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Singularities of the magnetic spectral shift function
for potentials of variable sign

Vincent Bruneau, Galina Levitina, and Pablo Miranda

Abstract. We consider the 3D-Schrodinger operator Hp with constant magnetic field B of
scalar intensity b > 0, and its perturbations H = Hg + V by a potential V' of not necessar-
ily fixed sign. Then we study the singularities at the Landau levels of the Krein spectral shift
functions &(-; H, Ho) for the pair (H, Hp). We consider power-like decaying potentials and
cylindrically supported potentials (with axis B).

1. Introduction

The spectral properties of quantum systems in the presence of magnetic fields have
been a central focus in mathematical physics due to their profound connections to
quantum mechanics, scattering theory, and operator theory (see e.g., [1,11,12,27,30]
to name just a few). A fundamental tool in this study is the spectral shift function
(SSF), which quantifies the change in the spectrum of a self-adjoint operator under
perturbation. The SSF not only encapsulates scattering properties, but also provides
crucial information about spectral and eigenvalue asymptotics [5, 8,37, 38].

Let Hy and H be two self-adjoint operators acting on the same Hilbert space,
such that the resolvent difference (H — z)~! — (Hy — z)~! belongs to the trace class.
Under this assumption, M. Krein [17] showed there exists a unique (up to an additive
constant) function &(-; H, Hy), which satisfies the Lifshits—Krein trace formula

Tr(¢ (H) — $(Ho)) = / £(E: H. Ho)'(E) dE.
R

for sufficiently smooth test functions ¢. Such a function £(-; H, Hyp) is called the
spectral shift function for the pair (Hy, H). Moreover, the SSF plays a dual role,
characterizing the eigenvalue counting function of H below the essential spectrum
and encoding scattering information through the Birman—Krein formula (see [37]).
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Ferndndez and Raikov [8] conducted a detailed study of the singularities of the
SSF for the three-dimensional magnetic Schrodinger operator

Ho = (iV + A)?,

where the magnetic potential A = %’(—xz, x1,0) generates a constant magnetic field
B = (0,0, b) of strength b > 0. This operator exhibits a purely absolutely continu-
ous spectrum o (Hy) = [b, 00), with thresholds at the Landau levels A, = b(2q + 1),
q € Z4. They considered perturbations Hy = Hy £ V by scalar potentials V' > 0
decaying sufficiently rapidly at infinity and demonstrated that the singular behavior
of the SSF near the Landau levels is directly linked to the decay properties of V. By
the Birman—Schwinger principle, they reduced the problem to the study of eigenvalue
asymptotics for certain Toeplitz-type operators, and provided explicit asymptotic for-
mulas describing the SSFs singularities near the Landau levels.

In many models of mathematical physics, however, we must consider perturba-
tions of the operator Hy that are not of definite sign. A primary example involves
introducing an electric potential with variable sign. Electric potentials of variables
sign have been shown to produce qualitatively new spectral behaviour. A classic illus-
tration is the von Neumann—Wigner construction, where an oscillatory, sign-indefinite
electric potential that decays like ! produces a bound state embedded in the continu-
ous spectrum [31,36]. In 2009, Klopp and Raikov [16] showed that for the two-dimen-
sional Landau Hamiltonian, all Landau levels cease to be eigenvalues when the added
electric potential keeps one sign, whereas for a sign-changing perturbation a Landau
level can be still an eigenvalue of infinite multiplicity. Another important case of sign
indefinite perturbations are the perturbations of the magnetic field itself: even adding
a positive perturbation of the magnetic field does not yield a perturbed operator larger
than Hy. Obstacle perturbations with mixed boundary conditions (Dirichlet in one
part of the boundary and Neumann on the other) also fall into this category.

Although representations of the SSF exist for sign-indefinite perturbations, their
structure is more intricate, and a comprehensive analysis in the context of magnetic
Schrodinger operators has been limited. In particular, the behavior of the SSF near
Landau levels in such settings remains insufficiently understood.

In this paper, we address the first of the aforementioned cases. Specifically, we
analyse the SSF for the perturbed operator H = Hy + V, where Hj is the three-
dimensional magnetic Schrodinger operator as above and V' is a scalar potential of
variable sign, satisfying appropriate decay conditions. As a result, we generalise the
work of Ferndndez and Raikov by removing their restriction to potentials V' with fixed
sign. To some extent, we also generalise previous works where the SSF is studied
below the first Landau level Ag. In that case, the SSF coincides almost everywhere
with the eigenvalue counting function and its asymptotic behaviour have been studied
for different kind of potentials (see Remark 3.3).
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Our main results extend the asymptotics of the SSF near the Landau levels A, =
b(2q + 1), q € Z 4, to a broader class of potentials V', with the case of sign-definite
perturbations being a particular case of the results presented in this paper.

In Theorem 3.2 we show that as £ — A, the behaviour of the SSF §(E; H, Hy)
is captured by the distribution of eigenvalues of a Toeplitz operator on the g-th Landau
eigenspace. Namely, let p, be the orthogonal projection of the two-dimensional
Landau Hamiltonian associated to the eigenvalue A,. Set E = A, F A with A | 0,
then

E(Ay—A)~ — Tr ]l(_oo,_l)<pq—j/;q), E(Ag+A) ~ %Tr [arctan(l’qj/quﬂ

where W is the “transverse averaged” version of V:

1
W) = 5 [ V(xs, x3) dxa,
R

We then further specify the exact behaviour of the SSF &(-; H, Hy) for two classes
of potentials. In the first of these results (see Theorem 4.1) we consider potentials
with power-like decay, i.e., W(x1) ~ |x1 |7 %! for |x | — oo. Then we show that
forA — 0

E(Ay + 1) ~CATYm=D

with some explicit constants C. Thus, the power-like decay in V' produces a single
power-like blow-up of the SSF £(-; H, Hy).

For the second class where the exact behaviour of the SSF £(-; H, Hy) is estab-
lished, we consider potentials such that the support of W is compact, which means
that V' is supported in a cylinder with axis parallel to the magnetic field. Here, we
consider two complementary scenarios for potentials V' that vanish outside a cylinder
in the (x, x3)-space, but differ in how their positive and negative parts are arranged.

In Theorem 5.2 and Theorem 5.3 we assume there exists a bounded Lipschitz
region 2 C R? and a compact subset K C  such that suppV C Q x R and the
transverse average W of V has fixed sign on 2 \ K. In this scenario, the associated
Toeplitz eigenvalues decay factorially, leading to the asymptotic

|Tn A|

§Ra + D)~ =4

— 0, (1.1
in the case when W is negative on Q \ K. The result in Theorem 5.2 is actually a three
term asymptotic formula where the third term depends on the logarithmic capacity
of Q. In Theorem 5.3 we obtain the correponding result for W positive on 2 \ K.

In the second scenario (see Theorem 5.4) of a potential V' supported in a cylinder,
we suppose instead that the positive and negative parts of W are confined to two
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disjoint Lipschitz domains 4 and Q_ in R?, with
suppV/ C (R UQ_) xR, W>00nQ;, W <0OonQ._.

In some cases, the singularity of the SSF still follows (1.1), but its amplitude is now
bounded above and below by two constants 0 < § < A < 1, whose optimal values
remain an open problem.

These three complementary theorems (Theorems 5.2, 5.3, and 5.4) demonstrate
how the compact support of V' and the geometry of its sign distribution together dic-
tate the precise iterated—logarithm scaling of the singularities of the SSF &(-; H, Hy)
at each Landau level.

We use advanced tools, such as index-theoretic representations of the SSF [14]
and refined asymptotic analysis of Toeplitz operators, to show that the singularities
obtained in [8] persist and to better understand the interplay between the variable-
sign potential V' and the magnetic field.

The remainder of the paper is organised as follows. In Section 2 we discuss some
preliminaries, introduce the spectral shift function &(-; H, Hy), and describe its main
properties. Section 3 introduces the necessary theoretical framework, including the
representation of the SSF in terms of compact operators. In Section 4 we prove the
asymptotic behaviour for the spectral shift function &(-; H, Hp) under the assumption
that the potential V' has power-like decay. Section 5 is specialised for cylindrically
supported perturbations V.

2. Preliminaries

In this section we recall the representation formula of the SSF in terms of an integral
of an index for a Fredholm pair of spectral projections (formula (2.10) below). We
begin by recalling some basic properties of compact operators and the index of a
pair of projections. For proofs and more properties on this notion of index, we refer
to [5, 14,22].

Throughout the paper, for a linear operator 7' in a Hilbert space we denote by
o (T) (respectively, 0. (T) and 0,.(T")) the spectrum of T (respectively, the essential
and absolutely continuous spectrum of 7).

2.1. Counting function of eigenvalues

We denote by S the class of linear compact operators acting on a fixed Hilbert space.
Let T = T* € So. Denote by E7([) the spectral projection of T associated with the
interval I C R. For s > 0, set

ne(s;T) :=rank EL7(s, 00).
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For an arbitrary (not necessarily self-adjoint) operator T € S, we have
ny(s;T*T)=ny(s;TT*), s>0,

and let us put
ne(s;T) :=ny (s T*T), s> 0.

If T = T*, then evidently
ne(s;T)=ny(s,T)+n_(s;T), s>0.
Moreover, if T; = Tj* € Seo, j = 1,2, the Weyl’s inequalities
ni(sy + 52, Ty + T2) < ne(s1, Tr) + ni(s2, T2)

hold for each s1, 55 > 0.

463

Q2.1

(2.2)

2.3)

Further, we denote by S,, p € (0, o), the Schatten—von Neumann class of compact
operators for which the functional || T'||s, := (p 5~ s? 'ns(s; T) ds)l/p is finite. If

T €S,, p € (0,00), then the elementary inequality
. —p\TIP
na(s:T) < s72|TN5,
holds forevery s > 0.If T = T* € Sp, p € (0, 00), then (2.1) and (2.2) imply
ne(s;T) < s_”||T||§p, s > 0.
Finally, for a bounded operator 7', we define the self-adjoint operators
1 1
ReT :=—(T+T* and ImT:=_—(T-T%).
2 2i
Evidently,

ne(s;ReT) <2n4(s;T), ni(s;ImT) <2n4(s;T).

2.2. Index of a pair of projections

A pair of orthogonal projections P, Q in a Hilbert space is called Fredholm if

{1’_1} N Uess(P - Q) =0.

(2.4)

(2.5)

In particular, if P — Q is compact, then the pair P, Q is Fredholm. The index of a

Fredholm pair is given by the formula

index(P, Q) = dimKer(P — Q — I) —dimKer(P — Q + I).
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In particular, if P — Q € Sy, then index(P, Q) = Tr(P — Q). If both P, Q and Q,
R are Fredholm pairs and either P — Q or Q — R is compact, then the pair P, R is
also Fredholm and the following “chain rule” holds true:

index(P, R) = index(P, Q) + index(Q, R).

See e.g., [2] for the proof of the last statement and the details.
If the spectral projections Ep(00,0), E (00, 0) (for bounded self-adjoint oper-
ators M and M) are a Fredholm pair, we will use the shorthand notation

ind(M, M) := index(E j; (—00,0), Epr(—00,0)).

We will mostly use this notation in the case M = M + A, where A is a com-
pact self-adjoint operator and M is a bounded self-adjoint operator such that O is not
in the essential spectrum of M. In this case, representing the spectral projections by
Riesz integrals and using the resolvent identity, it is easy to see that the difference
E j7(=00,0) — Ep (=00, 0) is compact and therefore the above pair of spectral pro-
jections is Fredholm. This result is still true for unbounded operators (see for instance
[20, Corollary 3.5]).

In the proposition below we list some of the properties of ind that we will need in
the paper.

Proposition 2.1. The following statements hold true.

(1) (seee.g.,[23,(4.4),(4.5)]) If G € Sx, and 0 is not in the spectrum of M, then
the following Birman—Schwinger-type formula holds

ind(M + G*G,M) = —n_(1;GM™'G*),
ind(M —G*G,M) =n,(1;GM™'G*). (2.6)

(2) (seee.g., [5, Section 3.2]) If M > M, then ind(M, M) < 0.

(3) (see e.g., [5, Section 3.2] and [23, Corollary 3.3]) Let M be a bounded self-
adjoint operator such that [—a,a] C p(M) for some a > 0 and let Sy and S
be compact self-adjoint operators. Then

indlM + So+a, M +a)—n4(a,S)
<ind(M + So + S, M)
<indM + So—a,M —a) +n_(a,S). 2.7
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2.3. Magnetic Schrodinger operator and its perturbation

Next we introduce the magnetic Schrodinger operator and the class of potentials we
will consider in the present paper. Let us consider the magnetic Laplacian

d b .0 b 02
) g5

—AAiz( —_— —@

o T2

corresponding to the Hamiltonian of a particle in 3d in presence of a constant magnetic
field B = (0,0, b), b > 0 generated by the magnetic potential

b
A(x) = E(—xz,xl,O), x = (x1,X2,X3) € R3,

i.e.,curl A = B.
Denote by Hj, the closure of the space Cg*® (R3) of all compactly supported infin-
itely differentiable functions on R in the norm of HY defined by

lulfs = > /K4V—mwﬁm.

ani:Os\alss Q

Then the operator Hy := —A with domain D(Hy) := H3 is self-adjoint in L?(R?),
and essentially self-adjoint on C{°(R?) (see e.g., [13, Appendix] and [1, Theorem
2.4]). It is well known that

o(Hy) = 0.c(Hp) = [b, 00),
and the Landau levels (see e.g., [10, 18])
Ag:=bR2q+1), qeZyi:={01,2,...},

play the role of thresholds in the spectrum o (Hy) of Hy, in the sense that the limiting
absorption principle in its standard form does not hold at A, (see (2.9) below).
We assume that V' satisfies

V#£0, VeCR?Y, |VX)|<Cox)™, m>3 xeR3, (2.8)

with Cy > 0.
Set
H:=Hy+V, 2(H)=(H)).

It is clear that H is a self-adjoint operator and infa (H) > —C.

By the diamagnetic inequality (see e.g., [1]), |V|[V/2(Hy — Ao)~! with Ao < b is
a Hilbert—Schmidt operator. In particular, V' is a relatively compact perturbation of
Hy, and so stability of essential spectrum implies that oess(H) = 0ess(Hg) = [b, 00).
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In particular, for any potential V' satisfying the above assumptions, we have that
info(H) < info(Hy).
Since |V [V2(Hy — L)™' € S, for any A¢ < b, the resolvent identity implies

(H —Xo)™' = (Ho—20) ! € Sy,

for Ag < info(H) < info(Hy). Referring to [37, Theorem 8.9.1], we conclude that
there exists a function & (-; H, Hy) from the class L ((A¢,00), (E — A¢) 2dE), which
satisfies the Lifshits—Krein trace formula

TY(f(H) — f(Ho)) = / §(E: H. Ho) f'(E)dE
R

for all smooth compactly supported function f on R. This function is unique (see
[37, Section 8.9]) if we choose the normalisation of the following form

§(AH, Hy) =0, A<info(H) <info(Hy).

The function £(-; H, Hy) is referred to as the spectral shift function (SSF) £(-; H, Hy)
for the pair (Hy, H).

By [5, Proposition 2.5], the SSF &(-; H, Hy) possesses the following features:
* £&(; H, Hyp) is bounded on every compact subset of R \ quZ+{Aq};

* &(; H, Hy) is continuous on R \ (| {Aq4} Uop(H)), where o, (H) is the
set of the eigenvalues of H.

q€Z+

2.4. Representation of the SSF

Now, we are ready to describe the required representation for the spectral shift func-
tion, which will serve as basis for our results.
Forz € C,Imz > 0, set

T(z) := |V|V2(Ho — 2) V|2,

For every E € R\ U,z +{Aq}, we know (see [5, Lemma 4.2]) that the operator
norm limit
T(E +1i0):= nglJ(im T(E +1i9) 2.9)
0

exists, and
0<ImT(E +1i0) € S;.

Denote

A(E) =ReT(E +i0), B(E)=ImT(E +i0), J =signV.
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Then for almost every E € R, we have
o0
§(E;H,Hy) = / ind(J + A(E) + tB(E), J)du(t), (2.10)

—00

where du(t) = 771 (1 + t?)~'dt and the right-hand side being well defined for every
E R\ Ugez, {Aqh

The above representation formula (2.10) was obtained in [14] for the case of trace
class perturbation and generalised in [22] to the case of relatively trace class perturb-
ations. The formula generalises earlier results of [25,34], and can be regarded as a far
going extension of the Birman—Schwinger principle (see [3]).

Let us comment on the convergence of the integral in (2.10). Below we mimick
the proof of [25, Lemma 2.1]. Choose 0 < s < 1. Then the interval [—s, s] does not
contain the spectrum of J. Using (2.7), we obtain

lind(J + A(E) + tB(E),J)| < n«(s, A(E) + tB(E)), t€R.

Applying Weyl’s inequality (2.3) and (2.5), we obtain for any 51,5, € (0,1) such that

S1+ 852 =5,
f na(s, ACE) + tB(EY)du(t) < na(s1. ACE)) + / na(s2. tB(E)dpu(r)
e 0

1
< nx(s1, A(E)) + — | B(E)s; - (2.11)
TS

This proves absolute convergence of the integral in (2.10) and provides a bound which
we will use in the sequel.

3. Asymptotics of spectral shift function via effective Hamiltonian

In this section we prove our first result of the present paper. Namely, we show that the
asympototics of the spectral shift function £ (-; H, Hy) can be expressed via eigenvalue
counting function of some compact operator.

Let us begin by introducing some notations. For x = (x1,x,x3) € R3, we denote
by x; = (x1, x2) the variables in the plane perpendicular to the magnetic field. Let
H be the so-called Landau Hamiltonian in L?(R?), i.e., the self-adjoint operator

] — — ——

< ()

Hy = (=i + 22
1 1 oy + 3
having a pure point spectrum o (H1) = {A, | ¢ € Z} with eigenvalues of infinite

multiplicity.
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We fix a Landau Level A, g € Z . The first step in our proof is the reduction to
Birman—Schwinger operators corresponding to this Landau level.
In the following, if F(1) and F,* (1) are real functions depending on A, we write

F() = FEQ). A= 2o,
if for each ¢ € (0, 1) we have that
Fe )+ 0:(1) < F(V) = 75 (M) + 0:(1), A — 2o

For p, being the orthogonal projection onto Ker(H 1 — A4) and I the identity on
L2(R) (i.e., in the variable x3), let us introduce the operators

Ta(2) :=|V"*(pg ® I})(Ho — 2) |V |2,

and
Ag(E) =ReTy(E +i0), By(E)=ImT,(E +1i0).

Then, we have the following result.

Lemma 3.1. Let the Landau level Ay be fixed. For any V satisfying (2.8), with the
above notations we have

E(E; H, Ho) = / ind((J F &) + Ag(E) + tBy(E). (J Fe))du(t), E — A,.

3.1)

Proof. Introduce the operator
T() = V' (Ho —2)7' (1 = pg ® IpIV|'/>.
Then, using the decomposition
(Ho—2)"' = pg ® (D3 + Ag—2)"" + (Ho—2)7'(I — pg ® I)).

we obtain that 7'(z) = T4(z) + 7?,;(2). In [8, Corollary 4.3] it is proved that the
operator T (E + i§) admits an operator-norm limit 7(E + i0) as § | 0, for E €
(Ag—1.Ag) U (Ag, Ag+1). Moreover,
Re T(E +i0) = Re T,(E +i0) + Re T, (E +i0) = A (E) + Re T, (E + i0),
ImT(E +i0) = ImT,(E +i0) + Im T, (E +i0) = B,(E) + Im T, (E + i0).
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Next, in [8, equation 5.3], by exploiting that 7:;(E + i0) is uniformly bounded near
A4, it is shown that for any ¢ € (0, 1),

/ ni(e:Re Ty (E +i0) 4+t Im T, (E 4 i0))du(r) = Og(1). (3.2)

—00

Therefore, referring to (2.7) (with M = J,a = ¢, Ag = A4(E) +tB4(E) and A =
Re T, (E +i0) + t Im T, (E + i0)), together with (2.10) and (3.2) we conclude that

oo

E(E: H, Hy) = / ind((J F &) + Ag(E) + 1By(E). (J F £))du(0),

—0o0
as required. ]

With this initial lemma at hand, we are ready to prove the main result of this
section. We first introduce some additional notations.
For a potential V and ¢ € (0, 1), we define

VE=VIJFe) l=VU Fe) L=V xelV|IFe))L.  (33)

Here, as before, J stands for sign(V). It is clear that for any bounded potential V' we
have that VE —V = O(g) as e — 0.
For V satisfying (2.8) and for x; € R2, denote by W the function defined by

1
W(x1) := 5/ V(xy,x3)dxs. 3.4
R

In addition, for A > 0 we introduce

Wy, = Wy(xy) = (z; ZZ) (3.5)

where

1
wip = [ V(x1,x3)cos® (vVAxs)dxs,
R

2
R

1
Wop 1= [ V(x1,x3)sin® (VAx3)dxs,

W12 = W21 =

[ V(x1,x3)cos (\/XX3) sin (\/XX3)d)C3.

R

1
2
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For any ¢ € (0, 1), we also introduce the notations

WE Wi, (3.6)

&

asin (3.4) and (3.5), respectively, with V replaced by VSi (given by (3.3)).
The following theorem is the main result of the present section. It extends [8,
Theorems 3.1, 3.2] to potentials of non-definite sign.

Theorem 3.2. Let V satisfy (2.8), and ng (resp. Wite ) be the functions defined by
(3.6). Then, below each Landau level Ay, q € Z 4, we have
E(Ng—AsH, Ho) < =Trl_ _ /5 (paWipg), A0 (3.7)
Moreover, when approaching each Landau level A, from above, we have
Pq Wit, Py
VA

Proof. We follow the strategy for the proof of [8, Theorem 3.1 and Theorem 3.2], but
start with the representation formula (2.10), valid in the non-sign definite case.
By Lemma 3.1, we have that

1
E(Aq+ 2 H. Ho) = — Trarctan( ) 11 0. (3.8)

o0

£(E: H, Ho) = / ind((J F &) + Ag(E) + tB4(E). (J F &))du(t),  (3.9)

—00

as £ — Ay
Now, in order to analyse A,(E) and B, (E), let us use that for Imk > 0, we

have that k> € C \ [0, 00), and so the integral kernel of the operator (D3 — k?)~!

(in Ly (R)) is —% with r(z), the one-dimensional operator with the integral kernel

ez|X3—x’3|

2

First, we consider the case when E is below Ay, ie., write £ = A, — A with
A >0.Then Ag(Ay —A) = Ty(Ag —A) = |V|V2p, & (D2 + )71V |V2 is self-

adjoint and B, (A4 — A) = 0. In consequence,

o0

/ ind((J F &) + Ag(E) + 1By (E). (J F £))du(t)
= / ind((J F &) + Ag(E). (J F £))du(r)

= ind((J F &) + A4(E). (J F ¢)). (3.10)
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with I3
r(=vVA) 172
Ag(E) = [V pg @ ——==|V|'/2.
! ERN/Y
Define ry as the operator with constant integral kernel and Ay = |V|1/2 Dg ®

ro|V] 172, By [8, equation 5.11], using that A, (A; — ) — “ 9 is uniformly bounded
when A goes to 0, we have that

ni(s;Aq(Aq —A)— %) — 05(1).

Then, using again (2.7) (applied for M = J Fe,a =5 € (0,1 —¢), Ag = Ag,0 and
A=Ay E) - %) we deduce

ind((J — &) + Ag(E), J — &)

A
< ind((J —e—s)+ %

J+8+s>+0(1)

J —8—s> + 0,(1),

1nd<(J +e+s)+ Ii/f

<ind((J +¢) + A4(E). J +¢).

Since s + ¢ € (0, 1), combining the latter estimates with (3.9) and (3.10), we conclude
that

Aq
E(Ag — A H, Ho) = md((J Fe)+ 220 [ (T )) G.11)
Recall (see e.g., [27]) that p, has an integral kernel given by
b blxi — x| b .
Py(xp,x)) = EL[I (TJ') exp(—z(|xl — X2+ 2i (g xh — x;xz))),

where L, are the Laguerre polynomials:

1 ,di(t7e™")
Lq(l) = ae T

Let K: L?(R3) — L?(R?) be the integral operator defined, for u € L?(R3), x, € R?,
by
1
(Ku)(x1) :ﬁ / / Py (x1, X))V X)) u(x', x5)dx5dx’, .
R2 R

It is easy to see that the adjoint K*: L2(R?) — L2(R3) is given by

(K* f)(x1.x3) = %\/|V(XJ_,X3)| / Py x0) fx)) ).
Rz
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and that A, o(E) = K*K. Moreover,
K(J £e)'K* = p,W. p,. (3.12)
Then, combining (2.6), (3.11), and (3.12) we deduce that

K(J Fe)” 1K*)
NS
= —n_(vA; qusipq), g€ (0,1),

§(Ag — A H, Ho) = —n_ (1

which proves (3.7).
Now, consider the case E above Ay, ie., E = Ay + A with A | 0. Starting
from (3.1), we need to analyse T, (E) which is given by

r(l V)
T,(E) = —|V|'?pq v ——=V|'2
In [8, Proposition 5.4], it is shown that
nt(s;ReTy(Ag + 1)) = Os(1), (3.13)

as A | 0, for any s > 0. It exploits that the integral kernel of the real part of 7, (E)

sin VA3 —x3) which is uniformly bounded with respect to A | O.

2V
Let r4(A) be the operator with integral kernel m@+x3) x3, x5 € R then

B,(E) = |V|'2(pg ® r4+(A))|V|"/2. Thus, combining (2.7) with (3.13), we deduce
the estimate

involves

E(Ag + A; H, Ho) = / ind(J F & + tBy(E). J F e)du(r). (3.14)

—0o0

Moreover, in [8, Proposition 5.5] it is shown that there exists an operator
X:L*(R%) — L*(R?)?

such that B, (E) = JX* K. More precisely, foru € L2(R3), Ku = (v, v2) is defined

by
v1(x1) ://?q(xl,xi)cos(x/)—kxg),/|V(xi,x/3)|u(xi,x/3)dx’,

R2 R

va(x1) =f/!/’q(xbxj_) sin(ﬂxé),/|V(xj_,xg)|u(xi,x;)dx’.

R2 R
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A direct verification shows that the adjoint operator
K*: L*(R?)? — L?(R?)
is given by

(K*0)(x1.x3) = cos(VAx3)y/[V(xL. 39 / Py X )or(x)) d),
R2
4 sin(VAxs) VIV )] / Py ¥ )ua(x)) d.
RZ

for v = (v1,v2) € L2(R?)? and (x_, x3) € R3.
Since J = sign(}V') acts by pointwise multiplication, we have that

((J £ )" K*v)(xL,x3) = (J(x1.x3) £ &) V[V(xL, x3)]
X {cos(ﬁm)/{/”q(XJ_,xj_)vl(xj_)dxj_
R2

+ sin(v/Ax3) / Py (x l,xj_)vz(xj_)dxj_}.
R2

Applying the operator X we have
(K(J £~ K v)(x1)
= Py, X)W () Py (X, X Dv(x] )dx'] dx'y
R2 R2

= (pg Wy pgv)(x1), ve L*(R*)? xR

Thus,
K o) 'K* = pq"W;F,gpq.
Thus, using again (2.6) we can see that for ¢ > 0,

ind(J £ &+1tBy(E),J &) = —n_(1;tK(J £&) ' K*)

= —n_(l;Z&j;’qu),

and
ind(J £&—tBy(E),J &) =nyi(1;tK(J )7 K*)
P"W_P)

=n+<1;t 7
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Finally, using that for any 7 = T*, compact

o0
d
Tr(arctan(T)) = / (ny(s;T)—n_(s;T)) ?
1+ s2
0
o0
/ (s (1:1T) —n_(1:0T)) —2" (3.15)
= ny(1; —n_(1; —_— .
* 1412
0
we get
o0 ¥
, 1 PaW; . pq
/ ind(J & & + 1By (E). J + £)du(r) = — Trarctan <T) (3.16)
—0Q
Now, putting together (3.14) and (3.16) yields (3.8). [ ]

Remark 3.3. Note that in the case ¢ = 0, the asymptotic relation (3.7) concerns the
distribution of the discrete eigenvalues of the operator H near the first Landau level
A which coincides with the infimum of its essential spectrum. Such results on the
discrete spectrum have been known for a long time, and could be found in [15,26,32,
33,35] for the case of a power-like decay of V'; in [28] for the case of an exponential
decay of V; and in [21,28] for the case of compactly supported potentials V. However,
in the last two cases, the perturbation V' is of fixed sign.

4. Application to power like perturbations

In this section, we apply Theorem 3.2 to potentials V' for which W (defined by (3.4))
is power like decaying with respect to x| by exploiting known results on Toeplitz
operators p, Wp, (see [26]).

Theorem 4.1. Suppose that V satisfies (2.8) and W € C ' (R?) satisfies
[VW(xL)] < Cxo)™.
Suppose moreover that
W(x1) = o(xy/lxiDlxr [T A +0(1),  |xi| — oo,

where w is a continuous function on S' that does not vanish identically. Let us define

b 2
€= — [ 0l wi:=max(£w(6),0).
4
s1
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Then, for any q € Z 4, the spectral shift function satisfies
§(Ag — A H, Hy) = —A"7=1(E_ +o(1), A0, @.1)
On the other side,

€L —t_
cos(mr/(m — 1))

Proof. First, let us recall that for W satisfying the assumptions of the theorem, for

E(Ag + A H. Ho) = x—ﬁ( + 0(1)), 110 42)

any g € Z, the counting function of the eigenvalues of p,Wp, satisfies (see [26,
Theorem 2.6]):

b
n(s: pgWpg) = o —{xL € R? 1 £W(x1) > s}(1 + o(1))
=s72/m=DeL +0(1)) s 0. 4.3)

From (3.7), the study of §(A4 — A; H, Hp) when A > 0 tends to 0 is reduced to that
of n_(v/A; pgWE pg) = n(VA: pg(—W;E) pg). By writing

VE =V LelV|(I FeJ) ™,
we can use Weyl’s inequalities (2.3) to obtain that for any § € (0, 1),
n4 (VA pg (= W) pg) < np (VA1 = 8): pg (W) py)
+ 14 (V2857 g (=W 5) py), (44)
where Wsi = %fR |V|(I F eJ) 'dxs. Hence, by (4.3), we obtain that

N (VAL = 8); pg(=W)pg) = (1 = 8)72/tm=D(/1)=2/tm=De_ 4 o(1))
= A7V =D _ §)=2/tn=De_ 1 o(1)).

Next, by (2.8),
IWExL)| < Clxy )™,

then the min-max principle and (4.3) imply

N (VA8e™Y pg(—WE) pg) < np(VAS(Ce)™ pa((x1) ™™ ) py)
< C(6AV2g~ )T,

Combining these two estimates with (4.4) gives

n+ (VA pg (W) pg) < A7V V(1 = 8)2 Ve 4 02/ D) 4 0(1)).
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Multiplying by A1/("=1  then successively letting A — 0, next & — 0, and finally
8 — 0, we obtain that

hT sup AV (V2 pq(—ng)Pq) <C.,
—0

which gives the lower bound in (4.1). Similarly, one can prove that

timinf A1/ . (V: py(~WE)pg) = .

Combining the latter two inequalities with (3.7), we infer (4.1).

For (4.2), from (3.8) we are reduced to study

WE
(Pq \/,}qu)’

where 'Wit,g is given by (3.6). Then, by defining

1
— Trarctan
T

wWE 0
0 o)

Wi (x1) = (

we can use the proof of [8, Proposition 6.1] to show that if m > 4 in (2.8) then

WE, Wi
Tr(arctan(pq ﬁ pq) - arctan(pqﬁpq)) =0(), Alo0. 4.5)
As in (3.13), it exploits that b"‘(fx) is uniformly bounded with respectto A as A | 0.

Likewise, if m € (3, 4] in (2.8), the difference in (4.5) is of order O(A~%) for any
8> 4_7’". More precisely, we use that for

~

W:l: +
A,e ~ A,e
T = pg qu and T = qupq»

T — T is trace class and using (2.11) with (2.4), for any s > 0, we obtain

| Tr(arctan(T') — arctan(7T))| = ‘ / EE: T, TYdw(E)| <s T =T|.

with

~ b
T — T fznﬁ /(w;tzyg(xl)z + witz’s(xJ_)Z)l/deJ_ 4.6)

b 1
< V(x1.x3)||sin (VAx3)|dxs dx .
< [ [ Vsl (Vs ds

R2 R

Then the claimed estimates work exactly as in [8, Proposition 6.1].
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Now, since

~

Wi wt
Tr(arctan(pq A pq)) = Tr(arctan(pq —epq)),

VA VA
by (3.15), we can proceed as in (4.4) and using a dominated convergence argument
we obtain that the main term in the asymptotic behavior is given by

dt o (- §)~m=T -
1+ 12 (€ -C) =42 cos(r/(m — 1)) €+ —T-),

1 N 2
;/((1—5)zﬁ) =
0

where we use known results for Beta functions. We conclude (4.2) by successively
taking the limits lim sup;, o, limg—¢ and limg_. m

Remark 4.2. One can verify that form > 3, wg € C'(S') and w € C'(R?) such that
w(x1) = wo(x1/|x1]) on {x1 € R? | |x1| > ro}, ro > O, the function V:R3 — R
defined by V(x) = w(x)(x)™™ satisfies the assumption of Theorem 4.1 with

W(x1) = w(xp)(xy )™ ! /(u)—mdu.
R

5. Application to cylindrically supported perturbations

Let us now consider potentials V' which are supported in a cylinder with axis B, the
magnetic field. Then W (defined by (3.4)) is compactly supported and we can apply
results of [4,9] when W is supported on a domain 2 C R2 or results of [24] when the
sign of W is different on two “well-separated” domains €2 and €2_. In this section,
a domain will be a connected bounded subset of R? (sometimes identified with C),
with Lipschitz boundary.

Some of the following asymptotics involve the logarithmic capacity introduced
in the framework of the potential theory. For & C R? a Borel set, and (&) the set
of compactly supported probability measures on &, the logarithmic capacity of & is
defined as Cap(€) := e~ 1) where

I(6):= inf In|x — y|"'dp(x)dpu(y).
©:= it [ [l dueduo)
& €&

A systematic exposition of the theory of the logarithmic capacity can be found, for
example, in [29, Chapter 5] and [19, Chapter II, Section 4]. In this section, we mainly
use that the logarithmic capacity of a Lipschitz domain 2 coincides with the logar-
ithmic capacity of its outer boundary (the boundary of the unbounded component of
R2\ ©) and with Cap(Q) (see e.g., [7, Proposition 5.6] or [6, Section 5.5]).
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For the first two results of this section, we say that a compact set K is encircled
by an open set €2 if there exists a Jordan curve I' C €2 such that K is contained in the
interior part of I' (see [4,24]). It is clear that if €2 encircles a compact set K, then we
have

Cap(Q \ K) = Cap(Q) = Cap(RQ). (5.1)

Here and throughout the section, yx denotes the characteristic function of the set K
and
C(RQ) := 1+ In (b Cap(RQ)?).
For the proof of the main results of this section, we shall need the following aux-
iliary lemma. For A > 0 small enough, we introduce the notations

Inp(A) :=1In|In k|, In3(A):=Inlny(R) 5.2)

Lemma 5.1 ([6, Corollaries 5.11 and 5.12]). Let T be a self-adjoint compact operator
having a finite number of negative eigenvalues and whose positive eigenvalues (Vi )y

satisfy
lim (k)% = €o/2, €o > 0.
k—o0

Then for € := 1 + In €y and for any constant ¢ > 0, we have, as A |, 0,

Lo 1/0nAl nAllng() | |InAl 1n A|
n(eVaiT) = 2<ln2(k) 2 T G1nz(x)Z> + 0(1n2(/\)2)’
and
1 T\ 1/lA  |nAllng@) | [Ind] 1n A|
7 e (m) = 1lmm o S 0(1112@)2()5'3)

With this auxiliary lemma at hand, we are ready to prove the first main result of
this section.

Theorem 5.2. Assume that V satisfies (2.8) and there exists a bounded domain
Q C R? such that supp V C Q x R. Assume also that there exists a compact set
K encircled by Q2 and o > 0 such that W(x) < —a forany x € Q \ K.

Then, for any q € Z 4, as A |, O, the spectral shift function satisfies

1<|1nx| LI AIns@) - (Inal (S(Q))—i—o( ITn Al )

2\In, (1) Iny(1)2 Iny(1)2 Iny(1)2
(5.4)

E(Aq_AQH,HO) = -

where Iny and Inz are defined in (5.2).
Moreover,

1/ 1nAl [nAlIns()  [InA| In |
é_l(lnz(/\) T o) 1n2(x)26(9)) + 0(1n2(x)2)‘
(5.5)

§(Ag + A H, Ho) = —
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Proof. As in Section 4, from (3.7), we know that the study of §(A, — A; H, Hy),
when A > 0 tends to 0, is reduced to that of 74 (v/A; pa(=WE)p,), forany e € (0, 1).
Let us denote by { v,f’q Jkez, the non-increasing sequences of positive eigenvalues of
Pg(=WE) pg. Under the assumption on ¥ and W, from the relation

£ . _
Wsﬂ:(XJ_) = W(xy) £ 5/(1 F esign V) 1|V|(XJ_,)C3)dX3,
R

we deduce that for ¢ small enough, there exists C > 0 such that

o
Cra = WD) = Sxawx

By [24, Theorem 1.1] (see also [4, Proposition 3.4]), the operator p, (—Wsi) Dg has

only finitely many negative eigenvalues. On the other hand, for the positive eigen-

values, the min-max principle combined with known asymptotic behaviors of the

eigenvalues of p, x5 pg and py Xa\k Pq (see [9] and [4, Proposition 3.7]) yields

bCap(Q \ K)?

b Cap(Q)?
limsup(k!vki’q)l/k < L) >

. liminf(k!wE )k >
k—>00 2 k—o00 ( k,q) -

From (5.1), we deduce

b Cap(2)?

li k! + \1/k — ,
dm (Klveg) 2

and (5.4) follows from Lemma 5.1.
For the result in (5.5), by using again (4.6) and that supp V C Q x R, we are
reduced to study

1 Wi, 1 W
;Tr(arctan(qupq)) = ;Tr(arctan(pqﬁpq)),
because
[/ |V (x1,x3)|| sin (vVAx3)|dxsdx) < «/X/ /(X3)_m+l dxzdxy.
R2 R QR

Since under the assumption on V, the compact operator p,(— Wsi) Dg satisfies the
hypothesis of Lemma 5.1 (with €y = b Cap(2)?), we deduce (5.5) from (5.3). ]

When the main contribution of W is positive, we have the following.
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Theorem 5.3. Assume that V satisfies (2.8) and there exists a bounded domain Q C

R2 such that supp V C Q x R. Assume also that there exists a compact set K encircled
by Q and a > 0 such W(x) > a forany x € Q \ K.
Then, for any q € Z +, the spectral shift function satisfies

E(Ag— A H, Ho) = O(1), A0, (5.6)

and

C1/(mA] [InAlInsd)  [InAl
_Z(lnzu) T2 (h)2 +ln2(k)26(9))+0<

[InA|
Iny(1)?

), 110, (57)

where Iny and Ins are defined in (5.2).

Proof. As in the previous theorem, the study of £(A,; — A; H, Hyp) when A > 0 tends
to 0 is still reduced to that of 14 (v/A; Pa(=WE)p,). By [24, Theorem 1.1] (see also
[4, Proposition 3.4]), we have that the compact operator p,(— Wsi) Dq has a finite
number of positive eigenvalues Then 714 (v/A; Pa(=WE)p,) is uniformly bounded
when A | 0 and we deduce (5.6).

The proof of (5.7) works as for (5.5). We just apply Lemma 5.1 with T'= p, Wsi Dq
instead of p,(— ng) pq (which explains the difference in sign in the asymptotic). =

In the previous results, even if the perturbation is not of defined sign, W has a
sign on the “external” part of its support. In the main contribution, governed by this
“external” part, the “encircled” part of the support of W plays no role. Let us now
give a result when the negative part and the positive part of the effective potential
W contribute in the main term. It is for a compactly supported potential with “well-
separated” supports of positive and negative contributions (a 3-D analogue of [24,
Theorem 1.2]).

Theorem 5.4. Assume that V satisfies (2.8) and there exist Q4, Q_, two compact
domains in C (with Lipschitz boundaries) such that

(1) the closed convex hull of Q4+ and Q2— are disjoint;

2) suppV C (24 UQ_) xR;

(3) W defined by (3.4) satisfies

W(x1) = wi(x)xe, (x1) —w—(x1)xe_(xL)

with ws € L®(R?), and on Q+, w+ > « for some a > 0.
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Then, there exist constants 0 < § < A < 1, such that for any q € Z 4, the spectral
shift function satisfies

1 |InA| .
21y & T o) = —E(Ag — A H. Ho)
1 |InA|
= iy A FoW). A0, (5.8)
and
1 |InAl /1 |
21ny(A) (5 A+ 0(1)) < &(Ag + A H, Ho)
1 |InAj
= 2Im(h) ("_‘SJr (1)> ALo. (59

Proof. As in the previous theorems, the study of £(A,; — A; H, Hp) when A > 0
tends to 0 is reduced to that of n_(+v/A; PaWEp,) = ny (VA Pe(=WE)p,) and
for (A4 + A; H, Hy) we must analyse

1 wE
= Tr <arctan ( Dq ﬁ pq)>
= —/n+(t\/_ PaWipg) —n— (tVA; ququ)l -l-l‘z’

with
ng(xL) = W(xy) £+ g/(l F esign V)_1|V|(xL,x3)dx3.

We easily check that for ¢ sufficiently small the assumptions on W are still true for
WsjE (possibly by changing « by «/2). Then from [24, Theorem 1.2], we have the
existence of constants 0 < § < A < 1 such thatass | 0,
| Ins|

(8 + o(1)) < n_(s: pgW,E py) _—( +o(1)). (5.10)

|1S|
na(s) 2(5)
| Ins|

Ins
| ' (1= A+ 0()) < ns(s: pa Wi pa) < L1 5 40(1). (5.11)
Iny (s) 2(s)
We deduce (5.8), and for (5.9) we conclude by using the idea of the proof of
Lemma 5.1. More precisely, by using that the counting functions s — n4(s, T) are
non-increasing, A | 0, we have

o0

0= [neuvEip W < na (AT pgW, pq)/th,

[InA|~1 (A1
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and
o [ A~ I1n A
In
/ni(t«/_ pWE pq)1+t2 = /ni(f\/— PaWe* Pq)1+t2 +0(ln2(/\))'
0 0

Then (5.10) and (5.11) imply

[InA|~1
1 [InA] i
—_ 8 1 —
T @0 = = [V p W)
0
1 [In Al
< Gy (& -+ o)
1 [InA] A
n
- 1—A 1 — +
Ty (1= A +o() = /n+(t~/_ PWEP)
1 |ln)L|
= iy (8 o).
and we deduce (5.9). ]

Remark 5.5. From [24, Theorem 1.3], we know that if, in the previous result, €24
and Q_ can be interchanged by an euclidian motion in C, then § = A = % In this
case, the lower and upper bounds of (5.8) coincide while the main contribution of (5.9)
vanishes, and we obtain

nA

E(Ag— i H, Ho) = — “(A')( Lo, A0,
A

E(Ay + A: H, Ho) = 0(1|111:()L|))’ Alo.

As shown in [24], the constants § and A come from the spectral bounds on an auxiliary
operator for two-dimensional Bargmann—Toeplitz operators. Their optimal values for
more general domains €21 remain an open problem.
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