J. Spectr. Theory 16 (2026), 541-569 © 2026 European Mathematical Society
DOI 10.4171/IST/596 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Optimal Runge approximation for damped nonlocal wave
equations and simultaneous determination results

Philipp Zimmermann

Abstract. The main purpose of this article is to establish new uniqueness results for Calderdn-
type inverse problems related to damped nonlocal wave equations. To achieve this goal, we
extend the theory of very weak solutions to our setting, which allows to deduce an optimal
Runge approximation theorem. With this result at our disposal, we can prove simultaneous
determination results in the linear and semilinear regime.

1. Introduction

In recent years, inverse problems for nonlocal partial differential equations (PDEs)
of elliptic, parabolic and hyperbolic type have been studied. This line of research
was initiated by Ghosh, Salo, and Uhlmann [11], in which they have considered the
(partial data) Calderdn problem related to the fractional Schrodinger equation

(1.1)
Uu=gq in Q,,

{ (=AY +qu =0 inQ,
where Q C R” is a bounded domain, 2, = R” \ ,0 < s < 1, ¢ is a suitable potential
and (—A)? is the fractional Laplacian which is the operator with Fourier symbol |£]%5.
In this problem, one asks whether the knowledge of the (partial) Dirichlet to Neumann
(DN) map

Agp = (=D)uglw,, ¢ € CZ(W),

where Wi, W, C Q, are given measurement sets (i.e., nonempty open sets) and u,,
denotes the unique solution to (1.1), uniquely determines the potential g. The overall
strategy to establish unique determination results for the above Calderén problem is
as follows (see [11,23,25]).
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(1)  Integral identity. Assume that the potentials g; are suitably regular, then one
can write

(Agy — Ago)o1,92) = /(611 —q2)(up, — 1)Uy, — @2) dx,
Q

when the right-hand side is interpreted accordingly.
(ii))  Establish one of the following Runge approximation theorems:
D Rw ={urlg; f € CX(W)} is dense in L?(2) (see [11] for g €
L*(R));
D  Rw =A{uy — f: f € CZ(W)} is dense in HS(Q) (see [25] for
Sobolev multipliers ¢ or [23] for local, bounded bilinear forms).

(iii) If the potentials g; for j = 1, 2 have suitable continuity properties, then
A4, = Ay, together with (ii) ensure that there holds g; = g5 in 2.

In (IT), the space H$(Q) is the closure of C(£2) in the energy space
HYR") = {u € SR"): [ulps@ry = (D) ull2qany < oo,

Here, (D)* stands for the Bessel potential operator of order s, that is the Fourier
multiplier with symbol (£)*, where (£) = (1 + |£|?)!/2. Observe the similarity of the
above strategy to the one of [26] for showing unique determination for the classical
Caldero6n problem, where instead of the Runge approximation theorem suitable geo-
metric optics solutions are used. Moreover, the Runge approximation (ii) relies on a
Hahn-Banach argument and the unique continuation property (UCP) of the fractional
Laplacian (—A)®. For more results on Calderén problems for elliptic nonlocal PDEs,
we refer the interested reader to [1-4,6-8,10,12—15,15-19,21-24] and the references
therein.

1.1. Mathematical model and main results

Recently, the above approach for solving elliptic nonlocal inverse problems has also
been adapted to deduce uniqueness results for the Calderén problem of nonlocal
hyperbolic equations. Let us next describe some of these results in more detail and
for this purpose consider the problem

2u + A(—A)*u + (—A)’u+ f(u) =0 inQr,
u=g on (£2.)7, (1.2)
u(0) =0, d;u(0) =0 on 2,

where A € R, f:Q x R — R is a possibly nonlinear (Carathéodory) function and
f(u) denotes the corresponding Nemytskii operator, which is defined by f(u)(x,t) =
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f(x,u(x,t)) for measurable functions u: Q7 — R. If the problem (1.2) is well posed
in the energy class H*(R"), then for any two given measurement sets Wy, W, C Q.,
we may introduce the DN map A} via

Ao = W=D g + (=) uy) Wy 7+

whenever ¢ is supported in (W;)r and u,, is the solution to (1.2). The Calderon
problem for (1.2) reads as follows.

Question 1. Does the DN map A} uniquely determine the function f?

A suitable class of nonlinearities are the so-called weak nonlinearities, which are
defined next.

Definition 1.1. We call a Carathéodory function f:Q x R — R weak nonlinearity,
if it satisfies the following conditions.

(i)  f has partial derivative d f, which is a Carathéodory function, and there
exists a € LP(2) such that

0 f(x,7)| S a(x) + ||

forall € R and a.e. x € 2. Here the exponents p and r satisfy the restric-

tions
n/s < p<oo, if2s<n,
2 < p<oo, if 25 = n, (1.3)
2 <p <oo, if 2s > n,

and

0<r<oo, if 2s > n,
(1.4)

2s :
0<r=<.5; if 2s < n,

respectively. Moreover, f fulfills the integrability condition f(-,0)€ L?(R2).
(ii)  The function &: 2 x R — R, defined via

&, 1) = | f(x.p)dp.
[

satisfies F(x,7) > Oforallt € R and a.e. x € Q.
Remark 1.2. We note that fractional power-type nonlinearities of the form
fx.1) =qX)[t]",

with ¢ € L*°(2), ¢ > 0, and r > 0 satisfying (1.4), comply with the assumptions in
Definition 1.1; see also [19, Remark 3.5] for further discussion.
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Using the above notions, we can now discuss some of the existing results.

(a) The article [13] gives a positive answer for A = 0, f(x, 1) = g(x)t withg €
L°°(R2). Their proof relied on the observation that in this case (1.2) satisfies
an L?(Q7) Runge approximation theorem.

(b) The work [27] deals on the one hand with the linear case A = 1, f(x,7) =
q(x)t with g € L*°(0, T; L?(2)), where p satisfies the restrictions (1.3),
and ¢ is weakly continuous in ¢ and, on the other hand, with the nonlin-
ear case A = 1 and f is a r + 1 homogeneous, weak nonlinearity. The
uniqueness proofs use substantially that due to presence of the viscosity term
(—A)*9; solutions u to (1.2) satisfy d,u € L?(0, T; H5(R")) and as a con-
sequence the linearized equations have the Runge approximation property in
L2(0, T; H*(R)).

(¢) In [19], uniqueness is proved in the case A = 0 and f satisfies the same
properties as in (b), but with the additional restriction » < 1. This article only
uses an L2(Q27) Runge approximation result for the linearized nonlocal wave
equation.

(d) By establishing a theory for very weak solutions to linear nonlocal wave
equations with A = 0, the authors of [20] could deduce a L2(0, T; H*(2))
Runge approximation theorem for these wave equations. This allowed to
extend the results in (c) to the cases r > 1 and additionally showed that
one can recover any linear perturbation g € L?(€2) with p satisfying the
restrictions (1.3). Furthermore, one can also recover serially or asymptoti-
cally polyhomogeneous nonlinearities ([20, Theorem 1.5]).

In this context, let us also mention the recent article [9] which deals with the Calderén
problem for a third order semilinear, nonlocal, viscous wave equation.

The goal of this paper is to present an extension of the models described in (b)
and (c), which we discuss next. Let 0 < s < 1 and suppose that we have given coeffi-
cients (y,q) € C%*(R") x L?(R2), where 0 < s <a < 1 and 1 < p < oo satisfies the
restrictions in (1.3). Then we define the following damped, nonlocal wave operator

Ly =37 +yd + (-A) (1.5)
and consider the problem
Lyu+ f(uy=F in Qr,
u=q on ()7, (1.6)

u(0) = ug, 0;u(0) =u; ong2,

where f is a weak nonlinearity or f (1) = ¢ (x)u. In fact, this is a possibly nonlinear
generalization of the model (G2) with s; = 0 in [27, Section 1.1]. By [19, Proposi-
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tion 3.7] (see Section 2.1 for the linear case), we know that the problem (1.6) is well
posed, whenever the source F, exterior condition ¢ and initial conditions ug, u; are
sufficiently regular. Thus, we can introduce the related (partial) DN map via

Ay ro = (D) uplowyr

where Wy, Wo C Q. are some measurement sets, ¢ is supported in (W;)7 and u,
is the unique solution to (1.6) with ug = u; = F = 0. Then we ask the following
question.

Question 2. Does the partial DN map A, ¢ uniquely determine the damping coeffi-
cient y and the function f?

In this work we establish the following affirmative answers to this question.

Theorem 1.3 (Uniqueness for linear perturbations). Let Q C R” be a bounded Lip-
schitz domain, T > 0, 0 < s < o < 1 and suppose that 1 < p < oo satisfies (1.3).
Assume that for j = 1,2 we have given coefficients (yj,q;) € CO*(R") x L?(Q)
and let Ay, 4, be the DN map associated to the problem

(Ly, +qj)u=0 in Qr,

Uu=q on ()T,

u(0) =0, 0,u(0) =0 on$Q,

for j = 1,2. If Wi, W, C 2, are two measurement sets such that

Ayrar@lowyr = Ayzaa@lomn)r (1.7)
forall o € C°((Wh)T), then there holds

vi=Vy2 and q)=¢q» inS.

Theorem 1.4 (Uniqueness for semilinear perturbations). Let Q C R” be a bounded
Lipschitz domain, T > 0and 0 < s < a < 1. Assume that for ] = 1,2 we have given
coefficients y; € CO*(R") and r + 1 homogeneous, weak nonlinearities f;, where
r > 0 satisfies (1.4). Let Ay, y; be the DN map associated to the problem

Ly,u+ fij(u)=0 inQr,
u=g on (RQe)r,
u(0) =0, d;u(0) =0 on$,

for j = 1,2. If Wy, Wy C Q. are two measurement sets such that

A)’l,fl(/)|(W2)T = AV2,f290|(W2)T (1.8)
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forall o € CZ°((W1)T), then there holds
yi=y2 inQ and f1=f, inQxR.

Remark 1.5. For simplicity, we restrict our attention to homogeneous nonlineari-
ties f, but the unique determination remains valid in some polyhomogeneous cases
as described in [20] for y = 0. Additionally, [9] discusses the Calderdén problem for
third order nonlocal wave equations with polyhomogeneous nonlinearities of finite
order, special subclasses of nonlinearities f(x, ¢, u) without a homogeneity structure
and nonlinearities of Kuznetsov type.

2. Weak and very weak solutions to damped, nonlocal wave equations

The main purpose of this section is to show existence of unique weak and very weak
solutions to damped, nonlocal wave equations (DNWEQ)

(Ly + q)u =F in Qr,
u=g on ()7, (2.1)
u(0) = ug, 0,u(0) =u; on§2,

where L, is given by (1.5) and only the case ¢ = 0 is considered for very weak
solutions.

2.1. Weak solutions

This section deals with the well-posedness of (2.1) for regular sources, exterior condi-
tions and initial data. We also prove well-posedness for the case when instead of initial
values the values at ¢ = T are specified, which will be needed for the development of
the theory of very weak solutions.

Theorem 2.1 (Weak solutions to homogeneous DNWEQ). Ler Q2 C R” be a bounded
Lipschitz domain, T > 0, 0 < s < 1, and suppose that 1 < p < oo satisfies (1.3).

Assume that we have given coefficients (y,q) € L™ (2) x L?(2). Then for any source'

F € L2(0, T; L3()) and initial conditions (ug,u1) € H*(Q) x L2(Q), there exists
a unique weak solution u € C([0, T]; H*()) N C1([0, T]; L2(R)) of
Ly+qu=F in Qr,
u=20 on ()T, 2.2)
u(0) = ug, 0;u(0) =u; on$,

"Here and below we set L2(Q2) := H%(R).
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which means that (u(0), 3;u(0)) = (ug,uy) in H¥ () x L2() and there holds

%(&% V)p2(@) + (Y0, v) 20
(=) 2u (=8)20) 2y + (qu.v) 120
= (F,v)12(q) (2.3)
forall v e H*(Q2) in the sense of distributions on (0, T). Moreover; the unique solution
u obeys the energy identity

t

1900220y + 1 (=AY u(@) 22 g, + 2 / (yu(®) + qu(r), du(0)) 2 d
0
t

= [(=)"Puo} 2 gy + 11172 + 2 / (F(0). 0u(1)) 12 dT 24
0

which implies

19:u®)l L2y + I1(=A)?u)]2@®n)
< Mutllzz@y + 1=A)Y2ugll 2@y + 1 FllL2 00220 (2.5)

forall0 <t <T.
Proof. Throughout the proof, we endow HS (£2) with the equivalent norm
el sy = 1(=A)"?ul| L2y
(see [19, Lemma 2.3]) and we introduce the following continuous sesquilinear forms
ao(u, v) = (—A)%u, (=AY 2v) gy, a1(u,v) = (qu.v) 12

for u,v € H5(Q) and b(u, v) = (yu, V) r2(q) foru,v € L2(£2). Next, recall that by
[19, eq. (3.7)] one has

Il < lallze@lel 7 2.6)

forallu e H* (£2). It is not hard to see that we can invoke the existence and uniqueness
results [5, Chapter XVIII, Section 5, Theorem 3 & 4] (see [5, p. 571]), which ensure
the existence of a unique, real-valued solution u € C([0, T]; H5()) N C([0, T];
L2(2)) to (2.2). Furthermore, by [5, Chapter X VIII, Section 5, Lemma 7] the solution
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u satisfies the following energy identity:

t
”atu(t)”iZ(Q) + ”(_A)S/ZM(Z)HiZ(Rn) + 2/(Vatu(f) + qu(7), atu(f))Lz(Q) dt

= ||(_A)S/2u0”22(Rn) + ”ul“iZ(Q) + 2/ F(7),0:u(7)) L2(Q) dt 2.7
0

for 0 <t < T. Hence, we have shown the identity (2.4). If we set
W(e) = [8,u(0) 2 2qy + (=8 2u() |22 gny € C(0.T),

then using (2.6), (2.7), and y € L°°(R2), we get
WO <O + [IFOadt+C [+ Wl + 1al @) ¥ do
0 0

and via Gronwall’s inequality we deduce the energy estimate
W) S WO) + [ F12200, 1120
for all 0 <t < T, which establishes the estimate (2.5). ]
As a consequence we have the following result.

Proposition 2.2 (Weak solutions to inhomogeneous DNWEQ). Let 2 C R” be a
bound-ed Lipschitz domain, T > 0, 0 < s < 1, and suppose that 1 < p < oo sat-
isfies (1.3). Assume that we have given coefficients (y,q) € L*(Q2) x L?(2). Then
for any source F € L2(0, T; L*(R)), exterior condition ¢ € C2([0, T]; H (R"))
and initial conditions (ug,u1) € H*(R"™) x L?(R") satisfying the compatibility con-
ditions ug — ¢(0) € H5(Q) and uy — 3;¢(0) € L2(Q), there exists a unique weak
solutionu € C([0, T]; H*(R™)) N C([0, T]; L>(R™)) of

Ly+qQu="F inQr,
u=g on ()7, 2.8)
u(0) = ug, ,u(0) =u; on$2,

which means that u satisfies (2.3), the (u(0), 9,u(0)) = (ug,u1) in H*(R") x L%(R")

and u = ¢ in (2¢)1 means that u(t) = ¢(t) a.e. in QL forany 0 <t < T. Further-
more, the following energy estimate holds:

18 u(®)lL2@ny + 1(=A)2u(®)|L2@n)
< luillz2gny + 1(=2)"2uoll2@ny + lellc2qo.g:m2s@my + 1 F L2002 @)

foranyO0 <t <T.
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Proof. Observe, under the current regularity assumptions and compatibility condi-
tions, that u solves (2.8) if and only if w := u — @ solves

(Ly +@uw =F = (Ly +q)¢ in Q7,

w=20 on (Re)r, (2.9)

w(0) = uo — ¢(0), ,w(0) =u; —drp(0) ong.
The only fact to keep in mind is that if u € C([0, T']; H*(R")), then the condition
u(t) = p(t) a.e. in Q. is equivalent to u(¢t) — ¢(¢) € H5(2) as @ C R” is a bounded
Lipschitz domain. So, the assertions of Propsition 2.2 follow immediately from The-
orem 2.1. -

Denoting by g*(x,7) = g(x, T —t) the time-reversal of g € L; .(R%), we have
the following.

Lemma 2.3. Let Q C R” be a bounded Lipschitz domain, T > 0, 0 < s < 1, and
suppose that 1 < p < oo satisfies (1.3). Assume that we have given coefficients (y,q) €

L®(Q) x L?(Q). Let F € L2(0,T; L3(R)), ¢ € C2([0, T]; H* (R")) and (ug.uy) €
H*(R") x L2(R") satisfying the compatibility conditions uy — ¢(0) € H*(Q2) and
uy — 9;0(0) € L2(2). Then u solves

(Ly + q)u =F in Qr,

u=g9 on ()7,

u(0) = ug, 0,u(0) =u; on$,

if and only if u* solves

(Ly +q)v=F"~ in Qr,

vV = (p* on (Qe)T,

v(T) = ug, 0;v(T) =u; onQ.
In particular, for any F € L>(Q71), ¢ € C%([0, T]; H**(R")) and any (ug,u;) €
HS(R™) x L2(R") satisfying the compatibility conditions ug — ¢(T) € H*(Q) and
uy — 3,;0(T) € L*(R), there exists a unique solution u* of

(L_y+q)v =F in QT,

V=g on ()T, (2.10)

v(T) = ug, ;,v(T) =u; onQ.
Proof. First, note that by the proof of Proposition 2.2, we can assume without loss
of generality, that ¢ = 0. Secondly, one easily sees that d;u* = —(d,u)* and thus

a change of variables in (2.3) gives the asserted equivalence. The unique solvability
of (2.10) follows from the equivalence and Theorem 2.1. ]



P. Zimmermann 550

2.2. Very weak solutions

Let us start by making some simple observations. Suppose that ¥ and v are smooth
solutions to the problems

Ly+qu=F in Qr,
u=20 on ()7, (2.11)
u(0) = ug, 0;u(0) =u; on§2,
and
Ly +qv=0G in Q7,
v=0 on (L2)r,
v(T)=0,0;v(T) =0 ong,

respectively. If we multiply the PDE (2.11) by v and integrate over 27, then we get

/dexdt: /[(Ly+q)u]vdxdt

Qr Qr
:/ugatv(O)dx—/ulv(O)dx—/yuov(O)dx+ / u(L—y +q)vdxdt
Q Q Q Qr
=/ugatv(O)dx—/uw(O)dx—/yuw(O)dx—k / Gudxdt. (2.12)
Q Q Q Qr

Notice that if one has G € L2(0, T; L2(R)), v € L2(0, T; H*(2)) and (v(0), 3, v(0)) €
H*%(Q) x L*(Q), then one can make sense of the first integral and the last line
in (2.12), even in the case F € L2(0, T; H()), (uo,u1) € L*(Q) x H™5(XQ) and
u € L2(0, T; L%(R)). Here, H () C D'(Q) is defined by

H™(Q) = {ulg;u e H[R")},
which can be identified with (H*(£2))’ for 9Q € C%!. This motivates the following.

Definition 2.4 (Very weak solutions). Let 2 C R” be a bounded Lipschitz domain,
T > 0,0 <s < 1, and suppose that 1 < p < oo satisfies (1.3). Assume that we have
given coefficients (y,q) € L®(Q) x L?(R2), source F € L?(0,T; H*(2)) and initial
conditions (ug, u1) € L2(2) x H™5(X). Then we say that u € C([0, T]; L2(Q)) N
C([0, T]; H5(R)) is a very weak solution of

(Ly+q@u=F inQr,
u=20 on ()7,
u(0) = ug, d;u(0) =u; on$2,
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whenever there holds?

T

/(G, u)Lz(Q) dl

0

T
/ (F,v)dt + (u1,v(0)) — (1o, 9:v(0)) .2(q) + (yuo, v(0)) (2.13)
0

forall G € L2(0,T; L%(RQ)), where v € C([0, T]; H*(22)) N C1([0, T]; L2(RQ)) is the
unique weak solution to the adjoint equation

Ly +qv=G in Qr,
v=20 on ()7, (2.14)
v(T)=0,0,v(T)=0 on<,

(see Theorem 2.1).

Next, let us recall the following well-posedness result of very weak solutions.

Theorem 2.5 (Very weak solutions for y = ¢ = 0, [20, Theorem 3.6]). Ler @ C R”
be a bounded Lipschitz domain, T > 0 and 0 < s < 1. Th~en for any given source
F € L%(0, T; H™*(RQ)) and initial conditions (ug,u) € L*(Q) x H™5(Q), there
exists a unique solution to

@+ (=AY )u=F inQr,

u=20 on ()T, (2.15)

u(0) = ug, ,u(0) =u; onQ

and it satisfies the following energy estimate:

lu 2@y + 10:u@)|H-s @)
< luollpz) + lutllz-s@) + 1 FllL2g0,08-5 @) (2.16)
forall0 <t <T.

Hence, we have a well-defined solution map.

2Here and below we sometimes write (-, -) to denote the duality pairing between H ~5 () x
H5(Q).
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Proposition 2.6 (Solution map). Let Q C R” be a bounded Lipschitz domain, T > 0,
0<s < landlet Xy := L?*(Q) x H5(Q) be endowed with the usual product norm

16 w)llx, = (122 + w0132
Then the solution map S: L?(0, T; H™5(Q)) — C([0, T]; X;) defined by
S(F) := (u,0/u),

where u € C([0, T]; L2(Q) N CY([0, T]; H™*(R)) is the unique solution to (2.15)
with (ug,u1) = 0. Moreover, the solution map is continuous and satisfies the estimate

ISCEYONx, < CUFL2¢0,e:5-52)) (2.17)
foranyO0 <t <T.

Proof. First of all note that the solution map S is well defined by Theorem 2.5. The
estimate (2.17) follows from (2.16), which together with the linearity of S gives the
continuity of S. Observe that the linearity of S is a direct consequence of the unique
solvability of (2.15) and the fact that the PDE is linear. ]

Theorem 2.7. Let Q@ C R” be a bounded Lipschitz domain, T > 0, 0 < s < 1, and
suppose that ¥: C([0, T]; Xs) — L?(0, T; H™5()) satisfies the Lipschitz estimate

17 W)@ =FV)Olla-s@ = CIUQ@) = V©)llx, (2.18)

fora.e.0 <t <Tand U,V € C([0, T]; Xs). Then for all (ug,u1) € Xs, there exists
a unique solution u of

(8? + (_A)s)u = 37(14, Bzu) inQr,
u=0 on (Qe)r, (2.19)
M(O) = Uy, 3,u(0) =Uu; on Q’

that is the formula (2.13) holds with F replaced by ¥ (u, 0;u) in which we test against
every weak solution v of the adjoint equation
@+ (=N =G inQr,
v=20 on (RQe)r, (2.20)
v(T)=0,0,v(T)=0 onQ

with G € L2(0, T; L*(Q)).
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Proof of Theorem 2.7. Let uy € C([0, T]; L2(2)) N C1([0, T]; H~5(X)) be the
unique solution to

@+ (AN u =0 in Qr,
u=0 on ()7,
u(0) = ug, d;u(0) =u; on

and let us set Uy, := (up, d,up,) € C([0, T']; X;). Furthermore, we define the operator
T:C([0,T]; X5) = C([0, T]; X;) as

TW):=Up+ S(FU)),

which is well defined by (2.6) and the properties of ¥ . Next, we show that 7 has a
unique fixed point U = (Uy, U,).

Step 1. Existence. Let U,V € C([0, T]; X5), then by linearity of S, (2.17) and (2.18)
we get
1T W)(@) =T (V)Ox, = ISEFU)N) = S(FV)@)llx,
= [S(FU) = F(V))lx,
<CIFWU) = F W20, )
<CIU =Vlr20.:x,)-

Next, let us define the following norm on Xj:

1Ullp := sup (7% |U®)|x,)

0<t<T

for @ > 0, which will be fixed in a moment. Then we have the estimate
t

1/2
nfwxo—fwmm&sc(/ﬁﬁdﬁ U=V < U~ Vg
0

C
(29)1/2
and hence there holds

C
[T U))@)) =T V)D)e < WIIU —Vlle.

Therefore, we deduce that 7 is a strict contraction from the complete metric space
(C([0, T]; Xs). || - |lg) to itself, when 6 > 0 is chosen such that C /(26)'/? < 1. Now,
we may invoke Banach’s fixed point theorem to obtain a unique fixed point U = (u, w)
of 7. Next, observe that the definition of the solution map S and U = T (U) =
Up + S(F(U)) imply

U=up+u, and w = d;u,
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where u,, solves
@ + (A =FU) inQr,
v=0 on (2.)r,
v(0) =0, d,v(0) =0 on Q.
Going back to the definition of very weak solutions, we see this implies that u solves

(2.19).

Step 2. Uniqueness. Suppose i € C([0, T]; L2(2)) N C1([0, T]; H™5()) is any
other solution to (2.19), then u := u — u solves

(2 + (=A))v = F (u, d;u) — F (i, d,41) in Qr,
v=0 on (Qe)7,
v(0) =0, d,v(0) =0 on Q.

Thus, applying the energy estimate (2.16) together with the Lipschitz assumption
on ¥, we see that

U@ - Tz, s/||$‘(U)(r)—T(U)(r)”%,_s(mdr
0

< f 1) - T2, dx.
0

where U = (u, d;u) and U = (i1, 9;ii). So, Gronwall’s inequality shows that u = u.
This establishes the uniqueness assertion and we can conclude the proof. |

As an application of Theorem 2.7, we can show the unique solvability of (2.1) for
rough source and initial data.

Theorem 2.8 (Very weak solutions to DNWEQ). Let 2 C R” be a bounded Lip-
schitz domain, T > 0, 0 < s < o < 1, and suppose that 1 < p < oo satisfies (1.3).
Assume that we have given coefficients (y,q) € CO*(R") x LP (). Then for any F €
L2(0,T; H™*()) and (ug,u1) € L*(Q) x H™5(Q), there exists a unique solution
to

Ly +qQu="F inQr,

u=20 on ()T, (2.21)
u(0) = ug, 0,u(0) =u; onS.

Proof. Let us define the mapping F: C([0, T]; Xs) — L?(0,T; H™(2)) by

FU)) == F —yw(r) — qu(r),
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where U = (u, w) € C([0, T]; Xs). On the one hand, using the estimate (2.6), we see
that for any u € L?(2) one has gqu € H*(2) and there holds

lqullz-s@) =  sup  [{u,qv)r2@)l < lgllLe@)llullL2@)- (2.22)

On the other hand, by applying [4, Lemma 3.1] and 9Q € C°, we deduce that for any
v € H%(R2) one has yv € H*(2) and it obeys the estimate
179l sy < CllYlcoa@nllvl (). (223)

Thus, we can again infer from a duality argument that H —°(2) > w — yw € H*(Q2)
is a continuous map satisfying

lywlg-s@ = sup  [{w,yv)] < IYlcoemmllwla—s)- (2.24)

1ol s ey <1

From the estimates (2.22) and (2.24), we easily deduce that ¥ is well defined and
satisfies the Lipschitz estimate

[F U))@)) = FV)Dr-s@ < U7lcoemny + lIgllLr@)IUE) — V(@) |x,

for all U,V € C([0, T]; Xs). Thus, we can apply Theorem 2.7 to get the existence
of a unique solution to (2.21) in the sense that for any G € L2(0, T; L?>(R)) and
corresponding solution v of (2.20), there holds

O"\\]

T
(G u)p2qydt = f((F —y0iu —qu),v)dt + (u1,v(0)) — (uo, 9,v(0)) 2(q).-
0

(2.25)
It remains to verify that u is indeed a solution to (2.21) in the sense of Definition 2.4.
For this purpose, let G € L2(0, T; L?(2)) and suppose that v is the unique solution
to (2.14). Hence, v solves

@+ (=AY =G inQr,
v=20 on ()7,
v(T)=0,0v(T)=0 on®

with G = G + yd;v —quv € L?(0, T; L2(2)) (see (2.6)). Next, we claim that there
holds

T T
/ yo:u, v) /(yatv,u)Lz(Q) dt — (yug, v(0)). (2.26)
0 0
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For this purpose, let us consider for & > 0 the unique solution v, € H(0, T; H*(2))
with 0%v, € L2(0, T; H*(2)) to the following parabolically regularized problem:

(02 —e(=A)d; + (—A)*)v =G inQr,
v=20 in (Qe)Ta
v(T)=0,v(T)=0 in Q
(see [5, Chapter XVIII, Section 5.3.1]). By [5, Chapter XVIII, Section 5.3.4], we
know that there holds

*

ve =~ v in L®(0,T; H(RQ)),
dvs — d;v  in L0, T: LA(R)) (2.27)
ve(t) = v(t) in H(Q) forall0 <7 < T.

First, note that the conditions u € C'([0, T]; H*(2)) and v, € C([0, T]; L3()),
where the latter follows from the Sobolev embedding, guarantee that one we have

(yu,ve) € C'([0, T])
and
e (Yu,ve) = (3,u, yve) + (U, Y0, ve) 12(q)-

Thus, by the fundamental theorem of calculus we deduce that there holds

T
(yu(T), ve(T)) — (yuo, v:(0)) = / (0ru, yve) + (u, yatvg)Lz(Q) dt.
0

By the convergence assertions (2.27) and v.(T) = 0, we get

T

—{yo. v(0)) = [ (Dot yv) + (1, y3,0) 12 d1.
0

This proves (2.26). Hence, inserting this into (2.25), we obtain

T

T
/ (G.u)p2g)di = /((F —ydu —qu),v)dt + (u1,v(0)) — (1o, 3,v(0)) 1 2()
0 0

T

T
= / dt—l—/ U, y0:v)2(q) dt — /(u,qv)dl
0

0
+ (u1,v(0)) = (o, 9:v(0)) 2(q) + (Yo, v(0)).
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As G = G + yd,v — qu, this gives
T

T
/ (Gu)ya gy di = / (FLv)dt + {1, v(0) — (0. 9:0(0)) 120y + (vito. v(0)).
0 1]

Hence, we observe that u is indeed a solution to (2.21) in the sense of Definition 2.4.
By reversing the above arguments, one can also observe that if u is a solution in the
sense of Definition 2.4, then by (2.26), it is a solution in the sense of (2.25) and thus
the solution in the sense of Definition 2.4 is unique. ]

3. The inverse problem

After establishing the theory of very weak solutions to damped, nonlocal wave equa-
tions, we now turn our attention to the inverse problem part. First, in Section 3.1 we
prove the optimal Runge approximation theorem (Theorem 3.1) and in Section 3.2 a
suitable integral identity. Using these results, we then show in Section 3.3 our first
main result dealing with linear perturbations (Theorem 1.3). Finally, in Section 3.4
we prove Theorem 1.4 showing that the damping coefficient and the nonlinearity can
be determined simultaneously.

3.1. Runge approximation

With the material from Section 2 at our disposal, we can now show the following
Runge approximation theorem, whose proof is very similar to the one of [20, Theo-
rem 1.2].

Theorem 3.1 (Runge approximation). Let Q@ C R" be a bounded Lipschitz domain,
T >0,0<s <a <1, andsuppose that 1 < p < oo satisfies (1.3). Assume that we
have given coefficients (y,q) € C%*(R") x L?(2). Then for any measurement set
W C Q. and initial conditions (ug,u1) € H* () x L*(R), the Runge set

Ryt = {up — ¢ ¢ € C°(Wr)}
is dense in L*(0, T; FIS(Q)), where u,, is the unique solution to

Ly+qu=0 inQr,
u=q on ()T, 3.1
u(0) = ug, 0,u(0) =u; on$,

(see Proposition 2.2).
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Proof. First of all note that it is enough to consider the case (1, u1) = 0. To see this,
assume that the density holds for Ry := 52%,0 and let f € L?(0,T; H*(R)). Let vy
be the unique solution to

Ly +qv=0 in Q7,
v=20 on ()7,
v(0) = ug, d,v(0) =u; on

and define f := f — v € L2(0, T; H5(Q)). By assumption, there exists (¢ )xen C
C°(Wr) such that up — ¢ — f in L2(0, T; H*(2)) as k — oo, where uy is the
unique solution to

(L,,+q)u =0 in QT,

Uu=g on ()7, 3.2)

u(0) =0, ;u(0) =0 on<
with ¢ = @k. Then vg := ug + vy is the unique solution to (3.1) with ¢ = @. The
above convergence now implies vx — ¢ — f in L2(0, T; H*(2)) as k — oo and we
get that Ry2™" is dense in L2(0, T; H*(R2)).

Therefore, it remains to show that Ry is dense in LZ(O, T; H (2)). As usual, we
show this by a Hahn-Banach argument. Thus, suppose that F € L?(0, T; H *(R2))
vanishes on R . Let us recall that if ¢ € C°(Wr) and u solves (3.2), then, by (2.9)
and Lemma 2.3, the function v = (u — @)* satisfies

(Ly + v =—(=A)’¢* inQr,
v=20 in (RQ¢)7,
v(T)=0,v(T)=0 in Q.
Next, let w be the unique solution to
(Ly +qw = F* in Qr,
w=20 in (Re)r,
w(0) = d;w(0) =0 inQ
(see Theorem 2.8). By testing the equation for w by v, we get

T

T
/ A) (/) w LZ(Q) dt = /(F*,v) dt
0

0
T

— [1Foug - g =0
0
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for any ¢ € C2°(Wr). This ensures that there holds
(=A)’w =0 in Wr.

Furthermore, by construction w vanishes in (2.)7 and hence the unique continuation
principle for the fractional Laplacian guarantees w = 0 in R (see [11]). As very
weak solutions are distributional solutions, we get

T T
/(F*, ®)dt = /((L_y + @)D, w) 2 dt =0
0 0

for all ® € C°(27). To see that very weak solutions are distributional solutions,
one can simply take G = yq(L, + ¢)® with ® € C>°(2 x [0, 7)) in Definition 2.4,
where yq denotes the characteristic function of €2 (see also [20, Proposition 3.8]). By
density of C°(Q27) in L2(0, T; H*(2)), we deduce that F = 0 and so can conclude
the proof. ]

As a consequence, we have the following lemma.

Lemma 3.2 (Convergence of time derivative). Let 2 C R” be a bounded Lipschitz
domain, T > 0,0 <s <a <1, and suppose that 1 < p < oo satisfies (1.3). Assume that
we have given coefficients (y,q) € C%*(R") x L? (). Let ®,¥ € L2(0,T: H5(Q)) N
H'Y(0,T; H™5(2)) and suppose (¢r)ren C C((e)1) is such that

up — g — ® in L*(0, T; H*(Q)) as k — oo, (3.3)
where uy solves
Ly +qu=20 in Qr,
— on ()7, (3.4)

u(0) =0, 0,u(0) =0 on<,
for k € N. If ®, V¥ satisfy one of the conditions
(a) W(T)=o0)=0
() orW(T) =¥(0) =0,

then we have
T T

Jim [ (3 e — i) W) di :/(atcp,\p) dt. 3.5)
0 0

Remark 3.3. Let us note that the same formula (3.5) holds for second order time
derivatives under appropriate conditions.
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Proof. Using the integration by parts formula, we may compute
T
tim [ {0k — g0). W) i
—>00
0

= i (60 = 0 (7). WD) 2@y = (k= 900, ¥ Oz

T
/8\Duk—<pk dl)
0

= — lim (3I\Ij,uk—(pk) dt

k—o00
0
T
/ (0: W, @) d
0
T
= (2(0). ¥(0))12(q) — (P(T), W(T))L2(e) +/ (0:®. W) d
0

T
/8d>\11
0

In the first equality sign we used an integration by parts, in the second equality we
used (3.4), W(T) = 0 and (3.4), in the third equality the convergence (3.3), in the
fourth equality again an integration by parts and finally in the last equality the condi-
tions (a) or (b). [ ]

3.2. DN map and integral identities

Next, we define the Dirichlet to Neumann (DN) map A, 4 related to

Ly +qu=20 in Qr,
U=q on ()7, (3.6)
u(0) =0, 0,u(0) =0 on £,
via
(Mg ¥) = [ (07 Pug(-0)y dx

R7
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for all ¢, ¥ € C°((2e)1), Where u,, is the unique solution to (3.6) with exterior
condition ¢. Using the above preparation, we now establish the following integral
identity.

Proposition 3.4 (Integral identity for linear perturbations). Let 2 C R” be a bounded
Lipschitz domain, T > 0,0 < s <« <1, and suppose that 1 < p < oo satisfies (1.3).
Assume that we have given coefficients (y;,q;) € CO*(R") x LP(Q2) for j = 1,2. Let
@i € C°((Re)T) and denote by u; the corresponding solution to (3.6) with (y.q) =
(vj.q;)- Then there holds

<(AV1¢11 - Al’z,qz)‘Plv (P5>

= /{[(Vl —¥2)0: +q1 — q2](u1 — 1)}z — @2)* dx dt. 3.7
Qr

Proof. Let (T}, Q;) € C*¥(R™) x LP(R), j = 1,2, and suppose Uj; is the unique
solutions to (3.6) with (y,¢q) = (I';, Q;) and exterior condition ¢ = ;. Then we may
compute

/ {(Ty = T2)3; + 01 — Qal(Us — Y1)} (Us — Y)* dix di
Qr
- / {010, + 01)(Us — Y1)} (Us — v2)* dox di
Qr

- /(Ul - WI)[_ant + Qz](Uz — Wz)* dx d[
Qr

<LF1,Q1 (Ul - ‘/fl), (U2 - WZ)*) dt

O\ﬂ

(@7 + (=L)"Y (U1 = y1), (Uz — ¥2)*) dt

(L-15,0,(Us —¥2)*, (U1 — Y1) dt

+ [ {37 + (=A)) Uz — ¥2)*, (Uy — y1)) dt

O"\N] O\ﬂ O\\]
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T
= —[((—A)Sl/fl, Uz = ¥2)*)12(q) dt
0
T

+ /((—A)SW;(UI — Y1) 2@ dt
0
= [arvnviaxai— [(arpus avar
R7 R

= <AF1,Q1 V1, 1ﬂzﬁ) - (AFz,Qzl/IZv 1//1’(> (3.3)

In the first equality we used that U; — v has vanishing initial conditions, (U — ¥2)*
has vanishing terminal conditions and an integration by parts. In the third equality we
used that the PDEs for U; — 1 and (U, — v»)* hold in the sense of

L*(0,T; H™*(Q) = (L*(0,T: H* (Q))
(see Lemma 2.3). In the fourth equality, we used the PDEs for U; and U,, Lemma 2.3

and that there holds
T

/ (3 + (—AY)(Us — ¥a)*. (Us — 1)) di

0

T
- / (3 + (~AY) (U1 — ¥). (Us — ¥2)") dt.
0

which can be established along the lines of [19, Claim 4.2] (see also the proof of
Theorem 2.8). In the last equality, we have made the change of variables t = T — ¢
for the second integral. On the one hand, using (3.8) with I'y = I', = y; and 0 =
0, = qj, we observe that

(ij,qj V1, w;> = (ij,quZ’ w;) (3.9)

for all ; € C°((Re)r), j = 1,2. On the other hand, choosing I'; = y;, Q; =
q; and ¥; = ¢; in (3.8) and taking into account the self-adjointness (3.9), we get (3.7).
]
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3.3. Simultaneous determination of damping coefficient and linear
perturbations

Proof of Theorem 1.3. First note that by the integral identity in Proposition 3.4, we
may deduce from the condition (1.7) that there holds

[ 107 =00 401~ @l - p0dus — ) dxdr =0 G0

Qr
for all ¢; € C°((Wj)r), where u; denotes the unique solution to
(Ly, +q))u=0 in Qr,

U = gj on ()7, (3.11)
u(0) =0, d,u(0) =0 onQ.

Let w € Q2 and choose a cutoff function ®; € C°(Q2) satisfying ; = 1 on w. More-
over, let ®, € C>X°(wr). By the Runge approximation (Theorem 3.1), there exist
sequences ((pjk)keN C CX((Wj)r) with corresponding solutions uf of (3.11) with
;= gojl.‘ such that u;‘ — (p]].‘ — ®; in L2(0,T; H*()). Taking ¢; = <p{‘ and ¢, = (pf
in (3.10) gives

/{[(Vl —12)3 + q1 — 2] (X — PN b — pd)* dx dt =0
Qr

for all k, £ € N. First, we let £ — oo to deduce

f {ln = 72)3 + g1 — @)k — pF) @3 dx dr = 0 (3.12)
Qr

forall k € N. As y; — y, € CO¥(R"), the estimate (2.23) ensures that we can apply
Lemma 3.2 under the condition (b) and so d, ®; = 0 shows that the first term in (3.12)
goes to zero. So in the limit kK — oo what remains is

f (g1 — q2)®% dx dt =0,
Qr

where we used ®; = 1 on w. This ensures that g; = g, on w. As the set w is arbitrary,
we get g1 = g, in 2. Now, the identity (3.10) reduces to

/ {01 — 720841 — o)}z — 92)* dxdi = 0
Qr
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for all ¢; € CX((Wj)r). We choose n € C2°(27), define
t

Dy (x,t) = / n(x,t)ydr € C°(2 % (0,T))
0

and take &, € C°(Q27). Then using 9, P; = 1 and arguing as above via a Runge
approximation and Lemma 3.2, we get from (3.10) the identity

f()’l —y)n®3 dxdt = 0.
Qr

This again implies y; = y» in Q. |

3.4. Simultaneous determination of damping coefficient and nonlinearity

Before turning to the proof of our second main result, let us recall that the DN map
related to the problem

Lyu+ f(u)y=0 in Q7,
u=g on (Q.)r, (3.13)
u(0) =0, ;u(0) =0 on

is defined by
(Ayro.¥) = /(—A)S/zuw(—A)s/Zw dx dt,
R7
where ¢, ¥ € CX°((R¢)r) and u,, is the unique solution to (3.13). We note that
the well-posedness of (3.13) follows from [19, Proposition 3.7] with g(x, du) :=
y(x)0:u.

Proof of Theorem 1.4. Let ¢ > 0 and denote by ugj ) the unique solutions to (3.13)

with f = fj, y = y; and ¢ = en for some fixed n € C>°((W1)r). Let us observe that

the UCP for the fractional Laplacian and the condition (1.8) imply that u, := ugl) =

u?). Next, let us note that we can write

ue = ev; + RY) (3.14)
for j = 1,2, where v; and jo ) are the unique solutions to

Lyv=0 in Qr,
v=7 on ()7,
v(0) =0, d,v(0) =0 on L,
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and
Ly, R = —fj(ue) in Qr,

R=0 on (Re)T,

R(0) =0,0;R(0)=0 on,
respectively. This simply follows from the unique solvability of (3.13) and both func-
tions u and ev; + Ré’ ) are solutions. Furthermore, we notice that the energy estimate

of [19, Theorem 3.1], [19, eq. (3.18)], and the r 4+ 1 homogeneity of f; ensure that
RgJ ) satisfies

18: R | ooco.7:220)) + IR (@) llLooo,r:ms@nyy < IS5 ue)llz2p
< ”uS“Z—(;)l(Q,T;HS(Rn))- (3.15)
Moreover, we may estimate
[9cttell oo, m;r2ny) + 1uellLoeo,7; 05 ®mY)
S0 (e — en)llpoo(o,1:02(0)) T ue

—enllLecco,r;Hs®my) + Elnllwi.coo,7: 525 ®RY)

< elnllwi.co(0,7: 25 R7Y)- (3.16)

This follows from the following observations. If u solves (3.13) for a damping coef-
ficient y € C%%(R"), a weak nonlinearity f, and ¢ € C2((Q)7), thenv =u — ¢
solves

Lyv+ f(v) =—-(—A)’¢ inQr,

v=20 on ()7,

v(0) =0, d,v(0) =0 on 2.

Now, we may invoke [19, eq. (3.15)] to find that there holds

190022y + 19O ey

t t
< / (730, 902y T + / (=AY 0. 80) 2| d
0 0

t
SHEAY 0l 200020 T / 19: 0117 2y A T-
0

Thus, Gronwall’s inequality gives

10,0 L2 + V@) las®n) < 1(=A) @llL200.1:L2(0))-
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This ensures the validity of the second estimate in (3.16). Next, observe that by sub-

tracting the PDEs for ugl) and u?), we deduce that

(y1 = 72)01ue = fa(ue) — f1(ue) inQr. (3.17)
By (3.14), we may write
(1 = y2)(€div1 + 3 R() = folue) = filue) inQr. (3.18)
Combining (3.15) and (3.16), we see that
19 RV | oo 0,720y + RS () Lo o105 ey S €7 (3.19)
Multiplying 3.18 by ! gives

(1 — y2) @01 4+ 6719, RD) = fo(e7 VO Dy — £V Dy, in Q.
(3.20)

Next, let us focus one the case 2s < n as the other one can be treated similarly. As
r > 0 we deduce from (3.16) that e="/0+7y, — 0in L%°(0, T; H*(R")) and so by
Sobolev’s embedding in L7(0, T; L2 () forall 1 < ¢ < 0o and 27 = ni’zs Hence,
by our assumptions on f; and [27, Lemma 3.6], we get

ity ) 50 in LYCED 0, T LE/CTD(Q)) (3.21)
forall g > r 4+ 1 as ¢ — 0. Additionally, using (3.19) we know that
e719,RY) -0 in L®(0,T; L*(Q)). (3.22)
Therefore, from (3.20)—(3.22), we infer
(Y1 —=y2)9:v1 =0 inQr7.
In particular, this ensures that there holds
[ 1= 1200001 = mwa = vy* a0
Qr
for any ¥ € C2°((W2)r), where w, is the unique solution to
Lyw=0 in Qr,

W=y on (2¢)r,
w(0) =0, d;w(0) =0 on<Q.
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Now, arguing as in the previous section, we get y; = ¥, in Q2. Hence, (3.17) reduces
to

Silug) = fa(ue) in Q7.

Multiplying this identity by e~ *+1 and arguing as before, we deduce that
fiv) = f2(v) inQr,

where v := v; = v; as y; = ¥». One can now show fi(x,7) = f2(x, 1) forall x € Q
and 7 € R exactly as described in [20, p. 29]. Hence, we can conclude the proof. =
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