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Cofinality of Galois cohomology within purely quadratic
graded algebras

Tamar Bar-On and Ido Efrat

Abstract. Let p be a prime number. For a field F containing a root of unity of order p, let H®*(F) =
H*®(F,Fp) be the mod-p Galois cohomology graded [F,-algebra of F. By the Norm Residue The-
orem, H®(F) is a purely quadratic graded-commutative algebra, and is therefore determined by
the cup product U: H1(F) x HY(F) — H?(F). We prove that the class of all Galois cohomology
algebras H *(F) is cofinal in the class of all purely quadratic graded-commutative F-algebras A,
in the following sense: For every Ae there exists F' such that the bilinear map A; x A1 — Az,
which determines Ae, embeds in the cup product bilinear map U: HY(F)x HY(F) - H2(F).

We further provide examples of IF-bilinear maps which are not realizable by fields F in this
way. These are related to recent results by Snopce—Zalesskii and Blumer-Quadrelli-Weigel on the
Galois theory of pro-p right-angled Artin groups, as well as to a conjecture by Marshall on the
possible axiomatization of quadratic form theory of fields.

1. Introduction

We fix a prime number p. Let F be a field containing a root of unity ¢ of order p and let
Gr = Gal(F*P/F) be its absolute Galois group. We write H?(F) for the ith profinite
cohomology group H'(GF,F,), where G acts trivially on F,, and consider the coho-
mology F,-algebra H®(F) = @D;., H' (F) with the cup product. A fundamental property
of this graded-commutative algeb_ra is given by the celebrated Norm Residue Theorem
(formerly the Bloch—Kato conjecture; See Section 4), proved by Voevodsky and Rost with
a contribution by Weibel: H*®(F) is a quadratic graded algebra, which loosely speaking
means that it is generated by its degree 1 elements, with relations originating from the
degree 2 component. Moreover, it is purely quadratic, meaning that the defining relations
can be taken to be pure tensors in H 1 (F)®? (see Section 3 for the precise definition). A
major problem in Galois cohomology is to characterize the graded [F,-algebras that arise
as Galois cohomology algebras H*(F) among all purely-quadratic graded-commutative
IF,-algebras.

The graded algebra H ®(F') has the additional property that there exists a distinguished
element ¢ € H'(F) such that 2e = O and y U (s + y) = O for every y € H'(F). Specif-
ically, ¢ = (—1)F is the Kummer element of —1, and this identity is the cohomological
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interpretation of the splitting of symbol F'-algebras (a, —a) r ¢ (see Section 4). Therefore,
we restrict ourselves to purely quadratic graded-commutative F,-algebras Ae = @D;- o 4:
with a distinguished element ¢ € A; satisfying these two conditions. Thus (A, €) is a k-
algebra in the sense of Bass—Tate [4]. Note that in the case where p is odd we have ¢ = 0,
so the structures A, are just the purely quadratic graded-commutative IF,,-algebras.

Now a purely quadratic x-algebra (4., ¢) is determined by the product map A; x
A1 — A, and ¢ (see Section 3). Therefore, we consider the category of augmented I, -
bilinear maps (b:V x V — W, ¢), where V and W are F-linear spaces, and ¢ € V is a
distinguished element with the above properties (see Section 2). Thus our question reduces
to identifying within this category the augmented bilinear maps of field type, namely, those
realizable as augmented bilinear maps (U: H!(F) x H'(F) — H?(F), (—1)F) for some
field F containing a root of unity of order p.

Main Theorem. The augmented F,-bilinear maps of field type are cofinal in the cate-
gory of all augmented I, -bilinear maps. That is, for every augmented IF,-bilinear map
(b:V xV — W,¢) there exists a field F containing a root of unity of order p and a
monomorphism (in the natural sense)

(b:V xV - W,e)— (U:HY(F)x H'(F) — H*(F),(-1)F),
where moreover, W is mapped isomorphically onto H?(F).

See Theorem 8.1 for a precise statement and proof.

In Corollary 8.2 we prove an analogous result in the non-augmented context: The cup
product maps U: H'(F) x H'(F) — H?(F), for fields F as above, are cofinal in the
category of all skew-symmetric I,-bilinear maps b: V x V — W.

By the Norm Residue Theorem in degree 2 (which is due to Merkurjev and Suslin),
augmented bilinear maps of field type are surjective, in the sense that the image of b
spans W = H?(F). A natural question is whether in the Main Theorem one can take the
monomorphism to be an isomorphism, when the given augmented bilinear map is assumed
to be surjective. In Section 10 we answer this question negatively, as follows: For p = 2,
augmented [F,-bilinear maps (H ! (F), H?(F),U, (—1)F) of field type have an additional
property — the ‘common slot property’ of the quaternionic pairing. We provide examples
of surjective augmented [, -bilinear maps which do not satisfy this property, and therefore
are not of field type. In fact, it is a long-standing open problem in the algebraic theory of
quadratic forms whether the above properties of ¢ together with the common slot property
already completely characterize the [F,-bilinear maps which are realizable as cup product
maps over fields of characteristic # 2 (see Remark 10.7 as well as [18, Open Problem 1
and Thm. 2.2], [16, Ch. XII, §8]).

Our examples are constructed using pro-p right-angled Artin groups Gr associated
with finite simplicial (unoriented) graphs I". This means Gr is the pro-p group with the
vertices of I" as generators and with commutators of vertices connected by edges as defin-
ing relations. The Galois-theoretic properties of the groups Gr have been the object of
extensive study in recent years. In particular, Snopce and Zalesskii [27], building on earlier
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results by Quadrelli [25] and Cassella—Quadrelli [6], proved the following characteriza-
tion theorem: Gr is realizable as the maximal pro-p Galois group G (p) of a field F
containing a root of unity of order p if and only if I does not contain a 4-vertex line L3 or
a 4-vertex circle C4 as induced subgraphs. See [5] for a generalization to oriented graphs.

Now as we show in Theorem 10.5, when p = 2, the equivalent conditions in the
Snopce—Zalesskii theorem are also equivalent to the realization of the augmented IFp-
bilinear map (U: H'(Gr) x H'(Gr) — H?(Gr),0) by a field, as well as to the common
slot property for this map. Our counterexamples are just the augmented [F,-bilinear maps
associated in this way with graphs I" which do not contain L3 or Cy4 as induced graphs.

In [25,27], the groups G ,, G¢, are ruled out from being maximal pro- p Galois groups
by showing that they are not Bloch—Kato pro-p groups, that is, they have closed subgroups
for which the mod-p graded cohomology ring is not quadratic. Our approach using the
common slot property (for p = 2) may therefore suggest a possible connection between
the common slot property and the Bloch—Kato property.

We remark that there are additional conjectural properties of the graded algebras
H*(F) for arbitrary p, notably they are conjectured to be Koszul. See [19,20,24].

Our proof of the Main Theorem is based on Amitsur’s construction of generic splitting
fields of central simple algebras, or alternatively, elements of the second cohomology
group H2(F) (see Section 5). This construction is applied iteratively to produce fields
whose cohomology groups realize the desired bilinear maps. Transcendental constructions
in this spirit were used by Mina¢ and Ware [21,22], as well as by Nikolov and the first-
named author [3], in their works on the realization of pro-p Demuskin groups of infinite
rank as maximal pro- p Galois groups of fields.

2. Augmented bilinear maps

Let R be a commutative ring. An augmented R-bilinear map (V, W, b, €) consists of R-
modules V' and W, an R-bilinear map

b:VxV —>W,

and a distinguished element ¢ € V, such that:

(i) b(v,e+v)=0foreveryv e V;

(i) 2e=0.
We say that (V, W, b, ¢) is surjective if the homomorphism V ® g V' — W induced by b
is surjective.

A morphism [ = (f1, f2): (V,W,b,&) — (V', W', b’, &) of augmented R-bilinear
maps consists of R-module homomorphisms f1: V — V'’ and fo: W — W’ such that
f1(e) = &, and the following diagram commutes:

vV ox Vv—tw

| |5 |~

vox v 2w
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We call f a monomorphism if both f; and f, are injective. The augmented R-bilinear
maps thus form a category, denoted Aug- R-Bilin.
Lemma 2.1. Let (V, W, b, ) be an augmented R-bilinear map.
(a) Foreveryv € V one has b(v,e) = b(v,v) = b(e, v).
(b) The map b is skew-symmetric, that is, b(v,v’) = —b(v’, v) for every v,v' € V.
(c) If2isinvertible in R, then ¢ = 0.
Proof. The first equality in (a) follows from (i), (ii) and the bilinearity of b. For the second
equality, apply (i) with v replaced by ¢ + v.
For every v, v’ € V we obtain from (i) and the bilinearity that
0=bw+v,e+v+0)=>bW,e+v)+bv)+b0, v)+bl, e+
=b(v,v) + b, v).

This proves (b).
Assertion (c) follows immediately from (ii). [ ]

Subsequently, we will focus on the case where R = IF,, for a prime p. In this case, we
have the following partial converse of Lemma 2.1 (b).

Lemma 2.2. Let p be a prime number and let b:V x V — W be a skew-symmetric Fp-
bilinear map. Then there exists an augmented Fp-bilinear map (V, W, b, ¢) such that V is
an Fp-linear subspace of V of codimension at most 1 and b extends b.

Proof. If p # 2, then b is alternate, i.e., b(v, v) = 0 for every v € V. We may therefore
take V =V,b=>b,and e = 0.
Suppose that p = 2. By the skew-symmetry of b, the map V — W, v > b(v, v), is

~

F,-linear. Let V = V @ Span(e) for a new vector &. We define a map b: VxV->Ww by
b(v + ae, v +d'e) = b(,v') +a'b(v,v) + ab(v',v)
forv,v’ € V and a,a’ € F,. A direct computation shows that it is IF»-bilinear. We have
5(1) +ag, v +ae) =b(v,v) = l;(v + ae, ).

Therefore (17, W, b, ¢) is an augmented F,-bilinear map. |

3. k-Algebras
Following Bass and Tate [4], we define a x -algebra (A, £4) over the ring R to be a graded
R-algebra A, = @izo A; with a distinguished central element ¢4 € A; such that

(i) a-(eq+a)=0foreverya € Ay;

(i) 2e4 =0;

(iii) A, is generated as an R-algebra by A4;.
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A morphism f:(Ae,e4) — (Be, €p) of k-algebras over R is a graded R-algebra mor-
phism f: Aq — B, such that f(g4) = ep. The k-algebras over R thus form a category,
denoted k-Algg.

Given an R-module V, let To(V') denote the tensor graded R-algebra over V. For a
k-algebra (A, £4), there is a unique morphism f: (Te(A1),54) — (Ae, £4) of K-algebras
which is the identity on A;. One says that A, is quadratic (resp., purely quadratic) if
f is surjective and Ker( f) is generated as a two-sided ideal of To(A;) by elements of
Ay ®R Ap (resp., pure tensors a ® a’ in A1 Qg Ay).

We define a functor

F:k-Algp — Aug-R-Bilin

by mapping a x-algebra (4, = @izo Aj, e4q) over R to the augmented R-bilinear map
(A1, Az, i, e4), Where u: A1 X A1 — A3 is the multiplication map in A,.

Remark 3.1. By Lemma 2.1 (b), u is skew-symmetric. In view of (iii), this implies that
A, is graded-commutative (see [4, Prop. 2.2 (a)]).

Conversely, we define a functor
G: Aug-R-Bilin — «-Algp

by mapping an augmented R-bilinear map (V, W, b, ¢) to the purely quadratic «-structure
(Te(V)/1, €), where I is the two-sided (graded) ideal in To(V') generated by all pure
tensors v ® v’, with v, v’ € V satisfying b(v, v’) = 0.

The composition G o F is the purely quadratic hull functor; see [7, §3].

4. Galois cohomology

We now fix a prime number p and take the ring R = [F,,. Given a profinite group G, we
write H(G) = H' (G, Fp) for the ith profinite cohomology group of G with respect to
its trivial action on I,. Then the cup product

U:H(G) x H/ (G) - H'T(G)

is a skew-symmetric IF,-bilinear map [23, Ch. I, Prop. 1.4.4].

As in the Introduction, we consider the cup product in a Galois-theoretic context as
follows: Let F be a field and let G = Gal(F*P/ F) be its absolute Galois group, where
F*P denotes the separable closure of F. We will further assume that F contains a root of
unity of order p, so in particular, Char F' # p. We fix an isomorphism between the group
14 of all roots of unity of order p in F*P and Z/p. Let { € p, correspond to 1 € Z/p.
For simplicity we abbreviate H(F) = H'(Gr). We write again H*(F) = Di-o Hi(F)
for the cohomology graded [F,,-algebra with the cup product. -

Given a field extension E/F, we write Resg/r = Res’)s/F: H!(F) — HI(E) for the
functorial (restriction) map. Note that here we do not assume that £/ F is algebraic.
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One has the Kummer isomorphism
FX)(F)? = H'(Gp.pp) = H'(F).

To every a € F* we associate its Kummer element (a)r € H'(F).

Further, the identification Z /p =, induces a canonical isomorphism between H?(F)
and the p-torsion part , Br(F) of the Brauer group of F. Under this isomorphism, a cup
product (a1)r U (az)F, where ay,a; € F*, corresponds to the similarity class of the
symbol algebra (a1, as)F ¢ over F, generated by elements 1, #; subject to the relations
llp =a, Izp =ay,and 11, = §t2l‘1.

Recall that the Milnor K-algebra of the field F is the graded Z-algebra

KM (F) =To(F*)/J.

where To (F) is the tensor Z-algebra over the multiplicative group F* of F, and J is its
two-sided (graded) ideal generated by all pure tensors @ ® (1 —a), with 0,1 #a € F.Itis
a purely quadratic «-algebra over Z with the distinguished element ex = —1 [4, Ex. 2.1].
Therefore KM (F) ® (Z/ p) is a purely quadratic k-algebra over Fp.

By the Norm Residue Theorem [14,28,29], the Kummer map F*— H'(F), a (a)F,
induces a graded algebra isomorphism

KM(F)® (Z/p) — H*(F). (4.1)

It follows that (H *(F), (—1)F) is a k-algebra over IF,,.
By applying the functor F, we deduce that the cup product map

U:HY(F)x HY(F) - H*(F)

gives rise to a surjective augmented [F,-bilinear map

(H'(F). H*(F).U. (=DF). 42)

Given a field extension £/ F, we have a morphism of x-structures
Res = (P Resk o H*(F) — H*(E),
i>0

as well as a morphism of augmented [F,-bilinear maps
Resg/r = (Resk p.Res% p): (H' (F), H*(F),U. (~1)f) = (H' (E), H*(E). U, (=) ).

We define «-Alg-Fields to be the subcategory of «-Algp, consisting of all k-algebras
over IF,, of the form (H*(F), (—1) ), and with restriction maps as morphisms. We call its
objects k-algebras over F,, of field type.

Likewise we define Aug-Bilin-Fields to be the subcategory of Aug-IF,-Bilin consist-
ing of all (surjective) augmented F,-bilinear maps of the form (4.2) for some F, with
restriction maps as morphisms. We call its objects augmented IF,,-bilinear maps of field

type.
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Theorem 4.1. The restricted functors
F
«-Alg-Fields - > Aug-Bilin-Fields

form an equivalence of categories.

Proof. Itis straightforward to verify that F and G map restriction morphisms to restriction
morphisms.

Next take a field F' containing a root of unity of order p. We denote the image under
G o F of the «-algebra (H*(F), (—1)F) by

(H*(F) =@ H (F).(-DF).
i>0
Thus H *(F) = To(H'(F))/1, where I is the two-sided ideal generated by all pure ten-
sors (a)F ® (b)F with (a)r U (b)F = 0in H?(F). Since (a)r U (1 —a)f = 0 for every
0,1 # a € F, the isomorphism (4.1) factors as

KM(F)® (Z/p) — H*(F) — H*(F),

In view of the Kummer isomorphism, the left map is surjective, and we deduce that both
maps are isomorphisms. This implies that G o F = Id on «-Alg-Fields.
For the second composition, we observe that

(FoG)(H'(F), H*(F),U,(=1)F) = (H'(F), H*(F),b, (1)),  (4.3)

where b: H1(F) x H'(F) — H2(F) is induced by the tensor product. Now H!(F) =
H'(F). Further, for the degree 2 component I, of I, we obtain from the previous para-
graph that the cup product induces an isomorphism H2(F) = H'(F)®2/I, — H*(F).
Hence the right hand-side of (4.3) is isomorphic to (H'(F), H*>(F),U, (—1)f). There-
fore, F o G is naturally isomorphic to the identity functor Id on Aug-Bilin-Fields. ]

Remark 4.2. In the above discussion, we may replace the absolute Galois group G
by its maximal pro-p quotient G (p). Indeed, it is a consequence of the Norm Residue
Theorem that the inflation map inf: H* (G (p)) — H'(GF) is an isomorphism for all i
[7, Rem. 8.2].

5. Generic splitting fields

The following proposition restates in cohomological terms some main facts about Amit-
sur’s construction of generic splitting fields of central simple algebras [1,2,26].

Proposition 5.1. Given a field K and a cohomology element w € H*(K), there exists a
regular extension L of K with finite relative transcendence degree such that the following

sequence is exact:
Resy/k

0— (w) > H*(K) —— H?*(L).
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By a slight abuse of notation, we call L a generic splitting field of w over K.

We fix an algebraically closed field 2 of sufficiently large transcendence degree over
the ground field. We may assume that all generic splitting fields in the following construc-
tions will be taken inside €2.

Proposition 5.2. Let K be a field containing a root of unity of order p and let A be a
subgroup of H*(K). Then there is a field extension L of K such that

(i) Resp/kx: H'(K) — H'(L) is injective; and

(i) Resp/x:A4 — H?(L) is an isomorphism.

Proof. We consider the set § of all intermediate fields K € L C 2 such that (i) holds as
well as:

(ii") Resp/x: H*(K) — H?*(L) is injective on A.

It clearly contains K.
We partially order § by setting L < L’ if and only if L € L’, the map

Resz//: H'(L) — H' (L))

is injective, and Resy//: H*(L) — H?(L’) is injective on Resy,/x (4).
For a nonempty totally ordered subset € of §, the union L of the fields in € satisfies

H(Le) = lim H'(L) foreveryi.
Le€
Hence Le € §,and L <X L¢ for every L € €. Zorn’s lemma therefore yields a maximal
field L in (S, <).

It remains to prove that Resy /x (A) = H?(L). To this end suppose that w € H?(L) is
not in Resz /x (4). Let L’ be a generic splitting field of  over L. It is a regular extension
of L, so Respy: HY(L) — H'(L') is injective. The kernel (w) of Resp/p: H*(L) —
H?(L’) has trivial intersection with Resy /k (A), implying that Resz/,p.: H*(L)— H?(L)
is injective on Res,/ x (A4). It follows using (ii’) that Resy//x: H*(K) — H?(L') is injec-
tive on A. We conclude that L’ € §. The maximality of L in § implies that L' = L,
contrary to @ # 0. |

6. Power series fields

Let I' = (I, <) be an ordered abelian group. Let K be a field and let £ = K((I")) be the
field of all formal power series z = Zyel" a,t¥ with coefficients a,, in K, exponents in I,
and well ordered support Supp(z) = {y € I' | a,, # 0} [8, §2.8]. It is Henselian with
respect to the valuation v: E* — T defined by v(z) = min(Supp(z)) [8, Cor. 18.4]. We
identify the elements of K as constant power series in E, thus making K a subfield of E.
For instance, K((Z)), with the canonical order of Z, is the usual formal power series field
K((t)) with its canonical valuation.
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The cohomology groups of K and E are related as follows [30, §3]: We choose a
totally ordered set (A, <) and elements y;, / € A, of I" whose cosets form an [F,-linear
basis of I'/ pT". Then for every i > 0,

H'(E) = @ EB Resg x (H' ™/ (K)) U Mg uU---U@E)E.

j=01 ,...,lj €A
Il<"'<lj

Moreover, forevery 0 < j <iand/; <--- <[; in A, the map
H'™/(K) - H'(E), o> Resg/x(o)U@")pU---U@E)E,
is injective. In particular,
H'(E) = H'(K) & (T/pT),
H(E) = H*(K) & (H'(K) 8 D(/p) @ P @/p). .1

leA hi<ly

We immediately obtain the following.
Lemma 6.1. For E = K((I)), the restriction morphism
Resg/x: (H'(K), H*(K). U, (—1)k) — (H'(E), H*(E),U, (- 1)g)
is a monomorphism of augmented I ,-bilinear maps.
Lemma 6.2. Denoting m = dimg,(I'/ pT’), one has dimp, H?(E) > munless H' (K) =
Oand m < 2.
Proof. This follows from (6.1). ]
We now prove a weak form of the Main Theorem in the special case where V =
Span(e).
Proposition 6.3. Let (V, W, b, ) be an augmented Fp-bilinear map with V = Span(e).
Then there exists a field E containing a root of unity of order p and a monomorphism
(f1, f2): (V. W,b, &) - (H'(E), H*(E),U, (=1)E).
Proof. First we take a field K as follows:
o Ife=0,let K =C.Here(—1)g =0.

e Ife#0(so p=2)and b(e,e) =0, let K be a field such that —1 is a sum of two
squares but is not a square (for instance, an algebraic extension of Q with Gg =
Z, and =1 ¢ K, which exists e.g., by [13, Thm. 21.5.6]). Here (—1)x # 0, but
(=Dx U (=Dk =0.

o Ifb(e,e) #0(soe # 0and p = 2),let K = Q,. Here —1 is not a sum of two squares,
so (1) g U (—1)x # 0 (see [16, Ch. VI, Cor. 2.24(4)]).

Note that in all cases, K contains a root of unity of order p.
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Next let m = max{dimg, (W), 3}. Let I' = Z™, considered as an ordered abelian group
with respect to the lexicographic order induced by the natural order on Z, and set £ =
K((T)). Then (—1)g =0ife =0,and (—1)g U (—1)g =0if b(e,e) = 0. By Lemma 6.2,
dimg, (H*(E)) > m.

We now define an F,-linear map f1: V = Span(s) — H'(E) by fi(s) = (—1)g. We
further choose an [Fp-linear monomorphism f>: W — H?(E) satisfying

f2(b(e.e)) = (-D)E U (=DE.

Then ( f1, f2) is a monomorphism of augmented [F,-bilinear maps, as desired. |

7. A transfinite construction

The following proposition will be the key step in the proof of the Main Theorem.

Proposition 7.1. Let (U, W, b, ) be an augmented [F,-bilinear map. Suppose that U is
an Fp-linear space containing U as a subspace of codimension 1, and let (U W, b, g) be
an augmented I, -bilinear map with b|U><U = b (but with the same space W ). Let K be a
field containing a root of unity of order p, and let ( f1, f2) be a monomorphism as in the
lower row of the diagram below.

Then there exists aﬁeld extension K/K with ResK/K HY(K) — H! (K) injective,
and a monomorphism ( f1 fz) of augmented F,-bilinear maps, making the following dia-
gram commutative:

-~ ~ (f1./2) 1/ 0 2 D
O, W, b,e) =220 (HY(B), HX(K), U, (=1)¢)

] TResi/K
(f1:/2)

(U, W.,b,e) = (H'(K), H*(K), U, (- )k).
Proof. By (6.1), one has
H'(K((1))) = Resgy/x (H'(K)) & (8).

where § = (f) k(). We may therefore replace K by K((¢)) to assume, using Lemma 6.1,
that there exists 0 # § € H'(K) such that

fU) N (8) = {0} (7.1
Next let v € U \ U, so U=U® Span(v). We further choose a well ordered basis
{ua}1<a<yu for U, where p is an ordinal. We write
Vo = Span{ug | B < a}.
We construct by transfinite induction a chain of fields Ly, o < p, with the following
properties:
(i) Forall B <a,Lg C L,.
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(i) Forall 8 < «, the map Resp, /Lyt HI(L,g) — H'(Ly) is injective.

(iii)) Foralll <o < pandu €V,

Resy,/x (fl(u) U 8) = Resz,/k (fz(l;(u v)))

(iv) Foralll <a < pand y € HY(K), if
Resz,/k(x U§) € Resz,/x (Im(f2)),

then y € f1(Vy).
(v) Forall 1 <a < pu, the restriction of Resz,/x to Im( f>) is injective.

Case I: « = 0. We take Ly = K, and there is nothing to prove.

Case Il: o« =y + 1 for some y. Let L, be a generic splitting field of

Resy,/x (fi(ua) US — fo(b(ua,v))) € H2(Ly).

Property (i) is immediate.

For Property (ii) note that since a generic splitting field is a regular extension, the map
Resr,/L,: H'(L,) — H'(Ly) is injective. Further, by induction, Resz,/L,: H'(Lg) —
HY(L,) is injective forall B < y.

Property (iii) holds for u = u, by the choice of L. Since, by induction, it is valid for
every u € V,,, we deduce that it holds for all u € V,, = V), @ Span(ug).

To show Property (iv), we take y € H'(K) and @ € Im( f2) such that Resy,, /x (y U §) =
Resy,/k (w). By the properties of a generic splitting field (Proposition 5.1), there exists
an integer m such that

Resy,/k(x U8 —w) =mResy,jk (fi(ua) US— fz(l;(ua, v))).

It follows that

Res.,/k (()( —mfi (ua)) U 8) € Resp,/k (Im(fz)).

By Property (iv) for L,, this implies that y — mfi(u) € f1(V}), and therefore y €
f1(Vy), as desired.

To prove Property (v), suppose that Res; ,/x (w) = 0 for some 0 # w € Im( f3). Thus
Resy,/k(w) € Ker(Resg, /1, ). The exact sequence in Proposition 5.1 yields 0 <m < p
such that

Resy,/k (@) = mResy,,/k (fi(ua) U8 — fo(b(ta,v))).

By induction, Resy, /k (@) # 0, so necessarily m # 0. It follows that
Resy,/k (fi(ua) US) € Resy /k (Im(f2)).

By Property (iv) for L, this implies that f;(uq) € f1(V}). Since f is injective, uy € Vy,
contrary to the linear independence of ug, B < u.
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Case III: o is a limit ordinal. Let Ly = J, -, Ly Then

GL, = 1(111 GL,,
y<a

o)
H'(Ly) = lim H'(L,), i=12.
y<a
Properties (i)—(v) now follow by a standard limit argument.
To complete the proof, we take K= U «- It follows from Property (ii) that

a<M

ResK/K HYK) > H! (K)— hmH (Ly)

ot<;¢
is injective.
Take o such that ¢ € V,,. Property (iii) for L, implies that
Resg g (f1(6) US) = Resg ¢ (f2(b(e.))).
Since (—1)x = f1(g), we obtain using Lemma 2.1(b) that
Resg  (§U8) =Resg , ((—1)kx US) = Resg, . (fi(e) US)
=Resg x (f2(b(e,v))) = Resg  (f2(b(v,v))). (7.2)
We now define [Fp-linear maps
£1:U0 = U & Span(v) —» H'(K), fo:W — H*(K)
by
Alu =Resggofi. fi(v) =Resp (). fo=Resgofa.

We show that ( fl fz) is a morphism of augmented F,-bilinear maps. Indeed,
f1(e) = Resg, ¢ (f1(e)) = Resg, ((=Dx) = (=1)g.

Furthermore, take 7, i’ € U, and write &I = u 4+ mv, i’ = u’ + m’v with u,u’ € U and
m,m’ € Z. Using Property (iii) and equation (7.2), we compute:

A@ U A@)=Resg x ((f1@) +m8) U (fr(w)) +m's))
=Resg (f1) U /i) +m' fr(w) US —mfr(u') US +mm's U )
=Resg  (fa(b(u,u"))+m' Fo(b(u,v))—mfo (b, v)) +mm’ f2(b(v,v)))

=Resg (f: S (bu,u') +m'b(u,v) —mb(u', v) + mm'b(v,v)))
_ResK/K( ( 1,11')))
= f(b@, ),

as desired.
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The commutativity of the diagram in the assertion of the proposition follows immedi-
ately from the definition of fi and f5.

Finally, by Property (ii), Res g /K is injective on H ! (K). Therefore the injectivity of f;
follows from (7. 1); Furthermore, by Property (v), Res /K is injective on Im( f2), implying
the injectivity of f5. L]

8. The main result

Given augmented F-bilinear pairs (V, W, b, ) and (V', W', b’, "), we set (V, W, b, ¢) <
(V/,W’,b’, ¢') if and only if there exists a monomorphism

(f1. 2): (V. W.b.e) > (V. W'D, €).

Thus our Main Theorem asserts that the subcategory Aug-Bilin-Fields is cofinal in Aug-
FFp-Bilin with respect to < in the following (slightly stronger) sense.

Theorem 8.1. Let (V, W, b, ) be an augmented IF,-bilinear map. Then there exists a field
F containing a root of unity of order p, and a monomorphism

(f1, /2): (V. W,b, &) - (H'(F), H*(F),U, (1))

of augmented Fp-bilinear maps such that f, is an isomorphism.
Proof. Let (V, W, b, ¢) be an augmented F,-bilinear map. Let § be the set of all triples
(U, E, g) consisting of:

(1) A subspace U of V containing &;

(2) A field E containing a root of unity of order p;

(3) A monomorphism of augmented [F,,-bilinear maps

g =(g1.82): (U.W.blyxu.e) > (H'(E), H*(E),U,(-1)E).

Proposition 6.3 shows that § is nonempty, since U = Span{e} yields a triple in §.

We partially order § by setting (U, E, g) < (U’,E’,g’)ifandonly if U <U’, E isa

subfield of E’ such that Resg//g: H'(E) — H'(E') is injective, and there is a commu-
tative diagram of morphisms of augmented IF,,-bilinear maps:

U Wb, &) = (g (B H2(E), UL (~1)g)

TReSE,/E

HEZENE) L (H1(E), H?(E),U, (~1)g).

(U, W,b,¢)

Every chain € = {(U;, Ei, gi = (gi,1,8i2)) | i € I} in (S, <) admits an upper bound
(U, E,g)in §, where
v=\Ju. E=|JE. ¢= (li_r)ngi,l,li_gngi,z).
iel iel iel iel

Zorn’s lemma therefore yields a maximal element (U, K, f = (f1, f2)) in (S, xX).
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If U # V, then we choose an intermediate subspace U c U €V, where U has codi-
mension 1in U. Proposition 7.1 yields a field extension K, /K such that Res K ‘HY(K)—

H! (K ) is injective, and a monomorphism f =( fl, fz) of augmented IF,-bilinear maps
with a commutative diagram:

@ W.blg,g.0) ~LL2 (H(R), HAR). U. (1))

TResK/K
(U.W.blyxp.e) =205 (H(K), H*(K), U, (~1)k).

This contradicts the maximality of (U, K, f). Consequently, U = V.

Finally, Proposition 5.2 yields a field extension F of K such that Resp/x: H'(K) —
H'(F) is injective and Resp/k: f>(W) — H?(F) is an isomorphism. Then the compo-
sition

(f1. f2) = Resp/k o fi.Respyk 0 fo): (V. W.b.e) — (H'(F), H*(F),U.(~1)F)
is a monomorphism of [F,-bilinear maps, and moreover, fz is an isomorphism. ]

We deduce an analogous result for non-augmented IF,-bilinear maps, provided that
they are skew-symmetric.

Corollary 8.2. Let V,W be IF,-linear spaces and letb: V x V — W be a skew-symmetric
IF,-bilinear map. Then there exists a field ' containing a root of unity of order p, an Fp-
linear monomorphism f1:V — H'(F) and an Fy-linear isomorphism fa: W — H?(F),
such that the following diagram commutes

HYF) x HYF)— H%(F)

!

1% x y—2t w

Proof. Lemma 2.2 ylelds an augmented IF,-bilinear map (V W, b, €) such that V' is an
Fp-subspace of V and b extends b. Now apply Theorem 8.1 for this augmented bilinear
map to obtain a field F and [F,-linear maps f1, f> as required. ]

9. Graphs

Our next aim is to show that, in general, the monomorphism in Theorem 8.1 cannot be
required to be an isomorphism even for surjective augmented bilinear maps. Examples
showing this will be given in the next section. They will be based on a general construction
of augmented bilinear maps from graphs, which we now describe.
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Definition 9.1. A finite simplicial graph (or naive graph) I' = (V(I"), E(I")) is a finite
unoriented graph I with no loops and no double edges, where V(') = {v1,...,v,} isits
set of vertices, and E(T) is its set of edges.

We further say that a simplicial graph I’y is an induced subgraph of the graph T, if
V(o) € V(') and E(Ty) consists exactly of the edges in E(I") connecting vertices in
V(Iy).

Example 9.2. Let n > 3. We write L,_1, resp., C,, for the simplicial graphs consisting
of n vertices forming a line, resp., a circle:

Ln—1 Cn

We note that for n > 4, any of the graphs L, 1, C,, contains one of L3 or C4 as an induced
subgraph.

We recall from e.g., [6] or [27] the following group-theoretic construction.

Definition 9.3. Consider a finite simplicial graph I' = (V(I"), E(I")). The pro-p right-
angled Artin group (abbreviated RAAG) associated with I' is the pro-p group Gr with
V(T) as a set of generators, subject to the requirement that vertices v, v’ commute when-
ever there is an edge connecting them. Thus Gr has the pro-p presentation

Gr = (V(I') | [v,v'] = 1 if and only if {v, v} € E(F))pm_p.
Example 9.4. One has

GLy = (v1,v2, 3,04 | [V1, 02] = [v2, 03] = [v3,04] = l)pm_p,

Ge, = (v1.v2,v3,v4 | [v1, v2] = [v2,v3] = [v3, V4] = [v4,v1] = 1)pm_p-

Thus G¢, is the direct product of two copies of the free pro-p groups on two generators,
namely (vy, U3>pro—p and (v, U4)pro—p'

Given a finite graph I" with vertices vy, ...,v,, welet V = Vr, W = Wr be the -
linear spaces on the bases V(I'), E(I'), respectively. Denote the coordinate of w € W at
e € E(I') by w,. We define the [F,-bilinear map br: V' x V' — W by setting for 1 < k <
[ <nande € E(T):

1, if (vg,v;) =e,

0, otherwise.

br(vk,vp)e = {

Then (Vr, Wr, br, 0) is a surjective augmented [F,-bilinear map. We call it the augmented
bilinear map associated with I.

Proposition 9.5. For a simplicial graph T, there is an isomorphism of augmented I, -
bilinear maps
(H'(Gr), H*(Gr),U,0) = (Vp, Wr. br, 0).
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For the proof we first recall from [15, §7.8] and [23, Ch. III, §3] the duality between
the cup product and the relation structure of a general finitely generated pro-p group.

Let S be free pro-p group on finitely many generators xp, ..., X,. We write S®,
t =1,2,..., for the lower p-central filtration of S, defined inductively (in the pro-p
sense) by

s — S, S+l (S(t))p[S,S(t)].

We identify H!(S) with the group of all profinite group homomorphisms S — F,. The
substitution map gives a bilinear map S/S® x H(S) — F,, which is perfect, in the
sense that both its left and right kernels are trivial. Let x1,..., x» be an IF,-linear basis of
H'(S) which is dual to the cosets of x1, ..., X, in S/S(z).

Let R be a closed normal subgroup of S which is contained in the pro-p Frattini
subgroup S® = S?[S, §], and let G = S/R. We thus have a minimal pro-p presentation

1 R—->S—->G—1

of G. The inflation map Inf: H!(G) — H!(S) is an isomorphism, and as S is free pro-p,
H?2(S) = 0 [23, Prop. 3.5.17]. It therefore follows from the five term exact sequence in
profinite cohomology [23, Prop. 1.6.7] that the transgression map trg: H'(R)® — H?(G)
is an isomorphism.

There is a well-defined perfect IF,-bilinear map [11, Cor. 2.2]

R/RP[S, Rl x H'(R)® = F,, (7, ¢) > ¥ (r).
It gives rise to a perfect IF,-bilinear map
()1 R/RP[S,R] x H*(G) = F,, (F,0) > —(trg”" (@))(r).

We call it the transgression pairing.

Let ry, ..., r, be a minimal system of generators of R as a closed normal subgroup
of S. Equivalently, the cosets of rq, ..., r, form an [F,-linear basis of R/R?[S, R] [23,
Cor. 3.9.3]. By duality, there is an isomorphism

H*(G) S F. o ((fi.o)

1<i<m’

Every element r of R has a unique presentation modulo S as

n
r=T1ar T )™ (mod S@),

i=1 l<i<j<n

with a,;,ar;; € {0,1,..., p—1}. Viewing 1, ..., x» also as elements of H'(G), one
has forr € Randi < j that
arij = (7, xi U x5), .1

by [23, Prop. 3.9.13].
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Remark 9.6. In a similar manner, the exponents a,; are related to the images of the y;
under the Bockstein homomorphism H'(G) — H?(G) [23, Prop. 3.9.14]. These connec-
tions can be extended to higher terms S in the lower p-central filtration using tools from
the combinatorics of words [9]. We refer to [10] for the analogous theory in the case of
the p-Zassenhaus filtration.

Proof of Proposition 9.5. We denote the vertices of I' = (V(I"), E(T")) by vy, ..., v,. Let
again S be the free pro-p group on the basis x1, ..., x,, take G = Gr, and let R be the
kernel of the epimorphism S — Gr, x; — v;. Since R is generated as a closed normal
subgroup of § by commutators, it is contained in S ®, and the previous discussion applies.

The commutators r, = [xg, x;] associated with the edges e = (v, v;) € E('), k <1,
form a minimal system of generators of R as a closed normal subgroup of S. We may
therefore identify H?(Gr) with ]Flfj M as above, with w, € ¥, denoting the e-th coordi-
nate of w € H?(Gr).

Fore = (vk,v;) € E(I'), k </,andfor1 <i < j <nwehavea,,;; =1,ifk =i
and / = j, and a,,;; = 0 in all other cases. In view of (9.1), the dual basis y1,..., x» of
H'(G) satisfies
1, if (v;,v;) =e,

0, otherwise.

(Xi U Xj)e = {

Hence the bilinear maps U: H'(Gr) x H(Gr) — H?(Gr) and br: Vi x Vp — Wr
coincide on basis elements, giving the required isomorphism. ]

10. The common slot property

In [25, Thm. 5.6] Quadrelli proves that the pro-p right-angled Artin group G¢, is not
realizable as the maximal pro-p Galois group G (p) of any field F containing a root of
unity of order p. This result was extended by Snopce and Zalesskii, who used profinite
Bass—Serre theory to prove the following remarkable fact.

Theorem 10.1 (Snopce—Zalesskii [27]). For every prime p and for a finite simplicial
graph T, the pro-p group Gr is realizable as the maximal pro-p Galois group G (p) of
a field F containing a root of unity of order p if and only if T does not contain either of
the graphs L3 or Cy4 as an induced subgraph.

Several other equivalent Galois-theoretic conditions are given in [27], as well as in
the earlier work [6] by Cassella and Quadrelli. For instance, this is also equivalent to
the Bloch—Kato property for Gr, as well as to the universal Koszulity of H*(Gr) (see
[6] for definitions). Another equivalent condition is that Gr is of elementary type in the
following strong sense: It can be constructed in finitely many steps from the group Z,
using free pro-p products and direct products with Z,.

See [5] for a generalization of Theorem 10.1 to oriented graphs.

Remark 10.2. As pointed out in [5], when p = 2 the field F in Theorem 10.1 can be
taken to contain ~/—1. In fact, using the strong elementary type structure of Gr one can
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even show that, for every p, there exists such a field F containing all roots of unity of
p-power order. However this fact will not be used in the following discussion.

We now relate Theorem 10.1 to the augmented bilinear map (Vr, Wr, br, 0) associated
with the graph I'. Namely, we show that for p = 2, the equivalent conditions of this
theorem are also equivalent to (Vr, Wr, br, 0) being isomorphic to an augmented [F5-
bilinear map of field type. This gives plenty of examples of augmented bilinear maps
which are not of field type (up to isomorphism), as desired — see Example 10.6 below.

Our proof is based on the following notion.

Definition 10.3. Let V' and W be sets (at this point not assumed to be linear spaces) and
consider amap b: V x V — W. We say that b has the common slot property if for every
v,u,v’,u’ € V with b(v,u) = b(v’, u’) there exists u” € V such that b(v,u) = b(v,u”)
and b(v',u') = b(v', u").

Example 10.4. Let p = 2 and let F be a field of characteristic # 2. Then the cup product
map

U: HY(F) x HY(F) — H*(F)
has the common slot property. See [16, Ch. III, Thm. 4.13] or [12, Lem. 98.15], and recall
the identification of the cup product (a;)r U (a2) r in H?(F) with the quaternion algebra
(ay,az/ F) in the 2-torsion subgroup , Br(F) of the Brauer group.

Theorem 10.5. Let p =2 and let " be a finite simplicial graph. The following conditions
are equivalent:

(a) There exists a field F such that
(Vr, Wr,br,0) = (H'(F), H*(F),U, (=1)F)

as augmented F»-bilinear pairs;
(b) The bilinear map br: Vr x Vr — Wr has the common slot property;
(c) There exists a field F such that Gy = Gg(2) and —1 € (F*)?;
(d) There exists a field F such that (H®*(Gr),0) = (H*(F), (—1)F) as k-algebras;

(e) T does not contain either of the graphs L3 or C4 as an induced subgraph.

Proof. For a field F of characteristic 2, the group G (2) is free pro-2 and H!(F) =
0 for every i > 2 [23, Thm. 6.1.4 and Cor. 3.9.5]. Further, one has Hi(Gr) = 0 for
every i > 2 if and only if Gr is a free pro-p group. Therefore, when Char F = 2, the
isomorphisms in (a), (c) and (d) mean that I has no edges. But then conditions (b) and
(e) hold trivially. Consequently, we may restrict ourselves in conditions (a), (c) and (d) to
fields F of characteristic # 2. Thus —1 is a root of unity of order 2 in F'.

(a)=(b). This is a consequence of Example 10.4.

(¢)=(d). Immediate.

(d)=(a). We apply the functor F of Section 3 and use Theorem 9.5.

(c)<(e). This follows from Theorem 10.1 for p = 2 and Remark 10.2.
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(b)=(e). Arguing by contradiction, we assume that the subgraph of I" induced by the
vertices vy, Ua, U3, V4 is either L3 or C4. Thus T' contains the edges e; = (vq, v2), €2 =
(v2, v3), e3 = (v3, v4), and no other edges among vy, vy, V3, V4, except for e = (v1, v4)
when the induced subgraph is C4. We may assume that e;, e,, e3 correspond to the first
three coordinates of Wr.

We claim that the common slot property fails for

v=v403 u=vi+v, V=vitvtvztu, u =0
This will yield the desired contradiction. Indeed, one has
br(v,u) = (1,1,0,0,...,0) = br(v',u’).

Now letaq,...,a, € IF,. The coordinates at e, e5, e3 of the vectors

n n
br (v, Zaivi), resp., br (v’, Zaivi)

i=1 i=1
are
ai,a +as,as, resp., ai+daz,az+ as,as+ as.

However, the system of equations

ay=a;+a =1,
a, +az =1,

ag =az+as =0

obviously has no solutions. Therefore the above two vectors cannot be simultaneously
equal to (1,1,0,0,...,0), proving our claim. L]

Theorem 10.5 provides many examples showing that the restriction to monomor-
phisms in the Main Theorem is necessary, even for surjective augmented bilinear maps,
as these cannot be replaced by isomorphisms.

Example 10.6. Let I' be either L,_; or C,, with n > 4. Then the augmented [F,-bilinear
map (Vr, Wr, br, 0) is not isomorphic to an augmented [F»-bilinear map of field type.

In view of these counterexamples, it would make sense to add the common slot prop-
erty as an additional requirement to the definition of surjective augmented bilinear maps,
in the case where the ground ring is [F». This is closely related to the following notion due
to Marshall ([17], [18, §2]).

Definition 10.7. A quaternionic map is a surjective map ¢: G x G — Q, where G is a
group of exponent 2 with a distinguished element —1, and Q is a set with a distinguished
element 1, satisfying the following conditions for all a, b, ¢ € G:

(1) gqla.—a) = 1;
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(2) g(a,b) = q(a,c) implies that g(a, bc) = 1;
(3) qla.b) =q(b.a);

(4) g satisfies the common slot property.

To a field F of characteristic # 2 we associate a quaternionic map by taking G =
HY(F), —1 = (=1)F, and by taking Q to be the image of the cup product map g =
U: HY(F) x H'(F) — H?(F), with 1 € Q being the zero element of H?(F). It is a
long-standing open question in quadratic form theory whether every quaternionic map
can be realized as the quaternionic map of a field of characteristic # 2 (see [18, Open
Problem 1 and Thm. 2.2], [16, Ch. XII, §8]). Note however that this possible axiomatiza-
tion is restricted to the case p = 2.
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