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Best initial criterion for a degenerate Keller–Segel system
with rotational flux terms in even-dimensional spaces

Keyu Li, Jinhuan Wang, and Li Chen

Abstract. This paper presents a rigorous analysis for a degenerate diffusion Keller–Segel type sys-
tem featuring rotational flux terms in even-dimensional spaces. The proposed model synthesizes
fundamental principles from mathematical biology, fluid dynamics, and electrokinetic phenomena.
Through discussion of the diffusion exponent m2 Œ 2nnC2 ; 2�

2
n / and rotation angle ˛2.2k� ��;

2k�C��, k2Z, we obtain results on the existence and blow-up of solutions. In particular, we derive
a sharp initial criterion to distinguish the global existence and the finite-time blow-up of solutions
for the case ˛ 2 .2k� � �2 ; 2k� C

�
2 /, k 2Z andm 2 . 2nnC2 ; 2�

2
n /, and show the existence of solu-

tions under any initial condition for the case ˛2.2k���; 2k�� �2 �[ Œ2k�C
�
2 ; 2k�C��, k2Z.

This result reveals that repulsive effects caused by rotation effectively prevent solution blow-up.

1. Introduction

In this paper, we study the following degenerate Keller–Segel type system with rotational
flux terms and diffusion exponent m 2 Œ 2n

nC2
; 2 � 2

n
/ in even-dimensional spaces:

�t D ��
m
� � div.�Arc/; x 2 Rn; t � 0; (1.1)

��c D �; x 2 Rn; t � 0; (1.2)

�.x; 0/ D �0.x/; x 2 Rn: (1.3)

Here, �.x; t/ and c.x; t/ represent the bacterial density and chemical concentration, respec-
tively, with � being a positive constant and A an n � n matrix given by

A D

0BBB@
R1 0 � � � 0
0 R2 � � � 0
:::

:::
: : :

:::

0 0 � � � Rk

1CCCA ; Ri D

�
cos˛ � sin˛
sin˛ cos˛

�
; i D 1; 2; : : : ; k; k D

n

2
; (1.4)

where the constant parameter ˛ 2 .��; �� is called the rotation angle. In fact, due to the
periodicity of the cosine function, we can take any angle ˛ 2 .�� C 2k�; � C 2k��,
k 2 Z. For convenience, we only consider one period .��; ��.
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The Keller–Segel system with linear diffusion was first proposed by Patlak [28] and
later extended by Keller and Segel [22, 23]. This fundamental model has emerged as the
cornerstone in mathematical biology to characterize chemotactic behavior, especially in
modeling collective cellular migration and bacterial population patterning.

For the degenerate Keller–Segel system of the porous medium type in Rn .n� 3/, sub-
stantial studies have conclusively established global existence results. Specifically, most
existing studies have focused on analyzing the special case of A D I (corresponding to
˛ D 0) in the system (1.1)–(1.3) with arbitrary spatial dimensions as follows.

�t D ��
m
� � div.�rc/; x 2 Rn; t � 0; (1.5)

��c D �; x 2 Rn; t � 0; (1.6)

�.x; 0/ D �0.x/; x 2 Rn: (1.7)

In 2006, Sugiyama [29] conducted a complete classification framework for solution behav-
ior in such a system with the non-linear exponent m serving as the key classifying param-
eter. The analysis reveals a best critical exponent mc D 2 � 2

n
that sharply delineates the

solution behavior into two distinct regimes. In the subcritical regime where m > mc , dif-
fusion effects prevail, guaranteeing the existence of global solutions for any initial data.
In contrast, when m < mc (the supercritical case), the aggregation mechanism prevails
and leads to finite-time blow-up when the initial data are sufficiently large. Building upon
these works, significant research efforts have since been devoted to investigating deeper
analytical properties of solutions to the Keller–Segel system in porous media types, includ-
ing boundedness of the solutions, long-time behavior, and optimal initial criterion. For a
detailed discussion, see [1, 3, 8]. Several important studies have since been established in
the literature. Notable developments include

• Supercritical case m < 2 � 2
n

. The system (1.5)–(1.6) exhibits both global existence
and blow-up phenomena. Chen, Liu and Wang [9] in 2012, Bian and Liu [2] in 2013
established a sharp threshold in the space Lp (where p D n.2�m/

2
) through applica-

tion of the Hardy–Littlewood–Sobolev inequality to distinguish between the global
existence and finite-time blow-up of weak solutions. But they still did not give an
explicit critical value. In 2014, Chen and Wang [10] proved that there exists a best
initial criterion to distinguish the global existence and the blow-up of solutions in the
parabolic-elliptic case with 2n

nC2
< m < 2 � 2

n
. The best initial criterion is dominated

by the sharp constant of the HLS inequality. For the parabolic-parabolic case, the best
initial criterion is dominated by the sharp constant of the Sobolev inequality [31].

• Critical casemD 2� 2
n

. In 2009, Blanchet, Carrillo and Laurençot [4] proved that the
system (1.5)–(1.6) possesses a critical mass Mc . Their work established two funda-
mental results (i) the global existence of solutions for subcritical masses (M � Mc),
and (ii) finite-time blow-up phenomena for supercritical masses (M > Mc). In par-
ticular, they discovered significantly more complex finite-time blow-up at M D Mc

compared to classical Keller–Segel systems. Moreover, in 2024 the global existence
of solutions to the problem for two species was deduced in [7].
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• Subcritical case m > 2 � 2
n

. The system admits global-in-time solutions that remain
uniformly bounded for arbitrarily large initial data [30]. Furthermore, unstable station-
ary states emerged for specific values ofm, the more detailed analysis can be found in
[8, 20].

This paper focuses primarily on the global existence and blow-up of solutions for
the model (1.1)–(1.3) with diffusion exponents 2n

nC2
� m < 2 � 2

n
and the rotational flux

term. We are interested in the influence of the rotational flux term on the properties of
solutions to the degenerate model. The tensor sensitivity coefficient �A emerges as our
most interesting parameter in our system, critically determining the characteristics of the
chemotactic response. Recent works have extended the Keller–Segel model by making the
chemotactic sensitivity a matrix (denoted �A) instead of a single number. This allows cells
to respond differently when moving in different directions. This generalization is moti-
vated by experimental evidence of direction-dependent chemotaxis observed in various
bacterial species in [16,19]. Experimental observations demonstrate that near surfaces, the
combination of bacterial swimming orientation bias and endogenous cellular rotation gen-
erates a net torque, leading to distinctive spiral trajectories [34]. As a result, the observed
cellular trajectories mainly reflect rotational transport mechanisms rather than classical
chemotaxis. These developments have prompted extensive studies of solution behaviors
in chemotaxis systems with rotational sensitivity terms in [6,17,27,32,33,35]. These rota-
tional sensitivity terms can depend on spatial and temporal domains, which may exhibit
functional dependence on both cell density �.x; t/ and chemical concentration c.x; t/.
This paper focuses on constant rotation matrices that are independent of �.x; t/, c.x; t/,
x, t in the algebraic sense. Reference [21] indicates that the n-dimension rotation matrix
R must satisfy the following properties:

• Orthogonality: RTR D RRT D In (that is, R is an orthogonal matrix).

• Determinant of 1: det.R/ D 1 (ensures a pure rotation without reflection).

The set of all matrices that meet the above conditions is called the Special Orthogonal
Group, denoted by

SO.n/ D
®
R 2 Rn�n j RTR D In; det.R/ D 1

¯
:

According to the properties of the rotation matrix R, there exists a real orthogonal matrix
Q such that

QTRQ D

0BBBBBB@
R1 0 � � � 0 0
0 R2 � � � 0 0
:::

:::
: : :

:::
:::

0 0 � � � Rr
:::

0 0 � � � � � � In�2r

1CCCCCCA
n�n

: (1.8)

Given that the matrix (1.8) is equivalent to R, we only need to analyze (1.8) when dis-
cussing rotation matrices. Here, In�2r is an identity matrix and each Ri , i D 1 � � � r is a
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2-dimension rotation matrix given by

Ri D

�
cos˛i � sin˛i
sin˛i cos˛i

�
D cos˛iI � sin˛iJ with ˛i 2 .��; ��; (1.9)

where ˛i , i D 1; : : : ; r are called rotation angles. I is an identity matrix 2 � 2 and

J D

�
0 1

�1 0

�
is a skew-symmetric matrix satisfying J T D �J and det.J / D 1.

In recent years, numerous results have been established for the Keller–Segel system
with rotational sensitivity in (1.9). In 2020, Espejo and Wu in [18] investigated the Cauchy
problem of the following generalized Keller–Segel system with rotational sensitivity in R2:´

�t D �� � � div.�Arc/; in R2 �RC;

��c D �; in R2 �RC;
(1.10)

where � is a positive constant and A denotes a 2 � 2 matrix given by

A D

�
cos˛ � sin˛
sin˛ cos˛

�
with ˛ 2 .��; ��:

For the system (1.10), they established the optimal critical mass mc D 8�
� cos˛ that delin-

eates between global existence and finite-time blow-up of solutions in two dimensions.
The global existence of solutions is guaranteed when the initial mass satisfiesm < mc for
the rotation angle ˛ 2 .��

2
; �
2
/. In contrast, for angle ˛ 2 .��;��

2
�[ Œ�

2
; ��, free-energy

solutions globally exist in time. In particular, the rotation angle ˛ in (1.10) serves as a
key parameter that bridges several fundamental physical models. When ˛ D 0, the sys-
tem simplifies to the standard Keller–Segel framework to model biological chemotactic
movement. The classical drift-diffusion model with Poisson coupling for an electron gas
(without confining potential) is recovered in this system when ˛ D � , as established in
[26]. It should be noted that when � D 1 and ˛ D ��

2
, the system transforms into the

vorticity formulation of the incompressible Navier–Stokes equations, as demonstrated in
[11]. Thus, the parameter ˛ consequently creates a mathematical bridge between disparate
systems spanning biological aggregation, electron transport, and fluid dynamics.

Subsequent investigations have further explored the role of the 2 � 2 matrix A. A
notable contribution was made by Li and Wang (2022) in [24], who established the finite-
time blow-up of non-radial solutions while demonstrating the global existence for radial
solutions in a two-dimensional space within bounded domains. Furthermore, Cuentas and
Espejo (2024) in [13] presented a complete characterization of the solution behavior in a
multi-species Keller–Segel model with rotational flux terms, establishing precise condi-
tions for both global regularity and finite-time singularity formation. Extending this work
in 2025, they in [15] proved finite-time blow-up results for solutions to a Neumann prob-
lem. In parallel development, Zhang, Xu, and Han (2025) in [36] established the existence
of classical global bounded solutions in two dimensions.
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Naturally, several significant results have also been established in n-dimensional spaces
in recent years. Cuentas, Espejo and Suzuki (2024) in [14] conducted a rigorous investiga-
tion of Keller–Segel models with a tensorial flux term A, where A denotes a nonsingular
matrix n � n whose components satisfy the positive-definiteness condition

xT
�
.AAT /

1
2
��1

Ax > 0:

In particular, the three-dimensional matrix

A D

0@cos˛ � sin˛ 0

sin˛ cos˛ 0

0 0 1

1A with ˛ 2
�
�
�

2
;
�

2

�
satisfies the condition of the matrix A above. They established the existence and finite-
time blow-up of solutions to this system. Chen, Liu and Xiang (2025) in [12] studied the
coupled Keller–Segel system with indirect signal production and matrix-valued sensitivity
in high dimensions, the authors established a sharp critical mass mc D

.8�/2

� cos˛ in a four-
dimensional space. The 4 � 4 matrix S was given by

S D

0BB@
cos˛ � sin˛ 0 0

sin˛ cos˛ 0 0

0 0 cos˛ � sin˛
0 0 sin˛ cos˛

1CCA with ˛ 2 .��; ��:

When the rotation angle ˛ 2 .��
2
; �
2
/, there exist global solutions provided that the initial

mass of the L1 norm of the initial data is below the initial mass. This result extends to
n-dimensional cases where the sensitivity matrix takes the form S D cos � � I C A with
AT D �A and � 2 .��

2
; �
2
/. Under appropriate smallness conditions on the initial data,

the system admits globally bounded solutions that exhibit special exponential convergence
properties.

While the n-dimensional matrices in these two references is not rotation matrices
themselves, they offer valuable insights for our study of the degenerate Keller–Segel sys-
tem with a n-dimensional rotation matrix. To preserve the energy structure essential for
our analysis, this work discusses only a special case whenA is an even-dimensional matrix
and any rotation angles ˛i are equal to ˛ in (1.4). For odd dimensions, non-rotational com-
ponents (the identity matrix blocks In�2r in the matrix structure) introduce significant
challenges in constructing the functional of free energy. Consequently, this study does not
provide conclusive results for this case.

Our research focuses on the degenerate Keller–Segel model (1.1)–(1.3) with rotation
matrices at an angle ˛ 2 .��; ��, specifically considering matrices (1.4). In this model,
the chemical concentration c.x; t/ is determined by the fundamental solution ˆ.x/ of the
Laplace equation as follows:

c.x; t/ D ˆ.x/ � �.x; t/ D
1

.n � 2/!.n/

Z
Rn

�.y; t/

jx � yjn�2
dy; (1.11)
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where !.n/D n�
n
2

�. n2C1/
is the surface area of the n-dimensional unit sphere. The initial data

�0.x/ satisfies that

�0 2 L
1
C \ L

m.Rn/; k�0kL1.Rn/ DWM0: (1.12)

A fundamental property of this system is mass conservation, which arises directly from
the divergence form of the equations,Z

Rn

�.x; t/dx D

Z
Rn

�.x; 0/dx DM0:

The system (1.1) possesses a functional of naturally associated free energy given by

F˛.�; c/ D
1

m � 1

Z
Rn

�mdx �
�

2
cos˛

Z
Rn

�cdx: (1.13)

Substituting equation (1.11) into (1.13), the free energy functional can be reformulated as

F˛.�/ D
1

m � 1

Z
Rn

�mdx �
� cos˛

2.n � 2/!.n/

Z
Rn�Rn

�.x; t/�.y; t/

jx � yjn�2
dx dy: (1.14)

In our analysis to the free energy functional, the following Hardy–Littlewood–Sobolev
(HLS) inequality plays a pivotal role. The complete statement and the derivation of this
fundamental inequality are available in [25].

Proposition 1.1 (Hardy–Littlewood–Sobolev (HLS) inequality). Let � 2 L
2n
nC2 .Rn/, thenZ

Rn�Rn

�.x/�.y/

jx � yjn�2
dx dy � C.n/k�k2

L
2n
nC2 .Rn/

;

where the best constant C.n/ is given by

C.n/ D �
.n�2/
2

1

�.n
2
C 1/

�
�.n=2/

�.n/

�� 2n
:

The key to studying the properties of solutions is to obtain the boundedness of the
L

2n
nC2 -norm of � (see Lemma 2.3) by using the HLS inequality and decomposing the free

energy F˛.�/. Here, we define an auxiliary function

f .s/ WD
1

m � 1
M

2n�m.nC2/
n�2

0 s �
� cos˛C.n/
2.n � 2/!.n/

s
n�2

n.m�1/ ; (1.15)

and give that f .s/ is a strictly concave function in s > 0 for m < 2 � 2
n

and reaches
maximum at

s� D

�
2.n � 2/!.n/

� cos˛.m � 1/C.n/
M

2n�m.nC2/
n�2

0

� n.m�1/
2n�2�nm

: (1.16)

Using the properties of the matrix (1.4) and combining techniques to handle the degen-
erate Keller–Segel equation, we establish complete results regarding the global existence
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and the finite-time blow-up of solutions for the model (1.1)–(1.3) with the diffusion expo-
nent m 2 Œ 2n

nC2
; 2 � 2

n
/. Specifically, for angles within ˛ 2 .��

2
; �
2
/, the drift combines

attraction and pure rotation. Therefore, for different initial conditions, both existence and
blow-up may occur. Outside this interval, it is repulsive to rotation. Thus, the solutions are
global for any initial data. The main results are shown in the table below.

Rotational angle Diffusion exponent Initial data Existence condition Blow-up condition

˛2
�
�
�
2
; �
2

�
m2

�
2n
nC2

;2� 2
n

� �0 2 L
1
C \ L

m

F˛.�0/ < f .s
�/
k�0k

2n.m�1/
n�2

L
2n
nC2

< s� k�0k
2n.m�1/
n�2

L
2n
nC2

> s�

˛2
�
�
�
2
; �
2

�
m D 2n

nC2

�0 2 L
1
C \ L

m

F˛.�0/ < f .s
�/
k�0kLm<Cs<s

� k�0k
m
Lm > s

�

˛2
�
� �;��

2

�
[
�
�
2
; �
�
m 2

�
2n
nC2

; 2 � 2
n

�
�0 2 L

1
C \ L

m any initial data no exist

Here, f .s�/ and s� are given by (1.15) and (1.16), respectively. The constant Cs is
defined as

Cs D

�
4m2

.� cos˛/.2m � 1/2G

� 1
2�m

; (1.17)

where G is a constant in the Gagliardo–Nirenberg–Sobolev (GNS) inequality. As shown
in the table, there is the notable finding that blow-up is prevented when ˛ 2 .��;��

2
� [

Œ�
2
; ��. When ˛ 2 .��

2
; �
2
/, there is a best initial criterion depending on the rotation angle.

In this paper, we discuss only an even-dimensional matrix A, which is used to maintain
the energy structure. The analysis of odd-dimensional rotation matrices presents two prin-
cipal challenges: (i) difficulties in constructing free energy functionals, and (ii) all current
results, see [12], are studied under the assumption of radial symmetry, with no conclusions
available for the general case. Consequently, this study does not provide any results for
this case.

This paper is arranged as follows. In Section 2, we investigate the second moment esti-
mates for the rotation equation in arbitrary dimensions. We prove the monotonic decay of
free energy over time and identify the initial criterion through the decomposition of the
free energy and using the HLS inequality. Furthermore, we establish finite-time blow-up
behavior under supercritical initial conditions. Section 3 is primarily devoted to studying
the global existence of solutions under subcritical initial conditions. In particular, we dis-
cover that when the rotation angle ˛ 2 .��;��

2
�[ Œ�

2
; ��, there exist global solutions for

arbitrary initial values.

2. Blow-up of solutions

In this section, we consider the finite-time blow-up of solutions to the system (1.1)–(1.3)
with rotation angle ˛ 2 .��

2
; �
2
/. We begin by establishing generalized second moment

estimates for arbitrary dimensions .n � 3/ under the matrix A specified in (1.8).
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Lemma 2.1 (Moment estimate). Let �0 2 L1C \L
m.Rn/ and �0jxj2 2 L1.Rn/. Suppose

that the matrix A is defined by (1.8). Then the second moment satisfies

d

dt

Z
Rn

jxj2�.x; t/dx � 2nk�kmLm.Rn/ � �.n � 2/ min
iD1;:::;r

¹cos˛i ; 1º
Z

Rn

�.x; t/c.x; t/dx;

where m � 1, r � n=2 and ˛i 2 .��=2; �=2/.

Proof. Multiplying equation (1.1) by jxj2 and integrating over Rn, we obtain

dm2.t/

dt
D

Z
Rn

jxj2��mdx � �

Z
Rn

jxj2 div.�Arc/dx

D 2n

Z
Rn

�mdx C 2�

Z
Rn

x � �A.� � rˆ/dx

D 2n

Z
Rn

�mdx � 2�

Z
Rn

x �

�
�.x; t/A

1

!.n/

Z
Rn

x � y

jx � yjn
�.y; t/dy

�
dx

D 2n

Z
Rn

�mdx �
2�

!.n/

Z
Rn�Rn

x � A
x � y

jx � yjn
�.x; t/�.y; t/dx dy: (2.1)

For the second term of the last equality in (2.1), interchanging x and y givesZ
Rn�Rn

x � A
x � y

jx � yjn
�.x; t/�.y; t/dx dy

D �

Z
Rn�Rn

y � A
x � y

jx � yjn
�.x; t/�.y; t/dx dy;

which impliesZ
Rn�Rn

x � A
x � y

jx � yjn
�.x; t/�.y; t/dx dy

D
1

2

Z
Rn�Rn

.x � y/ � A
x � y

jx � yjn
�.x; t/�.y; t/dx dy: (2.2)

Moreover, since ˛i 2 .��2 ;
�
2
/ implies cos ˛i > 0 for all i D 1; : : : ; r , the matrix A is

positive definite, that is, for all non-zero vectors x 2 Rn,

xTAx D xT
�
1

2
.AC AT /

�
x

D xT

0BBB@
cos˛1I2 � � � 0 0

:::
: : :

:::
:::

0 � � � cos˛rI2 0
0 � � � 0 In�2r

1CCCA x
� min
iD1;:::;r

¹cos˛i ; 1ºxT x D min
iD1;:::;r

¹cos˛i ; 1ºjxj2:
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Thus, (2.2) can be shownZ
Rn�Rn

x � A
x � y

jx � yjn
�.x; t/�.y; t/dx dy

D
1

2

Z
Rn�Rn

x � y

jx � yj
n
2

� A
x � y

jx � yj
n
2

�.x; t/�.y; t/dx dy

�
1

2
min

iD1;:::;r
¹cos˛i ; 1º

Z
Rn�Rn

1

jx � yjn�2
�.x; t/�.y; t/dx dy

D
.n � 2/!.n/

2
min

iD1;:::;r
¹cos˛i ; 1º

Z
Rn

�.x; t/c.x; t/dx: (2.3)

Substituting (2.3) into (2.1) gives

d

dt

Z
Rn

jxj2�.x; t/dx

� 2nk�kmLm.Rn/ � �.n � 2/ min
iD1;:::;r

¹cos˛i ; 1º
Z

Rn

�.x; t/c.x; t/dx:

Specifically, taking the matrix A as (1.4), we have

d

dt

Z
Rn

jxj2�.x; t/dx � 2nk�kmLm.Rn/ � �.n � 2/ cos˛
Z

Rn

�.x; t/c.x; t/dx: (2.4)

We then prove that the free energy satisfies the fundamental energy law, guaranteeing
its non-increasing monotonic behavior for the rotation angle ˛ 2 .��; ��. Our current
analysis focuses on the specific form of A given in (1.4). This is because when A follows
the general representations in (1.8) with a different form of ˛i , i D 1; 2; : : : ; r , the con-
struction of the free energy structure is not easily achieved. Consequently, this problem
also becomes our next research subject. Without additional explanation, all subsequent
analyses in this work assume that the matrix A adopts the form in (1.4).

Lemma 2.2 (Energy and energy dissipation). Let �0 2 L1C \L
m.Rn/. Then, for anym>

1 and rotation angle ˛ 2 .��; ��, the energy functional satisfies

d

dt
F˛.�; c/ D �

Z
Rn

�

ˇ̌̌̌
r

�
m

m � 1
�m�1 � � cos˛c

�ˇ̌̌̌2
dx � 0; 8t > 0: (2.5)

Proof. Referring to [18, (2.4)], where the two-dimensional rotation matrix is expressed
as a linear combination of the identity matrix and a skew-symmetric matrix, the matrix A
can be written

A D cos˛ � In�n � sin˛ �

0B@J1 � � � 0
:::

: : :
:::

0 � � � Jk

1CA
n�n

; (2.6)

where In�n is the identity matrix and Ji , i D 1; : : : ; k is the 2� 2 skew-symmetric matrix.
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In addition, we define the differential operator r? as

r
?c D

0B@J1 � � � 0
:::

: : :
:::

0 � � � Jk

1CA
n�n

� rc;

namely, r?c is an orthogonal operator to rc satisfying

hrc;r?ci D 0; div.r?c/ D 0: (2.7)

Thus, we rewrite the equation (1.1) as

�t D ��
m
� � div.�Arc/

D ��m � � div.cos˛�rc � sin˛�r?c/

D div.r�m � � cos˛�rc/C � sin˛ div.�r?c/

D div
�
�r

�
m

m � 1
�m�1 � � cos˛c

��
C � sin˛ div.�r?c/: (2.8)

Multiplying (2.8) by m
m�1

�m�1 � � cos˛c and integrating with Rn, we obtainZ
Rn

�t

�
m

m � 1
�m�1 � � cos˛c

�
dx

D �

Z
Rn

�

ˇ̌̌̌
r

�
m

m � 1
�m�1 � � cos˛c

�ˇ̌̌̌2
dx

� � sin˛
Z

Rn

�r?c � r

�
m

m � 1
�m�1 � � cos˛c

�
dx: (2.9)

The second integral on the right-hand side of equality in (2.9) vanishes since

�

Z
Rn

�r?c � r

�
m

m � 1
�m�1 � � cos˛c

�
dx

D �

Z
Rn

�r?c � r

�
m

m � 1
�m�1

�
dx C � cos˛

Z
Rn

�r?c � rc dx

D �

Z
Rn

r�m � r?c dx C � cos˛
Z

Rn

�r?c � rc dx

D

Z
Rn

�m div.r?c/dx D 0: (2.10)

Moreover, the left-hand side term of equality in (2.9) can be written inZ
Rn

�t

�
m

m � 1
�m�1 � � cos˛c

�
dx

D

Z
Rn

�
m

m � 1
�m�1�t

�
dx � � cos˛

Z
Rn

�t .x; t/

Z
Rn

�.y; t/ˆ.x � y/dy dx
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D
d

dt

�
1

m � 1

Z
Rn

�mdx �
�

2
cos˛

Z
Rn�Rn

�.x; t/�.y; t/ˆ.x � y/dx dy

�
D

d

dt
F˛.�; c/: (2.11)

Concerning the second term in the second equality of (2.11), its expression follows from
the symmetry propertyZ

Rn�Rn

�t .x; t/�.y; t/ˆ.x � y/dx dy D
1

2

d

dt

Z
Rn�Rn

�.x; t/�.y; t/ˆ.x � y/dx dy:

Therefore, substituting (2.10) and (2.11) into (2.9), we obtain

d

dt
F˛.�; c/ D �

Z
Rn

�

ˇ̌̌̌
r

�
m

m � 1
�m�1 � � cos˛c

�ˇ̌̌̌2
dx � 0; 8t > 0:

Next, since free energy decreases monotonically with respect to time, we identify the
initial criteria s� by decomposition of free energy. We then analyze the solution behavior
of the system (1.1)–(1.3) in space L

2n
nC2 under certain initial conditions. The methodology

used here is similar to that in [9,10]. For completeness, we present the detailed procedure
in the following.

Lemma 2.3. Assume the initial free energy F˛.�0/ < F �˛ WD f .s
�/, which is defined in

(1.15). For any ˛ 2 .��
2
; �
2
/ and m 2 Œ 2n

nC2
; 2 � 2

n
/,

(i) if the initial data k�0k
L

2n
nC2 .Rn/

< .s�/
n�2

2n.m�1/ , then there exists a constant 0 <

�1 < 1 such that

k�k
L

2n
nC2 .Rn/

< .�1s
�/

n�2
2n.m�1/ ; for all t > 0I

(ii) if the initial data k�0k
L

2n
nC2 .Rn/

> .s�/
n�2

2n.m�1/ , then there exists a constant�2>1

such that
k�k

L
2n
nC2 .Rn/

> .�2s
�/

n�2
2n.m�1/ ; for all t > 0;

where s� is defined in (1.16).

Proof. Firstly, we separate the free energy (1.14) into two parts. For any t > 0,

F˛.�/ D
1

m � 1

Z
Rn

�m.x; t/dx �
� cos˛C.n/
2.n � 2/!.n/

k�k2
L

2n
nC2 .Rn/

C
� cos˛

2.n � 2/!.n/

�
C.n/k�k2

L
2n
nC2 .Rn/

�

Z
Rn�Rn

�.x; t/�.y; t/

jx � yjn�2
dx dy

�
DW F1.�/C F2.�/;

where C.n/ represents the best constant in the HLS inequality. By Proposition 1.1, we
know the second part F2.�/ � 0 for ˛ 2 .��

2
; �
2
/. FormD 2n

nC2
, the functional F1.�/ can
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be expressed

F1.�/ D
1

m � 1
k�k

2n
nC2

L
2n
nC2 .Rn/

�
� cos˛C.n/
2.n � 2/!.n/

k�k2
L

2n
nC2 .Rn/

: (2.12)

For m 2 . 2n
nC2

; 2 � 2
n
/, we give F1.�/ that satisfies

F1.�/ D
1

m � 1

Z
Rn

�m.x; t/dx �
� cos˛C.n/
2.n � 2/!.n/

k�k2
L

2n
nC2 .Rn/

�
1

m � 1
k�k

.��1/m
�

L1.Rn/
k�k

m
�

L
2n
nC2 .Rn/

�
� cos˛C.n/
2.n � 2/!.n/

k�k2
L

2n
nC2 .Rn/

D
1

m � 1
M

2n�m.nC2/
n�2

0 k�k
2n.m�1/
n�2

L
2n
nC2 .Rn/

�
� cos˛C.n/
2.n � 2/!.n/

k�k2
L

2n
nC2 .Rn/

: (2.13)

Notice that the first inequality is shown by using the interpolation inequality

k�k
L

2n
nC2 .Rn/

� k�k1��
L1.Rn/

k�k�Lm.Rn/; (2.14)

where � D m.n�2/
2n.m�1/

2 .0; 1/ due to m > 2n
nC2

. Thus, for m 2 Œ 2n
nC2

; 2 � 2
n
/, combining

(2.12) and (2.13) and depending on F2.�/ � 0, we find that for any t > 0, F˛.�/ satisfies

F˛.�/ �
1

m � 1
M

2n�m.nC2/
n�2

0 k�k
2n.m�1/
n�2

L
2n
nC2 .Rn/

�
� cos˛C.n/
2.n � 2/!.n/

k�k2
L

2n
nC2 .Rn/

D f .s/;

where s WD k�k
2n.m�1/
n�2

L
2n
nC2 .Rn/

, and f .s/ is defined by (1.15). Since f .s/ is strictly concave in

s > 0, it reaches its unique maximum at s� given in (1.16). Through simple calculations,
we obtain that f .s/ is monotonically increasing for 0 < s < s�, while f .s/ is mono-
tonically decreasing for s > s�. Based on the assumption, the initial free energy F˛.�0/

satisfies F˛.�0/ < F �˛ D f .s�/, namely, there exists a 0 < ı < 1 such that F˛.�0/ <

ıf .s�/. By the monotonicity of the free energy in (2.5), we conclude for all t > 0,

f

�
k�k

2n.m�1/
n�2

L
2n
nC2 .Rn/

�
� F˛.�/ � F˛.�0/ < ıf .s

�/:

Thus, if the initial data satisfies k�0k
2n.m�1/
n�2

L
2n
nC2 .Rn/

< s�, the increasing behavior of f .s/ in the

interval 0 < s < s� guaranties the existence of a constant 0 < �1 < 1 such that

k�k
2n.m�1/
n�2

L
2n
nC2 .Rn/

� �1s
�:

In contrast, if the initial data satisfies k�0k
2n.m�1/
n�2

L
2n
nC2 .Rn/

> s�, the decrease of f .s/ for s > s�

implies the existence of a constant �2 > 1 such that

k�k
2n.m�1/
n�2

L
2n
nC2 .Rn/

� �2s
�:

Thus, the proof of the lemma is completed.
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By investigating the free energy, we find that the blow-up of solutions to the problem
(1.1)–(1.3) can be suppressed when the rotation angle ˛ 2 .��; ��

2
� \ Œ�

2
; ��, which

is undoubtedly the desired outcome. A brief proof on this is presented in Theorem 3.8.
In the following, we mainly prove the finite-time blow-up of solutions when the angle
˛ 2 .��

2
; �
2
/.

Theorem 2.4. Assume ˛ 2 .��
2
; �
2
/ and 2n

nC2
� m < 2� 2

n
. If the initial data �0 satisfies

m2.0/D
R

Rn jxj
2�0.x/dx <1, F˛.�0/ <F �˛ D f .s

�/, and k�0k
L

2n
nC2 .Rn/

> .s�/
n�2

2n.m�1/ ,

then there exists a time T � > 0 such that

lim
t!T �

k�kLm.Rn/ D1:

Here, s� is the maximum point of f .s/.

Proof. First, we focus on the time evolution of the second moment. By substituting the
free energy (1.13) into the time derivative of the second moment (2.4), we obtain

dm2.t/

dt
� 2n

Z
Rn

�m.x; t/dx � �.n � 2/ cos˛
Z

Rn

�.x; t/c.x; t/dx

D

�
2n �

2.n � 2/

m � 1

�Z
Rn

�m.x; t/dx C 2.n � 2/F˛.�/;

where 2n � 2.n�2/
m�1

< 0 due to m < 2 � 2
n

. Using the monotonicity of the free energy in
Lemma 2.2 and the interpolation inequality as (2.14), there is � D m.n�2/

2n.m�1/
2 .0; 1/ such

that
dm2.t/

dt
�

�
2n �

2.n � 2/

m � 1

�
M

.��1/m
�

0 k�k
m
�

L
2n
nC2 .Rn/

C 2.n � 2/F˛.�0/:

According to the assumptions given k�0k
2n.m�1/
n�2

L
2n
nC2 .Rn/

> s� and F˛.�0/ D f .s
�/, and using

Lemma 2.3, we know that there exists a constant �2 > 1 such that

dm2.t/

dt
�

�
2n �

2.n � 2/

m � 1

�
M

.��1/m
�

0 k�k
2n.m�1/
.n�2/

L
2n
nC2 .Rn/

C 2.n � 2/F˛.�0/

�

�
2n �

2.n � 2/

m � 1

�
M

.��1/m
�

0 �2s
�
C 2.n � 2/f .s�/: (2.15)

Plugging (1.15) into (2.15), we have

dm2.t/

dt
�

�
2n �

2.n � 2/

m � 1

�
M

.��1/m
�

0 .�2 � 1/s
�
C

�
2n �

2.n � 2/

m � 1

�
M

.��1/m
�

0 s�

C 2.n � 2/

�
1

m � 1
M

.��1/m
�

0 s� �
� cos˛C.n/
2.n � 2/!.n/

.s�/
2�
m

�
D

�
2n�

2.n � 2/

m � 1

�
M

.��1/m
�

0 .�2 � 1/s
�
C2nM

.��1/m
�

0 s� �
� cos˛C.n/

!.n/
.s�/

2�
m

�

�
2n �

2.n � 2/

m � 1

�
M

.��1/m
�

0 .�2 � 1/s
� < 0;
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where the second-to-last inequality follows from the definition of s�. Thus, we know that
there exists a finite time T such that

lim
t!T

m2.t/ D 0: (2.16)

Subsequently, using the property (2.16) that the second moment disappears in finite
time, we derive the blow-up of solution � in the norm Lm.Rn/. For clarity, we present this
derivation as follows. There is a sphere BR with a center of R, we obtainZ

Rn

�.x/dx D

Z
BR

�.x/dx C

Z
BcR

�.x/dx

�

�Z
BR

dx

�m�1
m

k�kLm.BR/ C

Z
BcR

1

jxj2
� jxj2�.x/dx

� CRn.m�1/=mk�kLm.Rn/ C
1

R2
m2.t/:

Choosing R D . m2.t/
Ck�kLm.Rn/

/
m

.m�1/nC2m , there isZ
Rn

�.x/dx � Ck�k
2m

.m�1/nC2m

Lm.Rn/
m2.t/

n.m�1/
.m�1/nC2m :

Thus, there exists T � � T such that

lim
t!T �

k�k
2m

.m�1/nC2m

Lm.Rn/
�

k�kL1.Rn/

Cm2.t/
n.m�1/

.m�1/nC2m

D1:

Therefore, the proof of the theorem is completed.

3. Global existence of weak solutions

In this section, we investigate the existence of global weak solutions to the system (1.1)–
(1.3), with separate discussions for the rotation angle ˛ and the degenerate exponent m.
We focus on the impact of the rotation angle ˛ on the properties of the solution to the
system (1.1)–(1.3). More detailed information is as follows:

(i) for ˛ 2 .��
2
; �
2
/ andm 2 . 2n

nC2
; 2� 2

n
/. Assume that the initial data �0 2 L1C \

Lp.Rn/, p � m satisfies F˛.�0/ < F �˛ , if k�0k
L

2n
nC2 .Rn/

< .s�/
n�2

2n.m�1/ , then

there exists a global weak solution.

(ii) for ˛ 2 .��
2
; �
2
/ andmD 2n

nC2
. Assume that the initial data �0 2L1C \L

m.Rn/,
if k�0kLm.Rn/ < Cs , then there exists a global weak solution. Here, Cs is a
universal constant less than s�.

(iii) for ˛ 2 .��;��
2
� [ Œ�

2
; �� and m 2 Œ 2n

nC2
; 2 � 2

n
/. If the initial data �0 satisfies

�0 2 L
1
C \ L

m.Rn/, then there exists a global weak solution.
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In what follows, we provide the principal proof process for the existence of global
weak solutions. First, we introduce a regularization of the system (1.1)–(1.3), follow-
ing the method in [10], which preserves the energy structure of the original system. The
detailed form is as follows.

@t�" D �
�
.�" C "/

m
� "m

�
� � div

�
.�" C "/Arc"

�
; x 2 Rn; t � 0; (3.1)

��c" D J" � �"; x 2 Rn; t � 0; (3.2)

�".x; 0/ D �0".x/; x 2 Rn; (3.3)

where J.x/ is a mollifier associated with J.x/ D n
!.n/

.1C jxj2/�
nC2
2 , J".x/ D 1

"n
J.x

"
/

satisfying
R

Rn J"dx D 1 and spt.J"/ � B.0; "/. A direct computation yields

c".x; t/ D
1

n.n � 2/˛.n/

Z
Rn

1�
jx � yj2 C "2

� n�2
2

�".y/dy:

The free energy on the regularized solution �" is

F˛.�"; c"/ D
1

m � 1

Z
Rn

�
.�" C "/

m
� "m

�
dx �

� cos˛
2

Z
Rn

�"c"dx: (3.4)

Equivalently, the free energy can be expressed as

F˛.�"/ D
1

m � 1

Z
Rn

�
.�" C "/

m
� "m

�
dx

�
� cos˛

2.n � 2/!.n/

Z
Rn�Rn

�".x; t/�".y; t/�
jx � yj2 C "2

� n�2
2

dx dy: (3.5)

The classical parabolic theory ensures the existence of a global smooth non-negative
solution �" for t > 0 to the regularized problem (3.1)–(3.3) when the initial data is non-
negative. Notice that this regularized solution preserves the total mass, which is consistent
with the system (1.1)–(1.3).

The initial data are smoothed by convolution with J", i.e., �0" D �0 � J". The assump-
tion in (1.12) guaranties the non-negativity (�0" � 0), with �0" possessing the further
properties that

�0" 2 L
1
C \ L

p.Rn/; p � m; k�0"kL1.Rn/ D k�0kL1.Rn/ DM0:

If �0" 2 Lr .Rn/ for some r > 1, then k�0" � �0kLr .Rn/ ! 0 as "! 0, especially,Z
Rn

jxj2�0"dx !

Z
Rn

jxj2�0dx; F".�0"/! F .�0/ as "! 0;

where F".�0"/ is the initial regularized entropy in (3.5).
In the following, we discuss the existence of solutions classified by angle ˛ and degen-

erate exponent m.
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3.1. The case of ˛ 2 .��
2
; �
2
/ and 2n

nC2
< m < 2 � 2

n

We now prove the existence of solutions for the model (1.1)–(1.3) with the rotation angle
˛ 2 .��

2
; �
2
/ and the degenerate exponent m 2 . 2n

nC2
; 2 � 2

n
/, establishing the following

theorem.

Theorem 3.1. Let ˛ 2 .��
2
; �
2
/ and suppose that m satisfies 2n

nC2
< m < 2 � 2

n
. Assume

that the initial density �0 2 L1C \ L
m.Rn/ is such that the free energy F˛.�0/ < F �˛ . If

k�0k
L

2n
nC2 .Rn/

< .s�/
n�2

2n.m�1/ , then for any T > 0 and 1 < r; s < 2, there exists a global
weak solution �.x; t/ to the problem (1.1)–(1.3) such that

� 2 L1
�
0; T IL1C \ L

m.Rn/
�
\ LmC1

�
0; T ILmC1.Rn/

�
;

r� 2 L2
�
0; T ILr .Rn/

�
; @t� 2 L

2
�
0; T IW

�1;s
loc .Rn/

�
:

For this theorem, we mainly use the Lions–Aubin lemma in [5]. First, we give some
uniform estimates of the solutions �" to the regularized problem (3.1)–(3.3).

Lemma 3.2. Let ˛ 2 .��
2
; �
2
/ and 2n

nC2
< m < 2 � 2

n
. Suppose that the initial density

�0 2 L
1
C \ L

p.Rn/, p � m, k�0k
L

2n
nC2 .Rn/

< .s�/
n�2

2n.m�1/ and F˛.�0/ � F �˛ . Then the

solutions of the regularized problem (3.1)–(3.3) satisfy the following uniform estimates

k�"kL1.0;1ILp.Rn//\LpC1.0;T ILpC1.Rn// � C;



r�mCp�12

"





L2.0;T IL2.Rn//

� C;

krc"kL1.0;T ILs.Rn// � C; s 2

�
n

n � 1
;
np

n � p

�
;

where C is a constant independent of ".

Proof. Taking p�p�1" as a test function in (3.1) and using integration by parts and the
Hölder inequality, we have

d

dt

Z
Rn

�p" dx D �p

Z
Rn

r�p�1" � r
�
.�" C "/

m
� "m

�
dx

C p�

Z
Rn

r�p�1" �
�
.�" C "/Arc"

�
dx

D �pm.p � 1/

Z
Rn

.�" C "/
m�1�p�2" jr�"j

2dx

C p�

Z
Rn

r�p�1" �
�
.�" C "/Arc"

�
dx

� �pm.p � 1/

Z
Rn

�mCp�3" jr�"j
2dx

C .p � 1/�

Z
Rn

r�p" � Arc"dx C "p�

Z
Rn

r�p�1" � Arc"dx

D �
4pm.p � 1/

.mC p � 1/2

Z
Rn

ˇ̌̌
r�

mCp�1
2

"

ˇ̌̌2
dx

C .p � 1/� cos˛
Z

Rn

�pC1" dx C "p� cos˛
Z

Rn

�p" dx: (3.6)
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For the last two terms of the last equation, by utilizing the transformation (2.6) of the
matrix A and the properties of r?c" in (2.7), we obtain

div.Arc"/ D div.cos˛rc"/ � div

 
sin˛

0B@J1 � � � 0
:::

: : :
:::

0 � � � Jk

1CA
n�n

� rc"

!
D cos˛�c" � sin˛ div.r?c"/ D cos˛�c":

Thus, there is Z
Rn

r�p" � Arc"dx D �

Z
Rn

�p" div.Arc"/dx

D � cos˛
Z

Rn

�p"�c"dx

D cos˛
Z

Rn

�pC1" dx: (3.7)

Then, by the GNS inequality, we obtainZ
Rn

�pC1" dx D



�mCp�12
"




 2.pC1/
mCp�1

L
2.pC1/
mCp�1 .Rn/

� G
2.pC1/
mCp�1




r�mCp�12
"




ˇ 2.pC1/
mCp�1

L2.Rn/




�mCp�12
"




.1�ˇ/ 2.pC1/mCp�1

Lr .Rn/

� G
2.pC1/
mCp�1




r�mCp�12
"




ˇ 2.pC1/
mCp�1

L2.Rn/
k�"k

.1�ˇ/.pC1/

L
2n
nC2 .Rn/

� G
2.pC1/
mCp�1

�
"



r�mCp�12

"




2
L2.Rn/

C C."/k�"k

.1�ˇ/.pC1/

1�ˇ
pC1

mCp�1

L
2n
nC2 .Rn/

�
; (3.8)

where 0 < ˇ < 1 and G is the constant from the GNS inequality,

mC p � 1

2
r D

2n

nC 2
;

mC p � 1

2.p C 1/
D
ˇ.n � 2/

2n
C
1 � ˇ

r
:

Simple computations give ˇ 2.pC1/
mCp�1

< 2 due tom > 2n
nC2

, thus demonstrating that the last
inequality (3.8) is satisfied by Young’s inequality. Bringing (3.8) into (3.6), choosing "
such that

�.p � 1/ cos˛G
2.pC1/
mCp�1 " D

pm.p � 1/

.mC p � 1/2
;

we obtain
d

dt

Z
Rn

�p" dx C
2pm.p � 1/

.mC p � 1/2

Z
Rn

ˇ̌̌
r�

mCp�1
2

"

ˇ̌̌2
dx � "p� cos˛

Z
Rn

�p" dx C C: (3.9)

Moreover, we establish the following Lp-estimate. By the GNS inequality, we haveZ
Rn

�p" dx D



�mCp�12
"




 2p
mCp�1

L
2p

mCp�1 .Rn/
� G

2p
mCp�1




r�mCp�12
"




 2p

mCp�1

L2.Rn/




�mCp�12
"




 2p.1�
/mCp�1

L�.Rn/

� G
2p

mCp�1




r�mCp�12
"




 2p

mCp�1

L2.Rn/
k�"k

.1�
/p

L
2n
nC2 .Rn/

;
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where 0 < 
 < 1 and

mC p � 1

2
� D

2n

nC 2
;

mC p � 1

2p
D

.n � 2/

2n
C
1 � 


�
:

And since m < 2 � 2
n

,

2p


mC p � 1
D

4n � 2p.nC 2/

2.n � 2/ � .nC 2/.mC p � 1/
< 2:

Thus, by using the Young inequality, we obtainZ
Rn

�p" dx � G
2p

mCp�1

 
ı



r�mCp�12

"




2
L2.Rn/

C C.ı/k�"k

.1�
/p

1�

p

mCp�1

L
2n
nC2 .Rn/

!
: (3.10)

Choose ı such that

"�p cos˛G
2p

mCp�1 ı D
pm.p � 1/

.mC p � 1/2
:

By substituting (3.10) into (3.9), we have

d

dt

Z
Rn

�p" dx C
pm.p � 1/

.mC p � 1/2

Z
Rn

ˇ̌̌
r�

mCp�1
2

"

ˇ̌̌2
dx � C.p; n; �; ˛/: (3.11)

Furthermore, (3.10) can be reformulated asZ
Rn

�p" dx � C.ı/G
2p

mCp�1 k�"k

.1�
/p

1�

p

mCp�1

L
2n
nC2 .Rn/

� ıG
2p

mCp�1




r�mCp�12
"




2
L2.Rn/

: (3.12)

Again choosing the above ı such that

ıG
2p

mCp�1 D
2pm.p � 1/

.mC p � 1/2
:

Substituting (3.12) into (3.11), we have

d

dt

Z
Rn

�p" dx C

Z
Rn

�p" dx � C.p; n; �; ˛/:

By Grönwall’s inequality, we obtain

k�"kL1.0;1ILp.Rn// � C.p; n; �; ˛/:

Easily accessible from (3.11) that

r�mCp�12
"




L2.0;T IL2.Rn//

� C.T; p; n; �; ˛/:

Thus, from (3.8), we immediately deduce that

k�"kLpC1.0;T ILpC1.Rn// � C.T; p; n; �; ˛/:

At last, a simple calculation of (1.11) immediately gives

rc" D �
1

!.n/

Z
Rn

x � y

jx � yjn
J" � �".y/dy:
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Applying the weak Young inequality, we obtain

krc"kLs.Rn/ � C





 x � y

jx � yjn






L
q
!.Rn/

kJ" � �"kLp.Rn/ � k�"kLp.Rn/ � C;

where q D n
n�1

satisfies 1C 1
s
D

1
q
C

1
p

. Hence, the lemma is proved.

Remark 3.3. Assume p D m, there is the following result

k�"kL1.0;1ILm.Rn//\LmC1.0;T ILmC1.Rn// � C; (3.13)

r� 2m�12" 


L2.0;T IL2.Rn//

� C; (3.14)

krc"kL1.0;T ILs.Rn// � C; s 2

�
n

n � 1
;
nm

n �m

�
: (3.15)

Next, using the skill of (3.7) in Lemma 3.2 and referring to the results of [10, Lem-
mas 2.3 and 2.4], we derive the following estimates for the time and spatial derivative
of �".

Lemma 3.4. Under the assumptions of Lemma 3.2, it follows that

kr�"k
L2.0;T IL

2m
3�m .Rn//

� C; in the case of m <
3

2
; (3.16)

kr�"kL2.0;T IL2.Rn// � C; in the case of m �
3

2
: (3.17)

Moreover,

k@t�"kL2.0;T IW �1;sloc .Rn//
� C; s D min

²
2m

mC 1
;

nm.mC 1/

nmC .n �m/.mC 1/

³
> 1: (3.18)

Furthermore, using formulas (3.13), (3.16)–(3.18), we deduce thatk�"kL2.0;T IW 1;p
loc .R

n//

and k@t�"kL2.0;T IW �1;sloc .Rn//
are bounded for p D min¹ 2m

3�m
; 2º. For the ball Bk of radius

Rk satisfying Bk � Rn, since W 1;p.Bk/ ,!,! Lq.Bk/, 1 < q < min¹ 2nm
3n�.nC2/m

; 2n
n�2
º,

and Lq.Bk/ ,! W �1;s.Bk/, the Lions–Aubin lemma implies that there is a subsequence
of ¹�"º (still denoted by �" without relabel) such that, as "! 0, the following convergence
holds

�" ! � in L2
�
0; T ILq.Bk/

�
;

where q 2 .1;min¹ 2nm
3n�.nC2/m

; 2n
n�2
º/. Furthermore, Lemma 2.1 provides a second moment

estimate that allows us to construct a sequence of balls ¹Bkº1kD1 � Rn, centered at the
origin with radius Rk !1. Then, by a standard diagonal argument, this leads

�" ! � in L2
�
0; T ILq.Rn/

�
:

Therefore, Theorem 3.1 is proved.

3.2. The case of ˛ 2 .��
2
; �
2
/ andm D 2n

nC2

In this subsection, our analysis concerns the existence of weak solutions to (1.1)–(1.3)
for the rotation angle ˛ 2 .��

2
; �
2
/ and the exponent m D 2n

nC2
. According to [9], this
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boundedness of Lm-norm of solutions cannot guarantee the existence of the solutions,
thus we only prove the existence for the following small initial data as [9], i.e., the initial
data satisfy

k�0kLm.Rn/ < Cs;

where Cs is defined in (1.17).

Theorem 3.5. When ˛ 2 .��
2
; �
2
/ and m D 2n

nC2
. If the initial data �0 2 L1C \ L

m.Rn/
and k�0kLm.Rn/ < Cs , then there is a global weak solution � with

� 2 L1
�
0; T IL1C \ L

m.Rn/
�
\ LmC1

�
0; T ILmC1.Rn/

�
;

r� 2 Lr
�
0; T ILr .Rn/

�
; r D min

�
2;
3nC 2

nC 4

�
;

@t� 2 L
2
�
0; T IW

�1;p
loc .Rn/

�
; p D

2.mC 1/

mC 3
> 1:

The argument parallels the proof of Theorem 3.1, although there are differences in the
critical value. After a brief discussion, we establish the following lemmas.

Lemma 3.6. If the initial data �0 2 L1C \L
m.Rn/ and k�0kLm.Rn/ < Cs , �" is a solution

of the regularized problem (3.1)–(3.3), then

k�"kL1.0;T ILm.Rn//\LmC1.0;T ILmC1.Rn//�C;


r� 2m�12" 



L2.0;T IL2.Rn//
�C; (3.19)

kc"kL1.0;T ILs.Rn//Ckrc"kL1.0;T IL2.Rn//�C; s 2

�
n

n � 2
;
2n

n � 2

�
: (3.20)

Proof. Taking m�m�1" as a test function in (3.1), which corresponds to the case p D m D
2n
nC2

in (3.6), we obtain

d

dt

Z
Rn

�m" dx � �
4m2.m � 1/

.2m � 1/2

Z
Rn

ˇ̌
r�

2m�1
2

"

ˇ̌2
dx

C .m � 1/� cos˛
Z

Rn

�mC1" dx C "m� cos˛
Z

Rn

�m" dx: (3.21)

Consider the second term to the right of (3.21), it can be estimated by the GNS inequalityZ
Rn

�mC1" dx D



�m� 12"




 mC1

m� 12

L

mC1

m� 12 .Rn/

� G


r� 2m�12" 

2

L2.Rn/




�m� 12"




 2.2�m/2m�1

L

m

m� 12 .Rn/

D G


r� 2m�12" 

2

L2.Rn/
k�"k

2�m
Lm.Rn/; (3.22)

where G is the constant in the GNS inequality. Then we can obtain the estimate by plug-
ging (3.22) into (3.21)

d

dt

Z
Rn

�m" dx CM

Z
Rn

ˇ̌
r�

2m�1
2

"

ˇ̌2
dx � "m� cos˛

Z
Rn

�m" dx:

Under the initial condition k�0kLm.Rn/ < Cs , we establish

M WD .m � 1/

�
4m2

.2m � 1/2
� � cos˛Gk�0k2�mLm.Rn/

�
> 0:
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Building upon this key assumption, we obtain the following estimates

k�"kL1.0;T ILm.Rn// � C;


r� 2m�12" 



L2.0;T IL2.Rn//
� C;

combining the inequality (3.22), obtain

k�"kLmC1.0;T ILmC1.Rn// � C:

For c" and rc", refer to [9, Theorem 3.1, Step 2], which we do not repeat here.

Furthermore, referring to Steps 3 and 4 of [9, Theorem 3.1], we directly give the
following lemma.

Lemma 3.7. The assumptions of Lemma 3.6 hold, then

k@t�"kL2.0;T IW �1;ploc .Rn//
� C; p D

2.mC 1/

mC 3
> 1; (3.23)

kr�"kLr .0;T ILr .Rn// � C; r D min
�
2;
3nC 2

nC 4

�
: (3.24)

Thus, combining (3.19), (3.23), (3.24) and the second moment (2.4), applying the
Aubin–Lions lemma, without relabel, we obtain a subsequence of �" satisfying

�" ! � in Lr
�
0; T ILk.Rn/

�
;

where r D min.2; 3nC2
nC4

/ and k D min¹ .3nC2/n
n2Cn�2

; 2n
n�2
º > 2.

Hence, the proof of Theorem 3.5 is complete.

3.3. The case of ˛ 2 .��;��
2
� [ Œ�

2
; �� andm 2 Œ 2n

nC2
; 2 � 2

n
/

In this subsection, we establish the global existence of solutions to system (1.1)–(1.3) for
any initial data satisfying �0 2 L1C \ L

m.Rn/, provided that ˛ 2 .��;��
2
� [ Œ�

2
; �� and

m 2 Œ 2n
nC2

; 2 � 2
n
/. This result thereby precludes the occurrence of finite-time blow-up in

the considered parameter regime.

Theorem 3.8. If ˛ 2 .��;��
2
�[ Œ�

2
; �� andm 2 Œ 2n

nC2
; 2� 2

n
/. Assume the initial density

�0 2 L
1
C \ L

m.Rn/. Then there exist global weak solutions for system (1.1)–(1.3).

Proof. According to Lemma 2.2, it is easy to check that F˛".�; c/ is non-increasing:

d

dt
F˛".�"/ � �

Z
Rn

.�" C "/

ˇ̌̌̌
r

�
m

m � 1
.�" C "/

m�1
� � cos˛c"

�ˇ̌̌̌2
dx � 0; 8t > 0:

For ˛ 2 .��;��
2
�[ Œ�

2
; �� (which implies cos˛ � 0), we obtain the following inequality

for the free energy:

F˛".�0/ � F˛".�; c/ D
1

m � 1

Z
Rn

�
.�" C "/

m
� "m

�
dx �

�

2
cos˛

Z
Rn

�"c"dx

� 0: (3.25)
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This energy estimate ensures that the energy does not diverge. Thus, the energy dissipation
and the lower bound of the free energy eliminate the possibility of finite-time blow-up,
consequently ensuring the existence of global solutions. The main idea involves estab-
lishing time-space estimates for a smooth solution �", which are then combined with the
Aubin–Lions lemma to derive the global existence of the solution. To avoid duplication,
we present here only the final result. For a detailed proof, it is similar to Theorems 3.1
and 3.5.
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