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This is a nice and well-written text-
book on fractal geometry at the
advanced undergraduate level. In
order to study fractal geometry,
some knowledge of measure the-
ory is inevitably needed, and every
author of a textbook on fractal geo-
metry at the undergraduate level
must decide how many technical
details in measure theory he/she be-
lieves are needed and should be
included. To answer this question,

one is reminded of Tolstoy’s short story “How much land does
a man need?” in which the protagonist, in the final paragraph,
learns that the answer to the eponymous question is: “Enough to
get buried in.” Similarly, many students have the impression that
the answer to the question “How much measure theory do you
need to study fractal geometry?” is also: “Enough to get buried
in.” It is the duty of any author of a textbook on fractal geometry
aimed at undergraduate students to carefully make sure that the
students are not buried in measure theoretical details before start-
ing the study of fractal geometry. Some authors achieve this by
avoiding a technical discussion of measure theory, see, for example
[2, 5, 6, 11], whereas others include carefully and appropriately
designed chapters discussing the technical foundations of measure
theory, see, for example, [1,3,10,12]. The present book belongs to
the latter category and includes a thorough discussion of measure
theory.

The book consists of four parts.
Part 1 (“Preliminary Material”) consists of Chapters 1–3.

Chapter 1 contains an interesting introduction to fractal geometry
with many examples illustrating a wide variety of fractals. Chapter 2
and Chapter 3 contain technical material covering basic theory

of metric space (20 pages) and measure theory including con-
struction of measures using Carathéodory’s approach (40 pages),
respectively.

Part 2 (“Dimension Theory”) is the core and central part of
the book and consists of Chapters 4–8. Chapter 4 provides a thor-
ough introduction to Iterated Function Systems, including symbolic
dynamics. Chapters 5–7 provide an introduction to Hausdorff meas-
ures with respect to arbitrary gauge functions, including a detailed
discussion of the δ-approximative Hausdorff measures with re-
spect to different covering systems. Chapter 8 gives a thorough
discussion of the Minkowski dimension and the box dimensions
in addition to a detailed discussion of the Hausdorff dimension,
the packing dimension and the box dimensions of self-similar sets
satisfying the open set condition.

Part 3 (“Fractal Curves and Their Complex Dimensions”) con-
sists of one long chapter (120 pages), namely, Chapter 9. This
chapter provides an introduction to the theory of zeta functions
and complex dimensions. While the material covered in Part 2 is
standard and can be found in almost all undergraduate textbooks
on fractal geometry, the material in Part 3 is less standard and
was developed by Lapidus and various collaborators during the
past 30 years, cf. [8,9] and the references therein. This is the first
time this material is presented in a textbook for undergraduate
students and this makes the present textbook unique amongst
other undergraduate textbooks on fractal geometry. Because of
this, it seems appropriate to explain the material in Part 3 in slightly
more detail. Loosely speaking, the work presented in Part 3 says
that the Minkowski dimension of a fractal string can be written
as a series involving the poles of the zeta function of the fractal
string. More precisely, for a bounded Borel set subset A of ℝm, the
distance zeta function ζA of A is defined by

ζA(s) = ∫
Aδ

dist(x,A)s−m dx

for the complex variable s ∈ ℂ, where δ > 0 and Aδ is the δ-
neighbourhood of A (the choice of δ is, in a precise technical
sense explained in the book, unimportant), and the complex di-
mensions of A are by definition the poles of the meromorphic
extension of ζA. The authors are particularly interested in the fol-
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lowing special case. Namely, fix an open bounded subset Ω of
the real line ℝ and let A = ∂Ω be the boundary of Ω; the set ∂Ω
is called a fractal string. A fractal string is typically a fractal set
and fractal geometers are interested in studying the Minkowski
dimension and the Minkowski content of ∂Ω. Lapidus’ key thesis
is that the complex dimensions of ∂Ω provides an “explicit” for-
mula for those quantities. More precisely, for ε > 0, let V(ε) =
vol{x∈ℝ ∣ dist(x, ∂Ω) < ε} denote the (1-dimensional) volume of
the ε-neighbourhood of ∂Ω. The Minkowski dimension, D, of ∂Ω
is defined by D = 1− lim infε↘0

logV(ε)
logε , and the lower and upper

Minkowski contents of ∂Ω are defined by

ℳ∗ = lim inf
ε↘0

ε−(1−D)V(ε), ℳ∗ = lim sup
ε↘0

ε−(1−D)V(ε).

One of the key results in Part 3 says that (under suitable conditions
on the string ∂Ω) we have the following explicit formula for V(ε):

V(ε) = ∑
ω
cω

(2ε)1−ω

ω(1−ω) + R(ε), (1)

where the sum is over all the complex dimensions ω of ∂Ω, the
number cω is essentially the residue of ζ ∂Ω at the poleω, and R(ε) is
an error term of lower order. It follows from (1) that ε−(1−D)V(ε) =
g(ε) + ε−(1−D)R(ε), where g(ε) is a function defined explicitly in
terms of the complex dimensions and whose oscillatory behaviour
determines the values of the Minkowski contents ℳ∗ and ℳ∗

of ∂Ω.
Part 4 (“Appendices”) consists of two short appendices, A and B.

Appendix A explain lower and upper limits, and Appendix B
provides a more detailed and technical discussion of Carathéodory’s
extension theorems.

The presentation is clear. Useful motivations and examples are
presented before important definitions and details of all proofs are
given. A very large number of further interesting historical notes and
references are spread out through the text. Each section ends with
a fairly large collection of useful exercises. Most of the exercises
are not of a computational nature, but require that the reader
provides proofs of various mathematical statements. Finally, the
book contains a very long (633 entries) and useful list of references
including many recent entries (i.e., after 2000).

There are numerous other textbooks in fractal geometry at
the undergraduate level, including, [1–7,10–12]. The book under
review is more advanced than Falconer’s 1990 texts [5,6] and the
texts by Y. Pesin & V. Climenhaga [11] and Zähle [12] but less am-
bitious than Mattila’s graduate textbook [10]. Whereas Falconer’s
popular textbooks [5,6] avoids technical measure theoretical de-
tails and presents a large number of examples of fractal sets taken
from many parts of mathematics, the book under review provides
the reader with the proper measure theoretical foundations for
the subject (but at a level that is more accessible to the beginning
graduate student than the treatment found in Mattila’s text [10])
and concentrates on a more limited number of topics. The book is

suited for an advanced undergraduate course in fractal geometry
stressing the measure theoretical foundations of the subject. If
supplemented with [5], the students will learn the rigorous meas-
ure theoretical foundations for the subject and also encounter
numerous interesting examples.
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in multifractal analysis and multifractal zeta-functions. When he is not
thinking about fractal geometry, he enjoys relaxing and working in the
garden together with his wife and their two cats, Ronja and Klaus. In fact,
Klaus belongs to Lars and his wife’s daughter, but she could not take
him with her when she left for university four years ago. This is not really
a problem because Klaus loves to live with Lars and his wife, and enjoys
catching birds in the garden.
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