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Construction of Toda flow via Sato—Segal-Wilson theory

Shuo Zhang, Shinichi Kotani, and Jiahao Xu

Abstract. A Toda flow is constructed on a space of bounded initial data through the Sato—
Segal-Wilson theory. The flow is described in terms of the Weyl functions of the underlying
Jacobi operators. This is a continuation of the previous work on the KdV flow.

1. Introduction

The Toda lattice introduced by M. Toda in 1967 is a simple model for a one-dimen-
sional crystal in solid state physics, and it is known to be one of the earliest examples
of a non-linear completely integrable system. Originally, it was an infinite-dimen-
sional system of equations

Palt) = e~ an(—=dn—1(1)) _ e_(Qn—H(t)_‘In(t))’
C]n(z) = pn(t),
with n € Z, and later it was rewritten in an equivalent form

an(t) = an(t)(bn(t) — by—1(2)),
bu(t) = 2(an11(1)% — an(t)?), (1.1)

by Flaschka variables
L@ -an-1)/2 !
an(t) = et —an=1 o ba(t) = =< pa(?).
2 2
This version is useful because it relates the Toda lattice with a Jacobi operator
(Hqu)n = Apt1Unt1 + ApUpn—1 + byity,

where a, > 0, b, € R, and ¢ = {a,, by }nez. The remarkable fact here is that if the
coefficients ¢ are replaced by a solution g(¢) = {a,(t), b, (t)}nez to (1.1), then the
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arising Jacobi operator H, () and the initial Jacobi operator Hy gy have the same spec-
trum. Flaschka discovered in 1973 that H, ;) satisfies the following operator equation:

d¢Hygy = [P(1), Hy)l(= P(1)Hgy — Hqey P(1)) (1.2)
with a skew symmetric operator P(¢)
(P(Ou)n = an+1(Oup+1 — an(Oup—1,

which establishes the unitary equivalence of H, ;) and Hy ). If P(¢) is replaced by
other suitable skew symmetric operators, we obtain infinitely many solutions to a
hierarchy of non-linear equations by (1.2), which is called Toda hierarchy. The pair
{Hy@), P(t)} is called a Lax pair and the operator H ;) is the underlying operator for
this hierarchy of equations. There are many works treating Toda hierarchy and main
results obtained in the last century can be found in the book by Teschl [7].

Recently, in 2018, another point of view for the Toda hierarchy was introduced
by Remling [3] and Ong and Remling [2]. Remling considered the Lax equation in a
form

ath(t) = [Hq(t)7 P(Hq(t))a]

with real polynomial p, where X, for a self-adjoint bounded operator X on £2(Z) is
defined by

Xy ifj <k,
(Xa)jx =40 if j =k, with X = (8. X&) (1.3)
—Ajk lf] >k,

He introduced a notion of cocycles or transfer matrices which map Weyl functions
for Jacobi operators to Weyl functions. This notion played a crucial role in the study
of spectral problems for ergodic Jacobi operators, so it is expected that the cocycle
property of the Toda flow is also significant to investigate global behavior of solutions
to the Toda lattice. Remling and Ong expanded the Toda hierarchy from polynomials
to entire functions preserving the cocycle property.

The purpose of this article is to apply Sato’s theory and provide another approach
to the study of the Toda hierarchy. In 1980, Sato [4] obtained solutions to many integ-
rable systems by constructing flows on an infinite-dimensional Grassmann manifold.
Later, in 1985, Segal and Wilson [5] interpreted Sato’s theory by Hardy space on
the unit circle of the complex plane C. They considered Grassmann manifolds on
L?(|z| = 1) consisting of closed subspaces which are invariant under multiplication
by z”, and they showed the KdV hierarchy is obtained when n = 2. Segal and Wilson’s
approach was employed by Kotani [1] to construct general non-decaying solutions to
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the KdV equation including many almost-periodic initial data. In the present article,
we apply Segal-Wilson’s method to the Toda hierarchy by following Kotani’s work.

For the KdV case, z? was employed as the spectral parameter for Schrodinger
operators, which are the underlying operators for the KdV hierarchy. In the Toda case,
we use z + z ! as its spectral parameter since {z" },cz forms a system of generalised
eigen-functions for the discrete Laplacian #,,+1 + u,—1. The bounded domain D in
C which is fundamental in the following argument is chosen so that it satisfies

D, 3z -z, Ze Dy (Zdenotes the complex conjugate of z),

(1.4)
D contains the spectrum of Jacobi operators.

Throughout the paper, we assume the spectrum sp H, of a Jacobi operator Hy is
bounded, which is equivalent to the boundedness of the coefficients ¢ = {a,, b, }nez.
Let

p(z)=z+z71,

If sp H; C [—Ao, Ao] holds for Ag > 2 ([-2,2] is the spectrum for the discrete Lapla-
cian), then

Sho = ¢ (Ao do]) = {lz| = U [~ U7 4]
with £ = (Ao + \/)koz — 4)/2. Therefore, D4 should satisfy
EAO C Dy.

Since D is bounded, the origin 0 is not an element of D, otherwise the symmetry
in (1.4) implies oo = 0! € D . We denote
C = 0Dy (the boundary of D;), D_=C\ (DL UC),

C = Cy U C, (Cq is the outer curve and C, is the inner curve of C),

and assume C;, C; are closed smooth simple curves. The figure below is a typical
example:
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Denote
D_ = D! uD? (2disjoint domains),

where D! is unbounded and D? containing 0 is bounded.
The basic space is the Hilbert space L2(C), which is a direct sum of 2 closed
subspaces H:

H, = L*-closure of {all rational functions with no poles in Dy},

all functions f* on D_ such that f|,; are
H_ = L*-closure of { rational functions with no poles on D/
for j =1,2and f(z) =o0(1)as z — o0

The Hardy space H is generated by {z"},ez, and

" withm < —landn > 0,

) z™ forz e D!,
r(z
z forzeDz,

is an element of H_. The projections p+ from L?(C) onto H4 are obtained by

A
h+ )z )——/ /1 )d)L forz € Dy,
A
(D—f)(Z)=%/%dk forz € D_,
C

where the integrals on C are defined by

/f(k)d)k =/f(k)d)t+/f(/\)dk.
C C C
(' is oriented anti-clockwise and C, clockwise. It is known that py are bounded on
L?(C) (see [8]) and satisfy
pi =p+, Pt +p- =1 (theidentity operator on L*(C)).

In our Toda case, the Sato—Segal-Wilson theory is performed on a Grassmann mani-
fold Gr"® consisting of closed subspaces W of L2(C) satisfying

P )W C W. (1.5)
Additionally, we assume also the comparability of W with H, that is

p+: W — Hy is bijective. (1.6)
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Generally, a bounded vector function
a(A) = (a1(1),a2(1)) onC

gives such W by
Wao=aH, ={au;u € H,}, 1.7

where the product au is defined by
(au)(A) = ar(MuR) + az (WA u@( ™).
The invariance ¢(A) = ¢ (A1) implies
P (@au)(R) = a1 (M) (¢u)(A) + a2 (WA~ (guw)(A™H) = (a(pu))(A),

hence ¢ Wy C W, holds due to ¢ H4 C H4, which shows (1.5). Moreover, defining
an operator on H4 by

T(a)u = py(au) foru e Hy,
one sees that the property (1.6) for Wy is equivalent to
T(a): Hy — Hy is bijective.

The operator 7' (a) is called a Toeplitz operator with symbol a. Hereafter, we consider
W, instead of a general W.

Sato introduced the tau functions to represent his flows on a Grassmann manifold.
In our context it is defined as follows. Set

A(C) ={a = (a1.a2) : sup [a(D)|| < oo},
reC
A™(C) ={a e A(C); T(a) is invertible on H},

with ||a]| = +/|a1]? + |az2|? and a group T acting on the space of symbols

g = re” ; r is a rational function with no poles nor zeros in Ao
"~ \and £ is analytic in a neighbourhood of X Ao '

I" acts on A(C) by
(ga)(A) = (g(M)a1 (), g(A)az2(2)) € A(C),

but not necessarily on AI™(C), since the invertibility of T'(ga) is not trivial for a €
A"™(C). The domain D for each g € T is chosen so that g has no poles nor zeros
in D (the closure). Fora € A™(C), g € I define

ta(g) = det(g™' T(ga)T(a) ™).
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Since g7 1T (ga)T (a)~! — I is a trace class operator on H (refer to Lemma 7), one
can define 7,(g). For g = a rational function, this fact can be explained as follows.
For g € "'and a € AI™(C), observe

T(ga)u = py(gau) = p4(gp+au) + p+(gp-au) = gT(ga)u + p4+(gp-au)

for u € Hy. If g = g¢ (where g¢(z) = (1 — {7 'z)7!) for ¢ € D_, the last term
becomes

A
p+(gep—au)(z) = 37 / @ _(Z)Zlfti( )ll)d)k

= (p-au)({)q¢(z) forz € Dy,

which says that the image of the operator p(g¢p—a-) is spanned by a single {g¢}.
Similarly, for any rational r =} _, _ j<nTiq¢; €T, theimage of py (rp-a-) is spanned
by {g¢, }1<j<n- Thus, the operator r~1T(ra)T(a)~! — I has an n x n matrix repres-
entation:

(rpp-@T @) 4e) () 1<ij<n-

The details can be found in Section 4.

Since we are trying to construct the Toda flow on a subclass of A™(C), the prop-
erty ga € A™(C) is crucial and this is satisfied if and only if 7,(g) # O (refer to
Lemma 8). Therefore, it is one of the main issues in this paper to find a class of sym-
bols a satisfying 7,(g) # 0 for sufficiently enough g € I'. Since we are interested
only in real valued solutions, we assume a = a, where the conjugation f_ is defined
by

f@) = f@).

Then, it is easily seen that 7,(g) € R ifa = a and g € [, with
Frealz{ger; g:é}
Iear is endowed with the metric

dcy (g1, 82) = sup [g1(4) — g2(1)],
reCy
where Cy is a simple closed smooth curve surrounding X;,,. If 74(z") > 0 holds for
any n € Z, then the coefficients {a,(a), b, (a)},ez are obtained by

n—2) n 82)

Ta(z"e
Ta(z"1e7) le=0"

ta(z")a(z

NG b,(a) = 9, log
a

an(a) = (1.8)
This formula resembles with the conventional representation of {a,, b, }nez by the

moment problem, but the present one is a representation on the whole Z.
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Set
Qi =19 ={an.bp}nez : an > 0,b, € Rand sp H; C [-Ao,Ao]}

and let m be the Weyl functions of H, (see Appendix A). Q,,, is endowed with the
metric

d(g1.q2) = Y _ 27" (jal) —a@| + bV = bP)).  where g; = {a{. b ez

nez
The property sp H; C [—Ao, Ao] implies
A = | Hgdn > = an + ag .y + by,
which shows ay,, |b,| < Ao uniformly. Define an analytic function m on C \ X, by

@) z+z Vv aimy(z 27 ifzeC\ X,,and |z] > 1,
m(z) =
—aim_(z4+z7") + by ifzeC\ X,,and |z| < 1.

It is known that g is completely recovered from m. If we define a symbol m,

zm(z)—1 Lz —m(z)>
7Z 9
z2 —1 z2 -1

m(z) = (

we will prove that 7 (g) > 0 for any g € O, and g € 'y in Section 8. Then, one
can define g(gm) = {a,(gm), b,(gm)},cz by (1.8). g(gm) € Q,, is also shown if
m is generated by {m4+,ag,a,bo} of g € Q,,, hence one can define

Toda(g)g = q(gm) € Oy, forg € Qy,.
Our main theorems are as follows. Theorem 2 is a restatement of Proposition 3.
Theorem 1. {Toda(g)}ger,., defines a continuous flow on Q.

Theorem 2. For a real polynomial p, the coefficients q; = Toda(e_z“a )q solve the
Cauchy problem of the Toda hierarchy

d:Hg, = [Hg,, p(Hg,)a]  with qo = q,

where p is the polynomial part of p(z + z~V) and (-), denotes the anti-symmetrization
of an operator -. Especially, if p(z) = z, Toda(e~2'%)q provides a solution to the Toda
lattice.

These theorems imply that one can construct the Toda flow on the space of
bounded initial data {a,, b, }nez, and the group I, is more general than entire func-
tions treated by Ong and Remling [2]. One can define the cocycles for the present
flow.
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One of the advantages for this construction is the possibility to extend the flow to
a flow on an unbounded initial data {a,, b, }nez. For this purpose, one has to replace
the domain D4 with a domain containing R U {|z| = 1} and trace the whole argument
below. This extension is indeed possible and we have constructed solutions with initial
data of power growth less than 1. This will be published in another paper.

2. Basic properties of W,

For a bounded vector symbol a on C, the space W, is defined in (1.7). In this section
we show basic properties of W, for a € AI™(C).
Define
Rf(z) =271 f(z71).

Since C is invariant under the transformation z — z~!, R acts on functions on C. We
have the following result.

Lemma 1. The identities
p+R = Rp+ on L*(C), T(a)R = RT(a)on Hy

are satisfied, where a(A) = (a1 (A1), ax(A™Y)). In particular, this implies that a €
A™(C) ifa € A™(C).

Proof. For f € L?(C), note

/f(rl)dx =/f(x—1)dx+/f(r1)d,\
C o C
— / FOA2dA — / F)AT2dA

- / FOIA2dA.
C

Then one has

1f (A 1) o 1 S
b4 (RN)() = / = [ i = koo
2ni ) A—z
C
The second identity follows from a R = Ra and the first identity. ]

Fora € A™(C) and n € Z, define a sequence of functions of H_ by

oM (z) = p_(aT(a)"'z") € H_.
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Lemma 2. (p(") fora € A™(C) satisfies the following identities:
() o (z2) = 71D (Y,
(i) (z+ Z_l)(Zn + (pz(l")) ontl g0(”"r‘1) e (ﬂ(n 1)

+o; PO+ 07 + i O + o).
(i) shows that linear combinations of {1 + go(o) T+ (pz(,_l)} generate W,.
Proof. Lemma 1 implies

o = p_(aT(@)"'z") = p_(ART(a) ' R™'z") = p_(RaT(a)"'z"")
= Rp_(aT(a)"'z7"7") = Ry,

which is (i).
To show (ii), first note z* + <p§. € Wa, hence (z + z71)(z" + 90(")) € Wy is
satisfied. Now, decompose this quantity into elements of Hy, namely

C+zHE"+ o) =u+v
with
u=z"" 4y lim Z(p;”)(z) + (p(")(O)z_1 € Hy,

v = Z(pf‘”)(z) — 11m z<p(”)(z) +z 1(ga(”)(z) — (pz(l")(O)) c H_.

Here note due to (i),
hm Z(p(”)(z) = (pa "_1)(0).

The above u € H has the origin in W, of
2l 42 4 oD TR O)(1+ ) + D0V + o),
hence the bijectivity of p4: Wy — H4 implies identity (ii). u

Set

A+ oQONC+ o5 PEM) = A+ e @NE + 08P (©)
{—¢! ‘

Later, we will need the non-vanishing of A, ().

Aa(f) =

Lemma 3. A,(¢) # 0 holds fora € A™(C)and ¢ € D_.
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Proof. Setug = T(a) '1,u_; = T(a)"!'z~!. Since

0) _

¢a’ = p—(auyp), %(._1) = p—(au_1)

holds, one has
aug(z) = 1+ ¢V (2). au_1(z) =z + ¢V (2).

Hence, observing that 7 (z) = (¢ — z)7}(¢ — z71) 7! satisfies 7 (z) = r(z™'), we have
a decomposition into H4:

arug(z) = raug(z) = r(z)(1 + (p(o)(z))
(¢ 0@ - e a‘”(z)—soé")@—l))
C-zHC-2 = HE-2)

0) ©) /e—1 0) 1
oQ© - 1400
e o)

which yields

(0) 0) r+—1 ©)s—1
O W W
F@ro® = e ene—n " E-n@E-

_(_11+<o(°)@ H 1+¢(°)<c)) 1

i e e

Similarly, we have

bt ”@ D)

¢+ ol “(o) 1

If we regard —¢ (¢ — z) ™! as the unknown in these two identities, one obtains
T@E + ol D = (1 4+ 60 Dy = 2

If Aa(¢) = 0holds for some ¢ € D_, then

C+ e o = 1+ 97Ny =0
follows. Applying 7' (a) yields

C+e @) - U+ el =0,

which implies

C4+os P =1490@ " =0,
Similarly, one has {1 + (pa 1)(é‘) 1+ (p(o) (¢) =0.Hence, T (a)rug =0and up =0
follow. But this implies 1 = T'(a)uy = 0. ]
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Assuming z"a € A"(C) for any n € Z, we define
fo =aT(z"a)"'1 € W,.
Then, one has the following result.

Lemmad4. 1+ (pig)a (0) # 0 is satisfied for any n € Z and { fn }neyz satisfies a recur-
rence relation

0
1+ 9%, (0)

0) + fn—l - (Z + Z_l)fn.
LoD,

—1 -1
forr + (057 (0) — 20

Proof. Observe
" f, = z"aT(z"a)"'1 —l—l—go(o)
Moreover, z” f, 41, 2" fu—1 € Wzna have decompositions into H4:
g =2 A0 O) + 27 @, — e (0)
2" famr = (2 4+ lim zp0) (2) + (o5, — lim z¢5) ()

=(z+ ¢< ” -(0) + (z¢ 01, — 9S2-(0)).
Therefore, we have the identities

ann = 1 +(p£(’)7)a’
2 fusr = (L4080, () + o5, @1
=24+ 00+ <p( 2 -(0)(1 + P

If1+ go((,’,)Jrla(()) = 0 for some n € Z, then the second identity implies

0
1+ goin)-i—la = fn+1 = Oa

which shows ¢, = —1. This is impossible since (p( ) e H_and—1¢ H,y,
Pyontig ntlg

hence 1 + (p(O) 0 0 holds for any n € Z. Applylng Lemma 2 (11) forn = 0 and
zntla
z" a, one has

1)

24 gl = 42 =520+ D) = (1 + D, 0)E + 5.

This, combined with (2.1), completes the proof. ]
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3. A subclass M(C) of A™(C)
The invertibility of 7'(a) is crucial since it is equivalent to the non-existence of singu-

larities of the flow. In this section we introduce a subclass M(C) of A"™(C).
Let M(C) be the set of all symbols m = (m, m») satisfying

m; is analytic in a neighbourhood of D_, and mj =m;jforj =1,2, (3.1a)
m1(0) = m1(0) = 1, m2(0) = m»(0) = 0, (3.1b)
m1(2)iii1(z) — ma(2)fiz(z) # 0 on D_, (3.1¢)

where f(z) = f(z7'). Form = (my,m3),n = (ny,n,) € M(C), define
m-n = (mny + mofip, MmNy + maiy).

Since we have

(m-n);(z)(m-M)1(z) — (M- n)z(2)(MM)2(2)

= (m1(2)my —mainz)(n1iiy — nanz) # 0,
clearly m - n € M(C) is satisfied. One has the following result.

Lemma 5. M(C) is a group by the operation m - n, whose identity 1 is (1,0) and
inverse is

m ! =

( nmi —my )
mifiy — maify” mymy — maiiy /)
Form, n € M(C), it holds that

T(m-n) =T(m)T (n), 3.2)
and hence M(C) C A™(C).

Proof. The associative law and the form of the inverse are clear. Identity (3.2) is
verified as follows. Let m = (m,m3) and n = (ny,n,) € M(C). Then, ny H_ and
np, H_ C H_ are satisfied, hence, foru € H,

p+(minju) = py(mipnju) + p(mip-_n;ju) = py(m;pynju)
holds for i, j = 1, 2, which, together with p4, R = Rp4 implies

Tm)T(m)u = py(mip+(miu + nyRu) + myRp4(nju + naRu))
= p4+(mi(niu + naRu)) + p+(m2R(nyu + naRu))

= p+((m1n1 + I’I’lzflz)u + (m1n2 + I’I’lzfll)RM) = T(m . n)u,

which shows (3.2). [ ]
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(o5, 0} is computable for m € M(C).

Lemma 6. Form = (m1,m;) € M(C), it holds that

z +§0m1)_z my + my, 1+(p(o)—m1+mzz L

Proof. Generally, for m = (my,m,) € M(C), one has

-1

T(m)l = py(my +maz™") =14+ my(0)z7" =1,
Tm)z ' =pr(miz~ ' +my) =m(0)z' =271,

which implies
Tm)'1=1 Tm)z7!1=:1

Multiplying m on both sides gives the conclusion. ]

4. Tau functions

The tau function is a key notion in Sato theory. In this article this quantity is used to
examine ga € A™(C) for g € T and to express the Toda flow.

Recall that the domain D4 is chosen suitably so that D contains neither poles
nor zeros of g € I'. We have a new symbol ga for g € I', a € A™(C). However, we
do not know if ga € A™™(C) holds or not; namely, the invertibility of T'(ga) does not
always hold, which is certified by a Fredholm determinant det(g~'7 (ga)T (a)™!) if
it is well defined. For this purpose, we define

Sau = p—_(au) foru e Hy,
Hgv=pi(gv)F forve H_.

Note that forv e H_and z € D,

1 g()t)v(/\)dk _ /(g(l)—g(Z))v(l)
2mi

Hgv(z) = d, 4.1)

27i A—z A—z
C

which means Hg has a smooth kernel.

Lemma 7. For any bounded symbol and g € T, one has
T(ga) = gT(a) + HgSa,

and Hg Sa is of trace class.
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Proof. Observe gu € H, foru € H,. Then, for u € Hy, one has
T(ga)u = p+(gau) = p+(gp+au) + p+(gp-au)
= gp+au + py(gp-au) = gT(a)u + Hg Sau,
which shows the identity. Let A be the Laplacian C. In the identity
He = (I — M) — A)Hy.

(I — A)~!is a trace class operator on L?(C) and (I — A)H, is a bounded operator
from H_ to Hy due to (4.1), the operator H turns to be of trace class. Since Sy is a
bounded operator from H to H_, we have the trace class property of Hg S,. |

Lemma 7 implies that for a € A™(C),
g ' T(ga)T(a)™ =1 +g 'HgSaT(a)™",
and the second term is of trace class. Then, the tau function can be defined by
ta(g) = det(g™'T(ga)T(a)™)).
Tau functions satisfy several properties.

Lemma 8. Fora € A™(C)and g, g1, g» € T, it holds that
(i) ga € A™(C) holds if and only if Ta(g) # O;
(i) ta(g) = 13(2) (note that a € A™(C), due to Lemma 1);
(i) if ra(g1) # O, then

Ta(£182) = ta(81)7¢,a(82) (cocycle property);
(iv) if g1 satisfies g1(z) = g1(z™ 1), then one has ta(g1) # 0 and
a(g182) = Ta(g1)7a(82).

Proof. (i) follows from the property of Fredholm determinant (see [6]). Lemma 1
immediately implies (ii). To show (iii), assume 7a(g1) # 0. Then, (i) implies that
T (g1a) is invertible. Then, the properties of determinant show

ta(g182) = det(g; 'g1 ' T(g1822)T(2) ™)
= det(g7' g5 T(g2818)T (1) " g1(g7 ' T(g12)T(a)™))
= det(g; ' T(g2812)T(g12) ") 7a(g1) = ta(g1)Tg,a(g2),
which is (iii). Suppose that g{(z) = g1(z~!) holds. Then, the identity g;au = ag u
implies
T(g1a) =T(a)g1. T(g2g1a) = T(g2a)g1,
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which shows g;a € AI™(C) and
Tg1a(g2) = det(g; ' T(g281a)T(g1a)~") = det(g; ' T(g22)T(a) ™) = 1a(g2).
This, together with (iii), implies (iv). [ ]

7a(r) for rational functions r € I" can be expressed by {%(‘0)’ goé

1)}. Here, we
compute 7, (r) in two simple cases. For { € D_ set

gr(z)=(1—¢'2) e
Then, for a € A™(C) one has the following result.
Lemma 9. The following statements hold:
(i) ) = 1+ ")
and

G+ o+ 0P (2)) — (1 + 0L @) & + o (2))
& -G '

(i) 7algs9s,) =
Proof. Recall the identity

g 'T(ga)T(a)™' —1 = g 'Hgp_aT(a)”’
of Lemma 7. For g = q; and v € H_, one has

g (Hg,v)(2) = q¢(2)7" v(A)dA

1 ¢
ZE/kA—@@—A)
C

v(§) = v(D),

— )

hence
q; 'T(qza)T (@) 'u —u = q; ' (Hg,p-aT(a)"'u) = (p-aT(a)"'u)(¢)

holds for any v € Hy, which shows q;l T(q¢a)T(a)~! — I is arank 1 operator with

image constant times 1. Since p_aT(a)~!'1 = %(‘0) , one gets (i).

For g = g¢, q¢,, note that

(qé'lqé'z)(z) = QEz(é‘l)QEl (Z) + qe, @‘2)6]{'2(2)

Then, one has

Hyp g,V = 45, (§1) Hy v + g5, (82) Hy v = q5, (C0)v(E1) g, + g2, (82)v(82)qz,.
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and (q¢, qu)_lT(q&1 q;za)T(a)_1 — [ is a rank 2 operator with image spanned by
{95,145, Since

{v1 =p-al@ 'q;' =¥ — 70V,

v =p-aT(@) g = ol — & oV,

setting a; = 1 +cp(0)(§j),bj =¢ —{—(pa )(é‘]) for j =1, 2, one has

1+ q¢,(82)v1($2) 4z, (§2)v2(82) )
qe, (CDv1(C1) 1+ gg,(E1)v2(81)

C1az — by Ci(az — & 'bo)

ta(9s,9s,) = det(

_ ¢1—08 §1— &
| Gatar — g7 by) $ray — by
=0 {2 — 8
_ a2b1 —a1b2
-6
which is (ii). [ ]

Later, we will need the continuity of 7, (g) with respect to g € I since we approx-
imate g by rational functions.

Lemma 10. Assume g,, g € U are analytic and have no zeros on a fixed neighbour-
hood U of D . If g, converges to g uniformly on U, then Ta(g,) converges to ta(g)
fora € A™(C).

Proof. Suppose g1, g2 € I' are analytic and have no zeros on U. Then trace class
operators A; = g ngj SaT(a)~! (j = 1, 2) satisfy (see [6])
|det(I + Ay) —det(I + Az)| < [[A1 — Az|l1exp(1 + [[A1]l1 + [ A2]1)

with trace norm || - ||;. Observe that

IAy — Azlly < g7 Hg, — &5 He, 11 1Sa T (@) 7|
<ci(lert — & I Hg Il + llgs 11 Hgy — Heo ll1)

holds with the operator norm || - || and ¢; = ||SaT(a)~!||. Since we have the estimates

lgr" — 82"l < llgr '8z wllgr — g2llu.
1Hg, — He,llh < (1 = D)W (I = A)(Hg, — Hgy)ll < e2llg1 — g2l
1Hg Il < (1 = M)W = A)Hg, || < e2llgallu-

with ||g|lu = sup,cy |g(2)] and some constant ¢, depending only on U, the conver-
gence of Ta(gn) —> Ta(g) is clear due to 74(g,) = det(I + g, Hg,SaT(a)™1). m
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5. Derivation of Toda hierarchy

In this section we show that the symbols A™(C) and the group I" generate Jacobi
operators and Toda lattice under some conditions on symbols.
In view of Lemma 4, assuming z"a € A™(C) for n € Z, we define

L+, (0)
ay =~ —2Z2 (5.1a)

V14 (0(0) (0)

bn = 05 (0) — 9Tl (5.1b)
gy = aT(z"a)~ 'l (5.10)
V14690
where ,/- is taken arbitrary.
Lemma 11. The coefficients in (5.1) can be expressed by tau functions as
= —Ta(:a n(;)_rj‘)(fn), by = 0, log —Tz*(‘z(z_?;_'_)l) Ly (5.2)
and g, satisfies
Ant18n+1 + Angn—1 + bugn = (z + 27 Hgn. (5.3)

Proof. Equation (5.3) follows from Lemma 4 without difficulty. Lemma 9 (i) implies
(setting £ = 0)

2 _ 1+¢§?1) 120 a1,z (@) 1a(2")

1+0Q 0  wmalE)  wEh)?

In the last equality, Lemma 8 (iii) was used.
(i) of Lemma 2 shows

_ n -1)—1

gpg-nvl)(()) = hm (P o )(8) = hm &~ (p(O) (e” ) M
z"a —>0 &

i " qsfl)—fa(z )
1m

=0 eTa(2")

= 0 l0g Ta(2"q—1)e=0,

which completes the proof. |

The last derivative can be replaced by 9, log 7 (2" €%%)|c=0, since g,—1(z) — €% =
O(£?). In this way, one can derive a Jacobi equation (5.3) from z” € I" and a €
A™(C) under the condition z”a € A™™(C) for any n € Z. Usually, Jacobi equations
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are considered for real coefficients a,, b,, and later we restrict ourselves only in the
real case.

For a polynomial p, let p be the polynomial part of p(z + z~1). Assume z"e’?a €
A™(C) forany n € Z and t € R. Define a second order difference operator L, by

2
=a? + + vy
(Lav)n = ay41Vn+1 + buvn + vp—1
with a,, b, in (5.2), and set
fult,z) = aT("e'Pa)™ 1.

Then, Lemma 4 implies

(Lopaf) = (z+z7)F.

hence
P(Loipg)f =pz+z")f.

We decompose p(Ljy) into 2 parts p(La)4+: Define coefficients «;, by

(p(La)v), = Zainviﬂ with k = degree of p,

—k<i<k
and set
(P(La)4V)n = Y CinvVitn, (p(La)-V)p = Y CinVitn.
1<i<k —k<i<o0
Lemma 12. L, ;, satisfies an operator equation

8tLe’f’a = [Leff’m p(Letﬁa)—]- 5.4

Proof. Since H is generated by {z"},ez, one has Hy = H} & H? (direct sum)
with
Hi = linear span of {z" }, >0, HJZr = linear span of {z" };,<o.

Observe that, for any integerk >0, f € H_and z € D,

k I O S A P U A (0
WG ME =5 [ L an = [ 218
C Ci

d\ € Hy,

holds, since A¥ f(A1)(A — z)~! is analytic in D2 (inside of C5). Then, we see that
p+(zX ) € HL. Since

(0)
zhelPa

(z) with go(o) € H_,

zhelPa

2" f(t.z) =14 ¢
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one has

p+(pze'? fu(t.2)) € HY.
Similarly, p4((p(z + z71) — p)z"e'? f,(¢,z)) € H2 holds. On the other hand, if
k < n, then

2"e'? fi(t,2) = 2K fi(t,2) = 2 THU 4+ 905, (),

zkelPa
hence
p1z"e"P(p(Lytpg)—fInlt.2) € HY,
and similarly, p+z”e’ﬁ(p(Le,ﬁa)+f)n (t,z) € Her hold. Since
PLeia) f = Bf + (pE+27") = p)f = p(Lopg)—f + P(Lotig)+ .

one sees

p+z"pe'? fu = p1z"e P (p(Lotpg)—fn-
Noting that p4z"e'? f,,(t,z) = 1 implies

0= dp+2"e'? fu(t,2) = p12" pe'? fo(t,2) + p+2"e"P0; f (2, 2),
one has
p'f‘znetp(atfn(t7 Z) + p(Letf)a)—fn(t7Z)) = O
Since Znetﬁ(alfn([?z) + p(Letﬁa)—fn([’Z)) € Wz”e‘f’a and P+: Wz”e‘ﬁa g H+ is
one-to-one, this implies
0 fu(t.2) = —p(Loipg)-fn(t. 2).

Since

0t(Lotpaf) = (0tLoipg) f + Letng0r f
and (L5, f) = (z + z71) f hold, one has

(0t Loipg) f = (2427181 f — Lotpadi f

~P(Lotpg)—(z+ 27 f + Lotpgp(Letig)—f
= _p(LeIﬁa)—Letﬁaf + Le’f’ap(Letﬁa)—f
= [Le’f’a’ p(Letﬁa)—]f

If we denote the coefficient of the deference operator ;L 15, — [L,i55, P(Lotpg)—)

by ajk, then we have
Zajkfk(t, z) =0 in W, for each fixed ¢,
k

where the summation is finite for each j. Since Lemma 13 below implies that
{ fx(t,")}k is linearly independent in W,, one has o = 0, which yields (5.4). ]
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Lemma 13. For a symbol a, assume z"a € A"™(C) for any n € 7 and set
up, = T(z"a)"'1, u™ =T() 2" e Hy fornel.

Then, there exist constants {c:j}ls j<k {Cj}—k=j <o such that

Zc,':ju(_j) ifk > 1,
<k
Up = 1<j< with ¢, # 0, ¢ = 1, (5.5)

Zc;ju(‘i) ifk <0,
k=<j=0
which implies {uy }nez and { f, = au, }nez are linearly independent.

Proof. For k > 1, observe

lk
1 =T(*a)uy, = / P auk(k)d/\ + X T (@)uy
2mi
c

= sz 1= f /A’auk(l)d)t-i-sz(a)uk
c

0<j<k—1

Multiplying by 7' (a)~'z7*, one has

T 'z*= > (%/Ajauk(k)dk)T(a)_lz_l_j + ug,
C

0<j<k-1
hence
1 1 ) _
g = (1 S Ak= lauk(/\)d)t) (%/Mauk(x)dx)u(—ﬂ
§ l=j<k—1 c
1
1— — [ A laue(Mdr if j =k,
2
= Zc:ju(_j) withc]jiz 1 ¢
1<j<k ’ ——_//\j_lauk(/\)d)t ifl <j <k.
271
C
Here,
b /\d)t—)tl D ydr = -9 (0
5 “laug(M)dA = I+ ¢, (1) ()
C
holds, hence
Ta(zk_l)

e =1+ 00(0) = r4,(z7") = £0

Ta(Zk)
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Similarly, for k <0,

1 faAk—z*

27 A —
C

1 : :
-y (_'//\J—kau_k(k)dk)z_l_f + 2% T @)u_y
27
C

1 =T au_, = au_r(M)dr + z *T(a)u_y

holds, hence one has

a=u®+ ) ( /A’ “Fau_ k(k)d/\) k=j=0),
c

0<j<k—1

which shows the second identity of (5.5) by setting

1
e =1 and C’:j_i A7 lau_, (MdA fork +1<j <O0.
o)

The linear independence of {u®)}; <z follows from that of {z%}cz, hence {ux \kez
is also linearly independent, since the triangular matrices (c,':j)l <j<k and (ck_j) k<j<0
are invertible. ]

Our Jacobi operator H is related with L, by
Hy = A;'LaA,  with a diagonal matrix A, = (d,}/?),,

where d, = 1 + cpz (O) Hence, for ¢ = ¢(¢) with a,, b, replaced by those of ¢’?a
one has from (5.4),

A Hyry = =M pipa) A5y Lerpaleria + Ay (0 Lotng) Meiig
+A tlpa e”’a8 Aging
= Aetlpa[Letﬁa, e,paa Agivg + P(Lgtpg)—]Ning
= [Hg@). etpaa Agipg + P(Hyn)-]-

Let A, be the diagonal element of p(L
P(L,5,)-] takes a form

o17g)- Then, identity (5.4) implies that [L,:5,,

([Lefi?a?p(Letﬁa)—]f)n = Pnfot1 +qnfu + Tnfrn-1,

hence

([Letﬁa,p(Letﬁa)—]f)n = (LetﬁaP(Letﬁa)—f)n - (p(Letﬁa)—Letf’af)n
= ai-ﬁ-l(kn-i-l — An) fot1 + Gn fn + Tnfu-1,
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which yields
ata;%.H = a;%_H(An—H — An).
Since (A;Iﬁaatl\e,f,a)n = (9, logdy,)/2, it holds that for n > 1,

d;logd, = d;logdy — Z 0; loga,% (due to a,% =dy_1/dy)
k=1

n
= d;logdo — Y (A — Ax—1)
k=1

= d;logdo + Ao — An.
This identity holds also for n < 0, hence we have
1
A Hyr) = [Hq(t), pP(Hg)- — Eln]

1 1

= [Haw: P(Ha)- = 5(Hyw) = 34

1
= [Hq(t)s_EP(Hq(t))a]v

where X, is defined in (1.3). Therefore, replacing p by —2p, we have the following
result.

Proposition 3. Let p be a polynomial and assume z"e'Pa € A™(C) for anyn € Z
and t € R. Let q(t) be the coefficients consisting of {an, by} of (5.2) for the symbol
e~2Pa. Then, H ) satisfies an operator equation

8thI(l‘) = [HQ(t)»p(Hq(t))a]-
Especially, if p(z) = z, this provides a Toda lattice:

{a,an = ap(by — bn—1),

5.6
drbn = 2(ap 1y —ay). 6-6)

Proof. We only have to verify (5.6). If p(z) = z, then
(P(Hq(t))af)n = an fn—1 = An+1 fn+1,
hence

([Hq(z‘)s P(Hq(t))a]f)n = ap+1(An+1Un — Any2Un+2)
+ bp(anun—1 — Apt1Un+1)

+ an(an—1Up—2 — apup)
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+ ang1(ans2Unta + bpyithnp1 + anyitty)
—dp (an”n + bn—lun—l + an—l”n—z)
2 2
= dpy1(bns1 —bp)utny1 + 2(an+1 - an)un

+ an(by — bp—1)up—1,

which leads us to (5.6). ]

6. m-function and non-vanishing of tau functions

In the previous sections, we have shown that symbols a generate the Toda hierarchy
under a certain non-degenerate condition on ga. However, as we will see later, the
correspondence between a and ¢ = {a,, b, }nez is not one-to-one. Different symbols
a may create the same g. An essential quantity giving one-to one correspondence is
called an m-function, which is defined by

ma(z) = M + lim E‘Pz(uo)@) - Z_HD—*(‘I)(Z)

(=1)
+¢: 7(0)
14+ 90(z) oo 14+ °

for a € A"(C). The constant term is added so that m, satisfies
ma(z) =z +0(z7Y) asz — oo.

m-functions also play a key role to show the non-vanishing of tau functions if we
assume some non-negativity condition on tau functions.

Since %(lo) (z) = O(z7!') as z — oo, we see that 1 + (,05(.0) is not identically O on
Dl (= D_n{|z| > 1}). However, there is a possibility that 1 + <p§.0) is identically 0
on D2(= D_ N {|z| < 1}), which makes it impossible to define m, on D2. In this
section we investigate conditions under which the properties 1 + (pa(lo) (z) # 0on D?
and t,(g) # 0 hold.

For simplicity, of notations we introduce an auxiliary quantity

el 24z —mal2)
1+ ¢ (z) 1+ ¢ (0)

na(z) = (Lemma 2), 6.1)

which has a tau function expression

_ @) g T
t1+¢P@) tral@)  tralge)

na(%) (Lemmas 2 and 9). (6.2)
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Lemma 14. Fora € A™(C), { € D_ assume ta(q¢), ta(z™1) # 0. Then, we have

P(2) —¢(©)
ma(z) —ma({)
with ¢(z) = z + z~ 1. Especially, setting { = 0, we have

my (0)
My (0) —ma(2)

Proof. First we compute 14,4 (7). From Lemma 9, we have

Mgca(2) = (ma(0) —ma()(1 - )+ oD (63

My—1,4(z) = +¢(z) on D_. (6.4)

wledn) _ (g O yMa© =malm s
n

L+ 90 = t4.a(qn) = 7a(4z) -

We compute 1~ —|—<pqta1)(n) without using tau functions. Set ¢; = lim;_, o, zgo,gté)(z).
Since
g (7 + oloa) = a7 'qaT (gra) 27 = aT(ga) 'z € Wy
and
-1 1) 1 |
p+(ar 7 + ol = 1= -t

hold, we have
g T el =1 el — (L + et (1 4+ 9). (6.6)
Substituting n = ¢ yields

e VO

(1 + Cl)é‘_l = 1+ &(‘0)@_)

na(9),

hence (6.6) shows

(=D
77 +(pqza _
BTV (na —na($))qz,

which together with (6.5) leads us to

i~ =
Then, (6.1) yields the proof of (6.3). ]
Set

I'ea(C) = {g € T; g = g, g has no zeros nor poles on D},
Ai];V(C) ={a e A™(C); a=a,ta(r) > 0 forany rational r € Iy (C)},
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where we use the notation
2 =g@ ak) =aQ).
The continuity of 74 implies
AM(C)={ac A™(C); a=12,7a(g) > Oforany g € [eu(C)}. (6.7)
The condition a = a is necessary to have real a,, b,. Lemma 8 (ii) implies
a € A1Y(C) holds for a € A(C).

Lemma 15. Fora € A™(C),

i) 14+ #00n DL, Imma(t) > 00n DL N C hold.
Assume further 1 + gD;O) 0) (= ta(z7Y)) > 0 and ta(z72) > 0. Then,

i) 1+ @) # 0 on D_, and m,(0) > 0, Imma(¢) >0 on D_ N Cy,
Imm,—1,(8) >Im +¢Hon DL NCy.

Proof. Set
Z={eD_; 149 =0}.

1+ %(lo)@) is not identically 0 on D1, since 1 + gof,o)(g) — 1 as { — oo. Hence,
ma(¢) is meromorphic on D! . Lemma 9 yields an identity

Imma(2)

0 < ta(qzqz) = |1 + 0¥ (2)? forz € D1\ Z, (6.8)

Imz
hence Imm,(¢) > 0on D! NC,.Lety e ZN DL NCy. Then, Im(—ma(8)~1) >0
on a neighbourhood of &y and Im(—m, (o)~ ') = 0 hold, hence the minimum prin-
ciple for harmonic functions implies Im(—m(¢)™!) = 0 identically on D! N Cy,
which shows mj is a constant on D! N C,. This contradicts ma(¢) — ¢ — 0 as
¢ — 00, hence we have Z N D! N C4 = @. Since <p§0) = @(IO) and m, = my hold,
Z N (D! \ R) = @ is satisfied.

For x € D! NR, one has from Lemma 9 (i),

0<7talgx) =14+ ¢"x) (g:(z) = (1 -¢"2)7).

Suppose 1 + goflo) (x0) = 0 holds for some xo € D! NR. Choose an interval (a,b) C
D! N R such that xo € (a,b) and 1 + gaa(‘o)(x) > 0 for any x € (a,b) \ {xo}. Equa-
tion (6.8) implies m} (x) > 0 for x € (a,b) \ {xo}. Hence, we have

ma(xo —0) = +00 => xg + ¢V (x0) > 0 => ma(xo + 0) = +o0,
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which contradicts m}, (x) > 0. Therefore, Z N D! =@ holds. The property Imma ({) >
0 on D! N Cy follows from Imm,(¢) > 0 and ma(¢) — & — 0 as ¢ — oo, which
shows (i).

To show (ii), observe the identity

Ta(Z_l%) _ ma(§) —ma(0)
Ta(g¢)Ta(z™!) ¢

deduced from Lemma 9, which shows

Ta (2_2)

O = e

If 7a(z72) > 0, then m, is not a constant on D2, and by arguments similar to those
used in (i), we have 1 + ¢{”(¢) # 0 on D_ and Imma(¢) > 0 on D2 N C. The
inequality Imm,—1,(¢) > Im(¢ + ¢~1) on DL N C4 follows from (6.4). n

Fora e Aij;V (C), one can show partially the property 7,(g) > 0. For { € D_, set
re (2) = qt (Z)CIE(Z) € Ieal(C).

Lemma 16. [fa € Ai_‘;V(C), then ta(re™) > 0 for any rational function r € Teq(C)
with no poles nor zeros on D2 and analytic function h on Dy satisfying h = h.

Proof. Note that any rational function r € Iy (C) with no poles nor zeros on D?

can be expressed by r = ry7;’!

{rl:q1ﬂqx2"'qurflriz"'an WithijDlﬂR,é'jEDl\R, 6.9)

r2 = 4y dys *qy, Ty Ty Ty, With y; € D! NR, nj € DL\ R.
First, we show 7,4(r1) > 0. Forany x € D! N R, ¢ € D! \ R we have

Ta(‘]x) =1+ (pa(lo)(x) >0,

1+ ¢ @PImma@) o
Im¢

Ta(rt) =

’

from Lemma 15. Then, g.a, r;a € Aij;V (C), and the property 74 (71) > 0 can be shown
inductively. For general r = ryr; ', Lemma 8 shows

ta(r) = ta(r1r; ") = ta(riry 75 '72) = ta((r2f2) ") 1a(rifa)

= 1a((r272) Dt (r)tra(2) = ta((r272) ) ta(r) 75 (r2),

where 7, ((r272) 1) > 0 due to (r272)(2) = (r272)(z71). Then, 7,4 (r) > 0 is satisfied,
since r1a € A™(C).
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On the other hand, note that for z € D,
1 h(A 1 h(A 1 h(A
B = L[, O
T orm
C

h(z) = —
) 27i - z 27i ] A —
C Cy

= hi(z) + ha(2),

where /1 is analytic on D, U D? and h, is analytic on D U D! (if it is necessary,
we have only to move C; and C; in the inside of a neighbourhood of 5+). We first
consider /1. Since D1 U D2 is a simply connected domain containing 0, one sees
that &1; can be approximated by a real polynomial p. Observe

—n —_
e? = lim (1 - E) uniformly on D4 U D2,

n—oo n

and

—n
r = (1—%) =qx; Gxm, T Ty, fOrx; € DI NR, € DL\R,

since the zeros of 1 — p/n are located on D! for sufficiently large n. Then, the con-
tinuity of the tau function implies 7, (] 1eh1) > 0, hence

ra(ehl) = Ta(rl_lehlrl) = fa(rl_lehl)frflehla(rl)

is satisfied. Since r{° lehia e Ai_ﬁV(C ) due to (6.7), applying the above argument to
rl_lehla, one has ‘L'rl—lehla(rl) > 0, which shows 7a(e”1) > 0. Observe

ra(eh) = ra(ehl)rehla(ehz) = Ta(ehl)Tm(ehz)-

The property e1a € AE‘;V(C) implies e1a € Aij;V(C), hence S (ei’2) > 0 holds,

which shows 7, (¢”) > 0. Now, 75 (re) > 0 clearly follows from ra € AE&V(C). [

AinV (C) is not sufficient to have the property 7,4 (g) > 0 for any g € ' (C), since
it is possible that 1 + (p(o) (z) = 0 identically on D?. We define

AW (C)={a € AM(C); ta(z") > Oforany n € Z}.

Proposition 4. Suppose a € A‘J‘;VJF (C). Then, for any g € I'ieq(C), one has ta(g) > 0
and ga € Amv ' (C).

Proof. If a € Ai“VJr (C), then z*a € Ai“VJr (C) for k € Z is satisfied. For x e D_NR,
Lemma 15 implies ta(gx) = 1 + go(o) (x) > 0, and the cocycle property of the tau
functions shows

Ta(qx2") . Ta(2")Tzna(qx)

Ta(qx) B Ta(qx) >0

qua(zn) =
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dueto z"a € A‘J‘:VJr (C). Since qxa € AL‘;V(C) clearly holds, one has gy a € ALI;VJr (C).
Similarly, one can show r;a € A, (C) for { € D_ \ R. Then, similarly to the proof
of Lemma 16, we have t,(r) > 0 for any r € I',e5(C), which implies ra € A‘jiv+ ().
Then, applying Lemma 16 to ra, we have 74 (eh) > 0, and hence 1, (reh) > 0, which
shows ref'a € A™, (C). "

The next issue is to find a sufficient condition for a € A™™(C) to be an element of
AL‘;VJr (C), which will be clarified in the next section.

7. m-function and Weyl function

In this section we relate m-functions to Weyl functions (see Appendix A for the defin-
ition).

First, we present a lemma which connects the existence of a positive solution to a
Jacobi equation with the estimate of the spectrum of the Jacobi operator. For a,, > 0,
b, € Rletqg = {ay,bp}nez and

(Hqu)n = Apt1Un41 + AGpUn_1 + bpuy.

Set
Lo(Z) = {f € £*(Z); f has afinite support}.

Lemma 17. Suppose that there exists Ay < A1 and two solutions uy, vy, to

Hyu = Au, u, >0 foranyn € Z,
Hzv = Apv, (=1)"v, >0 foranyn € Z.

Then it holds that
M(fo f) = (Hgf f) S (o f) forany [ € Lo(Z)

Consequently, Hy can be uniquely extended to (%(Z) as a bounded self-adjoint oper-
ator, and the boundaries 00 are of limit point type.

Proof. Define

and

< 0’ Pe(n) = V an+1¢n > 07
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and the operators A, A* on {Z(Z) by

(Af)n = po(n) frut+1 + pe(n) fu,
(A" f)n = po(n = 1) fr—1 + pe(n) fr.

Note that
(Af.g) = (f,A*g) forany f,g € (3(Z)

is satisfied. Then it holds that

Pe(n)po(n) = —an+1,
(273

,00(1’1—1)2+,0e(l’l)2 = & + ant1¢n = A1 — by,

n—1

and

(A*Af)n = po(n — 1)(po(n = 1) fu + pe(n — 1) fn—1)

+ pe(n) (0o (1) fr+1 + pe(n) fn)

= pe(n)po (1) fr+1 + (o(n — 1)2 + Pe(n)z)fn
+ po(n - l)pe(n - 1)fn—1

= _anfn—i-l - an—lfn—l + (A — bn)fn

= (A1 — Hg) fn,

hence Ay — H; = A* A is satisfied on £Z(Z), which shows for any f € (Z(Z)
(A1 = Hy) f, ) = (A*AS, f) = (Af. Af) = 0.
To show the converse inequality, set
Un

Pn—1 = — >0
Un—1

and
an+1

®n
and operators A, A* on {2(Z) by

(Af)n = pa(”)fn+1 - Pe(n)fn,
(A* fIn = po(n = 1) fa—1 — pe(n) fo.

<0, pe(n) = vant1¢n >0,

po(n) = —

Then, A*A = H,; — Ao holds, hence the converse inequality is satisfied. The rest of
the statement is clear. u
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Let A4+ be

Ay =inflx +x7'; x e D_NR4} >0,
A_=sup{x +x';xe D_NR_} <0.
Now, we have the following result.

Proposition 5. Suppose a € A‘J‘:VJr (C). Then, the g = {an, by}nez associated with
a by (5.2) provides a bounded Jacobi operator H satisfying sp Hy C [A—, A4].
Moreover, its m-function my is given by the Weyl functions m+ of Hy as

z+z  vatmy(z+z7") ifze D!,

ma(z) =
2(2) {—a(z)m_(z +z7 Y+ by ifz e D2.

Proof. Lemma 11 says that

al(z"a)~'10) _ L+ ¢
14 ¢ (0) 14 ¢ (0)

gn(§) =

satisfies Hyg = ({ + ¢ 1) g for ¢ € D_. Since g,({) > Oforanyn € Zif{ € D_N
R4, and (—1)"g,({) > Oforany n € Z if { € D_ N R_, then from Lemma 17, one
has that sp H; C [A—, A4]. The boundedness of H, implies that the boundaries +o00
are of limit point type.

We show g, (¢) € £2(Z4) for ¢ € D! N C,. Observe

gk-‘rl(é') _ Vrzka(z_l) Tzk+1a(QZ) _ VTzka(Z_l) Tzk+1a(q§)
gk (0) Vik+1,(z7h) §Tralqe) Vik+14(z7h) T ra(qe) '

Since

) T (ge)

4
T Tzka(2)

trra(ge) = T, 5 (@) = (=713 = =C4g-)

holds, one has

gk+1(8)  VTra(z™h) 1 T (ge-)

= = Cizka(8) (7.1

g0 Vrar1a(z7h) Tzka(2) {Tkalqe)

with ¢ = /Ta(zk1)/y/7a(2% ). Since gx (¢) satisfies (5.3), equation (7.1) implies

—1 G+ Ngr(©) — akgi—1(5) — bgr(©)

cknig(§) = ap 4y gk (0)

= a]:_}_l(z + é‘_l —by) — aka]:_}_l(ck—lnzkfla(é‘))_l-
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Taking the imaginary patts, one has

—1 Imcg_1n46-1,(8)
mepnstall) = I+ U F i o OR
- zh ' a

hence

ak+1 Im(¢ + ¢~ 1) —1 Imck—lnzk—la(é-)

1— =aga
Ikal’lea(g) ke Imck”zka(é—)

-2
|Ck—171 k-1 (0)]

follows. Note here Im ¢xn1,4,({) < 0 on D! N C4 due Lemma 15 (ii). Since

|gn+1(D)I? _ ayImcona - Im(¢ +¢71) )—1
lgo(8)|? apt2Imcypin,ntiy | <k<n+1 ap1Imegn iy,
setting
— _ —a1 Imconga
A =I 1 - I 12 =,
¢ =M+ ) (a1 Imcgnig) e T T

we have

Sy o

0<n<N 0<n=<N 1<k=<n+1

- 3(1 ~Tla+ Ak)—l) <B

1<k<N+1

which implies g, (¢) € €2(Z4) for £ € D! N C. Similarly, we have g, () € {?(Z_)
for £ € D% N C. Then, the definition of Weyl functions yields

my ey =80 0 ) - a4 - ma©)).
aigo(¢) ap
For m_, one has
g-1(0) —1 _ -1 Cra(z7'qp)

-1y _ — —
m-(§+87) = apgo(%) aOC—lnz—la(Z) ao/ 72(2_2) Ta(CIC)

Since Lemma 9 implies
(ta(z7'qe) = ta(z7)Ta(ge) (ma () — ma(0)),

one has
ma(z) = —a(z)m_(z + 271 + ma(0).

To identify m4 (0) with by, we start from the definition (5.1) of by:

bo=¢; " (0) =9 (0).
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To change the symbol z71a to a, we use tau functions. We have

Ta(Z_IQI;—l)

o =71, = T g — D) = S =
= (1 + @) ma @) — ma(0)) — !
= —ma(0) + ¢ (0) + 0(0) as¢— 0,
which completes the proof. ]

inv

This proposition implies that for a € ALl (C), the associated m-function m, is
automatically extended analytically to C \ X, with Ao = max{A,—A1_}.

8. Proof of the theorem by identifying ALY, with 0,

Although we have constructed a Toda flow on A‘J‘;VJF by Propositions 3 and 4, we have

not been able to specify AL‘;VJr (C) in a concrete terminology. In this section we identify

A‘J‘:VJF (C) with @, (Ao > 2), which provides automatically a proof of the theorem.
Proposition 5 shows AZlY, (C) C Qj, in a certain sense. Our next task here is

to verify the converse statement. For ¢ = {a,,bn}nez € Q1,, let m+ be the Weyl

functions for the Jacobi operator H, and set

z4z71 +a%m+(2 + Z_l) ifz € Yj, and z[ > 1,
m(z) =

—adm_(z+zY)+by  ifzeX,andl|z| <1,

with
Ao+ VA2 —4
i =zl = U6 - U, £= 0++

Then, m is an element of

m ; m is analytic on C \ X, satisfying m = m and
() miz)=z+ 07" asz — oo
M;, = 1G) Imm(z) >0 onC4 \ I, , 8.1)
(i) m(z) —m(z7') #0 on C \ Iy,
(iv) m(z) is not a rational function of z + z~!

which obeys from Lemma 21 in Appendix A.
m € M), has the following expression.
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Lemma 18. For m € M, there exist a} > 0, a? > 0, by € R, and probability meas-
ures o1 on [—Ag, Ao] such that

_ o1(dA) .
z+z ‘+af/m ifz] > 1,
—A
m(z) = %o 0
) o_(dM) .
- Bl 1.
G [ 2 s i<
—Xo

Proof. ¢(z) = z + z~! yields a conformal map

(C+ ﬂ{|Z| > 1} —> C+,
CyNn{lz]| <1} - C_.

The analytic functions n4(z) = £m(¢~!(z)) on Cy satisfy £ Imn(z) > 0, hence
they have Herglotz representations, namely there exist ¢+ € R, S+ > 0 and measures
o4+ on R such that

ne(z) =oax + Pz + /(A 12 — %H)Ui(dl),
hence
[ A
as+ b+ [ (g~ ) @n itk >
m(z) = _OOOO
1 A
—0-—f-¢(2) - /(x_qs(z) T l)a_(dx) if |z] < L.

The property m = i of (8.1) imply the measures o+ should be supported on [—Ag, A¢].
Moreover, property (i) shows 4+ = 1 and

Ao
m(z) = $(2) + /

=20

1
A——<;S(z)0+(dA) 1f|Z| > 1.

Property (iv) implies m(z) = ¢ (z) not identically, hence setting

a? = o4 ([~1o, Ao]) > 0
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and normalizing 04, one has the first expression of the lemma. Since we know m(0)
is finite, m(z) on {|z| < 1} takes a form

Ao
1
m(Z) = — / )\,——(b(z)o—_(dk) + b()
—X0

with by € R. The strict positivity of Imm(z) > 0 on C4 N {|z| < 1} implies non-
vanishing of o_. Then, setting a3 = 0—([—Ao, A¢]) > 0, one has the second expression
of the lemma. u

For m € M}, define a symbol

zm(z)—1 ,z— m(z))' 8.2)

m(z)=< 2-1 ° 2]

We fix any bounded domain Dy containing ¥, and satisfying D4 3 z — z 71,

z € D4 and having smooth boundaries. Then, this m satisfies conditions (i) and (ii)
of M(C) (see (3.1)). Condition (iii) of M(C) is verified by computing
m(z) —m(z7")

— -1

# 0,

myi(z)my(z) —ma(z)ma(z) =

hence m € M(C) and m € A™ (C). Moreover, Lemma 6 yields

1+o0() =1,
. 1) = mm(z) = m(z).
z tom (2) = ¢(2) —m(2)
Recall D! = D_N{|z| > 1}and D2 = D_nN{|z| < 1}.
Lemma 19. Ifa € A™(C) satisfies a = a and
1+ ¢0(0) >0, ma € My,

then it holds that
() t(@)ta(z™") = limgq $(P(0) —ma(f)) > 0,
(i) 7ta(gx) >0o0n D_NR and ta(r¢) > 00on D_,
(iii) foranyx € D_NRand € D_\R,

1+090)>0, 1+¢20) >0 1+¢2(0) >0,

a dxa rea

and
msy, qua, mr;a € MA()'
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Proof. Note
() = wE") =1+ 0) = lim(1 + &gl D).
Equations (6.1) and (6.2) imply

ta(z) A+ LoV (©) = L@ (0) —ma (D)) (1 + 92 (0)).

hence
ta(z™) im (1 + 670 e™h) = lim 7 (@) —ma(e™h)). (8.3)

And the expression of Lemma 18 shows (i).
If1+ (pa(,o) (0) # 0, then 1 + goz(lo) and z + goa(,l) cannot vanish simultaneously
on D_, which together with the analyticity of m,,0n C \ X, implies 1 + %(10) &)#0

on D_. On R, we have
1+(pa(‘0)(x)—> 1 asx —> o0

and
1+ ¢(0) >0,

hence 73(¢x) = 1 + <p§0) (x) > 0on D_NR. The property 7a(r;) > 0on D_\ R
follows from Lemma 9 (ii) and 1 + (pi(lo) (&) #20o0n D_.
The equality 1 + (péo) (0) = 75(z7') = 7a(z) > 0 holds, and (6.1) and (6.2) imply

Ta(2) Ta(Z)Ta(Z_l)

na(¢") P(Q) —ma(@™)

Immz(¢) > Im¢(¢) > 0 on D! obeys from 7,(z)7a(z™!) > 0 and (8.1). To see
Immz(¢) > 0 on D2 set f(§) = ta(z)ta(z~")(@() —ma(¢™"))~". Since ¢ maps
C4+ N{|z| < 1} onto C_ conformaly, f(¢!(z)) satisfies Im f(¢'(z)) <0 on C_
and

m3 () = ¢(¢) — =¢(0) -

lim z7' f(¢71(z)) = —1 dueto (8.3).
Z—>00
Then, f(¢~'(z)) has an representation

[e.°]
1 A
-1
= —— ————)o(dA C-
f@ ey =arzt [ (5 - 55y )o@d) o

—0o0
with ¢ € R and a non-negative measure o, hence we have Im f(¢) < Im ¢ (¢) if
¢ € D2. If we have an equality here for some o, then f(¢) = a + ¢(¢) identically
should hold, which means m, is a rational function of ¢ on D! . This contradicts (iv)

of (8.1), hence one has mz € M,,,.
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Note mj(x) > 0onR \ X,, due to Lemma 18 (or Hopf lemma), which implies

ma(x) —my(0
L4 60 0) = 1 4900210

To verify my, .o € M,, we use (6.3):

~ $(z) — p(x)
My.a(z) = ona(O)——rna(X))(l'— Ma(2) — ma(x)

my (0)
@ —ma

)+ 60,
Mgoa(2) = m,—1,(2) =

The property mg a = Mg, a is easy to see, and Imma(z) > 0 on C4 \ X, implies
ma(z) —ma(x) # 0, hence my, 4 is analytic on C+ \ X;,,. Note that my(x) > 0 on
R\ X;,, which yields ma(z) — ma(x) # 0 for any z(# x) € R\ X,,. Then, we
have the analyticity of ma on C \ X,,. Properties (i), (iii), and (iv) of (8.1) can be
easily verified. Property (ii) follows from Lemma 22 in Appendix A, hence we have
Mg.a € M Ao~

Note that

Ta(reqx) _ Ta(gx)Tg.a(re) _ Ta(Qx)|qua(%)|2 Immg,a(§)
Ta(rZ) Ta(";) Imm,($)

1+ 90 (x) = ,
which is positive, since Ta(qx)|tg a(qe)|* > 0 and ma, mg.a € My,,.

Then 1 + wfg; (0) > 0 holds and m;,4 is analytic on R \ X, . The analyticity of
my.a on C4 \ X, follows from Imm,(z) > 0 by (ii). Properties (i), (iii), and (iv)
are easily verified and property (ii) follows from Lemma 22. Then we complete the
proof. |

As in the introduction, for a € ALEVJr (C), we define

n—2) Ta (Znesz)

Ta(z" " 1ef?) le=0

ta(z")a(z

IENCE b,(a) = 9, log
a

an(a) =

Lemma 20. Fora € A, (C) anda’ € A", (C’), assume mq = mg on D_ N D
Then one has mgq = Mgqa for any g € Trea(C) N Trea(C’) and an(a) = a,(a’),
by(a) = b, (a’) foranyn € Z.

Proof. The identity mga = mgas follows from

0 =9
Maca = (ma0) = ma@)(1 = == 00 ) + 9
$—9()

= (mar(0) = mar () (1 - )+ =mya

Mmar — mar ()
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on D_ N D’ . The identities for a,, b, are obtained by the uniqueness of the corres-
pondence
q ={an.bnlnez <= {mzx.,ao,a1,bo}. =

Lemma 19 provides a proof of Theorem 1 as follows.

Proof of Theorem 1. We show m € A‘J‘:VJr (C). A rational function r € Iy (C) can be
expressed by r = rir; 1 where r; are defined by (6.9). Applying Lemma 19 induct-
ively to r1, we see T (r1) > 0. Then, one has

Tm("l”z_l) = Tm(rlr2_1’72_1’72) = Tm(rz_lfz_l)fm(rlfz) = Tm(rz_lfz_l)f;'l“;{(”z)-

Since we know mo— € M, we see t;-;ﬁ(rz) > 0, which shows 7y (r) > 0. The
positivity 7, (z") is included in the statement 7 (r) > 0, since Ta(z™!) = Ta(qo),
Ta(2) = 13(go) for any a € A™(C), which proves m € A‘j;v_F ().

For g = {an,bninez € Q. define m € M, by (8.2), and for g € 'y set

Toda(g)g = {an(gm), b, (gm)},cz.

Then, Proposition 5 implies Toda(g)g € QO ) with A = max{£A4}. Since gm €
AE‘;VJF(C ) for arbitrary C containing X, and a,(gm), b,(gm) do not depend on
C due to Lemma 20, one has Toda(g)q € Q;,. The flow property Toda(g1g2)q =

Toda(gq)Toda(gz)q is deduced by the following fact:
« fora e A, (C),
g €Tea(C) = Mga = Mgm,
with
zma(z) =1 5z —ma(2)
z2—-1 ~ z2 1

m,(z) = ( ) e A™, (0).

This is a conclusion of Lemma 20, since a, m, € Aij; ', (C) have the same m-function

ma. Then, setting a = gom, we have mg,a = Mg, m,, Which leads us to

Toda(g1g2)q = Toda(g1)Toda(gz2)q.

The continuity of the flow is straightforward from Lemma 10. This completes the
proof of Theorem 1. ]

A. Appendix

A.1. Weyl functions of Jacobi operators

In this section, we provide necessary information on spectral theory for Jacobi operat-
ors. For g = {a,, b, }nez witha, > 0, b, € R the associated Jacobi operator is defined
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by
(Hqu)n = dpy1Unt1 + ApUn—1 + bpuy

on{y(Z) ={f €£*(Z); f has a finite support} as a symmetric operator in £2(Z). It
is possible to define a similar operator on {?(Zx1) by

AniUnt1 + Apup—1 + byu, forn > 2,

+.) —

(Hq W = {a2u2 + bru; forn = 1.

There are two cases concerning the self-adjoint extension of H ; : the unique case and
the non-unique case. The boundary +oo is called limit point type if the extension is
unique and limit circle type if the extension is not unique. It is known (see [7]), that
the boundary +oo is limit point type if and only if for any z € C \ R (or equivalently
for some z € C \ R) the space {u € €*>(Z4) ; Hq+u = zu} is one-dimensional, and
in this case the Weyl function m 4 for H, q+ is defined by

&)

e = = e )

for g, (z) € {u € £*(Z4); Hfu = zu} \ {0}.

The Weyl function m_ for H, can be defined similarly by

g (2)

1"~ for g, (z) € {u € £*(Z-); Hju = zu}\ {0},
aogy (2)

m—(z) = —

if the boundary —oo is limit point type. The Weyl functions m 4 are known to be
analytic on C \ R and satisfy Imm+(z)/Imz > 0 on C \ R. It is known that if
coefficients ¢ = {a,, b, }nez are bounded, which is equivalent to the boundedness
of H,, then the boundaries oo are limit point type. In this paper, we treat only
bounded operators H,,. In this case, the Green functions for H:F, H, are given by

sT(2)g (2)

+ ol ) —
(Hf =27 = L=

ifl<j<k (A.1)
with s;r the solutions to Hys™ = zs™ satisfying saL =0, sfr = 1. Similarly, one can
describe (H, —z)7'(j, k) in terms of 57, g7, which yields

my(z) = (H} —2)7'(1,1), m_(z) = (H; —z)"'(-1,-1).
The Green function for H, is given by

g ()&l (2)
a1(gg ()87 (2) — g7 (2)gd ()

(Hg —2)7'(j. k) =
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and one has
—1
atmi(z) + agm—(z) +z — by’
my(z)(z — b + aim_(z))
atmi(z) + aim—(z) +z — by

(Hy —2)71(0,0) =

(Hy—2)7'(, 1) =
Generally, the spectrum sp A of a self-adjoint operator coincides with the singular set
of the Green operator of A. For H,, one has
spH, = the union of the singular sets of (H,; — 2)"10,0), (Hy — )71, 1).

If sp H; C [—Ao. Ao] holds, then sp H;E C [—Ao, Ag] are also satisfied, since the
boundary 0 is absorbing. Hence, in this case, m4(z) are analytic on C \ [—Ag, Ao].
Moreover, it should hold

atmi(z) +aim_(z)+z—byp#0 onC \ [~Ao,Ao].

On the other hand, for @,, > 0 to hold for any n € Z, the set sp H (;t must be infinite.
This can be shown as follows. Let s, = 5,(z) be a unique solution to

An+1Sn+1 + AnSp—1 + bpsy, = zs,  withsg =0, 57 = 1.
This is well defined, since a,, # 0 implies
si2) =1 @) =ay'(z—b), s3(2)=a3' (a3 (2= b2)(z —b1) —aa),

The Herglotz function m (z) has a representation

A

Y o (dA)
my(z) = o .
—Z
-0
and (A.1) yields

Ao

/ 5 (D) (W)1(dA) = B B0,
—Xo

namely {s,(z)},>1 forms orthogonal polynomials with respect to 0. Suppose that
supp o+ is a finite set {11, A2,..., Ay} C [—Ao, Ao]. Then, there exists a polynomial
p(z) of degree n + 1 such that

Ao
(p.p) = / lp(WPor(dA) = 0.
—Xo
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However, the polynomials {s,(z)},>1 are linearly independent (due to degs,=n—1),
and hence

p(2) =c151(2) + c252(2) + -+ - + cn$n(2) + cnt15n+1(2)
holds with ¢; € C. Then, the orthogonality of {s,(z)},>1 implies
¢ =(p,sj)=0 forallj =1,2,...,n+1,

which is a contradiction. Consequently, supp o+ should be infinite.
Summing up the above argument, we have the following result.

Lemma 21. Suppose a Jacobi operator H, satisfies sp Hy C [—Ag, Ag). Then, the
Weyl functions m 4+ must satisfy the following conditions:

*  mx(z) are analytic on C \ X, and
atmi(z) +aim_(z) +z—bo #0 onC\ [-Lo,Aol;

*  m4(z) are not rational functions.

A.2. Transformation of Herglotz functions
Setp(z) =z + z~! and, in view of Lemma 14, define

| S0 00))
m(z) —m(@)/

Lemma 22. Letm € M), . Then, one has for x € R\ X, and { € C1 \ Iy,

dem(2) = §(2) = (m(§) —m(O)

Imdym(z) >0, Imdgdgm(z) >0 onCy \ Zi,-

Proof. Note
dedzm(2) = (dgm(0) — dgm(E)) (1 - chE; - i(;) F)ree @
Observe
dem(z) = ) = m@n(1+ =P ) 12T WEO)
and ' (0)
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Hence
m’(0)

(m(0) —m({)) + m(0) — m(@) (A.4)

$(0) — ()
m() —m()

holds. For notational simplicity, set

v mE-m© L m@)-mQ)

dem(0) — dym(§) =

@) —¢)  p@) -
Then, one has
$(2) =) _ $(2) = b))
m(z) —=m(@)  ($(z) —pO)X +m(@) —m(&)
and
den(@) = dg@® =on(©) = m©) (1= LD 1 gc)
(@) — () .
— (m(0) — m(@))(l - m) - ¢(§)

(O —mO)X 1)

: _ Nesior— s
0o 0 + 6O som PO

From (A.2) and (A.4),
dz-d;m(z) —¢(2)

oo i e O N 66 =60
= <Y (m(0) —m(%)) + m(0) — m(§)> (1 dem(z) — d;””(é—-)>
Y1 m(0) — m(&)[? + m’(0)

(@) = (D)X + () — Q)Y
X-Y
follows. Now, we compute the imaginary part of

($(2) — )X + (9()) — p(0)Y

m@0)—m@)+Y

A=-m()+Y Y —7v
_ S BEOX —PQY
=)~ Y$@) + ¥ T T

Note that Y € R and Imm({) = Y Im ¢ (). Then,
P(2)X — ()Y

X-Y B
_ ym@@X —¢@ON)X —Y)
- X -YP

| X|?Im¢(z) — Y Imm(z)
=Y

X -1

ImA=YIm
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holds. Therefore, we have

Y~ m(0) —m(&)[* + m'(0)

Im(dEd;m(z) —¢(2)) =Im

m(0) + A4
_ |m©) —m@]> + m'(0)Y Y Imm(z) — |X[*Im¢(z)
a Im(0) + AJ? X —Y?

(A.5)

Without loss of generality, one can assume Im ¢ > 0. Hence, {,z € C4 \ {|z| = 1},
and this is divided by two connected domains:

Ci\lzl = 1} = (Cy N {lz] > 1Y U(Cq N {[z] < 1)).

The situation is different depending on the domain where ¢, z belong. If they are
elements of the same domain, they can be expressed by a single m4 or m_, but if
they belong to distinct domains, they have expressions by distinct m 4.

Case 1.,z € Cy N{|z| > 1}or¢, z € Cy N{|z| < 1}. We consider the case ¢, z €
C4+ N {|z| > 1}. The other case can be treated similarly. Setting ¢(z) = w, ¢({) = b,
one has from Lemma 18,

-1 — (d=1(P))
=M@ @) —m@TE) o [ ordh)
w—b (A —w)(A —b)
_AO
Then, the Cauchy—Schwarz inequality shows
2
A —w)(A—=b)
-0
T 2oy (dn T o, (d) I
i+ / ator @)\ (| | / ator(dd)) _  Imm(z)
A —wl? A —b|? Im¢(z)
Ao Ao
hence, noting
Ao
m'(0) = a} / o_(d)) > 0,
-0

one has forz € C4 N {|z| > 1},

Im dfd;m(z) >Im¢p(z) > 0.
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Case2.L e CiN{|z| <1}, z e Cy N{|z| > 1}. Inthiscase, Im¢p({) < 0, Imm({),
Im¢(z), and Imm(z) > 0 hold. Therefore, one sees

aOU_
~ Q) ™ (0)

2 —_—
b (€) —m Q)" = ‘/ o0 =" O e

' (0) / laoo_(dk) . Imm($)

which implies
m(0) —m(§)|> +m'(0)Y <0,

hence (A.5) shows
Im(dzdem(z) — ¢(2)) > 0.

Now
Im(d;:d;m(z)) = Im(dgd;m(z) —¢(z)) +Ime¢(z) >0

holds, if z € C4 N {|z| > 1}.

Case3.L e CLN{z| > 1}, ze CLN{|z| <1}. Inthiscase Im¢(z) <0, Im¢({),
Imm(¢), Imm(z) > 0 hold. Therefore, Y > 0 and (A.5) show

Im(dzdem(z) — ¢(2)) = 0,

which implies

[0 A
—((dgdem)(¢p™" (W) —w) = & + fw + / (m e l)o(dk)

with w = ¢(z) € C_. Since (A.3) implies d¢m is analytic in a neighbourhood of 0,
so does d Edgm, which means d £ d¢m(0) exists finitely. Therefore, one has

(dgdgm)(gb_l(w)) =0(1) asw — ocoinC_,

and hence § = 1, which shows

(o)

—(dgdzm)(2)=a+/( L __4 )a(d)t).

A—p(z) A2+1

This proves Im dfd;m(z) > 0 in any case.

The proof of Im d,m(z) > 0 proceeds similarly to the above. Here we present the
proof only for two cases. Suppose that x € R N {|z| > 1} and z € CL N{|z| > 1}.
The definition of d,m implies

mE MmN

m(dem(2) = $(2)) = (m(x) = m(O) Im( ==
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hence the imaginary part is

m(z) —m(x) _

MO e

Im(l + a3

04(dA) )
A =¢(@)A —9¢(x)

Ao
o, o4(d})
— a? Im¢(z)_[ = $@PG—$()

If x > 0,then A — ¢(x) < 0 and
m(x) —m(0) = m(x) —m(x"1) + m(x~1) —m(0) > 0,

due to m(x~1) —m(0) > 0 (m’'(x) > 0), m(x) — m(x~') > 0. Therefore, we have
Im(dym(z) — ¢(z)) > 0, which yields Im dym(z) > 0, since Im ¢(z) > 0. The case
x < 0 can be treated similarly.

Suppose that x € R N {|z| < 1} and z € C4 N {|z| > 1}. Then, in the expres-
sion (A.6), we decompose

m(z) —m(x) _ m(z)—m(x7")  mx"") —m(x)

p(2)—p(x) P2 —p(x")  P(z) —(x)

Ao
i or@l) ___ mbh—m()
4 A—=0(@2)A—-o(x71) @) —¢(x)
—A0
which yields
m M <0 ifx >0,
¢(2) — P (x)
and Im d,m(z) > 0. The other cases can be computed similarly and one can show
Imd,m(z) > 0 in any case. [
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