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The general ternary form can be recovered by its Hessian

Ciro Ciliberto and Giorgio Ottaviani

(with an appendix by Jerson Caro and Juanita Duque-Rosero)

Abstract. The Hessian map is the rational map that sends a homogeneous polynomial to the deter-
minant of its Hessian matrix. We prove that the Hessian map is birational on its image for ternary
forms of degree d > 4, d # 5, by considering the action of the orthogonal group. In a previous
paper, we proved the analogous result for binary forms, with more geometric techniques.

1. Introduction

In [5], we studied the Hessian map, which is the rational map
hd,r: ]P)(Symd (Cr+1)) > P (Sym(d—Z)(r+1) (Ci‘-i-l))

sending a form f to its Hessian Hess( f), which is the determinant of the Hessian matrix.
We proved that 4 ; is birational on its image for any d > 5 (which is sharp) and that /3 3
is birational on its image, while it is classical that /13 5 is generically 3: 1. In this paper, we
prove the following theorem.

Theorem 1.1. The Hessian map hg , is birational on its image for any d > 4, d # 5.

We think the assumption d # 5 can be removed but our proof does not work in this
case. The proof considers separately the cases d even and odd.

Our technique uses group actions. The Hessian map is equivariant for the action of
SL(r + 1). This action has a unique closed orbit, both in the source and in the target space,
which is the Veronese variety. This does not help too much since the Hessian map is not
defined on the Veronese variety. Our strategy consists in considering the action of a smaller
group, namely the orthogonal group SO(r + 1) with respect to a nondegenerate quadratic
form ¢. This action has finitely many closed orbits, according to the fundamental harmonic
decomposition, and when the degree d is even has a unique fixed point, corresponding to
the form ¢/2. The Hessian map is defined at this point, it sends the unique fixed point in
the domain to the unique fixed point in the target and it has maximal rank at this point in
most cases, precisely when a quadratic equation, made explicit in Proposition 2.9, has no
integer solutions. There exist certain values of d when there are integer solutions of this
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equation (the first one for r = 2 is d = 14). In these cases our analysis is more subtle,
and we need to analyze the Hessian map at a second point, which is of the form ¢g4/271¢2,
where £ is an isotropic linear form, namely the hyperplane £ = 0 is tangent to the quadric
Z(q), the zero locus of ¢. The rank of the Hessian map at this second point is maximal, at
least for r = 2 and d > 6, since the candidate values to fail the maximality are solutions
of a cubic equation, made explicit in Proposition 2.20, which has no integer solutions in
this range thanks to Theorem A.2 of the appendix. These consideration allow to prove the
birationality after an analysis of the resolution of the indeterminacy of the Hessian map,
that we are able to do only for ternary forms. In the case d = 2k + 1 odd we perform a
similar analysis around the form g¥¢ where £ is an isotropic linear form.

We outline the content of the paper. In the second section we study the Hessian map
around the closed orbits of the SO(r 4 1)-action on P(Sym“ (C”*1)). We state Theo-
rem 2.23, which is a criterion for the birationality of the Hessian map based on which
closed orbits belong to the graph of the Hessian map. In the third section we analyze the
indeterminacy values of the Hessian map for ternary forms, approaching the powers £4
with £ an isotropic linear form, which make the only closed SO(3)-orbit where the Hessian
map is not defined. In Theorem 3.7, we prove our main Theorem 1.1.

The appendix by Jerson Caro and Juanita Duque-Rosero shows that some cubic equa-
tions have no integer solutions beyond a few ones. This allows to show that the differential
of the Hessian map has maximum rank at some relevant points. This is a crucial step for
our technique. Without this appendix we could prove only that Theorem 1.1 holds with at
most finitely many exceptions for d.

For basic facts on the Hessian see [19], for an interesting recent approach see also [4].

After this paper has been written we received the preprint [1] by V. Beorchia, where
some results related to our Theorem 1.1 are proved.

2. The Hessian map and the SO(r + 1)-action on P (Sym‘ (C’*1))

Set V = C"*! with coordinates (xo, ..., x,) and
32

Hess(f):zdet( / ) .

0xi0xj Jo<i,j<r

The Hessian map defined in the Introduction is SL(V')-equivariant, this means that if g €
SL(V) and f € Sym? (V) then

Hess(g - f) = g - Hess(f),

where the actions of SL(V') on forms is the obvious one.

Any nondegenerate quadratic form g € Sym? (V') defines the special orthogonal group
SO(V,q) = {g € SL(V) | g - ¢ = g}. In particular, the Hessian map is also SO(V, gq)-
equivariant for any nondegenerate quadratic form ¢g. Under the SO(V, ¢)-action the space
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Symd (V) is not irreducible and splits as [10, Exercise 19.21], [11, Corollary 5.2.5]
Sym? (V) = Hq ® qHa2 ® ¢*Ha s ® -+, Q.1

where J; is the space of harmonic homogeneous polynomials of degree i, that by defini-
tion are killed by the dual operator ¢*. If ¢ = Y/, xiz, the operator ¢* is the classical
Laplacian operator A = Y /_, £c—22 The decomposition (2.1) is known as the harmonic
decomposition. Note that the power of a linear form £¢ is harmonic if and only if the
linear form £ is isotropic, namely the hyperplane £ = 0 is tangent to the isotropic quadric
Z(q) = {g = 0}. For a geometric point of view, see [9, Section 1.4.5]. We summarize the
main properties of the harmonic decomposition in the following well-known proposition,
which we state separately from (2.1) just to give a few definitions that will be used in the
rest of the paper and to show in the proof an easy algorithm to construct the harmonic
decomposition.

Proposition 2.1. Fix a nondegenerate quadratic form q € Sym>(V) and its dual q* €
Sym>(VV). For any f € Sym? (V) there exist unique fi_»; € Sym? =2 (V) for i =
0,...,1d/2] such that

ld/2]
f=> 4 fazi. q*(fa—2i)=0. Vi=0.....|d/2].
i=0
The polynomial fy is called the harmonic part of f. The polynomial f; is called the j-th
harmonic summand of f. The harmonic decomposition of ¢’ f is obtained by multiplying
by q’ the harmonic decomposition of f.

Proof. The harmonic part f; can be found as f; = f — gg where g is the unique solution
of the linear system ¢*( ) = ¢*(qg). The following summands can be found recursively,
starting from f;_, which is the harmonic part of g. ]

Remark 2.2. The bilinear symmetric form g on V' can be extended to a bilinear symmet-
ric form Q on Symd(V) by the condition Q(v?, w?) = (¢(v, w))4, Yv,w € V, which is
called the Bombieri—Weyl form. The summands of the harmonic decomposition (2.1) are
orthogonal with respect to Q. The linear map that sends a polynomial to its j-th harmonic
summand coincides with the orthogonal projection on the summand J#;, in particular, it
is SO(V)-equivariant.

Our arguments do not depend on the choice of ¢, so we denote often SO(V) =
SO(V, q), the form g being understood. The closed SO(V)-orbits in ]P’(Symd(V)) are
finitely many, precisely there is one closed orbit in each summand of (2.1). The closed
orbit in the summand ¢’ #4_,; consists of polynomials ¢*£¢~2" where £ is any linear
form such that the hyperplane £ = 0 is tangent to Z(g). They are isomorphic to the dual
of Z(gq) (isomorphic in turn to Z(g)) embedded by the (d — 2i)-Veronese embedding,
unless d is even and d = 2i, when the orbit consists of the single point g%/2. Let us
denote by Q,_; a smooth quadric in P(V'). Summing up, we have the following.
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Lemma 2.3. The polarized quadric (Q,—1, O(d)) is the unique closed SO(V)-orbit in
the space P (Hy). There is a natural isomorphism of SO(V')-modules

HO(Qr-1.0(d) = Ha.
There is a unique one-dimensional summand (q*) in (2.1) exactly when d = 2k is even.

Proposition 2.4. Let dim(V) = r + 1, d = 2k. For any nondegenerate quadratic form q
we have

HeSS(qk) — Cq(r+1)(k_1)

for some nonzero scalar c, which will be computed in Proposition 2.7.

Proof. The polynomial Hess(¢*) must be invariant by the SO(V, ¢)-action, hence it is a
power of ¢, up to a scalar multiple. The fact that ¢ # 0 can be checked with the diagonal
form ¢ = Y7_, x2. Indeed, the monomial power xZ" "* ™ appears as a summand in
the Hessian and the only entries of the Hessian matrix that contain a monomial power of
X are the diagonal ones, that contain 2kx§ (k_l), which are all nonzero. [
Remark 2.5. The argument in the proof of Proposition 2.4 is well known and may be
applied all the times we have an action of a group G with a single generator F' of degree
d of the invariant ring (&; Sym’ (V))€. Then the Hessian of F is equal to ¢ F " +1D(@-2)/d
for a scalar ¢ when (’H)dﬂ € Z and it is zero when ('H)dﬂ ¢ 7. In these cases the
degree of the polar map (see [6]) is one if ¢ # O (f is homaloidal) or it is zero if ¢ = 0
(f has vanishing Hessian). This case has been called rotally Hessian in [6, Remark 3.5].
Note that V' is prehomogeneous for the action of C* x SO(V), see [16, Example 19].

The simplest example of this behavior is when F' is the symmetric n x n determinant,
then Hess(F) = cF®+D®=2)/2 for a nonzero scalar c¢. This was noticed by Beniamino
Segre in [20].

When F is the determinant of a matrix in n2 indeterminates, its Hessian is ¢ F n(n=2)
for a nonzero scalar c. In the same way Hess(F¥) = c¢F""%=2) for another nonzero
scalar ¢. When F is the n x n Pfaffian, then Hess(F) = ¢ F~D=4)/2,

Proposition 2.6. Let Q = Q,_; C P(V) be the isotropic quadric. Fix x € Q and let
P, =1{g €SO(V) | gx = x}. Let H = x* be the tangent hyperplane to Q at x.
(i)  The action of SO(V) on P (V') has exactly two orbits, namely P(V) \ Q and Q.
(i)  The action of Py on P (V') has exactly five orbits for r > 4, namely,
P\ (QUH), Q\ H, H\Q, (QN H)\ {x} and {x}.
For r = 3, the orbits are six since Q N H consists of two lines.

For r = 2, the orbits are four since (Q N H) \ {x} = @.
Forr = 1, the orbits are three since H\ Q = (Q N H) \ {x} = 0.

Proof. It is well known and a straightforward computation in a coordinate system. ]

Proposition 2.4 has the following generalization to the other closed SO(r + 1)-orbits
in the decomposition (2.1).
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Proposition 2.7. Let g be a nondegenerate quadratic form, let { be a linear form such
that £ = 0 is tangent to Z(q). Then

cqUHDE=Dr+DR ek > 1 for ¢ = =27 VK" (k + h)(2k + h — 1),

Hess(gk ") =
@ {0 ifk =0,

Proof. Let Py € SO(V) be the isotropy group acting on V¥ which fixes the hyperplane
Z(£) with equation £ = 0, as in Proposition 2.6. The group Py acts on P (V') which is a
prehomogeneous space with a dense orbit with complement the reducible divisor Z(g) U
Z(£). The group Py acts on each space P(Symd (VV)). Since g € ]P’(Symd (VV))is a fixed
point if and only if Z(g) C P(V') is an invariant subset, it follows from Proposition 2.6 that
the only fixed points are ¢*¢” for 2k + h = d. Since the Hessian is a Pg-equivariant map,
Hess(¢¥¢) must be cq*¢" for some integer s, ¢ such that 2s +¢ = (r + 1)(2k + h —2)
and some scalar c. We may set ¢ = xox1 + x3 + -+ + x2, £ = xo.

We can now see which monomials of the type xg‘xf occur in the hessian of ¢
Let us take notice of these monomials occurring in each entry of the Hessian matrix, as
follows:

koh,

(h 4+ k)(h +k — DxBTE=20k e 4 pyxhHe=1 k=1 0 0
k(k + h)xhTk=1xk=1 k(k — 1)xh+k k=2 0 0
0 0 Dkxhth=lxk=1¢ 0
0 0 0 0
0 0 0 0 2bexhth-tyk-t

Computing the determinant of this matrix, we see that the only monomial containing xg,
. (htk-1D)(E+1) _k—1D)(@T+1) . i i i
X118 x; X , with nonzero scalar coefficient if k > 1. The computation

of ¢ is straightforward. This concludes the proof. |

Proposition 2.8. Let £ be a g-isotropic linear form, i.e., the hyperplane with equation
£ = 0 is tangent to the quadric Z(q). We have

Hess(qk + qu—mezm) — Coq(r+1)(k—1) + 8clq(r+l)(k—1)—m£2m 4o
where
co = 2" Tk"TI(1 — 2k),
c1 =2"k" 2k = )(2m? + m(r — 1) —k(r + 1)).
Proof. As in the proof of Proposition 2.7, the terms of Taylor expansion are Py- invariants,
hence they are linear combinations of terms of the form ¢”¢/ for integers 4, j . The 0-term
has been computed in Proposition 2.7. Exactly as in the proof of Proposition 2.7 we take

note of the monomials containing only xg, X1, in each entry of the Hessian matrix. The
monomials containing only xg, x; fill up the following blocks of the Hessian matrix

(5 5)
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where A is the following 2 x 2 matrix

(k(k — Dxk2xk 4 ek + m)(k +m — Dxktm2xkm K2xk k! o+ (k2 — m2)xf b )

K2xk Xk + ek — m?)xktmtxkom—t k(e — Dxkxt=2 + ek — m)(k —m — Dxftmxk—m=2
and B is the identity matrix of size r — 1 multiplied by
UexkTIxRTY 2k — m)x kTl kom=t

By expanding the determinant, according to Proposition 2.7 there is a term

cox(()r+1)(k—1)x§r+1)(k—1)

corresponding to cog " tV* =1 The e-term is

clSx(()r+1)(k—1)+mx§r+l)(k—l)—m

corresponding to gcy g TDk—1=mp2m n
We have the following consequence.

Proposition 2.9. Let dim(V) = r 4+ 1, d = 2k. Assume that for every m such that 1 <
m < k we have 2m? + m(r — 1) — k(r 4+ 1) # 0. Then the Hessian map has maximal
rank at g*.

Proof. The differential of the Hessian map at ¢¥ is a linear map between two representa-
tion spaces for SO(r + 1), that is invariant for the Lie algebra of SO(r + 1). By (2.1) the
domain is @f.;lqk_i H>i. Note that the i = 0 summand does not appear since the point
corresponding to ¢¥ is a generator of that summand when seen in Symd(V), but here
we are considering the tangent space at the corresponding point in the projective space
P(Symd(V)). In the same way the target space is @t(r:tl)(k_l)q('“)(k_l)_i Hai. Note
that each summand in the domain has a corresponding isomorphic space in the target
corresponding to the same index.

So the differential of the Hessian map at g¥ sends a form gk=¢%" € g%~ J3t5; to a
nonzero scalar multiple of g+ Dk=D=ip2i ¢ 4(r+DKk=D=i 30, . 1y Proposition 2.8. Since
this linear map is SO(r + 1)-equivariant, extending it by linearity it coincides, by Schur’s
Lemma, with a scalar multiple of the identity (up to isomorphism) in each irreducible
harmonic subspace. At level of polynomials, the differential of /14 , at g, restricted to the
summand g%~ #,;, is the multiplication by a nonzero scalar multiple of g"*~D~1 The
scalar of each summand depend on i, so that the differential of /4 , at ¢* has a diagonal
block structure padded by zeros. ]

Remark 2.10. As in the proof of Proposition 2.7, we set ¢ = xox1 + X2 + -+ + x2,
£ = xg, a g-isotropic linear form. Every matrix in Py fixes £, hence it has (1,0,...,0)" as
eigenvector. Then every A € Py has its entries satisfying a;; = 0 fori > 2 and a;; # 0.
The one-dimensional representation of Py given by A > ay}!, where ay is the (1, 1)-entry
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(necessarily nonzero) of A, is called L. We see now that this representation corresponds
to a basic line bundle.

There is a well known equivalence of categories between Pyg-modules and SO(r + 1)-
equivariant vector bundles on the smooth (r —1)-dimensional quadric Q,—1=SO(@ +1)/ P,
(see [2,12]). In this latter category the morphisms are SO(r + 1)-equivariant morphisms.
In a nutshell, given p: P; — GL(r), it is defined an action of Py on SO(r + 1) x C” given
by p-(g,v) = (gp. p(p~1)v) for p € Py, g € SO(r + 1), v € C", and the orbit space
has a natural vector bundle structure E, with fibers C” on the variety Q,—_;. In other
words, E, is obtained by the principal bundle SO(r + 1) — SO(r + 1)/ P; = Q,—; via
the homomorphism p.

Under this equivalence of categories, the representation L corresponds to the line bun-
dle O(1) on Q,_1, and more generally the representation L% corresponds to ©(t). This
can be seen since the space of sections H(Q,_1, E,,) is identified with { /: SO(r + 1) —
C” | f(gp) = p(p~Y) f(g)} with the natural SO(r + 1)-action given by (g - f)(g1) :=
f(g7'g1). Then a basis of H%(Q,_1, L) is given by f;(A) = a;; fori =0, ...,r, which
identifies H%(Q,_1, L) = V as SO(r + 1)-modules, hence L = O(1) as wanted.

Let £ be a nonzero g-isotropic linear form, and let d = 2k + 1. The differential of the
Hessian map A4, at g% is a linear map invariant for the isotropy group P; C SO(r +
1), consisting of g € SO(r + 1) such that g(£) = £. The group P is well known to be
parabolic [10, Section 23.3] but not reductive for r > 2.

The differential of /4, at gk is as follows

s (T (P(Sym? V))) gee — (T(P(Sym(r+1)(d_2)V)))q(,ﬂ)(k,]) s (2.2)

where we used Proposition 2.7. We study now the rank of 4/, . We will show in Proposi-
tion 2.19 that h/zk s has maximal rank for k > 2, with some numerical assumption on
k, r, exactly as we did in the even case in Proposition 2.9. In order to linearize this map,

it is convenient to consider the induced map
(T(PSym?V))) iy — (b, (T (P(SymTFE2y)))) .

where now both spaces are based at the same point g*£.
The rank of the differential 2/, . in (2.2) is one less than the rank of the corresponding
linear map between vector spaces, namely the map

k r+1)(k-1)
P Hizj— B Heinu-2-2i &L, (2.3)
j=0 i=0

where the exponent r of L is computed by the fact that /14, (g¥€) = g TDE=Dgr+1 5o
that g% € J, goes to g +D&=Dyr+1 ¢ 3¢ ., ® L", and we see that the factor £ is mul-
tiplied by £” € H°(O(r)) and the line bundle O (r) corresponds to L" (see Remark 2.10).
Note that the map hii, , in (2.4) is injective if and only if the map in (2.3) is injective.
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Comparing with the proof of Proposition 2.9, we note that since Py is not reductive, the
summands of (2.3) are no longer irreducible for the action of P; and we can no longer use
Schur’s Lemma. For example #; = V has the nonsplitting filtration 0 C (£) C (£)* C V
where the consecutive quotients are irreducible, and similar considerations hold for all #,.
The source and the target of (2.3) both split for the action of the reductive part of Py
in summands having multiplicities which are difficult to control, so that we find more
efficient to consider the map (2.3) as a map of P;-modules.

A description of Py-modules in terms of quiver representations is exposed in [18], but
here we proceed in a more elementary way. Let us define first the following linear maps.

Definition 2.11. Let i, j, k be nonnegative integers, such that |j —i|<k<i+j,i+k—j
being even. The linear map Pi’fj: Hi = H; ® LF is defined by

Pl(h) == (ht");

where (%) ; is the j-th harmonic summand of hek, according to Proposition 2.1. Notice
that j = k + i > 0 is the maximal value of j for which Pi]; is nonzero, for given i, k,

since the degree of h(X is k +i.

Proposition 2.12. The map Pi]]‘- is Py-equivariant and it is injective for j = k +i >0
(in this case the first inequality in Definition 2.11 becomes an equality).

Proof. The equivariance is clear since £ is a Py-invariant function (up to scalar multiples)
and the projection on the harmonic summands are even SO(V)-invariant, see Remark 2.2.
Let j = k + i and assume g € Ker(Pij_i). Then g£/~ has degree j and has vanishing
harmonic part, hence it is divided by g. It follows that g is divided by ¢ which implies
g = O since g is harmonic. ]

The following Lemma is a well known result from Representation Theory.

Proposition 2.13. Leri < j. As SO(r + 1)-modules, we have the following decomposi-
tions:

e Ifr >3then H; @ #; = (@2=o]€i+1’—2p) @ T where T is the direct sum of certain
irreducible SO(r + 1)-modules, not isomorphic to any H#,.

o Ifr =2then #; @ H; = @iii._i Hr (note here there is no parity condition among
i, jand k).

Proof. 1t follows from the Littlewood—Richardson rule for the orthogonal group, which is
exposed in full generality in [14]. The particular cases treated in [13] are enough for our
purposes, see [13, Example 2, p. 510]. Actually this example is exposed for the symplectic
group, but anything applies also in the case of the orthogonal group, see [13, p. 509]. In the
case r = 2, the module #; has dimension 2d + 1 and corresponds to H°(P!, O(2d)),
in this case the result is classical and it is sometimes attributed to Clebsch—Gordan (see
[10, Exercise 11.11] for a modern reference). [
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Although we do not use it, it seems worth to state the following interesting conse-
quence of Proposition 2.13.

Corollary 2.14. Letr > 2. Let f; € #;, f; € H;. Then the k-th harmonic summands of
the product f; f; are nonzero only for |j —i| <k <i 4+ j, i + j —k even.

Proof. The map which sends the pair ( f;, f;) the k-th harmonic summand of the product
fi i i8a SO(r + 1)-equivariant map #; ® H#; — H}. The parity condition follows from
the harmonic decomposition and it is necessary also for r = 2. In other words, among the
summands of the tensor product #; ® #; which are listed in the case r = 2 of Proposi-
tion 2.13, only the ones satisfying the condition i + j — k even appear as a k-th harmonic
summand of f; f;. m

Proposition 2.15. Let r >2. Every nonzero Py-equivariant map from J; to H#; QLK coin-
cides with a scalar multiple of Pi”‘j as in Definition 2.11. In particular, one has |j —i| <
k<i+4+j,i+j—kiseven

Proof. We come back to the equivalence of categories between Py-modules and SO(r +1)-
equivariant vector bundles on Q1 = SO(r + 1)/ P sketched in Remark 2.10. The injec-
tive map Pl.;_' of Proposition 2.12 corresponds to the injective map

H°(Q,-1.0()) ® Og,_, »> H*(Qr—1.0(j)) ® O(j —i).

This map is natural: indeed it corresponds to the multiplication of sections of (i) with
sections of O (j — i), which gives sections of (9(;). This map is SO(r + 1)-equivariant
and corresponds, taking the H ° functor, to the injection #; — H; ® H;_;. Consider now
any nonzero Pg-equivariant map from #; to #; ® Lk By taking the H® functor, such a
map corresponds to a SO(r 4 1)-equivariant map #; — H; ® Hj (see Lemma 2.3) and
it exist exactly for the values of k considered in Definition 2.11 and Proposition 2.13. =

Remark 2.16. In the case r = 2 we have that the Lie algebra of SO(3) is s[(2) and
the tensor product contains more summands, look at Proposition 2.13, where for r = 2
the parity condition disappear. Apparently, we get more maps than the ones stated in
Proposition 2.15, but the statement there is actually correct. There are indeed maps of
homogeneous bundles on Q; 2 P! that do not come from representations of P;. In this
case Q; = P! is embedded in the plane P(H#;) by twice the generator of Pic(P1). Con-
sider the universal covering SL(2) 5 SO(3). The generator of Pic(P!) is homogeneous
as well, but it comes from a representation of the parabolic group 7 ~!(P;) C SL(2), so it
does not come from a representation of Py.

Proposition 2.17. Let £ be a g-isotropic linear form. We have
Hess(qu + 8qk—m£2m+l) — C()(](r+1)(k_1)£r+l + 8c1q(r+1)(k—l)—m62m+r+l 4,
where
co=—-2"k"t1(k + 1),
= Z’kr(mz(Zk + 1) +mik+r—k)—k(k+ 1D+ 1)).
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Proof. As in the proof of Proposition 2.7, the terms of Taylor expansion are Py- invariants,
hence they are linear combinations of terms ¢”¢/ for integers %, j. The O-term has been
computed in Proposition 2.7. Exactly as in the proof of Proposition 2.7 we take note of
the monomials containing just x¢, X1, in each entry of the Hessian matrix, that fill up the

following blocks
A 0
0 B)’

k(k+Dxf ' xb tele+m)e+m+ Dxg k= k(k+ Dx§xf™ +e(k—m) (k+m+ 1Dt T xk—m—1
k(e + Dxbx" +ete—m)(k+m+1)xE+mx ’;m U k(k—DxET 22 ek —m) (k—m— 1) xkTmH1 xh-m=2

where A is the following 2 x 2 matrix

and B is the identity matrix of size (r — 1) multiplied by
Uexk xRV e2(k — m)xkTmkmm=t
By expanding the determinant, according to Proposition 2.7, there is a term
cox

(r+Dk _(r+1)(k—1)
0 X1

corresponding to cog "t DE=D¢r+1 The e-term is
clsx((,’+1)k+’”x§’+1)(k—1)—m
corresponding to gcqq "t DE=D—mp2m+r+1, .

Proposition 2.18. Let £ be a g-isotropic linear form. We have the formula

Hess(qk_lﬁz +8qk—mz2m) — COq(r+l)(k—2)£2(r+1) +Sclq(r+1)(k—2)+l—m£2m+2r 4.

where

co=—-2""Yk —1)"(k + 1)(2k — 1),
1 =2 k=1 2k - 1)(2km2 +m(rk +r—5k + 1)—k(k(r +1)+r —3)).
Proof. As in the proof of Proposition 2.7, the terms of Taylor expansion are Py- invariants,
hence they are linear combinations of terms ¢”¢/ for integers /, j. The O-term has been

computed in Proposition 2.7. Exactly as in the proof of Proposition 2.7 we take note of
the monomials containing just x¢, X1, in each entry of the Hessian matrix, that fill up the

following blocks
A 0
0 B)’

k(e +1) x5 x5+ ek +m) (k+m—1)xETm=2xk=m (k2 —1)xk x5=2 + e (k —m) (k +m)xE T xk-m=1
(k2= 1)xkxi2 ek —m)(k+m)x§ T Xkt (k—1)(k—2)xg 7' xF 3 +e(k —m) (k- mfl)xi.‘*"' I

where A is the 2 x 2 matrix
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and B is the identity matrix of size (r — 1) multiplied by
2(k — l)xgxlf_2 + e2(k — m)xg"’m_lxlf_m_l.
By expanding the determinant, according to Proposition 2.7 there is a term

Cox(()r+l)kx§r+1)(k—l)

corresponding to ¢t D&=Dr+1 The ¢-term is

Sclx(()r-l—l)k—i—mxir-i-l)(k—l)—m

corresponding to ecy g TDk—D—mp2mtr+1, m

Proposition 2.19. Let d = 2k + 1, r > 2. Assume that for every m such that0 < m <k
we have m?(2k + 1) + m(rk +r —k) —k(k + 1)(r + 1) # 0. Then the differential of
hg, at gk is injective.

Proof. The differential of 4 , at qkﬁ as in (2.3) takes the summand #4_,; in the domain
to several summands ¢, in the target, for p < d — 2j + r, as it follows from Proposi-
tion 2.15.

By using Proposition 2.15, the map induced from #;_5; to the extreme summand
Ha—2;+r is a nonzero scalar multiple of Pc;—2j,d—2j+r defined in Definition 2.11, hence
it is injective. Indeed, the fact that this map is nonzero follows for j < k by computing the
derivative at ¢* £ in the direction of ¢g¥~"¢£2™+1 with the same linear form £, which makes
the computation easier and it has been already performed in Proposition 2.17. Here we
use the numerical assumption in the hypothesis. In particular, the differential of 4 , has
a triangular block shape, with the diagonal blocks of maximal rank, hence it has maximal
rank and it is indeed injective.

In order to prove that the restriction of /14, is nonzero also on the summand J; / (g*0),
for j =k, we fix ¢ = xox1 + ) ;>s xi2 and we consider the Hessian of ¢%xo + eq¥x,
which is

2"k T (k4 DgUTDED (I e (r 4 Dxhxg +---).
This computation can be performed, as in the proof of Proposition 2.7, in the case where
x; = 0 fori > 3, so looking only at the monomials containing x¢, x1, X». In this compu-
tation x, may be replaced with any other linear form g-orthogonal with x¢. The assertion
follows. ]

Proposition 2.20. Let d = 2k, r > 2. Assume that for every m such that 0 < m < k we
have 2km? + m(rk +r —5k + 1) —k(k(r + 1) + r — 3) # 0. Then the differential of
hg, at gk=1¢2 is injective.

Proof. The argument is analogous to the one of Proposition 2.19 and we just sketch it.
The differential of /4, at g¥=1¢2 is the Pg-equivariant map

h;',r: (T(P (Symd V)))qk—lgz — (T (P(Sym(r+l)(d_2) V)))q(r+1)(k—2)52(r+1)‘ (2.4)
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which is injective if and only if the corresponding linear map

k (r+1)(k—1)
@de—zj — @ Hir+1)(d—2)—2i ® L (2.5)
j=0 i=0

is injective.

We continue exactly as in Proposition 2.19, by using Propositions 2.15 and 2.18. In
order to prove that the restriction of &4, is nonzero also on the summand #,/(g*~1¢2),
we fix g =XxoX1+) oy xi2 and we consider the Hessian of qk_lxg +eq* 1 xgx, which is

—2 Nk = 1) (k + 1)(2k — g HDED (20D L or p Dy 4-00). w

Remark 2.21. The parabolic subgroup P; used in the proof of Proposition 2.7 appears
implicitly in [8, Section 1, Example 4], where it is considered the homaloidal polynomial
Xo(xox2 + xf) as relative invariant for P, C SO(3). In the same way, the Perazzo cubic
3-fold (see for example [19, Theorem 7.6.7 (iv)]), is a relative invariant for the parabolic
subgroup P C SL(3) of linear transformations fixing a point, which is 6-dimensional. The
Perazzo cubic 3-fold is isomorphic to the zero locus of the symmetric determinant

0 X0 X1
Xo X2 X3
X1 X3 X4

and this determinantal expression shows it can be interpreted as the variety of singular

conics passing through a point p € P2. This remark completes the description of the
isotropy group of the Perazzo cubic 3-fold begun in [7, Example 4.3].

Remark 2.22. Proposition 2.7 gives an obstruction to extend the present technique to the
cubic case in higher dimension. Indeed, since Hess(gf) = —2"t1¢"*1, the Hessian map
hs, contracts the variety £y = {g¥ | g is tangent to £} (which is a degree r hypersurface)
to a point and it has not maximal rank at ¢¥.

We prove now our main criterion of birationality by using the group action.

Theorem 2.23. Let G;, C ]P’(Symd(V)) X P(Sym(d_z)(’“)(V)) be the closure of the
graph {(f, ha (f)), for any f such that hg ,(f) is defined}. Assume there exists a non-
degenerate quadratic form q and a linear form £ such that the hyperplane £ = 0 is tangent
to the quadric Z(q) and such that one of the following three assumptions hold:

(4, qUtDE=Dy & G ifd = 2k is even
and moreover assume that for every m such that 1 <m <k, (2.6)
we have 2m* + m(r — 1) —k(r + 1) # 0;
(4, qrtDE=Drly ¢ Gy ifd = 2k + 1is odd
and moreover assume that for every m such that0 < m < k, .7
we have m*(2k + 1) + m(rk +r —k) —k(k + 1)(r + 1) # 0;
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(4, qrDE=2 204Dy ¢ G, L ifd = 2k is even
and moreover assume that for every m such that0 < m <k, (2.8)
we have 2km? + m(rk +r —5k + 1) —k(k(r +1) +r —3) #0.

Then hgq ; is birational onto its image.

Proof. The group G = SO(V') leaves G4, invariant and the projection on the second
factor n: G4, — ]P’(Sym(d 20D (1Y) s G-equivariant. We consider first the case d
even. We have to prove that 7 is generically injective and since it is a morphism between
projective varieties it is enough to prove that the scheme-theoretic fiber of some point is
a unique point. Under the assumption (2.6), we may want to prove that 7! (¢ +D&=1))
consists of the single pair (g%, g +D&=1D) (compare with Proposition 2.4). The fiber
7~ (gt DE=D) is G-invariant. Since (g%, g TP 1) i a connected component of the
fiber by Proposition 2.9, if the fiber is larger it must contain another closed G-orbit. These
closed orbits have the form

{(qaﬁb, g TOE=Dy for ¢ isotropic}

for a a nonnegative integer and b a positive integer, such that 2a + b = 2k. The cases
a > 0 do not belong to G4, by Proposition 2.7. The case a = 0, b = 2k does not belong
to G4, by the assumption (2.6).

Similarly, under the assumption (2.8), given any isotropic linear form ¢, we may
want to prove that the fiber 771 (g +D*=2) 2"+ 1)y congists of the single pair (g¥~1¢2,
g+ DE=2) g2+ (compare with Proposition 2.7). Consider the algebraic set ¥ of all
forms of the type ¢t D*=2) 20 +1) with ¢ isotropic. The set ¥ is G-invariant, and there-
fore also its counterimage X’ via 7 is G-invariant. By Proposition 2.20, there is a connected
component X" of ¥/, that consists of all pairs of the form (gF—1£2, g +D&=1 g2(r+1))
with £ isotropic. We want to prove that ¥’ = X”. We argue by contradiction. If this is
not the case, then there is some closed orbit contained in X'\ X”. Such a closed orbit,
different from X, could only be of the form

{(q“[b, g TDE=2) 2041y for ¢ isotropic}

with a, b nonnegative integers such that 2a + b = 2k and a # k — 1. The cases a > 0,
a # k — 1 give a contradiction by Theorems 2.4 and 2.7. The case a = 0 and b = 2k is
excluded by (2.8). This concludes the proof of the case d even.

The case d odd, under the assumption (2.7), is analogous by using Proposition 2.19. m

Remark 2.24. A linear form £ defines a hyperplane £ = 0 that is tangent to the nondegen-
erate quadric Z(q) if and only if £ is an isotropic point for the dual quadric, and then we
have called £ a g-isotropic linear form. Since G, is SL(V/)-invariant, if (04, qr+Hk=1)) ¢
G, for a nondegenerate quadratic form g and a g-isotropic linear form £ (see (2.6)), then
4, q+D%=y ¢ G, , for any nondegenerate quadratic form ¢ and any g-isotropic lin-
ear form £.
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In the next section, we will investigate the assumptions of Theorem 2.23. We will
prove in Corollary 3.6 that (2.6) is satisfied when r = 2 and k > 2 (d even) and that (2.7)
is satisfied when r = 2 and k > 3 (d odd). Note that for r = 1 this strategy does not
work, in [5, Proposition 2.5] we proved that for »r = 1 and for any linear forms x, y then
(x4, (xy)¥7?) € Gg,1, so that we used a different approach to prove the birationality of
hg 1. It is unclear if the assumptions (2.6) and (2.7) hold for r > 3.

3. The indeterminacy values assumed by the Hessian map for ternary
forms

The goal of this section is to show that the assumptions of Theorem 2.23, regarding the
membership of certain elements to the closure of the graph of the Hessian map, are sat-
isfied for ternary forms, i.e., when r = 2. Recall that the Hessian map is not defined at
forms which are cones but, approaching such forms, the Hessian map (as all the rational
maps) can assume some “indeterminacy values”. In [5, Proposition 2.5], we proved that,
for r = 1, approaching the power x(‘f , the Hessian is a form of degree 2d — 4 which is
divisible by xg ~2, so these are the indeterminacy values of the Hessian map in the case of
binary forms. The main result of this section is Theorem 3.3, which shows an analogous
property for ternary forms.

Let Gy, C P(Sym?(C?)) x P(Sym>@=2)(C?3)) be the closure of the graph of the
Hessian map /4 » as in Theorem 2.23. Assume (xg, r) € G4 » for some polynomial r. The
point (xg ,r) may be approximated by an algebraic one-dimensional branch ( f(¢), g(¢))
such that g(¢) = Hess(f(¢)) for small ¢ # 0 and such that f(0) = xg . Considering the
projection f(¢) to the first component, we get a Puiseux series

+o0o
f@)y=xg+> 1% f; G.1)
i=1
witha; € Q,0 < @y < &y < ---, the denominators of «; are bounded and the series con-
verges in the Euclidean topology for |¢| < §. We may assume that &1z »(f(t)) = Hess(f(t))
is well defined for 0 < |¢| < 6.
The Hessian matrix of f(¢) is

d(d —Dx§™2+ 3 1t% fioo 2t% fior 1% fioz
2 1% fion t%finn t%firn ],
2 t% fio2 Dot% fina 1% fian
where, of course, the indices refer to differentiation.

Computing the determinant, by linearity on each row, we have in a neighborhood of
t=0

Hess (f(1)) =d(d—1)xg—2(Zt“f+°‘fH12(ﬁ,ﬁ)) +Y tTUTRH(f f fr), (B2)

i,J i,jk
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where

1

2

fi1 fiz
821 822

811 £12

1 1
Hix(f.g)=Hia(g, f)= E(fugzz —2f12812 + f22811) = 5 P for

(see, for example, [17, Section 4.3]) and

Joo  for  fo2 Joo  for  fo2 goo go1 go2
6H(f . g.h) =|g10 g1 &i2|+ |hio hir hiz|+ |fro fu1 fi2
hao  ha1r ha g20 &21 &22 hao ha1 hx

goo &o1 &o2 hoo hor  hoz hoo ho1  hoz

+lh1o hir hi|+|fio fir fi2| + (g0 g1 g12

S0 21 S22 820 821 8£22 Jo 21 fa2

sothat H(f, f. /) = Hess(f). We set Hi»(f) = Hiz(f. f) = fi1 fr2 — [55-

Lemma 3.1. Let r = 2. Assume f11 faz — f5 is identically zero. Then
o f=x@+xq M (x1,x2) + Zid=2 xd7 eim(x1,x2)" withl, m linear forms, ¢; scalars,

* Hess(f) is divisible by xgd_“. Moreover, Hess( f') vanishes if and only if | and m are
proportional.

Proof. Let f = Yo @ (xy, x2)xd~ be the xo-expansion of f, with /@ (x;, x;) a
form of degree i, for 0 < i < d. The first two summands f@x¢ + fMxg=1 do not
contribute to f11 f22 — flzz, hence the assumption has an influence only on the summands
for 2 <i < d. This explains the different behavior of the summands in the first claim of
the thesis. We consider the matrix

d @), d—i d @), d—i
(fn flz) _ (Zi=2 1 xg T Yo fi2 xg l)
= J N J R

Jiz fa D iz 1(5)3‘37 iz 2(£)x(l)i '
Let £ be the first nonzero summand. We get

f11f22 — f122 = H]z(fj)xgd_Zj + -+ HlZ(f(d))s

where the intermediate terms involve also some mixed transvectants among the f@. By
linearity on each row of the determinant, we get some formulas similar to (3.2). Expanding
the determinant, we find the precise formula that is

d

firfer — f5 = Z( Z le(f(kl)’ f(kz)))xgd—zi.

i=j ki+ky=2i

The Hessian of £ /)(x}, x,) vanishes since it corresponds to the first summand obtained
for i = j. Hence, up to a linear change of coordinates, the form f ) (xy, x,) can be
assumed to be x{ (note that j > 2). Indeed our statement is invariant by linear change of
coordinates involving xp, x».
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The first claim is that x{ divides f® forany i > j. This is proved by induction on i,
the starting case i = j has been just granted. For the next case, le(x{ LUty =0
implies /.4 ™" = 0, so that fU+D = x7n for a linear form n. At the next step one has

H12(X{, f(j+2)) =+ le(x{n,x{n) =0.

This implies j(j — D)xd 2 £4 12 —2j2x2 7232 = 0 hence £33 72 is proportional to x7,

which implies that U +2) =X Aq for a quadratlc form ¢. At the next step one has
Hiz(x], fYT) + Hip(xIn,x{q) =0,

which implies

JG =D 29 4 (GG = Vx4 23] ) xd g
- 2(jx{_lq2 + xféhz)jxf_lnz =0,

Y+3) is divisible by x7, which implies that U+ = x/¢ for a cubic form c.

hence f,;
Continuing in this way we can prove that fz(é) is divisible by x{ forany i > j, hence f @
is divisible by x{ (in particular, by x7) forany i > j. _

Now assume by contradiction that x, appears with positive exponent in f @ (x;, x)
forsomei =3,...,d. Let xé"’ be the maximum appearance, hence M > 1. It may appear

more than once, so that for convenient scalars a; we have

d

Zf(i)xg’—i :( Z a; xd ixi= M) é"’—i-lowertermsinxz,
i=2 i=M+2

andi — M > 2 since £ is divisible by x2. Let N = max{i = M +2.....d | a; # O}.

Then

fi1 = Z (i—M)i—M—1)a;xg d— iyl M—2 M~|—10wertermsmxz,
i=M+2

Ji2 = Z (i — MY)Ma;x8 I xi™M=1xM=1 4 Jower terms in xa,
i=M+2
N
S22 = Z MM — 1)a;x, =i ximM xM=2 1 Jower terms in x,
i=M+2

so that

fi1frr— f5=—ax M(N—1)(N — M)x2d —2N 2N 2M=2y 2M =2 4 lower terms in x5,

where the monomial order is the lexicographical order with x, > x| > x¢. The hypothesis
implies ay = 0 which is the desired contradiction, that proves the first assertion.
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Now we go on assuming m = xj. If Hess(f) = 0 then f = 0 is a cone by Hesse’s
Theorem, and it is immediate to check that then / is a multiple of x;. Conversely, if /, m
are proportional then f = 0 is a cone and Hess(f) = 0.

We finally show that Hess( f) is divisible by xgd_“. Recall that

d
f=xd +x87 M (x1,x0) + Zcixg_ixi.
i=2

Ifc; =0forall2 <i <d,then f = 0 is easily seen to be a cone and Hess(f) = 0, in
which case the assertion is trivial. If there is an i with 2 < < d such that ¢; # 0, then
we have f1; # 0, and also

d—2
f12=0, fa2=0, for=yxg
with y a constant. Hence the Hessian matrix is

foo  for yx@72

Jor i 0
yxg 2 0 0
and the thesis follows. [

Remark 3.2. The plane curves of degree d with equation f = 0; with f asin Lemma 3.1
have a point P of multiplicity d — 1 (whichis (0:0: 1) in the homogeneous coordinates of
the Lemma if / = x,), which is a hyperflex, in the sense that all lines through P meet the
curve with multiplicity d — 1 except the flex tangent (which is xo = 0) which meets with
the highest multiplicity d at P. Note these curves are rational and in some sense are the
irreducible curves “closest” to the cones. Indeed a plane curve of degree d is a cone if and
only if it has a point of multiplicity d, where all derivatives of degree d — 1 of the defining
polynomial vanish. Instead, for the curves in question, at the point of multiplicity d — 1
all derivatives up to order d — 2 vanish, moreover, the tangent cone has degree d — 1 and
consists of a multiple line, which means that all derivatives of order d — 1 vanish except

(in the above coordinate system) %(0, 0,1) #0.
2

Theorem 3.3. Let r = 2, let f(t) be as in (3.1). Assume d > 4. Then xg_3 divides the
limit of Hess(f(¢)) fort — 0.

Proof. The proof is a case by case analysis of the expansion (3.2).

First case, the limit in (3.2) for # — 0 is a summand in the second row. In this case it
is clear that xg =2 divides the limit.

Second case, the limit in (3.2) for  — 0 is a summand in the third row. Let H( f;, f;. fx)
be such a summand. We have now a few subcases.

(1) If i = j =k then Hy2(f;, fi) vanish (since it is a previous summand in (3.2))
and by Lemma 3.1 we get that H(f;, fi, f;) is divisible by x29 4.
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(2) Ifi <j =k then Hiz(fi. fi)=Hia(fi. f;j)=H2(fj. f;)=0and also H(f;. fi. /i)
= 0. By Lemma 3.4 below we get that H(f;, f;, f;) is divisible by xgd_“.

(3) Ifi = j < kthen Hi2(f;, ;) = Hi2(fi, f;) = 0and also H(f;, fi, fi) =0.In
this case H(f;, f;, fi) is divisible by x2¢=%, by Lemma 3.4 below.

) Ifi < j <kthen Hi2(fi, fi) = Hi2(fis f3) = Hi2(fy, f7) = Hi2(fi, fi) =
Huy(fj. fk) =0andalso H(f;. fi. fi) = H(fi. fi. fj) = H(fi. f;. /;) = 0.By
Lemma 3.5 below we get that H( f;, f;, fx) is divisible by x(‘f—3.

This concludes the proof of Theorem 3.3 after the following two lemmas are proved. =

Lemma 34. If Hi>(f, ) =0, H2(f.g) =0, H(f) =0, then H(/, f, g) is divisible

by xgd_“. Moreover, if also H1,(g, g) vanishes then H(f, g, g) is divisible by xgd_“.

Proof. Let us prove the first assertion. By Lemma 3.1, the assumptions imply that

d
f=x0 4> cx{mx1.x).
i=1
The statement is invariant by a linear change of coordinates in xj, x,, hence we may
assume m(x1,x3) = x1. It follows that f, = 0. We get H12(f,g) = %fngzz, hence either

Jir=0o0rgpn =0.
Suppose first f1; = 0. As

d

S = Zi(i — Deix§ a2,

i=2

we have that ¢; = 0 for all 2 <i < d, and therefore f = xg + clxg_lxl, S0 for1 is
divisible by xg ~2. A straightforward calculation shows that H( f, f. g) = —% g22 [, that
proves the assertion.

If g2» = 0, taking into account that f, = 0, one easily checks that H( f; f,g) = 0 and
the assertion follows again.

Let us now prove the second assertion. Again, by Lemma 3.1 applied to f, we have
that

d
f= xg + Zcixg_i (axi + bxs)". 3.3)
i=1
By Lemma 3.1 applied to g we may assume that
d . .
g=x{ +x{7+) eixd (3.4)
i=2

with [ = [(x1, x2) a suitable linear form, so that g» = g2> = 0 and xg—z divides go>.
Then again H2(f, g) = %fzzgll = 0, so that either g;; = 0 or f5, = 0.
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Assume first that g;; = 0. One has

d
g1 = Zeii(l’ — Dxd71xi72,

i=2
hence g1; = 0 implies that e; = O forall 2 <i < d, so that
g =x¢ +xd71, (3.5)

S0 goo is divisible by xg 3 and go1 , go are divisible by xg ~2. Then the only nonzero
summands in H( f, g, g) are as follows

goo go1 o2 goo o1 o2
3H(f.g.g) = |fio fi1 fiz|+|g€0 O O
g20 O 0 J20 far S22

and, taking into account the previous divisibilities, the assertion follows.
Next we assume f, = 0. We have

d
fo2 =Y i — DP2x{ 7 (axy + bxy) 72,

=2

So, either b = 0 or ¢; = 0 forall 2 <i < d. Suppose first that b = 0. So we may write f
as

—x0+ZC’ d=ixi (3.6)
i=1
so that f, = 0. Then H(f, g, g) reduces to

goo go1 8o2
3H(f.g.8&)=|fio fuu O
go2 O 0

and, taking into account that xg 2 divides go2, the assertion follows again.
Finally, assume that ¢c; = 0 for all 2 < < d, so that

f= x0 + c1x0 (ax1 + bxy), 3.7
and fo, is divisible by xg—z and f11 = f12 = f22 = 0. Then one has

goo go1 go2 Joo for  fo2
3H(f.g.g)=1|g10 g1 O |+|g0 gu O
J2o O 0 g20 O 0

and the assertion again follows. ]
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Lemma 3.5. If Hiz(f, f) = Hi2(f. g) = Hiza(g, g) = Hiz2(f, h) = Hia(g, 1) = 0,
H(f) =0, then H(f, g, h) is divisible by x{ 3.

Proof. The analysis is similar to the one in the proof of Lemma 3.4. As in the proof of that
lemma, we have that f and g are as in (3.3) and (3.4) respectively, so that g1 = g2 =0
and xg—z divides goo. Again Hi»(f, g) = f22g11 = 0, so that either g1 = 0 or f2, = 0.

Assume first that g;; = 0. As in the proof of Lemma 3.4, this yields that g is as in
(3.5), so goo is divisible by x(‘)i =3 and go1 1s divisible by x(‘)i 2. Now let us look at the six
determinants that appear as summands in H( f, g, 7). In the first and the last ones the row
(210,811, &12) = (210, 0, 0) appears and g1 is divisible by xg—z. In the second and the
fifth ones the row (g20, g21,£22) = (g20, 0, 0) appears and g5 is divisible by xg 2 Inthe
third and the fourth ones the row (goo, g01, £o2) appears and all three entries are divisible
by x(’f—3. This proves that H( f, g, h) is divisible by xg_3.

Assume next that f, = 0. As in the proof of Lemma 3.4, this yields that either b = 0
orc; =0forall2 <i <d.

Suppose first that » = 0. Again as in the proof of Lemma 3.4, this implies that f
can be written as in (3.6), so that f, = 0. Then we have Hi,(f, h) = f11h2 = 0 and
Hi;(g,h) = g11h22 = 0. Suppose h2 = 0. We compute

Joo for O foo for O goo go1 O
6H(f. g.h) = g0 g1 O]+ |hio hit hi2|+|fio fuu O
hao ha1 O g20 0 O hao ha1 O

goo &go1 O hoo ho1 hoz hoo ho1 hoa
+|hio hur B+ |fio fui O |+ |80 g1 O],
0 0 0| [g0 0 0 0o 0 0

so that the only two nonzero summands are divisible by g, that in turn is divisible by
xg 2 and the assertion follows.
If hay # 0, then we have fi1; = g11 = 0, which implies that
f=x5 +eixg T g =xg +xi
and this yields that x(”,l —3 divides foo and goo and xg ~2 divides fo1 and go;. Then again
we compute

Joo for O Joo for O goo g1 O
6H(f,g.h)=|gio 0 O |+|hio huu hiz|+|fio 0 O
hao  hat ha g2o 0 O hao  ha1 hao

goo go1 O hoo hot  ho2 hoo ho1 hoo
+lho hir B+ |fio O O|+|g0 O O
0 0 0| |go 0O 0 0 0 0

and we see that the nonzero summands are divisible by x2¢~* and the assertion follows.
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Finally, we have to analyze the case in which ¢; = 0 for all 2 <i < d, so that f is
as in (3.7), that yields f1; = f22 = f12 = 0and x(‘)i —3 divides fyo whereas xg ~2 divides
fo1 and fo2. We have again Hy2(g,h) = g11h22 = 0, so that either g;7 = 0 of h, = 0.

Suppose g11 = 0. Then, as above, we have g = xg + xg_ll so that xg_3 divides goo,
xg ~2 divides go1 and goz. We have

Joo for  fo2 Joo  for  Jfoz goo o1 go2
6H(f.g.h)=|g10 O 0|+ |hio hir hiz|+|fio O 0
hao  ha1 hoao g0 O 0 hao  ha1 hao

goo o1 &o2 hoo hot hoz hoo hot  ho2
+lhiwo hir hi|+|fio O O|+|g0 O O
0 0 0] |go 0 0 0O 0 0

and again H(f, g, h) is divisible by xJ 2.
Finally, if 7, = 0, we have

Joo  for fo2 Joo  for fo2 goo go1 go2
6H(f,g.h)=|g10 g O |+ |hio huu hiz|+|fio 0 O
hao ha1 O g2o 0 O hao  ha1 hao

goo go1 &o2 hoo  hor  hoz hoo  hor  hoz
+|hio hir hi|+|fio O 0|+ |g10 g1 O
Jo 0 O g2o 0 0O Joo 0 O

and by the divisibilities noted above, we again have that H( f, g,h) is divisible by xg 2 =

Corollary 3.6. (1) The point (xgk, q3®*=1) does not belong to the closure Gog 2, of
the graph of the Hessian map hsy », as in (2.6).

(2) The point (xgk"'1 , q3(k_1)x3) does not belong to the closure G112, of the graph
of the Hessian map hajy1 2, as in (2.7) if k > 3.

(3) The point (xgk, q3(k_2)xg) does not belong to the closure Gy », of the graph of
the Hessian map hyg », as in (2.8) ifk > 5.

Proof. The first case is clear by Theorem 3.3. When d = 2k + 1, in order to apply The-
orem 3.3 we need 2k + 1 — 3 > 3, so k > 3. In the last case we need 2k — 3 > 6, so
k> 5. [

Theorem 3.7. The Hessian map hg > is birational onto its image for plane curves of even
degree d > 4, d # 5.

Proof. We apply Theorem 2.23. Let first d be even. The numerical assumption in (2.6)
for r = 2 is 2m? + m — 3k # 0 for every m such that 1 < m < k. The equation 2m? +
m — 3k = 0 has no integer solutions for k = 2, ..., 6, so in these cases we get the the-
sis by Theorem 2.23, since the assumption (2.6) about the graph is satisfied thanks to
Corollary 3.6 (1). For k > 7 the numerical assumption (2.8) of Theorem 2.23 for r = 2 is
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satisfied thanks to Theorem A.2 of the appendix (read there (k,m) = (x, y)). The assump-
tion (2.8) about the graph is satisfied thanks to Corollary 3.6 (3) and we get the thesis by
Theorem 2.23. Let now d be odd. The numerical assumption (2.7) of Theorem 2.23 for
r = 2 is satisfied thanks to Theorem A.l of the appendix. The assumption (2.7) about
the graph is satisfied thanks to Corollary 3.6 (2), and we get again the thesis by Theo-
rem 2.23. ]

Appendix: Integral points on two elliptic curves (by Jerson Caro and
Juanita Duque-Rosero)

In this appendix, we answer a question from Ciro Ciliberto and Giorgio Ottaviani and
show the following theorems.

Theorem A.1. The integral points on the curve y?>(2x+1)+y(x +2)—3x(x+1) =0 are

Qy :={(0,0), (=1, 1),(1,-2),(1,1),(=1,0), (0, =2)}.

Theorem A.2. The integral points on the curve 2xy? + y(=3x +3) —x(3x —1) =0
are

Qs :={(1,=1).(9,-3).(2,2).(1,1),(0,0), (-=1,2), (=1, D}.
Al Thecurve y2Q2x + 1) + y(x +2) = 3x(x +1) =0

We first change coordinates using the map (x : y : z) = (x : x 4+ y : z) in homogeneous
coordinates. To set up some notation, consider the projective curves

C:2x3 +4x%y + 2xy? —x%z + 3xyz + y2z —xz2 +2yz2 =0,

35 21 9 (A.8)
322 2 st 2, 7.3

TR TR TR
We have that W is isomorphic to the elliptic curve with LFMDB label 366.b1 (see [15]).
The Mordell-Weil rank of W is 1, and the torsion of the Mordell-Weil group is Z/3Z.

The curves C and W are birational:

P1: C w

W:y?z =x

9 3
(x:y:2)— <6xy :3x2 — 2= 3y + 2% = 6yz: —8x2% — 4xz).

A simple computation shows that the only point P € C(Z) for which p; is not defined is
©:0:1).
An integral model for W is the curve

X:y%z = x — 8960x2z + 22020096x2% + 96636764162>.

We also have

02: w X

(x:y:1)—(212x: 218y : 1),
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Let Cy, Wy, and X be the affine charts where z = 1. Then Theorem A.l can be
restated as Co(Z) = ;. We now prove three lemmas that will allow us to identify Cy(Z)
using points on W and X.

Lemma A.3. Let P := (x,y) € Co(Z) \ {(0,0)}. Then, p1(P) € WO(Z[%]) U{(0:1:0)}.

Proof. Let (x : y : 1) € Co(Z). Since p; is defined over Z[%], then p;(P) may have
powers of 2 as denominators. The only part that is left is to show that if —8x% — 4x # 0,
then normalizing p; to have the coordinate z equal to one produces coordinates x and y
in Z[é]. To prove this it is enough to show that for any prime number p > 3 and x, y as
before,

9 3
vp(6xy), vp (3x2 — 3 3y* + 5%~ 6y) > vp(—8x% — 4x).

Let p > 3 be a prime number. Then

1)1,(—8)62 —4xz) = vp( —4x(2x + 1)) =vp(x) +v,(2x + 1).

We note that since p > 3, only one of those valuations can be nonzero. We first assume
that v, (x) > 0. It follows that v(6xy) > v, (x). For the other coordinate:

1)1,,(2x2 —3xy —2y% 4+ x —4y)
v, (3xy + 4x3 + 8x%y 4+ 4xy? —x)
vp(x) + v, By + 4x% 4 8xy +4y% — 1)

> vp(x),

9 3
Up (3x2 — 3y - 3y% + Thin 6y)

where the second equality follows from the equation of C.

Now we assume that v,(2x + 1) > 0 and we note that this implies that v, (x) = 0. By
the equation defining W, we have that modulo p the only point at infinity is [0 : 1 : 0],
in particular, v,(y) = v,(6xy) > v,(—8x? — 4x) = v,(2x + 1). On the other hand, we
have:

29 2, 3
vp<3x —Exy—.’ay +§x—6y)

3 9
= vp ((Zx + 1)(§x) — y(zx +3y + 6))
> min {vp(2x +1)+ vp(gx), vp(¥) + vp (gx +3y + 6)}
> min {v,(2x + 1), v, ()}
> vp(2x + 1),

which yields the desired result. ]

Lemma A4. Let x,y € Z[é] and let P := (x,y). Then P € WO(Z[%]) if and only if
p2(P) € Xo(Z[¢)).
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Proof. The map p; is already normalized, and the only denominators are powers of 2. m

Lemma A.5. For Wy as above, we have
1 29 817 3 3 9 3 9
WolZ|-|) = - t— 0.z .| === ). | . =),
6 324" 11664 8 16 16 4 16
5 9 3 3 2145 51633 27
=l )l == == ). |3 £ )]
(4 16) (2 4) (1024 32768) ( 8)
21 153 1077
—x=— ), (27, — | ;.
4 16 8

Proof. Using the Magma function SIntegralPoints [3], we compute the set XO(Z[é])
and then take the preimage under p, to W. By Lemma A 4, this set equals Wy (Z[%]). ]

Proof of Theorem A.1. We first compute integral points on Co. Lemma A.3 implies that
the images via p; of the points in Co(Z) \ {(0,0)} lie in

WO(Z[éD U{(0:1:0)}.

The only points in Cy(Z) with coordinates x or y equal to 0 are (0, 0), (0, —2), and (1, 0).
Consequently, by the equations defining p;, the other integral points of Cy(Z) map to
Wo(Z[L]) via pr. )

For (a,b) € WO(Z[é]) and x, y € Q*, we have that p;(x, y) = (a, b) if and only if

-3 3x2 - 2xy —3y2 4+ 3x -6
a= Y and b= P -
4x +2 —8x2 —4x
We solve for y obtaining M and the possible values of x are the roots of the
quadratic polynomial
2 16a? 16a> 3 4a?
x“( 3+ 6a— +8b )+ x| 1la—4b— 3 +5 +4a—T.

Using these identities, we find the values for x and y associated with all points obtained
from Lemma A.5. Then we check that the only integer values are:

{(O, 0), (-1,0), (1,-3),(1,0), (-1, 1), (0, —2)}.
We recall that the morphism from the curve of Theorem A.1 to C is
x:y:2)—(x:x+y:2).
That allows us to recover the desired set €21. [
A.2. The curve 2xy% 4+ y(-3x +3)—=xBx -1) =0
We follow the same ideas as in Section A.1. We consider the curve

C:2xy?> + y(-3x +3)—x(Bx — 1) =0,
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with Weierstrass model
2 3 1 2
W:.y=x +Zx —27x + 81. (A.9)

The curve W is isomorphic to the elliptic curve with LFMDB label 1002.e1. The Mordell-
Weil rank is 1, and this group has no torsion. The curves C and W are birational:

P1: C w

(x:y:2)—(6yz:12y2 —9xz — 9yz : —x2z).
An integral model for W is the curve
X:y? = x3 4+ 4x% — 6912x + 331776.
We also have

02: w X

(x:y: D= (16x:64y :1).

Let Cy, Wy, and X, be the affine charts where z = 1. Then Theorem A.2 can be
restated as Co(Z) = Q2,. We now prove lemmas similar to the ones in Section A.l to
identify Co(Z) using points on W and X.

Lemma A.6. For P := (x,y) € Co(Z) with x # 0, we have p1(P) € Wy(Z).

Proof. Let P :=(x:y:1) e Cy(Z) with x # 1. Since p; is defined over Z and —xz # 0,
we need to show that normalizing p; (P) to have the coordinate z equal to 1 produces
coordinates x and y in Z. The fact we want follows from the equality:

vp(3Y) = vp(x) + v, (2y% —3x — 3y + 1).
Even when p = 3, this is enough since 3|6x and 3|(12y? — 9x — 9z). |
Lemma A.7. If P := (x,y) € Wy(Z) then p2(P) € Xo(Z).
Proof. Clear from the definition of p,. ]
Lemma A.8. For Wy as above, we have

Wo(Z) = {(—6 t4+6:1),(0:4+9:1),2:£6:1),
(6:£12:1),(12: £39:1),(54: £396: 1)}.
Proof. Using the Magma function IntegralPoints [3], we compute the set X(¢(Z) and

then take the preimage under p, to W. By Lemma A .4, this set contains Wy(Z), so we
pick the points with integral coordinates. ]
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Proof of Theorem A.2. By Lemma A.6, we have that p; (Co(Z) \ {(0,0)}) € Wo(Z). For
(a.b) € Wo(Z) and x, y € Q the equality p;(x, y) = (a,b) holds if and only if

9 9y — 12y2
P o el Ui
X

X

We note that x # 0 since this would also imply that y = 0, and the image under p; is
not defined. Using the identities above, we solve for (x, y) from each value of (a, b) in
Lemma A.5. Then we add (0, 0) since we excluded it in Lemma A.6. Finally, we check
that the only integer values are the points in €2,. ]

Remark A.9. The Magma functions IntegralPoints and SIntegralPoints [3] imple-
ment a deterministic method based on the work of Stroeker and Tzanakis [21], which uses
elliptic logarithms. This method is deterministic provided the group structure of the ratio-
nal points on the elliptic curve is fully determined, which, as mentioned above, is indeed
the case here. Specifically, the group of rational points on the elliptic curve (A.8) is iso-
morphic to Z & Z/37Z, while the group of rational points on the elliptic curve (A.9) is
isomorphic to Z.
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