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Optimal Runge approximation for damped nonlocal wave
equations and simultaneous determination results

Philipp Zimmermann

Abstract. The main purpose of this article is to establish new uniqueness results for Calderón-
type inverse problems related to damped nonlocal wave equations. To achieve this goal, we
extend the theory of very weak solutions to our setting, which allows to deduce an optimal
Runge approximation theorem. With this result at our disposal, we can prove simultaneous
determination results in the linear and semilinear regime.

1. Introduction

In recent years, inverse problems for nonlocal partial differential equations (PDEs)
of elliptic, parabolic and hyperbolic type have been studied. This line of research
was initiated by Ghosh, Salo, and Uhlmann [11], in which they have considered the
(partial data) Calderón problem related to the fractional Schrödinger equation´

..��/s C q/u D 0 in �;

u D ' in �e;
(1.1)

where��Rn is a bounded domain,�e DRn n x�, 0 < s < 1, q is a suitable potential
and .��/s is the fractional Laplacian which is the operator with Fourier symbol j�j2s .
In this problem, one asks whether the knowledge of the (partial) Dirichlet to Neumann
(DN) map

ƒq' D .��/
su' jW2 ; ' 2 C1c .W1/;

where W1; W2 � �e are given measurement sets (i.e., nonempty open sets) and u'
denotes the unique solution to (1.1), uniquely determines the potential q. The overall
strategy to establish unique determination results for the above Calderón problem is
as follows (see [11, 23, 25]).
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(i) Integral identity. Assume that the potentials qj are suitably regular, then one
can write

h.ƒq1 �ƒq2/'1; '2i D

Z
�

.q1 � q2/.u'1 � '1/.u'2 � '2/ dx;

when the right-hand side is interpreted accordingly.

(ii) Establish one of the following Runge approximation theorems:

(I) RW D ¹uf j� I f 2 C
1
c .W /º is dense in L2.�/ (see [11] for q 2

L1.�/);

(II) RW D ¹uf � f I f 2 C
1
c .W /º is dense in zH s.�/ (see [25] for

Sobolev multipliers q or [23] for local, bounded bilinear forms).

(iii) If the potentials qj for j D 1; 2 have suitable continuity properties, then
ƒq1 D ƒq2 together with (ii) ensure that there holds q1 D q2 in �.

In (II), the space zH s.�/ is the closure of C1c .�/ in the energy space

H s.Rn/ D ¹u 2 S0.Rn/ I kukH s.Rn/ WD khDi
sukL2.Rn/ <1º:

Here, hDis stands for the Bessel potential operator of order s, that is the Fourier
multiplier with symbol h�is , where h�i D .1C j�j2/1=2. Observe the similarity of the
above strategy to the one of [26] for showing unique determination for the classical
Calderón problem, where instead of the Runge approximation theorem suitable geo-
metric optics solutions are used. Moreover, the Runge approximation (ii) relies on a
Hahn–Banach argument and the unique continuation property (UCP) of the fractional
Laplacian .��/s . For more results on Calderón problems for elliptic nonlocal PDEs,
we refer the interested reader to [1–4,6–8,10,12–15,15–19,21–24] and the references
therein.

1.1. Mathematical model and main results

Recently, the above approach for solving elliptic nonlocal inverse problems has also
been adapted to deduce uniqueness results for the Calderón problem of nonlocal
hyperbolic equations. Let us next describe some of these results in more detail and
for this purpose consider the problem8̂̂<̂

:̂
@2t uC �.��/

s@tuC .��/
suC f .u/ D 0 in �T ;

u D ' on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �;

(1.2)

where � 2 R, f W� � R ! R is a possibly nonlinear (Carathéodory) function and
f .u/ denotes the corresponding Nemytskii operator, which is defined by f .u/.x; t/D
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f .x;u.x; t// for measurable functions uW�T ! R. If the problem (1.2) is well posed
in the energy class H s.Rn/, then for any two given measurement sets W1; W2 � �e ,
we may introduce the DN map ƒ�

f
via

ƒ�f ' D .�.��/
s@tu' C .��/

su'/j.W2/T ;

whenever ' is supported in .W1/T and u' is the solution to (1.2). The Calderón
problem for (1.2) reads as follows.

Question 1. Does the DN map ƒ�
f

uniquely determine the function f ?

A suitable class of nonlinearities are the so-called weak nonlinearities, which are
defined next.

Definition 1.1. We call a Carathéodory function f W� � R! R weak nonlinearity,
if it satisfies the following conditions.

(i) f has partial derivative @�f , which is a Carathéodory function, and there
exists a 2 Lp.�/ such that

j@�f .x; �/j . a.x/C j� jr

for all � 2 R and a.e. x 2 �. Here the exponents p and r satisfy the restric-
tions 8̂̂<̂

:̂
n=s � p � 1; if 2s < n;

2 < p � 1; if 2s D n;

2 � p � 1; if 2s � n;

(1.3)

and ´
0 � r <1; if 2s � n;

0 � r � 2s
n�2s

; if 2s < n;
(1.4)

respectively. Moreover, f fulfills the integrability condition f .�;0/2L2.�/.

(ii) The function FW� �R! R, defined via

F.x; �/ D

�Z
0

f .x; �/ d�;

satisfies F.x; �/ � 0 for all � 2 R and a.e. x 2 �.

Remark 1.2. We note that fractional power-type nonlinearities of the form

f .x; �/ D q.x/j� jr�;

with q 2 L1.�/, q � 0, and r � 0 satisfying (1.4), comply with the assumptions in
Definition 1.1; see also [19, Remark 3.5] for further discussion.
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Using the above notions, we can now discuss some of the existing results.

(a) The article [13] gives a positive answer for � D 0; f .x; �/ D q.x/� with q 2
L1.�/. Their proof relied on the observation that in this case (1.2) satisfies
an L2.�T / Runge approximation theorem.

(b) The work [27] deals on the one hand with the linear case � D 1, f .x; �/ D
q.x/� with q 2 L1.0; T ILp.�//, where p satisfies the restrictions (1.3),
and q is weakly continuous in t and, on the other hand, with the nonlin-
ear case � D 1 and f is a r C 1 homogeneous, weak nonlinearity. The
uniqueness proofs use substantially that due to presence of the viscosity term
.��/s@t solutions u to (1.2) satisfy @tu 2 L2.0; T IH s.Rn// and as a con-
sequence the linearized equations have the Runge approximation property in
L2.0; T I zH s.�//.

(c) In [19], uniqueness is proved in the case � D 0 and f satisfies the same
properties as in (b), but with the additional restriction r � 1. This article only
uses anL2.�T / Runge approximation result for the linearized nonlocal wave
equation.

(d) By establishing a theory for very weak solutions to linear nonlocal wave
equations with � D 0, the authors of [20] could deduce a L2.0; T I zH s.�//

Runge approximation theorem for these wave equations. This allowed to
extend the results in (c) to the cases r > 1 and additionally showed that
one can recover any linear perturbation q 2 Lp.�/ with p satisfying the
restrictions (1.3). Furthermore, one can also recover serially or asymptoti-
cally polyhomogeneous nonlinearities ([20, Theorem 1.5]).

In this context, let us also mention the recent article [9] which deals with the Calderón
problem for a third order semilinear, nonlocal, viscous wave equation.

The goal of this paper is to present an extension of the models described in (b)
and (c), which we discuss next. Let 0 < s < 1 and suppose that we have given coeffi-
cients .
; q/ 2 C 0;˛.Rn/�Lp.�/, where 0 < s < ˛ � 1 and 1 � p �1 satisfies the
restrictions in (1.3). Then we define the following damped, nonlocal wave operator

L
 WD @
2
t C 
@t C .��/

s (1.5)

and consider the problem8̂̂<̂
:̂
L
uC f .u/ D F in �T ;

u D ' on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(1.6)

where f is a weak nonlinearity or f .u/ D q.x/u. In fact, this is a possibly nonlinear
generalization of the model (G2) with s1 D 0 in [27, Section 1.1]. By [19, Proposi-
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tion 3.7] (see Section 2.1 for the linear case), we know that the problem (1.6) is well
posed, whenever the source F , exterior condition ' and initial conditions u0; u1 are
sufficiently regular. Thus, we can introduce the related (partial) DN map via

ƒ
;f ' WD .��/
su' j.W2/T ;

where W1; W2 � �e are some measurement sets, ' is supported in .W1/T and u'
is the unique solution to (1.6) with u0 D u1 D F D 0. Then we ask the following
question.

Question 2. Does the partial DN map ƒ
;f uniquely determine the damping coeffi-
cient 
 and the function f ?

In this work we establish the following affirmative answers to this question.

Theorem 1.3 (Uniqueness for linear perturbations). Let � � Rn be a bounded Lip-
schitz domain, T > 0, 0 < s < ˛ � 1 and suppose that 1 � p � 1 satisfies (1.3).
Assume that for j D 1; 2 we have given coefficients .
j ; qj / 2 C 0;˛.Rn/ � Lp.�/
and let ƒ
j ;qj be the DN map associated to the problem8̂̂<̂

:̂
.L
j C qj /u D 0 in �T ;

u D ' on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �;

for j D 1; 2. If W1; W2 � �e are two measurement sets such that

ƒ
1;q1'j.W2/T D ƒ
2;q2'j.W2/T (1.7)

for all ' 2 C1c ..W1/T /, then there holds


1 D 
2 and q1 D q2 in �:

Theorem 1.4 (Uniqueness for semilinear perturbations). Let � � Rn be a bounded
Lipschitz domain, T > 0 and 0 < s < ˛ � 1. Assume that for j D 1; 2 we have given
coefficients 
j 2 C 0;˛.Rn/ and r C 1 homogeneous, weak nonlinearities fj , where
r > 0 satisfies (1.4). Let ƒ
j ;fj be the DN map associated to the problem8̂̂<̂

:̂
L
j uC fj .u/ D 0 in �T ;

u D ' on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �;

for j D 1; 2. If W1; W2 � �e are two measurement sets such that

ƒ
1;f1'j.W2/T D ƒ
2;f2'j.W2/T (1.8)
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for all ' 2 C1c ..W1/T /, then there holds


1 D 
2 in � and f1 D f2 in � �R:

Remark 1.5. For simplicity, we restrict our attention to homogeneous nonlineari-
ties f , but the unique determination remains valid in some polyhomogeneous cases
as described in [20] for 
 D 0. Additionally, [9] discusses the Calderón problem for
third order nonlocal wave equations with polyhomogeneous nonlinearities of finite
order, special subclasses of nonlinearities f .x; t; u/ without a homogeneity structure
and nonlinearities of Kuznetsov type.

2. Weak and very weak solutions to damped, nonlocal wave equations

The main purpose of this section is to show existence of unique weak and very weak
solutions to damped, nonlocal wave equations (DNWEQ)8̂̂<̂

:̂
.L
 C q/u D F in �T ;

u D ' on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(2.1)

where L
 is given by (1.5) and only the case ' D 0 is considered for very weak
solutions.

2.1. Weak solutions

This section deals with the well-posedness of (2.1) for regular sources, exterior condi-
tions and initial data. We also prove well-posedness for the case when instead of initial
values the values at t D T are specified, which will be needed for the development of
the theory of very weak solutions.

Theorem 2.1 (Weak solutions to homogeneous DNWEQ). Let��Rn be a bounded
Lipschitz domain, T > 0, 0 < s < 1, and suppose that 1 � p � 1 satisfies (1.3).
Assume that we have given coefficients .
;q/2L1.�/�Lp.�/. Then for any source1

F 2 L2.0; T I zL2.�// and initial conditions .u0; u1/ 2 zH s.�/ � zL2.�/, there exists
a unique weak solution u 2 C.Œ0; T �I zH s.�// \ C 1.Œ0; T �I zL2.�// of8̂̂<̂

:̂
.L
 C q/u D F in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(2.2)

1Here and below we set zL2.�/ WD zH0.�/.
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which means that .u.0/; @tu.0// D .u0; u1/ in zH s.�/ � zL2.�/ and there holds

d

dt
h@tu; viL2.�/ C h
@tu; viL2.�/

C h.��/s=2u; .��/s=2viL2.Rn/ C hqu; viL2.�/

D hF; viL2.�/ (2.3)

for all v 2 zH s.�/ in the sense of distributions on .0;T /. Moreover, the unique solution
u obeys the energy identity

k@tu.t/k
2
L2.�/

C k.��/s=2u.t/k2
L2.Rn/ C 2

tZ
0

h
@tu.�/C qu.�/; @tu.�/iL2.�/ d�

D k.��/s=2u0k
2
L2.Rn/ C ku1k

2
L2.�/

C 2

tZ
0

hF.�/; @tu.�/iL2.�/ d� (2.4)

which implies

k@tu.t/kL2.�/ C k.��/
s=2u.t/kL2.Rn/

. ku1kL2.�/ C k.��/s=2u0kL2.Rn/ C kF kL2.0;t IL2.�// (2.5)

for all 0 � t � T .

Proof. Throughout the proof, we endow zH s.�/ with the equivalent norm

kuk zH s.�/ D k.��/
s=2ukL2.Rn/

(see [19, Lemma 2.3]) and we introduce the following continuous sesquilinear forms

a0.u; v/ D h.��/
s=2u; .��/s=2viL2.Rn/; a1.u; v/ D hqu; viL2.�/

for u; v 2 zH s.�/ and b.u; v/ D h
u; viL2.�/ for u; v 2 zL2.�/. Next, recall that by
[19, eq. (3.7)] one has

kqukL2.�/ . kqkLp.�/kuk zH s.�/ (2.6)

for all u2 zH s.�/. It is not hard to see that we can invoke the existence and uniqueness
results [5, Chapter XVIII, Section 5, Theorem 3 & 4] (see [5, p. 571]), which ensure
the existence of a unique, real-valued solution u 2 C.Œ0; T �I zH s.�// \ C 1.Œ0; T �I
zL2.�// to (2.2). Furthermore, by [5, Chapter XVIII, Section 5, Lemma 7] the solution



P. Zimmermann 548

u satisfies the following energy identity:

k@tu.t/k
2
L2.�/

C k.��/s=2u.t/k2
L2.Rn/ C 2

tZ
0

h
@tu.�/C qu.�/; @tu.�/iL2.�/ d�

D k.��/s=2u0k
2
L2.Rn/ C ku1k

2
L2.�/

C 2

tZ
0

hF.�/; @tu.�/iL2.�/ d� (2.7)

for 0 � t � T . Hence, we have shown the identity (2.4). If we set

‰.t/ WD k@tu.t/k
2
L2.�/

C k.��/s=2u.t/k2
L2.Rn/ 2 C.Œ0; T �/;

then using (2.6), (2.7), and 
 2 L1.�/, we get

‰.t/ � ‰.0/C

tZ
0

kF.�/k2
L2.�/

d� C C

tZ
0

.1C k
kL1.�/ C kqk
2
Lp.�//‰.�/ d�

and via Gronwall’s inequality we deduce the energy estimate

‰.t/ . ‰.0/C kF k2
L2.0;t IL2.�//

for all 0 � t � T , which establishes the estimate (2.5).

As a consequence we have the following result.

Proposition 2.2 (Weak solutions to inhomogeneous DNWEQ). Let � � Rn be a
bound-ed Lipschitz domain, T > 0, 0 < s < 1, and suppose that 1 � p � 1 sat-
isfies (1.3). Assume that we have given coefficients .
; q/ 2 L1.�/ � Lp.�/. Then
for any source F 2 L2.0; T I zL2.�//, exterior condition ' 2 C 2.Œ0; T �IH 2s.Rn//

and initial conditions .u0; u1/ 2 H s.Rn/ �L2.Rn/ satisfying the compatibility con-
ditions u0 � '.0/ 2 zH s.�/ and u1 � @t'.0/ 2 zL2.�/, there exists a unique weak
solution u 2 C.Œ0; T �IH s.Rn// \ C 1.Œ0; T �IL2.Rn// of8̂̂<̂

:̂
.L
 C q/u D F in �T ;

u D ' on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(2.8)

which means that u satisfies (2.3), the .u.0/;@tu.0//D .u0;u1/ inH s.Rn/�L2.Rn/

and u D ' in .�e/T means that u.t/ D '.t/ a.e. in �e for any 0 < t < T . Further-
more, the following energy estimate holds:

k@tu.t/kL2.Rn/ C k.��/
s=2u.t/kL2.Rn/

. ku1kL2.Rn/ C k.��/s=2u0kL2.Rn/ C k'kC2.Œ0;t�IH2s.Rn// C kF kL2.0;t IL2.�//

for any 0 � t � T .
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Proof. Observe, under the current regularity assumptions and compatibility condi-
tions, that u solves (2.8) if and only if w WD u � ' solves8̂̂<̂

:̂
.L
 C q/w D F � .L
 C q/' in �T ;

w D 0 on .�e/T ;

w.0/ D u0 � '.0/; @tw.0/ D u1 � @t'.0/ on �:

(2.9)

The only fact to keep in mind is that if u 2 C.Œ0; T �IH s.Rn//, then the condition
u.t/D '.t/ a.e. in�e is equivalent to u.t/� '.t/ 2 zH s.�/ as� � Rn is a bounded
Lipschitz domain. So, the assertions of Propsition 2.2 follow immediately from The-
orem 2.1.

Denoting by g?.x; t/ D g.x; T � t / the time-reversal of g 2 L1loc.R
n
T /, we have

the following.

Lemma 2.3. Let � � Rn be a bounded Lipschitz domain, T > 0, 0 < s < 1, and
suppose that 1�p�1 satisfies (1.3). Assume that we have given coefficients .
;q/2
L1.�/�Lp.�/. Let F 2L2.0;T I zL2.�//, ' 2C 2.Œ0;T �IH 2s.Rn// and .u0;u1/2
H s.Rn/ � L2.Rn/ satisfying the compatibility conditions u0 � '.0/ 2 zH s.�/ and
u1 � @t'.0/ 2 zL

2.�/. Then u solves8̂̂<̂
:̂
.L
 C q/u D F in �T ;

u D ' on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

if and only if u? solves8̂̂<̂
:̂
.L�
 C q/v D F

? in �T ;

v D '? on .�e/T ;

v.T / D u0; @tv.T / D u1 on �:

In particular, for any F 2 L2.�T /, ' 2 C 2.Œ0; T �IH 2s.Rn// and any .u0; u1/ 2
H s.Rn/ � L2.Rn/ satisfying the compatibility conditions u0 � '.T / 2 zH s.�/ and
u1 � @t'.T / 2 zL

2.�/, there exists a unique solution u? of8̂̂<̂
:̂
.L�
 C q/v D F in �T ;

v D ' on .�e/T ;

v.T / D u0; @tv.T / D u1 on �:

(2.10)

Proof. First, note that by the proof of Proposition 2.2, we can assume without loss
of generality, that ' D 0. Secondly, one easily sees that @tu? D �.@tu/? and thus
a change of variables in (2.3) gives the asserted equivalence. The unique solvability
of (2.10) follows from the equivalence and Theorem 2.1.
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2.2. Very weak solutions

Let us start by making some simple observations. Suppose that u and v are smooth
solutions to the problems8̂̂<̂

:̂
.L
 C q/u D F in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(2.11)

and 8̂̂<̂
:̂
.L�
 C q/v D G in �T ;

v D 0 on .�e/T ;

v.T / D 0; @tv.T / D 0 on �;

respectively. If we multiply the PDE (2.11) by v and integrate over �T , then we getZ
�T

Fv dx dt D

Z
�T

Œ.L
 C q/u�v dx dt

D

Z
�

u0@tv.0/ dx �

Z
�

u1v.0/ dx �

Z
�


u0v.0/ dx C

Z
�T

u.L�
 C q/v dx dt

D

Z
�

u0@tv.0/ dx �

Z
�

u1v.0/ dx �

Z
�


u0v.0/ dx C

Z
�T

Gudx dt: (2.12)

Notice that if one hasG 2L2.0;T I zL2.�//, v 2L2.0;T I zH s.�// and .v.0/;@tv.0//2
zH s.�/ � zL2.�/, then one can make sense of the first integral and the last line

in (2.12), even in the case F 2 L2.0; T IH�s.�//, .u0; u1/ 2 zL2.�/ �H�s.�/ and
u 2 L2.0; T I zL2.�//. Here, H�s.�/ � D0.�/ is defined by

H�s.�/ D ¹uj� I u 2 H
�s.Rn/º;

which can be identified with . zH s.�//0 for @� 2 C 0;1. This motivates the following.

Definition 2.4 (Very weak solutions). Let � � Rn be a bounded Lipschitz domain,
T > 0, 0 < s < 1, and suppose that 1 � p � 1 satisfies (1.3). Assume that we have
given coefficients .
;q/2L1.�/�Lp.�/, sourceF 2L2.0;T IH�s.�// and initial
conditions .u0; u1/ 2 zL2.�/ �H�s.�/. Then we say that u 2 C.Œ0; T �I zL2.�// \
C 1.Œ0; T �IH�s.�// is a very weak solution of8̂̂<̂

:̂
.L
 C q/u D F in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;
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whenever there holds2

TZ
0

hG; uiL2.�/ dt

D

TZ
0

hF; vi dt C hu1; v.0/i � hu0; @tv.0/iL2.�/ C h
u0; v.0/i (2.13)

for allG 2 L2.0;T I zL2.�//, where v 2 C.Œ0;T �I zH s.�//\C 1.Œ0;T �I zL2.�// is the
unique weak solution to the adjoint equation8̂̂<̂

:̂
.L�
 C q/v D G in �T ;

v D 0 on .�e/T ;

v.T / D 0; @tv.T / D 0 on �;

(2.14)

(see Theorem 2.1).

Next, let us recall the following well-posedness result of very weak solutions.

Theorem 2.5 (Very weak solutions for 
 D q D 0, [20, Theorem 3.6]). Let � � Rn

be a bounded Lipschitz domain, T > 0 and 0 < s < 1. Then for any given source
F 2 L2.0; T IH�s.�// and initial conditions .u0; u1/ 2 zL2.�/ � H�s.�/, there
exists a unique solution to8̂̂<̂

:̂
.@2t C .��/

s/u D F in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �

(2.15)

and it satisfies the following energy estimate:

ku.t/kL2.�/ C k@tu.t/kH�s.�/

. ku0kL2.�/ C ku1kH�s.�/ C kF kL2.0;t IH�s.�// (2.16)

for all 0 � t � T .

Hence, we have a well-defined solution map.

2Here and below we sometimes write h�; �i to denote the duality pairing betweenH�s.�/�
zH s.�/.
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Proposition 2.6 (Solution map). Let�� Rn be a bounded Lipschitz domain, T > 0,
0 < s < 1 and let Xs WD zL2.�/ �H�s.�/ be endowed with the usual product norm

k.u;w/kXs WD .kuk
2
L2.�/

C kwk2H�s.�//
1=2:

Then the solution map S WL2.0; T IH�s.�//! C.Œ0; T �IXs/ defined by

S.F / WD .u; @tu/;

where u 2 C.Œ0; T �I zL2.�// \ C 1.Œ0; T �IH�s.�// is the unique solution to (2.15)
with .u0; u1/D 0. Moreover, the solution map is continuous and satisfies the estimate

kS.F /.t/kXs � CkF kL2.0;t IH�s.�// (2.17)

for any 0 � t � T .

Proof. First of all note that the solution map S is well defined by Theorem 2.5. The
estimate (2.17) follows from (2.16), which together with the linearity of S gives the
continuity of S . Observe that the linearity of S is a direct consequence of the unique
solvability of (2.15) and the fact that the PDE is linear.

Theorem 2.7. Let � � Rn be a bounded Lipschitz domain, T > 0, 0 < s < 1, and
suppose that F WC.Œ0; T �IXs/! L2.0; T IH�s.�// satisfies the Lipschitz estimate

kF .U /.t/ � F .V /.t/kH�s.�/ � CkU.t/ � V.t/kXs (2.18)

for a.e. 0 � t � T and U; V 2 C.Œ0; T �IXs/. Then for all .u0; u1/ 2 Xs , there exists
a unique solution u of8̂̂<̂

:̂
.@2t C .��/

s/u D F .u; @tu/ in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(2.19)

that is the formula (2.13) holds with F replaced by F .u;@tu/ in which we test against
every weak solution v of the adjoint equation8̂̂<̂

:̂
.@2t C .��/

s/v D G in �T ;

v D 0 on .�e/T ;

v.T / D 0; @tv.T / D 0 on �

(2.20)

with G 2 L2.0; T I zL2.�//.
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Proof of Theorem 2.7. Let uh 2 C.Œ0; T �I zL2.�// \ C 1.Œ0; T �I H�s.�// be the
unique solution to 8̂̂<̂

:̂
.@2t C .��/

s/u D 0 in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �

and let us set Uh WD .uh; @tuh/ 2 C.Œ0; T �IXs/. Furthermore, we define the operator
T WC.Œ0; T �IXs/! C.Œ0; T �IXs/ as

T .U / WD Uh C S.F .U //;

which is well defined by (2.6) and the properties of F . Next, we show that T has a
unique fixed point U D .U1; U2/.

Step 1. Existence. Let U; V 2 C.Œ0; T �IXs/, then by linearity of S , (2.17) and (2.18)
we get

kT .U /.t/ � T .V /.t/kXs D kS.F .U //.t/ � S.F .V //.t/kXs

D kS.F .U / � F .V //.t/kXs

� CkF .U / � F .V /kL2.0;t IH�s.�//

� CkU � V kL2.0;t IXs/:

Next, let us define the following norm on Xs:

kU k� WD sup
0�t�T

.e��tkU.t/kXs /

for � > 0, which will be fixed in a moment. Then we have the estimate

kT .U /.t/ � T .V /.t/kXs � C

� tZ
0

e2�� d�

�1=2
kU � V k� �

C

.2�/1=2
e�tkU � V k�

and hence there holds

kT .U /.t/ � T .V /.t/k� �
C

.2�/1=2
kU � V k� :

Therefore, we deduce that T is a strict contraction from the complete metric space
.C.Œ0; T �IXs/; k � k� / to itself, when � > 0 is chosen such that C=.2�/1=2 < 1. Now,
we may invoke Banach’s fixed point theorem to obtain a unique fixed pointU D .u;w/
of T . Next, observe that the definition of the solution map S and U D T .U / D

Uh C S.F .U // imply

u D uh C un and w D @tu;
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where un solves 8̂̂<̂
:̂
.@2t C .��/

s/v D F .U / in �T ;

v D 0 on .�e/T ;

v.0/ D 0; @tv.0/ D 0 on �:

Going back to the definition of very weak solutions, we see this implies that u solves
(2.19).

Step 2. Uniqueness. Suppose Qu 2 C.Œ0; T �I zL2.�// \ C 1.Œ0; T �IH�s.�// is any
other solution to (2.19), then Nu WD u � Qu solves8̂̂<̂

:̂
.@2t C .��/

s/v D F .u; @tu/ � F . Qu; @t Qu/ in �T ;

v D 0 on .�e/T ;

v.0/ D 0; @tv.0/ D 0 on �:

Thus, applying the energy estimate (2.16) together with the Lipschitz assumption
on F , we see that

kU.t/ � zU.t/k2Xs .
tZ
0

kF .U /.�/ � F . zU/.�/k2H�s.�/ d�

.
tZ
0

kU.t/ � zU.t/k2Xs d�;

where U D .u; @tu/ and zU D . Qu; @t Qu/. So, Gronwall’s inequality shows that u D Qu.
This establishes the uniqueness assertion and we can conclude the proof.

As an application of Theorem 2.7, we can show the unique solvability of (2.1) for
rough source and initial data.

Theorem 2.8 (Very weak solutions to DNWEQ). Let � � Rn be a bounded Lip-
schitz domain, T > 0, 0 < s < ˛ � 1, and suppose that 1 � p � 1 satisfies (1.3).
Assume that we have given coefficients .
; q/ 2C 0;˛.Rn/�Lp.�/. Then for any F 2
L2.0; T IH�s.�// and .u0; u1/ 2 zL2.�/ �H�s.�/, there exists a unique solution
to 8̂̂<̂

:̂
.L
 C q/u D F in �T ;

u D 0 on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �:

(2.21)

Proof. Let us define the mapping F WC.Œ0; T �IXs/! L2.0; T IH�s.�// by

F .U /.t/ WD F � 
w.t/ � qu.t/;
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where U D .u;w/ 2 C.Œ0; T �IXs/. On the one hand, using the estimate (2.6), we see
that for any u 2 zL2.�/ one has qu 2 H�s.�/ and there holds

kqukH�s.�/ D sup
kvk zHs.�/�1

jhu; qviL2.�/j . kqkLp.�/kukL2.�/: (2.22)

On the other hand, by applying [4, Lemma 3.1] and @� 2 C 0, we deduce that for any
v 2 zH s.�/ one has 
v 2 zH s.�/ and it obeys the estimate

k
vk zH s.�/ � Ck
kC0;˛.Rn/kvk zH s.�/: (2.23)

Thus, we can again infer from a duality argument thatH�s.�/ 3w 7! 
w 2H�s.�/

is a continuous map satisfying

k
wkH�s.�/ D sup
kvk zHs.�/�1

jhw; 
vij . k
kC0;˛.Rn/kwkH�s.�/: (2.24)

From the estimates (2.22) and (2.24), we easily deduce that F is well defined and
satisfies the Lipschitz estimate

kF .U /.t/ � F .V /.t/kH�s.�/ . .k
kC0;˛.Rn/ C kqkLp.�//kU.t/ � V.t/kXs

for all U; V 2 C.Œ0; T �IXs/. Thus, we can apply Theorem 2.7 to get the existence
of a unique solution to (2.21) in the sense that for any G 2 L2.0; T I zL2.�// and
corresponding solution v of (2.20), there holds

TZ
0

hG; uiL2.�/ dt D

TZ
0

h.F � 
@tu � qu/; vi dt C hu1; v.0/i � hu0; @tv.0/iL2.�/:

(2.25)
It remains to verify that u is indeed a solution to (2.21) in the sense of Definition 2.4.
For this purpose, let G 2 L2.0; T I zL2.�// and suppose that v is the unique solution
to (2.14). Hence, v solves8̂̂<̂

:̂
.@2t C .��/

s/v D zG in �T ;

v D 0 on .�e/T ;

v.T / D 0; @tv.T / D 0 on �

with zG D G C 
@tv � qv 2 L2.0; T I zL2.�// (see (2.6)). Next, we claim that there
holds

TZ
0

h
@tu; vi dt D �

TZ
0

h
@tv; uiL2.�/ dt � h
u0; v.0/i: (2.26)
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For this purpose, let us consider for " > 0 the unique solution v" 2 H 1.0; T I zH s.�//

with @2t v" 2 L
2.0; T IH�s.�// to the following parabolically regularized problem:8̂̂<̂

:̂
.@2t � ".��/

s@t C .��/
s/v D zG in �T ;

v D 0 in .�e/T ;

v.T / D @tv.T / D 0 in �

(see [5, Chapter XVIII, Section 5.3.1]). By [5, Chapter XVIII, Section 5.3.4], we
know that there holds

v"
�
* v in L1.0; T I zH s.�//;

@tv"
�
* @tv in L1.0; T I zL2.�//;

v".t/! v.t/ in zH s.�/ for all 0 � t � T:

(2.27)

First, note that the conditions u 2 C 1.Œ0; T �IH�s.�// and v" 2 C 1.Œ0; T �I zL2.�//,
where the latter follows from the Sobolev embedding, guarantee that one we have

h
u; v"i 2 C
1.Œ0; T �/

and
@t h
u; v"i D h@tu; 
v"i C hu; 
@tv"iL2.�/:

Thus, by the fundamental theorem of calculus we deduce that there holds

h
u.T /; v".T /i � h
u0; v".0/i D

TZ
0

h@tu; 
v"i C hu; 
@tv"iL2.�/ dt:

By the convergence assertions (2.27) and v".T / D 0, we get

�h
u0; v.0/i D

TZ
0

h@tu; 
vi C hu; 
@tviL2.�/ dt:

This proves (2.26). Hence, inserting this into (2.25), we obtain

TZ
0

h zG; uiL2.�/ dt D

TZ
0

h.F � 
@tu � qu/; vi dt C hu1; v.0/i � hu0; @tv.0/iL2.�/

D

TZ
0

hF; vi dt C

TZ
0

hu; 
@tviL2.�/ dt �

TZ
0

hu; qvi dt

C hu1; v.0/i � hu0; @tv.0/iL2.�/ C h
u0; v.0/i:
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As zG D G C 
@tv � qv, this gives

TZ
0

hG; uiL2.�/ dt D

TZ
0

hF; vi dt C hu1; v.0/i � hu0; @tv.0/iL2.�/ C h
u0; v.0/i:

Hence, we observe that u is indeed a solution to (2.21) in the sense of Definition 2.4.
By reversing the above arguments, one can also observe that if u is a solution in the
sense of Definition 2.4, then by (2.26), it is a solution in the sense of (2.25) and thus
the solution in the sense of Definition 2.4 is unique.

3. The inverse problem

After establishing the theory of very weak solutions to damped, nonlocal wave equa-
tions, we now turn our attention to the inverse problem part. First, in Section 3.1 we
prove the optimal Runge approximation theorem (Theorem 3.1) and in Section 3.2 a
suitable integral identity. Using these results, we then show in Section 3.3 our first
main result dealing with linear perturbations (Theorem 1.3). Finally, in Section 3.4
we prove Theorem 1.4 showing that the damping coefficient and the nonlinearity can
be determined simultaneously.

3.1. Runge approximation

With the material from Section 2 at our disposal, we can now show the following
Runge approximation theorem, whose proof is very similar to the one of [20, Theo-
rem 1.2].

Theorem 3.1 (Runge approximation). Let � � Rn be a bounded Lipschitz domain,
T > 0, 0 < s < ˛ � 1, and suppose that 1 � p � 1 satisfies (1.3). Assume that we
have given coefficients .
; q/ 2 C 0;˛.Rn/ � Lp.�/. Then for any measurement set
W � �e and initial conditions .u0; u1/ 2 zH s.�/ � zL2.�/, the Runge set

R
u0;u1
W

WD ¹u' � ' I ' 2 C
1
c .WT /º

is dense in L2.0; T I zH s.�//, where u' is the unique solution to8̂̂<̂
:̂
.L
 C q/u D 0 in �T ;

u D ' on .�e/T ;

u.0/ D u0; @tu.0/ D u1 on �;

(3.1)

(see Proposition 2.2).
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Proof. First of all note that it is enough to consider the case .u0; u1/D 0. To see this,
assume that the density holds for RW WD R

0;0
W and let f 2 L2.0; T I zH s.�//. Let v0

be the unique solution to8̂̂<̂
:̂
.L
 C q/v D 0 in �T ;

v D 0 on .�e/T ;

v.0/ D u0; @tv.0/ D u1 on �

and define Qf WD f � v0 2 L2.0; T I zH s.�//. By assumption, there exists .'k/k2N �

C1c .WT / such that uk � 'k ! Qf in L2.0; T I zH s.�// as k !1, where uk is the
unique solution to 8̂̂<̂

:̂
.L
 C q/u D 0 in �T ;

u D ' on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �

(3.2)

with ' D 'k . Then vk WD uk C v0 is the unique solution to (3.1) with ' D 'k . The
above convergence now implies vk � 'k! f in L2.0; T I zH s.�// as k!1 and we
get that R

u0;u1
W is dense in L2.0; T I zH s.�//.

Therefore, it remains to show that RW is dense in L2.0; T I zH s.�//. As usual, we
show this by a Hahn–Banach argument. Thus, suppose that F 2 L2.0; T IH�s.�//
vanishes on RW . Let us recall that if ' 2 C1c .WT / and u solves (3.2), then, by (2.9)
and Lemma 2.3, the function v D .u � '/? satisfies8̂̂<̂

:̂
.L�
 C q/v D �.��/

s'? in �T ;

v D 0 in .�e/T ;

v.T / D @tv.T / D 0 in �:

Next, let w be the unique solution to8̂̂<̂
:̂
.L
 C q/w D F

? in �T ;

w D 0 in .�e/T ;

w.0/ D @tw.0/ D 0 in �

(see Theorem 2.8). By testing the equation for w by v, we get

�

TZ
0

h.��/s'?; wiL2.�/ dt D

TZ
0

hF ?; vi dt

D

TZ
0

hF; u' � 'i dt D 0
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for any ' 2 C1c .WT /. This ensures that there holds

.��/sw D 0 in WT :

Furthermore, by construction w vanishes in .�e/T and hence the unique continuation
principle for the fractional Laplacian guarantees w D 0 in RnT (see [11]). As very
weak solutions are distributional solutions, we get

TZ
0

hF ?; ˆi dt D

TZ
0

h.L�
 C q/ˆ;wiL2.�/ dt D 0

for all ˆ 2 C1c .�T /. To see that very weak solutions are distributional solutions,
one can simply take G D ��.L
 C q/ˆ with ˆ 2 C1c .�� Œ0; T // in Definition 2.4,
where �� denotes the characteristic function of� (see also [20, Proposition 3.8]). By
density of C1c .�T / in L2.0; T I zH s.�//, we deduce that F D 0 and so can conclude
the proof.

As a consequence, we have the following lemma.

Lemma 3.2 (Convergence of time derivative). Let � � Rn be a bounded Lipschitz
domain, T >0, 0< s <˛� 1, and suppose that 1�p�1 satisfies (1.3). Assume that
we have given coefficients .
;q/2C 0;˛.Rn/�Lp.�/. Letˆ;‰ 2L2.0;T I zH s.�//\

H 1.0; T IH�s.�// and suppose .'k/k2N � C
1
c ..�e/T / is such that

uk � 'k ! ˆ in L2.0; T I zH s.�// as k !1; (3.3)

where uk solves 8̂̂<̂
:̂
.L
 C q/u D 0 in �T ;

u D 'k on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �;

(3.4)

for k 2 N. If ˆ;‰ satisfy one of the conditions

(a) ‰.T / D ˆ.0/ D 0

(b) or ‰.T / D ‰.0/ D 0,

then we have

lim
k!1

TZ
0

h@t .uk � 'k/; ‰i dt D

TZ
0

h@tˆ;‰i dt: (3.5)

Remark 3.3. Let us note that the same formula (3.5) holds for second order time
derivatives under appropriate conditions.
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Proof. Using the integration by parts formula, we may compute

lim
k!1

TZ
0

h@t .uk � 'k/; ‰i dt

D lim
k!1

�
h.uk � 'k/.T /;‰.T /iL2.�/ � h.uk � 'k/.0/; ‰.0/iL2.�/

�

TZ
0

h@t‰; uk � 'ki dt

�

D � lim
k!1

TZ
0

h@t‰; uk � 'ki dt

D �

TZ
0

h@t‰;ˆi dt

D hˆ.0/;‰.0/iL2.�/ � hˆ.T /;‰.T /iL2.�/ C

TZ
0

h@tˆ;‰i dt

D

TZ
0

h@tˆ;‰i dt:

In the first equality sign we used an integration by parts, in the second equality we
used (3.4), ‰.T / D 0 and (3.4), in the third equality the convergence (3.3), in the
fourth equality again an integration by parts and finally in the last equality the condi-
tions (a) or (b).

3.2. DN map and integral identities

Next, we define the Dirichlet to Neumann (DN) map ƒ
;q related to8̂̂<̂
:̂
.L
 C q/u D 0 in �T ;

u D ' on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �;

(3.6)

via
hƒ
;q'; i D

Z
Rn
T

.��/s=2u'.��/
s=2 dx
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for all ';  2 C1c ..�e/T /, where u' is the unique solution to (3.6) with exterior
condition '. Using the above preparation, we now establish the following integral
identity.

Proposition 3.4 (Integral identity for linear perturbations). Let��Rn be a bounded
Lipschitz domain, T > 0, 0 < s < ˛ � 1, and suppose that 1 � p �1 satisfies (1.3).
Assume that we have given coefficients .
j ; qj / 2C 0;˛.Rn/�Lp.�/ for j D 1;2. Let
'j 2 C

1
c ..�e/T / and denote by uj the corresponding solution to (3.6) with .
; q/ D

.
j ; qj /. Then there holds

h.ƒ
1;q1 �ƒ
2;q2/'1; '
?
2 i

D

Z
�T

¹Œ.
1 � 
2/@t C q1 � q2�.u1 � '1/º.u2 � '2/
? dx dt: (3.7)

Proof. Let .�j ; Qj / 2 C 0;˛.Rn/ � Lp.�/, j D 1; 2, and suppose Uj is the unique
solutions to (3.6) with .
; q/D .�j ;Qj / and exterior condition ' D  j . Then we may
compute Z

�T

¹Œ.�1 � �2/@t CQ1 �Q2�.U1 �  1/º.U2 �  2/
? dx dt

D

Z
�T

¹Œ�1@t CQ1�.U1 �  1/º.U2 �  2/
? dx dt

�

Z
�T

.U1 �  1/Œ��2@t CQ2�.U2 �  2/
? dx dt

D

TZ
0

hL�1;Q1.U1 �  1/; .U2 �  2/
?
i dt

�

TZ
0

h.@2t C .��/
s/.U1 �  1/; .U2 �  2/

?
i dt

�

TZ
0

hL��2;Q2.U2 �  2/
?; .U1 �  1/i dt

C

TZ
0

h.@2t C .��/
s/.U2 �  2/

?; .U1 �  1/i dt
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D �

TZ
0

h.��/s 1; .U2 �  2/
?
iL2.�/ dt

C

TZ
0

h.��/s ?2 ; .U1 �  1/iL2.�/ dt

D

Z
Rn
T

..��/s ?2 /U1 dx dt �

Z
Rn
T

..��/s 1/U
?
2 dx dt

D hƒ�1;Q1 1;  
?
2 i � hƒ�2;Q2 2;  

?
1 i: (3.8)

In the first equality we used that U1 � 1 has vanishing initial conditions, .U2 � 2/?

has vanishing terminal conditions and an integration by parts. In the third equality we
used that the PDEs for U1 �  1 and .U2 �  2/? hold in the sense of

L2.0; T IH�s.�// D .L2.0; T I zH s.�//0

(see Lemma 2.3). In the fourth equality, we used the PDEs for U1 and U2, Lemma 2.3
and that there holds

TZ
0

h.@2t C .��/
s/.U2 �  2/

?; .U1 �  1/i dt

D

TZ
0

h.@2t C .��/
s/.U1 �  1/; .U2 �  2/

?
i dt;

which can be established along the lines of [19, Claim 4.2] (see also the proof of
Theorem 2.8). In the last equality, we have made the change of variables � D T � t
for the second integral. On the one hand, using (3.8) with �1 D �2 D 
j and Q1 D
Q2 D qj , we observe that

hƒ
j ;qj 1;  
?
2 i D hƒ
j ;qj 2;  

?
1 i (3.9)

for all  j 2 C1c ..�e/T /, j D 1; 2. On the other hand, choosing �j D 
j ; Qj D

qj and  j D 'j in (3.8) and taking into account the self-adjointness (3.9), we get (3.7).
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3.3. Simultaneous determination of damping coefficient and linear
perturbations

Proof of Theorem 1.3. First note that by the integral identity in Proposition 3.4, we
may deduce from the condition (1.7) that there holdsZ

�T

¹Œ.
1 � 
2/@t C q1 � q2�.u1 � '1/º.u2 � '2/
? dx dt D 0 (3.10)

for all 'j 2 C1c ..Wj /T /, where uj denotes the unique solution to8̂̂<̂
:̂
.L
j C qj /u D 0 in �T ;

u D 'j on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �:

(3.11)

Let ! b� and choose a cutoff functionˆ1 2 C1c .�/ satisfyingˆ1 D 1 on !. More-
over, let ˆ2 2 C1c .!T /. By the Runge approximation (Theorem 3.1), there exist
sequences .'kj /k2N � C

1
c ..Wj /T / with corresponding solutions ukj of (3.11) with

'j D '
k
j such that ukj � '

k
j ! ĵ in L2.0; T I zH s.�//. Taking '1 D 'k1 and '2 D '`2

in (3.10) givesZ
�T

¹Œ.
1 � 
2/@t C q1 � q2�.u
k
1 � '

k
1 /º.u

`
2 � '

`
2/
? dx dt D 0

for all k; ` 2 N. First, we let `!1 to deduceZ
�T

¹Œ.
1 � 
2/@t C q1 � q2�.u
k
1 � '

k
1 /ºˆ

?
2 dx dt D 0 (3.12)

for all k 2 N. As 
1 � 
2 2 C 0;˛.Rn/, the estimate (2.23) ensures that we can apply
Lemma 3.2 under the condition (b) and so @tˆ1 D 0 shows that the first term in (3.12)
goes to zero. So in the limit k !1 what remains isZ

�T

.q1 � q2/ˆ
?
2 dx dt D 0;

where we usedˆ1 D 1 on !. This ensures that q1 D q2 on !. As the set ! is arbitrary,
we get q1 D q2 in �. Now, the identity (3.10) reduces toZ

�T

¹Œ.
1 � 
2/@t �.u1 � '1/º.u2 � '2/
? dx dt D 0
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for all 'j 2 C1c ..Wj /T /. We choose � 2 C1c .�T /, define

ˆ1.x; t/ D

tZ
0

�.x; �/ d� 2 C1c .� � .0; T �/

and take ˆ2 2 C1c .�T /. Then using @tˆ1 D � and arguing as above via a Runge
approximation and Lemma 3.2, we get from (3.10) the identityZ

�T

.
1 � 
2/�ˆ
?
2 dx dt D 0:

This again implies 
1 D 
2 in �.

3.4. Simultaneous determination of damping coefficient and nonlinearity

Before turning to the proof of our second main result, let us recall that the DN map
related to the problem 8̂̂<̂

:̂
L
uC f .u/ D 0 in �T ;

u D ' on .�e/T ;

u.0/ D 0; @tu.0/ D 0 on �

(3.13)

is defined by

hƒ
;f '; i WD

Z
Rn
T

.��/s=2u'.��/
s=2 dx dt;

where ';  2 C1c ..�e/T / and u' is the unique solution to (3.13). We note that
the well-posedness of (3.13) follows from [19, Proposition 3.7] with g.x; @u/ WD

.x/@tu.

Proof of Theorem 1.4. Let " > 0 and denote by u.j /" the unique solutions to (3.13)
with f D fj , 
 D 
j and ' D "� for some fixed � 2 C1c ..W1/T /. Let us observe that
the UCP for the fractional Laplacian and the condition (1.8) imply that u" WD u

.1/
" D

u
.2/
" . Next, let us note that we can write

u" D "vj CR
.j /
" (3.14)

for j D 1; 2, where vj and R.j /" are the unique solutions to8̂̂<̂
:̂
L
j v D 0 in �T ;

v D � on .�e/T ;

v.0/ D 0; @tv.0/ D 0 on �;
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and 8̂̂<̂
:̂
L
jR D �fj .u"/ in �T ;

R D 0 on .�e/T ;

R.0/ D 0; @tR.0/ D 0 on �;

respectively. This simply follows from the unique solvability of (3.13) and both func-
tions u" and "vj CR

.j /
" are solutions. Furthermore, we notice that the energy estimate

of [19, Theorem 3.1], [19, eq. (3.18)], and the r C 1 homogeneity of fj ensure that
R
.j /
" satisfies

k@tR
.j /
" kL1.0;T IL2.�// C kR

.j /
" .t/kL1.0;T IH s.Rn// . kfj .u"/kL2.�T /

. ku"krC1L1.0;T IH s.Rn//: (3.15)

Moreover, we may estimate

k@tu"kL1.0;T IL2.Rn// C ku"kL1.0;T IH s.Rn//

. k@t .u" � "�/kL1.0;T IL2.�// C ku"
� "�kL1.0;T IH s.Rn// C "k�kW 1;1.0;T IH2s.Rn//

. "k�kW 1;1.0;T IH2s.Rn//: (3.16)

This follows from the following observations. If u solves (3.13) for a damping coef-
ficient 
 2 C 0;˛.Rn/, a weak nonlinearity f , and ' 2 C1c ..�e/T /, then v D u � '
solves 8̂̂<̂

:̂
L
v C f .v/ D �.��/

s' in �T ;

v D 0 on .�e/T ;

v.0/ D 0; @tv.0/ D 0 on �:

Now, we may invoke [19, eq. (3.15)] to find that there holds

k@tv.t/k
2
L2.�/

C kv.t/k2H s.Rn/

.
tZ
0

jh
@tv; @tviL2.�/j d� C

tZ
0

jh.��/s'; @tviL2.�/j d�

. k.��/s'k2
L2.0;t IL2.�//

C

tZ
0

k@tvk
2
L2.�/

d�:

Thus, Gronwall’s inequality gives

k@tv.t/kL2.�/ C kv.t/kH s.Rn/ . k.��/s'kL2.0;t IL2.�//:
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This ensures the validity of the second estimate in (3.16). Next, observe that by sub-
tracting the PDEs for u.1/" and u.2/" , we deduce that

.
1 � 
2/@tu" D f2.u"/ � f1.u"/ in �T : (3.17)

By (3.14), we may write

.
1 � 
2/."@tv1 C @tR
.1/
" / D f2.u"/ � f1.u"/ in �T : (3.18)

Combining (3.15) and (3.16), we see that

k@tR
.j /
" kL1.0;T IL2.�// C kR

.j /
" .t/kL1.0;T IH s.Rn// . "rC1: (3.19)

Multiplying 3.18 by "�1 gives

.
1 � 
2/.@tv1 C "
�1@tR

.1/
" / D f2."

�1=.rC1/u"/ � f1."
�1=.rC1/u"/ in �T :

(3.20)

Next, let us focus one the case 2s < n as the other one can be treated similarly. As
r > 0 we deduce from (3.16) that "�1=.1Cr/u" ! 0 in L1.0; T IH s.Rn// and so by
Sobolev’s embedding in Lq.0; T IL2

�
s .�// for all 1 � q �1 and 2�s D

2n
n�2s

. Hence,
by our assumptions on fj and [27, Lemma 3.6], we get

fj ."
�1=.rC1/u"/! 0 in Lq=.rC1/.0; T IL2

�
s =.rC1/.�// (3.21)

for all q � r C 1 as "! 0. Additionally, using (3.19) we know that

"�1@tR
.j /
" ! 0 in L1.0; T IL2.�//: (3.22)

Therefore, from (3.20)–(3.22), we infer

.
1 � 
2/@tv1 D 0 in �T :

In particular, this ensures that there holdsZ
�T

.
1 � 
2/@t .v1 � �/.w2 �  /
? dx dt D 0

for any  2 C1c ..W2/T /, where w2 is the unique solution to8̂̂<̂
:̂
L
2w D 0 in �T ;

w D  on .�e/T ;

w.0/ D 0; @tw.0/ D 0 on �:
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Now, arguing as in the previous section, we get 
1 D 
2 in �. Hence, (3.17) reduces
to

f1.u"/ D f2.u"/ in �T :

Multiplying this identity by "�.rC1/ and arguing as before, we deduce that

f1.v/ D f2.v/ in �T ;

where v WD v1 D v2 as 
1 D 
2. One can now show f1.x; �/D f2.x; �/ for all x 2�
and � 2 R exactly as described in [20, p. 29]. Hence, we can conclude the proof.
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