interval [a, b]. (More
precisely, H[, p) is the corner Py, 51 H P, p), Where P, p) is the appropriate projec-
tion.) For any integers @ < b and x, y € [a, b] (here and throughout [a, b] denotes the
interval in Z), we define the Green’s function as follows:

Gl py(x. ) = (8x. (Hiap) — E)7'8y)

and formally set G[ﬁ,b] =o0if E € 0(Hiqp)). (Thatis, we will use e.g., ]P)[G[E,b] > (C]

as a shorthand for P[E ¢ o (H[, 5]) and G[]f;,b] > C].)

Remark 2.6. Hj, 5] can be quite naturally identified with an operator on £2([a, b]),
i, a (b —a + 1) matrix in the standard basis. In particular, G[l;,b is defined in
terms of this identification; by (H[,,5) — E)~' we mean the £2([a, b]) inverse, not the
inverse with respect to the whole space.

The Green’s function is a key object because it is closely tied to the behavior of
formal solutions to (2.1), but it satisfies certain useful identities which make it more
amenable to analysis than the formal solutions themselves. Specifically, we have the
following well-known identity relating the Green’s function and any formal solution
of (2.1):

Y(x) = —G[Ii’b](x,a)w(a —-1)- G[g’b](x,b)w(b +1) forx <y. 2.3)

At the same time, the Green’s function satisfies many well-known identities which
allow one to relate its asymptotics to those of the transfer matrices, as one would
suspect from the relation to the formal solutions via (2.3).
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We let

£ 1 forb <a,
pE =
[a.b]
det(E — Higp)) fora <b.

Then we have the following:

E E
1 Plaxnyl 1 P10

E
|P[a,b]|

|G[€,b](xvY)|= fora <x <y <b.

In particular,

|PE L)l
|G[€_L/2,X+L/z](x,x + L/2)| = Pb[x R
| [)c—L/2,x-|—L/2]|

E 2.4)
|P[x+1,x+L/2]|

= )
|P[x—L/2,x+L/2]|

E
IGx—L2x+1/2(X: X — L/2)| =

(Note that we use self-adjointness of (H, p) — E)~! for the second calculation.)
Finally, we recall the following well-known fact:

1 1
P[f,b] = <(0) T[aE,b] (0)> fora < b. (2.5)

From these identities, we can extract one of the crucial ingredients towards a
localization result: probabilistic estimates on the Green’s function. While the large
deviation results quoted above are a new input, the basic strategy goes back to work
of Frohlich and Spencer.

Proposition 2.7. Fix I C R a compact interval, and H an Anderson model with
single site distribution p not supported on a single point and satisfying (1.2) for some
p > 3. Then there is C > 0 (depending on I ) such that

PGf_jpxrryoy (XX £ L/2)| = e * B < CL7P
forall L e Nand E € I.
Before commencing the proof in earnest, we define
Amin = Eneil})t(E).
We will use this shorthand throughout.

Proof. By Theorem 2.4, we have, for any ¢ > 0 and compact / C R, the existence of
C,c > 0 (depending on I and u) such that with probability at least 1 — L7 we
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have the following bounds:
E LA+1)(AME)—
|P[x—L/2,x+L/2]| > e LHDAE) e)’

E L/2+1)(A(E)—
PE_ L 1y iyl < eE/ZHDGE),

PE_, vyp] < eL/2HDAE10

x—1,x - ’
for any p” € (p’, p) and L sufficiently large. Indeed, (2.5) gives precisely this. One
thus obtains, via (2.4), that with probability at least 1 — Ll_p/, we have

|G[€C_L/2,X+L/2](xvx iL/2)| < e(3L/2+2)8—A(E)L/2.

Taking & < Ann/6 gives the result. ]

3. Multiscale analysis

As has been discussed in the introduction, multiscale analysis (MSA) is a central
technique in the study of random Schrodinger operators. In some sense, the strongest
version of MSA known to work with unbounded operators is the bootstrap MSA
developed by Germinet and Klein in [17]; stronger versions have since appeared (see
e.g., [3,9, 18,30]), but to our knowledge the arguments bridging from the very weak
Green’s functions estimates this new MSA can obtain to localization have only been
done in the bounded context.

In general, a multiscale analysis is an inductive method by which one can establish
bounds on what is called the Green’s function. While we have already defined one type
of “interval”, in this section we will also consider another type of interval in order
to align with usual MSA arguments. For L even, we let Ay (x) denote the interval
[x — L/2,x 4+ L/2]; note that unless we are discussing multiple possibly overlapping
boxes, the choice of center does not matter for any probabilistic questions; this is a
consequence of stationarity and independence of the potentials at different sites; in
particular our theorem statements will discuss Ay, := A (0) explicitly, but it should
be understood that such results hold for any choice of center. MSA requires the notion
of regular “boxes” (intervals in the 1D setting). There are various notions appearing
across different papers, but we use (a slight variation of) the notion appearing in [33].

Definition 3.1. We say A (x) is (m, E) regular if

|G[€—L/2,x+L/2](x,x + L/2)| < g_mL/Z.

MSA is a method whereby we can obtain bounds on P[Af is (g, E)-regular];
the essential insight is that if most boxes at a smaller scale are regular, and we can
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avoid a “resonance”, then we will have regularity (with a slight loss to exponential
rate m) at larger scales.

In particular, von Dreifus and Klein proved the following in [33] specifically in
the context of Schrodinger operators on Z.

Theorem 3.2 ([33]). Let H be an Anderson model of the form (1.1). Let Ey € R.
Suppose that there is Lo > 0 such that

(P1) P[AL, is (mo, Eo)-regular] > 1 — L' for some g1 > 1;

(P2) there exist B € (0,1), g2 > 4q1 + 6 and & > 0 such that P[dist(c (Hp, ), E) <
e_Lﬁ] <1/L2 forall L > Ly and E satisfying |E — Eg| < ¢

Then given any m € (0,my), there exists B < 0o (depending on the various parameters
at play excluding Lg) such that if Ly > B, we can find § (depending on the various
parameters at play) such that with probability one, H is exponentially localized in
(Eo — 6, Eg + 0), ie., the portion of the spectrum contained in (Eg — 8, Eg + 6) is
pure point and all eigenfunctions associated to E in this range decay exponentially
with rate m.

Remark 3.3. We have formulated a specifically one-dimensional version of the result
from [33]; the result is true in arbitrary dimension with some modifications. Moreover,
there have been significant advances since said work. Notably a bootstrap MSA was
introduced by Germinet and Klein in [17], which can work with a much weaker esti-
mate than (P1). However, said variant also requires a much stronger version of (P2)
than we can prove. As has been mentioned before, a variant of MSA capable of deal-
ing with even weaker estimates was introduced and developed in [3, 18], but currently
it seems this variant requires boundedness.

While the theorem of von Dreifus and Klein, on the face of it, only proves local-
ization in small intervals, we will use basic union bounds to extend the result to the
whole real line. In particular, the proof of Theorem 1.3 is more or less reduced to
verifying the two conditions condition (P1) and condition (P2) for all energies. This
is the content of Theorems 3.4 and 4.1 below.

The first result, verifying condition (P1), we have more or less already proven; it
follows from Proposition 2.7, and the derivation is very brief. The second condition,
often called a Wegner estimate, we prove using roughly the argument of Carmona,
Klein, and Martinelli in [5] to obtain the same under their stronger moment assump-
tion. There are some technical differences in the argument owing to the estimates
being uniform in energy but weaker than those exploited in [5].
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Theorem 3.4. Given any compact interval I C R, and H with single site distribution
W satisfying (1.2) for p > 2, there exists m > 0 such that

P[Az is (E, m)-regular] > 1 — L'™?
for L sufficiently large.
Proof. For
m < _Amin,
4

the desired regularity follows by Proposition 2.7 with probability 1 — C L™2; for suf-
ficiently large scales CL™? < L'7P, ]

4. Wegner estimate

Here we prove the Wegner estimate, verifying that condition (P2) holds.

Theorem 4.1. Given H with single site distribution | non-trivial and satisfying (1.2)
for p > 2, and fixed compact I C R we have, forany E € I and 8 € (0, 1):

Pldist(o(Hyp, ). E) < e L] < L1-77'

forany 0 <n< Band p’ € (1, p) and L sufficiently large, with the requisite largeness
of L depending on the interval I, B, p’, n and p.

Our proof is based on the strategy of [5, Theorem 4.1], and the following lemma
is a technical lemma appearing in their paper.

Lemma 4.2 ([5]). Let H be as in Theorem 4.1. Then given any I C R compact, there
are p and C positive, depending on p and I, such that

P[€E,L,e] = CL&”,

where Eg .1 ¢ denotes the event that there is an eigenvalue E' € [E — ¢, E + €] of
H{_1, 1] with a normalized eigenfunction ¢’ such that |¢'(—L)|* + |¢'(L)|* < &2.

It was proven in [5] for operators generated by potentials with fractional moments,
but the proof only required Holder continuity of the density of states, which in par-
ticular was shown (in the same paper, see [5, Theorem A.1]) for non-trivial p satisfy-
ing (1.2) with p > 1.

The last necessary notion before we prove Theorem 4.1 is a certain function which
agrees with a power of the logarithmic function at large values, but is linear at small
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values, introduced (to our knowledge at least) in [23]. Specifically, we define a func-

tion for x > 0:
(log x)? for x > e”?,

log?*(x) = p
g () (£> x forx < e€>.
e

These functions have the following important properties for p > 1:
(1) log?* is concave;
(2) log?* is subadditive;
(3) log?P*(xy) < CplogP*(x)log?*(y) for some C, > 1.

In fact, if p > e, one can take C,, = 1; in general one can achieve C, = 1 by rescaling.
Since we are principally interested in the case p > 11, we will proceed under the
assumption C, = 1 without rescaling and omit it to keep notation lighter.

Crucially, if a measure p satisfies (1.2) for some p > 1, then for the same p it
satisfies:

/ log?* (|x]) du(x).

However, moments with respect to log?* are more tractable due to its various nice
properties.
Now, we prove Theorem 4.1, adapting the argument from [5].

Proof of Theorem 4.1. As we have discussed, if p satisfies (1.2), then
Eflog”* (| Ty* )] < o0
for any given E, and moreover for any compact / C R,

M := sup Eflog”* (| Ty )] < oo.
Eel

Throughout, to keep computations legible, we omit floor symbols; when L" appears
somewhere an integer argument is necessary we mean | L" |. The O(1) difference is
negligible in all calculations and estimates. We consider two families of events:

0
E . E
‘AO,L = {H T[—L,—L+L'7] (1)

1
E . E
st [ o)

Letting £’ range over eigenvalues of H[_y 1], we can bound P[dist(o (H[—1, 1], E) <

> eXP(ﬁL")},

> eXp(,BL”)}-

e_Lﬁ] by the sum of probabilities for the following four events, for some « > 0 to be
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determined:
. _LB
€, = {dist(o(Hi_p1). E) < e "]} m( ﬂ(,fsk/“ 8E, L))
|E/—E|<e
€ i=Af Bl 0 UAE);
|E/—E\<e*Lﬂ
IE/—E\<e_L‘3

= (AL UBE)C e

This same cover of the event was carried out in the proof of [5, Theorem 4.1]. We
estimate IP[€;] using Lemma 4.2. By a standard argument using the Poisson formula
(see the proof of [5, Theorem 4.1]), the event €; implies, for every E’ satisfying
|E' — E| < e‘LB, the existence of a corresponding normalized eigenfunction ¢’ €
2([-L, L]) with

max{|¢’ (L)%, |¢'(=L)[*} < 2exp(=«L"/2).

Note that for large L the intervals [—-L + L", L] and [-L, L — L"] are of size at least
L/2; we obtain
P[€] = CL exp(—pkL"/2)
by Lemma 4.2. (Note that in particular we take & = exp(—pmin{xL"/2, L?}), which
for sufficiently large L, is just e P¥L"/2),
The arguments for bounding P[€,] and P[€3] are almost identical; we only treat

the former explicitly. Note that one step transfer operators (£7"% ') and (£ /IVk )

are separated by a rank one operator of norm equal to |E’ — E|. In particular, if €,

, 0
E
o)

0 /
E E E
Tp L+ (1) H WL —pron = TiZr - L+l

> exp(kL?) — TEL —rom = TEL —Lyrm |-

holds, then we have

exp(kL?/2) > ‘

In particular, one obtains for large L the estimate ||T, [ L LI T T[’f L—L+Ln] =
exp(—«LP)/2. Letting T" := | T.E [—L,—L+L'7] — [_L,_L+L,, ||, by Chebysheyv,
P[€,] < P[T > exp(kL*)/2]
< P[log?*(I') > log”* (exp(xL”)/2)]
< CkP L7PPE[log?*(I)].
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We can bound I'" as follows:

S e O )

k=1 ij<-<ig

(This is actually a dramatic overestimate; it is not necessary to count over all pos-
sible choices of k indices. However, by overcounting here we can make use of nice
combinatorial identities later.) Using concavity, subadditivity, the fact that it is sub-
multiplicative up to a constant, and the fact that log?™ is linear for small values, we
obtain for some C > 1,

L"+1
Ellog” (D) = Elog” ( Y. Y IE—E'FITA L, )]
k=1 ij<—<ig

L"+1 k

<E[ Y Ylog” (£~ E'DF[Troe” (IT£))]
k=1 i1<-<ig L&{it,..ip}
L4 Pk
P 7By gL 1k
5};( I )(e) exp(—kL")M

= (cm + (f)p exp(—Lﬁ))”+1 _ ML
P
e

<C(L"+ 1)ML"+1( )peXp(—Lﬁ)‘

(Recall that M = supgc; Eflog?* (| TE ||)].) We have exploited that exp(—LB) is

small and linearized x — xZ"*1 in the last step.

Because 2(L" 4+ 1)(M + 1)L" exp(—L?®?) is small one obtains finally
E[log?*(I')] < CL"(M + 1)t exp(—L?)
for some C > 0. This yields
P[E,] < CkPL"BP(M + 1) exp(—LP),
which is, for large L, dominated by exp(—L#)/2. A similar argument gives
P[€3] < exp(~L7)/2.

Finally, to bound €4, we note that it is a union of at most 2L large deviation events.
We make this explicit in the case of Af 1.- Clearly, said event holds if and only if

0
log T[€L,—L+L”](])H/Ln = K.
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By Theorem 2.4, if k < Ampin, We obtain a bound P[€4] < 2L'7"7" for any p” €
(p’, p). Hence, we obtain

P[fl Uut,uesu 84] < Ll—np”
for L sufficiently large by combining the bounds on all terms. |
Finally, we prove Theorem 1.3.

Proof of Theorem 1.3. If p > 11, one can pick g1 > 1, ¢» > 41 + 6, B € (0, 1),
n € (0, B) and p’ < p such that particular 1 — np’ < —¢,. Indeed, let k = min{p —
11, .01} d tak =14 «/16 =10 +«/4, 8 = (11+K/4)1/2 _ 11+«/4

»-Uly, and take ¢, = /10, 42 = kies P =\11xez) 1= 112
and p’ = 11 + «/2. By Theorem 3.4, we have condition (P1), and by Theorem 4.1,

we have condition (P2). Thus, the hypotheses of Theorem 3.2 hold, and so we have

almost sure localization on a small interval around any fixed energy E. We take a
countable collection of intervals (E; — §;, E; + ;) covering R for which almost sure
localization holds via said theorem; taking an intersection over all the events gives
almost sure localization for all energies. Such a countable collection exists by the fact
that R is Lindelof, i.e., any open cover has a countable subcover, and the theorem
follows. |
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