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Construction of Toda flow via Sato–Segal–Wilson theory

Shuo Zhang, Shinichi Kotani, and Jiahao Xu

Abstract. A Toda flow is constructed on a space of bounded initial data through the Sato–
Segal–Wilson theory. The flow is described in terms of the Weyl functions of the underlying
Jacobi operators. This is a continuation of the previous work on the KdV flow.

1. Introduction

The Toda lattice introduced by M. Toda in 1967 is a simple model for a one-dimen-
sional crystal in solid state physics, and it is known to be one of the earliest examples
of a non-linear completely integrable system. Originally, it was an infinite-dimen-
sional system of equations

Ppn.t/ D e
�.qn.t/�qn�1.t// � e�.qnC1.t/�qn.t//;

Pqn.t/ D pn.t/;

with n 2 Z, and later it was rewritten in an equivalent form

Pan.t/ D an.t/.bn.t/ � bn�1.t//;

Pbn.t/ D 2.anC1.t/
2
� an.t/

2/; (1.1)

by Flaschka variables

an.t/ D
1

2
e.qn.t/�qn�1.t//=2; bn.t/ D �

1

2
pn.t/:

This version is useful because it relates the Toda lattice with a Jacobi operator

.Hqu/n D anC1unC1 C anun�1 C bnun;

where an > 0, bn 2 R, and q � ¹an; bnºn2Z. The remarkable fact here is that if the
coefficients q are replaced by a solution q.t/ � ¹an.t/; bn.t/ºn2Z to (1.1), then the
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arising Jacobi operatorHq.t/ and the initial Jacobi operatorHq.0/ have the same spec-
trum. Flaschka discovered in 1973 thatHq.t/ satisfies the following operator equation:

@tHq.t/ D ŒP.t/;Hq.t/�.� P.t/Hq.t/ �Hq.t/P.t// (1.2)

with a skew symmetric operator P.t/

.P.t/u/n D anC1.t/unC1 � an.t/un�1;

which establishes the unitary equivalence of Hq.t/ and Hq.0/. If P.t/ is replaced by
other suitable skew symmetric operators, we obtain infinitely many solutions to a
hierarchy of non-linear equations by (1.2), which is called Toda hierarchy. The pair
¹Hq.t/;P.t/º is called a Lax pair and the operatorHq.t/ is the underlying operator for
this hierarchy of equations. There are many works treating Toda hierarchy and main
results obtained in the last century can be found in the book by Teschl [7].

Recently, in 2018, another point of view for the Toda hierarchy was introduced
by Remling [3] and Ong and Remling [2]. Remling considered the Lax equation in a
form

@tHq.t/ D ŒHq.t/; p.Hq.t//a�

with real polynomial p, where Xa for a self-adjoint bounded operator X on `2.Z/ is
defined by

.Xa/jk D

8̂<̂
:
Xjk if j < k;

0 if j D k;

�Xjk if j > k;

with Xjk D hıj ; Xıki: (1.3)

He introduced a notion of cocycles or transfer matrices which map Weyl functions
for Jacobi operators to Weyl functions. This notion played a crucial role in the study
of spectral problems for ergodic Jacobi operators, so it is expected that the cocycle
property of the Toda flow is also significant to investigate global behavior of solutions
to the Toda lattice. Remling and Ong expanded the Toda hierarchy from polynomials
to entire functions preserving the cocycle property.

The purpose of this article is to apply Sato’s theory and provide another approach
to the study of the Toda hierarchy. In 1980, Sato [4] obtained solutions to many integ-
rable systems by constructing flows on an infinite-dimensional Grassmann manifold.
Later, in 1985, Segal and Wilson [5] interpreted Sato’s theory by Hardy space on
the unit circle of the complex plane C. They considered Grassmann manifolds on
L2.jzj D 1/ consisting of closed subspaces which are invariant under multiplication
by zn, and they showed the KdV hierarchy is obtained when nD 2. Segal and Wilson’s
approach was employed by Kotani [1] to construct general non-decaying solutions to
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the KdV equation including many almost-periodic initial data. In the present article,
we apply Segal–Wilson’s method to the Toda hierarchy by following Kotani’s work.

For the KdV case, z2 was employed as the spectral parameter for Schrödinger
operators, which are the underlying operators for the KdV hierarchy. In the Toda case,
we use z C z�1 as its spectral parameter since ¹znºn2Z forms a system of generalised
eigen-functions for the discrete Laplacian unC1 C un�1. The bounded domainDC in
C which is fundamental in the following argument is chosen so that it satisfies

DC 3 z ! z�1; Nz 2 DC ( Nz denotes the complex conjugate of z),

DC contains the spectrum of Jacobi operators.
(1.4)

Throughout the paper, we assume the spectrum spHq of a Jacobi operator Hq is
bounded, which is equivalent to the boundedness of the coefficients q D ¹an; bnºn2Z.
Let

�.z/ D z C z�1:

If spHq � Œ��0; �0� holds for �0 > 2 (Œ�2; 2� is the spectrum for the discrete Lapla-
cian), then

†�0 � �
�1.Œ��0; �0�/ D ¹jzj D 1º [ Œ�`;�`

�1� [ Œ`�1; `�

with ` D .�0 C
p
�20 � 4/=2. Therefore, DC should satisfy

†�0 � DC:

Since DC is bounded, the origin 0 is not an element of DC, otherwise the symmetry
in (1.4) implies1D 0�1 2 DC. We denote

C D @DC (the boundary of DC), D� D C n .DC [ C/;

C D C1 [ C2 (C1 is the outer curve and C2 is the inner curve of C ),

and assume C1, C2 are closed smooth simple curves. The figure below is a typical
example:

D DC
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Denote
D� D D

1
� [D

2
� (2 disjoint domains),

where D1
� is unbounded and D2

� containing 0 is bounded.
The basic space is the Hilbert space L2.C /, which is a direct sum of 2 closed

subspaces H˙:

HC D L
2-closure of ¹all rational functions with no poles in DCº;

H� D L
2-closure of

8̂<̂
:

all functions f on D� such that f j
D
j� are

rational functions with no poles on Dj
�

for j D 1; 2 and f .z/ D o.1/ as z !1

9>=>; :
The Hardy space HC is generated by ¹znºn2Z, and

r.z/ D

´
zm for z 2 D1

�;

zn for z 2 D2
�;

with m � �1 and n � 0;

is an element of H�. The projections p˙ from L2.C / onto H˙ are obtained by

.pCf /.z/ D
1

2�i

Z
C

f .�/

� � z
d� for z 2 DC;

.p�f /.z/ D
1

2�i

Z
C

f .�/

z � �
d� for z 2 D�;

where the integrals on C are defined byZ
C

f .�/d� D

Z
C1

f .�/d�C

Z
C2

f .�/d�:

C1 is oriented anti-clockwise and C2 clockwise. It is known that p˙ are bounded on
L2.C / (see [8]) and satisfy

p2˙ D p˙; pC C p� D I (the identity operator on L2.C /).

In our Toda case, the Sato–Segal–Wilson theory is performed on a Grassmann mani-
fold Gr(toda) consisting of closed subspaces W of L2.C / satisfying

�.z/W � W: (1.5)

Additionally, we assume also the comparability of W with HC, that is

pCWW ! HC is bijective. (1.6)
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Generally, a bounded vector function

a.�/ D .a1.�/; a2.�// on C

gives such W by
Wa � aHC D ¹au I u 2 HCº; (1.7)

where the product au is defined by

.au/.�/ D a1.�/u.�/C a2.�/�
�1u.��1/:

The invariance �.�/ D �.��1/ implies

�.�/.au/.�/ D a1.�/.�u/.�/C a2.�/�
�1.�u/.��1/ D .a.�u//.�/;

hence �Wa � Wa holds due to �HC � HC, which shows (1.5). Moreover, defining
an operator on HC by

T .a/u D pC.au/ for u 2 HC;

one sees that the property (1.6) for Wa is equivalent to

T .a/WHC ! HC is bijective.

The operator T .a/ is called a Toeplitz operator with symbol a. Hereafter, we consider
Wa instead of a general W .

Sato introduced the tau functions to represent his flows on a Grassmann manifold.
In our context it is defined as follows. Set8<:A.C / D ¹a D .a1; a2/ I sup

�2C

ka.�/k <1º;

Ainv.C / D ¹a 2 A.C / I T .a/ is invertible on HCº;

with kak D
p
ja1j2 C ja2j2 and a group � acting on the space of symbols

� D

²
g D reh I r is a rational function with no poles nor zeros in †�0
and h is analytic in a neighbourhood of †�0

³
:

� acts on A.C / by

.ga/.�/ D .g.�/a1.�/; g.�/a2.�// 2 A.C /;

but not necessarily on Ainv.C /, since the invertibility of T .ga/ is not trivial for a 2

Ainv.C /. The domain DC for each g 2 � is chosen so that g has no poles nor zeros
in xDC (the closure). For a 2 Ainv.C /, g 2 � define

�a.g/ D det.g�1T .ga/T .a/�1/:



S. Zhang, S. Kotani, and J. Xu 668

Since g�1T .ga/T .a/�1 � I is a trace class operator on HC (refer to Lemma 7), one
can define �a.g/. For g D a rational function, this fact can be explained as follows.
For g 2 � and a 2 Ainv.C /, observe

T .ga/u D pC.gau/ D pC.gpCau/C pC.gp�au/ D gT .ga/uC pC.gp�au/

for u 2 HC. If g D q� (where q� .z/ D .1 � ��1z/�1) for � 2 D�, the last term
becomes

pC.q�p�au/.z/ D
1

2�i

Z
C

.p�au/.�/

.� � z/.1 � ��1�/
d�

D .p�au/.�/q� .z/ for z 2 DC;

which says that the image of the operator pC.q�p�a�/ is spanned by a single ¹q�º.
Similarly, for any rational r D

P
1�j�n rj q�j 2 � , the image of pC.rp�a�/ is spanned

by ¹q�j º1�j�n. Thus, the operator r�1T .ra/T .a/�1 � I has an n � n matrix repres-
entation:

.rjp�.aT .a/
�1r�1q�i /.�j //1�i;j�n:

The details can be found in Section 4.
Since we are trying to construct the Toda flow on a subclass of Ainv.C /, the prop-

erty ga 2 Ainv.C / is crucial and this is satisfied if and only if �a.g/ ¤ 0 (refer to
Lemma 8). Therefore, it is one of the main issues in this paper to find a class of sym-
bols a satisfying �a.g/ ¤ 0 for sufficiently enough g 2 � . Since we are interested
only in real valued solutions, we assume Na D a, where the conjugation Nf is defined
by

Nf .z/ D f . Nz/:

Then, it is easily seen that �a.g/ 2 R if Na D a and g 2 �real with

�real D ¹g 2 � I g D Ngº:

�real is endowed with the metric

dC0.g1; g2/ D sup
�2C0

jg1.�/ � g2.�/j;

where C0 is a simple closed smooth curve surrounding †�0 . If �a.z
n/ > 0 holds for

any n 2 Z, then the coefficients ¹an.a/; bn.a/ºn2Z are obtained by

an.a/ D

s
�a.z

n/�a.z
n�2/

�a.zn�1/2
; bn.a/ D @" log

�a.z
ne"z/

�a.zn�1e"z/

ˇ̌̌
"D0

: (1.8)

This formula resembles with the conventional representation of ¹an; bnºn2Z by the
moment problem, but the present one is a representation on the whole Z.
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Set

Q�0 D ¹q D ¹an; bnºn2Z I an > 0; bn 2 R and spHq � Œ��0; �0�º

and let m˙ be the Weyl functions of Hq (see Appendix A). Q�0 is endowed with the
metric

d.q1; q2/ D
X
n2Z

2�jnj.ja.1/n � a
.2/
n j C jb

.1/
n � b

.2/
n j/; where qj D ¹a.j /n ; b.j /n ºn2Z:

The property spHq � Œ��0; �0� implies

�20 � kHqınk
2
D a2n C a

2
nC1 C b

2
n;

which shows an, jbnj � �0 uniformly. Define an analytic function m on C n†�0 by

m.z/ D

´
z C z�1 C a21mC.z C z

�1/ if z 2 C n†�0 and jzj > 1;

�a20m�.z C z
�1/C b0 if z 2 C n†�0 and jzj < 1:

It is known that q is completely recovered from m. If we define a symbol m,

m.z/ D
�zm.z/ � 1

z2 � 1
; z2

z �m.z/

z2 � 1

�
;

we will prove that �m.g/ > 0 for any q 2 Q�0 and g 2 �real in Section 8. Then, one
can define q.gm/ D ¹an.gm/; bn.gm/ºn2Z by (1.8). q.gm/ 2 Q�0 is also shown if
m is generated by ¹m˙; a0; a1; b0º of q 2 Q�0 , hence one can define

Toda.g/q D q.gm/ 2 Q�0 for q 2 Q�0 :

Our main theorems are as follows. Theorem 2 is a restatement of Proposition 3.

Theorem 1. ¹Toda.g/ºg2�real defines a continuous flow on Q�0 .

Theorem 2. For a real polynomial p, the coefficients qt D Toda.e�2t Op/q solve the
Cauchy problem of the Toda hierarchy

@tHqt D ŒHqt ; p.Hqt /a� with q0 D q;

where Op is the polynomial part of p.zC z�1/ and .�/a denotes the anti-symmetrization
of an operator �. Especially, if p.z/D z, Toda.e�2tz/q provides a solution to the Toda
lattice.

These theorems imply that one can construct the Toda flow on the space of
bounded initial data ¹an; bnºn2Z, and the group �real is more general than entire func-
tions treated by Ong and Remling [2]. One can define the cocycles for the present
flow.
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One of the advantages for this construction is the possibility to extend the flow to
a flow on an unbounded initial data ¹an; bnºn2Z. For this purpose, one has to replace
the domainDC with a domain containing R[ ¹jzj D 1º and trace the whole argument
below. This extension is indeed possible and we have constructed solutions with initial
data of power growth less than 1. This will be published in another paper.

2. Basic properties of Wa

For a bounded vector symbol a on C , the space Wa is defined in (1.7). In this section
we show basic properties of Wa for a 2 Ainv.C /.

Define
Rf .z/ D z�1f .z�1/:

Since C is invariant under the transformation z! z�1, R acts on functions on C . We
have the following result.

Lemma 1. The identities

p˙R D Rp˙ on L2.C /; T .a/R D RT.Qa/ on HC

are satisfied, where Qa.�/ D .a1.��1/; a2.��1//. In particular, this implies that Qa 2
Ainv.C / if a 2 Ainv.C /.

Proof. For f 2 L2.C /, noteZ
C

f .��1/d� D

Z
C1

f .��1/d�C

Z
C2

f .��1/d�

D �

Z
C1

f .�/��2d� �

Z
C2

f .�/��2d�

D �

Z
C

f .�/��2d�:

Then one has

pC.Rf /.z/ D
1

2�i

Z
C

��1f .��1/

� � z
d� D z�1

1

2�i

Z
C

f .�/

� � z�1
d� D R.pCf /.z/:

The second identity follows from aR D R Qa and the first identity.

For a 2 Ainv.C / and n 2 Z, define a sequence of functions of H� by

'.n/a .z/ D p�.aT .a/
�1zn/ 2 H�:
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Lemma 2. '.n/a for a 2 Ainv.C / satisfies the following identities:

'
.n/

Qa
.z/ D z�1'.�n�1/a .z�1/;(i)

.z C z�1/.zn C '
.n/
a / D znC1 C '

.nC1/
a C zn�1 C '

.n�1/
a

C '
.�n�1/

Qa
.0/.1C '

.0/
a /C '

.n/
a .0/.z�1 C '

.�1/
a /:

(ii)

(ii) shows that linear combinations of ¹1C '.0/a ; z�1 C '
.�1/
a º generate Wa.

Proof. Lemma 1 implies

'
.n/

Qa
D p�.QaT .Qa/

�1zn/ D p�.QaRT.a/
�1R�1zn/ D p�.RaT .a/�1z�n�1/

D Rp�.aT .a/
�1z�n�1/ D R'.�n�1/a ;

which is (i).
To show (ii), first note zn C '.n/a 2 Wa, hence .z C z�1/.zn C '.n/a / 2 Wa is

satisfied. Now, decompose this quantity into elements of H˙, namely

.z C z�1/.zn C '.n/a / D uC v

with 8<:u D z
nC1
C zn�1 C lim

z!1
z'.n/a .z/C '.n/a .0/z�1 2 HC;

v D z'.n/a .z/ � lim
z!1

z'.n/a .z/C z�1.'.n/a .z/ � '.n/a .0// 2 H�:

Here note due to (i),
lim
z!1

z'.n/a .z/ D '
.�n�1/

Qa
.0/:

The above u 2 HC has the origin in Wa of

znC1 C '.nC1/a C zn�1 C '.n�1/a C '
.�n�1/

Qa
.0/.1C '.0/a /C '.n/a .0/.z�1 C '.�1/a /;

hence the bijectivity of pCWWa ! HC implies identity (ii).

Set

�a.�/ D
.1C '

.0/
a .�//.� C '

.�1/
a .��1// � .1C '

.0/
a .��1//.��1 C '

.�1/
a .�//

� � ��1
:

Later, we will need the non-vanishing of �a.�/.

Lemma 3. �a.�/ ¤ 0 holds for a 2 Ainv.C / and � 2 D�.
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Proof. Set u0 D T .a/�11, u�1 D T .a/�1z�1. Since

'.0/a D p�.au0/, '.�1/a D p�.au�1/

holds, one has

au0.z/ D 1C '
.0/
a .z/; au�1.z/ D z

�1
C '.�1/a .z/:

Hence, observing that r.z/D .� � z/�1.� � z�1/�1 satisfies r.z/D r.z�1/, we have
a decomposition into H˙:

aru0.z/ D rau0.z/ D r.z/.1C '
.0/
a .z//

D

�'.0/a .z/ � '
.0/
a .��1/

.� � z�1/.� � z/
�
'
.0/
a .�/ � '

.0/
a .��1/

.� � ��1/.� � z/

�
C

�'.0/a .�/ � '
.0/
a .��1/

.� � ��1/.� � z/
C

1C '
.0/
a .��1/

.� � z/.� � z�1/

�
;

which yields

.T .a/ru0/.z/ D
'
.0/
a .�/ � '

.0/
a .��1/

.� � ��1/.� � z/
C

1C '
.0/
a .��1/

.� � z/.� � z�1/

D

�
z�1

1C '
.0/
a .��1/

� � z�1
C �

1C '
.0/
a .�/

� � z

� 1

�2 � 1
:

Similarly, we have

.T .a/ru�1/.z/ D
�
z�1

� C '
.�1/
a .��1/

� � z�1
C �

��1 C '
.�1/
a .�/

� � z

� 1

�2 � 1
:

If we regard ��.� � z/�1 as the unknown in these two identities, one obtains

T .a/..� C '.�1/a .��1//ru0 � .1C '
.0/
a .��1//ru�1/ D

�a.�/

� � z
:

If �a.�/ D 0 holds for some � 2 D�, then

.� C '.�1/a .��1//u0 � .1C '
.0/
a .��1//u�1 D 0

follows. Applying T .a/ yields

.� C '.�1/a .��1// � .1C '.0/a .��1//z�1 D 0;

which implies
� C '.�1/a .��1/ D 1C '.0/a .��1/ D 0:

Similarly, one has ��1C'.�1/a .�/D 1C'
.0/
a .�/D 0. Hence, T .a/ru0D 0 and u0D 0

follow. But this implies 1 D T .a/u0 D 0.
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Assuming zna 2 Ainv.C / for any n 2 Z, we define

fn D aT .zna/�11 2 Wa:

Then, one has the following result.

Lemma 4. 1C '.0/zna.0/ ¤ 0 is satisfied for any n 2 Z and ¹fnºn2Z satisfies a recur-
rence relation

1C '
.0/
zna.0/

1C '
.0/

znC1a
.0/
fnC1 C .'

.�1/fzna
.0/ � '

.�1/

Azn�1a
.0//fn C fn�1 D .z C z

�1/fn:

Proof. Observe
znfn D z

naT .zna/�11 D 1C '
.0/
zna:

Moreover, znfnC1, znfn�1 2 Wzna have decompositions into H˙:

znfnC1 D z
�1.1C '

.0/

znC1a
.0//C z�1.'

.0/

znC1a
� '

.0/

znC1a
.0//

znfn�1 D .z C lim
z!1

z'
.0/

zn�1a
.z//C .z'

.0/

zn�1a
� lim
z!1

z'
.0/

zn�1a
.z//

D .z C '
.�1/

Azn�1a
.0//C .z'

.0/

zn�1a
� '

.�1/

Azn�1a
.0//:

Therefore, we have the identities8̂̂̂<̂
ˆ̂:
znfn D 1C '

.0/
zna;

znfnC1 D .1C '
.0/

znC1a
.0//.z�1 C '

.�1/
zna /;

znfn�1 D z C '
.1/
zna C '

.�1/

Azn�1a
.0/.1C '

.0/
zna/:

(2.1)

If 1C '.0/
znC1a

.0/ D 0 for some n 2 Z, then the second identity implies

1C '
.0/

znC1a
D fnC1 D 0;

which shows '.0/
znC1a

D �1. This is impossible since '.0/
znC1a

2 H� and �1 2 HC,

hence 1C '.0/
znC1a

.0/ ¤ 0 holds for any n 2 Z. Applying Lemma 2 (ii) for n D 0 and
zna, one has

z C '
.1/
zna D .z C z

�1
� '

.�1/fzna
.0//.1C '

.0/
zna/ � .1C '

.0/
zna.0//.z

�1
C '

.�1/
zna /:

This, combined with (2.1), completes the proof.
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3. A subclass M.C / of Ainv.C /

The invertibility of T .a/ is crucial since it is equivalent to the non-existence of singu-
larities of the flow. In this section we introduce a subclass M.C / of Ainv.C /.

Let M.C / be the set of all symbols m D .m1; m2/ satisfying

mj is analytic in a neighbourhood of xD�, and mj D xmj for j D 1; 2; (3.1a)

m1.0/ D zm1.0/ D 1, m2.0/ D zm2.0/ D 0; (3.1b)

m1.z/ zm1.z/ �m2.z/ zm2.z/ ¤ 0 on xD�; (3.1c)

where Qf .z/ D f .z�1/. For m D .m1; m2/, n D .n1; n2/ 2M.C /, define

m � n D .m1n1 Cm2 Qn2; m1n2 Cm2 Qn1/:

Since we have

.m � n/1.z/.Am � n/1.z/ � .m � n/2.z/.Am � n/2.z/
D .m1.z/ zm1 �m2 zm2/.n1 Qn1 � n2 Qn2/ ¤ 0;

clearly m � n 2M.C / is satisfied. One has the following result.

Lemma 5. M.C / is a group by the operation m � n, whose identity 1 is .1; 0/ and
inverse is

m�1 D
�

zm1

m1 zm1 �m2 zm2
;

�m2

m1 zm1 �m2 zm2

�
:

For m, n 2M.C /, it holds that

T .m � n/ D T .m/T .n/; (3.2)

and hence M.C / � Ainv.C /.

Proof. The associative law and the form of the inverse are clear. Identity (3.2) is
verified as follows. Let m D .m1; m2/ and n D .n1; n2/ 2M.C /. Then, n1H� and
n2H� � H� are satisfied, hence, for u 2 HC,

pC.minju/ D pC.mipCnju/C pC.mip�nju/ D pC.mipCnju/

holds for i , j D 1, 2, which, together with pC; R D RpC implies

T .m/T .n/u D pC.m1pC.n1uC n2Ru/Cm2RpC.n1uC n2Ru//

D pC.m1.n1uC n2Ru//C pC.m2R.n1uC n2Ru//

D pC..m1n1 Cm2 Qn2/uC .m1n2 Cm2 Qn1/Ru/ D T .m � n/u;

which shows (3.2).
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¹'
.�1/
m ; '

.0/
m º is computable for m 2M.C /.

Lemma 6. For m D .m1; m2/ 2M.C /, it holds that

z�1 C '.�1/m D z�1m1 Cm2, 1C '.0/m D m1 Cm2z
�1:

Proof. Generally, for m D .m1; m2/ 2M.C /, one has´
T .m/1 D pC.m1 Cm2z

�1/ D 1Cm2.0/z
�1
D 1;

T .m/z�1 D pC.m1z
�1
Cm2/ D m1.0/z

�1
D z�1;

which implies
T .m/�11 D 1; T .m/�1z�1 D z�1:

Multiplying m on both sides gives the conclusion.

4. Tau functions

The tau function is a key notion in Sato theory. In this article this quantity is used to
examine ga 2 Ainv.C / for g 2 � and to express the Toda flow.

Recall that the domain DC is chosen suitably so that DC contains neither poles
nor zeros of g 2 � . We have a new symbol ga for g 2 � , a 2 Ainv.C /. However, we
do not know if ga 2 Ainv.C / holds or not; namely, the invertibility of T .ga/ does not
always hold, which is certified by a Fredholm determinant det.g�1T .ga/T .a/�1/ if
it is well defined. For this purpose, we define´

Sau D p�.au/ for u 2 HC;

Hgv D pC.gv/F for v 2 H�:

Note that for v 2 H� and z 2 DC,

Hgv.z/ D
1

2�i

Z
C

g.�/v.�/

� � z
d� D

1

2�i

Z
C

.g.�/ � g.z//v.�/

� � z
d�; (4.1)

which means Hg has a smooth kernel.

Lemma 7. For any bounded symbol and g 2 � , one has

T .ga/ D gT .a/CHgSa;

and HgSa is of trace class.
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Proof. Observe gu 2 HC for u 2 HC. Then, for u 2 HC, one has

T .ga/u D pC.gau/ D pC.gpCau/C pC.gp�au/

D gpCauC pC.gp�au/ D gT .a/uCHgSau;

which shows the identity. Let � be the Laplacian C . In the identity

Hg D .I ��/
�1.I ��/Hg ;

.I ��/�1 is a trace class operator on L2.C / and .I ��/Hg is a bounded operator
from H� to HC due to (4.1), the operator Hg turns to be of trace class. Since Sa is a
bounded operator from HC to H�, we have the trace class property of HgSa.

Lemma 7 implies that for a 2 Ainv.C /,

g�1T .ga/T .a/�1 D I C g�1HgSaT .a/
�1;

and the second term is of trace class. Then, the tau function can be defined by

�a.g/ D det.g�1T .ga/T .a/�1/:

Tau functions satisfy several properties.

Lemma 8. For a 2 Ainv.C / and g, g1, g2 2 � , it holds that

(i) ga 2 Ainv.C / holds if and only if �a.g/ ¤ 0;

(ii) �a.g/ D �Qa. Qg/ (note that Qa 2 Ainv.C /, due to Lemma 1);

(iii) if �a.g1/ ¤ 0, then

�a.g1g2/ D �a.g1/�g1a.g2/ (cocycle property);

(iv) if g1 satisfies g1.z/ D g1.z�1/, then one has �a.g1/ ¤ 0 and

�a.g1g2/ D �a.g1/�a.g2/:

Proof. (i) follows from the property of Fredholm determinant (see [6]). Lemma 1
immediately implies (ii). To show (iii), assume �a.g1/ ¤ 0. Then, (i) implies that
T .g1a/ is invertible. Then, the properties of determinant show

�a.g1g2/ D det.g�12 g�11 T .g1g2a/T .a/
�1/

D det.g�11 g�12 T .g2g1a/T .g1a/
�1g1.g

�1
1 T .g1a/T .a/

�1//

D det.g�12 T .g2g1a/T .g1a/
�1/�a.g1/ D �a.g1/�g1a.g2/;

which is (iii). Suppose that g1.z/ D g1.z�1/ holds. Then, the identity g1au D ag1u

implies
T .g1a/ D T .a/g1; T .g2g1a/ D T .g2a/g1;
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which shows g1a 2 Ainv.C / and

�g1a.g2/ D det.g�12 T .g2g1a/T .g1a/
�1/ D det.g�12 T .g2a/T .a/

�1/ D �a.g2/:

This, together with (iii), implies (iv).

�a.r/ for rational functions r 2 � can be expressed by ¹'.0/a ; '
.�1/
a º. Here, we

compute �a.r/ in two simple cases. For � 2 D� set

q� .z/ D .1 � �
�1z/�1 2 �:

Then, for a 2 Ainv.C / one has the following result.

Lemma 9. The following statements hold:

�a.q� / D 1C '
.0/
a .�/(i)

and

�a.q�1q�2/ D
.�1 C '

.1/
a .�1//.1C '

.0/
a .�2// � .1C '

.0/
a .�1//.�2 C '

.1/
a .�2//

�1 � �2
:(ii)

Proof. Recall the identity

g�1T .ga/T .a/�1 � I D g�1Hgp�aT .a/�1

of Lemma 7. For g D q� and v 2 H�, one has

q�1� .Hq�v/.z/ D q� .z/
�1 1

2�i

Z
C

�

.� � z/.� � �/
v.�/d�

D q� .z/
�1 �

� � z
v.�/ D v.�/;

hence

q�1� T .q�a/T .a/
�1u � u D q�1� .Hq�p�aT .a/�1u/ D .p�aT .a/�1u/.�/

holds for any u 2 HC, which shows q�1
�
T .q�a/T .a/

�1 � I is a rank 1 operator with
image constant times 1. Since p�aT .a/�11 D '

.0/
a , one gets (i).

For g D q�1q�2 , note that

.q�1q�2/.z/ D q�2.�1/q�1.z/C q�1.�2/q�2.z/:

Then, one has

Hq�1q�2v D q�2.�1/Hq�1v C q�1.�2/Hq�2v D q�2.�1/v.�1/q�1 C q�1.�2/v.�2/q�2 ;
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and .q�1q�2/
�1T .q�1q�2a/T .a/

�1 � I is a rank 2 operator with image spanned by
¹q�1
�1
; q�1
�2
º. Since ´

v1 � p�aT .a/�1q�1�1 D '
.0/
a � �

�1
1 '.1/a ;

v2 � p�aT .a/�1q�1�2 D '
.0/
a � �

�1
2 '.1/a ;

setting aj D 1C '
.0/
a .�j /, bj D �j C '

.1/
a .�j / for j D 1, 2, one has

�a.q�1q�2/ D det
�
1C q�1.�2/v1.�2/ q�1.�2/v2.�2/

q�2.�1/v1.�1/ 1C q�2.�1/v2.�1/

�

D

0BB@
�1a2 � b2

�1 � �2

�1.a2 � �
�1
2 b2/

�1 � �2

�2.a1 � �
�1
1 b1/

�2 � �1

�2a1 � b1

�2 � �1

1CCA
D
a2b1 � a1b2

�1 � �2
;

which is (ii).

Later, we will need the continuity of �a.g/ with respect to g 2 � since we approx-
imate g by rational functions.

Lemma 10. Assume gn, g 2 � are analytic and have no zeros on a fixed neighbour-
hood U of xDC. If gn converges to g uniformly on U , then �a.gn/ converges to �a.g/

for a 2 Ainv.C /.

Proof. Suppose g1, g2 2 � are analytic and have no zeros on U . Then trace class
operators Aj D g�1j HgjSaT .a/

�1 (j D 1, 2) satisfy (see [6])

jdet.I C A1/ � det.I C A2/j � kA1 � A2k1 exp.1C kA1k1 C kA2k1/

with trace norm k � k1. Observe that

kA1 � A2k1 � kg
�1
1 Hg1 � g

�1
2 Hg2k1kSaT .a/

�1
k

� c1.kg
�1
1 � g

�1
2 kkHg1k1 C kg

�1
2 kkHg1 �Hg2k1/

holds with the operator norm k � k and c1 D kSaT .a/
�1k. Since we have the estimates8̂<̂

:
kg�11 � g

�1
2 k � kg

�1
1 g�12 kU kg1 � g2kU ;

kHg1 �Hg2k1 � k.I ��/
�1
k1k.I ��/.Hg1 �Hg2/k � c2kg1 � g2kU ;

kHg1k1 � k.I ��/
�1
k1k.I ��/Hg1k � c2kg1kU :

with kgkU D supz2U jg.z/j and some constant c2 depending only on U , the conver-
gence of �a.gn/! �a.g/ is clear due to �a.gn/ D det.I C g�1n HgnSaT .a/

�1/.
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5. Derivation of Toda hierarchy

In this section we show that the symbols Ainv.C / and the group � generate Jacobi
operators and Toda lattice under some conditions on symbols.

In view of Lemma 4, assuming zna 2 Ainv.C / for n 2 Z, we define

an D

q
1C '

.0/

zn�1a
.0/q

1C '
.0/
zna.0/

; (5.1a)

bn D '
.�1/fzna

.0/ � '
.�1/

Azn�1a
.0/; (5.1b)

gn D
aT .zna/�11q
1C '

.0/
zna.0/

; (5.1c)

where
p
� is taken arbitrary.

Lemma 11. The coefficients in (5.1) can be expressed by tau functions as

a2n D
�a.z

n�2/�a.z
n/

�a.zn�1/2
; bn D @" log

�a.z
nq"�1/

�a.zn�1q"�1/

ˇ̌̌
"D0

; (5.2)

and gn satisfies

anC1gnC1 C angn�1 C bngn D .z C z
�1/gn: (5.3)

Proof. Equation (5.3) follows from Lemma 4 without difficulty. Lemma 9 (i) implies
(setting � D 0)

a2n D
1C '

.0/

zn�1a
.0/

1C '
.0/
zna.0/

D
�zn�1a.z

�1/

�zna.z�1/
D
�a.z

n�2/�a.z
n/

�a.zn�1/2
:

In the last equality, Lemma 8 (iii) was used.
(i) of Lemma 2 shows

'
.�1/fzna

.0/ D lim
"!0

'
.�1/fzna

."/ D lim
"!0

"�1'
.0/
zna."

�1/ D lim
"!0

�zna.q"�1/ � 1
"

D lim
"!0

�a.z
nq"�1/ � �a.z

n/

"�a.zn/
D @" log �a.z

nq"�1/j"D0;

which completes the proof.

The last derivative can be replaced by @" log �a.z
ne"z/j"D0, since q"�1.z/� e"z D

O."2/. In this way, one can derive a Jacobi equation (5.3) from zn 2 � and a 2

Ainv.C / under the condition zna 2 Ainv.C / for any n 2 Z. Usually, Jacobi equations
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are considered for real coefficients an, bn, and later we restrict ourselves only in the
real case.

For a polynomial p, let Op be the polynomial part of p.zC z�1/. Assume znet Opa2

Ainv.C / for any n 2 Z and t 2 R. Define a second order difference operator La by

.Lav/n D a
2
nC1vnC1 C bnvn C vn�1

with an, bn in (5.2), and set

fn.t; z/ D aT .znet Opa/�11:

Then, Lemma 4 implies
.Let Opaf / D .z C z

�1/f;

hence
p.Let Opa/f D p.z C z

�1/f:

We decompose p.La/ into 2 parts p.La/˙: Define coefficients ˛in by

.p.La/v/n D
X
�k�i�k

˛inviCn with k D degree of p;

and set

.p.La/Cv/n D
X
1�i�k

˛inviCn; .p.La/�v/n D
X
�k�i�0

˛inviCn:

Lemma 12. Let Opa satisfies an operator equation

@tLet Opa D ŒLet Opa; p.Let Opa/��: (5.4)

Proof. Since HC is generated by ¹znºn2Z, one has HC D H 1
C ˚H

2
C (direct sum)

with
H 1
C D linear span of ¹znºn�0, H 2

C D linear span of ¹znºn<0:

Observe that, for any integer k � 0, f 2 H� and z 2 DC,

.pC.z
kf //.z/ D

1

2�i

Z
C

�kf .�/

� � z
d� D

1

2�i

Z
C1

�kf .�/

� � z
d� 2 H 1

C;

holds, since �kf .�/.� � z/�1 is analytic in D2
� (inside of C2). Then, we see that

pC.z
kf / 2 H 1

C. Since

znet Opfn.t; z/ D 1C '
.0/

znet Opa
.z/ with '.0/

znet Opa
2 H�;
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one has
pC. Opz

net Opfn.t; z// 2 H
1
C:

Similarly, pC..p.z C z
�1/ � Op/znet Opfn.t; z// 2 H

2
C holds. On the other hand, if

k � n, then

znet Opfk.t; z/ D z
n�kzket Opfk.t; z/ D z

n�k.1C '
.0/

zket Opa
.z//;

hence
pCz

net Op.p.Let Opa/�f /n.t; z/ 2 H
1
C;

and similarly, pCz
net Op.p.Let Opa/Cf /n.t; z/ 2 H

2
C hold. Since

p.Let Opa/f D Opf C .p.z C z
�1/ � Op/f D p.Let Opa/�f C p.Let Opa/Cf;

one sees
pCz

n
Opet Opfn D pCz

net Op.p.Let Opa/�f /n:

Noting that pCz
net Opfn.t; z/ D 1 implies

0 D @tpCz
net Opfn.t; z/ D pCz

n
Opet Opfn.t; z/C pCz

net Op@tfn.t; z/;

one has
pCz

net Op.@tfn.t; z/C p.Let Opa/�fn.t; z// D 0:

Since znet Op.@tfn.t; z/C p.Let Opa/�fn.t; z// 2 Wznet Opa and pCWWznet Opa ! HC is
one-to-one, this implies

@tfn.t; z/ D �p.Let Opa/�fn.t; z/:

Since
@t .Let Opaf / D .@tLet Opa/f C Let Opa@tf

and .Let Opaf / D .z C z
�1/f hold, one has

.@tLet Opa/f D .z C z
�1/@tf � Let Opa@tf

D �p.Let Opa/�.z C z
�1/f C Let Opap.Let Opa/�f

D �p.Let Opa/�Let Opaf C Let Opap.Let Opa/�f

D ŒLet Opa; p.Let Opa/��f:

If we denote the coefficient of the deference operator @tLet Opa � ŒLet Opa; p.Let Opa/��

by j̨k , then we haveX
k

j̨kfk.t; z/ D 0 in Wa for each fixed t;

where the summation is finite for each j . Since Lemma 13 below implies that
¹fk.t; �/ºk is linearly independent in Wa, one has j̨k D 0, which yields (5.4).
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Lemma 13. For a symbol a, assume zna 2 Ainv.C / for any n 2 Z and set

un D T .z
na/�11; u.n/ D T .a/�1zn 2 HC for n 2 Z:

Then, there exist constants ¹cC
kj
º1�j�k , ¹c�

kj
º�k�j�0 such that

uk D

8̂̂̂<̂
ˆ̂:
X
1�j�k

cC
kj
u.�j / if k � 1;X

k�j�0

c�kju
.j / if k � 0;

with cC
kk
¤ 0; c�kk D 1; (5.5)

which implies ¹unºn2Z and ¹fn D aunºn2Z are linearly independent.

Proof. For k � 1, observe

1 D T .zka/uk D
1

2�i

Z
C

�k � zk

� � z
auk.�/d�C z

kT .a/uk

D

X
0�j�k�1

zk�1�j
1

2�i

Z
C

�jauk.�/d�C z
kT .a/uk :

Multiplying by T .a/�1z�k , one has

T .a/�1z�k D
X

0�j�k�1

�
1

2�i

Z
C

�jauk.�/d�

�
T .a/�1z�1�j C uk;

hence

uk D
�
1 �

1

2�i

Z
C

�k�1auk.�/d�
�
�

X
1�j�k�1

�
1

2�i

Z
C

�jauk.�/d�

�
u.�j /

D

X
1�j�k

cC
kj
u.�j / with cC

kj
D

8̂̂̂̂
<̂
ˆ̂̂:
1 �

1

2�i

Z
C

�k�1auk.�/d� if j D k;

�
1

2�i

Z
C

�j�1auk.�/d� if 1 � j < k:

Here,

1

2�i

Z
C

�k�1auk.�/d� D
1

2�i

Z
C

��1.1C '
.0/

zka
.�//d� D �'

.0/

zka
.0/

holds, hence

cC
kk
D 1C '

.0/

zka
.0/ D �zka.z

�1/ D
�a.z

k�1/

�a.zk/
¤ 0:
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Similarly, for k � 0,

1 D T .z�ka/u�k D
1

2�i

Z
C

��k � z�k

� � z
au�k.�/d�C z

�kT .a/u�k

D �

X
0�j�k�1

�
1

2�i

Z
C

�j�kau�k.�/d�

�
z�1�j C z�kT .a/u�k

holds, hence one has

u�k D u
.k/
C

X
0�j�k�1

�
1

2�i

Z
C

�j�kau�k.�/d�

�
u.k�j�1/;

which shows the second identity of (5.5) by setting

c�kk D 1 and c�kj D
1

2�i

Z
C

��j�1au�k.�/d� for k C 1 � j � 0:

The linear independence of ¹u.k/ºk2Z follows from that of ¹zkºk2Z, hence ¹ukºk2Z

is also linearly independent, since the triangular matrices .cC
kj
/1�j�k and .c�

kj
/k�j�0

are invertible.

Our Jacobi operator Hq is related with La by

Hq D ƒ
�1
a Laƒa with a diagonal matrix ƒa D .d

1=2
n /n;

where dn D 1C '
.0/
zna.0/. Hence, for q D q.t/ with an, bn replaced by those of et Opa

one has from (5.4),

@tHq.t/ D �.@tƒet Opa/ƒ
�2
et Opa

Let Opaƒet Opa Cƒ
�1
et Opa

.@tLet Opa/ƒet Opa

Cƒ�1
et Opa

Let Opa@tƒet Opa

D ƒ�1
et Opa

ŒLet Opa; ƒ
�1
et Opa

@tƒet Opa C p.Let Opa/��ƒet Opa

D ŒHq.t/; ƒ
�1
et Opa

@tƒet Opa C p.Hq.t//��:

Let �n be the diagonal element of p.Let Opa/. Then, identity (5.4) implies that ŒLet Opa;

p.Let Opa/�� takes a form

.ŒLet Opa; p.Let Opa/��f /n D pnfnC1 C qnfn C rnfn�1;

hence

.ŒLet Opa; p.Let Opa/��f /n D .Let Opap.Let Opa/�f /n � .p.Let Opa/�Let Opaf /n

D a2nC1.�nC1 � �n/fnC1 C qnfn C rnfn�1;
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which yields
@ta

2
nC1 D a

2
nC1.�nC1 � �n/:

Since .ƒ�1
et Opa

@tƒet Opa/n D .@t log dn/=2, it holds that for n � 1,

@t log dn D @t log d0 �
nX
kD1

@t log a2k (due to a2k D dk�1=dk)

D @t log d0 �
nX
kD1

.�k � �k�1/

D @t log d0 C �0 � �n:

This identity holds also for n � 0, hence we have

@tHq.t/ D
h
Hq.t/; p.Hq.t//� �

1

2
�n

i
D

h
Hq.t/; p.Hq.t//� �

1

2
p.Hq.t// �

1

2
�n

i
D

h
Hq.t/;�

1

2
p.Hq.t//a

i
;

where Xa is defined in (1.3). Therefore, replacing p by �2p, we have the following
result.

Proposition 3. Let p be a polynomial and assume znet Opa 2 Ainv.C / for any n 2 Z

and t 2 R. Let q.t/ be the coefficients consisting of ¹an; bnº of (5.2) for the symbol
e�2t Opa. Then, Hq.t/ satisfies an operator equation

@tHq.t/ D ŒHq.t/; p.Hq.t//a�:

Especially, if p.z/ D z, this provides a Toda lattice:´
@tan D an.bn � bn�1/;

@tbn D 2.a
2
nC1 � a

2
n/:

(5.6)

Proof. We only have to verify (5.6). If p.z/ D z, then

.p.Hq.t//af /n D anfn�1 � anC1fnC1;

hence

.ŒHq.t/; p.Hq.t//a�f /n D anC1.anC1un � anC2unC2/

C bn.anun�1 � anC1unC1/

C an.an�1un�2 � anun/
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C anC1.anC2unC2 C bnC1unC1 C anC1un/

� an.anun C bn�1un�1 C an�1un�2/

D anC1.bnC1 � bn/unC1 C 2.a
2
nC1 � a

2
n/un

C an.bn � bn�1/un�1;

which leads us to (5.6).

6. m-function and non-vanishing of tau functions

In the previous sections, we have shown that symbols a generate the Toda hierarchy
under a certain non-degenerate condition on ga. However, as we will see later, the
correspondence between a and q D ¹an; bnºn2Z is not one-to-one. Different symbols
a may create the same q. An essential quantity giving one-to one correspondence is
called an m-function, which is defined by

ma.z/ D
z C '

.1/
a .z/

1C '
.0/
a .z/

C lim
�!1

�'.0/a .�/ D
z C '

.1/
a .z/

1C '
.0/
a .z/

C '
.�1/

Qa
.0/

for a 2 Ainv.C /. The constant term is added so that ma satisfies

ma.z/ D z CO.z
�1/ as z !1:

m-functions also play a key role to show the non-vanishing of tau functions if we
assume some non-negativity condition on tau functions.

Since '.0/a .z/ D O.z�1/ as z !1, we see that 1C '.0/a is not identically 0 on
D1
�.D D� \ ¹jzj > 1º/. However, there is a possibility that 1C '.0/a is identically 0

on D2
�.D D� \ ¹jzj < 1º/, which makes it impossible to define ma on D2

�. In this
section we investigate conditions under which the properties 1C '.0/a .z/ ¤ 0 on D2

�

and �a.g/ ¤ 0 hold.
For simplicity, of notations we introduce an auxiliary quantity

na.z/ D
z�1 C '

.�1/
a .z/

1C '
.0/
a .z/

D
z C z�1 �ma.z/

1C '
.0/
a .0/

(Lemma 2), (6.1)

which has a tau function expression

na.�/ D
1C '

.0/

Qa
.��1/

�.1C '
.0/
a .�//

D
�Qa.q��1/

��a.q� /
D
�a.zq� /

��a.q� /
(Lemmas 2 and 9). (6.2)
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Lemma 14. For a 2 Ainv.C /, � 2 D� assume �a.q� /, �a.z
�1/ ¤ 0. Then, we have

mq�a.z/ D .ma.0/ �ma.�//
�
1 �

�.z/ � �.�/

ma.z/ �ma.�/

�
C �.z/ on D� (6.3)

with �.z/ D z C z�1. Especially, setting � D 0, we have

mz�1a.z/ D
m0a.0/

ma.0/ �ma.z/
C �.z/ on D�: (6.4)

Proof. First we compute nq�a.�/. From Lemma 9, we have

1C '.0/q�a.�/ D �q�a.q�/ D
�a.q�q�/

�a.q� /
D .1C '.0/a .�//

ma.�/ �ma.�/

� � �
: (6.5)

We compute ��1C '.�1/q�a .�/without using tau functions. Set c1D limz!1 z'
.�1/
q�a .z/.

Since

q�1� .��1 C '.�1/q�a / D q
�1
� q�aT .q�a/

�1z�1 D aT .q�a/
�1z�1 2 Wa

and
pC.q

�1
� .��1 C '.�1/q�a // D .1 � �

�1�/��1 � c1�
�1

hold, we have

q�1� .��1 C '.�1/q�a / D �
�1
C '.�1/a � .1C c1/�

�1.1C '.0/a /: (6.6)

Substituting � D � yields

.1C c1/�
�1
D
��1 C '

.�1/
a .�/

1C '
.0/
a .�/

D na.�/;

hence (6.6) shows
��1 C '

.�1/
q�a

1C '
.0/
a

D .na � na.�//q� ;

which together with (6.5) leads us to

ma.�/ �ma.�/

� � �
nq�a.�/ D �

na.�/ � na.�/

� � �
H) nq�a.�/ D �

na.�/ � na.�/

ma.�/ �ma.�/
:

Then, (6.1) yields the proof of (6.3).

Set´
�real.C / D ¹g 2 �; g D Ng; g has no zeros nor poles on xDCº;

Ainv
C .C / D ¹a 2 Ainv.C / I a D Na; �a.r/ � 0 for any rational r 2 �real.C /º;
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where we use the notation

Ng.z/ D g. Nz/ Na.�/ D a. N�/:

The continuity of �a implies

Ainv
C .C / D ¹a 2 Ainv.C / I a D Na; �a.g/ � 0 for any g 2 �real.C /º: (6.7)

The condition a D Na is necessary to have real an, bn. Lemma 8 (ii) implies

Qa 2 Ainv
C .C / holds for a 2 Ainv

C .C /:

Lemma 15. For a 2 Ainv
C .C /,

(i) 1C '
.0/
a .�/ ¤ 0 on D1

�, Imma.�/ > 0 on D1
� \CC hold.

Assume further 1C '.0/a .0/ .D �a.z
�1// > 0 and �a.z

�2/ > 0. Then,

(iii) 1 C '
.0/
a .�/ ¤ 0 on D�, and m0a.0/ > 0, Imma.�/ > 0 on D� \ CC,

Immz�1a.�/ > Im.� C ��1/ on D1
� \CC.

Proof. Set
Z D ¹� 2 D� I 1C '

.0/
a .�/ D 0º:

1 C '
.0/
a .�/ is not identically 0 on D1

�, since 1 C '.0/a .�/ ! 1 as � ! 1. Hence,
ma.�/ is meromorphic on D1

�. Lemma 9 yields an identity

0 � �a.qzq Nz/ D j1C '
.0/
a .z/j2

Imma.z/

Im z
for z 2 D1

� nZ; (6.8)

hence Imma.�/� 0 onD1
� \CC. Let �0 2Z\D1

� \CC. Then, Im.�ma.�/
�1/� 0

on a neighbourhood of �0 and Im.�ma.�0/
�1/ D 0 hold, hence the minimum prin-

ciple for harmonic functions implies Im.�ma.�/
�1/ D 0 identically on D1

� \ CC,
which shows ma is a constant on D1

� \ CC. This contradicts ma.�/ � � ! 0 as
� !1, hence we have Z \D1

� \ CC D ¿. Since '.0/a D N'
.0/
a and ma D xma hold,

Z \ .D1
� nR/ D ¿ is satisfied.

For x 2 D1
� \R, one has from Lemma 9 (i),

0 � �a.qx/ D 1C '
.0/
a .x/ .q� .z/ D .1 � �

�1z/�1/:

Suppose 1C '.0/a .x0/ D 0 holds for some x0 2D1
� \R. Choose an interval .a; b/ �

D1
� \ R such that x0 2 .a; b/ and 1C '.0/a .x/ > 0 for any x 2 .a; b/ n ¹x0º. Equa-

tion (6.8) implies m0a.x/ � 0 for x 2 .a; b/ n ¹x0º. Hence, we have

ma.x0 � 0/ D C1 H) x0 C '
.1/
a .x0/ > 0 H) ma.x0 C 0/ D C1;
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which contradictsm0a.x/� 0. Therefore, Z\D1
�D¿ holds. The property Imma.�/>

0 on D1
� \ CC follows from Imma.�/ � 0 and ma.�/ � � ! 0 as � !1, which

shows (i).
To show (ii), observe the identity

�a.z
�1q� /

�a.q� /�a.z�1/
D
ma.�/ �ma.0/

�

deduced from Lemma 9, which shows

m0a.0/ D
�a.z

�2/

�a.z�1/2
:

If �a.z
�2/ > 0, then ma is not a constant on D2

�, and by arguments similar to those
used in (i), we have 1 C '.0/a .�/ ¤ 0 on D� and Imma.�/ > 0 on D2

� \ CC. The
inequality Immz�1a.�/ > Im.� C ��1/ on D1

� \CC follows from (6.4).

For a 2 Ainv
C .C /, one can show partially the property �a.g/ > 0. For � 2 D�, set

r� .z/ D q� .z/q N� .z/ 2 �real.C /:

Lemma 16. If a 2 Ainv
C .C /, then �a.re

h/ > 0 for any rational function r 2 �real.C /

with no poles nor zeros on D2
� and analytic function h on xDC satisfying h D Nh.

Proof. Note that any rational function r 2 �real.C / with no poles nor zeros on D2
�

can be expressed by r D r1r�12´
r1 D qx1qx2 � � � qxmr�1r�2 � � � r�n with xj 2 D1

� \R; �j 2 D
1
� nR;

r2 D qy1qy2 � � � qym0 r�1r�2 � � � r�n0 with yj 2 D1
� \R; �j 2 D

1
� nR:

(6.9)

First, we show �a.r1/ > 0. For any x 2 D1
� \R, � 2 D1

� nR we have8̂<̂
:
�a.qx/ D 1C '

.0/
a .x/ > 0;

�a.r� / D
j1C '

.0/
a .�/j2 Imma.�/

Im �
> 0;

from Lemma 15. Then, qxa, r�a 2Ainv
C .C /, and the property �a.r1/ > 0 can be shown

inductively. For general r D r1r�12 , Lemma 8 shows

�a.r/ D �a.r1r
�1
2 / D �a.r1r

�1
2 Qr
�1
2 Qr2/ D �a..r2 Qr2/

�1/�a.r1 Qr2/

D �a..r2 Qr2/
�1/�a.r1/�r1a. Qr2/ D �a..r2 Qr2/

�1/�a.r1/�fr1a.r2/;

where �a..r2 Qr2/
�1/ > 0 due to .r2 Qr2/.z/ D .r2 Qr2/.z�1/. Then, �a.r/ > 0 is satisfied,

sinceer1a 2 Ainv
C .C /.
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On the other hand, note that for z 2 DC,

h.z/ D
1

2�i

Z
C

h.�/

� � z
d� D

1

2�i

Z
C1

h.�/

� � z
d�C

1

2�i

Z
C2

h.�/

� � z
d�

� h1.z/C h2.z/;

where h1 is analytic on DC [D2
� and h2 is analytic on DC [D1

� (if it is necessary,
we have only to move C1 and C2 in the inside of a neighbourhood of xDC). We first
consider h1. Since DC [D2

� is a simply connected domain containing 0, one sees
that h1 can be approximated by a real polynomial p. Observe

ep D lim
n!1

�
1 �

p

n

��n
uniformly on DC [D2

�;

and

r1 �
�
1 �

p

n

��n
D qx1 � � � qxm1 r�1 � � � r�m2 for xj 2 D1

� \R; �j 2 D
1
� nR;

since the zeros of 1 � p=n are located on D1
� for sufficiently large n. Then, the con-

tinuity of the tau function implies �a.r
�1
1 eh1/ > 0, hence

�a.e
h1/ D �a.r

�1
1 eh1r1/ D �a.r

�1
1 eh1/�r�1

1
eh1a.r1/

is satisfied. Since r�11 eh1a 2 Ainv
C .C / due to (6.7), applying the above argument to

r�11 eh1a, one has �r�1
1
eh1a.r1/ > 0, which shows �a.e

h1/ > 0. Observe

�a.e
h/ D �a.e

h1/�eh1a.e
h2/ D �a.e

h1/�eeh1a
.e
Qh2/:

The property eh1a 2 Ainv
C .C / implies eeh1a 2 Ainv

C .C /, hence �eeh1a
.e
Qh2/ > 0 holds,

which shows �a.e
h/ > 0. Now, �a.re

h/ > 0 clearly follows from ra 2 Ainv
C .C /.

Ainv
C .C / is not sufficient to have the property �a.g/ > 0 for any g 2 �real.C /, since

it is possible that 1C '.0/a .z/ D 0 identically on D2
�. We define

Ainv
CC.C / D ¹a 2 Ainv

C .C / I �a.z
n/ > 0 for any n 2 Zº:

Proposition 4. Suppose a 2 Ainv
CC.C /. Then, for any g 2 �real.C /, one has �a.g/ > 0

and ga 2 Ainv
CC.C /.

Proof. If a 2 Ainv
CC.C /, then zka 2 Ainv

CC.C / for k 2 Z is satisfied. For x2D�\R,
Lemma 15 implies �a.qx/ D 1 C '

.0/
a .x/ > 0, and the cocycle property of the tau

functions shows

�qxa.z
n/ D

�a.qxz
n/

�a.qx/
D
�a.z

n/�zna.qx/

�a.qx/
> 0
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due to zna 2 Ainv
CC.C /. Since qxa 2 Ainv

C .C / clearly holds, one has qxa 2 Ainv
CC.C /.

Similarly, one can show r�a 2 Ainv
CC.C / for � 2 D� nR. Then, similarly to the proof

of Lemma 16, we have �a.r/ > 0 for any r 2 �real.C /, which implies ra 2 Ainv
CC.C /.

Then, applying Lemma 16 to ra, we have �ra.e
h/ > 0, and hence �a.re

h/ > 0, which
shows reha 2 Ainv

CC.C /.

The next issue is to find a sufficient condition for a 2 Ainv.C / to be an element of
Ainv
CC.C /, which will be clarified in the next section.

7. m-function and Weyl function

In this section we relatem-functions to Weyl functions (see Appendix A for the defin-
ition).

First, we present a lemma which connects the existence of a positive solution to a
Jacobi equation with the estimate of the spectrum of the Jacobi operator. For an > 0,
bn 2 R let q D ¹an; bnºn2Z and

.Hqu/n D anC1unC1 C anun�1 C bnun:

Set
`0.Z/ D ¹f 2 `

2.Z/ I f has a finite supportº:

Lemma 17. Suppose that there exists �0 < �1 and two solutions un, vn to´
Hqu D �1u, un > 0 for any n 2 Z;

Hqv D �0v, .�1/nvn > 0 for any n 2 Z:

Then it holds that

�0.f; f / � .Hqf; f / � �1.f; f / for any f 2 `0.Z/

Consequently, Hq can be uniquely extended to `2.Z/ as a bounded self-adjoint oper-
ator, and the boundaries˙1 are of limit point type.

Proof. Define
�n�1 D

un

un�1
> 0

and

�o.n/ D �

r
anC1

�n
< 0; �e.n/ D

p
anC1�n > 0;
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and the operators A, A� on `20.Z/ by

.Af /n D �o.n/fnC1 C �e.n/fn;

.A�f /n D �o.n � 1/fn�1 C �e.n/fn:

Note that
.Af; g/ D .f; A�g/ for any f , g 2 `20.Z/

is satisfied. Then it holds that8<:�e.n/�o.n/ D �anC1;�o.n � 1/
2
C �e.n/

2
D

an

�n�1
C anC1�n D �1 � bn;

and

.A�Af /n D �o.n � 1/.�o.n � 1/fn C �e.n � 1/fn�1/

C �e.n/.�o.n/fnC1 C �e.n/fn/

D �e.n/�o.n/fnC1 C .�o.n � 1/
2
C �e.n/

2/fn

C �o.n � 1/�e.n � 1/fn�1

D �anfnC1 � an�1fn�1 C .�1 � bn/fn

D ..�1 �Hq/f /n;

hence �1 �Hq D A�A is satisfied on `20.Z/, which shows for any f 2 `20.Z/

..�1 �Hq/f; f / D .A
�Af; f / D .Af;Af / � 0:

To show the converse inequality, set

�n�1 D �
vn

vn�1
> 0

and

�o.n/ D �

r
anC1

�n
< 0; �e.n/ D

p
anC1�n > 0;

and operators A, A� on `20.Z/ by

.Af /n D �o.n/fnC1 � �e.n/fn;

.A�f /n D �o.n � 1/fn�1 � �e.n/fn:

Then, A�A D Hq � �0 holds, hence the converse inequality is satisfied. The rest of
the statement is clear.
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Let �˙ be ´
�C D inf¹x C x�1 I x 2 D� \RCº > 0;

�� D sup¹x C x�1 I x 2 D� \R�º < 0:

Now, we have the following result.

Proposition 5. Suppose a 2 Ainv
CC.C /. Then, the q D ¹an; bnºn2Z associated with

a by (5.2) provides a bounded Jacobi operator Hq satisfying spHq � Œ��; �C�.
Moreover, its m-function ma is given by the Weyl functions m˙ of Hq as

ma.z/ D

´
z C z�1 C a21mC.z C z

�1/ if z 2 D1
�;

�a20m�.z C z
�1/C b0 if z 2 D2

�:

Proof. Lemma 11 says that

gn.�/ D
aT .zna/�11.�/q
1C '

.0/
zna.0/

D ��n
1C '

.0/
zna.�/q

1C '
.0/
zna.0/

satisfies Hqg D .� C ��1/g for � 2 D�. Since gn.�/ > 0 for any n 2 Z if � 2 D� \
RC, and .�1/ngn.�/ > 0 for any n 2 Z if � 2 D� \R�, then from Lemma 17, one
has that spHq � Œ��; �C�. The boundedness of Hq implies that the boundaries ˙1
are of limit point type.

We show gn.�/ 2 `
2.ZC/ for � 2 D1

� \CC. Observe

gkC1.�/

gk.�/
D

p
�zka.z

�1/p
�zkC1a.z

�1/

�zkC1a.q� /

��zka.q� /
D

p
�zka.z

�1/p
�zkC1a.z

�1/

�zkC1a.q� /

��zka.q� /
:

Since

�zkC1a.q� / D �z�1fzka
. Qq� / D

�fzka
.z�1 Qq� /

�fzka
.z�1/

D
�fzka

.q��1/

�zka.z/
.z�1 Qq� D ��q��1/

holds, one has

gkC1.�/

gk.�/
D

p
�zka.z

�1/p
�zkC1a.z

�1/

1

�zka.z/

�fzka
.q��1/

��zka.q� /
D cknzka.�/ (7.1)

with ck D
p
�a.zk�1/=

p
�a.zkC1/. Since gk.�/ satisfies (5.3), equation (7.1) implies

cknzka.�/ D a
�1
kC1

.� C ��1/gk.�/ � akgk�1.�/ � bkgk.�/

gk.�/

D a�1kC1.� C �
�1
� bk/ � aka

�1
kC1.ck�1nzk�1a.�//

�1:
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Taking the imaginary parts, one has

Im cknzka.�/ D a
�1
kC1 Im.� C ��1/C aka�1kC1

Im ck�1nzk�1a.�/

jck�1nzk�1a.�/j
2
;

hence

1 �
a�1
kC1

Im.� C ��1/

Im cknzka.�/
D aka

�1
kC1

Im ck�1nzk�1a.�/

Im cknzka.�/
jck�1nzk�1a.�/j

�2

follows. Note here Im cknzka.�/ < 0 on D1
� \CC due Lemma 15 (ii). Since

jgnC1.�/j
2

jg0.�/j2
D

a1 Im c0na

anC2 Im cnC1nznC1a

Y
1�k�nC1

�
1 �

Im.� C ��1/
akC1 Im cknzka

��1
;

setting

Ak D Im.� C ��1/.�akC1 Im cknzka/
�12 B D

�a1 Im c0na

Im.� C ��1/
;

we have X
0�n�N

jgnC1.�/j
2

jg0.�/j2
D B

X
0�n�N

AnC1
Y

1�k�nC1

.1C Ak/
�1

D B
�
1 �

Y
1�k�NC1

.1C Ak/
�1
�
� B;

which implies gn.�/ 2 `2.ZC/ for � 2D1
� \CC. Similarly, we have gn.�/ 2 `2.Z�/

for � 2 D2
� \CC. Then, the definition of Weyl functions yields

mC.� C �
�1/ D �

g1.�/

a1g0.�/
D �

c0

a1
na.�/ D �a

�2
1 .� C ��1 �ma.�//:

For m�, one has

m�.� C �
�1/ D �

g�1.�/

a0g0.�/
D

�1

a0c�1nz�1a.�/
D

�1

a0
p
�a.z�2/

��a.z
�1q� /

�a.q� /
:

Since Lemma 9 implies

��a.z
�1q� / D �a.z

�1/�a.q� /.ma.�/ �ma.0//;

one has
ma.z/ D �a

2
0m�.z C z

�1/Cma.0/:

To identify ma.0/ with b0, we start from the definition (5.1) of b0:

b0 D '
.�1/

Qa
.0/ � '

.�1/

ez�1a
.0/:
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To change the symbol z�1a to a, we use tau functions. We have

'
.�1/

ez�1a
.�/ D ��1'

.0/

z�1a
.��1/ D ��1.�z�1a.q��1/ � 1/ D

�a.z
�1q��1/

��a.z�1/
� ��1

D .1C '.0/a .��1//.ma.�
�1/ �ma.0// � �

�1

D �ma.0/C '
.�1/

Qa
.0/CO.�/ as � ! 0;

which completes the proof.

This proposition implies that for a 2 Ainv
CC.C /, the associated m-function ma is

automatically extended analytically to C n†�0 with �0 D max¹�C;���º.

8. Proof of the theorem by identifying Ainv
CC

with Q�0

Although we have constructed a Toda flow on Ainv
CC by Propositions 3 and 4, we have

not been able to specify Ainv
CC.C / in a concrete terminology. In this section we identify

Ainv
CC.C / with Q�0 (�0 > 2), which provides automatically a proof of the theorem.

Proposition 5 shows Ainv
CC.C / � Q�0 in a certain sense. Our next task here is

to verify the converse statement. For q D ¹an; bnºn2Z 2 Q�0 , let m˙ be the Weyl
functions for the Jacobi operator Hq and set

m.z/ D

´
z C z�1 C a21mC.z C z

�1/ if z 2 †�0 and jzj > 1;

�a20m�.z C z
�1/C b0 if z 2 †�0 and jzj < 1;

with

†�0 D ¹jzj D 1º [ Œ�`;�`
�1� [ Œ`�1; `�; ` D

�0 C
p
�20 � 4

2
:

Then, m is an element of

M�0 D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
m I m is analytic on C n†�0 satisfying m D xm and
(i) m.z/ D z CO.z�1/ as z !1
(ii) Imm.z/ > 0 on CC n†�0
(iii) m.z/ �m.z�1/ ¤ 0 on C n†�0
(iv) m.z/ is not a rational function of z C z�1

9>>>>>=>>>>>;
; (8.1)

which obeys from Lemma 21 in Appendix A.
m 2M�0 has the following expression.
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Lemma 18. Form 2M�0 , there exist a20 > 0, a21 > 0, b0 2 R, and probability meas-
ures �˙ on Œ��0; �0� such that

m.z/ D

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

z C z�1 C a21

�0Z
��0

�C.d�/

� � .z C z�1/
if jzj > 1;

�a20

�0Z
��0

��.d�/

� � .z C z�1/
C b0 if jzj < 1:

Proof. �.z/ D z C z�1 yields a conformal map

�W

´
CC \ ¹jzj > 1º ! CC;

CC \ ¹jzj < 1º ! C�:

The analytic functions n˙.z/ D ˙m.��1.z// on C˙ satisfy ˙ Im n˙.z/ > 0, hence
they have Herglotz representations, namely there exist ˛˙ 2 R, ˇ˙ � 0 and measures
�˙ on R such that

n˙.z/ D ˛˙ C ˇ˙z C

1Z
�1

� 1

� � z
�

�

�2 C 1

�
�˙.d�/;

hence

m.z/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:
˛C C ˇC�.z/C

1Z
�1

� 1

� � �.z/
�

�

�2 C 1

�
�C.d�/ if jzj > 1;

�˛� � ˇ��.z/ �

1Z
�1

� 1

� � �.z/
�

�

�2 C 1

�
��.d�/ if jzj < 1:

The propertymD xm of (8.1) imply the measures �˙ should be supported on Œ��0;�0�.
Moreover, property (i) shows ˇC D 1 and

m.z/ D �.z/C

�0Z
��0

1

� � �.z/
�C.d�/ if jzj > 1:

Property (iv) implies m.z/ D �.z/ not identically, hence setting

a21 � �C.Œ��0; �0�/ > 0
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and normalizing �C, one has the first expression of the lemma. Since we know m.0/

is finite, m.z/ on ¹jzj < 1º takes a form

m.z/ D �

�0Z
��0

1

� � �.z/
��.d�/C b0

with b0 2 R. The strict positivity of Imm.z/ > 0 on CC \ ¹jzj < 1º implies non-
vanishing of ��. Then, setting a20 D ��.Œ��0;�0�/ > 0, one has the second expression
of the lemma.

For m 2M�0 , define a symbol

m.z/ D
�zm.z/ � 1

z2 � 1
; z2

z �m.z/

z2 � 1

�
: (8.2)

We fix any bounded domain DC containing †�0 and satisfying DC 3 z ! z�1,
Nz 2 DC and having smooth boundaries. Then, this m satisfies conditions (i) and (ii)
of M.C / (see (3.1)). Condition (iii) of M.C / is verified by computing

m1.z/ zm1.z/ �m2.z/ zm2.z/ D
m.z/ �m.z�1/

z � z�1
¤ 0;

hence m 2M.C / and m 2 Ainv.C /. Moreover, Lemma 6 yields´
1C '.0/m .z/ D 1;

z�1 C '.�1/m .z/ D �.z/ �m.z/
H) mm.z/ D m.z/:

Recall D1
� D D� \ ¹jzj > 1º and D2

� D D� \ ¹jzj < 1º.

Lemma 19. If a 2 Ainv.C / satisfies a D Na and

1C '.0/a .0/ > 0; ma 2M�0 ;

then it holds that

(i) �a.z/�a.z
�1/ D lim�!1 �.�.�/ �ma.�// > 0,

(ii) �a.qx/ > 0 on D� \R and �a.r� / > 0 on D�,

(iii) for any x 2 D� \R and � 2 D� nR,

1C '
.0/

Qa
.0/ > 0; 1C '.0/qxa.0/ > 0; 1C '.0/r�a.0/ > 0;

and
mQa; mqxa; mr�a 2M�0 :
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Proof. Note

�a.z/ D �Qa.z
�1/ D 1C '

.0/

Qa
.0/ D lim

"!0
.1C "�1'.�1/a ."�1//:

Equations (6.1) and (6.2) imply

�a.z
�1/.1C �'.�1/a .�// D �.�.�/ �ma.�//.1C '

.0/
a .�//;

hence

�a.z
�1/ lim

"!0
.1C "�1'.�1/a ."�1// D lim

"!0
"�1.�."�1/ �ma."

�1//: (8.3)

And the expression of Lemma 18 shows (i).
If 1 C '.0/a .0/ ¤ 0, then 1 C '.0/a and z C '.1/a cannot vanish simultaneously

onD�, which together with the analyticity ofma, on C n†�0 implies 1C '.0/a .�/¤ 0

on D�. On R, we have

1C '.0/a .x/! 1 as x !1

and
1C '.0/a .0/ > 0;

hence �a.qx/ D 1C '
.0/
a .x/ > 0 on D� \ R. The property �a.r� / > 0 on D� n R

follows from Lemma 9 (ii) and 1C '.0/a .�/ ¤ 0 on D�.
The equality 1C '.0/

Qa
.0/D �Qa.z

�1/D �a.z/ > 0 holds, and (6.1) and (6.2) imply

mQa.�/ D �.�/ �
�a.z/

na.��1/
D �.�/ �

�a.z/�a.z
�1/

�.�/ �ma.��1/
:

ImmQa.�/ > Im �.�/ > 0 on D1
� obeys from �a.z/�a.z

�1/ > 0 and (8.1). To see
ImmQa.�/ > 0 on D2

� set f .�/ D �a.z/�a.z
�1/.�.�/ � ma.�

�1//�1. Since � maps
CC \ ¹jzj < 1º onto C� conformaly, f .��1.z// satisfies Im f .��1.z// < 0 on C�
and

lim
z!1

z�1f .��1.z// D �1 due to (8.3).

Then, f .��1.z// has an representation

f .��1.z// D ˛ C z C

1Z
�1

� 1

� � z
�

�

�2 C 1

�
�.d�/ on C�

with ˛ 2 R and a non-negative measure � , hence we have Im f .�/ � Im �.�/ if
� 2 D2

�. If we have an equality here for some �0, then f .�/ D ˛ C �.�/ identically
should hold, which means ma is a rational function of � on D1

�. This contradicts (iv)
of (8.1), hence one has mQa 2M�0 .
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Note m0a.x/ > 0 on R n†�0 due to Lemma 18 (or Hopf lemma), which implies

1C '.0/qxa.0/ D 1C '
.0/
a .0/

ma.x/ �ma.0/

x
> 0:

To verify mqxa 2M�0 we use (6.3):8̂̂<̂
:̂
mqxa.z/ D .ma.0/ �ma.x//

�
1 �

�.z/ � �.x/

ma.z/ �ma.x/

�
C �.z/;

mq0a.z/ D mz�1a.z/ D
m0a.0/

ma.0/ �ma.z/
C �.z/:

The property mqxa D xmqxa is easy to see, and Imma.z/ > 0 on CC n †�0 implies
ma.z/ �ma.x/ ¤ 0, hence mqxa is analytic on C˙ n †�0 . Note that m0a.x/ > 0 on
R n †�0 , which yields ma.z/ � ma.x/ ¤ 0 for any z.¤ x/ 2 R n †�0 . Then, we
have the analyticity of ma on C n †�0 . Properties (i), (iii), and (iv) of (8.1) can be
easily verified. Property (ii) follows from Lemma 22 in Appendix A, hence we have
mqxa 2M�0 .

Note that

1C '.0/r�a.x/ D
�a.r�qx/

�a.r� /
D
�a.qx/�qxa.r� /

�a.r� /
D
�a.qx/j�qxa.q� /j

2 Immqxa.�/

Imma.�/
;

which is positive, since �a.qx/j�qxa.q� /j
2 > 0 and ma, mqxa 2M�0 .

Then 1C '.0/r�a.0/ > 0 holds and mr�a is analytic on R n†�0 . The analyticity of
mr�a on CC n †�0 follows from Imma.z/ > 0 by (ii). Properties (i), (iii), and (iv)
are easily verified and property (ii) follows from Lemma 22. Then we complete the
proof.

As in the introduction, for a 2 Ainv
CC.C /, we define

an.a/ D

s
�a.z

n/�a.z
n�2/

�a.zn�1/2
; bn.a/ D @" log

�a.z
ne"z/

�a.zn�1e"z/

ˇ̌̌
"D0

:

Lemma 20. For a 2 Ainv
CC.C / and a0 2 Ainv

CC.C
0/, assume ma D ma0 on D� \D0�.

Then one has mga D mga0 for any g 2 �real.C / \ �real.C
0/ and an.a/ D an.a

0/,
bn.a/ D bn.a

0/ for any n 2 Z.

Proof. The identity mga D mga0 follows from

mq�a D .ma.0/ �ma.�//
�
1 �

� � �.�/

ma �ma.�/

�
C �

D .ma0.0/ �ma0.�//
�
1 �

� � �.�/

ma0 �ma0.�/

�
C � D mq�a0
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on D� \D0�. The identities for an, bn are obtained by the uniqueness of the corres-
pondence

q D ¹an; bnºn2Z () ¹m˙; a0; a1; b0º:

Lemma 19 provides a proof of Theorem 1 as follows.

Proof of Theorem 1. We show m 2 Ainv
CC.C /. A rational function r 2 �real.C / can be

expressed by r D r1r�12 , where rj are defined by (6.9). Applying Lemma 19 induct-
ively to r1, we see �m.r1/ > 0. Then, one has

�m.r1r
�1
2 / D �m.r1r

�1
2 Qr
�1
2 Qr2/ D �m.r

�1
2 Qr
�1
2 /�m.r1 Qr2/ D �m.r

�1
2 Qr
�1
2 /�er1m

.r2/:

Since we know mer1m
2 M�0 , we see �er1m

.r2/ > 0, which shows �m.r/ > 0. The
positivity �m.z

n/ is included in the statement �m.r/ > 0, since �a.z
�1/ D �a.q0/,

�a.z/ D �Qa.q0/ for any a 2 Ainv.C /, which proves m 2 Ainv
CC.C /.

For q D ¹an; bnºn2Z 2 Q�0 , define m 2M�0 by (8.2), and for g 2 �real set

Toda.g/q D ¹an.gm/; bn.gm/ºn2Z:

Then, Proposition 5 implies Toda.g/q 2 Q�0
0

with �00 D max¹˙�˙º. Since gm 2

Ainv
CC.C / for arbitrary C containing †�0 and an.gm/; bn.gm/ do not depend on

C due to Lemma 20, one has Toda.g/q 2 Q�0 . The flow property Toda.g1g2/q D
Toda.g1/Toda.g2/q is deduced by the following fact:

• for a 2 Ainv
CC.C /,

g 2 �real.C / H) mga D mgma

with

ma.z/ D
�zma.z/ � 1

z2 � 1
; z2

z �ma.z/

z2 � 1

�
2 Ainv

CC.C /:

This is a conclusion of Lemma 20, since a, ma 2 Ainv
CC.C / have the samem-function

ma. Then, setting a D g2m, we have mg1a D mg1ma , which leads us to

Toda.g1g2/q D Toda.g1/Toda.g2/q:

The continuity of the flow is straightforward from Lemma 10. This completes the
proof of Theorem 1.

A. Appendix

A.1. Weyl functions of Jacobi operators

In this section, we provide necessary information on spectral theory for Jacobi operat-
ors. For q� ¹an; bnºn2Z with an > 0, bn 2R the associated Jacobi operator is defined



S. Zhang, S. Kotani, and J. Xu 700

by
.Hqu/n D anC1unC1 C anun�1 C bnun

on `0.Z/D ¹f 2 `2.Z/ I f has a finite supportº as a symmetric operator in `2.Z/. It
is possible to define a similar operator on `2.Z�1/ by

.HCq u/n D

´
anC1unC1 C anun�1 C bnun for n � 2;

a2u2 C b1u1 for n D 1:

There are two cases concerning the self-adjoint extension ofHCq : the unique case and
the non-unique case. The boundary C1 is called limit point type if the extension is
unique and limit circle type if the extension is not unique. It is known (see [7]), that
the boundaryC1 is limit point type if and only if for any z 2 C nR (or equivalently
for some z 2 C n R) the space ¹u 2 `2.ZC/ I HCq u D zuº is one-dimensional, and
in this case the Weyl function mC for HCq is defined by

mC.z/ D �
gC1 .z/

a1g
C
0 .z/

for gCn .z/ 2 ¹u 2 `
2.ZC/ I H

C
q u D zuº n ¹0º:

The Weyl function m� for H�q can be defined similarly by

m�.z/ D �
g��1.z/

a0g
�
0 .z/

for g�n .z/ 2 ¹u 2 `
2.Z�/ I H

�
q u D zuº n ¹0º;

if the boundary �1 is limit point type. The Weyl functions m˙ are known to be
analytic on C n R and satisfy Imm˙.z/= Im z > 0 on C n R. It is known that if
coefficients q � ¹an; bnºn2Z are bounded, which is equivalent to the boundedness
of Hq , then the boundaries ˙1 are limit point type. In this paper, we treat only
bounded operators Hq . In this case, the Green functions for H˙q , Hq are given by

.HCq � z/
�1.j; k/ D

sCj .z/g
C

k
.z/

�a1g
C
0 .z/

if 1 � j � k (A.1)

with sCj the solutions to HqsC D zsC satisfying sC0 D 0, sC1 D 1. Similarly, one can
describe .H�q � z/

�1.j; k/ in terms of s�j , g�j , which yields

mC.z/ D .H
C
q � z/

�1.1; 1/; m�.z/ D .H
�
q � z/

�1.�1;�1/:

The Green function for Hq is given by

.Hq � z/
�1.j; k/ D

g�j .z/g
C

k
.z/

a1.g
�
0 .z/g

C
1 .z/ � g

�
1 .z/g

C
0 .z//

;
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and one has 8̂̂̂<̂
ˆ̂:
.Hq � z/

�1.0; 0/ D
�1

a21mC.z/C a
2
0m�.z/C z � b0

;

.Hq � z/
�1.1; 1/ D

mC.z/.z � b0 C a
2
0m�.z//

a21mC.z/C a
2
0m�.z/C z � b0

:

Generally, the spectrum spA of a self-adjoint operator coincides with the singular set
of the Green operator of A. For Hq , one has

spHq D the union of the singular sets of .Hq � z/�1.0; 0/; .Hq � z/�1.1; 1/:

If spHq � Œ��0; �0� holds, then spH˙q � Œ��0; �0� are also satisfied, since the
boundary 0 is absorbing. Hence, in this case, m˙.z/ are analytic on C n Œ��0; �0�.
Moreover, it should hold

a21mC.z/C a
2
0m�.z/C z � b0 ¤ 0 on C n Œ��0; �0�:

On the other hand, for an > 0 to hold for any n 2Z, the set spH˙q must be infinite.
This can be shown as follows. Let sn D sn.z/ be a unique solution to

anC1snC1 C ansn�1 C bnsn D zsn with s0 D 0, s1 D 1:

This is well defined, since an ¤ 0 implies

s1.z/D 1; s2.z/D a
�1
2 .z � b1/; s3.z/D a

�1
3 .a�12 .z � b2/.z � b1/� a2/; : : : :

The Herglotz function mC.z/ has a representation

mC.z/ D

�0Z
��0

�C.d�/

� � z
;

and (A.1) yields
�0Z
��0

sm.�/sn.�/�C.d�/ D .ım; ın/;

namely ¹sn.z/ºn�1 forms orthogonal polynomials with respect to �C. Suppose that
supp �C is a finite set ¹�1; �2; : : : ; �nº � Œ��0; �0�. Then, there exists a polynomial
p.z/ of degree nC 1 such that

.p; p/ D

�0Z
��0

jp.�/j2�C.d�/ D 0:
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However, the polynomials ¹sn.z/ºn�1 are linearly independent (due to deg snD n�1),
and hence

p.z/ D c1s1.z/C c2s2.z/C � � � C cnsn.z/C cnC1snC1.z/

holds with cj 2 C. Then, the orthogonality of ¹sn.z/ºn�1 implies

cj D .p; sj / D 0 for all j D 1; 2; : : : ; nC 1;

which is a contradiction. Consequently, supp �C should be infinite.
Summing up the above argument, we have the following result.

Lemma 21. Suppose a Jacobi operator Hq satisfies spHq � Œ��0; �0�. Then, the
Weyl functions m˙ must satisfy the following conditions:

• m˙.z/ are analytic on C n†�0 and

a21mC.z/C a
2
0m�.z/C z � b0 ¤ 0 on C n Œ��0; �0�I

• m˙.z/ are not rational functions.

A.2. Transformation of Herglotz functions

Set �.z/ D z C z�1 and, in view of Lemma 14, define

d�m.z/ D �.z/ � .m.�/ �m.0//
�
1 �

�.z/ � �.�/

m.z/ �m.�/

�
:

Lemma 22. Let m 2M�0 . Then, one has for x 2 R n†�0 and � 2 CC n†�0 ,

Im dxm.z/ > 0; Im d N�d�m.z/ > 0 on CC n†�0 :

Proof. Note

d N�d�m.z/ D .d�m.0/ � d�m.
N�//
�
1 �

�.z/ � �. N�/

d�m.z/ � d�m. N�/

�
C �.z/: (A.2)

Observe

d�m.z/ D .m.0/ �m.�//
�
1C

�.�/

m.z/ �m.�/

�
C z�.z/

z�1.m.z/ �m.0//

m.z/ �m.�/
; (A.3)

and

.d�m/.0/ D m.0/ �m.�/C �.�/C
m0.0/

m.0/ �m.�/
:
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Hence

d�m.0/ � d�m. N�/ D
�. N�/ � �.�/

m. N�/ �m.�/
.m.0/ �m. N�//C

m0.0/

m.0/ �m.�/
(A.4)

holds. For notational simplicity, set

X D
m.z/ �m. N�/

�.z/ � �. N�/
; Y D

m. N�/ �m.�/

�. N�/ � �.�/
:

Then, one has

�.z/ � �.�/

m.z/ �m.�/
D

�.z/ � �.�/

.�.z/ � �. N�//X Cm. N�/ �m.�/
;

and

d�m.z/ � d�m. N�/ D.m.0/ �m.�//
�
1 �

�.z/ � �.�/

m.z/ �m.�/

�
C �.z/

� .m.0/ �m.�//
�
1 �

�. N�/ � �.�/

m. N�/ �m.�/

�
� �. N�/

D

� .m.0/ �m.�//.X � Y /

Y..�.z/ � �. N�//X C .�. N�/ � �.�//Y /
C 1

�
.�.z/ � �. N�//:

From (A.2) and (A.4),

d N�d�m.z/ � �.z/

D

�
Y �1.m.0/ �m. N�//C

m0.0/

m.0/ �m.�/

��
1 �

�.z/ � �. N�/

d�m.z/ � d�m. N�/

�
D

Y �1jm.0/ �m.�/j2 Cm0.0/

m.0/ �m.�/C Y
.�.z/ � �. N�//X C .�. N�/ � �.�//Y

X � Y

follows. Now, we compute the imaginary part of

A � �m.�/C Y
.�.z/ � �. N�//X C .�. N�/ � �.�//Y

X � Y

D �m.�/ � Y �.�/C Y
�.z/X � �.�/Y

X � Y
:

Note that Y 2 R and Imm.�/ D Y Im�.�/. Then,

ImA D Y Im
�.z/X � �.�/Y

X � Y

D Y
Im.�.z/X � �.�/Y /. xX � Y /

jX � Y j2

D Y
jX j2 Im�.z/ � Y Imm.z/

jX � Y j2
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holds. Therefore, we have

Im.d N�d�m.z/ � �.z// D Im
Y �1jm.0/ �m.�/j2 Cm0.0/

m.0/C A

D
jm.0/ �m.�/j2 Cm0.0/Y

jm.0/C Aj2
Y Imm.z/ � jX j2 Im�.z/

jX � Y j2
:

(A.5)

Without loss of generality, one can assume Im � > 0. Hence, �; z 2 CC n ¹jzj D 1º,
and this is divided by two connected domains:

CC n ¹jzj D 1º D .CC \ ¹jzj > 1º/ [ .CC \ ¹jzj < 1º/:

The situation is different depending on the domain where �, z belong. If they are
elements of the same domain, they can be expressed by a single mC or m�, but if
they belong to distinct domains, they have expressions by distinct m˙.

Case 1. �, z 2 CC \ ¹jzj > 1º or �, z 2 CC \ ¹jzj < 1º. We consider the case �, z 2
CC \ ¹jzj > 1º. The other case can be treated similarly. Setting �.z/D w, �.�/D b,
one has from Lemma 18,

X D
m.��1.w// �m.��1.b//

w � Nb
D 1C a21

�0Z
��0

�C.d�/

.� � w/.� � Nb/
:

Then, the Cauchy–Schwarz inequality shows

jX j2 D

ˇ̌̌̌
1C a21

�0Z
��0

�C.d�/

.� � w/.� � Nb/

ˇ̌̌̌2

�

�
1C

�0Z
��0

a21�C.d�/

j� � wj2

��
1C

�0Z
��0

a21�C.d�/

j� � bj2

�
D Y

Imm.z/

Im�.z/
;

hence, noting

m0.0/ D a20

�0Z
��0

��.d�/ > 0;

one has for z 2 CC \ ¹jzj > 1º,

Im d N�d�m.z/ � Im�.z/ > 0:
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Case 2. � 2 CC \ ¹jzj < 1º, z 2 CC \ ¹jzj > 1º. In this case, Im�.�/ < 0, Imm.�/,
Im�.z/, and Imm.z/ > 0 hold. Therefore, one sees

jm.�/ �m.0/j2 D

ˇ̌̌̌ �0Z
��0

a20��.d�/

� � �.�/

ˇ̌̌̌2
� m0.0/

�0Z
��0

a20��.d�/

j� � �.�/j2
D m0.0/

Imm.�/

� Im�.�/
;

which implies
jm.0/ �m.�/j2 Cm0.0/Y � 0;

hence (A.5) shows
Im.d N�d�m.z/ � �.z// � 0:

Now
Im.d N�d�m.z// D Im.d N�d�m.z/ � �.z//C Im�.z/ > 0

holds, if z 2 CC \ ¹jzj > 1º.

Case 3. � 2 CC \ ¹jzj > 1º, z 2 CC \ ¹jzj < 1º. In this case Im�.z/ < 0, Im�.�/,
Imm.�/, Imm.z/ > 0 hold. Therefore, Y > 0 and (A.5) show

Im.d N�d�m.z/ � �.z// � 0;

which implies

�..d N�d�m/.�
�1.w// � w/ D ˛ C ˇw C

1Z
�1

� 1

� � w
�

�

�2 C 1

�
�.d�/

with w D �.z/ 2 C�. Since (A.3) implies d�m is analytic in a neighbourhood of 0,
so does d N�d�m, which means d N�d�m.0/ exists finitely. Therefore, one has

.d N�d�m/.�
�1.w// D O.1/ as w !1 in C�;

and hence ˇ D 1, which shows

�.d N�d�m/.z/ D ˛ C

1Z
�1

� 1

� � �.z/
�

�

�2 C 1

�
�.d�/:

This proves Im d N�d�m.z/ > 0 in any case.
The proof of Imdxm.z/ > 0 proceeds similarly to the above. Here we present the

proof only for two cases. Suppose that x 2 R \ ¹jzj > 1º and z 2 CC \ ¹jzj > 1º.
The definition of dxm implies

Im.dxm.z/ � �.z// D .m.x/ �m.0// Im
�m.z/ �m.x/
�.z/ � �.x/

��1
; (A.6)
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hence the imaginary part is

Im
m.z/ �m.x/

�.z/ � �.x/
D Im

�
1C a21

�0Z
��0

�C.d�/

.� � �.z//.� � �.x//

�

D a21 Im�.z/

�0Z
��0

�C.d�/

j� � �.z/j2.� � �.x//
:

If x > 0, then � � �.x/ < 0 and

m.x/ �m.0/ D m.x/ �m.x�1/Cm.x�1/ �m.0/ > 0;

due to m.x�1/ � m.0/ > 0 (m0.x/ > 0), m.x/ � m.x�1/ > 0. Therefore, we have
Im.dxm.z/ � �.z// > 0, which yields Im dxm.z/ > 0, since Im �.z/ > 0. The case
x < 0 can be treated similarly.

Suppose that x 2 R \ ¹jzj < 1º and z 2 CC \ ¹jzj > 1º. Then, in the expres-
sion (A.6), we decompose

m.z/ �m.x/

�.z/ � �.x/
D
m.z/ �m.x�1/

�.z/ � �.x�1/
C
m.x�1/ �m.x/

�.z/ � �.x/

D 1C a21

�0Z
��0

�C.d�/

.� � �.z//.� � �.x�1//
C
m.x�1/ �m.x/

�.z/ � �.x/
;

which yields

Im
m.z/ �m.x/

�.z/ � �.x/
< 0 if x > 0,

and Im dxm.z/ > 0. The other cases can be computed similarly and one can show
Im dxm.z/ > 0 in any case.
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