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Spectral invariants for discrete Schrödinger operators
on periodic graphs

Natalia Saburova

Abstract. The aim of this article is to present a complete system of Floquet spectral invariants
for the discrete Schrödinger operators with periodic potentials on periodic graphs. These invari-
ants are polynomials in the potential and determined by cycles in the quotient graph from some
specific cycle sets. We discuss some properties of these invariants and give an explicit expres-
sion for the linear and quadratic (in the potential) Floquet spectral invariants. The constructed
system of spectral invariants can be used to study the sets of isospectral periodic potentials
for the Schrödinger operators on periodic graphs. In particular, we deduce that under certain
assumptions, if a real potential is isospectral to the zero (respectively, “degree”) potential, then
it must be the zero (respectively, “degree”) potential.

1. Introduction

We consider discrete Schrödinger operators with periodic potentials on periodic
graphs. Such operators are used in solid state physics to describe electron motion
in a crystal in the tight binding approximation [1]. The study of the spectra of these
operators allows to explain many physical properties of crystals.

Using Floquet theory the spectral analysis of the discrete Schrödinger operatorH
with a periodic potential on a �-periodic graph G , where � is a lattice of rank d in
Rd , can be reduced to studying spectra of a family of Floquet operators H.k/ acting
on the finite quotient graph G� D G=� and depending on the parameter k 2 Td ´

Rd=.2�Z/d called quasimomentum. For each k 2 Td , the spectrum �.H.k// of the
operator H.k/ consists of � eigenvalues (including multiplicities), where � is the
number of the vertices of the quotient graph G�. The family of the spectra �.H.k//,
k 2 Td , is called the Floquet spectrum of the Schrödinger operatorH . The spectrum
of H.0/ is called the periodic spectrum of H .

The main goal of this paper is to present a complete system of Floquet (respect-
ively, periodic) spectral invariants for the discrete Schrödinger operators with periodic
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potentials on arbitrary periodic graphs. This is a system of functionals depending on
the potential and geometric parameters of the periodic graph (some characteristics
of cycles in its quotient graph). The identity of these systems for two Schrödinger
operators is equivalent to the identity of their Floquet (respectively, periodic) spectra.
This system of spectral invariants can be used to study the sets of isospectral peri-
odic potentials, i.e., periodic potentials for which the Schrödinger operator on a fixed
periodic graph has the same Floquet (or periodic) spectrum. Spectral invariants for
the discrete Schrödinger operators on the simplest periodic graph, the d -dimensional
lattice Zd , d � 2, and their applications to the problem of isospectral periodic poten-
tials were studied by T. Kappeler in a series of papers [7–9] and by W. Liu [12, 13].
To the best of our knowledge, there are no such kind of results for other periodic
graphs (except for the triangular lattice also considered in [12]). We note that for the
Schrödinger operator with a �-periodic potential on the one-dimensional lattice Z the
Floquet spectral invariants have no sense, due to the simple structure of the quotient
graph, which is just a cycle on � vertices. For periodic graphs with a more complic-
ated structure, a family of the Floquet spectral invariants is quite rich (due to a rich
set of cycles in their quotient graphs).

We mention that in the continuous case a family of Floquet spectral invariants for
the periodic Schrödinger operators in Rd was constructed in [3, 14, 15].

The paper is organised as follows. The introduction contains the definitions of
periodic and quotient (fundamental) graphs. We also recall the notion of edge indices
from [10]. Then we define the discrete Schrödinger operator on periodic graphs and
briefly describe its spectrum. In Section 2 we formulate our main results.

• We construct a complete system of the Floquet spectral invariants 	m
n .Q/,

nD 1; 2; : : : ; �, m 2 Zd , and a complete system of the periodic spectral invariants
	n.Q/, nD 1;2; : : : ;�, for the discrete Schrödinger operators with periodic poten-
tials Q on arbitrary periodic graphs (Theorem 2.5). These invariants are obtained
using the trace formulas for the Schrödinger operator from [11]. The invariants
	m
n .Q/ are polynomials in the potential Q and determined by cycles in the quo-

tient graph of length at most n � 1 and with index m.

• We express the periodic spectral invariants 	n.Q/ in terms of the Floquet spectral
invariants 	m

n .Q/, m 2 Zd (Proposition 2.7). These expressions, in particular,
yield that, in the contrast to the case of the one-dimensional lattice Z, the periodic
spectrum of the Schrödinger operator on a periodic graph, in general, does not
determine its Floquet spectrum.

• For a wide class of periodic graphs, we give explicit expressions for the first
three periodic spectral invariants 	n.Q/, n D 1; 2; 3, of the Schrödinger operator
(Corollary 2.9). As a simple consequence of these invariants, we deduce that if the
fundamental graph G� has no loops, then a real potential isospectral to the zero
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(respectively, degree) potential must be the zero (respectively, degree) potential
(Proposition 2.13).

• We provide explicit expressions for the linear and quadratic (in the potential val-
ues) Floquet spectral invariants of the Schrödinger operator (Theorem 2.11).

Finally, we illustrate the obtained results by some simple examples of periodic graphs.
In particular, we consider the lattice Zd , d � 2, and compare the obtained spectral
invariants with the known ones from [9, 12, 13].

In Section 3 we prove our results. First, we recall the trace formulas for the
Schrödinger operator from [11] (Theorem 3.1). Then, we prove Theorem 2.5 about
complete systems of Floquet and periodic spectral invariants. Here we also present
explicit expressions for the first periodic spectral invariants 	n.Q/ and Floquet spec-
tral invariants 	m

n .Q/, nD 1; 2; 3, m 2 Zd (Proposition 3.3) and prove Corollary 2.9,
Theorem 2.11, and Proposition 2.13.

Section 4 is devoted to examples of the Schrödinger operators on some simple
periodic graphs and their spectral invariants.

1.1. Periodic graphs and edge indices.

Let G D .V ;E/ be a connected infinite graph embedded into the space Rd , where V

is the set of its vertices and E is the set of its unoriented edges. Considering each edge
in E to have two orientations, we introduce the set A of all oriented edges. An edge
starting at a vertex u and ending at a vertex v from V will be denoted as the ordered
pair .u; v/ 2 A. Let Ne D .v; u/ be the inverse edge of e D .u; v/ 2 A. The vertices
u; v 2 V will be called adjacent and denoted by u � v, if .u; v/ 2 A. We define the
degree ~v of the vertex v 2 V as the number of all edges from A starting at v.

Let � be a lattice of rank d in Rd with a basis ¹a1; : : : ; ad º, i.e.,

� D
°
a 2 Rd

ˇ̌̌
a D

dX
sD1

nsas; .ns/
d
sD1 2 Zd

±
;

and let

� D
°
x 2 Rd

ˇ̌̌
x D

dX
sD1

xsas; .xs/
d
sD1 2 Œ0; 1/

d
±

(1.1)

be the fundamental cell of the lattice � . We define the equivalence relation on Rd

x � y .mod�/ () x � y 2 � for all x; y 2 Rd :

We consider locally finite �-periodic graphs G , i.e., graphs satisfying the follow-
ing conditions:
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(1) G D G C a for any a 2 � , i.e., G is invariant under translation by any vector
a 2 �;

(2) the quotient graph G� D G=� is finite.

The basis vectors a1; : : : ; ad of the lattice � are called the periods of G . We also
call the quotient graph G� D G=� the fundamental graph of the periodic graph G .
The fundamental graph G� is a graph on the d -dimensional torus Rd=� . The graph
G� D .V�;E�/ has the vertex set V� D V=� , the set E� D E=� of unoriented edges
and the set A� D A=� of doubled oriented edges.

Remark 1.1. A periodic graph G could be defined as an abstract infinite graph equip-
ped with an action of a finitely generated free abelian group (a lattice) � (see, e.g.,
[2, Chapter 4]). The embedding of G into Rd is just a simple geometric realization of
periodic graphs.

We define the important notion of an edge index which was introduced in [10].
This notion allows one to consider, instead of a periodic graph, the finite fundamental
graph with edges labelled by some integer vectors called indices.

For each x 2 Rd , we denote by xA 2 Rd the coordinate vector of x with respect
to the basis A D ¹a1; : : : ; ad º of the lattice � , i.e.,

xA D .x1; : : : ; xd /; where x D

dX
sD1

xsas: (1.2)

For any vertex v 2V of a �-periodic graph G , the following unique representation
holds true:

v D v0 C Œv�; where v0 2 V \�; Œv� 2 �; (1.3)

and � is the fundamental cell of the lattice � defined by (1.1). In other words, each
vertex v can be obtained from a vertex v0 in� by a shift by a vector Œv� of the lattice � .

For any oriented edge e D .u; v/ 2 A of the periodic graph G , we define the edge
index �.e/ as the vector of the lattice Zd given by

�.e/ D Œv�A � Œu�A 2 Zd ; (1.4)

where Œv� 2 � is defined by (1.3) and the vector Œv�A 2 Zd is given by (1.2). Due to
the periodicity of the graph G , the edge indices �.e/ satisfy

�.eC a/ D �.e/ for all .e; a/ 2 A � �: (1.5)

This periodicity of the indices allows us to assign the index �.e�/ 2 Zd to each ori-
ented edge e� 2 A� of the fundamental graph G� by setting

�.e�/ D �.e/; (1.6)
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where e 2 A is an oriented edge in the periodic graph G from the equivalence class
e� 2 A� D A=� . In other words, edge indices of the fundamental graph G� are
induced by edge indices of the periodic graph G . Due to (1.5), the edge index �.e�/ is
uniquely determined by (1.6) and does not depend on the choice of e 2 A. From the
definition of the edge indices, it follows that

�.Ne/ D ��.e/ for all e 2 A�; (1.7)

where Ne is the inverse edge of e 2 A�.

1.2. Schrödinger operators on periodic graphs

Let `2.V/ be the Hilbert space of all square summable functions f WV ! C equipped
with the norm

kf k2
`2.V/

D

X
v2V

jf .v/j2 <1:

We consider the discrete Schrödinger operator H acting on `2.V/ and given by

H D ACQ; (1.8)

where A is the adjacency operator having the form

.Af /.v/ D
X

.v;u/2A

f .u/; f 2 `2.V/; v 2 V ; (1.9)

and Q is a �-periodic potential (possibly complex valued), i.e., it satisfies

.Qf /.v/ D Q.v/f .v/; Q.v C a/ D Q.v/ for all .v; a/ 2 V � �: (1.10)

The sum in (1.9) is taken over all edges from A starting at the vertex v.

Remark 1.2. (i) It is more usual and physically motivated to consider the Schrödinger
operator H D � C Q, where � is the discrete combinatorial Laplacian given by
� D ~ � A. Here ~ is the degree potential, i.e.,

.~f /.v/ D ~vf .v/; f 2 `2.V/; v 2 V ; (1.11)

where ~v is the degree of the vertex v. But since we do not impose any restrictions on
the potential Q (except �-periodicity), we may absorb the degree potential ~ into Q.
Moreover, if G is a regular graph of degree ~o, i.e., all vertices of G have the same
degree ~o, then the Laplacian � has the form � D ~oI � A, where I is the identity
operator. Thus, the operators �� and A on a regular graph differ only by a shift.
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(ii) When dealing with the combinatorial Laplacian, without loss of generality,
we may assume that there are no loops in the periodic graph G , see [11, Section 1.1
(Remark 2)].

(iii) If G is a �-periodic graph and Q is a � 0-periodic potential, where � 0 is a
sublattice of � , then instead of the fundamental graph G� D G=� of G we will deal
with its expanded fundamental graph G� D G=� 0.

1.3. Spectra of Schrödinger operators

We briefly describe the spectrum of the Schrödinger operator H on periodic graphs
(for more details, see, e.g., [5] or [10]). We introduce the Hilbert space

H D L2
�
Td ;

dk

.2�/d
I `2.V�/

�
D

Z̊
Td

`2.V�/
dk

.2�/d
; Td

D Rd=.2�Z/d ;

equipped with the norm

kgk2H D

Z
Td

kg.k/k2
`2.V�/

dk

.2�/d
; g 2 H:

The Schrödinger operator H on `2.V/ has the following decomposition into a
constant fiber direct integral, see [10, Theorem 1.1]:

UHU�1 D

Z̊
Td

H.k/
dk

.2�/d
;

where U W `2.V/! H is some unitary operator (the Gelfand transform). The para-
meter k is called the quasimomentum. For each k 2Td , the fiber (or Floquet) operator
H.k/ on `2.V�/ is given by

H.k/ D A.k/CQ: (1.12)

Here Q is the potential on `2.V�/, and A.k/ is the fiber adjacency operator having
the form

.A.k/f /.v/ D
X

eD.v;u/2A�

eih�.e/;kif .u/; f 2 `2.V�/; v 2 V�; (1.13)

where �.e/ 2 Zd is the index of the edge e 2 A� defined by (1.4) and (1.6), and h�; �i
denotes the standard inner product in Rd .
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Let #M denote the number of elements in a setM . For each k 2 Td , the spectrum
�.H.k// of H.k/ consists of � ´ #V� eigenvalues (including multiplicities). The
family of spectra of all Floquet operators H.k/

¹�.H.k// j k 2 Td
º

is called the Floquet or, in physics literature, Bloch spectrum of the Schrödinger oper-
ator H . The Floquet operator H.0/ is just the Schrödinger operator defined
by (1.8)–(1.10) on the finite fundamental graph G�. Its spectrum �.H.0// is called
the periodic spectrum of H .

If the potentialQ is real, then each fiber operatorH.k/, k 2Td , is self-adjoint and
has � real eigenvalues �j .k/, j D 1; : : : ; �, labelled in non-decreasing order counting
multiplicities:

�1.k/ � �2.k/ � � � � � ��.k/ for all k 2 Td :

Each band function �j .�/ is a continuous and piecewise real analytic function on the
torus Td and creates the spectral band �j .H/ given by

�j .H/ D Œ�
�
j ; �

C

j � D �j .T
d /; j 2 N� D ¹1; : : : ; �º; (1.14)

where
��j D min

k2Td
�j .k/; �Cj D max

k2Td
�j .k/:

The spectrum of the Schrödinger operator H with a real periodic potential Q on a
periodic graph G has the form

�.H/ D
[
k2Td

�.H.k// D

�[
jD1

�j .H/;

i.e., it consists of � bands �j .H/ defined by (1.14).

Remark 1.3. Some of spectral bands �j .H/ D Œ��j ; �
C

j � may be degenerate, i.e.,
��j D �

C

j .

2. Main results

2.1. Cycles and their characteristics

The main role in the construction of spectral invariants for the Schrödinger operator
H on a periodic graph G is played by cycles in the fundamental graph G� and some
of their characteristics.
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A path p in a graph G D .V ;A/ is a sequence of oriented edges

p D .e1; e2; : : : ; en/; where ej D .vj ; vjC1/ 2 A; j D 1; : : : ; n;

for some vertices v1; : : : ; vn; vnC1 2 V . The number n of edges in a path p is called
the length of p and is denoted by jpj, i.e., jpj D n. A path p is called closed if
v1 D vnC1. Repeating a closed path p r times, we obtain r-multiple pr of p. If p

is not an r-multiple of a closed path with r � 2, then p is called prime.
Two closed paths are equivalent if one is obtained by a cyclic permutation of

edges in another. A (prime) cycle is an equivalence class of a (prime) closed path
p D .e1; e2; : : : ; en/ and will be denoted by c D Œp� D Œe1; e2; : : : ; en�, its length is
jcj D n. The reverse of a cycle c D Œe1; : : : ; en� is the cycle Nc D ŒNen; : : : ; Ne1�, where
Ne is the inverse edge of e 2 A.

Remark 2.1. If a graph G has no multiple edges, then a cycle c can equivalently be
described by the sequence c D Œv1; : : : ; vn� of vertices it passes by.

Let C be the set of all cycles in the fundamental graph G� D .V�;A�/. For any
cycle c 2 C , we define the cycle index �.c/ 2 Zd by

�.c/ D

nX
jD1

�.ej /; c D Œe1; e2; : : : ; en� 2 C ; (2.1)

where �.e/ 2 Zd is the index of the edge e 2 A� defined by (1.4) and (1.6). From
this definition and the identity (1.7), it follows that

�.Nc/ D ��.c/ for all c 2 C : (2.2)

Remark 2.2. (i) Edge indices depend on the choice of the embedding of the periodic
graph G into Rd . Cycle indices do not depend on this choice. Indeed, any cycle c in
the fundamental graph G� is obtained by factorization of a path in the periodic graph
G connecting some �-equivalent vertices v 2V and vC a 2V , a 2 � . The index �.c/
of the cycle c is just the coordinate vector of a with respect to the basis ¹a1; : : : ; ad º
of the lattice � , and, therefore, does not depend on the choice of the embedding. In
particular, �.c/ D 0 if and only if the cycle c in G� corresponds to a cycle in G .

(ii) The set C includes cycles with back-tracking parts, i.e., the cycles Œe1; : : : ;en�
for which ejC1 D Nej for some j 2 Nn (enC1 is understood as e1). In particular, each
oriented edge e 2A� produces a back-tracking cycle ce D Œe; Ne� of length 2 (note that
ce D c Ne).

The last cycle characteristic we need is the cycle weight. At each vertex v of the
fundamental graph G� D .V�;A�/, we add a loop ev with zero index and consider
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the modified fundamental graph

zG� D .V�; zA�/; zA� D A� [ ¹evºv2V� ; �.ev/ D 0: (2.3)

Let zC be the set of all cycles in zG�. For each cycle c 2 zC , we define the weight

!.c;Q/ D !.e1/ : : : !.en/; where c D Œe1; : : : ; en� 2 zC ;

!.e/ D

´
1 if e 2 A�;

Q.v/ if e D ev:

(2.4)

From this definition, it follows that

!.Nc;Q/ D !.c;Q/ for all c 2 zC : (2.5)

Remark 2.3. (i) The weight !.c; Q/ of a cycle c 2 zC is a monomial of degree at
most jcj in the potential values Q.v/ at the vertices v of the cycle c.

(ii) For each cycle c 2 C of the fundamental graph G�, one has !.c;Q/ D 1.

2.2. Spectral invariants for Schrödinger operators

Let H D A C Q be the Schrödinger operator with a �-periodic potential Q on a
�-periodic graph G .

• A functional 	.Q/ is a Floquet spectral invariant ofH DACQ, if 	.Q/ has the
following property: if the Floquet spectra of the operators ACQ1 and ACQ2

coincide, i.e.,

�.A.k/CQ1/ D �.A.k/CQ2/ for all k 2 Td ;

then 	.Q1/D	.Q2/. HereA.k/ is the fiber adjacency operator defined by (1.13).

• A functional 	.Q/ is a periodic spectral invariant ofH DACQ, if 	.Q/ has the
following property: if the periodic spectra of the operators ACQ1 and ACQ2

coincide, i.e.,
�.A.0/CQ1/ D �.A.0/CQ2/;

then 	.Q1/ D 	.Q2/.

A system of functionals 	s.Q/, s 2 S , is called a complete system of Floquet
(respectively, periodic) spectral invariants of the Schrödinger operator H D ACQ,
if the equality 	s.Q1/D	s.Q2/ for all values s 2 S implies that the Floquet (respect-
ively, periodic) spectra of the operatorsACQ1 andACQ2 coincide, and conversely,
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i.e.,

�.A.k/CQ1/ D �.A.k/CQ2/ for all k 2 Td

() 	s.Q1/ D 	s.Q2/ for all s 2 S I

respectively,

�.A.0/CQ1/ D �.A.0/CQ2/ () 	s.Q1/ D 	s.Q2/ for all s 2 S:

Remark 2.4. (i) Each periodic spectral invariant of the Schrödinger operator H is
also a Floquet spectral invariant of H , but the inverse is not true in general.

(ii) It is known (see, e.g., [6, p. 44]) that � � � matrices A and B have the same
eigenvalues if and only if TrAn D TrBn for all n 2 N� , where TrAn is the trace of
An. Then the collections

¹TrHn.k/; n 2 N� ; k 2 Td
º and ¹TrHn.0/; n 2 N�º

are complete systems of Floquet and, respectively, periodic spectral invariants for
the Schrödinger operator H . Recall that H.k/ is the corresponding Floquet operator
(matrix) defined by (1.12), (1.13).

In the following theorem we present complete systems of Floquet and periodic
spectral invariants for the Schrödinger operator which are determined by cycles in the
modified fundamental graph. Recall that each cycle c has the following three charac-
teristics:

• jcj is the length of the cycle c;

• �.c/ is the index of c defined by (2.1);

• !.c;Q/ is the weight of c defined by (2.4).

Theorem 2.5. Let H D ACQ be the Schrödinger operator on a periodic graph G .
Then the following statements hold true.

(i) The functionals

	m
n .Q/ D

X
r2Nn;c2 zPnP
rjcjDn;r�.c/Dm

1

r
!r.c;Q/; n 2 N;m 2 Zd ; (2.6)

are Floquet spectral invariants of H . Here P and zP are the sets of all
prime cycles in the fundamental graph G� D .V�;A�/ and in the modified
fundamental graph zG� defined by (2.3), respectively. Moreover,

¹	m
n .Q/; n 2 N� ;m 2 Zd º; � D #V�; (2.7)

is a complete system of Floquet spectral invariants of H .
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(ii) The functionals

	n.Q/ D
X

r2Nn;c2 zPnP
rjcjDn

1

r
!r.c;Q/; n 2 N; (2.8)

are periodic spectral invariants of H , and the system

¹	n.Q/; n 2 N�º (2.9)

is complete.

Remark 2.6. (i) For each .n;m/ 2 N � Zd , the sum in (2.6) is taken over all r 2
Nn D ¹1; 2; : : : ; nº and all prime cycles c 2 zP nP such that r jcj D n and r�.c/Dm.
This condition yields that r is a common divisor of n and all components of m.

Similarly, for each n 2 N, the sum in (2.8) is taken over all r 2 Nn and all prime
cycles c 2 zP nP such that r jcj D n, i.e., r is a divisor of n.

(ii) The sums in (2.6) and (2.8) are finite, since the number of cycles of length at
most n in the finite modified fundamental graph zG� is finite.

(iii) Each cycle c 2 zP n P has at least one loop edge ev , v 2 V�, added to the
fundamental graph G�, see (2.3).

We formulate some simple properties of the spectral invariants 	m
n .Q/ and 	n.Q/.

A vector m 2 Zd with (setwise) coprime components is called primitive.

Proposition 2.7. For the spectral invariants 	m
n .Q/ and 	n.Q/ defined by (2.6)

and (2.8), respectively, the following statements hold true.

(i) 	m
n .Q/ and 	n.Q/ are polynomials in the potential values Q.v/, v 2 V�,

of degree at most n, and they satisfy

	n.Q/ D
X

m2Zd

	m
n .Q/; n 2 N; (2.10)

	m
n .Q/ D 	�m

n .Q/; .n;m/ 2 N � Zd ; (2.11)

	m
n .Q/ D 0; if kmk > .n � 1/�C; where �C D max

e2A�
k�.e/k;

(2.12)

�.e/ is the index of the edge e2A� of the fundamental graph G�D .V�;A�/

defined by (1.4), (1.6), and k�k is the standard norm in Rd .

(ii) If m 2 Zd is primitive, then

	m
n .Q/ D

X
c2 zP m

n nP
m
n

!.c;Q/; n 2 N; (2.13)
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where P m
n and zP m

n are the sets of all prime cycles of length n and with index
m in the fundamental graph G� and in the modified fundamental graph zG�
defined by (2.3), respectively; and !.c;Q/ is the weight of a cycle c defined
by (2.4).

(iii) If n is prime, then

	m
n .Q/ D

X
c2 zP m

n nP
m
n

!.c;Q/; 0 ¤ m 2 Zd ; (2.14)

	0n.Q/ D
X

c2 zP0
nnP

0
n

!.c;Q/C
1

n

X
v2V�

Qn.v/; (2.15)

	n.Q/ D
X

c2 zPnnPn

!.c;Q/C
1

n

X
v2V�

Qn.v/; (2.16)

where Pn and zPn are the sets of all prime cycles of length n in G� and zG�,
respectively.

Remark 2.8. (i) The number �C in (2.12) is the maximum “hopping” distance, i.e.,
the maximum Zd distance between the copies of the fundamental domain whose ver-
tices are connected by an edge.

(ii) The identity (2.12) yields that the sum over m in (2.10) is finite. From (2.12), it
also follows that the complete system of the Floquet spectral invariants (2.7) is finite
(but not minimal). Due to (2.11), the system of the functionals

	m
n .Q/; n 2 N� ;m D .m1; : : : ; md / 2 Zd ; m1 � 0;

is also a finite complete system of Floquet spectral invariants.
(iii) The proof of Theorem 2.5 is based on the trace formulas for the Schrödinger

operator from [11].

The next corollary gives simple explicit expressions for the first three periodic
spectral invariants 	n.Q/ under certain conditions on the fundamental graph.

Corollary 2.9. For nD 1;2;3, the periodic spectral invariants 	n.Q/ defined by (2.8)
have the form

	1.Q/ D
X
v2V�

Q.v/;•

	2.Q/ D
1

2

X
v2V�

Q2.v/;•

if the fundamental graph G� D .V�;A�/ has no loops,
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	3.Q/ D
1

3

X
v2V�

Q3.v/C ~o
X
v2V�

Q.v/;•

if G� is a regular graph of degree ~o without loops and multiple edges.

Remark 2.10. (i) For the Schrödinger operatorH DACQ with a �-periodic poten-
tial Q on the lattice Zd , where � D p1Z˚ � � � ˚ pdZ for integers p1; : : : ; pd � 2,
the periodic spectral invariantsX

v2V�

Q.v/;
X
v2V�

Q2.v/;
X
v2V�

Q3.v/ (2.17)

were derived in [9] using the discrete heat equation. Due to Corollary 2.9, many peri-
odic regular graphs (for example, the hexagonal lattice and the Kagome lattice with
expanded fundamental graphs without multiple edges, see Figure 3 (c)) also have the
periodic spectral invariants (2.17).

(ii) For (non-regular) fundamental graphs possibly having loops and multiple
edges, the spectral invariants 	2.Q/ and 	3.Q/ are given in Proposition 3.3.

The following theorem provides the explicit expressions for the linear and quad-
ratic (in the potential values) Floquet spectral invariants of the Schrödinger operator.
A graph is called bipartite if its vertex set is divided into two disjoint sets (called parts
of the graph) such that each edge connects vertices from distinct parts.

Theorem 2.11. Let m 2 Zd be primitive, and n´ n.m/ be the length of the shortest
cycle with index m in the fundamental graph G� D .V�;A�/. Then the Floquet spec-
tral invariants 	m

nCs.Q/, s D 1; 2, defined by (2.6) have the form

	m
nC1.Q/ D

X
cDŒv1;:::;vn�2P m

n

h1.q1; : : : ; qn/; (2.18)

	m
nC2.Q/ D

X
cDŒv1;:::;vn�2P m

n

h2.q1; : : : ; qn/ C

X
cDŒv1;:::;vnC1�2P m

nC1

h1.q1; : : : ; qnC1/; (2.19)

where

• c D Œv1; : : : ; vn� denotes a prime cycle c of length n given by the sequence of its
vertices v1; : : : ; vn 2 V�; qj ´ Q.vj /, j 2 Nn;

• P m
n is the set of all prime cycles of length n and with index m in G�;

• hs.q1; : : : ; qn/ is the complete homogeneous symmetric polynomial of degree s in
q1; : : : ; qn:

h1.q1; : : : ; qn/ D
X
1�j�n

qj ; h2.q1; : : : ; qn/ D
X

1�j�l�n

qj ql :
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In particular, if the periodic graph G is bipartite, then P m
nC1 D ¿ and

	m
nC2.Q/ D

X
cDŒv1;:::;vn�2P m

n

h2.q1; : : : ; qn/: (2.20)

Remark 2.12. (i) In (2.18)–(2.20) the sum is taken over all distinct prime cycles
c D Œe1; : : : ; en� 2 P m

n , where ej D .vj ; vjC1/, j 2 Nn, vnC1 D v1, even if some
of them have the same sequence of vertices. This situation may happen if G� have
multiple edges (see also Remark 2.1).

(ii) The Floquet spectral invariants (2.18)–(2.20) are expressed in terms of only
prime cycles of the fundamental graph G�, not the modified fundamental graph zG�
(compare with (2.6)).

(iii) Since n.m/ is the length of the shortest cycle with a primitive index m in G�,
then 	m

l
.Q/ D 0 for all l � n.m/.

2.3. Zero and degree potentials

Let G be a �-periodic graph. We say that �-periodic potentials Q1 and Q2 are iso-
spectral if the Schrödinger operators H1 D ACQ1 and H2 D ACQ2 on G have
the same periodic spectrum.

The following proposition about isospectrality to the zero and degree potentials
is an immediate consequence of the linear and quadratic periodic spectral invariants
presented in Corollary 2.9.

Proposition 2.13. Let H D ACQ be the Schrödinger operator with a real �-peri-
odic potential Q on a �-periodic graph G .

(i) Let Q be isospectral to the zero potential, i.e., the Schrödinger operator
H D ACQ and the adjacency operator A have the same periodic spec-
trum. If the fundamental graph G� D G=� has no loops, then Q � 0.

(ii) If Q is isospectral to the minus degree potential �~ defined by (1.11), i.e.,
the Schrödinger operator H D A C Q and the minus Laplacian ��´
A � ~ have the same periodic spectrum, then Q � �~.

Remark 2.14. (i) For the lattice Zd , this result was proved in [9]. We suppose that
for an arbitrary periodic graph it also should be known. However, we could not find it
in the literature, which is the reason why we state it here.

(ii) In the proof of this proposition we follow arguments from [3] which were used
to prove the analogous result in the continuous case.

(iii) If the fundamental graph G� has loops, then a non-zero real potential Q iso-
spectral to the zero potential may exist, see Example 2.17.

(iv) Complex potentialsQ isospectral to the zero potential (or to the minus degree
potential �~) exist. For an example of such complex potentials on Zd , see [4].



Spectral invariants for discrete Schrödinger operators on periodic graphs 519

c s s s s s cZ

0 1 2 3
: : :

4 � � C 1(a)

(b)

G�

1

2

3

4
: : :�

s
s

s s
s

(c)

zG�

1

2

3

4
: : :�

s
s

s s
s

��
����
��

��
����
��
��
��

Figure 1. (a) The one-dimensional lattice Z. (b) The fundamental graph G� D Z=�Z, � 2 N.
(c) The modified fundamental graph zG�. The added loops are shown in red.

2.4. Examples

In this section we obtain the spectral invariants 	m
n .Q/ and 	n.Q/ defined by (2.6)

and (2.8) for the Schrödinger operator on some concrete periodic graphs. The proofs
of the examples are based on Theorems 2.5, 2.11, and Corollary 2.9 and given in
Section 4.

Example 2.15. LetH DACQ be the Schrödinger operator with a �-periodic poten-
tial Q on the one-dimensional lattice Z, � 2 N, see Figure 1 (a). Then the Floquet
spectral invariants 	m

n .Q/ and the periodic spectral invariants 	n.Q/ of H defined
by (2.6) and (2.8), respectively, satisfy

	m
n .Q/ D 0; m 2 Z n ¹0º;

	0n.Q/ D 	n.Q/; n 2 N� :
(2.21)

Remark 2.16. (i) For non-zero m2Z, the Floquet spectral invariants 	m
n .Q/, n2N� ,

have no sense. For each n 2 N� , the Floquet spectral invariant 	0n.Q/ coincides with
the periodic spectral invariant 	n.Q/.

(ii) The Floquet spectrum of the Schrödinger operator H on Z is determined by
its periodic spectrum, see, e.g., [7, p. 137]. This fact also simply follows from (2.21)
and completeness of the spectral invariants systems (2.7) and (2.9).

(iii) The potential Q on Z is not uniquely determined neither by the periodic
spectrum, nor by the Floquet spectrum of H , see [7]. In particular, for a large gen-
eric �-periodic real potential Q (i.e., a potential with pairwise distinct values at the
fundamental graph vertices) there are �! real isospectral potentials.
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-s c c c
s c c cG

v1 a

e1

v1 C a

v2 v2 C a

e2

(a)

6

6"!
# s
s

v1 e1

e2

v2G�

(b)

Figure 2. (a) The graph G is obtained by adding a pendant edge at each vertex of the one-dimen-
sional lattice Z; a is the period of G . (b) the fundamental graph G� D G=Z consists of two
vertices v1; v2 and two edges e1; e2 (and their inverse edges).

Example 2.17. Let G be a graph obtained by adding a pendant edge at each ver-
tex of the one-dimensional lattice Z, see Figure 2 (a). We consider the Schrödinger
operator H D ACQ with a Z-periodic potential Q on G . The fundamental graph
G� D G=Z has two vertices v1 and v2 with degrees ~1 D 3 and ~2 D 1, respectively
(see Figure 2 (b)). Let qs ´ Q.vs/, s D 1; 2. Then

	01.Q/ D q1 C q2; 	02.Q/ D
1

2
.q21 C q

2
2/; 	12.Q/ D 	�12 .Q/ D q1 (2.22)

form a complete system of Floquet spectral invariants of H ; and

	1.Q/ D q1 C q2; 	2.Q/ D
1

2
.q21 C q

2
2/C 2q1 (2.23)

form a complete system of periodic spectral invariants of H .
If a (complex-valued) potential P is isospectral to Q, then P D Q D .q1; q2/ or

P D .q2 � 2; q1 C 2/. In particular,

• if Q D 0, then P D 0 or P D .�2; 2/;

• if Q D �~, where ~ D .~1; ~2/ D .3; 1/, then P D �~.

Remark 2.18. The previous example demonstrates that for the graph G shown in
Figure 2 (a),

(i) the periodic spectrum does not determine the potentialQ uniquely; the Floquet
spectrum does, see (2.22);

(ii) the periodic spectrum does not determine the Floquet spectrum as well. For
example, the periodic spectrum of the Schrödinger operatorsH DACQ on the graph
G with Q D 0 and Q D .�2; 2/ is the same: ¹1˙

p
2 º, but their Floquet spectra are

given by

cos k ˙
p

cos2 k C 1 and cos k ˙
p

cos2 k � 4 cos k C 5; k 2 Œ��; ��;

respectively.
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Figure 3. (a) The Kagome lattice G ; a1; a2 are the periods of G . (b) The fundamental graph
G� D G=� of the Kagome lattice, where � is the lattice with the basis a1;a2; �.cs/ is the index
of the cycle cs , s D 1; 2; 3. (c) The expanded fundamental graph G� D G=� 0 of G , where � 0 is
the lattice with the basis 2a1; 2a2.

Example 2.19. LetH DACQ be the Schrödinger operator with a �-periodic poten-
tial Q on the Kagome lattice G , where � is the lattice with the basis a1; a2, see
Figure 3 (a). Then,

	1.Q/ D

3X
sD1

qs; 	2.Q/ D
1

2

3X
sD1

q2s ; 	3.Q/ D
1

3

3X
sD1

q3s C 8

3X
sD1

qs (2.24)

form a complete system of periodic spectral invariants of H ; and

	
.1;0/
3 D q1 C q2; 	

.0;1/
3 D q1 C q3; 	

.1;�1/
3 D q2 C q3 (2.25)

form a complete system of Floquet spectral invariants of H . Here qs ´ Q.vs/,
s D 1; 2; 3, and v1; v2; v3 are the vertices of the fundamental graph G� of the Kagome
lattice (Figure 3 (b)).
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.0;0/ .1;0/ .2;0/

.0;1/ .1;1/ .2;1/

.0;2/ .1;2/ .2;2/

Z2

a1

a2

(a)

(b)
.0;0/ .1;0/ .2;0/

.0;1/ .1;1/ .2;1/

.0;2/ .1;2/ .2;2/

G

(c) .0;0/ .1;0/

.0;1/ .1;1/

G

Figure 4. (a) The square lattice Z2. (b) The fundamental graph G� D Z2=� of the square
lattice, where � D 3Z˚ 3Z. The vectors a1 D .3; 0/, a2 D .0; 3/ are the basis of the lattice � ,
the fundamental cell � of � is shaded. The red cycles in G� have the index .1; 0/ and the index
of the blue cycles is .0; 1/. (c) The fundamental graph G� D Z2=� of the square lattice, where
� D 2Z˚ 2Z.

Remark 2.20. (i) From (2.24), it follows that

3X
sD1

qs;

3X
sD1

q2s ;

3X
sD1

q3s (2.26)

also form a complete system of periodic spectral invariants of H .
(ii) The complete system of the Floquet spectral invariants (2.25) determines the

periodic potentialQ uniquely. We note that the complete system of the periodic spec-
tral invariants (2.26) gives (generically) 3Š D 6 potentials with the same periodic
spectrum.

Example 2.21. LetH DACQ be the Schrödinger operator with a �-periodic poten-
tial Q on the lattice Zd (for d D 2 see Figure 4 (a)), where � D p1Z˚ � � � ˚ pdZ

for some integers p1; : : : ; pd � 2. Then
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(i) the periodic spectral invariants 	n.Q/, n D 1; 2; 3, defined by (2.8) have the
form

	1.Q/ D
X

n2V�

Q.n/; 	2.Q/ D
1

2

X
n2V�

Q2.n/; (2.27)

	3.Q/ D
1

3

X
n2V�

Q3.n/C 2.d C do/	1.Q/; (2.28)

where V� is the vertex set of the fundamental graph G� D Zd=� of the lattice Zd :

V� D ¹n D .n1; : : : ; nd / 2 Zd j 0 � nj < pj ; j D 1; : : : ; dº; (2.29)

and do is the number of integers p1; : : : ; pd equal to 2;
(ii) the linear and quadratic Floquet spectral invariants 	m

nCs.Q/, s D 1; 2, given
by (2.18) and (2.20), for m D ej , and n.m/ D pj , j D 1; : : : ; d , where ¹ej ºdjD1 is the
standard basis of Zd , have the form

	
ej
pjC1

.Q/ D 	1.Q/; (2.30)

	
ej
pjC2

.Q/ D 	2.Q/C
1

2

X
n1;:::; Mnj ;:::;nd

� pj�1X
njD0

Q.n/
�2
; n D .n1; : : : ; nd /; (2.31)

where 	1.Q/ and 	2.Q/ are given in (2.27), and the sum
P
n1;:::; Mnj ;:::;nd

in (2.31) is
taken over all n1; : : : ; nd , except nj , from 0 to p1 � 1; : : : ; pd � 1, respectively.

Remark 2.22. (i) In (2.29) we identify the vertices of the fundamental graph G� D

Zd=� with the corresponding vertices of Zd in the fundamental cell � of the period
lattice � , see Figure 4.

(ii) The linear Floquet spectral invariants (2.30) coincide with the periodic spectral
invariant 	1.Q/ given in (2.27).

(iii) For each j , the sum in the round brackets in (2.31) is the potential over a cycle
(i.e., the sum of the potential values at the vertices of the cycle) with index m D ej
in the fundamental graph G� D Zd=� . For example, if d D 2 and p1 D p2 D 3 (see
Figure 4 (b)), the Floquet spectral invariants (2.31) have the form

	
.1;0/
5 .Q/ D 	2.Q/C

1

2

2X
n2D0

� 2X
n1D0

Q.n1; n2/
�2
;

	
.0;1/
5 .Q/ D 	2.Q/C

1

2

2X
n1D0

� 2X
n2D0

Q.n1; n2/
�2
:

(2.32)

The sums in the round brackets in (2.32) are the potentials over “horizontal” (respect-
ively, “vertical”) cycles in the fundamental graph G� D Z2=� , shown in red (respect-
ively, in blue) in Figure 4 (b).
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It is convenient to represent the spectral invariants (2.27), (2.31) in terms of the
discrete Fourier transform yQ of the potential QWV� ! C given by

yQ.l/ D
1

p

X
n2V�

e
�2�i.

l1n1
p1
C���C

ld nd
pd

/
Q.n/; (2.33)

where p D p1 : : : pd , l D .l1; : : : ; ld / 2 V�, n D .n1; : : : ; nd / 2 V�, and V� has the
form (2.29).

Corollary 2.23. Let the potential Q be real. Then the periodic spectral invariants
(2.27) and the Floquet spectral invariants (2.31), in terms of the Fourier transform
(2.33), have the form

	1.Q/ D p yQ.0/; 	2.Q/ D
p

2

X
n2V�

j yQ.n/j2; (2.34)

	
ej
pjC2

.Q/ D 	2.Q/C
p pj

2

X
n2V�
njD0

j yQ.n/j2; j D 1; : : : ; d; (2.35)

where n D .n1; : : : ; nd /.

Remark 2.24. (i) The first identity in (2.34) holds true for complex potentials Q as
well.

(ii) From (2.31) and (2.35), it follows that

X
n1;:::; Mnj ;:::;nd

� pj�1X
njD0

Q.n/
�2

(2.36)

or, in terms of the Fourier transform (for real Q),X
n2V�
njD0

j yQ.n/j2; n D .n1; : : : ; nd /; j D 1; : : : ; d; (2.37)

are also Floquet spectral invariants. The periodic spectral invariants (2.27), (2.34), and
the Floquet spectral invariants (2.36), (2.37) for the lattice Zd (d � 2) were obtained
in [9] using the discrete heat equation for the Schrödinger operator H on Zd and
in [12, 13] by expanding the dispersion relation for H into the Laurent polynomials.
We obtain these invariants using the trace formulas for the Schrödinger operators
from [11].



Spectral invariants for discrete Schrödinger operators on periodic graphs 525

3. Proof of the main results

3.1. Trace formulas for Schrödinger operators

The proof of our results is based on the following trace formulas for the Schrödinger
operator (see [11, Corollary 2.6]). For each closed path p D .e1; : : : ; en/ in the mod-
ified fundamental graph zG�, we define the index �.p/ and the weight !.p;Q/ by

�.p/ D �.c/; !.p;Q/ D !.c;Q/; c D Œe1; : : : ; en�;

where the cycle c is an equivalence class of p, and the index �.c/ and the weight
!.c;Q/ of a cycle c are given by (2.1) and (2.4), respectively.

Theorem 3.1. Let H.k/ D A.k/ CQ, k 2 Td , be the fiber Schrödinger operator
defined by (1.12), (1.13) on the fundamental graph G�. Then for each n 2N, the trace
of Hn.k/ � An.k/ has the form

Tr.Hn.k/ � An.k// D
X

m2Zd

tm
n .Q/ coshm; ki; tm

n .Q/ D
X

p2zCm
nnC

m
n

!.p;Q/; (3.1)

where Cm
n and zCm

n are the sets of all closed paths of length n and with index m in the
fundamental graph G� and in the modified fundamental graph zG� defined by (2.3),
respectively, and !.p;Q/ is the weight of the closed path p.

Remark 3.2. (i) The formulas (3.1) are trace formulas, where the traces (the sums
of eigenvalues) of the n-th power of the fiber operators are expressed in terms of the
potential Q and closed paths of length n in zG�.

(ii) The sum over m in (3.1) is finite, since zCm
n D ¿ for all m 2 Zd such that

kmk > n�C, where �C is given in (2.12) (see [11, Proposition 2.1.i]).
(iii) Although in [11] the authors considered real potentials Q, the trace formu-

las (3.1) hold true for complex valued periodic potentials as well.

3.2. Spectral invariants for Schrödinger operators

We prove Theorem 2.5 about complete systems of spectral invariants for the Schrödin-
ger operator on periodic graphs.

Proof of Theorem 2.5. (i) Let Hs D A C Qs be the Schrödinger operators with
�-periodic potentials Qs on a �-periodic graph G , and let Hs.k/ D A.k/ C Qs ,
k 2 Td , be the corresponding Floquet operators, s D 1; 2.

Assume that �.H1.k// D �.H2.k// for all k 2 Td . Then,

TrHn
1 .k/ D

�X
jD1

�nj .k;Q1/ D

�X
jD1

�nj .k;Q2/ D TrHn
2 .k/ for all .n; k/ 2 N � Td ;
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where �j .k;Qs/, j 2 N� , are the eigenvalues of Hs.k/. This yields

Tr.Hn
1 .k/ � A

n.k// D Tr.Hn
2 .k/ � A

n.k// for all .n; k/ 2 N � Td :

Then, using (3.1), we obtainX
m2Zd

tm
n .Q1/ coshm; ki D

X
m2Zd

tm
n .Q2/ coshm; ki for all .n; k/ 2 N � Td : (3.2)

Since coshm; ki, m 2 Zd , are linearly independent functions on Td , from (3.2) we
deduce that

tm
n .Q1/ D tm

n .Q2/ for all .n;m/ 2 N � Zd :

Thus, tm
n .Q/, .n;m/ 2 N � Zd , are Floquet spectral invariants of the Schrödinger

operator H D ACQ on G .
Conversely, let

tm
n .Q1/ D tm

n .Q2/ for all .n;m/ 2 N� � Zd :

Then, using (3.1), we get

TrHn
1 .k/ D TrHn

2 .k/ for all .n; k/ 2 N� � Td ;

which yields (see Remark 2.4 (ii)) that �.H1.k// D �.H2.k// for all k 2 Td . Thus,

¹tm
n .Q/; .n;m/ 2 N� � Zd º

is a complete system of Floquet spectral invariants of H .
Each closed path p in the modified fundamental graph zG� can be expressed in a

unique way in the form pD pro for some r 2 N and some prime closed path po in zG�,
and

jpj D r jpoj; �.p/ D r�.po/; !.p;Q/ D !r.po;Q/: (3.3)

Each prime cycle c is an equivalence class consisting of jcj distinct prime closed
paths. These closed paths are a simple circular shift of one another and, consequently,
have the same length jcj, index �.c/ and weight !.c; Q/. Then, using (3.3), we can
rewrite the identity for tm

n .Q/ in (3.1) in the form

tm
n .Q/ D

X
p2zCm

nnC
m
n

!.p;Q/ D
X

r2N;c2 zPnP
rjcjDn;r�.c/Dm

jcj!r.c;Q/

D

X
r2Nn;c2 zPnP
rjcjDn;r�.c/Dm

n

r
!r.c;Q/ D n	m

n .Q/;
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where P and zP are the sets of all prime cycles in the fundamental graph G� and in
the modified fundamental graph zG�, respectively, and 	m

n .Q/ is given by (2.6). This
yields that 	m

n .Q/, .n;m/ 2 N � Zd , are also Floquet spectral invariants of H , and
the system (2.7) is complete.

(ii) For k D 0, the identities (3.1) have the form

Tr.Hn.0/ � An.0// D tn.Q/; n 2 N;

where

tn.Q/´
X

m2Zd

tm
n .Q/ D

X
p2zCnnCn

!.p;Q/;

Cn and zCn are the sets of all closed paths of length n in G� and zG�, respectively. The
remaining part of the proof is similar to the proof of (i).

We prove Proposition 2.7 about properties of the spectral invariants 	n.Q/ and
	m
n .Q/, .n;m/ 2 N � Zd .

Proof of Proposition 2.7. (i) The first statement of this item is a direct consequence
of the formulas (2.6) and (2.8) for the spectral invariants 	m

n .Q/ and 	n.Q/ and the
definition (2.4) of the cycle weight !.c;Q/, see also Remark 2.3 (i).

The identity (2.10) follows from (2.6) and (2.8).
For each cycle c 2 zP n P , the reverse cycle Nc is also in zP n P and jNcj D jcj,

�.Nc/ D ��.c/, !.Nc; Q/ D !.c; Q/, see (2.2) and (2.5). This and the definition (2.6)
of the spectral invariant 	m

n .Q/ yield the identity (2.11).
Each cycle c 2 zP n P has at least one loop edge ev , v 2 V�, with zero index,

see (2.3). Then, using the definition (2.1) of the cycle index, we have

k�.c/k �
X
e2c

k�.e/k � .jcj � 1/�C;

where �C is defined in (2.12). Therefore, for any c 2 zP nP and any r 2N, we obtain

rk�.c/k � .r jcj � r/�C � .r jcj � 1/�C:

Thus, if kmk> .n� 1/�C, then there are no c 2 zP nP and r 2Nn such that r jcj D n
and r�.c/ D m. Then, using (2.6), we obtain (2.12).

(ii) Let m 2 Zd be primitive. Then for any cycle c 2 zP n P , if r�.c/ D m for
some r 2 Nn, then r D 1 and the identity (2.6) for 	m

n .Q/ has the form (2.13).
(iii) Let n be prime. Then for any cycle c 2 zP n P , if r jcj D n for some r 2 Nn,

either r D 1 or r D n and the identities (2.6), (2.8) for 	m
n .Q/ and 	n.Q/ may be
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written in the form

	m
n .Q/ D

X
c2 zP m

n nP
m
n

!.c;Q/C
X

c2 zP1nP1
n�.c/Dm

1

n
!n.c;Q/; m 2 Zd ; (3.4)

	n.Q/ D
X

c2 zPnnPn

!.c;Q/C
X

c2 zP1nP1

1

n
!n.c;Q/: (3.5)

We have c 2 zP1 n P1 if and only if c D Œev�, where ev , v 2 V�, is the loop added to
the fundamental graph, and �.c/D 0, !.c;Q/DQ.v/. Then (3.4) and (3.5) have the
form (2.14)–(2.16).

We present explicit expressions for the first periodic spectral invariants 	n.Q/

and Floquet spectral invariants 	m
n .Q/, m 2 Zd , n D 1; 2; 3. For each cycle c D

Œv1; : : : ; vn� (given by the sequence of its vertices v1; : : : ; vn 2 V�) in the fundamental
graph G� D .V�;A�/, we define the potential Q.c/ over c by

Q.c/ D Q.v1/C � � � CQ.vn/; c D Œv1; : : : ; vn�: (3.6)

Proposition 3.3. For nD 1;2; 3 the Floquet spectral invariants 	m
n .Q/, m 2Zd , and

the periodic spectral invariants 	n.Q/ defined by (2.6) and (2.8), respectively, have
the form

m D 0 m ¤ 0

	01.Q/ D
X
v2V�

Q.v/; 	m
1 .Q/ D 0;

	02.Q/ D
1

2

X
v2V�

Q2.v/; 	m
2 .Q/ D

X
c2P m

1

Q.c/;

	03.Q/ D
1

3

X
v2V�

Q3.v/C
X

c2P0
2

Q.c/; 	m
3 .Q/ D

X
c2P m

1

Q2.c/C
X

c2P m
2

Q.c/; m … 2Zd ;

	2m
3 .Q/ D

X
c2P2m

1

Q2.c/C
X

c2P m
1

Q.c/

C

X
c2P2m

2

Q.c/I

(3.7)
	1.Q/ D

X
v2V�

Q.v/;

	2.Q/ D
1

2

X
v2V�

Q2.v/C
X

c2P1

Q.c/;

	3.Q/ D
1

3

X
v2V�

Q3.v/C
X

c2P1

.Q2.c/CQ.c//C
X

c2P2

Q.c/:

(3.8)
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Here Pn is the set of all prime cycles of length n in the fundamental graph G� D

.V�;A�/, and P m
n �Pn is its subset of prime cycles with index m; the potentialQ.c/

over the cycle c is defined by (3.6).

• If the periodic graph G has no multiple edges, then

	03.Q/ D
1

3

X
v2V�

Q3.v/C
X
v2V�

~vQ.v/; (3.9)

where ~v is the degree of the vertex v.

• If the fundamental graph G� has no loops, then

	m
2 .Q/ D 0; 	m

3 .Q/ D
X

c2P m
2

Q.c/; m ¤ 0I

	2.Q/ D 	02.Q/ D
1

2

X
v2V�

Q2.v/; (3.10)

	3.Q/ D
1

3

X
v2V�

Q3.v/C
X
v2V�

mvQ.v/; mv D
X
u�v

m2v;u; (3.11)

where the sum
P
u�v is taken over all vertices u 2 V� adjacent to v, and mv;u is

the multiplicity of the edge .v; u/ 2 A� in G�.

• If the fundamental graph G� has no loops and multiple edges, then

	m
3 .Q/D 0; m¤ 0I 	3.Q/D	03.Q/D

1

3

X
v2V�

Q3.v/C
X
v2V�

~vQ.v/: (3.12)

Remark 3.4. Recall that we assume that there are no loops in the periodic graph G

(see Remark 1.2 (ii)). In this case, the fundamental graph G� has no loops with zero
index. Note that G� may have loops with non-zero indices.

Proof of Proposition 3.3. If r jcj D 1 for some cycle c and r 2 N, then r D 1 and
jcj D 1. Thus, the identities (2.6) for n D 1 may be written in the form

	m
1 .Q/ D

X
c2 zP m

1
nP m
1

!.c;Q/; m 2 Zd : (3.13)

Here and below zPn is the set of all prime cycles of length n in the modified funda-
mental graph zG�, and zP m

n �
zPn is its subset of prime cycles with index m; !.c;Q/ is

the weight of a cycle c defined by (2.4).
Each cycle c 2 zP1 nP1 has the form cD Œev�, v 2 V�, where ev is the loop added

to the fundamental graph, and

�.c/ D �.ev/ D 0; !.c;Q/ D !.ev/ D Q.v/:



N. Saburova 530

Then the identities (3.13) have the form

	01.Q/ D
X
v2V�

Q.v/; 	m
1 .Q/ D 0; m ¤ 0:

Each prime cycle c 2 zP2 nP2 has the form c D Œev; cv�, where cv 2A� is a loop
at some vertex v in G� (with weight 1). Due to the definitions (2.1) and (2.4) of the
cycle index and the cycle weight, we have

�.c/ D �.ev/C �.cv/ D �.cv/; !.c;Q/ D !.ev/!.cv/ D Q.v/:

We note that �.cv/ ¤ 0, since there are no loops with zero index in the fundamental
graph G�. Then, using the identities (2.14), (2.15) for n D 2, we obtain

	m
2 .Q/ D

X
c2 zP m

2
nP m
2

!.c;Q/ D
X

Œcv�2P m
1

Q.v/; 0 ¤ m 2 Zd ;

	02.Q/ D
X

c2 zP0
2
nP0
2

!.c;Q/C
1

2

X
v2V�

Q2.v/ D
1

2

X
v2V�

Q2.v/:

Finally, the identities (2.14), (2.15) for n D 3, have the form

	m
3 .Q/ D

X
c2 zP m

3
nP m
3

!.c;Q/; 0 ¤ m 2 Zd ; (3.14)

	03.Q/ D
X

c2 zP0
3
nP0
3

!.c;Q/C
1

3

X
v2V�

Q3.v/: (3.15)

Each prime cycle in zP3 nP3 has one of the following forms:

• c1 D Œev; ev; cv� or c2 D Œev; cv; cv�, where cv 2 A� is a loop at some vertex v
in G�;

• c3;1 D Œe1; e2; ev1 � or c3;2 D Œe1; ev2 ; e2�, where e1; e2 2 A�, e1 D .v1; v2/,
e2 D .v2; v1/ for some v1; v2 2 V� (not necessarily distinct) and e1 ¤ e2, i.e.,
co´ Œe1; e2� is a prime cycle in G� (with weight 1).

For these cycles, for j D 1; 2, we have

�.c1/ D 2�.ev/C �.cv/ D �.cv/ ¤ 0;

!.c1;Q/ D !.ev/!.ev/!.cv/ D Q
2.v/I

�.c2/ D �.ev/C 2�.cv/ D 2�.cv/ ¤ 0;

!.c2;Q/ D !.ev/!.cv/!.cv/ D Q.v/I

�.c3;j / D �.evj /C �.co/ D �.co/;

!.c3;j ;Q/ D !.evj /!.co;Q/ D Q.vj /:
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This yields that

• if m D 0, thenX
c2 zP0

3
nP0
3

!.c;Q/ D
X

coDŒv1;v2�2P0
2

.Q.v1/CQ.v2// D
X

co2P0
2

Q.co/I (3.16)

• if 0 ¤ m 2 2Zd , thenX
c2 zP m

3
nP m
3

!.c;Q/ D
X

Œcv�2P m
1

Q2.v/C
X

Œcv�2P
m=2
1

Q.v/C
X

co2P m
2

Q.c0/I (3.17)

• if m … 2Zd , then X
c2 zP m

3
nP m
3

!.c;Q/ D
X

Œcv�2P m
1

Q2.v/C
X

co2P m
2

Q.c0/: (3.18)

Substituting (3.16)–(3.18) into (3.14), (3.15), we obtain the identities for the Floquet
spectral invariants 	m

3 .Q/, m 2 Zd , given in (3.7).
The identities (3.8) for the periodic spectral invariants 	n.Q/, n D 1; 2; 3, follow

from (2.10) and (3.7) and the fact that P 0
1 D ¿.

If the periodic graph G has no multiple edges, then all cycles of length 2 with zero
index in the fundamental graph G� D .V�;A�/ are the cycles ce D Œe; Ne�, e 2 A�,
and c Ne D ce. ThenX

c2P0
2

Q.c/ D
1

2

X
eD.u;v/2A�

.Q.u/CQ.v// D
X
v2V�

~vQ.v/;

and the invariant 	03.Q/ in (3.7) has the form (3.9).
If the fundamental graph G� has no loops, then P1 D P m

1 D ¿ for each m 2 Zd

and the identities (3.7), (3.8) yield (3.10) and

	3.Q/ D
1

3

X
v2V�

Q3.v/C
X

c2P2

Q.c/: (3.19)

Let u; v 2 V�, u ¤ v, and let ei D .v; u/ 2 A�, i D 1; : : : ; mv;u, where mv;u is
the multiplicity of the edge .v; u/. Then each cycle of length 2 passing through the
vertices v;u has the form Œei ; Nej � for some (not necessarily distinct) i; j D 1; : : : ;mv;u.
Thus, the number of such cycles is m2v;u, andX

c2P2

Q.c/ D
X
v2V�

Q.v/
X
u�v

m2v;u:

Combining this with (3.19), we get (3.11).
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Finally, let the fundamental graph G� have no loops and multiple edges (in this
case the periodic graph G also has no multiple edges). Then,

P m
2 D ¿ for all m 2 Zd n ¹0º;

mv;u D 1 for all .v; u/ 2 A�

mv ´
X
u�v

m2v;u D ~v for all v 2 V�;

and using (3.9)–(3.11), we obtain (3.12).

Proof of Corollary 2.9. The explicit expressions for the invariants 	n.Q/, nD 1;2;3,
defined by (2.8) have already been proved in Proposition 3.3. One just needs to put
~v D ~o, v 2 V�, in the last identity in (3.12).

Now, we prove Theorem 2.11 about the linear and quadratic Floquet spectral
invariants of the Schrödinger operator.

Proof of Theorem 2.11. Let m 2 Zd be primitive, and let n´ n.m/ be the length of
the shortest cycle with index m in the fundamental graph G� D .V�;A�/. Then, due
to (2.13), the Floquet spectral invariants 	m

nCs.Q/, s D 1; 2, have the form

	m
nCs.Q/ D

X
c2 zP m

nCs
nP m
nCs

!.c;Q/; s D 1; 2: (3.20)

Each cycle in zP m
nCs n P m

nCs , s D 1; 2, contains at least one loop ev , v 2 V�, added
to the fundamental graph G�, see (2.3). Recall that each such loop ev has the index
�.ev/ D 0 and the weight !.ev/ D Q.v/.

Since the shortest cycle with index m in G� has the length n, each prime cycle c in
zP m
nC1 nP m

nC1 is a union of a cycle co D Œv1; : : : ; vn� 2P m
n (which is also prime, since

its index m is primitive) and one of the added loops evj , j 2 Nn, i.e., c D co [ evj .
Then, using the definition (2.4) of the cycle weight !.c;Q/, we have

!.c;Q/ D !.co;Q/!.evj / D Q.vj /;

since !.co;Q/ D 1 for any cycle co in G�. Therefore, the identity (3.20) when s D 1
can be written as

	m
nC1.Q/ D

X
coDŒv1;:::;vn�2P m

n

nX
jD1

Q.vj / D
X

coDŒv1;:::;vn�2P m
n

h1.q1; : : : ; qn/; qj D Q.vj /:

Thus, (2.18) is proved.
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Similarly, each cycle c in zP m
nC2 nP m

nC2 is

• either a union of a prime cycle co D Œv1; : : : ; vn� 2 P m
n and two added loops

evj ; evl , j; l 2 Nn (not necessarily distinct), i.e., c D co [ evj [ evl , and

!.c;Q/ D !.co;Q/!.evj / !.evl / D Q.vj /Q.vl/;

• or a union of a prime cycle Qco D Œv1; : : : ; vnC1� 2 P m
nC1 (if such a cycle exists)

and one of the added loops evj , j 2 NnC1, i.e., c D Qco [ evj , and !.c; Q/ D
!.Qco;Q/!.evj / D Q.vj /.

Then for s D 2, the identity (3.20) has the form (2.19).
Let the periodic graph G be bipartite. Then there are no odd-length cycles in G

and, consequently, there are no odd-length cycles with zero index in the fundamental
graph G�, since each cycle with zero index in G� is obtained by factorization of a
cycle with the same length in G , see Remark 2.2 (i). Note that the fundamental graph
G� may have odd-length cycles with non-zero indices (see Figure 4 (b)). We will show
that P m

nC1D¿. The proof is by contradiction. We suppose that there exists co 2P m
nC1.

We take a cycle c 2 P m
n (by the theorem’s condition such a cycle c exists). Let v

be a vertex of the cycle c, and vo be a vertex of co. Since the fundamental graph
G� is connected, there exists a path p from v to vo in G�. We consider the cycle
Qc D Œc;p; Nco; Np �, where Nc denotes the reverse of c. The length jQcj and the index �.Qc /
of Qc satisfy

jQcj D jcj C jpj C jNcoj C j Npj D nC 2jpj C nC 1 D 2.nC jpj/C 1;

�.Qc/ D �.c/C �.p/C �.Nco/C �. Np/ D 0;

i.e., Qc is an odd-length cycle with zero index in the fundamental graph G�. We get a
contradiction. Thus, P m

nC1 D ¿, and the identity (2.19) has the form (2.20).

3.3. Zero and degree potentials

We prove Proposition 2.13 about isospectrality to the zero and degree potentials.

Proof of Proposition 2.13. (i) If the fundamental graph G� D .V�;A�/ has no loops,
then, due to Corollary 2.9,

	2.Q/ D
1

2

X
v2V�

Q2.v/

is a periodic spectral invariant of H . Since Q is isospectral to the zero potential, thenX
v2V�

Q2.v/ D 0:

For real Q this yields Q � 0.
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(ii) According to Corollary 2.9,

	1.Q/ D
X
v2V�

Q.v/

is a periodic spectral invariant of H . Since Q is isospectral to the potential �~, thenX
v2V�

Q.v/ D �
X
v2V�

~v: (3.21)

Let f 2 `2.V�/ Š C� , � D #V�. Recall that Q is real. The quadratic form hH.0/f;
f i is non-positive, since

�.H.0// D �.A.0/CQ/ D �.A.0/ � ~/ and ��.0/´ A.0/ � ~ � 0:

Here ��.0/ and H.0/ are the minus Laplacian and Schrödinger operator on the fun-
damental graph G�. For 1 D .1; : : : ; 1/ 2 C� , using (3.21), we have

hH.0/1; 1i D h.A.0/ � ~ C ~ CQ/1; 1i

D h��.0/1; 1i C
X
v2V�

.~v CQ.v// D h��.0/1; 1i D 0;

i.e., the function 1 maximises the quadratic form hH.0/f;f i. Hence, by the Rayleigh–
Ritz theorem (see, e.g., [6, p. 176]), 0 is the largest eigenvalue of H.0/ with the
eigenfunction 1. Thus, .A.0/CQ/1 D 0 and consequently Q � �~.

4. Examples

We prove Examples 2.15, 2.17, 2.19, 2.21, and Corollary 2.23 about spectral invari-
ants for the Schrödinger operator on some concrete periodic graphs.

Proof of Example 2.15. The fundamental graph G� D Z=�Z of the one-dimensional
lattice Z is the cycle of length � and with index 1, see Figure 1 (b). The modified
fundamental graph zG� is obtained from G� by adding a loop with zero index at each
vertex of G� (Figure 1 (c)). The graph zG� has no cycles of length less than or equal to
� with non-zero indices, except the fundamental graph G� itself. Then, due to (2.6),
the first identities in (2.21) follow. These identities with the property (2.10) yield the
second identities in (2.21).

Proof of Example 2.17. The fundamental graph G� D G=Z consists of two vertices
v1; v2 and two edges e1; e2 with indices �.e1/ D 1, �.e2/ D 0, see Figure 2 (b) (and
their inverse edges). Thus, G� has only two (prime) cycles of length one (i.e., loops) e1
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and Ne1, with cycle indices �.e1/D 1 and �.Ne1/D�1, respectively. Then, using (3.7),
we obtain

	m
1 .Q/ D 0; for m ¤ 0; and 	m

2 .Q/ D 0; for m ¤ 0;˙1;

and the Floquet spectral invariants (2.22). Since the number of the fundamental graph
vertices is � D 2, this and Theorem 2.5 (i) (see also Remark 2.8 (ii)) yield that the
invariants (2.22) form a complete system of Floquet spectral invariants of H .

Similarly, using (3.8) and Theorem 2.5 (ii), we get that (2.23) is a complete system
of periodic spectral invariants ofH , and ifP D .p1;p2/ is isospectral toQD .q1;q2/,
then

	1.Q/ D 	1.P /; 	2.Q/ D 	2.P /:

This and (2.23) yield

q1 C q2 D p1 C p2;
1

2
.q21 C q

2
2/C 2q1 D

1

2
.p21 C p

2
2/C 2p1:

This system of equations has two solutions P1 D Q and P2 D .q2 � 2; q1 C 2/. If
QD 0, then P1D 0 and P2D .�2;2/. IfQD�~ D�.3;1/, then P1DP2D�~.

Proof of Example 2.19. The fundamental graph G� of the Kagome lattice G consists
of three vertices v1; v2; v3, all of degree 4, and 6 edges

e1 D .v1; v2/; e2 D .v2; v1/; e3 D .v1; v3/;

e4 D .v3; v1/; e5 D .v3; v2/; e6 D .v2; v3/

(see Figure 3 (b)) with indices

�.e1/ D .0; 0/; �.e2/ D .1; 0/; �.e3/ D .0; 0/;

�.e4/ D .0; 1/; �.e5/ D .0; 0/; �.e6/ D .1;�1/:

Since the Kagome lattice G has no multiple edges, and there are no loops in G�

and each edge in G� has the multiplicity 2, using (3.7)–(3.11), we obtain

	1.Q/ D 	01.Q/ D

3X
sD1

qs; 	2.Q/ D 	02.Q/ D
1

2

3X
sD1

q2s ;

	m
1 .Q/ D 0; 	m

2 .Q/ D 0; 	m
3 .Q/ D

X
c2P m

2

Q.c/; m ¤ 0;

	03.Q/ D
1

3

3X
sD1

q3s C 4

3X
sD1

qs; 	3.Q/ D
1

3

3X
sD1

q3s C 8

3X
sD1

qs;

(4.1)

where qs D Q.vs/, s D 1; 2; 3; P m
2 is the set of all prime cycles of length 2 and with

index m in G�, and Q.c/ is defined by (3.6).



N. Saburova 536

All cycles of length 2 and with non-zero indices in G� are the prime cycles

c1 D Œe1; e2�; c2 D Œe3; e4�; c3 D Œe5; e6�

with indices

�.c1/ D .1; 0/; �.c2/ D .0; 1/; �.c3/ D .1;�1/;

and their reverse cycles Ncj with indices �.Ncj / D ��.cj /, j D 1; 2; 3. Then, using the
identity for 	m

3 .Q/ in (4.1), we obtain

	m
3 .Q/ D 0; if m ¤ 0; .˙1; 0/; .0;˙1/; .˙1;�1/;

and the Floquet spectral invariants (2.25).
Due to Theorem 2.5 (ii), the invariants 	n.Q/, nD 1;2;3, form a complete system

of the periodic spectral invariants of H .
The invariants (2.25) form a complete system of the Floquet spectral invariants

of H , since they determine the potential Q uniquely.

Proof of Example 2.21. (i) The fundamental graph G� D Zd=� D .V�;A�/ of the
lattice Zd is a regular graph of degree 2d without loops (for d D 2 and p1 D p2 D 3
see Figure 4 (b)). Then, due to Corollary 2.9, the periodic spectral invariants 	n.Q/,
n D 1; 2, defined by (2.8) have the form (2.27). Moreover, if pj � 3 for each j 2 Nd

(i.e., do D 0), then G� has no multiple edges, and using Corollary 2.9, we obtain

	3.Q/ D
1

3

X
n2V�

Q3.n/C 2d
X

n2V�

Q.n/ D
1

3

X
n2V�

Q3.n/C 2d	1.Q/:

If pj D 2 for some j 2 Nd , then G� has multiple edges (see Figure 4 (c)). Let do � d
be the number of such p1; : : : ; pd . Then, for each n 2 V�, there are do vertices l 2 V�

such that the edge .n; l/ 2 A� has the multiplicity mn;l D 2 and 2.d � do/ vertices l 0

such that the edge .n; l 0/ 2 A� has the multiplicity mn;l 0 D 1. Thus, we have

mn ´
X
l�n

m2n;l D do � 2
2
C 2.d � do/ D 2.d C do/;

where the sum is taken over all vertices l 2 V� adjacent to n, and, using (3.11), we
obtain

	3.Q/ D
1

3

X
n2V�

Q3.n/C
X

n2V�

mnQ.n/ D
1

3

X
n2V�

Q3.n/C
X

n2V�

2.d C do/Q.n/

D
1

3

X
n2V�

Q3.n/C 2.d C do/	1.Q/:

Thus, (2.28) is proved.
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(ii) The length of the shortest cycle with index ej in the fundamental graph G�

is pj , j 2 Nd . We derive the invariants (2.30), (2.31) for j D 1. The others can be
obtained similarly. Recall that we identify the vertices of G� with the corresponding
vertices of Zd in the fundamental cell � of the period lattice � , see Figure 4. All
(prime) cycles of length p1 and with index e1 in G� are

Œ.0; n/; .1; n/; : : : ; .p1 � 1; n/�; n 2 N ´ Np2 � � � � �Npd ;

Npl D ¹0; 1; : : : ; pl � 1º; l D 2; : : : ; d

(given by the sequences of their vertices). The lattice Zd is a bipartite graph. Then,
using (2.18), (2.20), we obtain the Floquet spectral invariants

	
e1
p1Cs

.Q/ D
X
n2N

hs.Q.0; n/;Q.1; n/; : : : ;Q.p1 � 1; n//; s D 1; 2; (4.2)

where hs.x1; : : : ; xp/ is the complete homogeneous symmetric polynomial of degree
s in variables x1; : : : ; xp . For s D 1, the invariant (4.2) has the form

	
e1
p1C1

.Q/ D
X

n2V�

Q.n/ D 	1.Q/:

Using the Newton’s identity 2h2 D h21 C �2, where �2.x1; : : : ; xp/ D x21 C � � � C
x2p is the second power sum symmetric polynomial in variables x1; : : : ; xp , we write
the invariant (4.2) for s D 2 in the form

2	
e1
p1C2

.Q/

D

X
n2N

h21.Q.0; n/; : : : ;Q.p1 � 1; n//C
X
n2N

�2.Q.0; n/; : : : ;Q.p1 � 1; n//

D

X
n2N

h21.Q.0; n/; : : : ;Q.p1 � 1; n//C
X

n2V�

Q2.n/

D

X
n2N

h21.Q.0; n/; : : : ;Q.p1 � 1; n//C 2	2.Q/;

which yields (2.31) when j D 1.

Proof of Corollary 2.23. Using the definition (2.33) of the discrete Fourier transform
and Parseval’s identity X

n2V�

jQ.n/j2 D p
X

n2V�

j yQ.n/j2;

we deduce that the invariants (2.27) have the form (2.34).
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Now, we obtain the invariant (2.35) for j D 1. The other ones can be derived
similarly. Using (2.33) and the identity

N�1X
jD0

e
2�i
N .n�n0/j

D Nın;n0 ; n; n0 D 0; 1; : : : ; N � 1;

where ın;n0 is the Kronecker delta, we obtain

p1
X

lD.0;l2;:::;ld /2V�

j yQ.l/j2

D p1
X

lD.0;l2;:::;ld /2V�

yQ.l/ yQ.l/

D
p1

p2

X
.0;l2;:::;ld /2V�

X
nD.n1;n2;:::;nd /2V�

n0D.n0
1
;n0
2
;:::;n0

d
/2V�

e
�2�i.

l2.n2�n
0
2
/

p2
C���C

ld .nd�n
0
d
/

pd
/
Q.n/Q.n0/

D
1

p

X
.n1;n2;:::;nd /2V�

p1�1X
n0
1
D0

Q.n1; n2; : : : ; nd /Q.n
0
1; n2; : : : ; nd /

D
1

p

X
n2;:::;nd

� p1�1X
n1;n

0
1
D0

Q.n1; n2; : : : ; nd /Q.n
0
1; n2; : : : ; nd /

�
D
1

p

X
n2;:::;nd

ˇ̌̌ p1�1X
n1D0

Q.n1; n2; : : : ; nd /
ˇ̌̌2
:

Then for j D 1 and real Q the invariant (2.31) has the form (2.35).
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